
PHYSICAL REVIEW A 111, 033707 (2025)

Giant-atom dephasing dynamics and entanglement generation in a squeezed vacuum reservoir
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The study of atomic behaviors in a squeezed vacuum reservoir plays an important role in exploring quantum
effect and quantum physics. We here propose a scheme to manipulate the dynamics of giant atoms coupled
to a one-dimensional waveguide driven by a broadband squeezed field, which acts as a squeezed vacuum
reservoir. By tuning the propagating phase of photons, the center-of-mass phase of the giant atom, and the
squeezing parameter, both the dephasing dynamics and entanglement dynamics of giant atoms can be effectively
controlled. In the single-giant-atom case, we obtain the expressions of the dephasing rates based on the Bloch
equations derived from the quantum master equation of the giant atom. Adjusting these two phases enables the
dephasing rates to be enhanced, suppressed, or reduced to zero, thereby changing the dephasing dynamics. For
the two-giant-atom system, we find that the atomic individual and collective squeezing depend on these two
phases simultaneously. The steady-state giant-atom population and entanglement are obtained by working in
the collective state representation for the two atoms. Different from small atoms, the steady-state population
and entanglement depend on not only the center-mass-of phase, but also the propagating phase. In addition, we
identify the condition for achieving larger steady-state entanglement via analyzing the system parameters. This
work will facilitate the study of light-matter interaction based on giant-atom waveguide QED systems driven by
a squeezed vacuum reservoir and has potential applications in quantum information processing.

DOI: 10.1103/PhysRevA.111.033707

I. INTRODUCTION

Recent advancements in quantum optics have introduced
the concept of “giant atoms,” which breaks down the
traditional dipole approximation from a global viewpoint
[1]. This is realized by engineering nonlocal interactions
between artificial atoms and microwave [2–4] or acoustic
fields [5–7], leading to a new platform for studying the
light-matter interactions, called giant-atom waveguide
quantum electrodynamics (QED). Unlike conventional
waveguide QED [8–11], where atoms interact locally with the
electromagnetic fields in the waveguide, giant atoms interact
with the fields in the waveguide at multiple points. The
distances between these coupling points can be comparable
to or much larger than the field wavelengths. This nonlocal
coupling leads to a variety of interesting physical phenomena,
such as frequency-dependent atomic relaxation rates and
Lamb shifts [12,13], non-Markovian dynamics [7,14–22], the
formation of decoherence-free subspaces [2,23–27], exotic
atom-photon bound states [28–34], and advanced few-photon
scattering [35–42]. These effects not found in small atoms
open new avenues for fundamental physics and quantum
information processing.

Nevertheless, in most existing studies on giant atoms,
the field modes in the waveguide are considered to be
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ordinary vacuum. In these works, the frequency shift,
dipole-dipole interaction, individual decay, and collective
decay of giant atoms can be controlled by adjusting the
coupling-point distances. This results in rich quantum
interference effects, which in turn influence the decay
dynamics of a single giant atom [7,12–15,17] and the
generation of quantum entanglement in two or more giant
atoms [43–48]. Meanwhile, single or multiple small atoms
in the squeezed vacuum reservoir have also been studied,
such as the atomic phase decay [49], prediction and probe
of the fluorescence spectrum [50,51], spontaneous emission
[52,53], and generating steady state [54–57]. In particular,
it has been found that when the fields are driven by a
squeezed vacuum reservoir, the center-of-mass coordinate
of atoms can affect the collective squeezing related to the
two-photon decay process [53–55]. Despite these studies, the
dynamics and steady-state behavior of giant atoms coupled
to a one-dimensional (1D) waveguide driven by a squeezed
vacuum reservoir remain unexplored. The simultaneous
manipulation of the squeezing effect and quantum
interference effect in giant atoms is still an interesting topic.

In this paper, we combine these two effects to study the
decay dynamics and steady-state behavior of giant atoms cou-
pled to a 1D waveguide, where the waveguide is driven by
a broadband squeezed vacuum field. Concretely, we consider
the cases of a single and two giant atoms, respectively. Using
the collisional model method [24,58], the quantum master
equation of these two cases is obtained. In the single-giant-
atom case, the dephasing rates can be enhanced, suppressed,
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or reduced to zero via tuning both the propagating phase and
the center-of-mass phase, which correspond to the coupling-
point distances and the center-of-mass coordinate of the giant
atoms, respectively. It is shown that the dephasing dynamics
can exhibit behaviors such as exponential decay and Rabi
oscillations or remain unchanged over time. In the two-giant
atom case, both the giant-atom individual squeezing and col-
lective squeezing induced by the squeezed vacuum reservoir
depend on the propagating phase and center-of-mass phase.
We analyze in detail the influence of these two phases on
the population and entanglement dynamics, as well as their
steady-state behavior. When there is no initial population in
the dark state of the two giant atoms, the generated entan-
glement approaches the same stationary value for different
atomic initial states. However, different from small atoms
[54], we show that the steady-state atomic entanglement de-
pends on the propagating phase. Meanwhile, we find that the
steady-state entanglement is more sensitive to the center-of-
mass phase.

The rest of this paper is organized as follows. In Sec. II,
we analyze the dephasing dynamics of a single giant atom
driven by a squeezed vacuum reservoir in a 1D waveguide. We
investigate the influence of the propagating phase, center-of-
mass phase, and squeezed parameter on the atomic dephasing
rates and dynamics. In Sec. III we extend our analysis to the
two-giant-atom case, where we study the atomic population
and entanglement dynamics and their steady-state behavior.
We also calculate the fidelity between the final state and the
target state. Finally, we present a brief discussion and con-
clusion in Sec. IV. Two Appendixes are provided: the first
derives the quantum master equation for giant atoms driven by
a squeezed vacuum reservoir in a 1D waveguide; the second
presents the general form of the steady-state solutions of the
master equation in the collective state representation for the
two giant atoms.

II. THE SYSTEM OF A TWO-LEVEL GIANT ATOM
DRIVEN BY A SQUEEZED VACUUM RESERVOIR

IN A 1D WAVEGUIDE

We begin by considering a single giant atom coupled to
the fields in a 1D waveguide at P separated coupling points,
where the waveguide is driven by a squeezed vacuum reser-
voir, as shown in Fig. 1(a). In the rotating-wave approximation
(RWA), the system Hamiltonian reads (h̄ = 1)

H1 = ω0σ+σ− +
∫ ∞

−∞
dkωka†

kak

+
P∑

n=1

∫ ∞

−∞

dk√
2π

(gkakσ+eikxn + H.c.), (1)

where σ+ = |e〉〈g| (σ− = |g〉〈e|) is the raising (lowering) op-
erator of the giant atom, with transition frequency ω0, and
ak (a†

k ) is the annihilation (creation) operator of the kth field
mode with frequency ωk . The superscript P in the summation
symbol represents the total number of the coupling points. The
coordinate of the coupling points denotes xn, with the same
coupling strength gk .

To describe the dynamics of the giant atom, we trace out
the field modes of the waveguide and derive the quantum
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FIG. 1. (a) Schematic of a two-level giant atom coupled to
a one-dimensional (1D) waveguide at multiple separated points.
(b) Schematic of two giant atoms coupled to a common waveguide,
where each giant atom has two separated coupling points. In both
setups, the waveguide is driven by a broadband squeezed vacuum
reservoir.

master equation of the atom. For the case of the waveguide
in ordinary vacuum, the quantum master equation of giant
atoms can be derived by using the standard techniques [59]
or the SLH formalism [60–62]. However, here we consider
that the waveguide is in the squeezed vacuum. The initial state
of the waveguide is ρw(0) = ∏

k Sk|0k〉〈0k|S†
k , where Sk (ξ ) =

exp[(re−iφak0+kak0−k − reiφa†
k0+ka†

k0−k )] is the squeezed oper-
ator, with r and φ being the squeezing strength and squeezing
angle, respectively. For simplicity, we assume that the center
frequency of the squeezing field is resonant with the atomic
transition frequency ω0. In the case of ω0 being far away from
the cutoff frequency of the waveguide, the dispersion relation
can be linearized as ωk ≈ ω0 + (k − k0)υg, with k0 (υg) being
the wave vector (group velocity) of the field at frequency ω0.
The correlation functions for the squeezed vacuum are [63]

〈ak〉 = 〈a†
k〉 = 0,

〈a†
kak′ 〉 = sinh2(r)δkk′ ,

〈aka†
k′ 〉 = cosh2(r)δkk′ ,

〈akak′ 〉 = −eiφ sinh(r) cosh(r)δk′,2k0−k,

〈a†
ka†

k′ 〉 = −e−iφ sinh(r) cosh(r)δk′,2k0−k . (2)

The master equation of the giant atom is obtained by taking
the collision-model method [24,58] within the weak-coupling
regime and under the Markov approximation, where the cou-
pling strength is treated as k independent (see Appendix A for
the details). In the presence of the squeezed vacuum reservoir,
the master equation for a two-level giant atom is given by

ρ̇ = −i[
σ+σ−, ρ] + �(N ){(N + 1)Dσ−,σ+ [ρ] + NDσ+,σ− [ρ]}
+ �(M )(Mσ+ρσ+ + M∗σ−ρσ−). (3)

It can be seen that the first two terms in Eq. (3) have
the same form as in the thermal reservoir, and the last term
arises from the squeezed reservoir, where M = e−iφ sinh(r)
cosh(r) and N = sinh2(r). In Eq. (3) we introduce the
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notation Do,o† [ρ] = oρo† − (o†oρ + ρo†o)/2 for the Lindblad
superoperators [64]. The frequency shift induced by the
waveguide is given by 
 = �

∑P−1
n=1

∑P
m=n+1 sin[k0(xm

− xn)], and the effective decay rates are �(N ) = �
∑P

m,n=1 cos

[k0(xm − xn)] and �(M ) = �
∑P

m,n=1 cos[k0(xm + xn)]. Here
� = 2g2/υg is the atomic spontaneous rate. These expressions
show that 
 and �(N ) depend on the relative distances of
the coupling points, while �(M ) depends on the choice of
the coordinate origin for the coupling points of the giant
atom. For simplicity, we assume that the distances between
neighboring points are equal. Therefore, we introduce θ0 =
k0(xn+1 − xn) to represent the phase of photons propagating
between adjacent coupling points in the waveguide, and θc =
k0(x1 + xP)/2 to represent the phase of the center of mass,
with x1 and xP being the coordinates of the leftmost and
rightmost coupling points of the giant atom, respectively. The
physical meaning of such dependence can be explained by
the fact that squeezed vacuum is not vacuum but generated
by a coherent light source [54,65]. Note that the dependence
of �(M ) on θc is absent in a small atom. Hereafter, we refer
to θ0 and θc the propagating phase and the “center-of-mass
phase,” respectively. For the case of P coupling points, the
relation k0xn = θc + [n − (P+ 1)/2]θ0 holds. Consequently,
the characteristic parameters for the master equation (3) are
given by


 = �

P∑
n=1

(P− n) sin(nθ0),

�(N ) = �

P∑
m,n=1

cos[(m − n)θ0],

�(M ) = �

P∑
m,n=1

cos[2θc + (m − n)θ0]. (4)

The dephasing dynamics of a giant atom driven by the
squeezed vacuum reservoir can be seen from the time evo-
lution of the Pauli operators. Using the master equation (3),
we obtain the following Bloch equations

〈σ̇x〉 = −�x〈σx〉 + �xy〈σy〉,
〈σ̇y〉 = �yx〈σx〉 − �y〈σy〉,
〈σ̇z〉 = −�z〈σz〉 − �(N ), (5)

where the decay rates of 〈σx〉, 〈σy〉, and 〈σz〉 are, re-
spectively, defined as �x = �(N )(N + 1/2) − �(M )|M| cos φ,
�y = �(N )(N + 1/2)+�(M )|M| cos φ, and �z = �(N )(2N + 1).
The exchanging rates between 〈σx〉 and 〈σy〉 are defined
as �xy = �(M )|M| sin φ − 
 and �yx = �(M )|M| sin φ + 
,
which arise from the squeezing angle φ and the frequency
shift 
.

When there is only a single coupling point, Eq. (5)
can reduce to the results of a small atom in the squeezed
vacuum reservoir [49,66]. Considering the squeezing angle
φ = π , we have 
 = �xy = �yx = 0, �(N ) = �(M ) = �,
�x,y = �(N ± |M| + 1/2), and �z = �(2N + 1). In the case
of the squeezing strength r = 0, i.e., |M| = 0, 〈σx〉 and 〈σy〉
decay with the same rate �x = �y = �. However, when r is
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FIG. 2. (a), (c) Frequency shift 
, decay rates �x and �y as func-
tions of the propagating phase θ0 at different squeezing strength r
and coupling pointsP. (b), (d) Dephasing dynamics of the giant atom
at different squeezing strength. In panels (a)–(d), the center-of-mass
phase takes θc = 2π . (e) Decay rates �x and �y as functions of θc.
(f) Dephasing dynamics of the giant atom at different values of θc. In
panels (e) and (f), the propagating phase takes θ0 = 2π .

sufficiently large, we have �x = N + |M| + 1/2 → 2N + 1
and �y = N − |M| + 1/2 → 1/8N , indicating that the decays
of 〈σx〉 and 〈σy〉 are enhanced and suppressed, respectively.
In the long-time limit, we have 〈σx〉 → 0 and 〈σz〉 → −1/

(2N + 1), which means that the steady-state population of the
small atom depends on only the squeezing parameter.

For the giant-atom case, the decay rates and the exchang-
ing rates at φ = π become �x,y = �(N )(N + 1/2) ± �(M )|M|,
�z = �(N )(2N + 1) and �xy = −�yx = −
, respectively. To
see the influence of θ0 and r on the dephasing dynamics, we
first fix θc = 2π . In Figs. 2(a) and 2(c), we plot the frequency
shift 
 and the decay rates �x,y as a function of θ0 when
the squeezing strength takes r = 0 and r = 0.5, respectively,
with both considering the coupling points P = 2 and 4. We
find that 
, �x, and �y are periodically modulated by θ0 with
a period of 2π . Meanwhile, an increase in the number of
coupling points makes 
 and �x,y more sensitive to θ0. When
r = 0, the decay rates �x and �y have the same dependence
on θ0 regardless of the number of the coupling points, while
when r = 0.5, �x and �y exhibit different features with re-
spect to θ0. The time evolutions of 〈σx(t )〉 and 〈σx(t )〉 with
P = 4 are shown in Figs. 2(b) and 2(d), respectively. When
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r = 0, 〈σx(t )〉 and 〈σy(t )〉 have the same evolution. For θ0 = 0,
they exhibit the exponential decay process, which is similar
to the small-atom case. For θ0 = π/2, the time evolution is
characterized by the Rabi oscillation with frequency 
. For
θ0 = π , we obtain 
 = �x = �y = 0 due to the destructive
quantum interference effect induced by the multiple coupling
points, and hence the giant atom is decoupled from the waveg-
uide. When r 
= 0, 〈σy(t )〉 decays faster than 〈σx(t )〉. Note that
although the evolution of 〈σz(t )〉 (not shown) is modulated by
the coupling points P, its steady-state value is independent of
P and depends on only the squeezing strength.

Figure 2(e) shows the dependence of the dephasing rates
of the giant atom on the center-of-mass phase θc, with fixed
values of θ0 = 2π and P = 4. From Fig. 2(e) it is found that
the dephasing rates also vary periodically as θc changes, but
with a period of π . In the region θc ∈ [0, π/4)

⋃
(3π/4, π ],

〈σy(t )〉 decays faster than 〈σx(t )〉, while in the region θc ∈
(π/4, 3π/4), 〈σx(t )〉 decays faster than 〈σy(t )〉. In particular,
when θc = π/4 or 3π/4, 〈σx(t )〉 and 〈σy(t )〉 have the same
time evolution. In Fig. 2(f), we plot the time evolution of
〈σx(t )〉 and 〈σy(t )〉 at θc = π/4, π/2, and π , which confirms
the analyses in Fig. 2(e).

III. THE SYSTEM OF TWO GIANT ATOMS DRIVEN BY A
SQUEEZED VACUUM RESERVOIR IN A 1D WAVEGUIDE

Now we consider the case where two giant atoms are
coupled to a common 1D waveguide, as shown in Fig. 1(b).
Each giant atom interacts with the fields in the waveguide at
two separated coupling points. The Hamiltonian of the total
system reads (h̄ = 1)

H2 = ω0(σ+
1 σ−

1 + σ+
2 σ−

2 ) +
∫ ∞

−∞
dkωka†

kak

+
∑

m,n=1,2

∫ ∞

−∞

dk√
2π

(gkakσ
+
m eikxmn + H.c.), (6)

where σ+
m (σ−

m ) is the raising (lowering) operator of giant atom
m, with transition frequency ω0; ak (a†

k ) is the annihilation
(creation) operator of the kth field mode with frequency ωk;
and xmn is the position of the nth coupling point of atom m,
with the same coupling strength gk .

By tracing out the field modes in the waveguide, the quan-
tum master equation of the two giant atoms driven by a
squeezed vacuum reservoir is given by (see Appendix A)

ρ̇ = −i[Heff, ρ]

+
∑

s,s′=1,2

�
(N )
ss′ {(N + 1)Dσ−

s ,σ+
s′

[ρ] + NDσ+
s ,σ−

s′
[ρ]}

+
∑

s,s′=1,2

�
(M )
ss′ {MDσ+

s ,σ+
s′

[ρ] + M∗Dσ−
s ,σ−

s′
[ρ]}. (7)

Here the first line of Eq. (7) is the coherent dynamics induced
by the waveguide, with the effective Hamiltonian

Heff =
∑
s=1,2

δωsσ
+
s σ−

s + (gσ−
1 σ+

2 + H.c.), (8)

where δωs = � sin[k0(xs2 − xs1)] is the frequency shift
of giant atom m and g = �

∑
s,s′=1,2 sin[k0(x2s − x1s′ )]/2

is the dipole-dipole interaction strength between the
giant atoms. The second and third lines in Eq. (7)
represent the incoherent decay and squeezing with
rates �

(N )
ss′ = �

∑
m,n=1,2 cos[k0(xsm − xs′n)] and �

(M )
ss′ =

�
∑

m,n=1,2 cos[k0(xsm + xs′n)], respectively. Therefore, the
waveguide driven by the squeezed vacuum reservoir can not
only induce the frequency shift, individual decay, individual
squeezing of each giant atom (for s = s′), but also mediate
the coherent dipole-dipole interaction, collective decay, and
collective squeezing (for s 
= s′). From these expressions
we see that δωs, g, and �

(N )
ss′ depend on the coupling-point

distance. This behavior is consistent with the results of two
giant atoms coupled to a 1D waveguide in ordinary vacuum
[23]. However, we find that �

(M )
ss′ depends on the choice of the

giant atom’s center-of-mass coordinate. Since the collective
squeezing term in Eq. (7) allows the two-photon process, it
provides us an additional mechanism to control the dynamics
of the two giant atoms.

Similar to the single-giant-atom case, we assume that
the distances of neighboring coupling points are equal
with corresponding photon-propagating phase θ0 = k0(x12 −
x11) = k0(x21 − x12) = k0(x22 − x21). In addition, we place
the center-of-mass coordinate at the midpoint between the
two giant atoms, defining the center-of-mass phase as θc =
k0(x12 + x21)/2. The dependence of the characteristic param-
eters δωs, g, �

(N )
ss′ , and �

(M )
ss′ on the phases θ0 and θc is given

by

δω = � sin θ0,

g = �

2
[sin θ0 + 2 sin(2θ0) + sin(3θ0)],

�
(N )
11 = 2�(1 + cos θ0),

�
(N )
12 = �[cos θ0 + 2 cos(2θ0) + cos(3θ0)],

�
(M )
11 = �{cos(2θc − θ0) + 2 cos[2(θc − θ0)]

+ cos(2θc − 3θ0)},
�

(M )
22 = �{cos(2θc + θ0) + 2 cos[2(θc + θ0)]

+ cos(2θc + 3θ0)},
�

(M )
12 = �{cos(2θc − θ0) + 2 cos(2θc) + cos(2θc + θ0)}. (9)

Here these parameters satisfy δω = δω1 = δω2, �
(N )
11 = �

(N )
22 ,

�
(N )
12 = �

(N )
21 , and �

(M )
12 = �

(M )
21 .

To understand the individual influence of phases θ0 and θc

on the characteristic parameters in Eq. (9), we fix one phase
while varying the other. Figure 3(a) plots the dependence of θ0

on the characteristic parameters at fixed θc = 2π . It shows that
all these parameters are periodically modulated by θ0. There-
fore, the controllable dynamics of the two giant atoms in the
squeezed vacuum reservoir is accessible via manipulating θ0.
When θc = 2π , the decay and squeezing rates satisfy �

(N )
11/22 =

�
(M )
12 and �

(M )
11/22 = �

(N )
12 , as shown by the purple dot-dashed

and blue dotted lines in Fig. 3(a). Since δω, g, �
(N )
11/22, and

�
(N )
12 are independent of θc, we plot only the squeezing rates

�
(M )
11/22 and �

(M )
12 as a function of θc in Fig. 3(b), with fixed

θ0 = π/2 and 2π . As seen in Fig. 3(b), �
(M )
11/22 and �

(M )
12 vary

periodically with a period of π as θc changes. For θ0 = 2π ,
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FIG. 3. (a) Characteristic parameters of the quantum master
equation (7) as a function of the photon-propagating phase θ0 with
the center-of-mass phase fixed at θc = 2π . (b) Characteristic param-
eters as a function of θc with propagating phase fixed at θ0 = 2π and
π . In panels (a) and (b), each giant atom is coupled to the waveguide
at two separate coupling points.

the squeezing rates follow the same dependence on θc. For
θ0 = π/2, the absolute values of the squeezing rates become
small except for θc = π/4 and 3π/4. In particular, the rate
�

(M )
12 varies in the opposite trend to �

(M )
11 and �

(M )
22 as θc

changes.

A. Evolution and steady-state behavior
of population of two giant atoms

In the two-giant-atom case, the dynamics of giant atoms
can exhibit richer behaviors due to the waveguide-mediated
dipole-dipole interaction, collective decay, and collective
squeezing. To better understand the atomic dynamics, we
work in the collective state representation of the two gi-
ant atoms using the basis {|ee〉, |+〉, |−〉, |gg〉}, where |±〉 =
(|eg〉 ± |ge〉)/

√
2. In this basis the quantum master equa-

tion (7) can be written as

ρ̇ee = −2(N + 1)�sρee + N�+ρ++ + N�−ρ−− − Mγcρu,

ρ̇gg = −2N�sρgg + (N + 1)�+ρ++ + (N + 1)�−ρ−−
− Mγcρu,

ρ̇++ = −(2N + 1)�+ρ++ + (N + 1)�+ρee + N�+ρgg

+ Mγ+ρu,

ρ̇−− = −(2N + 1)�−ρ−− + (N + 1)�−ρee + N�−ρgg

+ Mγ−ρu,

ρ̇u = −2iδωρv − (2N + 1)�sρu + 2Mγ+ρ++ + 2Mγ−ρ−−
− 2Mγc(ρee + ρgg),

ρ̇v = −2iδωρu − (2N + 1)�sρv

+ M(γ11 − γ22)(ρ+− − ρ−+),

ρ̇+− = −[2ig + (2N + 1)�s]ρ+− + 1
2 M(γ11 − γ22)ρv,

ρ̇−+ = [2ig − (2N + 1)�s]ρ−+ − 1
2 M(γ11 − γ22)ρv. (10)
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FIG. 4. Time evolution of the population for the two giant atoms
in (a) the absence and (b) the presence of the squeezed vacuum
reservoir, with θ0 = π/4 and θc = 2π . Steady-state population as a
function of the scaled phases: (c) θ0/π and (d) θc/π , with θc = 2π

and θ0 = 2π , respectively. In all panels, the atomic initial state is in
|ψ〉 = |ee〉.

Here we define ρee = 〈ee|ρ|ee〉, ρgg = 〈gg|ρ|gg〉, ρ±± =
〈±|ρ|±〉, ρu = ρeegg + ρggee, and ρv = ρeegg − ρggee, with
ρeegg = 〈ee|ρ|gg〉 and ρggee = 〈gg|ρ|ee〉. For convenience,
in deriving Eq. (10), we introduce �s = �(N )

ss , �c = �
(N )
12 ,

γss = �(M )
ss , γc = �

(M )
12 , �± = �s ± �c, and γ± = γc ± (γ11 +

γ22)/2 for s = 1, 2.
Via numerically solving the equations of motion for the

density matrix elements in Eq. (10) under the given initial
condition, we show the population dynamics of the two giant
atoms in Figs. 4(a) and 4(b) when the squeezing strength
takes r = 0 and r = 1, respectively. The two giant atoms are
assumed to be initially in the state |ψ〉 = |ee〉. When there
is no squeezing, as shown in Fig. 4(a), the populations ρ++,
ρ−−, and ρgg begin to increase at t > 0 due to the spontaneous
emission process. In the long-time limit, all populations decay
to the ground state |gg〉. When the squeezing strength r 
= 0,
as shown in Fig. 4(b), the dynamics of ρ±± are similar to
that when r = 0. However, ρee shows a slight increase after
a period of decay, eventually reaching a nonzero steady-state
value. This behavior arises because the squeezed vacuum
reservoir allows the transition between the ground state |gg〉
and the excited state |ee〉, as shown by the term −Mγcρu in
the first two equations of Eq. (10), and hence the two-photon
process appears in this system. In the long-time limit, the
population in state |ee〉 approaches its steady-state value. We
will see how this feature results in the generation of remote
stationary entanglement between the two giant atoms.

Figures 4(c) and 4(d) display the steady-state populations
as functions of θ0 and θc, respectively. In both cases the
steady-state populations ρ∞

gg and ρ∞
ee differ in magnitude, but

their overall trends follow the same envelope, as shown by
the red solid and orange dashed lines in Figs. 4(c) and 4(d).
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The periodic dependence on θ0 and θc is 2π and π/2, respec-
tively. Note that for the small-atom scheme, the steady-state
populations depends on only the phase θc [54]. In addition,
we find that the populations ρ∞

++ and ρ∞
−− show the same

dependence on θ0 in Fig. 4(c) except at θ0 = π/2, π , and
3π/2. These points are marked by the black circles and will be
explained later. In Fig. 4(d), ρ∞

++ exhibits periodic oscillations
with respect to θc, while ρ∞

−− stays its initial value. This is
different from the behavior of ρ∞

±± in the long-time limit in
Fig. 4(b). To understand these features, we analytically solve
the steady-state solutions by setting the time derivatives on the
left-hand side of Eq. (10) to be zero. In Appendix B we present
the general form of the steady-state solutions, which depend
on both θ0 and θc. However, these solutions take on compli-
cated forms. To examine the individual effects of quantum
interference and squeezing, we consider two specific cases:
fixing θc = 2π to study the dependence of the steady-state
solutions on θ0, and fixing θ0 = 2π to study the dependence
on θc.

We first solve the steady-state solutions of Eq. (10) as a
function of θ0, with θc = 2π fixed. For θ0 
= mπ/2 (where m
is an integer), the steady-state solutions are given by

ρ∞
ee = 4N2δω2 + N (2N + 1)�2

s

(2N + 1)2
(
4δω2 + �2

s

) ,

ρ∞
±± = 4N (N + 1)δω2

(2N + 1)2
(
4δω2 + �2

s

) ,

ρ∞
u = −2

√
N (N + 1)�2

s

(2N + 1)
(
4δω2 + �2

s

) ,

ρ∞
v = 4i

√
N (N + 1)δω�s

(2N + 1)2
(
4δω2 + �2

s

) ,

ρ∞
±∓ = 0, (11)

with the trace-preserving condition ρ∞
ee + ρ∞

gg + ρ∞
++ +

ρ∞
−− = 1. Interestingly, these steady-state solutions depend on

only the frequency shift δω and individual decay �s, and the
squeezing strength r.

From Eq. (11) we see that the steady-state populations in
the states |±〉 satisfy ρ∞

++ = ρ∞
−−, confirming the numerical

results in Fig. 4(c). Meanwhile, it can be shown that the
difference of the populations in |gg〉 and |ee〉 is given by
ρ∞

gg − ρ∞
ee = 1/(2N + 1), which decreases as the squeezing

strength increases. Note that in derivation of Eq. (11), we
have excluded the case where the phase takes θ0 = mπ/2,
with m an integer. When θ0 = (2m + 1)π , all characteristic
parameters in Eq. (9) become zero due to the destructive
interference effect. As a result, the two giant atoms are de-
coupled from the waveguide, and the populations maintain
their initial values. When θ0 = 2mπ , the decay rates of the
states |±〉 are �+ = 8� and �− = 0, respectively. This means
that |+〉 is a bright state, while |−〉 becomes a dark state. By
solving Eq. (10), the steady-state solutions are given by ρ∞

ee =
N (1−ρ−−(0))

2N+1 , ρ∞
−− = ρ−−(0), ρ∞

u = − 2
√

N (N+1)(1−ρ−−(0))
2N+1 , and

ρ∞
++ = ρ∞

±∓ = ρ∞
v = 0, with ρ−−(0) the initial population

in |−〉. Thus, we see that the steady-state population ρ∞
++

is zero while ρ∞
−− stays its initial value ρ−−(0). Compar-

ing these expressions with Eq. (11), it can be found that

when ρ−−(0) is nonzero, the steady-state values of Eq. (10)
cannot be described by Eq. (11). However, if ρ−−(0) = 0,
the steady-state values at θ0 = 2mπ can also be described by
Eq. (11). On the contrary, by tuning the propagating phase to
θ0 = (2m + 1)π/2, the decays of the states |±〉 are �+ = 0
and �− = 4�, indicating that |+〉 and |−〉 correspond to the
dark and bright states, respectively. In this case, the steady-
state solutions of Eq. (10) at θ0 = (2m + 1)π/2 are calcu-
lated as ρ∞

ee = N (3N+1)
7N2+7N+2 [1 − ρ++(0)], ρ∞

++ = ρ++(0), ρ∞
−− =

N (N+1)
7N2+7N+2 [1 − ρ++(0)], ρ∞

u = − 2
√

N (N+1)(2N+1)
7N2+7N+2 [1 − ρ++(0)],

ρ∞
v = 2i

√
N (N+1)

7N2+7N+2 [1 − ρ++(0)], and ρ∞
±∓ = 0, with ρ++(0) be-

ing the initial population in |+〉. Based on these expressions,
we find that Eq. (11) is invalid for θ0 = (2m + 1)π/2 even
if there is no initial population in |+〉. Therefore, for θ0 =
(2m + 1)π/2 and (2m + 1)π , the steady-state solutions of
Eq. (10) cannot be described by Eq. (11). To address this, we
use the black circles in Fig. 4(c) to exclude these values.

In the following, we fix θ0 = 2π to see the influence of the
center-of-mass phase θc and the squeezing strength r on the
steady-state solutions of Eq. (10). As mentioned before, |−〉 is
a dark state at θ0 = 2π . Therefore, the steady-state solutions
will be affected by the initial population in |−〉. After some
algebra, the steady-state solutions are given by

ρ∞
ee = N[N (2N + 1) tan2(2θc) + 1](1 − ρ−−(0))

(2N + 1)[1 + (3N2 + 3N + 1) tan2(2θc)]
,

ρ∞
++ = N (N + 1)(1 − ρ−−(0)) tan2(2θc)

1 + (3N2 + 3N + 1) tan2(2θc)
,

ρ∞
−− = ρ−−(0),

ρ∞
u = −2

√
N (N + 1)(1 − ρ−−(0))

(2N + 1)[1 + (3N2 + 3N + 1) tan2(2θc)] cos(2θc)
,

ρ∞
v = 0,

ρ∞
±∓ = 0. (12)

Different from the case of giant atoms coupled to the
waveguide in the vacuum reservoir, Eq. (12) shows that the
center-of-mass phase plays an important role in the control
of the atomic steady-state behavior. Here we have the pop-
ulation difference ρ∞

gg − ρ∞
ee = [(2N+1)2 tan2(2θc )+1][1−ρ−−(0)]

(2N+1)[1+(3N2+3N+1) tan2(2θc )] . It
depends on both the values of r and θc, which is different
from that in Fig. 4(c). When θc = mπ/2, the steady-state
solutions of Eq. (10) are given by ρ∞

ee = N (1−ρ−−(0))
2N+1 , ρ∞

−− =
ρ−−(0), ρ∞

u = (−1)m+1 2
√

N (N+1)[1−ρ−−(0)]
(2N+1) , and ρ∞

++ = ρ∞
v =

ρ∞
±∓ = 0. From these results, we know that at θ0 = 2π

and θc = mπ/2, |+〉 is a bright state and its population
decays to zero in the long-time limit, while |−〉 is a
dark state. As shown in Fig. 4(d), when the two giant
atoms are initially in |ψ〉 = |ee〉, the steady-state popula-
tion ρ∞

−− is zero (indicated by the purple dashed line), but
it will maintain ρ∞

−− = 1/2 when |ψ〉 = |eg〉 [not shown in
Fig. 4(d)]. In addition, we find that the steady-state val-
ues cannot be described by Eq. (12) when θc = (2m +
1)π/4. By substituting θc = (2m + 1)π/4 into Eq. (10),
we obtain ρ∞

ee = N2[1−ρ−−(0)]
3N2+3N+1 , ρ∞

++ = N (N+1)[1−ρ−−(0)]
3N2+3N+1 , ρ∞

−− =
ρ−−(0), and ρ∞

u = ρ∞
v = ρ∞

±∓ = 0. Similarly, we use the
black circles in Fig. 4(d) to exclude these values.
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B. Entanglement generation of two giant atoms

The creation of quantum entanglement in a noisy envi-
ronment is an interesting topic in quantum computation and
quantum information processing [67–69]. When considering
long-distance information processing, the devices need to be
spaced further apart. Waveguide QED has shown unique ad-
vantages in long-distance information processing, especially
providing a good platform for the generation of remote entan-
glement between separated emitters. Most of previous works
focus on the influence of quantum interference effects induced
by emitter’s coupling points or the atomic external driving
fields on the entanglement generation [43–47,70–79]. Differ-
ent from these works, here we explore the combined influence
of quantum self-interference effect and squeezing effect on the
generation of giant-atom entanglement. By tuning the system
parameters, we can achieve a stationary maximally entangled
state of the two giant atoms.

We first focus on the entanglement dynamics of the two
giant atoms via solving the master equation (7) under given
initial conditions. To quantify entanglement between two two-
level atoms, we adopt the Wootters concurrence [80,81]. For
a system described by a density matrix ρ, the concurrence C
is defined as

C(t ) = max{0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4}, (13)

where λi for i = 1, 2, 3, 4 are the eigenvalues of the matrix
R = ρ(t )(σ y

1 ⊗ σ
y
2 )ρ∗(t )(σ y

1 ⊗ σ
y
2 ). The symbols σ

y
1 and σ

y
2

are the Pauli matrices of atoms 1 and 2, respectively, and
ρ∗(t ) is the conjugate of ρ(t ). For maximally entangled atoms
C(t ) = 1, while C(t ) = 0 for unentangled atoms. When the
density matrix takes an “X” form, with nonzero elements only
along the main diagonal and antidiagonal, the concurrence in
Eq. (13) can be expressed as [82,83]

C(t ) = 2 max[0, |ρegge| − √
ρeeρgg, |ρeegg| − √

ρegegρgege ],

(14)

where ρegge and ρeegg correspond to single- and two-photon
coherence terms, respectively. It can be found that the steady-
state density matrix of the two atoms takes the “X” form by
substituting Eqs. (11) and (12) into ρ∞

±± = 1
2 (ρ∞

egeg ± ρ∞
egge ±

ρ∞
geeg + ρ∞

gege), ρ∞
±∓ = 1

2 (ρ∞
egeg ∓ ρ∞

egge ± ρ∞
geeg − ρ∞

gege), ρ∞
u =

ρ∞
eegg + ρ∞

ggee, and ρ∞
v = ρ∞

eegg − ρ∞
ggee. In this case, we are able

to derive an analytical expression for the steady-state concur-
rence under certain conditions.

In Fig. 5 we plot the time evolution of the concurrence of
the two giant atoms with different atomic initial states. The
center-of-mass phase is fixed at θc = 2π and the propagating
phase takes θ0 = π/4, π/2, π , and 2π in each panel. Except
for θ0 = π , the concurrence evolves over time and approaches
its steady-state value in the long-time limit. This is because
the two giant atoms are decoupled from the waveguide when
θ0 = π , as shown by the blue dot-dashed line. Therefore,
for the initial separated states |gg〉, |ee〉, and |eg〉, the atomic
entanglement cannot be generated through the spontaneous
emission and two-photon processes, but the concurrence will
maintain its initial value 1 for a maximal entangled state
(|ee〉 + |gg〉)/

√
2. When θ0 = π/4, π/2, and 2π , the concur-

rences at initial states |gg〉, |ee〉, and (|ee〉 + |gg〉)/
√

2 evolve
into the same steady state. Compared to the small-atom case
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FIG. 5. Time evolution of the concurrence of the two giant atoms
initially in different states. In each panel, we take typical values of the
propagating phase: θ0 = π/4, π/2, π , and 2π . The black line with
dots corresponds to the concurrence of two small atoms at θ0 = 2π .
Other parameters are r = 1 and θc = 2π .

(marked by the black line with dots), the concurrence of the
two giant atoms reaches its steady state faster. This is due to
the significant enhancement of the effective decay rate and
squeezing rate caused by the constructive interference. For
different values of θ0, the concurrence of the small atoms
reaches the same steady-state value. Among all the values of
θ0, the concurrence of the small atoms reaches steady state
the faster at θ0 = 2π . Thus, Fig. 5 shows only the case for
θ0 = 2π . However, even at this value, the small-atom con-
currence reaches its steady state more slowly than that of
giant atoms. For the case of the single-excitation initial state
|eg〉, there exists initial population ρ++(0) [ρ−−(0)]. Since |+〉
(|−〉) is a dark state at θ0 = (2m + 1)π (2mπ ), its steady-state
population stays at ρ++(0) [ρ−−(0)]. This causes different be-
haviors of the concurrence, as shown in the inset of Fig. 5(c).

If there is no initial population in the states |±〉, i.e.,
ρ±±(0) = 0, the steady-state concurrence for θ0 
= (2m +
1)π/2 is given by

C∞ = max

{
0,

2
√

N (N + 1)|(2N + 1)�2
s − 2iδω�s|

(2N + 1)2
(
4δω2 + �2

s

)
− 8N (N + 1)δω2

(2N + 1)2
(
4δω2 + �2

s

)
}

. (15)

Equation (15) shows that we can obtain the stationary en-
tanglement on demand by tuning the values of θ0 and
r. This is different from the small-atom case, where the
steady-state concurrence is independent of θ0. If we take
δω = 0, the steady-state concurrence reduces to the result
in [54], which depends only on the squeezing strength. For
θ0 = (2m + 1)π/2 and θc = 2π , the steady-state populations
are obtained as ρ∞

ee = N (3N+1)
7N2+7N+2 , ρ∞

−− = N (N+1)
7N2+7N+2 , ρ∞

u =
− 2

√
N (N+1)(2N+1)
7N2+7N+2 , ρ∞

v = 2i
√

N (N+1)
7N2+7N+2 , and ρ∞

++ = ρ∞
±∓ = 0.
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FIG. 6. Steady-state concurrence as a function of (a) θ0 and r,
(b) θc and r, with θc = 2π in (a) and θ0 = 2π in (b).

According to these expressions, the corresponding steady-
state concurrence is given by

C∞ = 2
√

N (N + 1)
√

4N2 + 4N + 2 − N (N + 1)

7N2 + 7N + 2
. (16)

As shown by the orange dashed lines in Figs. 5(a), 5(b), and
5(d), the steady-state concurrence is lower than that for θ0 =
π/4 and 2π . As the squeezing strength r → ∞, the steady-
state concurrence approaches a value of 3/7.

The steady-state concurrences in Eqs. (15) and (16) fo-
cus on the case of zero initial population in the states |±〉.
When the atomic initial state is in |ψ〉 = |eg〉, we have
ρ±±(0) = 1/2. By solving Eq. (10) in the cases of θ0 =
2π and θ0 = π/2, the steady-state concurrences are given
by C∞ = 2N+1−2

√
N (N+1)

2(2N+1) and C∞ = 1
2(7N2+7N+2) [6N2 + 7N +

1 − 2
√

N (3N + 1)(N + 1)(3N + 2)], respectively. As shown
in the inset of Fig. 5(c), the steady-state entanglement of both
the small and giant atoms is much smaller compared to the
cases shown in Figs. 5(a), 5(b), and 5(d). This indicates that
when there exists initial population in the dark state |+〉 or
|−〉, larger stationary atomic entanglement cannot be achieved
through the spontaneous emission and two-photon decay
processes.

When the propagating phase is fixed at θ0 = 2π , we can
see the combined influence of θc and r on the steady-state
entanglement generation. In Sec. III A we obtain specific
expressions of the steady-state populations when θc takes
mπ/2 and (2m + 1)π/4, respectively. For general values of
θc, the steady-state concurrence can be obtained by calculating
the population, one-photon, and two-photon coherence terms
in Eq. (14). However, the detailed expression is not pro-
vided here due to its complexity. In the previous calculations,
for θ0 = 2π and θc = mπ/2, we obtained C∞ = 2

√
N (N+1)
2N+1

for ρ−−(0) = 0 and C∞ = 2N+1−2
√

N (N+1)
2(2N+1) for ρ−−(0) = 1/2.

When θc = π/4, by substituting the corresponding steady-
state solutions from Eq. (10), we obtain C∞ = 0 for ρ−−(0) =
0 and C∞ = 1

2(3N2+3N+1) for ρ−−(0) = 1/2.
Figure 6(a) shows the steady-state concurrence C∞ as a

function of θ0 and r when θc = 2π . It can be observed that C∞
is periodically modulated by θ0, with a period of 2π . When
the squeezing strength r is small, C∞ shows little sensitivity
to changes in θ0. However, as r increases, C∞ rises rapidly
near θ0 = 2mπ [the green regions in Fig. 6(a)], and drops
significantly when θ0 lies within the range of [π/2, 3π/2] [the
purple regions in Fig. 6(a)]. Note that since the steady-state
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FIG. 7. Time evolution of the fidelity between the evolving state
ρ(t ) and the target state |�〉 = (|ee〉 − |gg〉)/

√
2 for different initial

atomic states. In each panel, we take the propagating phase: θ0 =
π/4, π/2, π , and 2π . Other parameters are r = 1 and θc = 2π .

concurrence at θ0 = π/2 and 3π/2 is given by Eq. (16) rather
than Eq. (15), the changes in C∞ are not smooth with respect
to θ0. As shown in Fig. 6(a), two distinct white lines can be
observed, as indicated by the black arrows. Figure 6(b) shows
the variation of C∞ with respect to θc and r when θ0 = 2π . We
see that C∞ also exhibits periodic behavior with respect to θc,
but has a period of π/2. Compared to the dependence of C∞
on θ0, C∞ is more sensitive to changes in θc. As r increases,
the green regions in Fig. 6(b) gradually become narrower. This
indicates that C∞ primarily appears around θ0 = mπ/2, and
even a small deviation of θc can lead to the steady-state entan-
glement to vanish. Therefore, careful control of both θ0 and
θc is essential for achieving the desired remote steady-state
entanglement of the two giant atoms.

On the other hand, determining the specific form of the
steady state is also crucial. Figure 7 shows the time evolu-
tion of the fidelity F (t ) = √〈�|ρ(t )|�〉, which measures the
overlap between the atomic evolving state ρ(t ) and the target
state |�〉 = (|ee〉 − |gg〉)/

√
2. When θ0 = π , as shown by the

blue dot-dashed lines, the giant atoms are decoupled from
the waveguide. Thus, the fidelities in the atomic initial states
|ψ〉 = |gg〉 and |ee〉 [|eg〉 and (|ee〉 + |gg〉)/

√
2] maintain their

initial value F (0) = 0.5 [F (0) = 0]. When θ0 = π/4, π/2,
and 2π , the steady-state values of the fidelities in the cases of
|ψ〉 = |gg〉, |ee〉, and (|ee〉 + |gg〉)/

√
2 are identical, despite

their different transient behaviors before reaching the steady
state. For |ψ〉 = |gg〉, the existence of the squeezed vacuum
reservoir leads to an increase in fidelity, as shown in Fig. 7(a).
However, for |ψ〉 = |ee〉, the fidelity F (t ) initially decreases
briefly before increasing to its steady-state value, as shown
in Fig. 7(b). This behavior can be understood in terms of the
population decay process. In the collective state representa-
tion, the spontaneous emission process causes the population
in the state |ee〉 to decay to the states |±〉 and then further
decay to the ground state |gg〉. At earlier times, the mixing
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of these states results in a decrease in fidelity. In addition,
the collective squeezing term allows the two-photon process
that alters population ratio in these states. As time increases,
the populations in |±〉 start to decay, causing the fidelity to
grow. For |ψ〉 = |eg〉 with θ0 = π/2 and 2π , the fidelity F (t )
in Fig. 7(c) is lower than that of the other three initial states.
Compared to the results in Fig. 7, we find that the steady-state
value of F (t ) almost approaches 1 when θ0 = 2π , as shown
by the purple dashed lines in Figs. 5(a), 5(b), and 5(d). This
means that the two giant atoms can approximately evolve into
the target state |�〉 = (|ee〉 − |gg〉)/

√
2. To verify this, we

take θ0 = 2π and θc = mπ/2, the steady-state solutions of
Eq. (10) are given by ρ∞

ee = N
2N+1 , ρ∞

u = (−1)m+1 2
√

N (N+1)
2N+1 ,

and ρ∞
±± = ρ∞

±∓ = ρ∞
v = 0, resulting in the following entan-

gled state:

|ψ∞〉 =
√

N

2N + 1
|ee〉 + (−1)m+1

√
N + 1

2N + 1
|gg〉. (17)

In the limit r → ∞, the state in Eq. (17) becomes the max-
imally entangled state [|ee〉 + (−1)m+1|gg〉]/√2. Thus, by
properly controlling the squeezing strength r and these two
phases, we can generate the maximally entangled state of two
remote giant atoms.

IV. DISCUSSION AND CONCLUSION

We discuss the experimental feasibility of implement-
ing giant atoms driven by a squeezed vacuum reservoir
in a one-dimensional waveguide. Giant atoms have been
experimentally demonstrated in several platforms, such as
superconducting circuit systems [2,3,5–7] and waveguide
magnon systems [84]. In addition, the community in quantum
optics also propose other alternative theoretical schemes to
realize giant atoms, such as synthetic dimensions [32,85], cold
atoms in optical lattices [86], or Rydberg atoms in the optical
regime [45]. In our scheme, we assume that the waveguide
is fed by a squeezed vacuum field, which could be realized
via using a Josephson parametric amplification [51,87,88] or
an optical parametric down conversion [89,90]. Therefore,
all these advances could provide the experimental feasibility
to our proposed scheme under the current and near-future
conditions.

In conclusion, we have studied the dynamics and stationary
behaviors of giant atoms by considering a 1D waveguide
coupled to a single and two giant atoms, respectively. In
both cases, the waveguide is driven by a squeezed vacuum
reservoir, which allows the giant atoms to exhibit features
different from those in an ordinary vacuum reservoir. It was
shown that the dephasing dynamics of single giant atom, as
well as the population and entanglement evolution of two
giant atoms, are jointly determined by the squeezing strength,
the photon-propagating phase, and the atomic center-of-mass
phase. In the single-giant-atom case, the dephasing rate can
be enhanced or suppressed. In particular, by tuning the quan-
tum self-interference effect of the giant atom, the dephasing
rate can vanish, which is absent in a small atom. When
extended to the two-giant-atom case, the squeezed vacuum
reservoir not only induces the frequency shift, individual, and
collective dissipation of the giant atoms, but also enables indi-
vidual and collective squeezing. As a result, both spontaneous

emission and two-photon processes coexist. Compared to
small atoms, giant atoms can reach their steady-state entangle-
ment faster. The steady-state entanglement can be adjusted by
the propagating phase, which is not observed in small atoms
in squeezed vacuum. It should be highlighted that when there
exists a dark state in the system, any initial population in the
dark state should be avoided to achieve higher entanglement.
In addition, the steady-state entanglement is more sensitive
to changes in the center-of-mass phase. The proper choice of
these two phases can realize the maximal stationary entangle-
ment of remote giant atoms. These results will pave the way
for the constructing quantum networks and realizing quantum
information processing in giant-atom waveguide-QED sys-
tems driven by squeezed vacuum fields.
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APPENDIX A: DERIVATION OF THE GENERAL
QUANTUM MASTER EQUATION OF GIANT ATOMS

In this Appendix, we present the derivation of the quantum
master equation of giant atoms coupled to a one-dimensional
waveguide driven by a squeezed vacuum field via the col-
lisional approach [24,25,58]. The total Hamiltonian of the
two-level giant atoms + field system is

H = Ha + Hw + HI ,

Ha =
Pa∑

j=1

ω0σ
+
j σ−

j ,

Hw =
∫ ∞

−∞
dk ωka†

kak,

HI =
Pa∑

l=1

Pj∑
j=1

∫ ∞

−∞
dk

gkeikx jl

√
2π

akσ
+
j + H.c., (A1)

where Ha is the free Hamiltonian of the giant atoms, Hw is the
free Hamiltonian of the waveguide with the dispersion relation
ωk , and HI is the interaction Hamiltonian between the giant
atoms and the fields in the waveguide. The upper indicies Pa

and Pj of the summation symbol represent the number of giant
atoms and the coupling points of giant atom j, respectively.
The coordinate of the lth coupling point of atom j denotes
x jl with the same coupling strength gk . For convenience,
ck = ak�0 and c′

k = ak<0 are introduced to represent the right-
and left-propagating field modes, respectively.

In the case of the frequency ω0 being far from the cut-
off of the dispersion, the dispersion relation for the right
(left) branch around k0 (−k0) can be linearized as ωk = ω0 +
υg(k − k0) (ω0 − υg(k + k0)) [91,92]. Since we are interested
in a narrow bandwidth in vicinity of ω0, the range of k can be
extended to (−∞,∞). The coupling strengthes between the
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giant atoms with the right- and left-propagating field modes
are, respectively, assumed as gk�0 ≈ gk0 = gR and gk<0 ≈
g−k0 = gL. This approximation corresponds to the Markovian
approximation [93]. By further making the variable change
(k − k0) → k [−(k + k0) → k] and redefining the operators
ck−k0 → ck [c′

−(k+k0 ) → c′
k], the Hamiltonians Hw and HI in

the frequency domain are given by

Hw = ω0

∫ ∞

−∞
dω[c†(ω)c(ω) + c′†(ω)c′(ω)]

−
∫ ∞

−∞
dω ωc†(ω)c(ω) +

∫ ∞

−∞
dω ωc′†(ω)c′(ω),

HI =
Pa∑

l=1

Pj∑
j=1

σ+
j

∫ ∞

−∞
dω

[
gR√
2π

c(ω)ei(ω0+ω)τ jl

+ gL√
2π

c′(ω)e−i(ω0+ω)τ jl

]
+ H.c. (A2)

Here c(ω) = ck/
√

υg and c′(ω) = c′
k/

√
υg are the operators in

the frequency domain. The parameter τ jl = x jl/υ is defined
as the propagating time of photons between coupling points.
In the interaction picture with respect to S(t ) = exp[−i(Ha +
Hw )t], we obtain

HI (t ) = S(t )†HI S(t )

=
Pa∑

l=1

Pj∑
j=1

[√
γReiω0τ jl σ+

j

1√
2π

∫ ∞

−∞
dω c(ω)

× e−iω(t−τ jl ) + √
γLe−iω0τ jl σ+

j

1√
2π

×
∫ ∞

−∞
dω c′(ω)e−iω(t+τ jl )

]
+ H.c.

=
P∑

α=1

[
√

γRO†
αc(t − τα )

+ √
γLO′†

α c′(t + τα )] + H.c., (A3)

where γR = g2
R/υg and γL = g2

L/υg are the atomic spon-
taneous emission rates induced by the right- and left-
propagating modes, respectively. In the last line of
Eq. (A3), we introduce the Fourier transformation x(t ) =
1/

√
2π

∫ ∞
−∞ dω x(ω)e−iωt for x = c and c′, which fol-

lows the bosonic commutation rules [x(t ), x†(t ′)] = δ(t − t ′),
[x(t ), x(t ′)] = [x†(t ), x†(t ′)] = 0. The symbol α = 1, · · · ,P
is used to label all coupling points from left to right, i.e.,
x1 < x2 < · · · xP. In the spirit of the collision model, the giant
atoms could be regarded as a set of P = ∑Pa

j=1 Pj small atoms
[24,25]. For each coupling point α, the lowering operators for
the giant atoms are written as

Oα = σ−
j e−iω0τ jl , O′

α = σ−
j eiω0τ jl . (A4)

Assuming a discrete time axis tn = nδt , with δt being the
interval time of each collision, the time evolution operator is

U (t ) = T exp

(
−i

∫ t

0
ds HI (s)

)
=

[t/δt]∏
n=1

Un(t ), (A5)

where T is the time-order operator and Un is the evolution
operator in the time interval t ∈ [tn−1, tn]. In the case of the
time step much shorter than the characteristic interaction time,
i.e., δt � γ −1

L/R, Un is approximated as

Un � I − i(V̄ + Heff )δt − 1
2V̄ 2δt2, (A6)

with the average Hamiltonian and effective Hamiltonian

V̄ = 1

δt

∫ tn

tn−1

ds HI (s),

Heff = i

2δt

∫ tn

tn−1

ds
∫ s

tn−1

ds′[HI (s′), HI (s)]. (A7)

We consider the case where the propagating time of pho-
tons are negligible, i.e., τP − τ1 � δt � γ −1

R/L. According to
Eqs. (A3) and (A7), we obtain

V̄ =
P∑

α=1

[√
γR

δt
O†

v

1√
δt

∫ tn

tn−1

ds c(s − τα )

+
√

γL

δt
O′†

v

1√
δt

∫ tn

tn−1

ds c′(s + τα )

]
+ H.c.

� 1√
δt

(
√

γRO†cn + √
γLO′†c′

n + H.c.) (A8)

and

Heff = i
P∑

α,α′

∫ tn

tn−1

ds
∫ s

tn−1

ds′γR{O†
α′Oα[c(s′ − τα′ ), c†(s − τα )]

+ γLO′†
α′O′

α[c′(s′ + τα′ ), c′†(s + τα )] − H.c.}/2δt

� i

2

P∑
α>α′

(γRO†
α′Oα + γLO′†

α O′
α′ − H.c.), (A9)

where we define

xn = 1/
√

δt
∫ tn

tn−1

ds x(s), (A10)

for x = c, c′ and introduce the atoms’ collective operator
O = ∑

α Oα .
The collision model method assumes that the field consists

of a large collection of smaller identical subunits (ancillas)
labeled by an integer number n [58]. Starting from an initial
joint state of giant atoms and the field

ρtot(0) = ρ(0) ⊗ η1 ⊗ · · · ⊗ ηn ⊗ · · · , (A11)

the state ρtot(tn) at each collision becomes

δρtot(tn) = ρtot(tn) − ρtot(tn−1)

= Un(t )ρtot(tn−1)Un(t )† − ρtot(tn−1)

= −i[Heff + V̄ , ρtot(tn−1)]δt

+ (
V̄ ρtot(tn−1)V̄ − 1

2 {V̄ 2, ρtot(tn−1)})δt2.

(A12)
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In Eq. (A12) we introduce the notation {•, ∗} ≡ • ∗ + ∗ •.
By tracing out the nth ancilla, the equation for the reduced
dynamics of the giant atoms takes the form

δρn = −i[Heff + 〈V̄ 〉, ρn−1]δt

+ Trn
{(

V̄ ρn−1ηnV̄ − 1
2 {V̄ 2, ρn−1ηn}

)}
δt2, (A13)

with 〈V̄ 〉 = Trn{V̄ ηn}. Using Eq. (A10), the first and second
moments for a general white-noise Gaussian state are given
by [58]

〈xn〉 = εn

√
δt, 〈x†

nxn′ 〉 = Nδn,n′ , 〈xnxn′ 〉 = Mδn,n′ , (A14)

where εn is the mean value of ε(t ) on the nth interval, N is the
average number of excitations of each ancilla, and M mea-
sures its squeezing. For the waveguide driven by a squeezed
vacuum field, we have N = sinh2 r and M = e−iφ sinh r cosh r
with r being the squeezing strength and φ the squeezing angle.
Based on Eqs. (A14) and considering the continuous-time
limit γ δt → 0, the quantum master equation for the giant
atoms is obtained as [24]

ρ̇ = −i[Heff + Hd , ρ]

+ γR{(N + 1)DO[ρ] + NDO† [ρ]}
+ γL{(N ′ + 1)DO′[ρ] + N ′DO′† [ρ]}
+ γR{M(O†ρO† − 1

2 {O†2, ρ}) + H.c.}
+ γL{M ′(O′†ρO′† − 1

2 {O′†2, ρ}) + H.c.}, (A15)

with the coherent driving Hamiltonian

Hd = √
γRO†ε(t ) + √

γLO′†ε′(t ) + H.c. (A16)

In this work, we consider that the waveguide is only driven by
the squeezed vacuum field and hence Hd = 0. Moreover, we
assume that γR = γL = �/2 (nonchiral case [26]), N = N ′,
and M = M ′.

For a single giant atom coupled to the waveguide at mul-
tiple coupling points, the lowering operators and collective

operators of the giant atoms are

O = σ−
P∑

n=1

e−ik0xn , O′ = σ−
P∑

n=1

eik0xn ,

Oα = σ−e−ik0xα , O′
α = σ−eik0xα . (A17)

Substituting Eq. (A17) into Eq. (A15), we obtain the quantum
master equation of a single giant atom, as shown in Eq. (3).

For two giant atoms, where each is coupled to the waveg-
uide at two separate points, we have the following operators:

O =
∑

m,n=1,2

σ−
m e−ik0xmn , O′ =

∑
m,n=1,2

σ−
m eik0xmn ,

O1 = σ−
1 e−ik0x11 , O′

1 = σ−
1 eik0x11 ,

O2 = σ−
1 e−ik0x12 , O′

2 = σ−
1 eik0x12 ,

O3 = σ−
2 e−ik0x21 , O′

3 = σ−
2 eik0x21 ,

O4 = σ−
2 e−ik0x22 , O′

4 = σ−
2 eik0x22 . (A18)

Similarly, substituting Eq. (A18) into Eq. (A15) gives the
quantum master equation of two giant atoms, as shown in
Eq. (7).

APPENDIX B: GENERAL STEADY-STATE SOLUTIONS
OF THE QUANTUM MASTER EQUATION

In this Appendix, we present the general steady-state so-
lutions of the quantum master equation (10). Equation (10)
shows that both the propagating phase θ0 and the center-of-
mass phase θc influence the dynamics of the two giant atoms.
In the main text, we have already analyzed the effects of θ0

(θc) on the steady-state population and entanglement by taking
typical values of θc (θ0). Since the initial population in the
dark state |+〉 or |−〉 can modify the steady-state solutions,
we exclude such case here. After some lengthy calculations,
we obtain

ρ∞
ee = N{h1(γc, �s)(γ11 − γ22)2 + [4Nδω2 − h2(γc, �s)]F (g, �s)}

(2N + 1)2{N (N + 1) f (γc, �s)(γ11 − γ22)2 + [4δω2 − f (γc, �s)]F (g, �s)} ,

ρ∞
±± = N (N + 1){h4(γc, �s)(γ11 − γ22)2 + [4δω2 − h3(γc, �s)]F (g, �s)}

(2N + 1)2{N (N + 1) f (γc, �s)(γ11 − γ22)2 + [4δω2 − f (γc, �s)]F (g, �s)} ,

ρ∞
u = 2

√
N (N + 1)�sγc[N (N + 1)(γ11 − γ22)2 − F (g, �s)]

(2N + 1){N (N + 1) f (γc, �s)(γ11 − γ22)2 + [4δω2 − f (γc, �s)]F (g, �s)} ,

ρ∞
v = 2iδωF (g, �s)

(2N + 1)�s{N (N + 1)(γ11 − γ22)2 − F (g, �s)}ρu,

ρ∞
+− = 1

2

√
N (N + 1)(γ11 − γ22)

2ig + (2N + 1)�s
ρv,

ρ∞
−+ = 1

2

√
N (N + 1)(γ11 − γ22)

2ig − (2N + 1)�s
ρv. (B1)
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FIG. 8. Steady-state concurrence as a function of θ0 and θc. The
other parameter is r = 1.

In Eq. (B1), we introduce functions F (g, �s) = (2N +
1)2�2

s + 4g2, f (γc, �s) = [4N (N + 1)(γ 2
c − �2

s ) − �2
s ], h1

(γc, �s) = N (N + 1)(2N + 1)[(N + 1)(2N − 1)γ 2
c − N (2N

+ 1)�2
s ], h2(γc, �s) = (2N + 1)[(N + 1)(2N − 1)γ 2

c − N (2
N + 1)�2

s ], h3(γc, �s) = (2N + 1)2(γ 2
c − �2

s ), and h4(γc,

�s) = N (N + 1)h3(γc, �s). From these expressions, it can be
found that the steady-state populations in the states |±〉 are
identical. Different from Eqs. (11) and (12), the steady-state
solutions in Eq. (B1) are influenced by the individual
decay, individual squeezing, collective squeezing, and the
dipole-dipole interaction. Figure 8 shows the steady-state
concurrence as a function of θ0 and θc at fixed r = 1. We
see that C∞ exhibits a periodic dependence on both θ0

and θc, with higher concurrence values appearing narrow
regions of the parameter space. Most of the parameter
space corresponds to lower concurrence. This indicates
that achieving larger entanglement of the two giant
atoms requires careful tuning of the values of these two
phases.
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