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Quantum optimal control theory for the shaping of flying qubits
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The control of flying qubits carried by itinerant photons is ubiquitous in quantum networks. In addition
to their logical states, the shapes of flying qubits must also be tailored for high-efficiency information
transmission. In this paper, we introduce quantum optimal control theory to the shaping of flying qubits.
Building on the flying-qubit control model established in our previous work, we design objective func-
tionals for the generation of shaped flying qubits under practical constraints on the emitters and couplers.
Numerical simulations employing gradient-descent algorithms demonstrate that the optimized control can
effectively mitigate unwanted level and photon leakage caused by these nonidealities. Notably, while
coherent control offers limited shaping capacity with a fixed coupler, it can significantly enhance the
shaping performance when combined with a tunable coupler that has restricted tunability. The proposed
optimal control framework provides a systematic approach to achieving high-quality control of flying

qubits using realistic quantum devices.

DOL: 10.1103/PhysRevApplied.23.044045

I. INTRODUCTION

The rapid development of quantum information pro-
cessing technologies has attracted extensive attention from
academia and industry [1]. In the near future, quantum
information processing units will be interconnected for
secure communication and distributed quantum computing
[2]. Central to this vision, the efficient control of fly-
ing qubits is vital for high-fidelity quantum information
transmission over quantum networks [3,4].

Flying qubits can be physically carried by itinerant pho-
tonic fields [5,6], acoustic waves [7], or electrons [8], with
photonic flying qubits being the most widely used in prac-
tice. Depending on the wavelength, photonic flying qubits
may work in the optical regime when being used for long-
distance communication [9]. They can also be generated
and manipulated in the microwave regime for intercon-
nection with solid-state quantum information processing
devices [10]. In this paper, we are mainly concerned
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with microwave flying qubits, for which superconduct-
ing quantum systems are excellent candidates for emitters
and receivers due to their frequency tunability, long coher-
ence time, and field confinement to one-dimensional trans-
mission lines without additional spatial pattern matching
[11].

From the viewpoint of quantum input-output theory, fly-
ing qubits can be treated as the quantum input of a receiver
or quantum output of an emitter. Existing studies have
shown that flying qubits sent from an emitter must be
well shaped to match to the receiver for complete absorp-
tion [12—14]. This gives rise to the flying-qubit shaping
problem to be studied in this paper.

In most flying-qubit generation systems, the emitter is
coupled to the waveguide through an intermediate cav-
ity to enhance emitter-photon interaction. This cavity also
facilitates shaping control by enabling variation of its
instantaneous photon emission rate [15,16] or modula-
tion of the effective emitter-cavity coupling induced by
a coherent driving field on the cavity [10,12]; however,
cavities inherently limit the transmission bandwidth of
flying qubits and require strict frequency alignment. More-
over, they may also cause the random release of unwanted
photons.

© 2025 American Physical Society
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Regarding these issues, cavity-free systems using tun-
able emitters and couplers [13,17—20] offer a more efficient
approach [21,22]. Theoretical studies indicate that flying
qubits can be shaped arbitrarily using an ideal two-level
emitter and an ideal tunable coupler [23—25], and this has
been experimentally demonstrated in various experiments
in superconducting systems [20,26,27].

Nonetheless, realistic emitters and couplers are inher-
ently nonideal. In superconducting systems, transmon
qubits are frequently used due to their long lifetime; how-
ever, they cannot be regarded as true two-level systems
because of their weak anharmonicity. This limitation can
result in significant control errors caused by level leakage
[22]. Additionally, regarding the emitter, a very strong cou-
pling beyond the tunable range may be required when the
desired photon shape has a sharply rising part. For exam-
ple, exponentially rising flying qubits are often preferred in
practice because they can be fully captured by the receiver
without the need for a tunable coupler [24], but generating
such flying qubits would require infinitely strong coupling,
which is unattainable with existing couplers [13,28-31].

As a result, additional controls must be implemented
when the coupler fails to provide sufficient tunability. It
seems that the only option available is the coherent driving
field, which is typically employed to prepare the emitter’s
state; however, this is generally avoided for shaping due to
the undesirable multiphoton emissions it produces. Nev-
ertheless, we will demonstrate in this paper that coherent
control can be designed to improve shaping performance
using quantum optimal control theory, which has been
proven highly effective in the manipulation of station-
ary qubits [32-34]. To the best of our knowledge, no
such investigations exist in the literature except in linear
quantum systems [35].

The remainder of this paper is organized as follows.
Section II introduces the mathematical model of the flying-
qubit control system implemented by a transmon-qubit
emitter. Based on this model, the objective functionals for
three associated flying-qubit control tasks are introduced in
Sec. III. In Sec. IV, the gradient-descent algorithm applied
to the proposed objective functionals is numerically tested.
Finally, conclusions are drawn in Sec.V.

II. THE MODELING OF FLYING-QUBIT
GENERATION SYSTEMS

To illustrate how optimal control theory can effectively
address various nonidealities in the flying-qubit shaping
system, we assume that the emitter is a superconducting
transmon qubit that cannot be treated as a perfect two-
level system. The design methodology can also be readily
adapted to other types of emitters.

As shown in Fig. 1, the transmon-qubit emitter is induc-
tively connected to a unidirectional waveguide (transmis-
sion line) via a gmon coupler, the coupling strength of

XY control Z control Coupling

:
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FIG. 1. Schematic of a microwave flying-qubit emitter imple-

mented by a transmon qubit. The emitter is inductively coupled
to a transmission-line waveguide through a tunable gmon cou-
pler. The transmon qubit is frequency tunable by the Z control,
and its state can be coherently manipulated by the XY microwave
driving field.

which can be altered in real time [20,28]. The frequency
of the transmon-qubit emitter is tuned by the Z-control
line, and its state transition can be manipulated by the XY
microwave driving field.

Let |vac) be the vacuum state of the photon field in
the waveguide and b(t) be its temporal annihilation oper-
ator, which satisfies the singular commutation relation
[ZAa(t), lAff(l’)] =8(t— ) [35,36]. In this work, we are con-
cerned with the generation of shaped flying qubits, and the
waveguide can thus be assumed to be empty when 7 < 0.
A pulsed single-photon state is defined as follows:

1) = /O £(0)b' (1) de|vac), (1)

in which the complex-valued function & (¢) represents the
temporal shape of the single-photon pulse. The normaliza-
tion property of |1¢) requires that the shape function & (¥)
satisfies

f EQP di = 1. @

0

Herein, we assume that the emitter is coupled to the
waveguide with 100% efficiency, meaning that the emit-
ted photons all enter the waveguide. A straightforward
two-stage protocol for generating flying qubits is to first
drive the transmon qubit to some desired superposition
state, say cg |0) + c; |1), and then transfer it to the photon
field state ¢ |[vac) 4 ¢ |1¢) via spontaneous emission. The
single-photon shape &(¢) is determined by the real-time
tuning of the coupler. Here, the vacuum state |vac) and the
single-photon state |1;) represent the logical states 0 and 1,
respectively, of the flying qubit. Thus, to fully characterize
the flying-qubit state, it is essential not only to identify the
logical state but also to incorporate the shape function.
Under general circumstances, the photon field may also
involve multiphoton components due to imperfect state
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preparation or the presence of a coherent driving field. The
corresponding flying-qubit state can be expressed in the
following form:

12) = £©|vac) + f ooé“(r)lﬂ(r) drjvac) + |2, (3)
0

where £ is the probability amplitude of the vacuum state,
£ (¢) is the shape of the single-photon component, and
|E/) represents the remaining multiphoton components.
Because the full state | E) is always normalized, we have

£O 4 fooo £ dr < 1. 4)

In the literature, the few-photon emission process induced
by time-variant controls (including coherent driving and
incoherent tunable coupling) has been studied using scat-
tering theory [37,38] or quantum input-output theory based
on quantum stochastic differential equations (QSDEs) [14].
The developed mathematical models enable the calculation
of the flying-qubit state as well as the errors induced by
multiphoton emission. Here, we leverage the model devel-
oped in our previous work [14], which is governed the
following nonunitary Schrodinger equation:

V() = —iHa(OV(D, V(0) =T, )

where V(¢) is the nonunitary evolution operator and

A2 A . dynata
He(t) = gaﬂcﬁ +u(ta+u*(Ha — —y(; (6)

is the effective Hamiltonian. Here, the transmon qubit is
treated as an anharmonic oscillator, where a is the annihila-
tion operator and 7 is the anharmonicity. The time-variant
function y () represents the tunable coupling strength pro-
duced by the coupler to the waveguide. The coherent
driving field u(#) = u,(f) + iu, (t) includes the in-phase
and phase-quadrature components u,(f) and u, ().

The flying-qubit state is determined by vacuum and
single-photon components, £ © and £V (¢), in Eq. (3). Sup-
pose that the emitter is initially prepared in state |) and
the coherent control u(?), if present, persists for at most a
finite duration. In this case, the emitter eventually decays
to its ground state |0) after the flying qubit is released. The
flying-qubit state can be calculated as follows [14]:

£9 = (0|G(c0, 0) ), (7)
£0 (1) = V¥ (0(01G(c0, aG(t, 0)|v), (8)

where
G, t) =Vayy () ©)

is the propagator of Eq. (5) from time # to time ¢. The
intervention of a in Eq. (8) indicates the occurrence of

a quantum jump at time ¢ that dumps the qubit to its
lower-level state and releases a photon into the waveguide.

As a special case, the single-photon component has the
following analytic form [14]:

1 t
E(1) = /7 () exp [—5 /0 Y (1) dr] (10)

when u(f) = 0 and the initial state is |vy) = [1), which is
fully dependent on the tunable coupling y (¢). In general
cases when u(#) # 0, the single-photon component has to
be numerically calculated.

Note that the multiphoton components |E') in Eq. (3),
which contribute to control errors, need not be explicitly
calculated in the optimal control design. This is because
the optimization aims to maximize the proportions of vac-
uum and single-photon components, which naturally leads
to the minimization of the unwanted multiphoton compo-
nents, given that the full state | E) is always normalized.

III. OPTIMAL CONTROL THEORY FOR THE
SHAPING OF FLYING QUBITS

The above model indicates that the logical state and the
photon shape of the flying qubits can be altered by the
tunable coupling y (¢) or the driving field u(¥) = u,(¢) +
iuy (1), which play the role of incoherent or coherent con-
trols in the flying-qubit shaping. As will be seen later,
they can be jointly applied and optimized to improve the
shaping performance with nonideal emitters and tunable
couplers.

In this section, we will discuss how to formulate the
optimal control problems for the generation of shaped
flying qubits.

A. Preparation of the standing qubit state

Consider the state preparation of the emitter’s state that
is to be transferred to the flying qubit. Assume that the
emitter is initialized at [1y) = |0) and the target state is
|[vp), and the coupler is nonideal in that it cannot be
completely turned off.

Let y(f) = y9 # 0 be the residual coupling strength,
and the coherent control function u(¢) is to be optimized
to minimize the state-preparation error. We present two
alternative objective functionals.

The first objective functional is defined as the state-
preparation error of the transmon qubit

JYEu®] = 1 — (Yplp(To) [¥p), (11)

where T is the duration of the control pulse, and the
density matrix p(f) obeys the following master equation
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(ME):
o) = —i [ga”az +unadt (04, ,o(t)]
+ [&,o(r)aT — %p(z)eﬁa — %a* &p(r)] . (12)

The master equation can be derived by averaging over
the flying-qubit state with the waveguide being taken as
a Markovian environment [39,40]. The goal is to maxi-
mize the overlap between the emitter state and the target
state, thereby minimizing the leakage to higher noncom-
putational states.

The second objective functional is defined as the control
error resulting from photon leakage, because the accom-
panying decay of excited states alters the population of
the computational states. The photon leakage is quantified
by the probability of detecting photons in the waveguide
before the emitter is steered to the target state |p):

TP 0] = 1 = |(YplG(To, 0I0),  (13)
where G(Tj,0) = V(Tj) can be obtained from Eq. (5).
The superscript QSDE refers to “quantum stochastic dif-
ferential equation” [14], which was used to derive Eq.

).

B. Direct generation of shaped flying qubits

Suppose that the emitter has been prepared at the tar-
get state. With an ideal coupler, the follow-up release of
shaped flying qubits can be achieved with the following
tuning scheme:

& @I

== 7
Y= P dr

(14)

where &,(7) is the target shape of the single-photon compo-
nent. This formula can be derived from Eq. (10).

We now consider the scenario where the coupler can-
not be completely turned off or arbitrarily strengthened. In
this context, we can introduce u(#) as an auxiliary control
alongside y (¢), unifying the two-stage flying-qubit gener-
ation protocol into a single optimal control task. The cor-
responding objective functional is defined as the distance
between the generated and target flying-qubit states:

Llu(0),y O] = @ — o + / ED (@) — 1o (P
0
(15)

in which the vacuum and single-photon components of the
emitted photon field are

£© = (01G(c0, 0)]0), (16)

V(0 = Vy (0(01G(00, naG(1,0)(0). (17)
Note that we adopt the Euclidean distance here for opti-
mization. In practice, one can alternatively use other
distance measures.

C. State transfer from the standing qubit to a shaped
flying qubit

Consider the control scenario where the emitter has been
prepared in some unknown state |) = ¢o |0) + ¢; |1), and
we wish to design a control protocol that transfers the emit-
ter to the flying-qubit state ¢y [vac) + ¢; |1¢,). The control
protocol should be independent of specific values of ¢y and
Ci.

The state transfer effectively forms a SWAP gate opera-
tion between the emitter and the flying qubit, which can
be decomposed into two separate control tasks: (1) the fly-
ing qubit should be in the vacuum state when the emitter
is initially prepared in state |0); and (2) the flying qubit
should be in the single-photon state |1¢,) when the emitter
is initially prepared in state |1). The sum of the correspond-
ing distances between the generated and target flying-qubit
states form the following objective functional:

AL,y (0] = |1 — 2O + /0 E0 @) — &0 d,

(18)

where
£ = (0/G(00,0)]0), (19)
gD (1) = /¥ ()(01G(oc0, HaG(t, 0)|1). (20)

Note that the calculation of the single-photon component
Eq. (19) is different from that in Eq. (16), in that it is
conditioned on the emitter’s initial state |1).

IV. SIMULATION RESULTS

In this section, we detail numerical simulations to test
the effectiveness of optimal control in flying-qubit shaping
problems. We adopt the L-BFGS quasi-Newton algorithm
[41] for the optimization subject to the objective function-
als proposed in Sec. I1I, and the calculation of the corre-
sponding gradient vectors can be found in Appendix A.

Considering practical constraints, we impose that the
control pulse u(?) is zero at both the initial and final time
instances (i.e., #(0) = u(T) = 0). To ensure smoothness
during the optimization, we apply a low-pass filter to u(z).
Additionally, the control u(f) is constrained with a bound
B =2m x 80 MHz. A detailed discussion on how these
constraints are managed in the optimization algorithm can
be found in Appendix A.
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In the simulation, the anharmonicity of the transmon-
qubit emitter is set to n = —27 x 200 MHz, and we retain
the first five levels in the model (5) to assess the effect of
level leakage. The target shapes of flying qubits considered
in the simulations are among the following three types:

(1) exponentially decaying: & (f) = /ae %/?;
(2) exponentially rising: £y(f) = /ae*~D/?;
(3) symmetrical: & (f) = /asech(at/2).

Here, o determines the width of the shape function. All the
shaped functions are defined on a sufficiently large time
interval [0, 77.

A. Flying-qubit control under fixed coupling and
tunable coherent control

We first investigate the capability of coherent control
u(?) on the shaping of flying qubits with a fixed coupler.

1. Preparation of standing transmon-qubit state

Assume that the coupler’s residual coupling strength
is Yo = 2w x 0.5 MHz. We optimize the coherent con-
trol u(#) subject to the two objective functionals Eqgs. (11)
and (13), in which the target emitter state is specified as
|[¥p) = 1) (i.e., co = 0 and ¢; = 1) with a pulse duration
of Ty = 10 ns.

150
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T s0f
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FIG. 2. (a) Amplitude of the Gaussian m-pulse, the DRAG

pulse, and the optimized control pulses subject to objective func-

tionals JME and J°°F; (b) fidelity of the transmon qubit being

in the target state |1) during the control process.

For comparison, we also simulate the standard Gaus-
sian m-pulse commonly used for state flipping in ideal
two-level systems, along with its DRAG correction [42]
for level-leakage suppression. Figure 2(a) displays the
amplitudes of these control fields. The control optimized
with JME contains oscillating components that manage the
unwanted state transitions associated with the level leak-
age. In contrast, the control optimized with J IQSDE exhibits
a more concentrated pulse energy toward the end of the
pulse. This suggests that the optimization strategy seeks to
keep the emitter unexcited for as long as possible to reduce
photon leakage.

Figure 2(b) illustrates the population variation of the
target state |1) throughout the control process. At the
final time ¢ = Tj, the population reaches |1) with fideli-
ties 0f 99.40% and 99.41% for the controls optimized with
JME and JPF | respectively. The DRAG pulse achieves a
lower fidelity 91.56%, while the Gaussian pulse yields the
poorest performance with only 82.52% fidelity.

To identify the sources of errors, in Fig. 3, we analyze
the corresponding photon leakage (i.e., the total population
1 — 1£©)2 of nonvacuum field states) and the level leak-
age (i.e., the total population of noncomputational states
[2), |3) and |4)). In Fig. 3(a), it can be seen that the photon
leakage monotonically increases with time in all cases due
to the Markovian dynamics. The increase is significantly
slower under the optimal controls, indicating that the pho-
ton leakage is lower compared to the Gaussian and DRAG

0.020 i
(@)[=" = Gaussian
—DRAG z
§n 00151 | Optimized by JME |
% —— Optimized by J¥*PF
= 0.010 -
Q
g
A~ 0.005 -
0.000
0 2 4 6 8 10
Time (ns)
0.4 r T T ; .
b= 2 Gaussian

. 03 |—DRAG

e —— Optimized by JME

) sk QSDE -~

B —— Optimized by J, ’

8 ool p 1 ) N .

Q 4

= 01f / ~ -\

0.0
0 2 4 6 8 10
Time (ns)
FIG. 3. (a) Photon leakage 1 — |£©@|2 and (b) level leakage

(total population P, + P; + P4 of noncomputational states |2),
|3), and |4)) during state preparation.
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controls. Figure 3(b) demonstrates that the level leakage
can be nearly completely suppressed using the DRAG
pulse and the optimized pulses, while the performance of
the Gaussian pulse is considerably inferior.

The error analysis provides a clear explanation for the
performance differences observed in Fig. 2(b). The two
optimal controls achieve high fidelities because they effec-
tively mitigate both the photon leakage and the level
leakage. Although the DRAG pulse successfully reduces
errors caused by level leakage, it does not efficiently sup-
press the photon-leakage error, which results in population
loss of |1) decaying to |0).

The simulation results are also interesting in that,
although the objective functional JMF is designed for level-
leakage suppression, the resulting optimal control also
effectively reduces photon leakage. Similarly, the optimal
control obtained from J lQ SPE can also suppress both types
of leakage errors. We conjecture that the two objective

1-photon shape (ns~1/?)

0 100 200 300 400 500 600

(b)

1-photon shape (ns~1/2)

© | | | |

1-photon shape (ns~!/2)

0 100 200 300 400 500 600
Time (ns)

FIG. 4. Optimized shapes of single-photon components under
coherent driving control and fixed coupling strength y, = 2w x
6 MHz, where the target single-photon shapes are exponentially
decaying, symmetric, and exponentially rising, respectively, with
o =27 x 6 MHz.

functionals may be equivalent in the context of state prepa-
ration in open systems, but this remains to be confirmed in
our future studies.

2. Direct generation of shaped flying qubits

Consider the direct generation of flying qubits by opti-
mizing u(¢) subject to J, defined in Eq. (15), where the
coupling strength y (¢) is fixed at y. = 2w x 5 MHz. The
exponentially decaying, exponentially rising, and symmet-
ric target single-photon shapes are all tested with the width
parameter o« = 2 X 6 MHz. The control duration is cho-
sen as 7 = 600 ns, which is much longer than the decay
time y,” 1.

In the simulations, the control pulse u(?) is initiated 10 ns
prior to &(#) when dealing with exponentially decaying
flying qubits, because the emitter must be promptly excited
to |1) before photon emission occurs. Note that this early
initiation is not required for the other two shapes, whose
beginning parts rise slowly. Figure 4 displays the opti-
mized single-photon pulse shapes, which all closely match
their target waveforms. We further optimize the controls
with « varying from 0.6y, to 1.4y,, and in Fig. 5, we plot
the relationship between the best performance (i.e., the
minimal value of J,) and the parameter «.

The simulation results indicate that the coherent con-
trol u(¢) possesses some capacity for single-photon shaping
in the absence of a tunable coupler; however, the con-
trol performance is far from good, particularly when the
target pulse shape includes a rising segment. Among the
three types of shape, generating exponentially decaying
flying qubits is the easiest, as this shape is similar to those
produced by natural spontaneous emission. In contrast,
generating flying qubits with exponentially rising shapes
proves to be considerably more challenging.

15 . .
Exponentially rising ~_ _ y-=-"" X
.
~ Fmme oo — =TT * -
5108,
— ~ N
X B\,
= RN .
o 6. Symmetric
2 ~a 0O
g 59« . JPle
s ~ ~ ~E e a/ -
G _ Exponentially decaying _.-"" ~~=4
o . o--"" ©
0 1 L L L 1
0.4 0.6 0.8 1.0 1.2 1.4 1.6
a/ve
FIG. 5. Bestperformance achieved by coherent control for dif-

ferent types of single-photon shapes under different values of o
ranging from 0.4y, to 1.6y,.
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3. State transfer from the emitter to a shaped flying qubit

We now optimize the coherent control u(f) for the state
transfer from the emitter to a flying qubit with expo-
nentially decaying, exponentially rising, and symmetric
shapes. The parameters are set to « = 27 x 6 MHz and
Y = 2w x 5 MHz.

The optimization is subject to J3, as defined in Eq.
(18). To assess the state-transfer performance, we plot the
profiles of the single-photon components conditioned on
the emitter’s initial state. Ideally, a single photon |lg,)
should be released [i.e., £V (f) = &(¢#)] when the emitter
is initiated at |y) = |1). Conversely, when |yy) = |0}, no
single-photon emission is expected [i.e., £V (1) = 0].

Figure 6 displays the conditioned single-photon compo-
nents under optimal controls for the three types of target
single-photon shape. Similar to the findings in Sec. IV A 3,
the state transfer is almost perfect when the target single-
photon shape is exponentially decaying; however, the
performance is significantly poorer when the target single-
photon shape is either symmetric or exponentially rising.
The single-photon components conditioned on [vy) = |0)

56 T T T S
S TN @
T \( ) | I1Desired
G —-—Initialized from 10)
2 4] —— Initialized from I1) I
N
@
g2 I i
g |
=
o, |
— 0! e P —
0 50 100 150 200 250 300
6
Tm (®) | _1Desired
G) 4 —=-=Initialized from |0} |
g — Initialized from I1)
,fﬁj
o |
Q
kS]
<
o
v—l¢ — —
600
6 © T T T T T
= C) ———
' . IDesired
2,1 —-=TInitialized from I0) ]
g, — Initialized from I1) e
b
g2
g
2,
— k== -
0 50 100 150 200 250 300

Times (ns)

FIG. 6. Optimized state transfer from the transmon qubit to
flying qubits with (a) exponentially decaying, (b) symmetric, and
(c) exponentially rising photon shapes.

and |vy) = |1) are nearly indistinguishable, falling short
of the anticipated conditional single-photon emission. The
overall poor performance again indicates that the coher-
ent control u(?) offers limited capacity for single-photon
shaping without a tunable coupler.

B. Flying-qubit control under tunable coupling and
tunable coherent control

The above simulations collectively demonstrate the
necessity of a tunable coupler for high-quality flying-qubit
shaping. Next, we will demonstrate that, while coherent
control is not ideal for flying-qubit shaping, it can serve as
a valuable complement to enhance the performance of a
tunability-limited coupler.

We begin by testing the direct generation of flying qubits
with an exponentially rising shape, which is the most chal-
lenging among the three shapes. In Sec. IV A 2, the achiev-
able minimal shaping error is 0.116 with a fixed-strength
coupler (y, = 2w x 5 MHz). On the other hand, according
to Eq. (14), the shaping can be perfectly achieved without
the coherent control u(¢) with an ideal tunable coupler as

&6 :
- a
w5 7( ) ==='Cut-off coupling without driving A
\:/ 4k === Cut-off coupling with optimized driving /
=y 3 —Jointly optimized coupling and driving
ERE)
2}
E P
21t Bt T PR
0
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12
(b) : ‘
10+ ===Cut-off coupling
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D 8
=
< 6
=47
2 .
0 n n n - —
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6 , , :
(©) .
__5f —=="Under cut-off coupling
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%
=3
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] L
A
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FIG. 7. Fitting result of exponentially rising shape flying

qubits with the rate « = 27 x 5 MHz: (a) single-photon pulse
shapes; (b) corresponding tunable coupling function; (c) ampli-
tude of the control pulses.
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follows [14]:

ae?=D

y(® = T_eu D" 21

Nonetheless, as can be seen in Fig. 7(b), the tuning scheme
(21) is unrealistic because the desired y(f) approaches
infinity as t — T.

Assume that the coupling strength of the nonideal tun-
able coupler is bounded below by 27 x 0.5 MHz and
above by 27 x 10 MHz. An approximate tuning scheme
[see Fig. 7(b)] can be derived by simply applying a cut-
off to the ideal scheme described in Eq. (21). As illustrated
in Fig. 7(a), the cutoff scheme produces a poorly shaped
single photon, primarily due to the initial photon leakage
caused by the inability to fully turn off the coupling.

We now maintain the cutoff tuning scheme and intro-
duce the coherent control u(¢) as an auxiliary control. As
shown in Fig. 7(a), optimizing u(¢) subject to J; allows the
single-photon component to closely resemble &(), except
for the final portion that requires extremely strong cou-
pling. This optimization process reduces the control error
from 0.112 to 0.038. If we allow the coupling function y (¢)
to be jointly optimized alongside u (%), the control error can
be further decreased from 0.038 to 0.028.

These improvements indicate that the coherent control is
a useful complement to the tunability-limited coupler. As
depicted in Fig. 7(c), the coherent control pulses are active

a9 ‘
- @ L _ _'Desired
2 47 |=-=TInitialized from 10)
N A Initialized from I1)
2
3
<
o
5
21 -
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() p— /
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Time (ns)
FIG. 8. Single-photon emission during the state transfer from

the transmon to the flying qubit with an exponentially rising
shape: (a) under cutoff coupling without coherent control; (b)
under optimized coupling and optimized coherent control.

TABLE 1. Error budget under state-transfer control schemes:
(A) fixed coupling with tunable coherent control; (B) cutoff cou-
pling without coherent control; (C) jointly optimized coupling
and coherent control.

Control scheme E\0)> vac) Enon &) Total error
(A) 0.4534 0.3593 0.8127
(B) 0 0.3435 0.3435
©) 0.0317 0.0651 0.0968

in the regions where the coupler’s tunability is restricted
(roughly before 530 ns and after 580 ns). Within the time
interval where the desired coupling strength is achiev-
able, the coupler primarily governs the system, while the
coherent control remains nearly inactive.

We also evaluated the optimization of state-transfer
protocols using the aforementioned schemes involving a
tunability-limited coupler. Simulation results are presented
in Fig. 8. Compared to the coherent control scheme with a
fixed coupler [see Fig. 6(c)], the cutoff coupling scheme
without coherent control results in anticipated zero photon
emission when the emitter’s initial state is |y) = |0), but
the single-photon component conditioned on |vy) = |1) is
still poorly shaped. If we jointly optimize u(¢) and y (¢),
the single-photon shape conditioned on |y) = |1) is sig-
nificantly improved; however, the single-photon emission
conditioned on [1y) = |0) cannot be fully suppressed.

To quantitatively compare the control performances, we
list in Table I the errors contributed by the conditional
state-transfer infidelities for |0) — |vac) and [1) — |lg)),
respectively,

_5(0)2’

ElO)%|vac) = |1 (22)

Ejnyig,) =/0 5D @) — &) dr. 23)

The comparisons demonstrate that the tunable coupler
is more effective than coherent driving in shaping con-
trol, despite the coupler’s limited tunability. Nevertheless,
the coherent control plays a crucial complementary role
when used in conjunction with the coupler, resulting in
a significant reduction of the total error from 0.3445 to
0.0968.

V. CONCLUSION

In conclusion, we have introduced quantum optimal
control theory for the manipulation of flying qubits. The
proposed gradient-descent algorithm is designed for sys-
tems involving nonideal emitters and couplers. Simulation
results indicate that the optimized coherent controls can
effectively reduce both level and photon leakages caused
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by imperfections, but their shaping capabilities are con-
strained without a tunable coupler. Nonetheless, coherent
control can serve as an important complement to enhance
performance, particularly in scenarios where coupler tun-
ability is limited.

Throughout this paper, our discussion focuses on a
transmon qubit with a single input-output channel to
facilitate physical comprehension. The established design
framework can be seamlessly adapted to general flying-
qubit control systems with more complicated emitters and
multiple input-output channels. Additionally, it is compati-
ble with various optimization methods, including Pontrya-
gin’s minimum principle [43] and the Krotov method [44].
In the presence of other nonidealities such as parametric
uncertainties and pulse distortions in the control lines [45],
control fidelities can be further improved through robust
quantum control [46] or reinforcement learning techniques
[47].

This study paves the way for a range of intriguing prob-
lems in flying-qubit control, such as the generation of
entangled or correlated flying qubits for quantum informa-
tion distribution, as well as the capture and conversion of
flying qubits. Additionally, the established framework can
be used to design flying-qubit-mediated remote quantum
gates between distant stationary qubits. These topics will
be explored in our future studies.
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APPENDIX A: GRADIENT VECTOR FORMULAS

The calculation of gradient vectors is the key part of
the optimization algorithm. Here, we present the gradient-
vector formulas for the proposed objective functionals
JIQSDE, J», and J3, which all rely on the evolution equation
(5). The gradient vector of JME can be found in the lit-
erature (e.g., using QUTIP [48]) and will not be discussed
here.

To numerically evaluate the objective functionals and
their gradients, we choose a sufficiently long time interval
[0, T so that the field emitted after = T is negligible. The
time interval is then evenly discretized into M pieces with
At =T/M.Denotety = kAt,k=0,1,...,M, and assume

that both u(f) and y (f) are piecewise-constant functions
over subintervals [t;_1,%], k= 1,...,M. The transition
operator from ¢# to #, can be calculated as

Gn,i = G(tnatj) =V

we VigaVig, (A1)

where V}, = e~ Hetit) A,

According to the first-order perturbation, we have

AV, ~ [—idu ()@ + &) + Auy ()@ — a)

A ¢
’/2(’) it ] Vi At, (A2)
which leads to the elementary partial derivatives
v At Lo
» (’;) ~ —isy(a’ + &) VA, (A3)
x
av; N .
» (’;) ~ sp@t — oy, (A4)
y\Jj
Vi a‘a
A — %y, At, A5
() ik Ve (AS)

where §; is the Kronecker symbol.
Based on Eqgs. (A3)+(AS), it is straightforward to derive
the following:

BJIQSDE

du(t;)
~ 2Re {i(yp|Gagy s (a7 + @) Gy 910) At ((¥p| Gy 010)) 7}
(A6)

BJIQSDE

duy ()
~ —2Re {(Yp|Guyy (@' — @) G;010) At ((Wp| Gy 010)) )
(A7)

wherej = 1,..., My with My = Ty/At.

The calculation of gradient vectors for J, and J3 is
more complicated. Taking J3 as an example, we can first
approximate it as the following summation:

M
B g0 1P+ Y 5V @) — s A (A8)

n=1

from which the gradient vector can be calculated as fol-
lows:

o.J; PEO
~ 2Re —1
oe) {a iy TV +Z

[6V () — &(t)] At

9D (2,)
de(t;)

2 (A9)

where ¢(?) € {u.(?),u, (1), y (1)}
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Thus, it is sufficient to compute the derivatives of £© 9e©® _ At
and £ (7) with respect to the control variables. Apply- du, (1) ~ (01Gu, (a" — a) Gy ol0) At (A1)
ing the elementary derivatives (A3)~(AY), it is not hard to
obtain
S(O) 1
0|G Giol0)A Al2
E)y(t) 2<| MJaa]()') ( )
9g© : At A
0.0 ~ —i(0|Gyy (@' + a) G; 0|0) At (A10) .4
EV W) [—ivy @ (01Gy Gy (& +8) G olDAL 1 < 1y, (AL3)
aux(t ) —i+/ V(tn)«)lGM,j (aT + a) Gj,naGn,0|1>A[a t] > 1y,
38V [Vr ) (01Gy Gy (af = a) Gol)AL 4 <t (Al4)
8uy(1 ) vV V(tn)(O|GM,/ (2ZJr - a) Gj,n&Gn,OH)Atz tj > Iy.
V()
L 011Gy "G o o) At b <
35(1)(1‘,,) «/ 1,
) yz( )<O|GM1 [afa —y~'4)] Groll)AL, & =1, (A15)
j
VY (tn) Afa o A
YY) 101Gy 1 6TG Gl 1) A 6> b

2

The gradient-vector calculation of J; defined by Eq.
(15) is very similar to that of J, described above, and the
corresponding formulas will not be provided here.

In the simulations, we incorporate practical con-
straints on the coherent control variables. Let u,, =
[ty (f, ..., ty)] be the vectors of variables to be opti-
mized. We begin by selecting a smooth envelope function
s(f) with s(#y) = s(tyy) = 0 and a linear low-pass filter that
can be represented by a matrix Fip acting on u,,. We
choose control vectors in the following form:

Uyy = SenFLPUx,ys
where v, , is unconstrained and

Sen = diag{s(t), ...,s(ty)}.
By this means, the control amplitudes always start and end
at zero values and are smoothed out during the optimiza-
tion.

The corresponding optimization problem can be easily
transformed into an unconstrained problem with respect to
Uy . The gradient vector can be computed as follows:

aJ oJ
(SenFLP)
Bux,y

v, ., Uy

(

where 9J /01, can be calculated from the above deriva-
tions.

We also impose a bound B on the control amplitudes.
Accordingly, the gradient formulas remain unchanged
when |u, ,(¢;)| < B. When the bound is saturated, we need
to set 9 /duy, (¢;) = 0.
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