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A decomposition-homogenization method for Robin
boundary problems on the nonnegative orthant*
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Abstract

This paper studies the existence and uniqueness of a classical solution to a type of
Robin boundary problems on the nonnegative orthant. We propose a new decomposition-
homogenization method for the Robin boundary problem based on probabilistic rep-
resentations, which leads to two auxiliary Robin boundary problems admitting some
simplified probabilistic representations. The auxiliary probabilistic representations
allow us to establish the existence of a unique classical solution to the original Robin
boundary problem using some stochastic flow analysis.
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1 Introduction

The Feynman-Kac formula for the linear second-order PDE with Neumann boundary
conditions on a bounded domain with smooth boundary has been well studied where
the probabilistic representation involves a reflecting Brownian motion and its local
time on the boundary. As a pioneer study, Hsu [8] established the probabilistic solution
for the linear elliptic PDE in R? with a Neumann boundary condition on a bounded
domain with smooth boundary. This probabilistic solution is understood as a weak
solution to the PDE problem and is proved to be a classical solution in [2, 8] if the
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Robin boundary problems

solution satisfies some smoothness conditions. By unifying and generalizing the results
in [2, 8, 12] provided a probabilistic approach to the Neumann problem of Schrodinger
equations without the assumption of the finiteness of the gauge. On a bounded domain
in R¢ with smooth boundary, Zhang [17] gave a martingale formulation of the Neumann
problem of Schrodinger operator with measure potential, and provided an analytic
characterization of the martingale formulation by using the Dirichlet forms in terms of
reflecting Brownian motion (RBM) and its boundary local time. Hu [9] showed that a
classical solution to a class of the Neumann problems of quasilinear elliptic PDEs has a
probabilistic representation on a bounded domain in R? with a C*-boundary by studying
the backward stochastic differential equations (BSDESs) in the infinite horizon case. Wong
et al. [16] established the existence and uniqueness of the weak solution to a Neumann
problem of an elliptic PDE with a singular divergence term on a bounded domain in
R¢ with smooth boundary. Therein, a probabilistic approach is applied by studying the
BSDE associated with the PDE. The probabilistic solution of the Neumann problem can
make numerical implementations and approximations efficiently. Milstein and Tretyakov
[13] considered a class of layer methods for solving the Neumann problem for semilinear
parabolic equations based on probabilistic solutions. Zhou et al. [18] proposed numerical
methods for computing the boundary local time of RBM on a bounded domain in R3,
and its application in finding accurate approximation of the local time and discretization
of the probabilistic representation of the Neumann problem using the computed local
time. Some research extensions have been carried out from the Neumann boundary
problem to the Robin (also known as the third type) boundary problem that specifies
the boundary conditions on the linear combination of the solution and its derivative.
Papanicolaou [14] established a probabilistic solution for the the Robin boundary problem
on a bounded domain with C® boundary. This probabilistic solution can be proved to be
unique, continuous and equivalent to the weak analytic solution. Leimkuhler et al. [11]
studied elliptic PDEs with Robin boundary conditions and discussed their connection to
reflected diffusion processes via the Feynman-Kac formula.

The previous studies on probabilistic solutions to Neumann boundary problems and
Robin boundary problems predominantly assume the smoothness of the boundary of the
(bounded) domain. The local time acted on the smooth boundary as an additive functional
with respect to the surface measure admits an explicit form in terms of transition density
of the reflected state process ([16]). However, this convenient form is not available when
the state space of the reflected process has corners. In this paper, we consider the
following Robin boundary problem of parabolic type defined on the nonnegative orthant
for the spatial variables:

(0 + L)u(t,x) = pu(t,x), on (t,x) € [0,T) x Ri,

u(T,x) =g(x), Vxe€ Ei, (1.1)
Do ult, (x7,0)) + coult, (x~,0)) = fult,x ), V(t,x") € [0,T) x R, '

i=1,...,d,
where d > 2, p > 0 is the killing rate, T > 0 is the terminal time, (ci,...,cq) € R,

(X_i, 0) = ({El, To, ..., Ti—1,0,, Ljt1yeees CCd), RJr = (0, OO) and E+ = [07 OO) The second-
order differential operator £ acting on ¢ € Cz(]Ri) is given by

d m d
1
Lo(x) =5 > ( a,»kajk> 02,0, 6(%) + > 1i0s, $(x) (1.2)
dj=1 \k=1 i=1
with (3,2, oirojx)f,—, being a positive definite matrix and p; € R fori=1,...,d.
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The following assumption on the terminal condition and boundary functions is im-
posed throughout the paper:

A) g € C’%Ei) and f; € CY2([0,T] x Ei_l) forall i = 1,...,d. There exists some
constant C' > 0 and ¢ > 1 such that |h(x)| < C(1 + [x[?), [0z;h(x)| < C(1 + [x[?) and

02, h(x)| < C(1+ [x|7) forx e Ry, h € {fi(t),g} and j, k = 1,...,d.

For the domain with non-smooth boundary, Dupuis and Ishii [3] handled the well-
posedness of a class of fully nonlinear elliptic PDEs with the oblique derivative conditions
in the viscosity sense. Ishii and Kumagai [10] established a comparison theorem for
viscosity sub- and supersolutions of the nonlinear Neumann problem of elliptic PDEs
on a two-dimensional quadrant. With Assumption (A), a classical solution u of Robin
boundary problem (1.1) (i.e., u € C%([0,T) x R4) N C([0,T] x F{i) and it solves Eq. (1.1))
can be expressed by the Feynman-Kac formula that ([4, 14]):

d

u(t,x) = —ZE

i=1

T
/ e Pl hmy kLT £ (o X TH0X) gL
t

IE {e—m_tnzzzl Lr' g(XE¥)| vt x) € [0,7] x RS, (1.3)
where Xh* = (X1bm  Xdhea) o 0 is the state process whose i-th component is
given by the reflected Brownian motion with drift that, fori=1,...,d,

Xbbwi = g, +/ padr + Z/ oidBF + LWt e Ry, Vselt,T). (1.4)
t k=1 t

Here, on a filtered probability space (€2, F, I, IP) with the filtration I' = (F;).c[o0,1) sat-
isfying usual conditions, B = (B, ..., B;")SE[LT] is an m-dimensional Brownian motion
and s — Liﬂt is a continuous and non-decreasing process (with Li’t = 0) which increases
on the time set {s € [t,T]; X"% = 0} only. In the context of queueing system, the
state process X»? with a possibly general reflected-direction matrix arises in heavy
traffic theory for d-station networks of queues (c.f. [6]). We denote the vector process
Xbtx = (X Ptm L x T hbe bbby o,

The aim of this paper is to establish the existence and uniqueness of a classical
solution to the Robin boundary problem (1.1) of parabolic type. A naive way is to directly
verify that the probabilistic representation in (1.3) is a classical solution to the Robin
boundary problem (1.1) by applying the stochastic flow technique. However, we stress
that, the integral in (1.3) inside the expectation is with respect to a local time process
L"*, which is not independent of the reflected state process X »**, It is, in general,
difficult to prove the regularity of the probabilistic representation (¢,x) — wu(t,x). To
overcome this challenge, we contribute in this paper by proposing a new decomposition-
homogenization for the Robin boundary problem (1.1), which yields two auxiliary Robin
boundary problems whose probabilistic solutions can be verified to be classical solutions
using some stochastic flow techniques.

Let us first state the main result of this paper, whose proof is given in Section 3.
Theorem 1.1. The Robin boundary problem (1.1) has a unique classical solution u €

C2([0,T) x R4) N C([0, T x Ei) satisfying the polynomial growth condition (i.e., there
exists a constant C' > 0 and ¢ > 1 such that |u(t,x)| < C(1+|x|?)). Moreover, this classical
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solution u(t,x) admits the probabilistic representation that, for all (¢,x) € [0,T] x ﬁi,

u(t,x) ZE / € el t)JrEk lckLk ! <Z Uzkgjk> 8§117¢(57xi7x)d$‘| :

173] k=1

LA

(1.5)

)

where ¢ € C2([0,T) x R%) N C([0,T] x ﬁi) admits the probabilistic representation:

d . 24
Z { c; #0 / —p(s—t)E {ezj# c; LY fi(&xs—i,t,x)} dE[eciL;’ ] (1.6)

i=1

T
+1c7;:0/ e—P—tR {62#7 c; LIt f( X ltx):| dE[ﬁgt]}
t

Here, the i-th component of the state process X'* = (X§7t’“317...,Xg’““)se[tj] is the
—d
reflected Brownian motion with drift that, for all (t,x) € [0,T] x R,

.S m T
XEbT = gy 4 / widr + Z/ oidWE 4+ it e Ry, (1.7)
¢ t

where, on the filtered probability space (Q,F,F,P), Wk = (Wtk’i)te[oj] for (k,i) €
{1,...,m}x{1,...,d} are independent Brownian motions, and s — L’ (with L'* = 0)is a
continuous and non-decreasing process that increases on the time set {s € [t, T; X;tr =
0} only. In (1.6), the vector process is given by

X —htx . (Y LtT Ci—Llitxi—1 Yitltzipr X d.t,Ta ; —
X .—(Xs 7...,)(s ! 7)(s ’+,...,Xs )sE[t,T]7 i=1,...,d.

The remainder of this paper is organized as follows. Section 2 describes our
decomposition-homogenization method for the Robin boundary problem (1.1) in the
nonnegative orthant. Section 3 establishes the smoothness of probabilistic solutions
to two auxiliary Robin boundary problems using some stochastic flow techniques and
concludes Theorem 1.1. The proofs of auxiliary results in previous sections are reported
in Section 4.

2 Decomposition and homogenization method

In this section, we introduce the decomposition-homogenization method to solve
the Robin boundary problem (1.1). This method yields two auxiliary Robin boundary
problems of parabolic PDEs, and the probabilistic representations of the two auxiliary
Robin boundary problems have “nice” structures, which can be verified to be classical
solutions by applying stochastic flow arguments.

Let us first consider the following auxiliary Robin boundary problem that

(0r + LOY(t,x) = pp(t,x), on (t,x) € [0,T) x Ri,

—d
o(T,x) =0, VxeR,,

(2.1)
; ; ; ; —d—1
O p(t, (x7,0)) + cip(t, (x7,0)) = fi(t,x™"), V(t,x7") €[0,T) xRy,
i=1,...,d
EJP 29 (2024), paper 200. https://www.imstat.org/ejp
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Here, the second-order differential operator £° acting on ¢ € 02(Ri) is defined by

d
L7(x) Z (Z Uzk) 0z, ¢(x) + Zﬂiaxi(b(x)' (2.2)
i=1

i=1

We assume that the auxiliary Robin boundary problem (2.1) above has a classical solution

v [0,T] x Ri — R. Then, we introduce the next Robin boundary problem with
homogeneous Robin boundary conditions that

(at + £)¢(t X) - ,01,[)(15 X Y Z <Z U?k‘ajk‘> T mjsa(tvx)v
276]
n (t,x) € [0,7) x R4,

. (2.3)
U}(Ta X) = g(X), Vx € R+a

811.1/1(@ (Xiiv O)) + Cﬂﬁ(t» (Xﬁia 0)) =0, v(tv xii) [O T) Ri 17

i=1,....d.

We observe that the auxiliary Robin boundary problem (2.1) has the principal operator
L0 satisfying

(L—L%¢ Z (Z Ulk03k> 07,6, Vo e C*(RY), (2.4)

1#1

and the auxiliary Robin boundary problem (2.3) has homogeneous Robin boundary
conditions. The next result establishes the relationship between the solution to the
original Robin boundary problem (1.1) and the solutions to two auxiliary Robin boundary
problems (2.1) and (2.3).

Lemma 2.1 (Decomposition-Homogenization Method). Let ¢ be a classical solution to
the auxiliary Robin boundary problem (2.1). Given this classical solution ¢, let ¢ be a
classical solution to the auxiliary Robin boundary problem (2.3). Thenu = ¢ + ¢ is a
classical solution to the original Robin boundary problem (1.1).

Proof. It follows from (2.1), (2.3) and (2.4) that, on [0,7") x R%,

(0 + L% = (8 + LO)p + (8 + LY = pp + (0 + L) — Z (Z amw) oY

175] k=1
= pY + Pw Y Z (Z Ulkajk> - %Z (Z Uikajk> azlxjw
175J k=1 i#£j =
=pu—7 Z <Z Uzkagk>
#J =

Then, it follows from (2.4) again that, on [0,7) x R<,

(0 + L)u = (0 + LOYu + = Z (Z alkajk) = pu.

Z#J

On the other hand, for all (t,x~%) € [0,T) x R} ' withi=1,...,d,
Oy, u(t, (x',0)) + ciu(t, (x~*,0))

= Os,p(t, (x7,0)) + cip(t, (x7,0)) + 0u, (L, (x77,0)) + ci(t, (x7,0))
= fi(t,xfi) + 0 = fi(t,Xii).

EJP 29 (2024), paper 200. https://www.imstat.org/ejp
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It follows that u = ¢ + 1 satisfies the boundary conditions in the original Robin boundary
problem (1.1). Finally, we have that, for all x € Ei,

w(T,x) = (T, %) + (T, x) = 0+ g(x) = g(x).

This verifies that u satisfies the terminal condition in the original Robin boundary
problem (1.1). Thus, we conclude that u = ¢ + % is a classical solution to the Robin
boundary problem (1.1). O

In lieu of Lemma 2.1, in order to prove the smoothness of the probabilistic represen-
tation (1.3), we can verify the smoothness of probabilistic representations of solutions to
the auxiliary Robin boundary problems (2.1) and (2.3), respectively. We find that it is
more feasible to show their smoothness by using some stochastic flow techniques, which
will be elaborated in detail in the next section.

3 Probabilistic solutions to auxiliary Robin boundary problems

3.1 Robin boundary problem (2.1)

This subsection focuses on the construction of the smooth probabilistic solution to
the auxiliary Robin boundary problem (2.1). For reader’s convenience, we recall the
Robin boundary problem (2.1) that

(0 + LY)p(t,x) = pp(t,x), on (t,x) € [0,T) x RY,

o(T,x) =0, ¥xeR],

Duyp(t, (x4, 0)) + cap(t, (x74,0)) = filt,x ), V(t,x %) €[0,T) xR}
i=1,....d

We next introduce the probabilistic representation of the solution to Robin boundary
problem (2.1), for all (£,x) € [0,T] x R,

d

o(t,x) = _ZE

T .
/ e Ps—t)+305_, Cka’tfi(s’XS—ivﬁx)df,?t , 3.1)
i=1 t

where, we recall from (1.7) that

S

k m T
X" = + / pidr + Z/ owdWH + L e R,
t k=1 t

Here, s — L' (with L' = 0) is a continuous and non-decreasing process which increases
on the time set {s € [t,T]; X"* = (0} only.

A key observation to the probabilistic representation (3.1) is that the state process
X ~t* is in fact independent of the local time process L%t = (ﬁ?t)se[t’T]. Then, we have
the following result whose proof is reported in Section 4.
Lemma 3.1. The probabilistic representation ¢(t,x) given by (3.1) can be rewritten as

follows, for all (t,x) € [0,T] x R,

d T
1. e YR A e
@(t, X) = — E {'ﬁéo / e p(s t)E |:62j¢i c; LY f1(57 Xs z,t,x)} dE[eClLS ’]

o
i=1 v ¢

T it ~ . A~ .
+1Ci:0/ e PR {ez#i Ly fi(s,X;lvt»X)} d]E[Lgt]}.
t
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Building upon the above probabilistic representation of ¢ (¢, x) provided in Lemma 3.1,
the next lemma establishes the smoothness of (¢,x) — ¢(¢,x) given by (3.1) using the
stochastic flow technique.

Lemma 3.2. Consider the probabilistic representation of ¢(t,x) given in Lemma 3.1.
Then, the probabilistic representation ¢ € C*2([0,T) x R%) N C([0,T] x Ei). Moreover,
it holds that, foralli =1,...,d,

i Tk,
—p(Ti, =)+ g e L

8x190(t7 X) = E |:€ K fl (T;i’X;gﬁt’x) 17—;@ <T:|

_ZE

J#i

d
+ C; ZIE
j=1

T;l AT - o o
/ e Ps=+2 s L 8xifj (S7XS_J¢»X) dLJS,t
t

T . o N
/ PO+l ekl p (57X;J:t’x) dLg;t] . (3.2)
i AT
where, fori=1,...,d, and x € R, the stopping time 7’ is defined by

7! = inf {s >t —pi(s—t) — ZaLk(Wfl — Wk = x} . (3.3)
k=1

The proof of Lemma 3.2 is reported in Section 4. The well-posedness of the decom-
posed Robin boundary problem (2.1) is given in the next result:

Proposition 3.3. Consider the probabilistic representation ¢(t,x) given by (3.1). Then,
we have

(i) the probabilistic representation ¢ is a classical solution of the auxiliary Robin
boundary problem (2.1).

(ii) if the auxiliary Robin boundary problem (2.1) has a classical solution ¢ satisfying
the polynomial growth condition (i.e., there exists a constant C' > 0 and q¢ > 1
such that |p(t,x)| < C(1 + |x|?)), then the solution ¢ admits the probabilistic
representation given by (3.1).

The proof of Proposition 3.3 is reported in Section 4.

3.2 Robin boundary problem (2.3)

Section 3.1 has shown that the probabilistic representation ¢ given by (3.1) is a
classical solution to the Robin boundary problem (2.1). Given this classical solution
o, this section examines the construction of a smooth probabilistic solution to Robin
boundary problem (2.3), i.e.,

(O + L)(t,x) = pip(t, x) — %Z (Z Uink) 0,4, 0(t,%),
i#j \k=1
n (t,x) €[0,7) x R,

W(T,x) = g(x), ¥x e R,

Do th(t, (X7, 0)) + ctb(t, (x77,0)) =0, Y(t,x ) €[0,T) x R}
i=1,...,d.
EJP 29 (2024), paper 200. https://www.imstat.org/ejp
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To this end, let us introduce the following probabilistic representation that, for all
(t,x) € [0,T] x R},

k=1

T m
/ e Pt Ry e (Z Uikffjk> &%ixj @(S,Xé’x)ds]
t
IR [e—pmmzzzl ek Ly* g(xtT’X)} , (3.4)

Here, we recall that the i-th component of state process X** = (X161 ...
obeys the reflected Brownian motion with drift in (1.4).

From the expression of ¢ (¢, x) in (3.4), we note that the integral in the first expectation
in (3.4) is the one with respect to the Lebesgue measure “ds”. Thus, it becomes much
easier to apply the stochastic flow argument to show the smoothness of the probabilistic
representation (¢,x) — ¥(t,x). On the other hand, in order to check the smoothness
of (t,x) — v(t,x), we also need a flexible form for the second order partial derivative
Q%izjap(t,x). This relies on the probabilistic form (1.6) for ¢(¢,x) and Proposition 3.3.
In fact, we can apply some stochastic flow arguments to obtain the representation of
8§ixj<p(t, x) in the next lemma, whose proof is delegated to Section 4.

d,t,x
7Xs d)sE[t,T]

Lemma 3.4. Recall that the probabilistic representation ¢(t,x) given by (3.1) is a
classical solution to the Robin boundary problem (2.1), which has been shown in Propo-
sition 3.3. For any { = 1,...,d, let us introduce the function ¢, : [0,T] X IR — R that,

for all (t,x) € [0,T] x ﬁi,

T - A A
pi(t,x) == —E / e P i ek LD g, (6 X Ot )bt | | (3.5)
t

Then, forall1 <i < j <d, we have

1113 E : J/,L_/ijé t X

Moreover, it holds that, for { =i or ¢ = j,

8;%(,0@ t X
Y1 Ye—1 Ye+1 Yj Yd
B T R e
ng(s xt 7t + y ) )(%;ﬂlg(t S l‘g)Hk7%¢k(t S, Tk, Yk Hk;,gg(df‘kdyk)d
A
0 0 0
Xamjfg(s xf - ) )8Whg(t S l‘g)Hk#g(ﬁk(t S rk,yk)Hk#(drkdyk)d

For { # i and ¢ # j, we have that

85 'z we(t,x)
Yet+1 Yi Yi Yd
e[ [ [ //// AR AV RS A I
xeXirn ki =on) £ (s %0 p oy (y xRy (8, s o) (t, 8, 7y yi ) e (drydyy ) ds
EJP 29 (2024), paper 200. https://www.imstat.org/ejp
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R S N

xeXim2 =2 fy (s, % or T (y T oxT) ) he(t, 5,24 I (t, 5, 7y Y ) iz (drdyy ) ds

wf [ ////““// Ll e

x ez Ck (Vk— )9, Jfe(s,x e (y T e xTO (L, s xg)Hz#qSk(t S, Ty Y ) Mo (dridyy ) ds

SV A A A S A S A Y A B A B

x e Xz k(U= k)9, iz fe(8,% T (y T —x ™) by (2, s xg)Hk#(bk(t 8,7k, Y ) Hpe (dridy ) ds.

For?¢=1,...,d, the functions hy(t,s,z) and ¢,(t, s, x,y) are respectively given by (4.23)
and (4.16).

By applying Lemma 3.4, we first have
Lemma 3.5. Consider the probabilistic representation of 1(t,x) given by (3.4). Then
Y e C12(10,T) x RE) N C([0,T] x RY).

The proof of Lemma 3.5 is similar to the one of Lemma 3.2 by combining Lemma 3.4
and stochastic flow techniques. We hence omit the proof of Lemma 3.5. Building upon

Lemma 3.5, we now provide the well-posedness of the Robin boundary problem (2.3) in
the next result, whose proof is similar to that of Proposition 3.3.

Proposition 3.6. Consider the probabilistic representation v (t,x) given by (3.4). Then,
we have

(i) the probabilistic representation v is a classical solution of the auxiliary Robin
boundary problem (2.3).

(ii) if the auxiliary Robin boundary problem (2.3) has a classical solution v satisfying
the polynomial growth condition (i.e., there exists a constant C' > 0 and q > 1
such that |y (t,x)| < C(1 + |x|?)), then the solution v admits the probabilistic
representation given by (3.4).

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. By applying Lemma 2.1, Proposition 3.3 and Proposition 3.6, we
have that, for all (¢,x) € [0,7T] x ﬁi, a(t,x) = p(t,x) + ¥(t,x) solves the Robin boundary
problem (1.1), which provides the existence of a classical solution to the Robin boundary
problem (1.1). On the other hand, assuming that u € C*2([0,T) x R%) N C([0,T] x Ei)
with the polynomial growth condition is a classical solution of the Robin boundary
problem (1.1), by a similar argument in the proof of Proposition 3.3-(ii), we can deduce
that v admits the probabilistic representation (1.3). This also yields the uniqueness
of the classical solution of the Robin boundary problem (1.1). Finally, noting that
a(t,x) = o(t,x) + ¥ (t,x) is also a classical solution to the Robin boundary problem (1.1),
by the uniqueness of the classical solution, we deduce that u satisfies u(t,x) = a(t,x) =
o(t,x) + ¢(t,x) for all (¢,x) € [0,T] x Ei, which implies the equivalence between the
probabilistic representations (1.3) and (1.5). Thus, we complete the proof. O

Remark 3.7.In view of Lemma 2.1, Proposition 3.3 and 3.6, our decomposition-
homogenization technique for the Robin boundary problem (1.1) can be also applied to
the following Robin boundary problem of elliptic type:
Lu(x) = pu(x), onx € RE,
. 4 4 . (3.6)
Op,u(x7,0) + cu(x™",0) = fi(x™"), ¥x'eR, ,i=1,....d,
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Robin boundary problems

where p > 0, ci,...,cq are non-positive constants and f, 9., f, 8§jxkf are bounded for
j.k =1,...,d. The Robin boundary problem (3.6) has a unique classical solution u €

CQ(IRi) ncC (Ei) satisfying the polynomial growth condition (i.e., there exists a constant
C > 0 and g > 1 such that |u(x)| < C(1 + |x|?)). Moreover, this classical solution u(x)

admits the following probabilistic representation given by, for x € Ei,

u(x) = Z]E / e Pst iy ek LE° <Z UikUjk) 8£iwj<p(X2’x)ds] . (3.7)

z;ﬁ] k=1

Here, the function ¢ € C?(R4)NC (Ei) admits the following probabilistic representation:

d
1 [ A
px) ==Y {1@;&00 / e [ a1 £y (X 10%) | dBfe P

oo [T e B[R k100 dEIEL)
0

Our decomposition-homogenization method can be also directly applicable to the Neu-
mann boundary problem, i.e., ¢; = --- = ¢4 = 0 in (1.1). The solution of Neumann
boundary problem then admits the following probabilistic representation:

u(t,x) = ZE / e~Pls=t) (Z Uz'kffjk> 5§iz_7<ﬁ(5axi’x)d5]
k=1

276]
4E {e*f'”*ﬂg(x;”‘)] : (3.8)

where ¢ € C12([0,T) x R4) N C([0,T] x Ei) admits the form given by

d T
—Z/ e PETOR[fi(s, XX dE[LY). (3.9)
i=171t

Similar arguments can be applied to handle the Neumann boundary problem of the
elliptic type.

4 Proofs of auxiliary results

This section collects the proofs of all auxiliary results in previous sections.

Proof of Lemma 3.1. It follows from (3.1) that
Z E
-3l

T .
/ e*P(S*t)*FZ]‘#i CjLé’tfi(& X;i’t’x)dii’t
t

/ e Pls— DEDIE 1Ck‘i’§mfi(8,xsi’tyx)di’i’t‘|

T .
/ —p(e DRI c; L fL(S X it, x)d(ecil‘?t)‘|
t

}. (4.1)

We only prove the case ¢; # 0, since the other case with ¢; = 0 can be tackled in a similar
fashion. Fix (t,x) € [0,7] x R}. Let s; :=t + L=t for i = 0,1,...,n with n € N. Then, it

+1CL:0]E
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holds that, fori=1,...,d,

T P A it
E / e (=20 4 ¢ Ly fi(s, X H)d (6”L5 )] (4.2)

t

n PO
. _ —_t e bt . Lt ciLit
= ]E nli)nolo E e P(Sk )+Z]¢1 Cj Sk f’i(sk, Xskz’t7x) (ec Sk — e tsp—1 .
k=1

In the sequel, let C > 0 be a generic constant which may be different from line to line.
By using Assumption (A), we have, foralli=1,...,d, P-a.s.

fi (S, Xs—'i,t,X)

<C(1+ XX <C <1 + sup Xix|‘1> , Vselt,T).
relt,T]

Note that s — L%' is a continuous and non-decreasing process. As a result, P-a.s.

_ —t e LAt A LLot c; Lut
e p(sk—t)+30 4, ¢ LY, fi(skaXskL7t7x) (ecl sk — e k-1

M=

=~
Il
_

n
gt A it L fast
< CeXoizileills <1 + sup |ijx|q> E (eclLSk - e”L*“kfl)

relt,T) =1

= Cer#i |Cj‘i’§4t <1 + sup |ijx|q> [/\/7’771{;
relt,T)
3
< CTimlalls’ 4 ¢ <1 + sup IX?XI‘]) +C(L7)*.
relt,T)
Using the above estimate, we can apply the DCT, the equality (4.2) and the independence

between the reflected state process X —%t* and the local time process Lt to conclude
that

E
t

T 2t A 7t
/ e*p(S*t)“l’Zj;ﬁi c; LIt fl(& Xs—z,t,X)d (eciLs’ )‘|

n A
. — —t R LA lﬁqt c. bt
-k nhm § :6 psk—t)+30 ;4 ¢ LY, f1(3k; )(Skz,t,X) (60 S — Cilsiy

k=1

— im Ze—P(Sk—t)Jij#iC.fﬁii‘,ffi(sk’X;ki,t-,)c) (eCiﬁi‘,ﬁ _ eciii’;_l)]
: - —p(sp—t Ce Lt o —i,t,X 1li;t C'Lil‘t 1
=nlggo;e Pk {ezﬁ“ T £, X5 )} {E[ec k] — Bl x- }}
T 7.t A~ . Tt
- / e PO [ezj#icﬁs' fi(s,X;“t’x)} dE[ec L4, 4.3)
t

Consequently, we conclude from (3.1) and (4.3) that the equality (1.6) holds on (¢,x) €
[0,T] x Ei. Thus, the proof of the lemma is completed. O

Proof of Lemma 3.2. Without loss of generality, we only provide the proof for the di-
mension d = 2 because the proof of the general case with d > 2 is essentially the
same. For i = 1,2, let us introduce the function ¢, : [0,7] x Ei — R as follows, for all

(t,l‘l,l‘g) S [O,T] X ﬁi_,

T Skt A~ . A .
pi(t,x1,20) = —F / e POy el fi(s, XSHEX)dLbt . (4.4)
¢
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Then, it follows from Lemma 3.1 that

I it .
—C—/ e PR [ez#i CjL‘j*tfi(S,Xs_m’x)] dE[e“™"], ¢ #0.
i Ji

it x1,22) = (4.5)

T 2t N . ~ .
- / e PR [eZm Lt £ (s, X;”*x)} dE[LY], ¢i = 0.
t
In the sequel, we only handle the case for the function ¢; because the case for ¢s is
similar. It suffices to prove that ¢; € C*2([0,7) x R3) N C([0,T] x ﬁi) satisfies that

1 22,1
—p(7p —t)F+ca Ly

Ouyo1(t, 21, 72) = E ["’ “ih (Til,Xff’“)lf;gT}
T

+c1E

T
71, 72, - A
[ esetratiatit g gpemai]
7'%1 AT

(4.6)

‘rf AT R R .
3z2901(t71’1»$2) =-I / 2 eip(s*t)+CILi,ta$fl(57st’t’mz)dLi’t
t

+colE

2, NT

T
/ e—p(s—t)—}-clﬁi»t_;.cgﬁgv*fl (8, X?’t’z2)d£;’t] .
First of all, we consider the case with arbitrary a5, > 2o > 0 and fixed (¢,71) € [0,T] x R;..
It follows from (4.4) that

p1(t, w1, 75) — @1(t, 1, 72)

/

Ty — T2
r 72/t 52,t,xh 2.t 5
=-FE /T e—pls—ti+er L1t e2be " fis, XiT7) — e f1(37X82’t7x2)dﬁ17t1
/ S
|/t Ty — T2
[ e B (s, X2V) = fu(s, X2052))
o St s <X 1(oy Ag A
- _F / e p(s—t)+c1Ly . dL;’t
t Ty — T2
B T . X2,t,$2 ( Cziz,"t _ Czixf’t)
g | [ vy LN 2 )
t T — T ’
A direct calculation yields that, for all s € [¢,T],
fi(s Ag,t,w;) ~ fi(s Xg,t,zQ)
lim : ’ s
xzhlxo Ty — Tg
a XQ,t,aCz E m Wk,? Wk:,2 <
. f1(s, X5 ), maXec|t,s] —p2(l—1t) = >y o2 (W, = W%) b < o,
0, maXye|t,s] {—Mz(f —t) = S (WP — Wtk’Q)} > T3

By Assumption (A), for any € > 0 and x5 € (z2,x2 + €), there exists some constant C' > 0
and ¢ > 1 such that
Fuls, X3%) = (s, X2002)

/
Ty —

>2,t,7h

q
+| %8

<C [1 + ‘Xf’tv“

|

q ~
+ ’XSQJJTFS

T2

<C [1 + ‘X?““

I
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where the validity of the last inequality is due to (1.7). Denote by L¥t = (ﬁf,’t)se[tﬂ the

local time process of X272 = (XJ*""2) 1, 7 with initial state X;*“"? = 2/ at initial time

t. It then follows from the DCT and the fact that L>* = 0 on [t,72 ] that

R )

xh — X9 s

T 2,8, >2,t,@
. (e— £1,t 22/t [1(8 1(s X 4502 N
lim E |e—rs—t+ei Ll +ea L2 fils, Xs772) — fa(s, XS )dll’t
zhE(x2,x2+e€), zhlxa Ji

T
F1,t F2,t A
:]E[/ e Ps—+erly ' feal] axf1(S7X§’t’x2)
t

21t
Lo s {—pa(E—t) =57, oo (W2 - 2)) <oy s }

o T t Lltge 20 2.t 21t
- / e—p(s—,)+c1 s teal] 8wf1 (S, Xswﬂh)dst'
t
7'52 AT i . R
= / e P=tal g f(s, X2022)dLL | | (4.7)
t
where T§2 is a stopping time which is defined by
m
72, = inf {s >t —pa(s —1t) — Z oo (Wh2 — w2y = xg} ) (4.8)
k=1
On the other hand, in lieu of (1.7), it follows that, for all s € [¢, T,
m
L2 = 2y v < max | —pa(0 —1t) — Z agk(Wek’Q —WE? — g,
s L€t s] po
m
L2 =2 v max (—pa(0—1t) = Y o (W2 = W) h
Le(t,s] 1
This implies that
ecziil’t _ eczii’t
lim S
xhlzo Ty — T2
0, maXee|t,s {_N2(£ —1) - Z?:l 02k(W1€k’2 - Wtk’z)} < 2,
- T2t
—cgels maXye(¢,s) {—Hz(é —t) =3, U2k(ng’2 - Wtk’Q)} > .
Then, we obtain from the DCT that
T ~ 72/t 72t
lim E / e—p(s—t)+01[:i’t fl (57 X37t,x2)(662L5 —ec2bs )dﬁl’t
zh€(x2,xa+te€), xhlra + .73/2 — X9 s
T
_ —02E|:/ e—p(s—t)+c1f1;“+cZﬁ§'tf1(8,X?,t,xz)
t
Pl
% 1maxﬂ.e[t,s]{*Mz(e*t)*zkmzl Uzk(ng'Q*Wtk’z)}>a:2dL5 :|
T R .
— _&F / emPsmOter by vea k3t £ (o X20w2) gLt (4.9)
T2 AT e °
z2
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For the case x5 > z, > 0, similar to the computation for (4.7) and (4.9), we can show
that

t L) — t t L) — t
lim @1( ,3317962/) <,01( ,$1,l‘2) — lim <,01( ,$1,1‘2/) 901( 7$1,$2) (4.10)
bt Ty — T2 zhlxy Ty — T2

Thus, we can deduce from (4.7), (4.9) and (4.10) that

2

T, AT - R R
am2901(t7x17x2) =-E / 2 e_p(s_t)—i_ClLi’ 81f1(87X52,t712)dLé7t
t

T F1,t 72t A~ Fay
+ E / e*P(S*t)ﬂLqLi’ +ez L2 f1(S,XS2’t’w2)dL§’t‘| . (4.11)
T2 AT
z2

It further holds that

T
Pt P2t N A
E / e—p(s—t)-ﬁ—clLS +ca L fl(S,Xg’t’zz)dL}g’t‘|
-

2, NT

T . R
_ —p(s—t)+c Li‘t—&-cQLz’t v 2,t, T2 T1,t
=F / e~Plst)tals < fas, X20e)dLL
t

2

Te2 N —p(s—t)+er LY ey L2t 2,t,22\ 77 1,t
—E e “ - s - s f1<s7st ’ )dLsy
t

2

Te2 M (s—t)+c L1 2.t 21t
- s§— c " 71$ 9
e’ 15T (s, X20P2)d L
t

=—pi(t,z1,22) — E

Thus, we can conclude that

Ozy01(t, 21, 2)

2

T, AT R
t

72 AT
2 £1,t A ~
—p(s—t L 2,t, 1,t
— CQ(Pl(t, X1, .’EQ) — CQE / e p(s )ter b fl (8, XS Iz)dLs
t

‘rf AT - R N
=K / P emple=titaly F(s,Xf’t’”)dLl’t} — o1 (t, 1, x2), (4.12)
t

where the real-valued function F(¢,x1) := —ca f1(t, 1) — s, f1(t, z1) for (¢,z1) € [0,T] X
R;.

For any zs,25" > 0 with 25" — 2, as n — oo and (t,21) € [0,T] x R, we have
from (4.12) that, foralln > 1,

Opyip1(t, 1, Jﬁén)) — Oy p1(t, 21, 2)

A, =
Jién) — T2
1 R o2.t,xay 77 1,
R ) emPlmitea b (s, X2 )Ly
Ty @ — T2 Y70
1 oo (s—t)+cr L1t % 27t,x§") 2.t T1,t
+E o) e’ 150 F(s, X )— F(s,X2%2) ) dLg
Ty — X2 Jt
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B |t [ ettt (s, 120 s, x30 ) di i

oM — °
2 2 /7o

. pi(t,z1,25") — pi(t,x1, )
— 02
Can) — T2
= AL £ AD L AB) L AW (4.13)

where, for simplicity, we set 7,, := 7%, AT and 7o := 72, AT.
Ty

In order to handle the term Ag), we ﬁrsj: focus on the case with xé") 1 x9asn — oo.
Let us define the drifted-Brownian motion W! = (Wsi’t)se[tj] given by, fort=1,2,

Witi=—pi(s —t) = Y ouw(WE' = W), Vs e [t,T]. (4.14)
k=1

It follows from (1.7) that
A . s m T . A .
Xt = g +/ pidr + Z/ CidWF 4 Lt (4.15)
t k=1 t

+
=z~ W+ | sup W' —x; |, Vsel[t,T).
LE(t,s]

For s € [t,T], let E/bi(t,s,r, y) be the joint probability density of the two-dimensional
random variable (W, max,c;;,  W,") (c.f. [5]). That is, for all (s,r,y) € [t,T] x R?,

2(2y — 1) [Nz’ 1, (2y —1)?
ilt, s, y) = ———~—exp |—x — —pi(s —t) — ————|, (4.16)

where the constant 7; := \/Z’,;“zl ‘71'21@ for i = 1,2. Consequently, for the case ¢; # 0, we
have

(4.17)

Tn ~
é/ e—P(S—t)-&-qLi’tF(s Xlt,wz)dﬁli
n ) “s s
Ty & — To JT7

0

1 1 n N Pt
) E[ @ / e PTIF (s, X3 L <o,y det ]
Ty = — X2 J70

e —p(s—t)p r (S’ T2 = Wzt + (Supqe[t»s] WZIZ’t - x2)+)
e

n
C1 Jy xé)f:cg

X } dE[e L]

1{3:2 <maxge[t,s] W2t<al™)

11 ey .
S / / / P F (s, — 1)balt, 5,1, y)drdydEle ],
t T2 —00

€1 xgn) — T2

For0 <t <s<Tandy€ Ry, set g(t,s,y) = [Y__0ufi(s,y — r)¢a(t,s,r,y)dr. Then,
using the continuity of y — ¢(¢, s,y), one has

o)
1 T2
lim 7/ g(t,s,y)dy = g(t, s, x2). (4.18)
T2

n—oo ZCén) — 29
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It then follows from (4.17), (4.18) and the DCT that

lim E 1 /T" e_p(s_t)-‘_clié’tF(S,X?’t’ﬂw)df];vt
n—o00 Ién) — 2y
1 T Z2 .
= — (/ efp(sft)F(S, Ty — 7’)¢2 (t, s, 7, x2)dr> dE[eclLs ]
1 Je —00

For the case when zs > 0 and a:g") > (0 with x2 T T9 @s n — 00, using a similar
argument as above, we can derive that

I e
lim A = —/ (/ e PV E(s, 20 — 1) pa(t, s, T, wg)dr) dE[eclL; |-
¢

n— oo Cl —0

If ¢; = 0, we can also obtain that

T T2 X
lim AV = / (/ e PP (s, 20 — 1) dalt, s, T, xz)dr) dE[LL"].
t

n—00 N

In a similar fashion as in the derivation of (4.7), we also have

lim A® = lim B

n—oo n—oo

1 0 efp(sft)Jrclﬁi" (S X2 St $2 )) _ F(S, XQ}t,mz) dil,t
RO, s s
2 2

E |:/TU e_p(s_t)-‘rcli,ivtaxF(S’X?,t,wg)df/;,t} .
t

For the term AS’), we can also conclude that

1 n F1,t n) N ~
= |E o / e—p(s—t)—i—clLi (F(S X2t$2 )_ F(S,X?’t’$2)> dL;,t
(L‘Qn — T2
1 2™ ~ Tn ot
SE |- sup |F(s, X7 ) = F(s, X217) / e Lt ap
:132” — Xg s€[t,T] o

By applying Assumption (A), for e > 0 and z, € (22, 25 + €), there exist some constants
C > 0 and g > 1 such that
)

q ~
+ ‘Xg;t,$2+6

F(s, X2""%) — F(s, Xg»tv-fz)
xh — a9

2tw2

|:1 + ‘X27t77'2

—I—‘X

<C [1 + ’X’f’t’“ q} .
Using the result above and the fact that 7,, — 79, a.s., as n — oo, we deduce from the
DCT that lim,, |A513)| = 0. At last, we can also see that
(n)
t - t
lim A(ZJL):_C2 lim <)01( y L1, Lo ) ‘Pl( 7x17x2)

n
n— oo n— 00 517; ) — 29

= —c205,1(t, 71, 2).
Putting all the pieces together, we conclude that

1 [Ty P
8352;52@1(75, X1, Ig) = ]-clgﬁ()* / (/ 67P(Sit)F($, To — T)¢2(t, s, T, Ig)d’r‘) dIE[eClL-i t]
C1 J¢

— 00

T T2 N
+ lclzo/ </ efp(sft)F(s,:cQ —7r)da(t, s, T, :cz)dr> d]E[Li’t]
t

— 00

T0 2y . .
+E [/ e~ Ps=tFall (&CF(S,Xf,’t’“)) dLi’t} — By, o1t 0). (4.19)
t
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We next derive the representation of the partial derivative 9., 1 (t, z1, z2). For any
x> x1 >0, and fixed (t,z2) € [0,7] x R, it follows from (4.4) that

o1(t, @), 22) — @1(t, w1, 22)

rh— 1
T T1t T1,t
_ _ F1/.t F2.t ~ . L:*"— Lo
S ) / e—P(s=t)+erLy T+ea L3 f1(S,X82’t’:”2)d a/ s
t Ty — 21
T e Bt e L1t
_ _ 72t ~ € s — € s ~
_F e p(s—t)+caL? fl(s X2,t,z2) dLl’t
? S / S
t Iy — 1

In lieu of (1.7), it follows that, for all s € [t, T,

T k, k,
Lyt =V {Zlél[?é <—H1(5 —1) - Zglk(Wé - Wi 1)) } — T,

k=1
LYt =z v {Zlél[étlx] (,ul(ﬁ —t) — Zolk(Wf’l - Wtk’1)> } — .
” k=1

A direct calculation yields that, for all s € [¢,T],

0, tSS<T§1/\T,
[yt _ Lt jt
= -, L AT <s<71l AT,
Ty — 1 Th— 21 1 ha!
-1, L AT <s<T.
1

Then, it holds that

T s . Lyt fLt
—p(s—t)+c LY P 4ea L2F 2,t,T s — s
]E / € p( ) T 2 f1(57XS 2)d /7
t Iy — 21
1 A
T, NT . . Ll’t
£ _ _ 1"t 2,t ieS o
- / e p(s—t)+eci1Lg ""+caL? fl (S,XSQ,t,rg)d . s
T AT Ty — T
T;i N (s—t)+er LYt ey L2 2.t
—p(s— c e ot St
=K / (6 P 1Ll 2L fl(S;Xs 2)
T;I/\T
1 21/t 2t 1.t
—p(Tp, —t)Ferl el 1 o2t LY
2 T2 A s
—e @y (g, X0 | d | ——
1 Ty — 1
—E

x

1 ~q! N faS
ot AT (el ) ey LY ea B2 Lt
1 z 1 1 590 ¢
/ e ! Ty Tz fl(Tzll,XTi ’wz)d — 5 .
Ty
-

11/\T Ty — 1

Note that, as =} | 21, we have

Till N ( ) Tt it 59
—p(s—t)+ec1Llg "+ca LD ,t,x
E /1 (6 P 14, 2 L fl(S;Xs 2)
Tay AT
A1/ ~ A~
R SV S A 3
—e o1 (T, X2 | d | -
1 Ty — 1
<E —p(s—t)—&-clﬁl,‘t—o—(,'gﬁg’t XQ,t,xg
< sup e fi(s, X35072)

s€[rg, /\Tﬁi,l AT

1 F17t F2,t
—p(1y, —t)+c1L " 4eca L7y ~
S Taq Tz, fl (T;I,Xfit,mg)

z

—e

]%0.
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On the other hand, as «) | 1, we can also obtain

1 A~

T 2

_ TN —plme e Lyt e L2 g2 Lt
lim e i XA [
x|y Tél/\T 1 x

1 ~
21, 2,t AT
- *P(T,il*t)JrClLTl +C2L% Q,t,mg lim 1 7ol d Lyt
—e 1 f1 ( 3?17 ) X lim T <T P ——
1 1

zidz 1 AT 1 T1
1 ~
1,t
—p( t)+clL 1 +C2L 2tz Tm’l LY
_ T2 2 : s
=e 1f1( ZI,X ) x lim 1.1 op dl ———
1 xilxy 1 Til Ty — T1

,t
—p(ra, —t)+ea L2y X2t
=€ lfl( zla )1T;1<T7
lim |E

which yields that
1 ~
Tah AT 7p(7'alc 7t)+c1L 1 +C2L 2,t,r2 Liat
L € Tl fl( acla )d /
zylwy T2, AT T — T

(e, ~res L 2t
:]E|:e Elf(zl7X 2) 7-11<T .

The results above yield that

T 71t _ Tt
1t j2t L. — Ly
lim B / e PlmDtali el g (L X2tez)g (6, : )] (4.20)

zilxy Ty —T1

t)+c2L2 !
|: 7-1 f (8 XQ,t, 2) 1<T:| )
1

Using the fact P(r;, = T) = 0 (c.f. [5]) and following the same calculations of the
representation (4.9), we have

T fo s R 661i/i/'t' _ 6611:1”’ R
lim I / emPlmttealit (g X2baay [ — ) gLLt (4.21)
zilxy t Ty — 1
T t LYt e L2t 2.t £1,t
= ¢, / e—Pls—t)+erly +ea L] f1(57XS, ,fﬁz)dst
L AT
*
By the similar argument as above, we also have
lim @1(75,30/17332/) —p1(t, v1,22) ~ lim 901(??,%/1,332/) - 901(@331,%2)_
) txy Ty — X1 zilx T — X1
Thus, we can conclude that, for all (¢,z1,z2) € [0,T] x R2,
—p(1} —t)+(:2i/f_’t ~
Onpr(tona) =B [ " el R,
T 7 2
+aE / emPster Ll vea kDt g (g X20w2) gLt (4.22)
T AT ) )

Moreover, in view of (1.7), it follows that, for all s € [¢,T],

ﬁ;,t =z V {érél[%x] (—,ul(f —t) — Zalk(Wz’c’l _ Wtk,1)> } .

k=1
+
= sup W}’t — I .
Le(t,s] )
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For 0 <t <s<T andz; € R4, let us introduce

[ L.t cy(su 7 1’t—x1 *
Lo, (Bt = Lo, (]E [e (sopete Wi =) D
C1 C1

- las </ 601(T_w1)+p1(ta &’r)d?") ’ Cc1 7é 07
C1 0
hl (t,s,xl) = + (423)
0s (E[ﬁ;t]) =0; | E sup W' —z
Le(t,s]
=0, (/ (r— x1)+p1(t,s,r)dr) , c1 =0.
0

Here, p1(t,s,7) = P(supyep g ng’t € dr)/dr is the density function of the maximum of

drifted-Brownian motion, i.e., sup,cp 4 W, at time s € [t, 7], which is given by

2 _(7‘—;L21(57t))2 2/,&1 2#217, %2(5_1) 2,2
t — 202(s—t)  __ - oyt _Z ) d-.
pi(t5m) o2 (s — t)e ' \/271'0%6 1 [OO P ( 2 ) :
Hence, we deduce that, for all (¢,z1,22) € [0,T] x R%,
T 72t ~
1(t, o1, T2) :/ e PEUE |ec2be fl(s,XSQ"t’“)} hi(t, s, x1)ds. (4.24)
t

Note that, for any fixed s € [t,T], the function x; — hi(t, s, z1) belongs to C*(R. ), we
get, for all (¢, x1,x2) € [0,T] x RE,

T . .
Oz, p1(t, 21,22) = / e PTOR {e”Li" fi(s, Xf’t’”)] Oz, 1 (t, 8, 21)ds. (4.25)
t
By using (4.24) and a similar argument as in the derivation of (4.11), we have

T ., R
Oryaop1(t, 21, 22) = 02/ e PR {eCQL? fl(s,Xf,’t’“)lsZTgJ Oz, h1(t, s,21)ds (4.26)
¢

T
—/ e PO [amfl(s,)?f’tv“)lsggj Oz h1(t, s,21)ds.
t

Finally, we examine the expression of the partial derivative d;¢1 (¢, x1,x2). Consider
the case ¢; # 0, for any ¢ € [0, T — ¢, it holds that

1 T

p1(t+0,x1,x2) = —C—l s e Pt [e”’ig’t” fi(s, Xf’”‘s’”)] dE[eclii’Hé]
_ 1 = —p(s—t) caL21F? -2,t+6,22 e L11Fe
=] e E {e S5 fu(s + 6, XY )} dE[e L33
1 —p(s—t) e L2t 2.t e LYt
:—c—l t e Pls E[e2 S fi(s+ 6, X500 2)] dE[e“ ™" ].
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Then, we arrive at

01(t + 9,21, 22) — p1(t, x1, x2)
1)

1 =0 P20 N -
= ‘65{/ e PR [ fy (5 46, X200 | digfeer 2]
1 t

T 7 t A 7 t
—/ e PEUE {6021‘3 fl(s,st’t""”z)} dE[eClLi’ ]}
t

1 [T 1 Pa N . P
= e_p(s_t)g [602L? (f1(5 + 6, X2h"2) — f1(57X§7t’x2)>] dE[eclLé ]
1Jt
1 (T Fa X F1e
6176 ) efp(sft)E |:662L5 fl(s’Xf,t,wz)} dE[eclLs' }
T7

=AY+ AP

2, t,x0y 2.t N
Note that lims_. YCaR P il 2§ Sl X0072) Oi f1(s, X24®2), Thus, it follows from As-
sumption (A) and DCT that

17 1 i . , P
lim AfY = — Jim — / et < [ B (s + 0, X207) — fu(s, X20) )| dE[e 2]
—

=0 C1 Jy
1 (7 72t o F

=—= [ e E [602 : 8tf1(s,XS’t’””2)] dE[e L. 4.27)
1Jt

We next deal with the term A((SQ). In fact, we have

1T P2 5
A((SQ) _ 7/ {ep(st)E {echi fl(stE,t,zg)}

c1 T-6

- eonr-op [ty o) gt

L[ com0p [entd gy (7, %200 dBfer )
c10 Jr_s
=I5+ Js.

First of all, it holds from (4.23) that

1 . .
Is| = — e PO {ec2L3 Fils+6, Xg,t,$2)}
c10 Jr_s :
- IO [y (R a2
T
L E max e*ﬂ(sft)Jrczﬁiwtfl (S vl X?,t,xg)
T cié T—6 s€[T—4,T) s
_ e—p(T—t)—&-czﬁTﬂfl(T7 X;7t,x2) ]dE[eclﬁl‘,t]
1 [2t > Fot N
= —I ‘ —p(s—t)+caly 5) X2,t,x2 _ o=p(T—t)+caLy: T, X2,t,w2
gl LG[I;I%,T] ‘ Fils +6,X072) —e AT, X577)
e e L
X = dE[e“ "]
d T—6
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1 F2,t ~ 22, A z
“ar [ I N O O R R R
1 s —0,

|

We obtain from DCT that lims_,¢ Is = 0. For the term Jjs, it follows from (4.23) that

1 /T
X f/ hi(t, s, x1)ds.
0 Jr_s

1 T F2,t ~ 71t
: 1 —p(T—t) { e b2 2,t,72 } all
%lir(l) Js glﬂ% o /T_ée E |e=™r fi(T,X;:"")| dE[e ]
1 — — it >2,t,x . 1 T 71t
= —e TR [l fy (1, R30)  lim { < [ d [ecr B
C1 T 6—0 | & T—§

1 F2t .
= e IO [ 5 £ (T, X300 (1, T, ).
1

The calculation of the case ¢; = 0 can be obtained by a similar argument. Hence, we
deduce that

17 P2 X
o [ e [ g s, R0 e
t

+C—e_”(T_t)]E [ech? fu(T, X2 2)} hi(t,T,21), ¢ #0;
vpr(t,x1, 2) = ! (4.28)

T 72t > T
_ / emP R[22 0, f1(s, X2002) | dE[LL)
t

+€_p(T_t)E [eczi%tfl (Ta X%t7$2):| hl(ta T7 1’1)7 1 = 0.

We then conclude that ¢; € C2([0,T) x R3) N C([0,T] x Ei) by combining results
in (4.11), (4.19), (4.22), (4.25), (4.26) and (4.28). Thus, we complete the proof of the
lemma. O

Proof of Proposition 3.3. We first prove item (i). Based on Lemma 3.2, we will show that
o(t,x) satisfies the Robin boundary problem (2.1). Consider using (4.11) and (4.22),
we can verify that ¢ satisfies the following Robin boundary condition, for all (¢,x) €
[0,T) x R%,

Orip(t, (x4 0)) + cip(t, (x4, 0)) = filt,x™"), i=1,...,d. (4.29)
Fori=1,...,d, we recall the scalar Brownian motion Wit = (W;=t)se[t,T] which is given
in (4.14). For any € € (0, min(x1,...,z4)), we define

rhi=inf{s > t; Wi >¢ Vi=1,...,d} (4.30)
with inf ) = 4-co by convention. Then, in lieu of (1.7), one can easily check that XZAtTf =
i + Wg’AtTt foranyt € [t, T]. Thus, it follows from the strong Markov property that

d T d ik
— Z]E /f/\ t e Psth=1 Ly Fi(s, XTHtx) gLt ]-'MTE,,‘| =g (t A T?,Xzfﬂ) ,
i=1 2

where we have used the fact from (3.1) that

d T .
Pt x)=—Y B / emPstEimr el g (5 R THEXYGEI | = ePlip(t, x). (4.31)
i=1 t
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Hence, for all (¢,x) € [0,7] x R4, it holds that

d fATet . . . .
o(t,x)=E | @ (fA T;X;;‘Tt) - Z/ emPstEia C’“Lé’tfi(&X;Z7t7x)dL?S’t] .
¢ i=17t

It follows from It6’s formula that

d f/\T:‘ u . R ) ..
E / e—ps—i—Ek:l cp LY fi(s’Xs—z,t,X)szS,t
i=1Y?

/;ATE (0 + LYY (s, X§x> ds]

1
t—

E
t

1 . . 1
— - E[~(m :,Xé’x)—Nt,x}:A E
i1 Ter Rinet P(tx) t—t

1 d fAT: R .
+—F / 0u, P+ i (s, X‘;”‘) dLut
— ; | Optap)
1 tA/\T: .
=-—F / e PO+ L0~ p)p (S,Xi’x) ds
t—1 t
1 d fAT: R o
+ : tE Z/ e POz, 0 + ci0) (s, X';’x) dLb | . (4.32)
- i=171
Then, the DCT yields that
o1 AT s o b . .
lim —E / e P el (O+L=p) e (S, X—g’x) ds
it t—1 ¢ )
=e P (3 + L7 — p) p(t,x). (4.33)

Note that Lt = 0 on s € [t,A7!]. By using (4.32) and (4.33) , we obtain that (8,¢+ £ —
pp)(t,x) = 0on (t,x) € [0,T) x R%. Therefore, we deduce that the function ¢ defined by
the probabilistic representation (3.1) satisfies the Robin boundary problem (2.1).

We next prove item (ii). Assume that the Robin boundary problem (2.1) has a
classical solution ¢ satisfying that there exists a constant C' > 0 and ¢ > 1 such that
lp(t,x)| < C(14x|?). Forn > 1 and ¢ € [0,T], we introduce the stopping time defined by

T/'p = 1inf{s > t; min{ X1ber L xdbe > L AT

It follows from Itd’s formula that, for all (¢,x) € [0,7] x R%,

i ¢ I;knt S
B [62“ i s (TZTT»X??T)] (4.34)
d

=p(tx)+ > E

i=1
e o )
/ X1 erly (003 + L09) (s, Xi’x)ds]
t

d

= e_ptgp(t, X) + Z E

i=1

T d Pkt o
/ e Pt im kb (9,0 + L% — pi) (s, XZ”‘MS}
t

d

=eo(t,x)+ Y B

i=1

TtytT Akt N ~.
/ eXh=r B (0, B+ i) (5, XEX)d L
t

+E

T - A ~
/ emPHTi e L (9, o 1 eyp) (s, XEX)dLE!
t

+E

n
T, T a 2ot A ~s
/ e Pt Rim ekl f (s, X B ALY
t
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Moreover, by using the relationship @(¢,x) = e ?'p(t,x) from (4.31), the DCT and the
polynomial growth condition of ¢ on [0, 7] x Ri, we have

. Shienlly 5 . —prl oy ek L 5
lim I |:€ = Tt’T@(TgTvxi?T) = lim E ) - tT50<Tf:LT7XfF’;T>

n—oo n—oo

—E [wﬂzzzl ol (1,X5%)| = o.
Letting n — oo on both sides of the equality (4.34) and using DCT and MCT, we obtain
the probabilistic representation (3.1) of the solution ¢ (¢, x), which ends the proof of the

proposition. O

Proof of Lemma 3.4. By applying (4.26) in the proof of Lemma 3.2, we have

T . R
Doy, 1 (,X) = Cj/ e PR {eZLz en e fi(s, X;lvt’x)ls%gj} Oy h1(t,8,21)ds
\ >

T . A
7/ e PR {622:2 enl az_jfl(s,X;Lt’x)IKTg} Oz, h1(t,s,21)ds,
t - J
1<j<d;
T d Lkt o1
Opz;01(t,%) = fcl-cj/ e PUE [eZkﬂ et (s, Xy ’t’x)ls>ﬂ¢ vn{} hi(t,s,z1)ds
t ='z; J
T t d Lkt —1,t
+C][ e_P(S_ )E |:eZk:2 Crlg aLlfl(S?X; ) ,x) ‘r7 Ss>rd :| hl(t S xl)ds

T . R
+Ci/ e PO [eZ‘é:z exL® Da, fl(s,Xs—l,t,x)ngj 2527_;} hi(t, s, x1)ds
t i

T - .
_/t e*P(S*t)]E |:€Zi:2 e LY amiﬁjfl(s’X;LLX)ISST;‘,/\T%]} hl(t78,1'1)d8,

l<i<j<d.

In view of (1.7), it holds that, fori=1,...,d,

i/i,t: iV —us(f —1t) — s Wk’i—Wk7i —x;
V=a {e@ﬁﬁ(ﬂ )= > (W ol i,

k=1

+
(o)

Le(t,s]

Then, it follows from (4.15) and (4.35) that
T k.t
/ e O [Zhea By (5, X)L | O (85 ) ds
t

+
T - +
d k.t
— G — _ Ck | S . [/[/ i —x p— Xr— XT— —
/ e PR ezk*f"(gup““’” o) s x t=Wott (Sup W 1)
t Le(t,s]

1511[)@&{ ]W >m :| a$1hl(t S 3’,‘1)

Y2 Yj oo Yd
/// // pls =)+ i (yx 1)
1

e’} 0 —0o0
xfi(s,x P —r7 4+ (y = x )N, ha(t, s, 1)y bi(t, 8, 7k, Y )dradys...dradyads.
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In a similar fashion, we can also obtain that

T AL ~ .
/ e PO [ezz2 C’“Li’tﬁzj fi(s, X;J’t’x)lngi _ ] O, h1(t, s,21)ds
t J

T Zd Cr (sup Wkt _g )Jr 1 Xr—1 = 1.t 1 +
:/ e PO | gek=2 eeft,s] We ") 0u fr| s, x T =W T sup W, ' —x"
t

Le(t,s]

8r1hl (ta S, xl)ds

x1 Tt
Supgere,s) Wi SJUJ]

T poo  pry2 Yj Ya
:/ / .. / / / / (s=t)+ 2o cn(yr—a)
t 0 —00

X Op, f1 s, X T—r  (y t—xH) M0, ha(t, s x1)Hk 2Ok (t, 8, Ty Yi )dradys...dradyqds,

T .
[ e e s X1 T s
¢ % J

T Zd c (su Wkt _g ) = = 1.t +
:/ 6p(5t)IE{e k=2 Ok \SUPee[t.s] Ve k f1( 1V\/‘sl’t+( sup W, X1> >
t

LE(t,s]

X 1sup£€[t,s] Wli,tzwi7 SUPyera) Wg’tzwj] hl (t, S, x1)ds

T o0 Y2 Yi Yd
:/ / / / / / / / / (s— t+2k 2 k(Y —oK)
t 0 —00 0
1 —1

xfi(s,x T—r M (y t—x"H b (t, s :zrl)Hk oGk (t, 8,7k, yx )dradys...drqdyads.

T - .
/ e PUE [eziz ekl 0u, f1(s, Xsil’t’x)lni‘ 2327341} fall s e)ds
\ i

T . + +
= / e_P(s_t)E |:62ﬁ=2 cr <supze[t’5] Wivt_xk) 8931 f1 (8; X_l—ws_l7t+ < sup Wﬁl’t_x_]-) )
t

Le(t,s]

x lsupze[t s] Wt <wi, SUPyelt,s] Wj’tZw*] Oz, I (t’ o xl)ds

[ / /% " /% [ et

X Oy, f1(8, %~ L_p (y ) Yhi(t,s xl)Hk 20k (ty 8,7k, Yk )dradys...drqdyqds,

T 7 t
/ e PR [€ZZ senll O, f1(5, X 1“‘)1 i >e>ri }hl(t s,x1)ds

ST Lo

X0, fr(s,x =27+ (y T = x )DL, s, 20T bk (L, 8, 7, yi)dradys....dradyads,

T
d 7kt o1t
/ e [R5 XN (e s o) ds

-/ / [l /% I /% [

Oy, [1(8,x 1= (y T xR (t, s, 20) Iy 0k (t, 8, T, yi)dradys....dradyads.
Thus, the desired result follows from the equality 0,,.,¥(t,x) = ZZ:1 Oz,e;0k(t,x). O
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