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Abstract

This paper studies the existence and uniqueness of a classical solution to a type of
Robin boundary problems on the nonnegative orthant. We propose a new decomposition-
homogenization method for the Robin boundary problem based on probabilistic rep-
resentations, which leads to two auxiliary Robin boundary problems admitting some
simplified probabilistic representations. The auxiliary probabilistic representations
allow us to establish the existence of a unique classical solution to the original Robin
boundary problem using some stochastic flow analysis.
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1 Introduction

The Feynman-Kac formula for the linear second-order PDE with Neumann boundary
conditions on a bounded domain with smooth boundary has been well studied where
the probabilistic representation involves a reflecting Brownian motion and its local
time on the boundary. As a pioneer study, Hsu [8] established the probabilistic solution
for the linear elliptic PDE in Rd with a Neumann boundary condition on a bounded
domain with smooth boundary. This probabilistic solution is understood as a weak
solution to the PDE problem and is proved to be a classical solution in [2, 8] if the
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Robin boundary problems

solution satisfies some smoothness conditions. By unifying and generalizing the results
in [2, 8, 12] provided a probabilistic approach to the Neumann problem of Schrödinger
equations without the assumption of the finiteness of the gauge. On a bounded domain
in Rd with smooth boundary, Zhang [17] gave a martingale formulation of the Neumann
problem of Schrödinger operator with measure potential, and provided an analytic
characterization of the martingale formulation by using the Dirichlet forms in terms of
reflecting Brownian motion (RBM) and its boundary local time. Hu [9] showed that a
classical solution to a class of the Neumann problems of quasilinear elliptic PDEs has a
probabilistic representation on a bounded domain in Rd with a C3-boundary by studying
the backward stochastic differential equations (BSDEs) in the infinite horizon case. Wong
et al. [16] established the existence and uniqueness of the weak solution to a Neumann
problem of an elliptic PDE with a singular divergence term on a bounded domain in
Rd with smooth boundary. Therein, a probabilistic approach is applied by studying the
BSDE associated with the PDE. The probabilistic solution of the Neumann problem can
make numerical implementations and approximations efficiently. Milstein and Tretyakov
[13] considered a class of layer methods for solving the Neumann problem for semilinear
parabolic equations based on probabilistic solutions. Zhou et al. [18] proposed numerical
methods for computing the boundary local time of RBM on a bounded domain in R3,
and its application in finding accurate approximation of the local time and discretization
of the probabilistic representation of the Neumann problem using the computed local
time. Some research extensions have been carried out from the Neumann boundary
problem to the Robin (also known as the third type) boundary problem that specifies
the boundary conditions on the linear combination of the solution and its derivative.
Papanicolaou [14] established a probabilistic solution for the the Robin boundary problem
on a bounded domain with C3 boundary. This probabilistic solution can be proved to be
unique, continuous and equivalent to the weak analytic solution. Leimkuhler et al. [11]
studied elliptic PDEs with Robin boundary conditions and discussed their connection to
reflected diffusion processes via the Feynman-Kac formula.

The previous studies on probabilistic solutions to Neumann boundary problems and
Robin boundary problems predominantly assume the smoothness of the boundary of the
(bounded) domain. The local time acted on the smooth boundary as an additive functional
with respect to the surface measure admits an explicit form in terms of transition density
of the reflected state process ([16]). However, this convenient form is not available when
the state space of the reflected process has corners. In this paper, we consider the
following Robin boundary problem of parabolic type defined on the nonnegative orthant
for the spatial variables:

(∂t + L)u(t,x) = ρu(t,x), on (t,x) ∈ [0, T )×Rd
+,

u(T,x) = g(x), ∀x ∈ Rd

+,

∂xi
u(t, (x−i, 0)) + ciu(t, (x

−i, 0)) = fi(t,x
−i), ∀(t,x−i) ∈ [0, T )×Rd−1

+ ,

i = 1, . . . , d,

(1.1)

where d ≥ 2, ρ ≥ 0 is the killing rate, T > 0 is the terminal time, (c1, . . . , cd) ∈ Rd,
(x−i, 0) := (x1, x2, ..., xi−1, 0, , xi+1, ..., xd), R+ := (0,∞) and R+ = [0,∞). The second-
order differential operator L acting on φ ∈ C2(Rd

+) is given by

Lφ(x) := 1

2

d∑
i,j=1

(
m∑

k=1

σikσjk

)
∂2xixj

φ(x) +

d∑
i=1

µi∂xi
φ(x) (1.2)

with (
∑m

k=1 σikσjk)
d
i,j=1 being a positive definite matrix and µi ∈ R for i = 1, . . . , d.
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Robin boundary problems

The following assumption on the terminal condition and boundary functions is im-
posed throughout the paper:

(A) g ∈ C2(R
d

+) and fi ∈ C1,2([0, T ] × Rd−1

+ ) for all i = 1, . . . , d. There exists some
constant C > 0 and q ≥ 1 such that |h(x)| ≤ C(1 + |x|q), |∂xjh(x)| ≤ C(1 + |x|q) and
|∂2xjxk

h(x)| ≤ C(1 + |x|q) for x ∈ Rd

+, h ∈ {fi(t), g} and j, k = 1, . . . , d.

For the domain with non-smooth boundary, Dupuis and Ishii [3] handled the well-
posedness of a class of fully nonlinear elliptic PDEs with the oblique derivative conditions
in the viscosity sense. Ishii and Kumagai [10] established a comparison theorem for
viscosity sub- and supersolutions of the nonlinear Neumann problem of elliptic PDEs
on a two-dimensional quadrant. With Assumption (A), a classical solution u of Robin

boundary problem (1.1) (i.e., u ∈ C1,2([0, T )×Rd
+)∩C([0, T ]×R

d

+) and it solves Eq. (1.1))
can be expressed by the Feynman-Kac formula that ([4, 14]):

u(t,x) = −
d∑

i=1

E

[∫ T

t

e−ρ(s−t)+
∑d

k=1 ckL
k,t
s fi(s,X

−i,t,x
s )dLi,t

s

]
+ E

[
e−ρ(T−t)+

∑d
k=1 ckL

k,t
T g(Xt,x

T )
]
, ∀(t,x) ∈ [0, T ]×Rd

+, (1.3)

where Xt,x = (X1,t,x1
s , . . . , Xd,t,xd

s )s∈[t,T ] is the state process whose i-th component is
given by the reflected Brownian motion with drift that, for i = 1, . . . , d,

Xi,t,xi
s = xi +

∫ s

t

µidr +

m∑
k=1

∫ s

t

σikdB
k
r + Li,t

s ∈ R+, ∀s ∈ [t, T ]. (1.4)

Here, on a filtered probability space (Ω,F ,F,P) with the filtration F = (Ft)t∈[0,T ] sat-
isfying usual conditions, B = (B1

s , . . . , B
m
s )s∈[t,T ] is an m-dimensional Brownian motion

and s→ Li,t
s is a continuous and non-decreasing process (with Li,t

t = 0) which increases
on the time set {s ∈ [t, T ]; Xi,t,xi

s = 0} only. In the context of queueing system, the
state process Xt,x with a possibly general reflected-direction matrix arises in heavy
traffic theory for d-station networks of queues (c.f. [6]). We denote the vector process
X−i,t,x := (X1,t,x1

s , . . . , X
i−1,t,xi−1
s , X

i+1,t,xi+1
s , . . . , Xd,t,xd

s )s∈[t,T ].

The aim of this paper is to establish the existence and uniqueness of a classical
solution to the Robin boundary problem (1.1) of parabolic type. A naive way is to directly
verify that the probabilistic representation in (1.3) is a classical solution to the Robin
boundary problem (1.1) by applying the stochastic flow technique. However, we stress
that, the integral in (1.3) inside the expectation is with respect to a local time process
Li,t, which is not independent of the reflected state process X−i,t,x. It is, in general,
difficult to prove the regularity of the probabilistic representation (t,x) → u(t,x). To
overcome this challenge, we contribute in this paper by proposing a new decomposition-
homogenization for the Robin boundary problem (1.1), which yields two auxiliary Robin
boundary problems whose probabilistic solutions can be verified to be classical solutions
using some stochastic flow techniques.

Let us first state the main result of this paper, whose proof is given in Section 3.

Theorem 1.1. The Robin boundary problem (1.1) has a unique classical solution u ∈
C1,2([0, T )×Rd

+) ∩ C([0, T ]×R
d

+) satisfying the polynomial growth condition (i.e., there
exists a constant C > 0 and q ≥ 1 such that |u(t,x)| ≤ C(1+|x|q)). Moreover, this classical
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Robin boundary problems

solution u(t,x) admits the probabilistic representation that, for all (t,x) ∈ [0, T ]×Rd

+,

u(t,x) = ϕ(t,x) +
1

2

∑
i 6=j

E

[∫ T

t

e−ρ(s−t)+
∑d

k=1 ckL
k,t
s

(
m∑

k=1

σikσjk

)
∂2xixj

ϕ(s,Xt,x
s )ds

]
.

+ E
[
e−ρ(T−t)+

∑d
k=1 ckL

k,t
T g(Xt,x

T )
]
, (1.5)

where ϕ ∈ C1,2([0, T )×Rd
+) ∩ C([0, T ]×R

d

+) admits the probabilistic representation:

ϕ(t,x) = −
d∑

i=1

{
1ci 6=0

ci

∫ T

t

e−ρ(s−t)E
[
e
∑

j 6=i cjL̂
j,t
s fi(s, X̂

−i,t,x
s )

]
dE[eciL̂

i,t
s ] (1.6)

+1ci=0

∫ T

t

e−ρ(s−t)E
[
e
∑

j 6=i cjL̂
j,t
s fi(s, X̂

−i,t,x
s )

]
dE[L̂i,t

s ]

}
.

Here, the i-th component of the state process X̂t,x = (X̂1,t,x1
s , . . . , X̂d,t,xd

s )s∈[t,T ] is the

reflected Brownian motion with drift that, for all (t,x) ∈ [0, T ]×Rd

+,

X̂i,t,xi
s = xi +

∫ s

t

µidr +

m∑
k=1

∫ T

t

σikdW
k,i
s + L̂i,t

s ∈ R+, (1.7)

where, on the filtered probability space (Ω,F ,F,P), W k,i = (W k,i
t )t∈[0,T ] for (k, i) ∈

{1, . . . ,m}×{1, . . . , d} are independent Brownian motions, and s→ L̂i,t
s (with L̂i,t

t = 0) is a
continuous and non-decreasing process that increases on the time set {s ∈ [t, T ]; X̂i,t,xi

s =

0} only. In (1.6), the vector process is given by

X̂−i,t,x := (X̂1,t,x1
s , . . . , X̂i−1,t,xi−1

s , X̂i+1,t,xi+1
s , . . . , X̂d,t,xd

s )s∈[t,T ], i = 1, . . . , d.

The remainder of this paper is organized as follows. Section 2 describes our
decomposition-homogenization method for the Robin boundary problem (1.1) in the
nonnegative orthant. Section 3 establishes the smoothness of probabilistic solutions
to two auxiliary Robin boundary problems using some stochastic flow techniques and
concludes Theorem 1.1. The proofs of auxiliary results in previous sections are reported
in Section 4.

2 Decomposition and homogenization method

In this section, we introduce the decomposition-homogenization method to solve
the Robin boundary problem (1.1). This method yields two auxiliary Robin boundary
problems of parabolic PDEs, and the probabilistic representations of the two auxiliary
Robin boundary problems have “nice” structures, which can be verified to be classical
solutions by applying stochastic flow arguments.

Let us first consider the following auxiliary Robin boundary problem that

(∂t + L0)ϕ(t,x) = ρϕ(t,x), on (t,x) ∈ [0, T )×Rd
+,

ϕ(T,x) = 0, ∀x ∈ Rd

+,

∂xi
ϕ(t, (x−i, 0)) + ciϕ(t, (x

−i, 0)) = fi(t,x
−i), ∀(t,x−i) ∈ [0, T )×Rd−1

+ ,

i = 1, . . . , d.

(2.1)
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Robin boundary problems

Here, the second-order differential operator L0 acting on φ ∈ C2(Rd
+) is defined by

L0φ(x) :=
1

2

d∑
i=1

(
m∑

k=1

σ2
ik

)
∂2xi

φ(x) +

d∑
i=1

µi∂xi
φ(x). (2.2)

We assume that the auxiliary Robin boundary problem (2.1) above has a classical solution

ϕ : [0, T ] × R
d

+ → R. Then, we introduce the next Robin boundary problem with
homogeneous Robin boundary conditions that

(∂t + L)ψ(t,x) = ρψ(t,x)− 1

2

∑
i6=j

(
m∑

k=1

σikσjk

)
∂2xixj

ϕ(t,x),

on (t,x) ∈ [0, T )×Rd
+,

ψ(T,x) = g(x), ∀x ∈ Rd

+,

∂xiψ(t, (x
−i, 0)) + ciψ(t, (x

−i, 0)) = 0, ∀(t,x−i) ∈ [0, T )×Rd−1

+ ,

i = 1, . . . , d.

(2.3)

We observe that the auxiliary Robin boundary problem (2.1) has the principal operator
L0 satisfying

(L − L0)φ =
1

2

∑
i 6=j

(
m∑

k=1

σikσjk

)
∂2xixj

φ, ∀φ ∈ C2(Rd
+), (2.4)

and the auxiliary Robin boundary problem (2.3) has homogeneous Robin boundary
conditions. The next result establishes the relationship between the solution to the
original Robin boundary problem (1.1) and the solutions to two auxiliary Robin boundary
problems (2.1) and (2.3).

Lemma 2.1 (Decomposition-Homogenization Method). Let ϕ be a classical solution to
the auxiliary Robin boundary problem (2.1). Given this classical solution ϕ, let ψ be a
classical solution to the auxiliary Robin boundary problem (2.3). Then u = ϕ + ψ is a
classical solution to the original Robin boundary problem (1.1).

Proof. It follows from (2.1), (2.3) and (2.4) that, on [0, T )×Rd
+,

(∂t + L0)u = (∂t + L0)ϕ+ (∂t + L0)ψ = ρϕ+ (∂t + L)ψ − 1

2

∑
i 6=j

(
m∑

k=1

σikσjk

)
∂2xixj

ψ

= ρϕ+ ρψ − 1

2

∑
i 6=j

(
m∑

k=1

σikσjk

)
∂2xixj

ϕ− 1

2

∑
i6=j

(
m∑

k=1

σikσjk

)
∂2xixj

ψ

= ρu− 1

2

∑
i6=j

(
m∑

k=1

σikσjk

)
∂2xixj

u.

Then, it follows from (2.4) again that, on [0, T )×Rd
+,

(∂t + L)u = (∂t + L0)u+
1

2

∑
i 6=j

(
m∑

k=1

σikσjk

)
∂2xixj

u = ρu.

On the other hand, for all (t,x−i) ∈ [0, T )×Rd−1

+ with i = 1, . . . , d,

∂xi
u(t, (x−i, 0)) + ciu(t, (x

−i, 0))

= ∂xiϕ(t, (x
−i, 0)) + ciϕ(t, (x

−i, 0)) + ∂xiψ(t, (x
−i, 0)) + ciψ(t, (x

−i, 0))

= fi(t,x
−i) + 0 = fi(t,x

−i).
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It follows that u = ϕ+ψ satisfies the boundary conditions in the original Robin boundary

problem (1.1). Finally, we have that, for all x ∈ Rd

+,

u(T,x) = ϕ(T,x) + ψ(T,x) = 0 + g(x) = g(x).

This verifies that u satisfies the terminal condition in the original Robin boundary
problem (1.1). Thus, we conclude that u = ϕ + ψ is a classical solution to the Robin
boundary problem (1.1).

In lieu of Lemma 2.1, in order to prove the smoothness of the probabilistic represen-
tation (1.3), we can verify the smoothness of probabilistic representations of solutions to
the auxiliary Robin boundary problems (2.1) and (2.3), respectively. We find that it is
more feasible to show their smoothness by using some stochastic flow techniques, which
will be elaborated in detail in the next section.

3 Probabilistic solutions to auxiliary Robin boundary problems

3.1 Robin boundary problem (2.1)

This subsection focuses on the construction of the smooth probabilistic solution to
the auxiliary Robin boundary problem (2.1). For reader’s convenience, we recall the
Robin boundary problem (2.1) that

(∂t + L0)ϕ(t,x) = ρϕ(t,x), on (t,x) ∈ [0, T )×Rd
+,

ϕ(T,x) = 0, ∀x ∈ Rd

+,

∂xi
ϕ(t, (x−i, 0)) + ciϕ(t, (x

−i, 0)) = fi(t,x
−i), ∀(t,x−i) ∈ [0, T )×Rd−1

+ ,

i = 1, . . . , d.

We next introduce the probabilistic representation of the solution to Robin boundary

problem (2.1), for all (t,x) ∈ [0, T ]×Rd

+,

ϕ(t,x) = −
d∑

i=1

E

[∫ T

t

e−ρ(s−t)+
∑d

k=1 ckL̂
k,t
s fi(s, X̂

−i,t,x
s )dL̂i,t

s

]
, (3.1)

where, we recall from (1.7) that

X̂i,t,xi
s = xi +

∫ s

t

µidr +

m∑
k=1

∫ T

t

σikdW
k,i
s + L̂i,t

s ∈ R+.

Here, s→ L̂i,t
s (with L̂i,t

t = 0) is a continuous and non-decreasing process which increases
on the time set {s ∈ [t, T ]; X̂i,t,xi

s = 0} only.
A key observation to the probabilistic representation (3.1) is that the state process

X̂−i,t,x is in fact independent of the local time process L̂i,t = (L̂i,t
s )s∈[t,T ]. Then, we have

the following result whose proof is reported in Section 4.

Lemma 3.1. The probabilistic representation ϕ(t,x) given by (3.1) can be rewritten as

follows, for all (t,x) ∈ [0, T ]×Rd

+,

ϕ(t,x) = −
d∑

i=1

{
1ci 6=0

ci

∫ T

t

e−ρ(s−t)E
[
e
∑

j 6=i cjL̂
j,t
s fi(s, X̂

−i,t,x
s )

]
dE[eciL̂

i,t
s ]

+1ci=0

∫ T

t

e−ρ(s−t)E
[
e
∑

j 6=i cjL̂
j,t
s fi(s, X̂

−i,t,x
s )

]
dE[L̂i,t

s ]

}
.
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Building upon the above probabilistic representation of ϕ(t,x) provided in Lemma 3.1,
the next lemma establishes the smoothness of (t,x) → ϕ(t,x) given by (3.1) using the
stochastic flow technique.

Lemma 3.2. Consider the probabilistic representation of ϕ(t,x) given in Lemma 3.1.

Then, the probabilistic representation ϕ ∈ C1,2([0, T )×Rd
+) ∩ C([0, T ]×R

d

+). Moreover,
it holds that, for all i = 1, . . . , d,

∂xiϕ(t,x) = E

[
e
−ρ(τ i

xi
−t)+

∑
k 6=i ckL̂

k,t

τi
xi fi

(
τ ixi
, X̂−i,t,x

τ i
xi

)
1τ i

xi
<T

]
−
∑
j 6=i

E

[∫ τ i
xi

∧T

t

e−ρ(s−t)+
∑

k 6=i ckL̂
k,t
s ∂xi

fj

(
s, X̂−j,t,x

s

)
dL̂j,t

s

]

+ ci

d∑
j=1

E

[∫ T

τ i
xi

∧T

e−ρ(s−t)+
∑d

k=1 ckL̂
k,t
s fj

(
s, X̂−j,t,x

s

)
dL̂j,t

s

]
, (3.2)

where, for i = 1, . . . , d, and x ∈ R+, the stopping time τ ix is defined by

τ ix := inf

{
s ≥ t; −µi(s− t)−

m∑
k=1

σik(W
k,i
s −W k,i

t ) = x

}
. (3.3)

The proof of Lemma 3.2 is reported in Section 4. The well-posedness of the decom-
posed Robin boundary problem (2.1) is given in the next result:

Proposition 3.3. Consider the probabilistic representation ϕ(t,x) given by (3.1). Then,
we have

(i) the probabilistic representation ϕ is a classical solution of the auxiliary Robin
boundary problem (2.1).

(ii) if the auxiliary Robin boundary problem (2.1) has a classical solution ϕ satisfying
the polynomial growth condition (i.e., there exists a constant C > 0 and q ≥ 1

such that |ϕ(t,x)| ≤ C(1 + |x|q)), then the solution ϕ admits the probabilistic
representation given by (3.1).

The proof of Proposition 3.3 is reported in Section 4.

3.2 Robin boundary problem (2.3)

Section 3.1 has shown that the probabilistic representation ϕ given by (3.1) is a
classical solution to the Robin boundary problem (2.1). Given this classical solution
ϕ, this section examines the construction of a smooth probabilistic solution to Robin
boundary problem (2.3), i.e.,

(∂t + L)ψ(t,x) = ρψ(t,x)− 1

2

∑
i6=j

(
m∑

k=1

σikσjk

)
∂2xixj

ϕ(t,x),

on (t,x) ∈ [0, T )×Rd
+,

ψ(T,x) = g(x), ∀x ∈ Rd

+,

∂xi
ψ(t, (x−i, 0)) + ciψ(t, (x

−i, 0)) = 0, ∀(t,x−i) ∈ [0, T )×Rd−1

+ ,

i = 1, . . . , d.
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To this end, let us introduce the following probabilistic representation that, for all

(t,x) ∈ [0, T ]×Rd

+,

ψ(t,x) =
1

2

∑
i 6=j

E

[∫ T

t

e−ρ(s−t)+
∑d

k=1 ckL
k,t
s

(
m∑

k=1

σikσjk

)
∂2xixj

ϕ(s,Xt,x
s )ds

]

+ E
[
e−ρ(T−t)+

∑d
k=1 ckL

k,t
T g(Xt,x

T )
]
. (3.4)

Here, we recall that the i-th component of state processXt,x = (X1,t,x1
s , . . . , Xd,t,xd

s )s∈[t,T ]

obeys the reflected Brownian motion with drift in (1.4).

From the expression of ψ(t,x) in (3.4), we note that the integral in the first expectation
in (3.4) is the one with respect to the Lebesgue measure “ds”. Thus, it becomes much
easier to apply the stochastic flow argument to show the smoothness of the probabilistic
representation (t,x) → ψ(t,x). On the other hand, in order to check the smoothness
of (t,x) → ψ(t,x), we also need a flexible form for the second order partial derivative
∂2xixj

ϕ(t,x). This relies on the probabilistic form (1.6) for ϕ(t,x) and Proposition 3.3.
In fact, we can apply some stochastic flow arguments to obtain the representation of
∂2xixj

ϕ(t,x) in the next lemma, whose proof is delegated to Section 4.

Lemma 3.4. Recall that the probabilistic representation ϕ(t,x) given by (3.1) is a
classical solution to the Robin boundary problem (2.1), which has been shown in Propo-

sition 3.3. For any ` = 1, . . . , d, let us introduce the function ϕ` : [0, T ] ×R
2

+ → R that,

for all (t,x) ∈ [0, T ]×Rd

+,

ϕ`(t,x) := −E

[∫ T

t

e−ρ(s−t)+
∑d

k=1 ckL̂
k,t
s f`(s, X̂

−`,t,x
s )dL̂`,t

s

]
. (3.5)

Then, for all 1 ≤ i < j ≤ d, we have

∂2xixj
ϕ(t,x) =

d∑
`=1

∂2xixj
ϕ`(t,x).

Moreover, it holds that, for ` = i or ` = j,

∂2x`xj
ϕ`(t,x)

=cj

∫ T

t

∫ ∞

0

∫ y1

−∞
· · ·
∫ ∞

0

∫ y`−1

−∞

∫ ∞

0

∫ y`+1

−∞
· · ·
∫ ∞

xj

∫ yj

−∞
· · ·
∫ ∞

0

∫ yd

−∞
e−ρ(s−t)+

∑d
k 6=` ck(yk−xk)

×f`(s,x−` − r−` + (y−` − x−`)+)∂x`
h`(t, s, x`)Π

d
k 6=`φk(t, s, rk, yk)Πk 6=`(drkdyk)ds

−
∫ T

t

∫ ∞

0

∫ y1

−∞
· · ·
∫ ∞

0

∫ y`−1

−∞

∫ ∞

0

∫ y`+1

−∞
· · ·
∫ xj

0

∫ yj

−∞
· · ·
∫ ∞

0

∫ yd

−∞
e−ρ(s−t)+

∑d
k 6=` ck(yk−xk)

×∂xj
f`(s,x

−` − r−` + (y−` − x−`)+)∂x`
h`(t, s, x`)Π

d
k 6=`φk(t, s, rk, yk)Πk 6=`(drkdyk)ds.

For ` 6= i and ` 6= j, we have that

∂2xixj
ϕ`(t,x)

=−cicj
∫ T

t

∫ ∞

0

∫ y1

−∞
· · ·
∫ ∞

0

∫ y`−1

−∞

∫ ∞

0

∫ y`+1

−∞
· · ·
∫ ∞

xi

∫ yi

−∞
· · ·
∫ ∞

xj

∫ yj

−∞
· · ·
∫ ∞

0

∫ yd

−∞
e−ρ(s−t)

×e
∑d

k 6=` ck(yk−xk)f`(s,x
−`−r−`+(y−`−x−`)+)h`(t, s, x`)Π

d
k 6=`φk(t, s, rk, yk)Πk 6=`(drkdyk)ds
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+ci

∫ T

t

∫ ∞

0

∫ y1

−∞
· · ·
∫ ∞

0

∫ y`−1

−∞

∫ ∞

0

∫ y`+1

−∞
· · ·
∫ xi

0

∫ yi

−∞
· · ·
∫ ∞

xj

∫ yj

−∞
· · ·
∫ ∞

0

∫ yd

−∞
e−ρ(s−t)

×e
∑d

k=2 ck(yk−xk)∂xi
f`(s,x

−`−r−`+(y−`−x−`)+)h`(t, s, x`)Π
d
k 6=`φk(t, s, rk, yk)Πk 6=`(drkdyk)ds

+cj

∫ T

t

∫ ∞

0

∫ y1

−∞
· · ·
∫ ∞

0

∫ y`−1

−∞

∫ ∞

0

∫ y`+1

−∞
· · ·
∫ ∞

xi

∫ yi

−∞
· · ·
∫ xj

0

∫ yj

−∞
· · ·
∫ ∞

0

∫ yd

−∞
e−ρ(s−t)

×e
∑d

k=2 ck(yk−xk)∂xjf`(s,x
−` − r−`+(y−`−x−`)+)h`(t, s, x`)Π

d
k 6=`φk(t, s, rk, yk)Πk 6=`(drkdyk)ds

−
∫ T

t

∫ ∞

0

∫ y1

−∞
· · ·
∫ ∞

0

∫ y`−1

−∞

∫ ∞

0

∫ y`+1

−∞
· · ·
∫ xi

0

∫ yi

−∞
· · ·
∫ xj

0

∫ yj

−∞
· · ·
∫ ∞

0

∫ yd

−∞
e−ρ(s−t)

×e
∑d

k=2 ck(yk−xk)∂xixj
f`(s,x

−`−r−`+(y−`−x−m)+)h`(t, s, x`)Π
d
k 6=`φk(t, s, rk, yk)Πk 6=`(drkdyk)ds.

For ` = 1, . . . , d, the functions h`(t, s, x) and φ`(t, s, x, y) are respectively given by (4.23)
and (4.16).

By applying Lemma 3.4, we first have

Lemma 3.5. Consider the probabilistic representation of ψ(t,x) given by (3.4). Then

ψ ∈ C1,2([0, T )×Rd
+) ∩ C([0, T ]×R

d

+).

The proof of Lemma 3.5 is similar to the one of Lemma 3.2 by combining Lemma 3.4
and stochastic flow techniques. We hence omit the proof of Lemma 3.5. Building upon
Lemma 3.5, we now provide the well-posedness of the Robin boundary problem (2.3) in
the next result, whose proof is similar to that of Proposition 3.3.

Proposition 3.6. Consider the probabilistic representation ψ(t,x) given by (3.4). Then,
we have

(i) the probabilistic representation ψ is a classical solution of the auxiliary Robin
boundary problem (2.3).

(ii) if the auxiliary Robin boundary problem (2.3) has a classical solution ψ satisfying
the polynomial growth condition (i.e., there exists a constant C > 0 and q ≥ 1

such that |ψ(t,x)| ≤ C(1 + |x|q)), then the solution ψ admits the probabilistic
representation given by (3.4).

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. By applying Lemma 2.1, Proposition 3.3 and Proposition 3.6, we

have that, for all (t,x) ∈ [0, T ]×Rd

+, ũ(t,x) = ϕ(t,x) + ψ(t,x) solves the Robin boundary
problem (1.1), which provides the existence of a classical solution to the Robin boundary

problem (1.1). On the other hand, assuming that u ∈ C1,2([0, T )×Rd
+) ∩ C([0, T ]×R

d

+)

with the polynomial growth condition is a classical solution of the Robin boundary
problem (1.1), by a similar argument in the proof of Proposition 3.3-(ii), we can deduce
that u admits the probabilistic representation (1.3). This also yields the uniqueness
of the classical solution of the Robin boundary problem (1.1). Finally, noting that
ũ(t,x) = ϕ(t,x) + ψ(t,x) is also a classical solution to the Robin boundary problem (1.1),
by the uniqueness of the classical solution, we deduce that u satisfies u(t,x) = ũ(t,x) =

ϕ(t,x) + ψ(t,x) for all (t,x) ∈ [0, T ] × Rd

+, which implies the equivalence between the
probabilistic representations (1.3) and (1.5). Thus, we complete the proof.

Remark 3.7. In view of Lemma 2.1, Proposition 3.3 and 3.6, our decomposition-
homogenization technique for the Robin boundary problem (1.1) can be also applied to
the following Robin boundary problem of elliptic type:Lu(x) = ρu(x), on x ∈ Rd

+,

∂xi
u(x−i, 0) + ciu(x

−i, 0) = fi(x
−i), ∀x−i ∈ Rd−1

+ , i = 1, . . . , d,
(3.6)
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where ρ > 0, c1, ..., cd are non-positive constants and f, ∂xj
f , ∂2xjxk

f are bounded for
j, k = 1, . . . , d. The Robin boundary problem (3.6) has a unique classical solution u ∈
C2(Rd

+) ∩ C(R
d

+) satisfying the polynomial growth condition (i.e., there exists a constant
C > 0 and q ≥ 1 such that |u(x)| ≤ C(1 + |x|q)). Moreover, this classical solution u(x)

admits the following probabilistic representation given by, for x ∈ Rd

+,

u(x) = ϕ(x) +
1

2

∑
i 6=j

E

[∫ ∞

0

e−ρs+
∑d

k=1 ckL
k,0
s

(
m∑

k=1

σikσjk

)
∂2xixj

ϕ(X0,x
s )ds

]
. (3.7)

Here, the function ϕ ∈ C2(Rd
+)∩C(R

d

+) admits the following probabilistic representation:

ϕ(x) = −
d∑

i=1

{
1ci 6=0

1

ci

∫ ∞

0

e−ρsE
[
e
∑

j 6=i cjL̂
j,0
s fi(X̂

−i,0,x
s )

]
dE[eciL̂

i,0
s ]

+1ci=0

∫ ∞

0

e−ρsE
[
e
∑

j 6=i cjL̂
j,0
s fi(X̂

−i,0,x
s )

]
dE[L̂i,0

s ]

}
.

Our decomposition-homogenization method can be also directly applicable to the Neu-
mann boundary problem, i.e., c1 = · · · = cd = 0 in (1.1). The solution of Neumann
boundary problem then admits the following probabilistic representation:

u(t,x) = ϕ(t,x) +
1

2

∑
i 6=j

E

[∫ T

t

e−ρ(s−t)

(
m∑

k=1

σikσjk

)
∂2xixj

ϕ(s,Xt,x
s )ds

]

+ E
[
e−ρ(T−t)g(Xt,x

T )
]
, (3.8)

where ϕ ∈ C1,2([0, T )×Rd
+) ∩ C([0, T ]×R

d

+) admits the form given by

ϕ(t,x) = −
d∑

i=1

∫ T

t

e−ρ(s−t)E[fi(s, X̂
−i,t,x
s )]dE[L̂i,t

s ]. (3.9)

Similar arguments can be applied to handle the Neumann boundary problem of the
elliptic type.

4 Proofs of auxiliary results

This section collects the proofs of all auxiliary results in previous sections.

Proof of Lemma 3.1. It follows from (3.1) that

ϕ(t,x) = −
d∑

i=1

E

[∫ T

t

e−ρ(s−t)+
∑d

k=1 ckL̂
k,t
s fi(s, X̂

−i,t,x
s )dL̂i,t

s

]

= −
d∑

i=1

{
1ci 6=0

1

ci
E

[∫ T

t

e−ρ(s−t)+
∑

j 6=i cjL̂
j,t
s fi(s, X̂

−i,t,x
s )d(eciL̂

i,t
s )

]

+1ci=0E

[∫ T

t

e−ρ(s−t)+
∑

j 6=i cjL̂
j,t
s fi(s, X̂

−i,t,x
s )dL̂i,t

s

]}
. (4.1)

We only prove the case ci 6= 0, since the other case with ci = 0 can be tackled in a similar

fashion. Fix (t,x) ∈ [0, T ]×Rd

+. Let si := t+ T−t
n i for i = 0, 1, . . . , n with n ∈ N. Then, it
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holds that, for i = 1, . . . , d,

E

[∫ T

t

e−ρ(s−t)+
∑

j 6=i cjL̂
j,t
s fi(s, X̂

−i,t,x
s )d

(
eciL̂

i,t
s

)]
(4.2)

= E

[
lim
n→∞

n∑
k=1

e−ρ(sk−t)+
∑

j 6=i cjL̂
j,t
sk fi(sk, X̂

−i,t,x
sk

)
(
eciL̂

i,t
sk − e

ciL̂
i,t
sk−1

)]
.

In the sequel, let C > 0 be a generic constant which may be different from line to line.
By using Assumption (A), we have, for all i = 1, . . . , d, P-a.s.∣∣∣fi(s, X̂−i,t,x

s )
∣∣∣ ≤ C(1 + |X̂t,x

s |q) ≤ C

(
1 + sup

r∈[t,T ]

|X̂t,x
r |q

)
, ∀s ∈ [t, T ].

Note that s→ L̂i,t
s is a continuous and non-decreasing process. As a result, P-a.s.

n∑
k=1

e−ρ(sk−t)+
∑

j 6=i cjL̂
j,t
sk fi(sk, X̂

−i,t,x
sk

)
(
eciL̂

i,t
sk − e

ciL̂
i,t
sk−1

)
≤ Ce

∑
j 6=i |cj |L̂

j,t
T

(
1 + sup

r∈[t,T ]

|X̂t,x
r |q

)
n∑

k=1

(
eciL̂

i,t
sk − e

ciL̂
i,t
sk−1

)
= Ce

∑
j 6=i |cj |L̂

j,t
T

(
1 + sup

r∈[t,T ]

|X̂t,x
r |q

)
L̂i,t
T

≤ Ce3
∑

j 6=i |cj |L̂
j,t
T + C

(
1 + sup

r∈[t,T ]

|X̂t,x
s |q

)3

+ C(L̂i,t
T )3.

Using the above estimate, we can apply the DCT, the equality (4.2) and the independence
between the reflected state process X̂−i,t,x and the local time process L̂i,t to conclude
that

E

[∫ T

t

e−ρ(s−t)+
∑

j 6=i cjL̂
j,t
s fi(s, X̂

−i,t,x
s )d

(
eciL̂

i,t
s

)]

= E

[
lim
n→∞

n∑
k=1

e−ρ(sk−t)+
∑

j 6=i cjL̂
j,t
sk fi(sk, X̂

−i,t,x
sk

)
(
eciL̂

i,t
sk − e

ciL̂
i,t
sk−1

)]

= lim
n→∞

E

[
n∑

k=1

e−ρ(sk−t)+
∑

j 6=i cjL̂
j,t
sk fi(sk, X̂

−i,t,x
sk

)
(
eciL̂

i,t
sk − e

ciL̂
i,t
sk−1

)]

= lim
n→∞

n∑
k=1

e−ρ(sk−t)E
[
e
∑

j 6=i cjL̂
j,t
s fi(sk, X̂

−i,t,x
sk

)
]{
E[eciL̂

i,t
sk ]− E[eciL̂

i,t
sk−1 ]

}
=

∫ T

t

e−ρ(s−t)E
[
e
∑

j 6=i cjL̂
j,t
s fi(s, X̂

−i,t,x
s )

]
dE[eciL̂

i,t
s ]. (4.3)

Consequently, we conclude from (3.1) and (4.3) that the equality (1.6) holds on (t,x) ∈
[0, T ]×Rd

+. Thus, the proof of the lemma is completed.

Proof of Lemma 3.2. Without loss of generality, we only provide the proof for the di-
mension d = 2 because the proof of the general case with d > 2 is essentially the

same. For i = 1, 2, let us introduce the function ϕi : [0, T ]×R
2

+ → R as follows, for all

(t, x1, x2) ∈ [0, T ]×R2

+,

ϕi(t, x1, x2) := −E

[∫ T

t

e−ρ(s−t)+
∑2

k=1 ckL̂
k,t
s fi(s, X̂

−i,t,x
s )dL̂i,t

s

]
. (4.4)
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Then, it follows from Lemma 3.1 that

ϕi(t, x1, x2) =


− 1

ci

∫ T

t

e−ρ(s−t)E
[
e
∑

j 6=i cjL̂
j,t
s fi(s, X̂

−i,t,x
s )

]
dE[eciL̂

i,t
s ], ci 6= 0.

−
∫ T

t

e−ρ(s−t)E
[
e
∑

j 6=i cjL̂
j,t
s fi(s, X̂

−i,t,x
s )

]
dE[L̂i,t

s ], ci = 0.

(4.5)

In the sequel, we only handle the case for the function ϕ1 because the case for ϕ2 is

similar. It suffices to prove that ϕ1 ∈ C1,2([0, T )×R2
+) ∩ C([0, T ]×R

2

+) satisfies that

∂x1
ϕ1(t, x1, x2) = E

[
e
−ρ(τ1

x1
−t)+c2L̂

2,t

τ1
x1 f1(τ

1
x1
, X̂2,t,x2

τ1
x1

)1τ1
x1

<T

]

+c1E

[∫ T

τ1
x1

∧T

e−ρ(s−t)+c1L̂
1,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )dL̂1,t

s

]
,

∂x2
ϕ1(t, x1, x2) = −E

[∫ τ2
x2

∧T

t

e−ρ(s−t)+c1L̂
1,t
s ∂xf1(s, X̂

2,t,x2
s )dL̂1,t

s

]

+c2E

[∫ T

τ2
x2

∧T

e−ρ(s−t)+c1L̂
1,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )dL̂1,t

s

]
.

(4.6)

First of all, we consider the case with arbitrary x′2 > x2 ≥ 0 and fixed (t, x1) ∈ [0, T ]×R+.
It follows from (4.4) that

ϕ1(t, x1, x
′
2)− ϕ1(t, x1, x2)

x′2 − x2

= −E

[∫ T

t

e−ρ(s−t)+c1L̂
1,t
s
ec2L̂

2′,t
s f1(s, X̂

2,t,x′
2

s )− ec2L̂
2,t
s f1(s, X̂

2,t,x2
s )

x′2 − x2
dL̂1,t

s

]

= −E

∫ T

t

e−ρ(s−t)+c1L̂
1,t
s

ec2L̂
2′,t
s

(
f1(s, X̂

2,t,x′
2

s )− f1(s, X̂
2,t,x2
s )

)
x′2 − x2

dL̂1,t
s


− E

∫ T

t

e−ρ(s−t)+c1L̂
1,t
s

f1(s, X̂
2,t,x2
s )

(
ec2L̂

2′,t
s − ec2L̂

2,t
s

)
x′2 − x2

dL̂1,t
s

 .
A direct calculation yields that, for all s ∈ [t, T ],

lim
x′
2↓x2

f1(s, X̂
2,t,x′

2
s )− f1(s, X̂

2,t,x2
s )

x′2 − x2

=


∂xf1(s, X̂

2,t,x2
s ), max`∈[t,s]

{
−µ2(`− t)−

∑m
k=1 σ2k(W

k,2
` −W k,2

t )
}
≤ x2,

0, max`∈[t,s]

{
−µ2(`− t)−

∑m
k=1 σ2k(W

k,2
` −W k,2

t )
}
> x2.

By Assumption (A), for any ε > 0 and x′2 ∈ (x2, x2 + ε), there exists some constant C > 0

and q ≥ 1 such that∣∣∣∣∣f1(s, X̂
2,t,x′

2
s )− f1(s, X̂

2,t,x2
s )

x′2 − x2

∣∣∣∣∣ ≤ C
[
1 +

∣∣∣X̂2,t,x2
s

∣∣∣q + ∣∣∣X̂2,t,x′
2

s

∣∣∣q]
≤ C

[
1 +

∣∣∣X̂2,t,x2
s

∣∣∣q + ∣∣∣X̂2,t,x2+ε
s

∣∣∣q] ,
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Robin boundary problems

where the validity of the last inequality is due to (1.7). Denote by L̂2′,t = (L̂2′,t
s )s∈[t,T ] the

local time process of X̂2,t,x′
2 = (X̂

2,t,x′
2

s )s∈[t,T ] with initial state X̂
2,t,x′

2
t = x′2 at initial time

t. It then follows from the DCT and the fact that L̂2,t
s = 0 on [t, τ2x2

] that

lim
x′
2∈(x2,x2+ε), x′

2↓x2

∫ T

t

E

[
e−ρ(s−t)+c1L̂

1,t
s +c2L̂

2′,t
s

f1(s, X̂
2,t,x′

2
s )− f1(s, X̂

2,t,x2
s )

x′2 − x2
dL̂1,t

s

]

= E

[ ∫ T

t

e−ρ(s−t)+c1L̂
1,t
s +c2L̂

2,t
s ∂xf1(s, X̂

2,t,x2
s )

× 1max`∈[t,s]{−µ2(`−t)−
∑m

k=1 σ2k(W
k,2
` −Wk,2

t )}≤x2
dL̂1,t

s

]
= E

[∫ τ2
x2

∧T

t

e−ρ(s−t)+c1L̂
1,t
s +c2L̂

2,t
s ∂xf1(s, X̂

2,t,x2
s )dL̂1,t

s

]

= E

[∫ τ2
x2

∧T

t

e−ρ(s−t)+c1L̂
1,t
s ∂xf1(s, X̂

2,t,x2
s )dL̂1,t

s

]
, (4.7)

where τ2x2
is a stopping time which is defined by

τ2x2
:= inf

{
s ≥ t; −µ2(s− t)−

m∑
k=1

σ2k(W
k,2
s −W k,2

t ) = x2

}
. (4.8)

On the other hand, in lieu of (1.7), it follows that, for all s ∈ [t, T ],
L̂2,t
s = x2 ∨

{
max
`∈[t,s]

(
−µ2(`− t)−

m∑
k=1

σ2k(W
k,2
` −W k,2

t )

)}
− x2,

L̂2′,t
s = x′2 ∨

{
max
`∈[t,s]

(
−µ2(`− t)−

m∑
k=1

σ2k(W
k,2
` −W k,2

t )

)}
− x′2.

This implies that

lim
x′
2↓x2

ec2L̂
2′,t
s − ec2L̂

2,t
s

x′2 − x2

=


0, max`∈[t,s]

{
−µ2(`− t)−

∑m
k=1 σ2k(W

k,2
` −W k,2

t )
}
≤ x2,

−c2ec2L̂
2,t
s , max`∈[t,s]

{
−µ2(`− t)−

∑m
k=1 σ2k(W

k,2
` −W k,2

t )
}
> x2.

Then, we obtain from the DCT that

lim
x′
2∈(x2,x2+ε), x′

2↓x2

E

[∫ T

t

e−ρ(s−t)+c1L̂
1,t
s
f1(s, X̂

2,t,x2
s )(ec2L̂

2′,t
s − ec2L̂

2,t
s )

x′2 − x2
dL̂1,t

s

]

= −c2E
[ ∫ T

t

e−ρ(s−t)+c1L̂
1,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )

× 1max`∈[t,s]{−µ2(`−t)−
∑m

k=1 σ2k(W
k,2
` −Wk,2

t )}>x2
dL̂1,t

s

]
= −c2E

[∫ T

τ2
x2

∧T

e−ρ(s−t)+c1L̂
1,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )dL̂1,t

s

]
. (4.9)
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Robin boundary problems

For the case x2 > x′2 ≥ 0, similar to the computation for (4.7) and (4.9), we can show
that

lim
x′
2↑x2

ϕ1(t, x1, x
′
2)− ϕ1(t, x1, x2)

x′2 − x2
= lim

x′
2↓x2

ϕ1(t, x1, x
′
2)− ϕ1(t, x1, x2)

x′2 − x2
. (4.10)

Thus, we can deduce from (4.7), (4.9) and (4.10) that

∂x2ϕ1(t, x1, x2) = −E

[∫ τ2
x2

∧T

t

e−ρ(s−t)+c1L̂
1,t
s ∂xf1(s, X̂

2,t,x2
s )dL̂1,t

s

]

+ c2E

[∫ T

τ2
x2

∧T

e−ρ(s−t)+c1L̂
1,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )dL̂1,t

s

]
. (4.11)

It further holds that

E

[∫ T

τ2
x2

∧T

e−ρ(s−t)+c1L̂
1,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )dL̂1,t

s

]

= E

[∫ T

t

e−ρ(s−t)+c1L̂
1,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )dL̂1,t

s

]

− E

[∫ τ2
x2

∧T

t

e−ρ(s−t)+c1L̂
1,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )dL̂1,t

s

]

= −ϕ1(t, x1, x2)− E

[∫ τ2
x2

∧T

t

e−ρ(s−t)+c1L̂
1,t
s f1(s, X̂

2,t,x2
s )dL̂1,t

s

]
.

Thus, we can conclude that

∂x2
ϕ1(t, x1, x2)

= −E

[∫ τ2
x2

∧T

t

e−ρ(s−t)+c1L̂
1,t
s ∂xf1(s, X̂

2,t,x2
s )dL̂1,t

s

]

− c2ϕ1(t, x1, x2)− c2E

[∫ τ2
x2

∧T

t

e−ρ(s−t)+c1L̂
1,t
s f1(s, X̂

2,t,x2
s )dL̂1,t

s

]
.

= E

[∫ τ2
x2

∧T

t

e−ρ(s−t)+c1L̂
1,t
s F (s, X̂2,t,x2

s )dL̂1,t
s

]
− c2ϕ1(t, x1, x2), (4.12)

where the real-valued function F (t, x1) := −c2f1(t, x1)− ∂x1
f1(t, x1) for (t, x1) ∈ [0, T ]×

R+.

For any x2, x
(n)
2 ≥ 0 with x

(n)
2 → x2 as n → ∞ and (t, x1) ∈ [0, T ] × R+, we have

from (4.12) that, for all n ≥ 1,

∆n :=
∂x2

ϕ1(t, x1, x
(n)
2 )− ∂x2

ϕ1(t, x1, x2)

x
(n)
2 − x2

= E

[
1

x
(n)
2 − x2

∫ τn

τ0

e−ρ(s−t)+c1L̂
1,t
s F (s, X̂2,t,x2

s )dL̂1,t
s

]

+ E

[
1

x
(n)
2 − x2

∫ τ0

t

e−ρ(s−t)+c1L̂
1,t
s

(
F (s, X̂

2,t,x
(n)
2

s )− F (s, X̂2,t,x2
s )

)
dL̂1,t

s

]
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Robin boundary problems

+ E

[
1

x
(n)
2 − x2

∫ τn

τ0

e−ρ(s−t)+c1L̂
1,t
s

(
F (s, X̂

2,t,x
(n)
2

s )− F (s, X̂2,t,x2
s )

)
dL̂1,t

s

]

− c2
ϕ1(t, x1, x

(n)
2 )− ϕ1(t, x1, x2)

x
(n)
2 − x2

:= ∆(1)
n +∆(2)

n +∆(3)
n +∆(4)

n , (4.13)

where, for simplicity, we set τn := τ2
x
(n)
2

∧ T and τ0 := τ2x2
∧ T .

In order to handle the term ∆
(1)
n , we first focus on the case with x(n)2 ↓ x2 as n→ ∞.

Let us define the drifted-Brownian motion W̃ i,t = (W̃ i,t
s )s∈[t,T ] given by, for i = 1, 2,

W̃ i,t
s := −µi(s− t)−

m∑
k=1

σik(W
k,i
s −W k,i

t ), ∀s ∈ [t, T ]. (4.14)

It follows from (1.7) that

X̂i,t,xi
s = xi +

∫ s

t

µidr +

m∑
k=1

∫ T

t

σikdW
k,i
s + L̂i,t

s (4.15)

= xi − W̃ i,t
s +

(
sup

`∈[t,s]

W̃ i,t
` − xi

)+

, ∀s ∈ [t, T ].

For s ∈ [t, T ], let φi(t, s, r, y) be the joint probability density of the two-dimensional
random variable (W̃ i,t

s ,max`∈[t,s] W̃
i,t
` ) (c.f. [5]). That is, for all (s, r, y) ∈ [t, T ]×R2,

φi(t, s, r, y) =
2(2y − r)

σ̃2
i

√
2σ̃2

i π(s− t)3
exp

[
µi

σ̃i
x− 1

2
µ2
i (s− t)− (2y − r)2

2σ̃2
i (s− t)

]
, (4.16)

where the constant σ̃i :=
√∑m

k=1 σ
2
ik for i = 1, 2. Consequently, for the case c1 6= 0, we

have

E

[
1

x
(n)
2 − x2

∫ τn

τ0

e−ρ(s−t)+c1L̂
1,t
s F (s, X̂2,t,x2

s )dL̂1,t
s

]
(4.17)

=
1

c1
E

[
1

x
(n)
2 − x2

∫ τn

τ0

e−ρ(s−t)F (s, X̂2,t,x2
s )1{τ0<s≤τn}de

c1L̂
1,t
s

]

=
1

c1

∫ T

t

e−ρ(s−t)E

F
(
s, x2 − W̃ 2,t

s + (supq∈[t,s] W̃
2,t
q − x2)

+
)

x
(n)
2 − x2

×1{x2<maxq∈[t,s] W̃
2,t
q ≤x

(n)
2 }

]
dE[ec1L̂

1,t
s ]

=
1

c1

1

x
(n)
2 − x2

∫ T

t

∫ x
(n)
2

x2

∫ y

−∞
e−ρ(s−t)F (s, y − r)φ2(t, s, r, y)drdydE[e

c1L̂
1,t
s ].

For 0 ≤ t ≤ s ≤ T and y ∈ R+, set g(t, s, y) :=
∫ y

−∞ ∂xf1(s, y − r)φ2(t, s, r, y)dr. Then,
using the continuity of y → g(t, s, y), one has

lim
n→∞

1

x
(n)
2 − x2

∫ x
(n)
2

x2

g(t, s, y)dy = g(t, s, x2). (4.18)
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Robin boundary problems

It then follows from (4.17), (4.18) and the DCT that

lim
n→∞

E

[
1

x
(n)
2 − x2

∫ τn

τ0

e−ρ(s−t)+c1L̂
1,t
s F (s, X̂2,t,x2

s )dL̂1,t
s

]

=
1

c1

∫ T

t

(∫ x2

−∞
e−ρ(s−t)F (s, x2 − r)φ2(t, s, r, x2)dr

)
dE[ec1L̂

1,t
s ].

For the case when x2 > 0 and x
(n)
2 > 0 with x

(n)
2 ↑ x2 as n → ∞, using a similar

argument as above, we can derive that

lim
n→∞

∆(1)
n =

1

c1

∫ T

t

(∫ x2

−∞
e−ρ(s−t)F (s, x2 − r)φ2(t, s, r, x2)dr

)
dE[ec1L̂

1,t
s ].

If c1 = 0, we can also obtain that

lim
n→∞

∆(1)
n =

∫ T

t

(∫ x2

−∞
e−ρ(s−t)F (s, x2 − r)φ2(t, s, r, x2)dr

)
dE[L̂1,t

s ].

In a similar fashion as in the derivation of (4.7), we also have

lim
n→∞

∆(2)
n = lim

n→∞
E

[
1

x
(n)
2 − x2

∫ τ0

t

e−ρ(s−t)+c1L̂
1,t
s

(
F (s, X̂

2,t,x
(n)
2

s )− F (s, X̂2,t,x2
s )

)
dL̂1,t

s

]

= E

[∫ τ0

t

e−ρ(s−t)+c1L̂
1,t
s ∂xF (s, X̂

2,t,x2
s )dL̂1,t

s

]
.

For the term ∆
(3)
n , we can also conclude that∣∣∣∆(3)

n

∣∣∣ = ∣∣∣∣∣E
[

1

x
(n)
2 − x2

∫ τn

τ0

e−ρ(s−t)+c1L̂
1,t
s

(
F (s, X̂

2,t,x
(n)
2

s )− F (s, X̂2,t,x2
s )

)
dL̂1,t

s

]∣∣∣∣∣
≤ E

[
1

x
(n)
2 − x2

sup
s∈[t,T ]

∣∣∣∣F (s, X̂2,t,x
(n)
2

s )− F (s, X̂2,t,x2
s )

∣∣∣∣ ∫ τn

τ0

ec1L̂
1,t
s dL̂1,t

s

]
.

By applying Assumption (A), for ε > 0 and x′2 ∈ (x2, x2 + ε), there exist some constants
C > 0 and q ≥ 1 such that∣∣∣∣∣F (s, X̂

2,t,x′
2

s )− F (s, X̂2,t,x2
s )

x′2 − x2

∣∣∣∣∣ ≤ C
[
1 +

∣∣∣X̂2,t,x2
s

∣∣∣q + ∣∣∣X̂2,t,x′
2

s

∣∣∣q]
≤ C

[
1 +

∣∣∣X̂2,t,x2
s

∣∣∣q + ∣∣∣X̂2,t,x2+ε
s

∣∣∣q] .
Using the result above and the fact that τn → τ0, a.s., as n → ∞, we deduce from the
DCT that limn→∞ |∆(3)

n | = 0. At last, we can also see that

lim
n→∞

∆(4)
n = −c2 lim

n→∞

ϕ1(t, x1, x
(n)
2 )− ϕ1(t, x1, x2)

x
(n)
2 − x2

= −c2∂x2
ϕ1(t, x1, x2).

Putting all the pieces together, we conclude that

∂x2x2
ϕ1(t, x1, x2) = 1c1 6=0

1

c1

∫ T

t

(∫ x2

−∞
e−ρ(s−t)F (s, x2 − r)φ2(t, s, r, x2)dr

)
dE[ec1L̂

1,t
s ]

+ 1c1=0

∫ T

t

(∫ x2

−∞
e−ρ(s−t)F (s, x2 − r)φ2(t, s, r, x2)dr

)
dE[L̂1,t

s ]

+ E

[∫ τ0

t

e−ρ(s−t)+c1L̂
1,t
s

(
∂xF (s, X̂

2,t,x2
s )

)
dL̂1,t

s

]
− c2∂x2ϕ1(t, x1, x2). (4.19)

EJP 29 (2024), paper 200.
Page 16/25

https://www.imstat.org/ejp

https://doi.org/10.1214/24-EJP1260
https://imstat.org/journals-and-publications/electronic-journal-of-probability/
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We next derive the representation of the partial derivative ∂x1
ϕ1(t, x1, x2). For any

x′1 > x1 ≥ 0, and fixed (t, x2) ∈ [0, T ]×R+, it follows from (4.4) that

ϕ1(t, x
′
1, x2)− ϕ1(t, x1, x2)

x′1 − x1

= −E

[∫ T

t

e−ρ(s−t)+c1L̂
1′,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )d

(
L̂1′,t
s − L̂1,t

s

x′1 − x1

)]

− E

[∫ T

t

e−ρ(s−t)+c2L̂
2,t
s f1(s, X̂

2,t,x2
s )

(
ec1L̂

1′,t
s − ec1L̂

1,t
s

x′1 − x1

)
dL̂1,t

s

]
In lieu of (1.7), it follows that, for all s ∈ [t, T ],

L̂1,t
s = x1 ∨

{
max
`∈[t,s]

(
−µ1(`− t)−

m∑
k=1

σ1k(W
k,1
` −W k,1

t )

)}
− x1,

L̂1′,t
s = x′1 ∨

{
max
`∈[t,s]

(
−µ1(`− t)−

m∑
k=1

σ1k(W
k,1
` −W k,1

t )

)}
− x′1.

A direct calculation yields that, for all s ∈ [t, T ],

L̂1′,t
s − L̂1,t

s

x′1 − x1
=


0, t ≤ s < τ1x1

∧ T,

− L̂1,t
s

x′1 − x1
, τ1x1

∧ T ≤ s < τ1x′
1
∧ T,

−1, τ1x′
1
∧ T ≤ s ≤ T.

Then, it holds that

E

[∫ T

t

e−ρ(s−t)+c1L̂
1′,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )d

(
L̂1′,t
s − L̂1,t

s

x′1 − x1

)]

= −E

[∫ τ1
x′
1
∧T

τ1
x1

∧T

e−ρ(s−t)+c1L̂
1′,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )d

(
L̂1,t
s

x′1 − x1

)]

= −E

[∫ τ1
x′
1
∧T

τ1
x1

∧T

(
e−ρ(s−t)+c1L̂

1′,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )

−e
−ρ(τ1

x1
−t)+c1L̂

1′,t
τ1
x1

+c2L̂
2,t

τ1
x1 f1(τ

1
x1
, X̂2,t,x2

τ1
x1

)

)
d

(
L̂1,t
s

x′1 − x1

)]

− E

[∫ τ1
x′
1
∧T

τ1
x1

∧T

e
−ρ(τ1

x1
−t)+c1L̂

1′,t
τ1
x1

+c2L̂
2,t

τ1
x1 f1(τ

1
x1
, X̂2,t,x2

τ1
x1

)d

(
L̂1,t
s

x′1 − x1

)]
.

Note that, as x′1 ↓ x1, we have∣∣∣∣∣E
[∫ τ1

x′
1
∧T

τ1
x1

∧T

(
e−ρ(s−t)+c1L̂

1′,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )

−e
−ρ(τ1

x1
−t)+c1L̂

1′,t
τ1
x1

+c2L̂
2,t

τ1
x1 f1(τ

1
x1
, X̂2,t,x2

τ1
x1

)

)
d

(
L̂1,t
s

x′1 − x1

)]∣∣∣∣∣
≤ E

 sup
s∈[τ1

x1
∧T,τ1

x′
1
∧T ]

∣∣∣e−ρ(s−t)+c1L̂
1′,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )

−e
−ρ(τ1

x1
−t)+c1L̂

1′,t
τ1
x1

+c2L̂
2,t

τ1
x1 f1(τ

1
x1
, X̂2,t,x2

τ1
x1

)

∣∣∣∣∣
]
→ 0.
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On the other hand, as x′1 ↓ x1, we can also obtain

lim
x′
1↓x1

∫ τ1
x′
1
∧T

τ1
x1

∧T

e
−ρ(τ1

x1
−t)+c1L̂

1′,t
τ1
x1

+c2L̂
2,t

τ1
x1 f1(τ

1
x1
, X̂2,t,x2

τ1
x1

)d

(
L̂1,t
s

x′1 − x1

)

= e
−ρ(τ1

x1
−t)+c1L̂

1,t

τ1
x1

+c2L̂
2,t

τ1
x1 f1(τ

1
x1
, X̂2,t,x2

τ1
x1

)× lim
x′
1↓x1

1τ1
x1

<T

∫ τ1
x′
1
∧T

τ1
x1

∧T

d

(
L̂1,t
s

x′1 − x1

)

= e
−ρ(τ1

x1
−t)+c1L̂

1,t

τ1
x1

+c2L̂
2,t

τ1
x1 f1(τ

1
x1
, X̂2,t,x2

τ1
x1

)× lim
x′
1↓x1

1τ1
x1

<T

∫ τ1
x′
1

τ1
x1

d

(
L̂1,t
s

x′1 − x1

)

= e
−ρ(τ1

x1
−t)+c2L̂

2,t

τ1
x1 f1(τ

1
x1
, X̂2,t,x2

τ1
x1

)1τ1
x1

<T ,

which yields that

lim
x′
1↓x1

E

[∫ τ1
x′
1
∧T

τ1
x1

∧T

e
−ρ(τ1

x1
−t)+c1L̂

1′,t
τ1
x1

+c2L̂
2,t

τ1
x1 f1(τ

1
x1
, X̂2,t,x2

τ1
x1

)d

(
L̂1,t
s

x′1 − x1

)]

= E

[
e
−ρ(τ1

x1
−t)+c2L̂

2,t

τ1
x1 f1(τ

1
x1
, X̂2,t,x2

τ1
x1

)1τ1
x1

<T

]
.

The results above yield that

lim
x′
1↓x1

E

[∫ T

t

e−ρ(s−t)+c1L̂
1′,t
s +c2L̂

2,t
s f1(τ

1
x1
, X̂2,t,x2

s )d

(
L̂1′,t
s − L̂1,t

s

x′1 − x1

)]
(4.20)

= −E
[
e
−ρ(τ1

x1
−t)+c2L̂

2,t

τ1
x1 f1(s, X̂

2,t,x2

τ1
x1

)1τ1
x1

<T

]
.

Using the fact P(τ1x1
= T ) = 0 (c.f. [5]) and following the same calculations of the

representation (4.9), we have

lim
x′
1↓x1

E

[∫ T

t

e−ρ(s−t)+c2L̂
2,t
s f1(s, X̂

2,t,x2
s )

(
ec1L̂

1′,t
s − ec1L̂

1,t
s

x′1 − x1

)
dL̂1,t

s

]
(4.21)

= −c1E

[∫ T

τ1
x1

∧T

e−ρ(s−t)+c1L̂
1,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )dL̂1,t

s

]
.

By the similar argument as above, we also have

lim
x′
1↑x1

ϕ1(t, x
′
1, x2)− ϕ1(t, x1, x2)

x′1 − x1
= lim

x′
1↓x1

ϕ1(t, x
′
1, x2)− ϕ1(t, x1, x2)

x′1 − x1
.

Thus, we can conclude that, for all (t, x1, x2) ∈ [0, T ]×R2
+,

∂x1
ϕ1(t, x1, x2) = E

[
e
−ρ(τ1

x1
−t)+c2L̂

2,t

τ1
x1 f1(τ

1
x1
, X̂2,t,x2

τ1
x1

)1τ1
x1

<T

]
+ c1E

[∫ T

τ1
x1

∧T

e−ρ(s−t)+c1L̂
1,t
s +c2L̂

2,t
s f1(s, X̂

2,t,x2
s )dL̂1,t

s

]
. (4.22)

Moreover, in view of (1.7), it follows that, for all s ∈ [t, T ],

L̂1,t
s = x1 ∨

{
max
`∈[t,s]

(
−µ1(`− t)−

m∑
k=1

σ1k(W
k,1
` −W k,1

t )

)}
− x1,

=

(
sup

`∈[t,s]

W̃ 1,t
` − x1

)+

.
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For 0 ≤ t ≤ s ≤ T and x1 ∈ R+, let us introduce

h1(t, s, x1) :=



1

c1
∂s

(
E[ec1L̂

1,t
s ]
)
=

1

c1
∂s

(
E

[
e
c1

(
sup`∈[t,s] W̃

1,t
` −x1

)+
])

=
1

c1
∂s

(∫ ∞

0

ec1(r−x1)
+

p1(t, s, r)dr

)
, c1 6= 0;

∂s

(
E[L̂1,t

s ]
)
= ∂s

E
( sup

`∈[t,s]

W̃ 1,t
` − x1

)+


= ∂s

(∫ ∞

0

(r − x1)
+p1(t, s, r)dr

)
, c1 = 0.

(4.23)

Here, p1(t, s, r) = P(sup`∈[t,s] W̃
1,t
` ∈ dr)/dr is the density function of the maximum of

drifted-Brownian motion, i.e., sup`∈[t,s] W̃
1,t
` at time s ∈ [t, T ], which is given by

p1(t, s, r) =

√
2

πσ2
1(s− t)

e
− (r−µ1(s−t))2

2σ2
1(s−t) − 2µ1√

2πσ2
1

e
2µ1
σ2
1
r
∫ −r−µ1(s−t)√

σ2
1t

−∞
exp

(
−z

2

2

)
dz.

Hence, we deduce that, for all (t, x1, x2) ∈ [0, T ]×R2
+,

ϕ1(t, x1, x2) =

∫ T

t

e−ρ(s−t)E
[
ec2L̂

2,t
s f1(s, X̂

2,t,x2
s )

]
h1(t, s, x1)ds. (4.24)

Note that, for any fixed s ∈ [t, T ], the function x1 → h1(t, s, x1) belongs to C2(R+), we
get, for all (t, x1, x2) ∈ [0, T ]×R2

+,

∂x1x1
ϕ1(t, x1, x2) =

∫ T

t

e−ρ(s−t)E
[
ec2L̂

2,t
s f1(s, X̂

2,t,x2
s )

]
∂x1x1

h1(t, s, x1)ds. (4.25)

By using (4.24) and a similar argument as in the derivation of (4.11), we have

∂x1x2
ϕ1(t, x1, x2) = c2

∫ T

t

e−ρ(s−t)E
[
ec2L̂

2,t
s f1(s, X̂

2,t,x2
s )1s≥τ2

x2

]
∂x1

h1(t, s, x1)ds (4.26)

−
∫ T

t

e−ρ(s−t)E
[
∂x2f1(s, X̂

2,t,x2
s )1s≤τ2

x2

]
∂x1h1(t, s, x1)ds.

Finally, we examine the expression of the partial derivative ∂tϕ1(t, x1, x2). Consider
the case c1 6= 0, for any δ ∈ [0, T − t], it holds that

ϕ1(t+ δ, x1, x2) = − 1

c1

∫ T

t+δ

e−ρ(s−t−δ)E
[
ec2L̂

2,t+δ
s f1(s, X̂

2,t+δ,x2
s )

]
dE[ec1L̂

1,t+δ
s ]

= − 1

c1

∫ T−δ

t

e−ρ(s−t)E
[
ec2L̂

2,t+δ
s+δ f1(s+ δ, X̂2,t+δ,x2

s+δ )
]
dE[ec1L̂

1,t+δ
s+δ ]

= − 1

c1

∫ T−δ

t

e−ρ(s−t)E
[
ec2L̂

2,t
s f1(s+ δ, X̂2,t,x2

s )
]
dE[ec1L̂

1,t
s ].
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Then, we arrive at

ϕ1(t+ δ, x1, x2)− ϕ1(t, x1, x2)

δ

= − 1

c1δ

{∫ T−δ

t

e−ρ(s−t)E
[
ec2L̂

2,t
s f1(s+ δ, X̂2,t,x2

s )
]
dE[ec1L̂

1,t
s ]

−
∫ T

t

e−ρ(s−t)E
[
ec2L̂

2,t
s f1(s, X̂

2,t,x2
s )

]
dE[ec1L̂

1,t
s ]

}

= − 1

c1

∫ T

t

e−ρ(s−t) 1

δ

[
ec2L̂

2,t
s

(
f1(s+ δ, X̂2,t,x2

s )− f1(s, X̂
2,t,x2
s )

)]
dE[ec1L̂

1,t
s ]

+
1

c1δ

∫ T

T−δ

e−ρ(s−t)E
[
ec2L̂

2,t
s f1(s, X̂

2,t,x2
s )

]
dE[ec1L̂

1,t
s ]

=: ∆
(1)
δ +∆

(2)
δ .

Note that limδ→0
f1(s+δ,X̂2,t,x2

s )−f1(s,X̂
2,t,x2
s )

δ = ∂tf1(s, X̂
2,t,x2
s ). Thus, it follows from As-

sumption (A) and DCT that

lim
δ→0

∆
(1)
δ = − lim

δ→0

1

c1

∫ T

t

e−ρ(s−t) 1

δ

[
ec2L̂

2,t
s

(
f1(s+ δ, X̂2,t,x2

s )− f1(s, X̂
2,t,x2
s )

)]
dE[ec1L̂

1,t
s ]

= − 1

c1

∫ T

t

e−ρ(s−t)E
[
ec2L̂

2,t
s ∂tf1(s, X̂

2,t,x2
s )

]
dE[ec1L̂

1,t
s ]. (4.27)

We next deal with the term ∆
(2)
δ . In fact, we have

∆
(2)
δ =

1

c1δ

∫ T

T−δ

{
e−ρ(s−t)E

[
ec2L̂

2,t
s f1(s, X̂

2,t,x2
s )

]
− e−ρ(T−t)E

[
ec2L̂

2,t
T f1(T, X̂

2,t,x2

T )
]}

dE[ec1L̂
1,t
s ]

+
1

c1δ

∫ T

T−δ

e−ρ(T−t)E
[
ec2L̂

2,t
T f1(T, X̂

2,t,x2

T )
]
dE[ec1L̂

1,t
s ]

:= Iδ + Jδ.

First of all, it holds from (4.23) that

|Iδ| =
1

c1δ

∫ T

T−δ

∣∣∣∣e−ρ(s−t)E
[
ec2L̂

2,t
s f1(s+ δ, X̂2,t,x2

s )
]

− e−ρ(T−t)E
[
ec2L̂

2,t
T f1(T, X̂

2,t,x2

T )
] ∣∣∣∣dE[ec1L̂1,t

s ]

≤ 1

c1δ

∫ T

T−δ

E

[
max

s∈[T−δ,T ]

∣∣∣∣e−ρ(s−t)+c2L̂
2,t
s f1(s+ δ, X̂2,t,x2

s )

− e−ρ(T−t)+c2L̂
2,t
T f1(T, X̂

2,t,x2

T )

∣∣∣∣]dE[ec1L̂1,t
s ]

=
1

c1
E

[
max

s∈[T−δ,T ]

∣∣∣e−ρ(s−t)+c2L̂
2,t
s f1(s+ δ, X̂2,t,x2

s )− e−ρ(T−t)+c2L̂
2,t
T f1(T, X̂

2,t,x2

T )
∣∣∣]

× 1

δ

∫ T

T−δ

dE[ec1L̂
1,t
s ]
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Robin boundary problems

=
1

c1
E

[
max

s∈[T−δ,T ]

∣∣∣e−ρ(s−t)+c2L̂
2,t
s f1(s+ δ, X̂2,t,x2

s )− e−ρ(T−t)+c2L̂
2,t
T f1(T, X̂

2,t,x2

T )
∣∣∣]

× 1

δ

∫ T

T−δ

h1(t, s, x1)ds.

We obtain from DCT that limδ→0 Iδ = 0. For the term Jδ, it follows from (4.23) that

lim
δ→0

Jδ = lim
δ→0

1

c1δ

∫ T

T−δ

e−ρ(T−t)E
[
ec2L̂

2,t
T f1(T, X̂

2,t,x2

T )
]
dE[ec1L̂

1,t
s ]

=
1

c1
e−ρ(T−t)E

[
ec2L̂

2,t
T f1(T, X̂

2,t,x2

T )
]
lim
δ→0

{
1

δ

∫ T

T−δ

dE
[
ec1L̂

1,t
s

]}

=
1

c1
e−ρ(T−t)E

[
ec2L̂

2,t
T f1(T, X̂

2,t,x2

T )
]
h1(t, T, x1).

The calculation of the case c1 = 0 can be obtained by a similar argument. Hence, we
deduce that

∂tϕ1(t, x1, x2) =



− 1

c1

∫ T

t

e−ρ(s−t)E
[
ec2L̂

2,t
s ∂tf1(s, X̂

2,t,x2
s )

]
dE[ec1L̂

1,t
s ]

+
1

c1
e−ρ(T−t)E

[
ec2L̂

2,t
T f1(T, X̂

2,t,x2

T )
]
h1(t, T, x1), c1 6= 0;

−
∫ T

t

e−ρ(s−t)E
[
ec2L̂

2,t
s ∂tf1(s, X̂

2,t,x2
s )

]
dE[L̂1,t

s ]

+e−ρ(T−t)E
[
ec2L̂

2,t
T f1(T, X̂

2,t,x2

T )
]
h1(t, T, x1), c1 = 0.

(4.28)

We then conclude that ϕ1 ∈ C1,2([0, T ) × R2
+) ∩ C([0, T ] × R2

+) by combining results
in (4.11), (4.19), (4.22), (4.25), (4.26) and (4.28). Thus, we complete the proof of the
lemma.

Proof of Proposition 3.3. We first prove item (i). Based on Lemma 3.2, we will show that
ϕ(t,x) satisfies the Robin boundary problem (2.1). Consider using (4.11) and (4.22),
we can verify that ϕ satisfies the following Robin boundary condition, for all (t,x) ∈
[0, T )×Rd

+,

∂xi
ϕ(t, (x−i, 0)) + ciϕ(t, (x

−i, 0)) = fi(t,x
−i), i = 1, . . . , d. (4.29)

For i = 1, . . . , d, we recall the scalar Brownian motion W̃ i,t = (W̃ i,t
s )s∈[t,T ] which is given

in (4.14). For any ε ∈ (0,min(x1, . . . , xd)), we define

τ tε := inf{s ≥ t; |W̃ i,t
s | ≥ ε, ∀i = 1, ..., d} (4.30)

with inf ∅ = +∞ by convention. Then, in lieu of (1.7), one can easily check that X̂i,t,xi

t̂∧τt
ε

=

xi + W̃ i,t

t̂∧τt
ε

for any t̂ ∈ [t, T ]. Thus, it follows from the strong Markov property that

−
d∑

i=1

E

[∫ T

t̂∧τt
ε

e−ρs+
∑d

k=1 ckL̂
k,t
s fi(s, X̂

−i,t,x
s )dL̂i,t

s |Ft̂∧τt
ε

]
= ϕ̃

(
t̂ ∧ τ tε , X̂

t,x

t̂∧τt
ε

)
,

where we have used the fact from (3.1) that

ϕ̃(t,x) := −
d∑

i=1

E

[∫ T

t

e−ρs+
∑d

k=1 ckL̂
k,t
s fi(s, X̂

−i,t,x
s )dL̂i,t

s

]
= e−ρtϕ(t,x). (4.31)
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Hence, for all (t,x) ∈ [0, T ]×Rd
+, it holds that

ϕ̃(t,x) = E

[
ϕ̃
(
t̂ ∧ τ tε , X̂

t,x

t̂∧τt
ε

)
−

d∑
i=1

∫ t̂∧τt
ε

t

e−ρs+
∑d

k=1 ckL̂
k,t
s fi(s, X̂

−i,t,x
s )dL̂i,t

s

]
.

It follows from Itô’s formula that

1

t̂− t
E

[
d∑

i=1

∫ t̂∧τt
ε

t

e−ρs+
∑d

k=1 ckL̂
k,t
s fi(s, X̂

−i,t,x
s )dL̂i,t

s

]

=
1

t̂− t
E
[
ϕ̃
(
t̂ ∧ τ tε , X̂

t,x

t̂∧τt
ε

)
− ϕ̃(t,x)

]
=

1

t̂− t
E

[∫ t̂∧τt
ε

t

(∂t + L0)ϕ̃
(
s, X̂t,x

s

)
ds

]

+
1

t̂− t
E

[
d∑

i=1

∫ t̂∧τt
ε

t

(∂xi
ϕ̃+ ciϕ̃)

(
s, X̂t,x

s

)
dL̂i,t

s

]

=
1

t̂− t
E

[∫ t̂∧τt
ε

t

e−ρs(∂t + L0 − ρ)ϕ
(
s, X̂t,x

s

)
ds

]

+
1

t̂− t
E

[
d∑

i=1

∫ t̂∧τt
ε

t

e−ρs(∂xi
ϕ+ ciϕ)

(
s, X̂t,x

s

)
dL̂i,t

s

]
. (4.32)

Then, the DCT yields that

lim
t̂↓t

1

t̂− t
E

[∫ t̂∧τt
ε

t

e−ρs+
∑d

k=1 ckL̂
k,t
s
(
∂t + L0 − ρ

)
ϕ
(
s, X̂t,x

s

)
ds

]
= e−ρt

(
∂t + L0 − ρ

)
ϕ(t,x). (4.33)

Note that L̂i,t
s = 0 on s ∈ [t, t̂∧τ tε ]. By using (4.32) and (4.33) , we obtain that (∂tϕ+L0ϕ−

ρϕ)(t,x) = 0 on (t,x) ∈ [0, T )×Rd
+. Therefore, we deduce that the function ϕ defined by

the probabilistic representation (3.1) satisfies the Robin boundary problem (2.1).
We next prove item (ii). Assume that the Robin boundary problem (2.1) has a

classical solution ϕ satisfying that there exists a constant C > 0 and q ≥ 1 such that
|ϕ(t,x)| ≤ C(1+ |x|q). For n ≥ 1 and t ∈ [0, T ], we introduce the stopping time defined by

τnt,T := inf{s ≥ t; min{X1,t,x1
s , . . . , Xd,t,x2

s } ≥ n} ∧ T.

It follows from Itô’s formula that, for all (t,x) ∈ [0, T ]×Rd
+,

E

[
e

∑d
k=1 ckL̂

k,t
τn
t,T ϕ̃

(
τnt,T , X̂

t,x
τn
t,T

)]
(4.34)

= ϕ̃(t,x) +

d∑
i=1

E

[∫ τn
t,T

t

e
∑d

k=1 ckL̂
k,t
s (∂xi

ϕ̃+ ciϕ̃) (s, X̂
t,x
s )dL̂i,t

s

]

+ E

[∫ τn
t,T

t

e
∑d

k=1 ckL̂
k,t
s
(
∂tϕ̃+ L0ϕ̃

)
(s, X̂t,x

s )ds

]

= e−ρtϕ(t,x) +

d∑
i=1

E

[∫ τn
t,T

t

e−ρs+
∑d

k=1 ckL̂
k,t
s (∂xi

ϕ+ ciϕ) (s, X̂
t,x
s )dL̂i,t

s

]

+ E

[∫ τn
t,T

t

e−ρs+
∑d

k=1 ckL̂
k,t
s
(
∂tϕ+ L0ϕ− ρϕ

)
(s, X̂t,x

s )ds

]

= e−ρtϕ(t,x) +

d∑
i=1

E

[∫ τn
t,T

t

e−ρs+
∑d

k=1 ckL̂
k,t
s fi(s, X̂

−i,t,x
s )dL̂i,t

s

]
.
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Moreover, by using the relationship ϕ̃(t,x) = e−ρtϕ(t,x) from (4.31), the DCT and the
polynomial growth condition of ϕ on [0, T ]×Rd

+, we have

lim
n→∞

E

[
e

∑d
k=1 ckL̂

k,t
τn
t,T ϕ̃

(
τnt,T , X̂

t,x
τn
t,T

)]
= lim

n→∞
E

[
e
−ρτn

t,T+
∑d

k=1 ckL̂
k,t
τn
t,T ϕ

(
τnt,T , X̂

t,x
τn
t,T

)]
= E

[
e−ρT+

∑d
k=1 ckL̂

k,t
T ϕ

(
T, X̂t,x

T

)]
= 0.

Letting n→ ∞ on both sides of the equality (4.34) and using DCT and MCT, we obtain
the probabilistic representation (3.1) of the solution ϕ(t,x), which ends the proof of the
proposition.

Proof of Lemma 3.4. By applying (4.26) in the proof of Lemma 3.2, we have

∂x1xj
ϕ1(t,x) = cj

∫ T

t

e−ρ(s−t)E
[
e
∑d

k=2 ckL̂
k,t
s f1(s, X̂

−1,t,x
s )1s≥τj

xj

]
∂x1

h1(t, s, x1)ds

−
∫ T

t

e−ρ(s−t)E
[
e
∑d

k=2 ckL̂
k,t
s ∂xjf1(s, X̂

−1,t,x
s )1s≤τj

xj

]
∂x1h1(t, s, x1)ds,

1 < j ≤ d;

∂xixj
ϕ1(t,x) = −cicj

∫ T

t

e−ρ(s−t)E
[
e
∑d

k=2 ckL̂
k,t
s f1(s, X̂

−1,t,x
s )1s≥τ i

xi
∨τj

xj

]
h1(t, s, x1)ds

+cj

∫ T

t

e−ρ(s−t)E
[
e
∑d

k=2 ckL̂
k,t
s ∂xif1(s, X̂

−1,t,x
s )1τ i

xi
≥s≥τj

xj

]
h1(t, s, x1)ds

+ci

∫ T

t

e−ρ(s−t)E
[
e
∑d

k=2 ckL̂
k,t
s ∂xj

f1(s, X̂
−1,t,x
s )1τj

xj
≥s≥τ i

xi

]
h1(t, s, x1)ds

−
∫ T

t

e−ρ(s−t)E
[
e
∑d

k=2 ckL̂
k,t
s ∂xixj

f1(s, X̂
−1,t,x
s )1s≤τ i

xi
∧τj

xj

]
h1(t, s, x1)ds,

1 < i < j ≤ d.

In view of (1.7), it holds that, for i = 1, . . . , d,

L̂i,t
s = xi ∨

{
max
`∈[t,s]

(
−µs(`− t)−

m∑
k=1

σsk(W
k,i
` −W k,i

t )

)}
− xi,

=

(
sup

`∈[t,s]

W̃ i,t
` − xi

)+

. (4.35)

Then, it follows from (4.15) and (4.35) that∫ T

t

e−ρ(s−t)E
[
e
∑d

k=2 ckL̂
k,t
s f1(s, X̂

−1,t,x
s )1s≥τj

xj

]
∂x1

h1(t, s, x1)ds

=

∫ T

t

e−ρ(s−t)E

e∑d
k=2 ck

(
sup`∈[t,s] W̃

k,t
` −xk

)+

f1

s,x−1−W̃−1,t
s +

(
sup

`∈[t,s]

W̃−1,t
` −x−1

)+


×1sup`∈[t,s] W̃
j,t
` ≥xj

]
∂x1

h1(t, s, x1)ds

=

∫ T

t

∫ ∞

0

∫ y2

−∞
· · ·
∫ ∞

xj

∫ yj

−∞
· · ·
∫ ∞

0

∫ yd

−∞
e−ρ(s−t)+

∑d
k=2 ck(yk−xk)

×f1(s,x−1 − r−1 + (y−1 − x−1)+)∂x1
h1(t, s, x1)Π

d
k=2φk(t, s, rk, yk)dr2dy2...drddydds.

EJP 29 (2024), paper 200.
Page 23/25

https://www.imstat.org/ejp

https://doi.org/10.1214/24-EJP1260
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Robin boundary problems

In a similar fashion, we can also obtain that

∫ T

t

e−ρ(s−t)E

[
e
∑d

k=2 ckL̂
k,t
s ∂xj

f1(s, X̂
−j,t,x
s )1s≤τj

xj

]
∂x1

h1(t, s, x1)ds

=

∫ T

t

e−ρ(s−t)E

[
e
∑d

k=2 ck

(
sup`∈[t,s] W̃

k,t
` −xk

)+

∂xj
f1

(
s,x−1−W̃−1,t

s +

(
sup

`∈[t,s]

W̃−1,t
` −x−1

)+)
×1sup`∈[t,s] W̃

j,t
` ≤xj

]
∂x1

h1(t, s, x1)ds

=

∫ T

t

∫ ∞

0

∫ y2

−∞
· · ·
∫ xj

0

∫ yj

−∞
· · ·
∫ ∞

0

∫ yd

−∞
e−ρ(s−t)+

∑d
k=2 ck(yk−xk)

× ∂xj
f1(s,x

−1−r−1+(y−1−x−1)+)∂x1
h1(t, s, x1)Π

d
k=2φk(t, s, rk, yk)dr2dy2...drddydds,∫ T

t

e−ρ(s−t)E

[
e
∑d

k=2 ckL̂
k,t
s f1(s, X̂

−1,t,x
s )1s≥τ i

xi
∨τj

xj

]
h1(t, s, x1)ds

=

∫ T

t

e−ρ(s−t)E

[
e
∑d

k=2 ck

(
sup`∈[t,s] W̃

k,t
` −xk

)+

f1

(
s,x−1−W̃−1,t

s +

(
sup

`∈[t,s]

W̃−1,t
` −x−1

)+)
×1sup`∈[t,s] W̃

i,t
` ≥xi, sup`∈[t,s] W̃

j,t
` ≥xj

]
h1(t, s, x1)ds

=

∫ T

t

∫ ∞

0

∫ y2

−∞
· · ·
∫ ∞

xi

∫ yi

−∞
· · ·
∫ ∞

xj

∫ yj

−∞
· · ·
∫ ∞

0

∫ yd

−∞
e−ρ(s−t)+

∑d
k=2 ck(yk−xk)

×f1(s,x−1−r−1+(y−1−x−1)+)h1(t, s, x1)Π
d
k=2φk(t, s, rk, yk)dr2dy2...drddydds.∫ T

t

e−ρ(s−t)E

[
e
∑d

k=2 ckL̂
k,t
s ∂xi

f1(s, X̂
−1,t,x
s )1τ i

xi
≥s≥τj

xj

]
h1(t, s, x1)ds

=

∫ T

t

e−ρ(s−t)E

[
e
∑d

k=2 ck

(
sup`∈[t,s] W̃

k,t
` −xk

)+

∂xi
f1

(
s,x−1−W̃−1,t

s +

(
sup

`∈[t,s]

W̃−1,t
` −x−1

)+)
×1sup`∈[t,s] W̃

i,t
` ≤xi, sup`∈[t,s] W̃

j,t
` ≥xj

]
∂x1

h1(t, s, x1)ds

=

∫ T

t

∫ ∞

0

∫ y2

−∞
· · ·
∫ xi

0

∫ yi

−∞
· · ·
∫ ∞

xj

∫ yj

−∞
· · ·
∫ ∞

0

∫ yd

−∞
e−ρ(s−t)+

∑d
k=2 ck(yk−xk)

×∂xi
f1(s,x

−1 − r−1 + (y−1 − x−1)+)h1(t, s, x1)Π
d
k=2φk(t, s, rk, yk)dr2dy2...drddydds,∫ T

t

e−ρ(s−t)E
[
e
∑d

k=2 ckL̂
k,t
s ∂xj

f1(s, X̂
−1,t,x
s )1τj

xj
≥s≥τ i

xi

]
h1(t, s, x1)ds

=

∫ T

t

∫ ∞

0

∫ y2

−∞
· · ·
∫ ∞

xi

∫ yi

−∞
· · ·
∫ xj

0

∫ yj

−∞
· · ·
∫ ∞

0

∫ yd

−∞
e−ρ(s−t)+

∑d
k=2 ck(yk−xk)

×∂xj
f1(s,x

−1 − r−1 + (y−1 − x−1)+)h1(t, s, x1)Π
d
k=2φk(t, s, rk, yk)dr2dy2...drddydds,∫ T

t

e−ρ(s−t)E
[
e
∑d

k=2 ckL̂
k,t
s ∂xixj

f1(s, X̂
−1,t,x
s )1s≤τ i

xi
∧τj

xj

]
h1(t, s, x1)ds

=

∫ T

t

∫ ∞

0

∫ y2

−∞
· · ·
∫ xi

0

∫ yi

−∞
· · ·
∫ xj

0

∫ yj

−∞
· · ·
∫ ∞

0

∫ yd

−∞
e−ρ(s−t)+

∑d
k=2 ck(yk−xk)

×∂xixj
f1(s,x

−1−r−1+(y−1−x−1)+)h1(t, s, x1)Π
d
k=2φk(t, s, rk, yk)dr2dy2...drddydds.

Thus, the desired result follows from the equality ∂xixj
ϕ(t,x) =

∑d
k=1 ∂xixj

ϕk(t,x).
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