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Abstract

When making route decisions, travelers may engage in a certain degree of reasoning about what
the others will do in the upcoming day, rendering yesterday’s shortest routes less attractive. This
phenomenon was manifested in a recent virtual experiment that mimicked travelers’ repeated
daily trip-making process. Unfortunately, prevailing day-to-day traffic dynamic models failed
to faithfully reproduce the collected flow evolution data therein. To this end, we propose a day-
to-day traffic behavior modeling framework based on the Cognitive Hierarchy theory, in which
travelers with different levels of strategic-reasoning capabilities form their own beliefs about
lower-step travelers’ capabilities when choosing their routes. Two widely-studied day-to-day
models, the Network Tatonnement Process dynamic and the Logit dynamic, are extended into
the framework and studied as examples. Calibration of the virtual experiment is performed
using the extended Network Tatonnement Process dynamic, which fits the experimental data
reasonably well. Our analysis reveals that both extended dynamics exhibit multiple equilibria,
one of which corresponds to the classical user equilibrium. We further analyze and characterize
these non-user-equilibrium states. While analyzing global stability is intractable due to the
presence of multiple equilibria, local stability criteria near equilibria are developed analytically.
General insights on how key parameters affect the stability of user equilibria are unveiled.
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1 Introduction

Wardrop’s first principle characterizes a steady-state User Equilibrium (UE) wherein no driver
can reduce their travel time by unilaterally changing the route. However, due to the ever-
changing nature of a transportation network (e.g., induced by traffic incidents, capacity mod-
ifications, and network structure changes), traffic states may always be in a disequilibrium
state (Kumar and Peeta 2015). To explain how travelers adjust their route-choice behaviors and
predict those out-of-equilibrium states, various day-to-day traffic-network flow models have
been proposed in the literature over the years.

Most day-to-day models, whether continuous or discrete, concentrate on modeling how the
past evolution of traffic flow influences travelers’ route choice behavior today. The differences
among the experienced travel times are the internal driving force that induces the flow change.
For example, a rational behavior adjustment process (RBAP) introduced by Yang and Zhang
(2009) generalizes a flow evolution process wherein the total travel cost today will decrease
based on yesterday’s experienced cost. This framework encompasses numerous day-to-day
models, including the proportional-switch adjustment (Smith 1984), the projected dynamical
system (Nagurney and Zhang 1997), the network tatonnement process (Friesz et al. 1994), the
evolutionary traffic dynamic (Sandholm 2010), and the simplex gravity flow dynamic (Smith
1983). Some studies model travelers’ memory processes by updating the perceived cost through
an exponential moving average of past perceived and actual costs (Horowitz 1984, Cantarella
and Cascetta 1995, Bie and Lo 2010, Xiao, Yang, and Ye 2016, Ye, Xiao, and Yang 2021).

Largely ignored in the existing modeling efforts is the fact that travelers may predict what
other travelers will do in the future (upcoming day). Substantial evidence in psychological stud-
ies demonstrates that when making decisions, people engage in a certain degree of reasoning
about what others will do. This reasoning process is referred to as “theory of mind,” the ability
to understand another person’s mental state (Lo 2017). In a route-choice context, suppose now
a transportation network is in a disequilibrium state, and travelers in the costlier route have
the incentive to switch to the shortest route with the minimum travel time. A traveler may
reason like: “if many travelers choose the shortest route, then I will try to avoid being on that
route”. This phenomenon was somehow manifested in a recent day-to-day virtual experiment
(Ye, Xiao, and Yang 2018), but the models calibrated in that study did not take it into account.

Intuitively, if all travelers acted with perfect rationality, using only yesterday’s complete in-



formation without predicting what others might do today, they would all choose yesterday’s
shortest route. Such behavior would result in permanent flow oscillations between routes. Yet
real-world traffic patterns rarely exhibit such extreme fluctuations, suggesting other behavioral
factors at play. Previous research has addressed this discrepancy through modeling travelers’
inertia — their reluctance to change routes completely from day to day. However, the strategic
prediction of others” route choices remains largely unexplored.

To model the travelers’” prediction behaviors, this paper employs the idea of Cognitive Hi-
erarchy (CH) theory from Camerer, Ho, and Chong (2004), in which travelers form their beliefs
of their opponents using an iterated reasoning process. In the CH theory, the heterogeneous
players differ in their strategic-reasoning levels (i.e., cognitive capacities). Lower-step players
do not carefully think through the whole game. Meanwhile, higher-step players would try
to reap benefits by predicting how these lower-level “careless” players respond to the current
situation. The CH model provided superior explanations in many game-theoretic settings,
including guessing games (Costa-Gomes and Crawford 2006) and extensive-form games (Ho
and Su 2013). It can also explain many phenomena in economics, marketing, and operation
management, including market entry competition (Goldfarb and Xiao 2011), platform compe-
tition (Hossain and Morgan 2013), information disclosure in movie markets (Brown, Camerer,
and Lovallo 2013) and capacity allocation games (Cui and Zhang 2017). It is worth mentioning
that although the idea stemmed from Camerer, Ho, and Chong (2004), our proposed model’s
novelty lies in its dynamic nature. In contrast, most applications of the CH model in the
literature are static one-shot games such as the p-beauty game.

In the literature, two pieces of work have modeled such prediction behavior; see He and
Liu (2012) and He and Peeta (2016). However, both have their limitations. The former work
predicted future congestion only once, with prediction memory gradually vanishing over time.
The latter work focused on the case where all the travelers are homogenous 1-step travelers
who believe others are 0-step travelers making myopic switches based on previous experience.
Moreover, this model uses ordinary differential equations which, despite their tractability
for mathematical analysis, bring challenges in calibrating with real-world discrete daily trip
data. Stability in continuous time may represent weaker results compared to the discrete-time
counterpart (Li, Liu, and Nie 2018). Under certain scenarios, conclusions from continuous- and
discrete-time systems may even contradict each other (Ye, Xiao, and Yang 2021).

In this paper, we establish a general framework of day-to-day network flow dynamics based



on the CH theory to analyze travelers’ repeated routing behaviors. In this framework, travelers
are heterogeneous in their strategic-reasoning capabilities and form their own beliefs about
other travelers’ strategic-reasoning capabilities and actions. We extend two widely-studied
dynamics in the literature into our CH framework: the Network Tatonnement Process (NTP)
dynamic for deterministic UE (DUE) and the Logit dynamic for stochastic UE (SUE). The
two extended models are referred to as CH-NTP and CH-Logit dynamics, respectively. A
previous online virtual experiment in Ye, Xiao, and Yang (2018), which conventional day-to-
day models could not fit, can now be calibrated by our proposed CH-NTP dynamic reasonably
well. Moreover, the two models predict that strategic-reasoning behaviors would lead the
system to multiple equilibria, one of which being the classical UE. We formally characterize
these equilibria and show that those which differ from UE emerge when travelers excessively
anticipate others’ behaviors. Jacobian matrices at the equilibrium points are derived and
used to form analytical criteria on local stability around UE. Theoretical results and numerical
experiments unveiled several insights into how key parameters affect the local stability.

The rest of the paper is organized as follows. The following section describes the general
modeling framework. The CH-NTP dynamic is presented in Section 3 as the DUE example of
the framework. Calibration of the real-world experiment with CH-NTP dynamic is furnished
in Section 4. As the SUE example, the CH-Logit dynamic is presented in Section 6. Conclusions

are drawn in Section 7 with discussions on future research directions.

2 Modeling Framework

2.1 Setups

We consider a strongly-connected transportation network G(N, L, W) consisting of a set N of
nodes, a set L of links, and a set W of origin—destination (OD) pairs. Each OD pair, w € W,
has a travel demand of d,, and is connected by a set R, of routes. Travelers in the network are
categorized into a set K (with |K| denoting the cardinality) of classes (steps) by their cognitive-
capacity levels. (Throughout this paper, the terms “class” and “step” are used interchangeably.)
We assume for simplicity that the proportion of k-step travelers, p* (k € K and Zlezlo_ ! pk=1),
is the same across all the OD pairs. This assumption allows us to write the scaled feasible route
flow set of k-step travelers as (), = {x¥|Tx* = p*d, x* > 0}, where x* = (xX, 7 € Ry, w € W)T

is the route flow vector (pattern) of class k € K, d = (dy,, w € W)T is the OD demand vector and T’



is an OD-route incidence matrix indicating if a route belongs to an OD pair. The superscript “T”
represents the transpose operation. With a little abuse of notation, we denote Q,, as the feasible
route flow set with scaled OD demand nd, n € (0, 1]. Denote ¢, (x) as the actual travel time of
router € Ry, w € W, under any route flow pattern x € (1, and c(x) = (crw(x),7 € Ry, w € W)T.

Assume that ¢(x) is continuous in x.

2.2 Flow update rules

On day t, the route flow pattern of k-step is denoted as x**), and the aggregate observed route
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flow pattern =3 xk), Throughout the paper, we use the notation above a variable
to denote the aggregation of route flows across all classes, resulting in a total flow pattern. By
observing " (or receiving it from the advanced traveler information system), a k-step traveler
before trip will predict the route flow pattern on (t +1)-th day as per her cognitive capacity level
(see subsequent Section 2.3). The predicted route flow pattern and its corresponding travel cost

pattern are denoted as ***) and ¢(r*(t*1), respectively. With x**) and ¢(r***1), the flow

pattern of k-step travelers on the next day t + 1 can be updated as:
A1) Hka [xk,(t)lc(nk,(tﬂ));a/ C] _ ay[xk,(t)/c(,nk,(tﬂ));c] + (1= a)h®, (1)

where y represents the “target” flow pattern in (), determined by a specific day-to-day dy-
namical model parameterized by C, and a € (0, 1] is a parameter that reflects travelers’ inertia
or reluctance to change. Note that the predicted flow pattern for any k, kD) g always in ().

Eq. (1) describes a general day-to-day adjustment process in which travelers partially adjust
their route choices toward a target flow pattern y based on current predicted costs, with
a controlling the extent of this adjustment (larger a indicates smaller inertia). This convex
combination structure provides a memory and learning process by weighing current decisions
against previous ones, a form widely adopted in day-to-day models (Friesz et al. 1994, He, Guo,
and Liu 2010, Han and Du 2012, Guo et al. 2015) to represent the learning and adapting process
before reaching a steady state (Wu, Yin, and Lynch 2024). Through instantiating different
target flow patterns, we can derive many traditional day-to-day models in the literature from
this general formulation.

While Eq. (1) provides a standard form of memory and learning process, we deliberately

omit the more complex memory effects presented in previous day-to-day models (Horowitz



1984, Cantarella and Cascetta 1995, Bie and Lo 2010, Xiao, Yang, and Ye 2016, Ye, Xiao, and
Yang 2021). These studies represent another line of research that explicitly models the updates
of travelers’ perceptions of travel costs and the resulting route choices (Wu, Yin, and Lynch
2024). Our decision to implement the memory and learning mechanism in Eq. (1) rather
than the more complex memory process is based on the following considerations: (i) it aligns
with our empirical findings from experimental data (Ye, Xiao, and Yang 2018) analyzed in
Section 4 where incorporating the complex memory process showed minimal improvements in
explanatory power; (ii) it helps distinguish the effects of strategic prediction from those of more
complicated memory effect; and (iii) it maintains analytical tractability while still capturing
important behavioral insights, including the emergence of multiple equilibria (Section 3) and
substantially improved goodness-of-fit to experimental data (Section 4.2).

By describing the dynamic in such a general way, most day-to-day models in the literature
can be applied to the framework. For example, the day-to-day models satisfying the RBAP

property (Yang and Zhang 2009) can be applied, i.e., any y[-] satisfying:

e Wk whit) £ ¢
y[xk,(t), C(nk,(t+l)),, C] ) )
= k) k) Z g

where Wk () = {y|y € Qi yTe(n* V) < (xk'(t))Tc(nk'(t“))} is the feasible route flow set of
k-step for which the k-step travelers’ total travel costs based on the predicted costs decreases.
This dynamic process describes how, at each time step ¢, the current path flow pattern of
k-step travelers, x*(), evolves toward a target flow pattern y that reduces the total travel cost
of the k-step travelers based on their predicted cost ¢(r*(*1). If such a cost-reducing flow y
does not exist (i.e., wk(t) g empty), the flow remains unchanged. This formulation defines the
evolution direction from x*(*) as a set rather than a single point, allowing it to encompass many
day-to-day models as special cases.

Moreover, applications of the framework are not confined to deterministic day-to-day mod-
els; i.e., the y[-] can also be in a stochastic sense. For example, Logit-based stochastic day-to-day
models contained in the “SUE version” of the RBAP framework (Xiao et al. 2019) can be adopted.

In this paper, we study two typical examples for the DUE and SUE, respectively.



2.3 Cognitive hierarchy levels

We now use the CH theory to model how travelers with different cognitive capacities form
their beliefs on the next day’s flow pattern. To start, 0-step travelers do not think strategically

at all. They deem that the flow pattern of day ¢ will remain unchanged on day ¢ + 1:
7.(0,(1’+1) — %(t) (3)

Here, " represents the aggregate observed route flow pattern on day t, which is the sum
of route flows across all the classes. In a CH model for the one-shot games, O-step players
were assumed to either randomize equally across all strategies or choose a salient strategy
using ex-ante information (Camerer, Ho, and Chong 2004). Here, we adopt the latter idea
by modeling 0-step travelers using conventional day-to-day models without prediction. This
approach offers two advantages: it incorporates conventional day-to-day models as special
cases (when p® = 1) and provides a tractable, interpretable baseline for higher-level travelers to
build their predictions upon.

As per the CH theory (Camerer, Ho, and Chong 2004), the k(k > 1)-step travelers try to take
advantage by predicting how lower-step players respond to the current flow pattern. However,
they are overconfident and do not realize others are using exactly as many thinking steps as

they are. Denote g Ii‘ = as k-step travelers” belief about the normalized proportion of

Ph
S v
h-step travelers and q]’z = 0 for Vh > k. As consistent with the CH theory, such a setting
means that travelers do not know the exact distribution of lower-step travelers — they only
confidently assume the normalized distribution. For practical implementation, modelers can
treat these strategic level proportions (p*) as parameters to be calibrated alongside other model
parameters. The calibration can be performed by minimizing the root mean squared error
(RMSE) between predicted and observed flow patterns across multiple days. We demonstrate

this approach in Section 4.2.

Based on the above idea, a 1-step traveler thinks that all the others are 0-step travelers, i.e.,

q? = Z—g = 1. Her predicted flow on day ¢ + 1 is thus formed by looking one step ahead:

A Ho, [q?i(t),c(no,(nl));&,é] - Ho, [;C(t)lc(%(t));@, z] )
1

where & € (0,1) and C are the predicted coefficients in travelers’ minds.



With this predicted flow pattern, the 1-step travelers will switch the route choice, and the

resultant flow pattern becomes:
D = Hg | [xl,u),c(nl,(m)); a,C] = Ha, [xl,(t),C(Hol [,;(t)/ ( <t)) C]) a, C] ®)

2-step travelers will jointly predict both 0-step and 1-step travelers’ responses. The normal-

ized proportion of these two types are qg = pO’fpl and ‘72 f:pl , respectively. They anticipate
that the flow pattern of the next day will be:
a2+ [’1(2) ® ¢ ( 0, (t+1)) é] +Ha, [q% t) ( 1,(t+1)); a é] ©)

Here we assume that the travelers of k-step (k > 1) share the same predicted parameters,
&, and é This assumption allows us to qualitatively model whether the higher-step travelers
over- or under-predict lower-step travelers” behaviors. It also keeps our model parsimonious.
Despite this simple treatment, as we will see in the subsequent Section 4, the model still captures
the virtual-experiment data quite well, even when we further set @ = a and (=

Based on *(**1), the 2-step travelers update their route choices as follows:

K21 Ha, [x2,(t)/ c(nz,(m));a’ C]

(),C(HQ [qo ®, ( O'(t“));&,i] +Ho, [qlx(” ( 1’(”1));&,3]);0(,4.
)

=H
sz

The rest types of travelers (k > 2) can be done in a recursive manner as follows:

o+ Z He, .\ [qli(z 0 ( h,(t+1))];é~(, &1;

0<h<k (8)
Aot — Hka [xk,(t), C(nk,(t+1));a’ C]-

Substantial experiments in the behavioral game theory found that the average thinking step
across all the players lies between 1 and 2 (Camerer, Ho, and Chong 2004, Chong, Ho, and
Camerer 2016). Hence, the rest of this paper focuses on the case where |K| < 3. Note that
these experiments were designed for one-shot games with few subjects (atomic players), unlike
our dynamic setting with many non-atomic participants. It is also worth mentioning that the

methodology in this paper can also be applied to cases where |K| > 3.



2.4 Justifications and interpretations of applying the strategic thinking into the
day-to-day traffic dynamics

Strategic thinking behavior is the core component of our proposed modeling framework. Stem-
ming from the CH theory (Camerer, Ho, and Chong 2004), we model heterogeneous travel-
ers with different strategic-reasoning capabilities. Higher-level travelers predict the actions
of lower-level travelers but assume no one else possesses their level of sophistication. This
fundamental premise has been successfully applied in various domains such as platform com-
petition markets (Hossain and Morgan 2013), information disclosure in movie markets (Brown,
Camerer, and Lovallo 2013), and capacity allocation games in operations management (Cui and
Zhang 2017). We preserve this essential CH mechanism while adapting it to the non-atomic,

dynamic day-to-day traffic setting.

2.4.1 Justifications for strategic thinking

We offer four reasons for incorporating strategic thinking into day-to-day traffic dynamics:

1. Our virtual experiment (which we will discuss in detail in Section 4) revealed an inter-
esting phenomenon: during the early stages of the experiment, participants sometimes chose
yesterday’s second-shortest route over the shortest route. This phenomenon contradicts con-
ventional day-to-day models, which would predict travelers gravitating toward the shortest
path. Instead, this phenomenon suggests strategic thinking: participants anticipated that oth-
ers would choose yesterday’s shortest route and deliberately avoided it to escape potential
congestion. Moreover, interviews with a subset of the 268 participants revealed that more than
one-third described using such strategic route evaluations in their decision-making process.

2. Regarding model calibration for our experiment, we conducted ablation studies that
removed higher-level strategic thinking (k > 1) and treated all travelers as O-step players (as
in conventional day-to-day models). The calibrated results consistently failed to reproduce the
experimental data. This failure is shared by all the five conventional day-to-day models exam-
ined in Ye, Xiao, and Yang (2018). Such consistent failure across multiple models demonstrates
the necessity of incorporating strategic thinking.

3. In addition to our experiment, Selten et al. (2007)’s comprehensive 200-period route
choice experiments also demonstrated that participants explicitly engage in strategic prediction

of others” choices. The authors identified a “contrary” response mode where participants



switch routes after experiencing good outcomes because they anticipated that others would be
attracted to those routes in subsequent periods. Similar prediction behavior was also clearly
documented in a more recent experiment conducted by Liu et al. (2020).

4. Beyond laboratory experiments, He and Liu (2012) analyzed real-world citywide detector
data following the I-35W Bridge collapse in Minneapolis, Minnesota. The authors found
that drivers made route choices based on predicted traffic flow patterns rather than merely
reacting to experienced congestion. Notably, even immediately after the disruption, when
drivers had not yet experienced the new traffic conditions, they already adjusted their routes
by anticipating potential congestion on what would typically be considered shortest paths.
This real-world evidence demonstrates that strategic thinking in route choice extends beyond

laboratory settings to actual travel behavior.

2.4.2 Model interpretations

Following the CH theory, travelers form beliefs about the distribution of lower-level types us-
ing normalized proportions g ]’z rather than exact population distributions. We interpret the
normalized proportions as a simplified heuristic representing the “strength” of underlying
cognitive processes travelers use to anticipate others’ behavior. These normalized proportions
captures whether prediction tendencies are relatively stronger or weaker within the popula-
tion. They might be viewed as aggregate beliefs held by a class of travelers, rather than exact
knowledge possessed by individuals. Furthermore, our day-to-day model operates at a macro-
scopic level with non-atomic users. At this aggregate level, the proportions can be viewed as
emergent properties arising from collective behavior. Finally, our modeling framework aligns
with the “theory of mind” concept from cognitive psychology — the ability to attribute mental
states and intentions to others (Lo 2017). In our transportation context, the strategic levels and

associated beliefs represent a manifestation of travelers’ theory of mind about other road users.

2.4.3 Practical relevance

Our modeling framework may also be used to characterize the strategic thinking behaviors
of major decision-making entities that each control a portion of traffic flow. In this context,
the flow distribution vector of one class can be viewed as a decision of one large entity. This
approach has particular relevance in modern transportation networks where route choices

are increasingly determined by sophisticated navigation systems and centralized management
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centers operating at different levels of strategic sophistication:

Basic reactive systems (k = 0): Simple navigation apps and individual drivers react to
current traffic conditions without strategic anticipation.

Predictive navigation platforms (k = 1): Advanced navigation services like Google Maps
provide route recommendations based not only on current traffic conditions but also on predic-
tive models of future traffic states (Lau 2020). Since recommending the current faster routes to
too many users may create new congestion on these routes (Sun et al. 2020), navigation services
might adopt a strategic approach. They anticipate the actions of other road users and potential
congestion points. Based on these predictions, they recommend shorter routes for their users.
Anecdotal evidence from online forums suggests the navigation app Waze may already im-
plement such predictive traffic distribution algorithms to distribute traffic and reduce overall
network congestion (Waze-user 2024, 2025). While such observations are not conclusive, they
suggest that principles similar to strategic prediction may already operate in real-world naviga-
tion systems. Similarly, Gaode Maps (from China) has reported implementing what they refer
to as “traffic load-balancing” when planning routes, which distributes traffic across multiple
paths to prevent congestion on any single route (Gaode-Map 2020).

Strategic traffic management (k = 2 or above): Advanced traffic management centers and
mobility service providers may attempt to optimize overall traffic flow by considering multiple
levels of interaction between different traveler groups. Their decisions may require anticipating

the responses of these groups and adjusting traffic control measures accordingly.

3 CH-NTP Dynamic

The previous section describes the idea using a general day-to-day operator H|-]. This section
specifies H[-] as the particular NTP dynamic that admits DUE as a fixed point. The NTP
dynamic’s behavioral explanation is identical to a link-based day-to-day model proposed in
He, Guo, and Liu (2010): travelers seek to minimize their travel costs while exerting some
efforts (or incurring costs) to deviate from incumbent routes. In addition, the NTP dynamic
has a unified closed-form formula with the projected dynamical system when route flows only
evolve in the interior of the feasible route flow set (Nagurney and Zhang 1997, Guo et al. 2015,
Xiao, Yang, and Ye 2016).

11



In a discrete version, for every k-step traveler, the CH-NTP dynamic reads
D) k() a(Pka [xk,(t) _ yc(nk,(tﬂ))] _ xk,(t)), keKk, )

where Pg, [z] is the projection operator that solves the optimization arg minhqu ||h -z ||2. The
Cin Eq. (1) is now replaced by y (> 0), which captures the costs incurred by deviations from the
incumbent routes. With a larger y, travelers have smaller inertia and are prone to switching.

As per Section 2.3, the predicted flow pattern of each class k € {0, 1,2} is given by:

nOt+D) — 70 (10)
mH 04 = G, |70 - e(r0040) | + (1 - )R, (11)

>t = 4pg | [qgi(t) - 770(710'(”1))] + &qul [q%ic(t) - 7’)0(7’(1'(”1))] +(1- &)z, (12)
2

where the predicted parameter Cin Egs. (4) and (6) is replaced by y(> 0). Egs. (10)-(12) indicate
that for each k, t*(**1) is a function of 0,
The following lemma introduces a fundamental property of the projection operator, which

will be useful in the following analyses.

Lemma 1. (Facchinei and Pang 2007). Let C be a nonempty and closed convex subset of R". Then for
any z € R" and w € C,

(Pclz] - z)"(w - Pc[z]) > 0. (13)

Moreover, Pc|z] is the only point in C satisfying the above relation.

3.1 Mixed prediction-based equilibria

Fixed points of the dynamical system in Egs. (9)-(12) are termed as mixed prediction-based

equilibria (MPE) and they are characterized in the following proposition.

Proposition 1. When the route cost function c(x) is continuous, the dynamical system in Eqs. (9)-(12)
admits at least one MPE (i.e., one fixed point). Moreover, a vector x® = (x*9,x%9 € Qu, k=0,1, 2)"
is an MPE if and only if the following variational inequality (VI) holds:
T
c(Tck'(> (%0)) (xk - xk’o) >0,Vx = (xo,xl,xZ)T € Q &

p 7
k=0,1,2 k=0,1,2

(14)

where T is a function of the aggregate flow pattern ¥° = ¥, x*, given by (10)-(12).
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Proof. Continuity of the RHS of the dynamical system in Egs. (9)-(12) is guaranteed by the
continuity of both the projection operator (Penot 2005) and the route cost function. According
to Brouwer’s Fixed Point Theorem, at least one fixed point exists for the dynamical system.
Any fixed point of dynamical system in Egs. (9)-(12), denoted as x°® = (20, xk0 € Qpk, k=
0,1,2)T, must satisfy:
Xk = Pka [xk'° - yc(nk'°(3~c°))],Vk, (15)

where 1¥¢ is the predicted flow pattern under ¥° = Y, x*°, as defined by Egs. (10)-(12). We
can interpret x¥9 — y¢(n*?) as z and Q,r as C in Lemma 1, which allows us to rewrite Eq. (15)

as:

yc(nk'° (a"co))T(xk - xk'o) >0,Vxk e Qx, Vk. (16)

These inequalities take the form of VIs. We can combine them because sets ka(k € K) are

mutually disjoint (Kinderlehrer and Stampacchia 2000). O
We next define a |K|-class DUE in Definition 1 (see also in Nagurney 2000, and Zhou, Xu,

and Meng 2020) and show that it is one of the MPE in Proposition 2.

Definition 1. (Nagurney 2000, Zhou, Xu, and Meng 2020) A route flow pattern x* = (x*, x** €
Qi k € K)T is said to be a |K|-class DUE if the following VI holds:

>k T(xk - xk'*) >0,vx= (5 ke K e[| (17)
kekK keK

where ¥ = Y, x** and ¢*(¥*) is the experienced route cost vector of class k.

Note that the aggregate flow X" equals the classical DUE of a single class in the normal
sense. The superscript k can also be dropped from c*(#*) because all the travelers have the
same experience on each route. In the remainder of the paper, the prefix “|K|-class” will be

omitted if the context allows.

Proposition 2. A |K|(= 3)-class DUE in Definition 1 is an MPE of the dynamical system in Egs. (9)-

(12), but not vice versa.

Proof. We prove the sufficiency, and the necessity can be easily negated by a counter-example,

as will be demonstrated in Section 3.3.2).
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Atthe DUE, Eq. (10) indicates that n’* equals the aggregate flow pattern, ¥*. Itis well-known

that the classical single-class DUE X" € () satisfies the following VI:
c() (x —%) >0,Vx € Q. (18)

We multiply Eq. (18) by —7. We then add (¥*)"(x — ¥*) to both sides and rearrange the terms.
This yields:
& - (F - @) (x —%) 2 0,Vx € Qy, (19)

which, by Lemma 1, implies that:

% = Po, [ — Pe(®)]. (20)

*

Hence, according to Eq. (11), at the DUE, the predicted flow pattern of class-1 player, ' = ¥".

In fact, for any scaling factor n > 0 and y > 0,

2
Pq, [n¥ - Pe(¥)] = arg min”y -nx+ )')c(fc*)Hz = arg min

Y _ o, Ve
= —-X+ =c(¥)
n

yeQy yel)y,
» 2
=nargmin|ly — X" + =c(¥")|| =nx". (21)
yEQl n

In Eq. (21), the first equality applies the definition of projection. The second equality occurs
because dividing the objective by a constant 1 does not affect the optimal solution. The third
equality holds because the optimization problem commutes with scaling of the demand (1)
due to the linear structure of (2. The fourth equality follows from Eq. (20).

Applying Eq. (21) to the definition of the 2-step travelers’ predicted cost in Eq. (12), we
obtain that the predicted flow pattern of class-2 player, m>* = ¥".

Summarizing the above, the predicted flow patterns of all the three classes at DUE are

exactly ¥*, and thus Eq. (14) becomes Eq. (17). O

3.2 Local stability

The MPE’s non-uniqueness makes global stability analysis difficult, if not impossible, because
we cannot construct a global convex Lyapunov function that decreases as time passes. We
therefore focus on analyzing its local stability. The definitions and theorems regarding local

stability used in this paper are relegated to the Appendix A. In this subsection, we first give
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the Jacobian of the CH-NTP dynamic at the MPE and then analyze the stability near the DUE.

3.2.1 Jacobian matrix
The following lemma describes the property of the Jacobian matrix of a projection operator.

Lemma 2. For a projection of a vector z onto Q, = {x|I'x = nd, x > 0}, its Jacobian is a diagonal block

matrix:
Qu=1[z1] 0
0 Qu=wi [ zw]
with each block element Qq[zy] being Diag(1y,) — %, where 1, is an indicator vector of size

|Rw| whose r-th entry is 1 if r € E(zy) and 0 otherwise. E(zy) is the set of routes on w that
exhibit positive flow after applying the operator onto QO = {x|Twx = ndy,x > 0}, where Ty is the
OD-incidence matrix of OD pair w. Each Qu[zw] is positive semidefinite (PSD) whose eigenvalues
are either 0 or 1. It is also idempotent; i.e., (Quwl[zw])" = Qulzw],Vn € N = {1,2,...},Vw.
Rank(Qulzw]) = tr(Qulzw]) = |E(zw)| — 1. It has a repeated eigenvalue 1 with an algebraic and
geometric multiplicity of both |E(zy)| — 1. Rank(Qw([zw] —I) = |Rw| — |E(zw)| + 1.

If the projected vector lies in the interior of Q¥ ,Vw (i.e., all the route flows after projection are

positive), Q[z] degrades to Q with each block of OD pair w being Qu = Diag(1,) — ll}‘élfi’ where 1y, is
an all-one vector of size |Ry|.
Proof. Please see Appendix B. O

Remark 1. The algebraic and geometric multiplicities of Q[z] in Lemma 2 are used to identify the local
stability (instead of local asymptotic stability) when the Jacobian matrix has eigenvalue(s) of 1; see the

requirement of the Jordan block of order 1 in condition (ii) of Theorem A.1.

With Lemma 2 established, we can now derive the Jacobian matrix for the CH-NTP dynamic

and utilize it to analyze local stability at any MPE by examining its eigenvalues.

Fact 1. The Jacobian matrix for the CH-NTP dynamic with |K| = 3 is a 3-by-3 block matrix:

JPoo JPoax JPop2
JP=1JP1o JPi1 JPi2|- (23)

JP2o JP21 JP2p
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where each block JP; ; is defined as follows.

JPoo =aQo-(I-yDg)+(1—-a)l,

JPo,jx0 = @Qq - (= Do),

JP11=aQq- (1 - )/(D1 @@y (I -9Dg) +(1- &)1))) +(1-a),

JPy,j#1 = @Qq - (—V(Dl (aQY - (I1-9Dg) +(1 - &)1))),

Pys = aQ; (1 —yD, [a@gwgf —$D%) + (1 - &)l + &Q;(qy — &PDy (&Q(l)([ —$Dg) + (1 - a)l))]) +(1-a)l,

JP2 j2 = aQs(~yDa[@Q3(q31 - 7D0) + (1 - &)1 + 4QY (31 - 27D (@091 - Do) + (1 - 1) ) |),

where Dy = D [nk'(”l)] representing the Jacobian of the route cost functions evaluated at ©*\+1;

Qk=0Q [xk'(t) - yc(nk'(”l))]; I the identity matrix of size Y, |Rw|; Q? =Q [q(l)fc(t) - )?C(T(O'(t“))];
A=Q [qgic(t) - fc(no'(t”))]; and Q) = Q [q%i(” - ﬁc(rclf(t“))].

Proof. The derivation is relegated to Appendix C. m|

As stated in Section 3.1, the strategic-reasoning behavior causes the original NTP dynamic
to have multiple MPE, including those non-DUE ones. Local stability regarding all the MPE

can be analyzed by the Jacobian in Fact 1.

3.2.2 Stability around the DUE

We are particularly interested in how the travelers’ prediction behaviors would affect the
stability near the DUE. Numerically, it is always tractable to calculate JP’s eigenvalues at the
DUE and check its local stability. However, general analytical insights on the parametric space
may rely on certain assumptions. Recognizing this, we assume that as the day-to-day process
evolves, the projection always yields a positive flow on each route. Under this assumption, the
NTP dynamic reduces to a closed-form expression (Sandholm 2010, Xiao, Yang, and Ye 2016).
The o and y (and & and ) can be simply combined (specifically, multiplied) to represent the
sensitivity to the cost difference between two routes; see Appendix A in Xiao, Yang, and Ye
(2016). We can therefore fix @« = @ = 1 and vary y and 7 while the behavioral explanation is
not compromised.

We divide the discussion into two parts: (i) when higher-step travelers can exactly predict
lower-step travelers’ switching tendency, i.e., 7 = y; and (ii) when the prediction is inaccurate,

i.e., 7 # . The following assumption is made on the route cost function.
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Assumption 1. The Jacobian of the route cost function c(x) w.r.t. route flow pattern x € )y, denoted

by D[x], is symmetric and positive semidefinite.

A widely-adopted case of Assumption 1 is when link travel time functions are separable,
differentiable, increasing, and additive (i.e., the route travel time is equal to the sum of travel

time on all links that constitute the route).

3.2.2.1 Perfect prediction y =y

Proposition 3. For a dynamical system with Egs. (9)-(12) featuring any |K| € {1, 2, 3}, if the projection
operator can always generate positive flow on each route (hence & and « can be set to 1) and y = y, its
DUE under Assumption 1 is locally stable if all the moduli of the eigenvalues of matrix Q(I — yD.) are
less than 1, where D. is the Jacobian of the route cost function evaluated at the aggregate DUE, X*, and

Q is defined in Lemma 2.
Proof. Please see Appendix D. m|

Remark 2. Proposition 3 shows that conditions for ensuring local stability near the DUE are equivalent
forany |K| € {1,2,3} when y = y. In other words, thinking multiple steps ahead does not affect the local
stability at the DUE when higher-step travelers can exactly predict lower-step ones’ switching behavior.
Moreouver, the stability is independent of the distribution of heterogeneous travelers.

The key distinction between models with different |K| values appears in their response to instability.
Our numerical experiments show that when instability occurs with |K| = 1, the system tends to
permanently oscillate near the DUE, repeatedly crossing this equilibrium point. Conversely, systems

with |K| > 2 are more likely to evolve toward and remain at an MPE that differs from the DUE.

The following lemma describes the property of the stability criterion used in Proposition 3,
Q[z](I — yD[x]), by relating it to the PSD matrix Q[z]D[x], where Q[z] and D[x] are not

necessarily equal to Q and D., respectively.

Lemma 3. Under Assumption 1, for any given z and x, denote u; as Q[z]D[x]’s i-th eigenvalue and
pi = 0,Vi. The corresponding eigenvalue of Q[z](I — yD[x]) is 1 — yu; if u; # 0. Therefore, as y
increases from 0 to oo, the modulus of the i-th eigenvalue of Q[z](I —yD[x]), |1 =y u;|, will first decrease

2
max; (i

from 1 to 0 and then increase to co. As a result, there exists a y = such that when y < y, the

maximum modulus max; |1 — yu;| < 1 and that when y > y, max; |1 — yu;| > 1.

Proof. Please see Appendix E. o

17



Remark 3. To provide realistic context for our stability conditions, note that the critical threshold

= 2

7= macm reflects the network’s inherent properties, specifically how steeply costs increase with traffic

flow. Networks with steeper cost functions have larger eigenvalues u; of QD., resulting in a smaller 7
and making them naturally more prone to instability. The parameter y represents travelers’ sensitivity
to cost differences between routes. When y < y, the system maintains stability at equilibrium, while

larger values of y may lead to oscillatory traffic patterns as travelers rapidly shift between routes.

3.2.2.2 Imperfect prediction when |K| =2

The consistency of stability conditions under different |K| breaks down when 7 # y. We first
turn to analyze a simple toy network to get some intuitions. Consider an OD pair served by
two routes with |K| = 2. According to Proposition 2, at the DUE, n%(*1) = r1+1) and thus the
Jacobians of route cost function D; = Dy = D.. Withoutloss of generality, we assume D, = [ b }C’ ]
with a,b,c > 0and ac — b* > 0 (positive semidefiniteness in Assumption 1). Using the similar
derivation in Proposition 3, we can obtain that JP with |K| = 2 has four eigenvalues 0, 0, 1 and
1yP(a—2b+c)?> - y(a—2b +c) + 1, with the last one being denoted as f(a —2b + ¢; , ). Note
that the stability only depends on f(a —2b +c;y, ) and that a — 2b + ¢ > 0 because ac — b2 > 0.
We refer to stable/unstable region as region of y and 7 that makes the DUE stable/unstable
(i.e., whether f(a —2b +c;y,7) € (-1,1) holds or not).

The following observations can be made:
e Wheny =y,-1< f(a—2b+c;y,7) < 1simplifiestoa —2b + ¢ < %.

e When y > y, the stable region is still a — 2b + ¢ < %. Compared to the case of y = y, the

size of the stable region is shrunk.

e When % < § <y, the minimum point of f(a—2b+c;y,9),1- %, is always > —1. Since the

zero points of f(a —2b +c;y,7) = 1 are 0 and %, respectively, the stable region becomes

4

a-2b+c< =
7

. Compared to the case of 7 = y, the size of the stable region expands

because y < .

e When $ < L, f(a —2b +¢;y,9) = —1 will have two zero points. The stable region is

. . A~ 227
separated. One region ranges from 0 to the first zero point, 2j — %, and the other

24y (y=29)

ranges from the second zero point, 2y + ——5 ./ to %. The combined size of these two

. . 44/ -2y
regions 1s i - M

3 S By the inequality of arithmetic and geometric means and after
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44y (y-29) S

algebraic simplification, we can see that % - =3 >

%. Hence, the total size of the

two separated regions is increased.

The above discussion shows that when higher-step travelers over-predict lower-step ones’
switching tendency, the stability condition is more restricted. In contrast, a “mild” under-
prediction helps relax the stability condition.

Although these findings emerge from a simple two-route network analysis, they generalize

to arbitrary networks. This generalization is formally established in the following proposition.

Proposition 4. Consider a dynamical system with Egs. (9)-(11) with |K| = 2 where the projection can
always generate positive flow on each route (hence & and a can be set to 1). Denote p; as QD.’s i-th

eigenvalue and B; > 0,Vi. The DUE is locally stable if and only if|y;?ﬁf -2yBi + 1| <1,Vi.
Proof. Please see Appendix F. m|

Remark 4. Solving |y)'),812 —2yBi + 1| < 1 for the quadratic function of B; with parameters y and
generates the same conclusion on how over- and under-predictions affect stability as the simple two-

route-network example.

2
max; i

Moreover, when 7y is greater than y = defined in Lemma 3, max; p; > % Since the right root
of yy?[g’f =2yBi+1=1is %, the quadratic equation is always greater than 1 when ¥ > y and thus the

system with |K| = 2 is always unstable, regardless of .

3.3 Analyses of non-DUE MPE (MPE that are not corresponding to DUE)

This section analyzes the properties and implications of MPE that do not correspond to DUE.
Section 3.3.1 characterizes a fundamental property of non-DUE MPE that each traveler class
must abandon at least one route due to strategic anticipation of congestion. This property
suggests that non-DUE MPE are more likely to emerge when travelers extensively anticipate
others” behaviors. We confirm this hypothesis in Section 3.3.2 through numerical experiments.

Section 3.3.3 examines the total network cost implications of these equilibria.

3.3.1 Characterization of non-DUE MPE

Proposition 5. Consider the CH-NTP dynamic of Egs. (9)-(11) with |K| = 2. At any non-DUE MPE,

denoted as xt = (xkt, xkt ¢ Qi k =0, 1)T, each traveler class has at least one unused route j(k)

where x]’.((’;) = 0, despite the original DUE admitting strictly positive flow on each route.
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Proof. Please see Appendix G. m|

Remark 5. Intuitively, this abandonment stems from travelers” extensive prediction capabilities: higher-
step travelers avoid seemingly costless routes due to their reasoning that these routes would become
congested through widespread adoption by lower-step travelers; this creates a strategic redistribution
where higher-step travelers select longer routes to avoid predicted congestion. These patterns become
self-reinforcing once established: persistent over-predictions of lower-step travelers’ responses confines

higher-step travelers to some routes, even as actual costs remain elevated on these chosen routes.

3.3.2 When non-DUE MPE emerge?

From the analysis in Remark 5, we expect non-DUE MPE to emerge only when 7 exceeds
a certain threshold. This is confirmed through numerical experiments on a parallel three-
route network from Wang, Guo, and Huang (2021), using CH-NTP dynamics with |K| = 2,
p® =p! =0.5and & = @ = 1. (We have conducted additional tests across numerous parameter
configurations, and the general patterns and conclusions remain consistent.)

Figures 1a-d depict the evolution trajectories of aggregate route flows from different initial
points under increasing 7 values. Figure 1a shows that with a small 7(0.8), all initial points
converge to the DUE. However, as 7 increases to 1.3, 1.8, and 2.5 (Figures 1b-d), multiple non-
DUE MPE emerge, and the probability of evolution toward these non-DUE MPE increases. At

y = 2.5, all trajectories evolve exclusively toward non-DUE MPE.

3.3.3 Total network cost at non-DUE MPE

When the system settles at a non-DUE MPE, does it result in higher or lower total network costs
compared to DUE? The answer proves to be nuanced and depends critically on the network
parameters. This complexity becomes evident even in the perhaps simplest case of a two-route

parallel network with linear cost functions.

Example 1. Consider the CH-NTP dynamic with Egs. (9)-(11) with |K| = 2 in a two-parallel-route
network with linear cost functions c1(¥1) = a1%1 + by and cp(X2) = a X, + by. At the DUE, both routes
exhibit positive aggregate flows. There exist two non-DUE MPE: one is x* = (x?’Jr, xg’Jr, x%’*, x%’*) =
(pod, 0,0, pld)T, and the other is x* = (0, pod, pld, 0)T. The non-DUE MPE produces lower total costs

than DUE when either:

(i) The dynamic finally settles at x* = (p°d, 0,0, p'd)T, by < by and p° € ( = bz_b”‘”d); or

ay+az’ (al +a2)d
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(ii) The dynamic finally settles at x* = (0, p°d, p'd,0)T, by > by and p' € (w 22 )

(a1+ax)d 7 aj+az

Proof. Please see Appendix H. O

Example 1 reveals that when the proportion of strategic thinkers falls within specific critical
ranges that depend on the cost function parameters, the system may settle at a non-DUE MPE
with flow pattern that favor routes with lower marginal costs rather than average costs. This
phenomenon resembles aspects of system optimal behavior yet emerges endogenously from
cognitive hierarchy dynamics. In all other cases not covered by the conditions in Example 1,

strategic thinking becomes detrimental to overall system efficiency.
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Figure 1: Evolution trajectories of aggregate route flows under varying j values for CHT-NTP
dynamics with |[K| = 2, p¥ = p! = 0.5, and & = a = 1 in the parallel three-route network from Wang,
Guo, and Huang (2021). Each trajectory originates from distinct boundary points where at least one

route having zero flow.
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4 Validation Using a Virtual Experiment

We conducted an online route choice experiment to mimic travelers’ decision-making processes
from day to day (Ye, Xiao, and Yang 2018). The experiment collected 268 participants” route
choices on 26 rounds, where each round corresponded to a true calendar day. It was imple-
mented on the well-known Braess paradox network (Figure 2) with one OD pair served by
three routes: Route 1 as1 — 3 — 5, Route 2 as 2 — 5 — 3; and Route 3 as 2 — 4. The travel
time on each link a € L followed the standard BPR function: t,(v,) = tg(l + 0.15(%)4)' The
parameters are marked in the figure in order as (a, t2, V,), where t{ represents the free-flow
travel time and V; the capacity. The observed route flow (i.e., how many participants selected
that route) on each day is visualized in Figure 3 with the days indexed from 0 to 25. Note the
large oscillations in the trajectories in Figure 3. Readers can refer to Ye, Xiao, and Yang (2018)
for more details of the experiment.

Before proceeding with the analysis, it is worth noting why we use experimental data rather
than field observations. Obtaining real-world route choice data for day-to-day analysis presents
significant challenges due to limitations in sensor coverage, numerous confounding factors in
traffic conditions, and difficulties in extracting route-specific decisions from aggregate traffic
counts. These challenges have led transportation researchers to utilize controlled experiments
when studying route choice behavior (Qi et al. 2023). While experiments cannot perfectly repli-
cate real-world conditions, our experiment described above notably narrows the gap between
laboratory conditions and real-world environments in two ways: (i) it includes a large sample
of 268 participants, whereas previous studies typically involve fewer than 100 participants per
scenario; and (ii) it spans 26 actual calendar days, rather than condensing all rounds within a
few hours as commonly practiced in laboratory settings. This allows for more natural learning

and adaptation processes similar to travelers” day-to-day experiences.

4.1 Difficulty of prevailing models without prediction in reproducing the observed

pattern

A natural way of calibrating a day-to-day dynamical model is to find the optimal parameters
that minimize the RMSE between simulated and observed flow evolution trajectories. In doing
so, Ye, Xiao, and Yang (2018) found that the prevailing day-to-day models could not produce

fluctuated trajectories fitting the experimental data; see Figure 3 of that paper. (Due to the
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Figure 3: Collected route flow evolutions in the virtual
experiment (Ye, Xiao, and Yang 2018).

intractability of the above “simulation-based” method, they had to turn to a relaxed problem

using regression analysis.) Below we give an explanation of the prevailing models” difficulties.
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Figure 4: Net flow on day ¢ of the routes sorted by travel cost on day ¢ — 1 in the virtual experiment.

To explain, we plot the net flow of three routes on each day ¢ in Figure 4. We use different
colors and shapes to mark different routes ranked by the travel cost on the day t — 1: green
square points for the shortest route, yellow triangular points for the second-shortest route, and
red circular points for the longest route.

First note that for day ¢ € [1,16], the longest route on the day t — 1 would by-and-large
out-flow to the other two routes on the day ¢. This observation is in line with most day-to-day

models” assumption that travelers would select the routes with lower costs. However, there
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was no distinction between the shortest and the second-shortest routes. On quite a few days
(ie, 1, 3,8, 9, 10, and 13), the previous day’s second-shortest route received more inflow
than the shortest route. This indiscrimination between the shortest and the second-shortest
routes contradicted the best-response-based day-to-day models” underlying hypothesis that
the shortest route would be the most popular (e.g., Friesz et al. 1994, He, Guo, and Liu 2010,
Xiao, Yang, and Ye 2016). We argue that this indiscrimination was a consequence of strategic
thinking. Specifically, a 1-step traveler might think that other travelers would go for the shortest
route of the day ¢ — 1 and thus avoided switching to that route on the day t. As a result, the
second-best route becomes her preference.

For day t € [17,25], a keen-eyed reader may find that travelers’ preferences seem to become
independent of yesterday’s route flow pattern. For example, the net in- and out-flows of the
three routes on day 18 are 0, regardless that the DUE had not been achieved. We conjecture
that the participants learned after 18 days’ experience that the occurrence of the shortest route
was highly non-predictable and hence used a uniformly-random mixed strategy to respond.
(We learned this phenomenon from conversations with some participants in the final days.)

Calibration results of our proposed hierarchical model confirm the above discussions, which

are presented in the sub-sections to follow.

4.2 Calibrations of the CH-NTP dynamic

To minimize the number of parameters, we consider special cases with perfect prediction (i.e.,
y =y)and & = a = 1. By doing so, we intend to demonstrate our model’s general explanation
capability rather than “overfit” data using more parameters. (Relaxing these constraints will
further reduce the fitting errors.) The 0-step model is exactly the so-called XYY dynamics used
in Xiao, Yang, and Ye (2016) and Ye, Xiao, and Yang (2018), which has only one parameter,
¥, to be estimated. (The other day-to-day models (without prediction) calibrated in Ye, Xiao,
and Yang (2018) exhibited very similar (bad) performance as the 0O-step model and hence
are omitted here for simplicity. We aim to show how introducing cognitive hierarchy can
significantly improve model interpretation.) The 1-step model has one more parameter p°
because p! equals 1 — p°. And the 2-step model has three parameters, namely, y, p’, and p'.
Note that we limit our analysis to cognitive hierarchies with |K| < 3, as substantial experiments
in behavioral game theory have found that the average thinking step across players typically

lies between 1 and 2 (Camerer, Ho, and Chong 2004, Chong, Ho, and Camerer 2016).
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4.2.1 Preparations

We calibrated by minimizing the RMSE between the predicted flows and the ground truth:

2
i J Tt 5 () - 57
- 3M '

(24)

where M is the number of days (i.e., days 1 to M) used for calibration, aei” is the model-predicted

aggregate flow on route r of day ¢, and :zi” is the observed flow. The RMSE function may be
highly non-linear. To avoid being trapped in local optima, we performed a grid search over the
parametric space with y varying from 0.01 to 1.0 with step 0.002, p° and p! ranging from 0.01
to 1.0 with step 0.01. For models with |K| > 2, given all the parameters, the initial route flow
pattern (on day 0) was chosen such that the predicted aggregate route flow pattern on day 1
was closest to the observed one in terms of RMSE.

While our day-to-day model operates at a “macroscopic” level using continuous route flow
variables, it has a “microscopic” probabilistic interpretation. For each cognitive level k, we can
divide each route flow of that level k by corresponding OD demands and interpret it as the
probability of choosing that route. (This can be viewed as playing mixed strategies with these
probabilities in their route choice process in Krichene, Drighes, and Bayen 2015.)

With probabilistic interpretation, we can perform likelihood ratio tests. Specifically, for each
CH-NTP dynamic with different |K|, we first obtain the optimal parameters by minimizing the
RMSE in Eq. (24). With these optimized parameters, we calculate the model’s predicted proba-
bility of a traveler [ from class k choosing route j on day ¢, denoted as g* (r{’(t) |y, p°,..., pKI-1 )
Then the final total predicted probability, G(t)(r{ ), is an aggregation of all thinking steps
weighted by the proportions; i.e., G(t)(r{) = Y pket (r{’(t) 1y, 0% ..., p'KH). Finally, we can

form a log-likelihood function by combining all the travelers on all the routes and days:

M
LL()/,pO, - ,p'Kl_l) = Z

268 3
t=1 1=1 j=1

l(r{'(”) InG® (r{.' ) (25)

where 268 denotes the number of participants in the experiment and I (r{ ’(t)) is the indicator

function being 1 if traveler I chooses route j on day t and 0 otherwise.
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Figure 5: Comparisons between the calibrated and ground-truth flow evolutions of Route 1.

4.2.2 Results

The simulated flow evolutions of Route 1 with the parameters that minimized the RMSE are
presented in Figures 5a-c for M = 9, 16, and 25, respectively. Each figure uses different line
styles to represent the CH-NTP dynamic with varying values of |K| € {1,2,3}, while solid
lines depict the ground-truth observed data. (The other two routes exhibit similar results and
hence are omitted to conserve space.) The likelihood ratio test using the optimal parameters is
reported in Table 1.

First note that in all the figures, the nonhierarchical model with |K| = 1, i.e., the conven-
tional NTP dynamic, fails to produce a significant fluctuation pattern fitting the ground-truth
trajectory; see the dotted curves. This resultis in agreement with Ye, Xiao, and Yang (2018). The
corresponding flow trajectories for M = 9, 16, and 25 are identical and the optimal y = 0.358.

Further note that we have implemented a multi-class day-to-day model with distinct sensi-

tivity parameter for each class (Zhou, Xu, and Meng 2020). Despite increasing the number of

26



Table 1: Calibration results of the CH-NTP dynamic

Number of days 9 16 25
CH-NTP dynamic with |K]| = 1 2 3 1 2 3 1 2 3
Estimated log-likelihood0 -2646.2 -2631.3 -2618.8 | -4706.1 -4693.8 -4680.2 | -7356.0 -7344.3 -7334.4
Maximum log—likelihood* -2604.0 -4652.6 -7297.7
Likelihood Ratio Test - 29.8 52.8 - 24.5 51.7 - 23.3 43.0
p-value - 4.77-e8 1le-12 - 7.58-e7 6e-12 - 1.35e-6 4.62e-10
y 0.358 0.708 0.522 | 0.358 0.570 0.508 | 0.358 0.566 0.492
Parameters po - 0.88 0.37 - 0.94 0.31 - 0.90 0.31
pl - - 0.23 - - 0.05 - - 0.05

¢ Estimated log-likelihood using the optimal parameters that minimized RMSE in Eq. (24).
* The maximum that the Log-likelihood function can achieve, i.e., the entropy of the ground-truth
route choice distribution.

classes to three, this multi-class model still fails to reproduce the observed fluctuation pattern.
In fact, the calibrated flow evolution from this model closely resembles the pattern seen in
the |K| = 1 case (illustrated by the red dotted curve in Figures 5a-c). This outcome strongly
suggests that our improved fitting performance is not merely a result of additional parameters,
but rather stems from the enhanced explanatory capability of our proposed model.

Happily, significant fluctuation patterns emerge when some travelers think one step further,
as revealed by the yellow dash-dotted curves. The fitting error decreases as a consequence.
Note in Figures 5b and c how the predicted curves faithfully capture the ground-truth trend
from day 5 to 16. This is also confirmed by observing that the hierarchical model of |K| = 2
improves the log-likelihood by 24.5 and 23.3 for M = 16 and 25, respectively. Moreover, the
hierarchical model with |K| = 3 almost doubles the log-likelihood improvement and exhibits
better fitting performance from the very first day until day 16. All the improvements are
statistically significant under the likelihood ratio test with the p-value less than 0.0002%.

Fitting performance is less satisfying for days 17-25, as shown by the trailing edges of the
curves in Figure 5c. This decline may be explained by participant behaviors in the final eight
days. As the experiment continued, participants found little advantage in trying to predict
how others would behave. This led them to take somehow uniformly-random behaviors. Our

time-invariant parameters cannot capture such a pattern.

5 Numerical Experiments on Local Stability near the DUE

In this section, we conduct numerical experiments to verify the stability conditions using a

larger network in Figure 6 (Zhang et al. 2015). The network contains 8 routes that connect two
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OD-pairs with demand (90,90)": Route 1 as 1 — 9 — 14; Route 2 as 1 — 5 — 10; Route 3
as2 — 6 — 10; Route4 as 2 —» 11 — 15; Route 5as 3 — 11 — 16; Route 6 as 3 —» 7 — 12;
Route 7 as 4 — 8 — 12; and Route 8 as 4 — 13 — 17. Link travel times are again given by the
well-known BPR function with link numbers, free-flow travel times, and capacities marked in
the figure in order as (a, tg, Va). The aggregate DUE is (20, 20, 25, 25, 25, 25, 20, 20)T.

9,6,20
(linka =1, ( )

t9 = 2,V, = 40)

(14,2,20)
(5,3,20)

. (10,5,45)
Origin - 1 Destination - 1
(15,3,25)
(11,4,50)
N (33,50) (7,2,25) (12,5,45)
Origin - 2 Destination - 2

(8,3,20)

(4,2,40)
(13,6,20)

Figure 6: A larger testing network (from Zhang et al. 2015).

5.1 In the interior of the feasible route flow set

We first assess Proposition 3 where predictions can be perfectly made, and the projection
operators yield positive flows on all the routes. Since we focus on the local stability, the initial
aggregate route flow pattern in the following experiments is slightly perturbed from the DUE.
We set p° = 0.4,p! = 0.6 for all the routes at the initial point, # = @ = 1.0 and = . We
calculate that y = 0.79 in Lemma 3. According to Proposition 3 and Lemma 3, the equilibrium
is stable when y < y and unstable when y > y. Figures 7a and b plot two selected routes’
flow trajectories for y = 0.78 and 0.8, respectively. It is expected that for both |[K| = 1and 2, a
smaller y(= 0.78) eliminates the small initial perturbations while a larger y(= 0.8) renders the
system deviating from the DUE. Note that for |K| = 1, such a deviation results in a permanent
oscillation near the DUE, while for |K| = 2, the system evolves to a new MPE that is not DUE.
We next verify Proposition 4 where predictions are inaccurate. All the parameters and
initial flow patterns are the same as the above case except for the values of y and J. Figure 8
shows whether the system deviates from the DUE after a small perturbation across various
combinations of y and 7 at a resolution of 0.05. Solid circles represent stable systems, while

crosses indicate unstable systems. The points on the 45° solid curve represent the case of
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Figure 7: Flow evolutions of the CH-NTP dynamic with |K| € {1, 2} under different y.

9 =y (perfect prediction), and the solid curve lying beneath represents the case of = §. The

approximate 7 = 0.79 by Lemma 3 is also marked.
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Figure 8: Stable and unstable regions w.r.t. combinations of y and 7 for the CH-NTP dynamic with
K| =2,p"=04,p! =0.6.

First note the green shaded area where a moderately small 7, % < 9 <7 <y, helps stabilize
the dynamic even when y exceeds y. This justifies the finding in Proposition 4 that, a mild

under-prediction enlarges the stable region. In contrast, when J is very small (i.e., < %), the
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stable region is separated into two pieces. The eigenvalues of QD. that previously satisfy the
stability condition when y = y < 7 fall into the unstable region due to the separation when
7 < L, see the red shaded area. In addition, as expected in Remark 4, a > 7 will make the
system permanently unstable, regardless of y; see all the crosses above the horizontal line of
y = 0.79. Finally, for this particular numerical example, the stable region diminishes when
over-predictions occur (y < 7 < 7). Nevertheless, the eigenvalues of QD, still satisfy the
stability condition in Proposition 4, which explains why the points above the curve y = y

remain stable.

5.2 On the boundary of the feasible route flow set

Proposition 3 becomes invalid when the projected flow pattern is on the boundary of the feasible
set. Under this circumstance, the general analytical results are invalid, and we have to resort
to Fact 1 for numerically checking the stability. To test this fact, we set |[K| =2, & = a« = 0.5,
7 =y € {0.81,0.82}, p° = 0.4, p' = 0.6 and the initial route flow pattern as x*=0()=0 = (0,
7.999,10,18,9.98,10.01,8.01,8.01)" and x*=1()=0 = (20,11.99, 15,7, 14.98,15.01, 12.01,12.01)7,
such that J Py in Fact 1 is evaluated on the boundary. From Fact 1, we have that the maximum
moduli of JP of |K| = 2 for y = 0.81 and 0.82 are 1 and 1.013, respectively. This indicates that
the former should exhibit stability while the latter should demonstrate instability. Figure 9
confirms these expectations, with different colors distinguishing the two y values and distinct
line styles marking the route flows of different classes. The case of |K| = 3 is also consistent

with the numerical result of Fact 1, which is omitted here for simplicity.

14 1

13 4

¥ =7 = 0.81, Step-0
=== 4 =19=0.81,Step-1

¥ =7 = 0.82, Step-0
12 4 ¥ =17 = 0.82, Step-1

flow of route 3

11 A

10 1

T T T T T T T
0 50 100 150 200 250 300

day

Figure 9: Validation of Fact 1 for |K| = 2 when any projected flow is on the boundary of the feasible set.
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6 CH-Logit Dynamic

While the deterministic CH-NTP dynamic captures strategic reasoning under perfect infor-
mation, real-world route choices involve perceptual errors and decision uncertainty. We now
replace the day-to-day operator H[-] with a stochastic Logit dynamic where randomness arises
from quantal responses — a concept in which travelers are more likely to choose routes with
lower costs yet may still select higher-cost alternatives due to inherent perception errors (Fu-
denberg and Levine 1998). This extension enables us to examine whether key findings about
strategic prediction behavior (such as multiple equilibria and stability conditions) remain con-
sistent across different dynamic formulations, including both deterministic and stochastic ones.
If the day-to-day operator H[-] is replaced by a “stochastic” Logit dynamic (Fudenberg and
Levine 1998, Sandholm 2010, Xiao et al. 2019), we have the following CH-Logit dynamic:

LD _ k() = a(pkq)e [C(nk,(m))] 3 xk,(t)), (26)

where ®9(z] = (d @Y [z ], w € W)T, D[ z4] = (dwPro(zw), 7 € Ru), @rw(zw) = %,
and 0 is a dispersal parameter capturing travelers’ perception errors. Foreachw € W,as 0 — 0,
route choices become equally probable across all routes in Ry,. Conversely, as 0 — oo, choices
become extremely concentrated on the minimum cost route of R,. Note that for the Logit

dynamic, the flow variable (i.e., the first variable) in y[-] of Eq. (1) is not explicitly required.

As per Section 2.3, the predicted flow pattern of each class k € {0, 1,2} reads:

Ot — 5O (27)
7D = 4pd [c(no'(t”))] +(1-a)F", (28)
2D = &qgcbé [c(no'(”l))] + é‘zq%@é [c(nl'(t“))] +(1-a)x". (29)

A significantly large 0 can be interpreted as higher-step travelers anticipating that lower-
step travelers will strongly favor yesterday’s shortest path. This situation bears similarities to
the case of a large 7 in the CH-NTP model. In both cases, higher-step travelers are making an

extreme prediction about the responsiveness of lower-step travelers to cost differences.
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6.1 Mixed prediction-based stochastic equilibria

Similar to the CH-NTP dynamic, we term fixed points of the CH-Logit dynamic as mixed

prediction-based stochastic equilibria (MPSE) and describe them in the following proposition.

Proposition 6. When the route cost function c(x) is continuous, the dynamical system in Egs. (26)-(29)
admits at least one MPSE (i.e., one fixed point). Moreover, a vector x° = (xk°,k =0,1,2)T is an MPSE

ifVr € Ry, w e W,k €K,
exp (=0m, (¥°))
w ~0 4
ZseRw exp(—@n’s‘w(x ))

xfy = pd (30)

where °° = (1tX,,, s € Ry, w € W)T is a function of the aggregate flow pattern ¥° = ¥, x*°, dictated

by Egs. (27)-(29).

Proof. The existence of a fixed point is guaranteed by the continuity of both the closed-form
Logit operator and the route cost function. To find the fixed points of the dynamical system,

we set the RHS of Eq. (26) to zero and rearrange terms, yielding Eq. (30). |

We now give the definition of a |K|-class SUE in Definition 2 and show that it is one of the

MPSE in Proposition 7 when 6 =o.
Definition 2. A route flow pattern x* = (x**,xk* € Qpk, k € K) is said to be a |K|-class SUE

parameterized by 0 if Vr € Ry,,w € W,k € K,

kx _ _k GXP(—QC,@W(&*))

X = .
© Secr, exp(—0ck, (7))

(31)

Proposition 7. When 6 = 0, a |K|(= 3)-class SUE in Definition 2 parameterized by 6 is an MPSE of

the dynamical system with Egs. (26)-(29), but not vice versa.

Proof. At the SUE, we first observe from Eq. (27) that n'* = ¥*. Thus, foreachr € Ry, w € W,

the 1-step traveler’s predicted flow Eq. (28) becomes:

7'[,1,;,( _ dqodw exp(—@cfw(i*))
! ZseRw eXP(_QCEw(f*))

+ (- Q)g)xf, = &%, + (1 - D)F5, =%, (32)

where the second equality follows directly from Definition 2.

Substituting 7%* = ¥* and ®!"* = ¥* into Eq. (29), we derive that for each r € R;,, w € W:

exp(=0cf, (¥%))
Yser, eXp(=0ck, (¥))

T = &9 + 43)du +(1- &), = &y (33)
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0% -1

Hence, n%*, l* and n** all equal to ¥*. By substituting these three predicted costs into

Eq. (26) and applying Definition 2, Eq. (26) equals 0. Therefore, the SUE constitutes an MPSE.
Similar to the CH-NTP dynamic, there exist some MPSE that are not SUE when |K| > 2. We
can easily construct a counter-example demonstrating their existence (similar to Figures 1b-d)

to negate the necessity. This example is omitted to conserve space. m|

6.2 Local stability

Due to multiple equilibria, this section examines the CH-Logit dynamic’s local stability by first

deriving its Jacobian at the MPSE and then analyzing stability near the SUE.

6.2.1 Jacobian matrix

Lemma 4. The Jacobian matrix of the Logit operator parameterized by O evaluated at a cost vector c,

YOc], is a block diagonal matrix:

Y9c] = . , (34)

0 Yo lewmwil

where Y9[c,] = —0dy (Diag(q)g[cw]) —q)g}[cw](qbg[cw])T). Moreover, given any ¢ = (cy,w €
W)T, each Y9 [c,] is negative semidefinite (NSD), and so is Y9[c].

Proof. The Jacobian matrix formula for an individual OD pair w follows from Gao and Pavel
(2017), with a negative sign applied to account for our cost-based formulation rather than
their utility-based approach, yielding Y{[c;,]. The block-diagonal structure results from route

independence across OD pairs, and Y9[c] is NSD since each diagonal block is NSD. O

With Lemma 4, the Jacobian matrix of Logit dynamic is derived in the following fact.

Fact 2. The Jacobian matrix for the CH-Logit dynamic with |K| = 3 is a 3-by-3 block matrix:

J®oo JPo1 JPop
JO =Dy JPi11 JPip|, (35)

JO20 JPo1 JPop
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where each block J®; ; is defined as follows.

J®o,0 = ap®Y{_yDo + (1 - a)l,

J®o,j20 = ap®YY_,Do,

D1y = ap1Y§:1D1(Mf:ODO +(1- &)1) +(1-a),

J®1 1 = ap Y0, Dy (a7 Do+ (1- &)1,

D5 = apZYEZZDZ[&qu,?:ODO + &q;ch:lDl(MfzoDo +(1- &)1) +(1- &)1] +(1-a)l,

[y 22 = ap®X?_D, [@qgvfzoDo +aqhol Dy (&Y Do+ (1- @)1 +(1- &)I],

where Dy, represents the Jacobian of the route cost functions evaluated at predicted flow %+ and Tf

the Jacobian of Logit operator with 0 evaluated at ¢(m*(t+D).

Proof. The derivation can be found in Appendix L. m|

6.2.2 Stability near the SUE

When 6 # 6, the block submatrices in Eq. (35) do not commute with each other. This requires
direct calculation of the inverse matrix of one of these submatrices to evaluate |AI — JO|.
However, none of these inverse submatrices has a closed-form. Hence, we analytically examine

the case of 6 = 6 only.

Proposition 8. Denote p; as the i-th eigenvalue of YO |c(¥*)|D[¥*] at the SUE under Assump-

tion 1 and p; < 0,VYi. Define function V(pi;a,&,p°, pt, p?) = a&zpzpoalplp? + (ad — adp® -
a&zpzﬁ)p% + (adp® — ad + a)p; + (1 — a) where p° + p* + p?> = 1. When O = 0 and |K| < 3, the

SUE is locally asymptotically stable when —1 < Y(ps; a, &, p°, p', p?) < 1,Vi. For |K| = 2, we have
p?=0. For |K| =1, we have p* = p> =0,p° =1and & = a.

Proof. Please see Appendix J. O

Remark 6. Recall that the stability of the CH-NTP dynamic does not depend on the distribution of
strategic thinking levels (i.e., p°, p', and p?) when the projection operator always yields positive flows
(see Proposition 3). In contrast, the proportions would affect the stability of the CH-Logit dynamic even

though the Logit operator always generates positive flows.

Scrutinization of the cubic function ¥ (p;; a, &, pO, pl, pz) shows that it crosses points (1, 1)

and (0, 1 — a) and exhibits different shapes depending on «, &, po, p1 and p2. Figure 10 depicts
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Y(pi; a,a,p°,p*,p*) Y(pi; a, &, p% p*,p?)

case (i) case (ii)

Y(pi; a,a,p°p',p?) Y(pi; a, &, p%p',p?)

case (iii) case (iv)

stable region

unstable region

Figure 10: Sketches of stable and unstable regions of the CH-Logit dynamic under four possible
scenarios of Y (p;; &, &, p°, p*, p?).
four possible scenarios when determining the stable region. Here the stable/unstable region
refers to the region of the five parameters that make the SUE stable/unstable (i.e., whether or
notY(pi; e, &, p°, pt, p?) € (—1,1),VYp;). They are classified based on whether the cubic function
has one or three real roots (which may not be distinct) at 1 or —1. The analytical results of the
stable region for |K| = 3 with & # a are quite cumbersome and do not reveal any direct insights.
(They are thus omitted for simplicity.) Therefore, similar to the case of the CH-NTP dynamic,

we turn to analyze two special cases below.

6.2.2.1 Perfect prediction

Even under & = a, the stability condition of the CH-Logit dynamic given by Proposition 8 is
much more complex than the CH-NTP dynamic. We explore the stability numerically. Given
an eigenvalue p;, we enumerate all the possible combinations of p® and p! in a resolution of
0.001 (p? is not required as p?> = 1 — p° — p!) with a € {0.2,0.5,0.8} and check whether the
stability condition is satisfied as per Proposition 8. Stable and unstable regions under different

values of p; are depicted in Figure 11. Some observations can be made on these plots:
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Figure 11: Stable and unstable regions of the CH-Logit dynamic with & = « w.r.t. different p;.

(i) When p; > —1, the system maintains stability regardless of parameter values. This occurs
because Y(p; = —1;a,& = a,p°, p',p?) = 22> - 2(p° + Da +1 = (V2a - %(1 +p%)? -
2(1+ p%? + 1, which exceeds —1 due to constraints p° < 1 and a < 1. Further note that
when p; € [-1, 0], the function monotonically increases in p;. Hence, if p; > —1, the cubic

function is always greater than -1 but less than 1 — a;

(ii) Given a p; in (=0, —1), the stable region shrinks as a increases. Moreover, the stable

region splits into two pieces when « exceeds a certain threshold (approximately 0.6);

(iii) For a fixed small a that does not separate the stable region, a balanced pattern of p°, p?,
and p? is more likely to be stable. In other words, an extremely small or large p°, p!, or

p? would compromise the stability;

(iv) For a fixed large « that separates the stable region, as p; decreases in (—co, —1), the two
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pieces of stable regions tend to move rightward. It indicates that when the stability

condition is restricted, a large p° is more likely to stabilize the system.

6.2.2.2 Imperfect prediction when |K| =2

The cubic function Y(p;; a, &, po, pl , pz) in Proposition 8 reduces to a quadratic or linear function
when |K| = 2 or 1, respectively. In these two cases, the stable region in terms of p; can be
succinctly described by the key parameters. Proposition 9 gives the results, followed by the

discussions on how over- and under-predictions will affect the stability.

Proposition 9. The CH-Logit dynamic with |K| = 1 is locally asymptotically stable at the SUE under
Assumption 1 when p; > 9=2,Yi. When 0 = 6, for |K| = 2, the SUE under Assumption 1 is locally

asymptotically stable when one of the following two conditions holds for all p;: (i) 1—a+ al-dedplt g

4a(p°-1)
and p; > m; or (ii) 1 — a + %ﬁf?)z < —1and {p; : (p_+)& < pi < fola,a,p)} U {p; :
fila, &, p°) < pi < 0}. Here fo(a, &, p°) = (= [*EZER 0 b1, and fi(a, 8, p0) =
N
Proof. Please see Appendix K. m|

Proposition 9 reveals insights into how the strategic-thinking behavior and associated over-
and under-predictions affect the stability by comparing the stable region size between CH-Logit

models with |K| = 1 and 2. The discussion is as follows.

Over-prediction (& > «)

a(1-a+ap°)?
44(pY-1)

obtain p® < 2v2,/-4=2 + 2d+4=% Denote the RHS of this inequality as h(a, &). Since h(a, &)

a2a?

For case (i) of |K| = 2 in Proposition 9, when we solve 1 — a + > -1 witha > a, we

increases monotonically with & and (e, & = @) > 2(V2-1), wehave h(a, @) > 2(V2-1) ~ 0.828.

The stability condition for |[K| = 1 requires all the p; > 22 while the condition for |K| = 2

24

. 1 i i 1 a2
needs all the p; > TV Comparison of these two thresholds yields: DA —= <0
when p? > adra2d 5nd (pOEl)& — &2 5 0 when p? < 204228 Denote 244423 35 ¢(a, @).

Summarizing the above, the stable region expands when g(a, @) < p° < h(a, &) and shrinks
when 0 < p° < g(a, &).
For case (ii) of |K| = 2 in Proposition 9, p° > h(a, &). Combined size of the two separated

stable regions over p; is fo(a, &, p°)— @—+m +0-fi(a, &, p°) = == (1 - JSMPO_DM(H&_FO&)Z ),

A(1-p0) a
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1.0

combined size is increased

f the stable region is separated and the

Figure 12: Stable region alterations when |K| changes from 1 to 2 under different po, a,q,and & > a.

which is always less than £2 when p° > h(«, &). Hence, the total size of the two separated
stable regions is expanded.

Figure 12 summarizes the above discussion by showing how the stable region changes when
|K| shifts from 1 to 2 under different values of p°, a, &. The parametric space of p° and a with

a shrinking stable region enlarges as over-prediction severity increases (i.e., & becomes larger).

Under-prediction (& < a)
Scenario (1): & > 3 —2V2

Consider first case (i) of |K| = 2 in Proposition 9 where f*(a, &, p°) > -1 and p° < h(a, &). The
discussion is divided into two sub-cases:

1.When & > 3%, solving m < 22 yields p° > g(a, @) and solving m > 2
obtains p° < ¢(a, &). Hence, the region is expanded when g(a, &) < p° < h(a, &) and shrunk
when p® < g(a, &). It can be verified that ¢(a, @) is monotonically increasing in & and that
h(a, &) — g(a, &) is monotonically decreasing in @ when 0 < a, & < 1. Hence, the parametric
space of po, a, and & (< a) rendering the stable region shrunk is smaller than the perfect
prediction case, while the parametric space leading to an expanded stable region is larger than
the perfect prediction case;

2.When & < ﬁ, m < 0‘7—2 always holds and thus the expanded region is simply

p® < h(a, &). When prediction behaviors are considered, no stable region of |[K| = 1 is shrunk.
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For case (ii) where f*(a, &, p°) < -1, p° > h(a, &), we verify that fy(a, &, p°) — (;J—+M +0-
f1(a,0?,p0) > ij"‘ Hence, when p° > h(a, &), the stable region separates and increases in
combined size. Since h(a, &) is monotonically increasing in &, the parametric space rendering
the total size of the stable region greater is larger than the perfect prediction case.

The above discussion is summarized in Figure 13. Note how the parametric space of p° and
a with an expanding stable region enlarges as a “moderately” small & € (3 —2V2, @) increases.

In other words, a mild under-prediction helps stabilize the CH-Logit dynamic, which is very

similar to the finding of the CH-NTP dynamic.

1.0
the stable region is separated and the
combined size is increased

05 --..-.:.-.q/.-..-..-..-..-..-..-..-.:.-.:.-..-..-.:::::::::::::::::::W—,_—,_—_

the stable region is expanded

0.6

o gla,®) _—

Figure 13: Stable region alterations when |K| changes from 1 to 2 under different p°, a, & and
3-2V2<d<a

Scenario (2): & < 3 —2V2

This scenario depends on the comparison between % and a. When % > a, the anal-
ysis mirrors the case of @ > 3 — 242; ie., it helps stabilize the dynamic. When % < qa,
(@, &, p") < —1 always holds and thus the stable region is separated, while the combined size

is increased. The latter case is similar to the CH-NTP dynamic with § < L.

7 Conclusions and Future Research

This paper developed a new modeling framework of day-to-day network flow dynamics that in-

corporates cognitive hierarchy theory to better capture travelers” dynamic re-routing behaviors.
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The classical NTP and Logit dynamics, on behalf of the DUE and SUE cases, respectively, were
extended into the framework. By capturing heterogeneity in travelers’ strategic-reasoning lev-
els, the proposed CH-NTP model significantly improved the goodness-of-fit for a recent virtual
experiment, which traditional day-to-day models could not achieve.

We find that in addition to converging to the user equilibria, the proposed dynamics may
also converge to other equilibria, depending on the initial conditions and parameters. For ex-
ample, our analysis of the CH-NTP dynamic reveals that non-DUE MPE emerge when travelers
extensively anticipate others” behaviors. Interestingly, non-DUE MPE can either improve or
worsen system efficiency compared to DUE, depending on the proportion of strategic travelers
and the cost functions. Moreover, when higher-step travelers can accurately predict lower-step
ones’ switching propensities, thinking multiple steps ahead does not affect the local stability of
the CH-NTP dynamic around the DUE. In comparison, the stability condition for the CH-Logit
dynamic largely depends on the proportion of heterogeneous travelers. Finally, we find that
for both dynamics with |K| = 2: (i) when 1-step travelers over-predict O-step ones” switching
propensity, the stable region is shrunk, and when the over-prediction is severe (e.g., 7 > 7
for the CH-NTP dynamic), the UE is always unstable; (ii) when 1-step travelers moderately
under-predict 0-step ones’ re-routing tendency, the stable region is increased; and (iii) when
the under-predictions are severe, the stable region is separated into two parts.

Despite the fresh findings generated, our models still have limitations, which may direct
future research. First, we select two widely-used day-to-day models from the literature as
examples of the general modeling framework. Many more day-to-day models can be analyzed
in the future (e.g., Smith 1979b, 1983, Nagurney and Zhang 1997, Jin 2007, Xiao et al. 2019, Li
et al. 2024). We surmise that findings on local stability still generally hold when hierarchical
cognitive behaviors are incorporated into these models, provided that the dynamic itself ex-
hibits regular properties (e.g., definiteness of the Jacobian). Second, it would also be interesting
to apply the idea of cognitive hierarchy to investigate the departure time choice problem in the
day-to-day setting (Guo, Yang, and Huang 2018, Jin 2020, 2021, Lamotte and Geroliminis 2021,
Guo, Yang, and Huang 2023). Exploring how different levels of strategic thinking influence
travelers’ departure time adjustment may reveal new equilibrium properties in day-to-day bot-
tleneck dynamics. Third, the virtual experiment data suggest that travelers’ strategic thinking
levels may evolve with experience, as participants appeared to adopt more uniformly random

strategies after extended gameplay. Future research could incorporate time-varying param-
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eters, particularly a time-decreasing prediction parameter, to better capture this behavioral
adaptation. Fourth, future research can investigate how different measures, such as congestion
tolling (Tan, Yang, and Guo 2015, Guo et al. 2016, Han et al. 2017, Wu, Yin, and Lynch 2024),
traffic control (Smith 1979a, Kohler and Strehler 2019), and information provision schemes (Liu
and Szeto 2020), can improve system performance. Due to the multi-equilibria phenomenon,

it is be interesting to drive the traffic system to desired states via these measures.
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Appendix A Definitions and theorems on local stability and block
matrices

+

Definition A.1. Suppose x" is an equilibrium point (fixed point) of the discrete autonomous system:

D = g (x ), (A1)

x* is said to be:

(i) locally stable if given any € > 0, there exists a 6(e) > 0 such that

x©@ —xt|| < 6(e) = || —xT|| < e,VE=1,2,3,...; (A.2)

(ii) locally asymptotically stable if there exists an n > 0 such that:
2@ —xf|| < — lim (x®) = xt; (A.3)

and
(iii) unstable if (i) is not true.

Theorem A.1. (Khalil 2002, Antsaklis and Michel 2006) Let x* be an equilibrium point of the system

in Eq. (A.1) and ¢ be continuously differentiable in a neighborhood of x* with radius €, B(x", €). Let |

be the Jacobian evaluated at x*, | = agix) | oyt Then x* is:

(i) locally asymptotically stable in B(x*, €) if and only if all eigenvalues of | are within the unit circle

of the complex plane (i.e., if A1, . .., A, denote the eigenvalues of |, then [Aj| <1,j=1,...,n);

(i1) locally stable if and only if |A;| <1,j =1,...,n, and each eigenvalue with |A;| = 1 is associated
with a Jordan block of order 1. If the n X n matrix | has a repeated eigenvalue |Aj| = 1 of
algebraic multiplicity q;, then the Jordan block associated with A; has order one if and only if rank

(J = AjI) = n —qj; i.e., the dimension of the null space of (] — A;I) equals q;;

and

(iii) unstable if and only if (ii) is not true.
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Theorem A.2. (adapted from Equation 0.8.5.13 in Horn and Johnson 2012) For block matrices S11,
S12, So1 and Sy, ifSll commutes with either S1p or Sy, i.e., S11S12 = S12511 0r S11521 = 521511, then

Su s
32| =812 — S2151a.

Theorem A.3. For upper triangular block matrices like

S1 Si2 Sz
5=10 Sxn Syl (A-4)
0 0 Ss3

where each block matrix has the size of m X m, its determinant |S| = |S11] - |S22| - |S33].

Proof. Proof. (We give a proof for completeness because most proofs we have found deal with
the case of 2 X 2 matrices only.) If Sq; is replaced by a m-size identity matrix, expanding the
tirst column yields:

Im Si2 Si3| |Im-1 S}, Sis

0 Sp Swul=| 0 Spn Syl (A.5)

0 0 S3x 0 0 Ss

where 5}2‘ and 5%3‘ represent S and Si3 with their first rows removed. When m =1, Eq. (A.5)

reduces to | 2 giz . By induction on m, the determinant on the left-hand side of Eq. (A.5) equals
532 ggg . According to Theorem A .2, this equals |S2;| - |S33|. Denote G as matrix 532 gii .
When G is invertible, the following always holds:
I oo Su Si2 Si3 Sui Si2 Si3
0 1 0 =] 0 : (A.6)
Gt G Dmxom
0 0 0

Using the similar mathematical induction technique on RHS of Eq. (A.6), we know its
determinant is simply |S11|. Hence, Eq. (A.6) indicates that |G| - |S| = |S11]. Since |G7}| = ek
= |S11| - [S22| - [S33]-

The case of G being not invertible is trivial since G would have at least one non-pivot row,

S22 Sx

IS| = [Sul- |5 sa

and so does S. In this case, |S| = |S11]]|522/|S33| = 0. O
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Appendix B Proof of Lemma 2

Projecting a vector z onto Q, = {x|['x = nd, x > 0} requires solving the optimization problem

arg minyegn ||y - z||2. The Lagrangian of this optimization problem can be expressed as:
1
L(z,u, 1) = §||x —z|P = u"x + 7' (Tx — nd), (B.1)

where p = (Uyw,7 € Ry, w € W)l and 7 = (1, w € W)T represent the Lagrangian multipli-
ers. These multipliers correspond to the non-negative flow constraints and flow conservation
constraints, respectively.

The optimal x*, u*, T* must satisfy the following Karush-Kuhn-Tucker conditions:

X —z-u+TTr =0, (B.2)
I'x=nd,x">0,u">0, (B.3)
pox=0, (B.4)

where O is the Hadamard product operator. Let E(zy,) = {r € Ry|x}, > 0}. From Eq. (B.4) we
obtain that i}, = 0,Vr € E(zy), Yw. Hence, from Eq. (B.2) we further know x},, = z, — 1}, V1 €
E(zy), Yw. Substituting x7,, = z,, — T, into the equality in Eq. (B.3) yields X ¢ (., (zrw — T3,) =
ndy,Yw. Hence 7}, = W

Let E(zy) = {r € Ry|x}, = 0}. From Eq. (B.2) we know that z, + iy, — T, = 0,Vr € E(z4).
Since u},, > 0,Vr, we can conclude that z,, < 1;,, Vr € E(zw).

The above two cases show that the projection, for each w, has the form of:
Pg,[zw] = max{zy, — 15, 0}, (B.5)

In a piecewise form, first note that this operator is undifferentiable only when the set E(z)

suddenly changes. The Jacobian of Eq. (B.5) can be expressed as:

T

1,1,
Qulzw] = Diag(]lw) - IE(zo)” (B.6)

where 1, is an indicator vector of size |R;,| whose r-th entry is 1 if r € E(z;,) and 0 otherwise.
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When |E(zy)| = |Rw| (i-e., X}, > 0,V7r), Qul[zw] simplifies to Qw = Diag(1y) — 1|“’1

szTi’ where 1,
denotes the all-one vector of size |Ry].

To prove that Qy[zw] is PSD for any z,, we first observe that the rows or columns corre-
sponding to E(zw) (Where 1,, = 0) contribute only zeros to Qy [z ]. Thus, for any vector a, the
quadratic form a’ Q [z, ]a simplifies to aE(Zw)Qw [zw]ag(z,), where Ouwlzw] is the submatrix of
Qulzw] formed by retaining only the rows and columns indexed by E(zy), and ag(,,) denotes
the subvector of a indexed by E(zy). Therefore, it suffices to analyze Qw[zw], which forms an

~ 1g, 1%
|E(zw)|-by-|E(zy)| matrix, Qu[z4] = Diag(1g,) — éz(uz j)‘i , where 1, is the all-one vector of size

|E(z)|. Note that matrix |E(zq)| - Qw[zw] can be viewed as the Laplacian of a fully connected
graph with the number of nodes being |E(zy,)| + 1. It is well-known that the Laplacian of any
graph is PSD. Therefore, Qw [zw] is also PSD, since scaling by m preserves the PSD.

To show (Qu[zw])? = Qulzw] (i-e., idempotent), we again only need to focus on the non-
zero submatrix Oy [z ]. It suffices to show O [z:](Qwlzw] — Diag(1g,)) = 0. This holds true
because all the entries of Qw [zw] —Diag(1g,) are the same and entries of each column of Qw [zw]
sum up to 0. To show Qy[zy] is symmetric, we note that Diag(1,) and 1,11 are symmetric,
so their difference Qy [z ] is symmetric.

The idempotence and symmetry of Qy[z4] tell that the matrix is an orthogonal projection
matrix. So rank(Qu[zw]) = tr(Qulzw]) = |E(zw)| — 1. Since rank is the number of nonzero
eigenvalues, the algebraic multiplicity for A = 1 is also |E(zy)| — 1. Thanks to (Qu[zy])? =
Quwlzw], every vector in the range of Q. [z ] is an eigenvector with eigenvalue 1 and thus the
associated eigenvalue’s geometric multiplicity is |E(z)| — 1. By the rank-nullity theorem, rank

(Qulzw] = I)is |Rw| — |E(zw)| + 1.
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Appendix C Derivation of Fact 1

Denote zk(*) ag xk(t) — yc(nk'(t”)), k =0,1,2. For the O-step travelers, take the Jacobian, J[-],

for RHS of Eq. (9) w.r.t. x*®):

J +(1-a)l

aP[z90] + (1 — a)x0®)

P[0 0,(t)
j| 2L ]]-][Z

S (| T et
—aQ[ 0,(t) _ c(~(>)] (1 yD[ <”])+(1—a)l, (C.1)

and

xk#0,(t)

aP[z%D] + (1 - a)x?)
J 20, k#0,(6)

_ aP[zO’(t)]] [ Z0.(1) }

() .
csclo sl B 2]
_ aQ[ 0,(t) _ (x(f))] . (—yD [g(t)])' (C.2)

For 1-step travelers, first note that for k = 0,1 and 2,

C(nl,(t+1)) C(nl,(t+1)) A —P [i(” - ?c(i(”)] b — ?c(a”c(t)) X
] xk,(t) = ] nl,(t+1) a] (t) _ ,)')C(i,(t)) ] xk,(t) + (1 - a)I
= D[rM4D)] . (&Q [5(0) _ )?c(y“c(t))] - (1 —$D [i“)]) +(1- &)1). (C.3)
Then applying the chain rule, we get:
aP[z 0] + (1 - a)xt) P[zV®)] 210
I T =l —am | [xw) +(@-a)
c nl,(t+1)
= aQ[xl'(t) - yc(nl'(t”))] : (I - y][%]) +(1-a),
(C4)
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and

xk£L(D) [S¥0) k#L(H)

_ aQ[ 1) _ (nl,(t+1))] . (_y][c(x%j;))]), (C.5)

| ozP[zl'(t)] +(1- a)xlf(t)]

Plz1® 1,(t)
[

c T[l,(t+1))

where ][(xT] ,k=0,1,2, is given by Eq. (C.3).

For 2-step travelers, note that for k = 0,1 and 2,

oy |@Pay|a8% = pe(x0)| | 20 - pe(x) 0
0| T — - -
x q9%") — yc(x(t)) x

aPq 2 [qli(t) _ 7;C(Tcl,(t+1))] qlx(” _ 7;C(7.t1,(t+1))
I 6]% ) _ 7;C(nl,(tﬂ)) ] xk.(t)

= aQ %" — 9¢(x)| - (431 - 7D [50|) + (1 - &) + 2Q| 935 - pe(mV) |
(qu ya[D L] ( Q[i(” - ?c(ic(t))] : (1 ) [i(t)]) +(1- a)z)]). (C.6)

+(1-a)q,l

Hence,
aP[z2®] + (1 - a)x>® P[z>® 2,(t)
0]+ 0= :][ K +(1-a)
x2.(t) Zz2,(t) x2/(t)
nz,(t+1)
= OZQ [xz'(t) - )/C(ﬂz’(t+1))] . (I - )/D [T[Z’(t+1)]]|:m ) + (1 - 0()1,
(C.7)

and

xk#2,(t)

aP[z2®] + (1 — a)x>®) P[z*1] 220
=] Y0) - ck#2,()

2,(t+1)
S | N e o

C(T(z’(Hl)) . X
where | o | k =0,1,2,is given by Eq. (C.6).

Assembling the above blocks into J® yields Fact 1.
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Appendix D Proof of Proposition 3

According to Proposition 2, at the DUE, O+ = gL+ = 72+ and thus the Jacobians of
route cost function D, = D = Dy = D., where D, is the Jacobian of the route cost function
evaluated at the DUE X¥*. As per the assumption that the projection operator always yields
positive route flow, all the Q’s and Q's in the Jacobian matrix in Eq. (23) reduce to Q (defined
in Lemma 2). Moreover, since « = @ = 1 and y = y, each sub-block matrix in Eq. (23) reduces

to:

JPoo = QU ~yD.),

JPojz0 = Q(=yD.),

JP11 = Q(=y(D.Q(I - yD.))),

JP1,jz1 = QU = y(D.Q(I - yD.))),

JP22 = QI = yD.[Q(g5] = yD.) + D.Q(q51 = yQU — yD)))),

P22 = Q(=yD.[Q(g5] - yD.) + D.Q(g51 — yQ(I — yD.)))). (D.1)

Denote A as Q(I — yD.). Thanks to the idempotence of Q (Lemma 2), we have QA =
QQ(I - yD.) = A. With this identity and after performing matrix algebraic calculations, the

Jacobian in Eq. (23) can be further represented as:

A A-0Q A-0
JP=1(A-QA (A-QA+Q (A-QA |. (D.2)
(A-QA? (A-QA*  (A-QA%+Q
For the case of |K| =1, JP reduces to A and the DUE is stable when each eigenvalue of A is
within (-1, 1).
For the case of |K| = 2, JP takes the four sub-block matrices in the upper left corner, and its
eigenvalues are the roots of the following characteristic polynomial:
Al - A -A+0Q

- i} _|=0. (D.3)
—(A-Q)A AM-(A-QA-Q

Using the identity QA = A, one can verify that (Al - A)-(=(A-Q)A) = (~(A-Q)A)-(AI - A).
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Hence, AI — A commutes with —(A — Q)A. Referring to Theorem A.2, we have:

|(AI = A)YAI = A% + A= Q) + (A2 = A)(-A + Q)| = |(AI - AH(AI - Q)|

=|AI - A?||AI - Q| =0. (D.4)

Eq. (D.4) shows that for |K| = 2, JP has 2 -}, |[Ry| eigenvalues, half of which are the
eigenvalues of Q and the other half are the ones of A%. For each OD pair w, we know from
Lemma 2 that Q,, has |Ry| eigenvalues with |Ry| -1 of them being 1 and the other one being 0.
So JP will have },, (|Rw| — 1) eigenvalues being 1 and |W| ones being 0. Due to the geometric
and algebraic multiplicities with eigenvalue one both being |Ry| — 1, every eigenvalue on
the unit circle has an associated Jordan block of order 1, which satisfies the condition (ii) in
Theorem A.1. As a result, the stability only depends on the eigenvalues of A2.

The eigenvalues of A% are simply the squares of A’s. As long as A’s eigenvalues are within
(—1,1), the eigenvalues of A2 are within [0, 1), which guarantee the local stability. (Note that
asymptotic stability cannot be achieved due to eigenvalue 1 of Q.)

For the case of |K| = 3, J®’s eigenvalues are the roots of the following characteristic polyno-

mial for J®:
AT-A ~A+Q A+ 0
IAL-]JO|=|-(A-Q)A AI-(A-Q)A-Q ~(A-Q)A =0. (D.5)
—(A-Q)A? ~(A-Q)A? Al—(A-Q)A*-Q

Row and column operations do not change the determinant. Subtracting the third “block
column” of the determinant from the first and second block columns and then adding the first
and second “block rows” to the third block row, the determinant in Eq. (D.5) becomes an upper

triangular matrix:

Al -Q 0 —-(A-Q)

AL-J®|=| 0 AI-Q —-(A-Q)A|=0. (D.6)
0 0 AT - A3
Invoking Theorem A.3,
IAI-JO| = [AT - Qf - [AT - 43| = 0. (D.7)
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Similar to the reasoning of case |K| = 2, JP with |[K| = 3 has 3 - }},, |[Ry| eigenvalues, two-
thirds of which are equal to 1 or 0 (i.e., the eigenvalues of Q) and one-third of which are the
ones of A3. Similar to the case of |K| = 2, every eigenvalue on the unit circle has an associated
Jordan block of order 1. When A’s eigenvalues are in (-1, 1), the eigenvalues of A® are also in

(=1, 1), which satisfies condition (ii) in Theorem A.1.

Appendix E Proof of Lemma 3

Lemma 2 says that Q[z] is PSD and by Assumption 1, D[x] is PSD. The product of two PSD
matrices is always diagonalizable, and its eigenvalues are nonnegative. Hence, Q[z]D[x] can
be decomposed as VAV ™! where V is the eigenvector matrix and A is the eigenvalue matrix.

By the idempotent nature of Q[z] shown in Lemma 2,

Q[z](I - yD[x]) - (-yQl[z]ID[x]) = -yQ[z]D[x] + y*Q[z]D[x]Q[z]D[x]
=V -(-yA+y?A%) VL, (E.1)

Q[z](I = yD[x]) is not diagonalizable because Q[z](I — yD[x]) does not commute with
—yQ[z]D[x]. Still, Q[z](I — yD[x]) share the same eigenvector with —yQ[z]D[x] for nonzero
eigenvalues. Suppose ; is a nonzero eigenvalue of Q[z]D[x] with corresponding eigenvector
v,ie, Q[z]D[x]v = y;v, u; # 0. Then we have from Eq. (E.1) that (—y&;ui)v = (=yu; + yzy%)v
where &; is the corresponding eigenvalue for Q[z](I —yD[x]). Solvingityields & = 1—yu;, ui #
0.

As shown in Lemma 2, Q[z](I — yD[x]) has a rank of |E, | — 1 for each w and thus the
number of zero eigen values are ) ,(|Rw| — |Ez, | + 1). They don’t contribute to the maximum

modulus of eigenvalues of Q[z](I — yD[x]).

Appendix F Proof of Proposition 4

For |K| =2 with 7 # vy,

Al - A -A+Q
Al -JP| = =0, (F.1)

A-0)A M-(A-0)A-0|
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where A = Q(I - yD.,) and A= QI - yD.). Using again the idempotence of Q, one can verify
that (A - A) and —(A - Q)/i commute. Referring to Theorem A.2, we have |(AI — AA+ A -
A)|[(AI = Q)| = 0. A and A share the same eigenvector v with QD., for the eigenvalue A of QD.
being nonzero. Assume QD.v = Av, A # 0. The matrix AA-A+ A determining the stability

multiplied by v becomes:

(AA - A+ Ay =[(Q - yQD.)(-9QD.) + Q - y@D.Q + (7 - y)QD.]v
=[1-yM)(=PAN)+ A=y + ([T =)Ao

= [ypA? —2pA +1]o, (F2)

where the first equality is also due to the property of Q in Lemma 2. The above equation
represents the nonzero eigenvalue of AA-A+A by the eigenvalue A of QD. as yPA?—-2yA+1,A >
0. Again, zero eigenvalue(s) of AA — A + A don't contribute to the maximum modulus of

eigenvalues.

Appendix G Proof of Proposition 5

We prove it by contradiction for each class.

0

Class-0. Assume x; > 0 for all routes i. The equilibrium condition for class k = 0 is:

x0F = Po [xO'Jr - yc(ff)]. (G.1)

Since x?’+ > 0, Vi, the first-order optimality condition implies that for each OD pair w, travel

costs are equalized across all routes:
ci(¥") = ¢j(&"),Vi,j € Ry. (G.2)

Two subcases arise: (i) If the DUE requires zero flow on some routes, no ' € Q) can satisfy these
equalities, which results in a contradiction; (ii) If the DUE solution requires strictly positive
flows on all routes, the equalities reduces to the DUE condition, contradicting the assumption

that #' is not DUE. Thus, class k = 0 must abandon at least one route.
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Class-1. Assume xlu > 0 for all routes i. The equilibrium condition for class k = 1 is:

xlt = PQP1 [xl’* - 7/c(7'c1’Jr (i+))] , (G.3)

where 't = 4Pg, [chr - ﬁc(i*)] +(1- &)

If all routes in class k = 1 have positive flow, then the first-order optimality condition implies

that for each OD pair w:

Ci 7)) = o (7 (% ,Vi, i € Ry. (G4)
(w(+)) = el () v

Similar to the analysis of class k = 0, we consider two subcases.

(i)

(i)

If the DUE admits zero flow on some routes, then no 7't € Q; can satisfy the equalities,

leading to a contradiction.

If the DUE admits strictly positive flow on all routes, then 7! is a DUE flow ¥*. This case
requires more detailed analysis, as there could be many non-DUE total flow patterns (%)
that, after the prediction step Eq. (11), become a DUE (n!'"). In other words, n!'* could
be the DUE while #" is not. This occurs because the projection operation in Eq. (11) is

surjective but not injective.)

To derive a contradiction, we substitute %" = %" and !t = ¥* into the joint VI character-

ization of the MPE in Eq. (14) with |K]| = 2:

T
2) (=) T e o) 20 i, G

Since %'

is not a DUE, there exists at least one OD pair w with routes r,s € R, such
that c, (%Jr) > Cs (Fcf) Note that c(X") is constant across routes in each OD pair, making
the term c(ic*)T(x1 - x”) = 0. Therefore, the cost difference must come from class k = 0
travelers: they must be using at least two routes in OD pair w with unequal costs, i.e.,

x>0, x0" > 0 with ¢, (F) > s (7).

We construct a perturbed flow x° by reallocating a small amount € > 0 from route 7 to

route s, while maintaining the flow on all the other routes:

0, 0,
O =x" =, x0 =2 v e (G.6)
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For this perturbed flow pattern (which remains in €),0), we obtain:
T t +
c(i*) (xo - x°'+) - e(cs (sc ) —¢, (5: )) <0. (G.7)

This inequality shows there exists a flow pattern x° that violates the joint VI of Eq. (G.5),
ie.,

T
c(a”c*) (xo - xO"L) + c(?c*)T (xl - x”) <0, € on,xl € Q. (G.8)
This contradiction completes the proof for the second subcase.

In summary, we have proven that for each traveler class k € {0, 1}, there exists at least one route

. kit _
j(k) such that Xl = 0.

Appendix H Proof of Example 1
For a DUE with positive flows on both routes, the equilibrium condition requires:

- d+by—b1 . d+by-b
g o fitbeob o mdthioby g < (H.1)
a1 +dap a1+ dap

The total cost at DUE equals:

_ a1a2d2 + a1bod + arb1d
B aj + ap )

TC* = c1(X]) - X} + c2(X5) - X5 (H.2)
At non-DUE MPE, Proposition 5 implies each traveler class abandons one route. We first
analyze the case where 0-step travelers exclusively use Route 1 (i.e., xi” = p%d and xg’+ = 0).

This indicates that cl(ﬂ) < cz(f;r). For 1-step travelers, x''t

can only take two possible values:
(0, p'd)" or (p'd,0)T. In the latter case, cl(ﬂ) = aid + b1 and cz(fz) = by. Due to the third
inequality of Eq. (H.1), we have c1(f1r) > cz(f;r), which contradicts cl(ﬂ) < cz(fg). Therefore,
x1T must equal (0,p'd)T. As a result, we can deduce that x*" = (p°d, 0) and x'* = (0, p'd)
constitute a non-DUE MPE.

At the non-DUE MPE of x*" = (p°d,0) and x!" = (0, p'd), cl(fir) < 62(9?;) indicates that
a1p0d +b1 <ap(1- po)d + by, which simplifies to po < %. The total cost at this non-DUE

MPE becomes:
TCY = (a1p% + b1)p°d + (a2(1 — p°)d + by)(1 — p°)d. (H.3)
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The difference between TC' and TC* can be expressed as a quadratic function of p°:

azd(azd + bz — b1)
ai + ap '

ATC = TC' = TC* = (a1 + ap)d? - (p°)? — [2a2d? — (b1 — bp)d] - p° + (H.4)

ATC has two roots: alafaz and %. Since the coefficient (a1 + a3)d? is positive (a1, a2 > 0),

bz—bl +a2d
(a1+az)d ~

bz—b1+ﬂ2d
(a1+az)d

the parabola opens upward. If b, < by, the left root is Any p° < would lie

to the left of this root, resulting in TC t'> TC*. If by > by, the right root is %. Any value

p0 e ( a3 bz‘b1+”2d) would yield a lower TC' than TC".

ar+ax’ (ay+az)d

The derivation for the case where O-step travelers use only route 2 follows analogous logic.
In this case, %" = (0,p°d) and x" = (p'd,0) constitute the other non-DUE MPE. Through

similar deduction logic, we can prove that at this second non-DUE MPE, TC' < TC* when

bz—b1+uzd az
(a1+ax)d 7 a1+az |°

b2<b1andp1€(

AppendixI Derivation of Fact 2

For the 0-step travelers, take the Jacobian, J[-], of the dynamical system in Eq. (26) w.r.t. xk 0

P00 [C(Tco,(m))]
+0.(1)

ap @O [¢(mO D) ] + (1 - a)xO,(t)]
=a

]+(1—a)1

= ap®y? [c(i“))] D [i“)] +(1-a), @1

and
OLPOCI)Q [C(nO,(Hl))] + (1 _ a)xO,(t) ~ pOCDG[C(T(O’(Hl))]
xk#0,(t) B xk#0,()
= ap®Y? [c(ic(”)] D[] 1.2)

For the 1-step travelers, first note that for k = 0,1, 2,

c (A1) c(rAt+) A [c(m0+D)] 0 X
= D[rM41)] . (&Yé [c(?c(”)] D [&“)] +(1- &)I). (1.3)
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Hence,

+(1-a)l

ap' @’ [C(,nl,(t+1))] +(1 = a)xl) ] q)e[c(nl,(tﬂ))] . o(m D)
0] = ap c(mlAiD) L0

- ap'Y? [c(rcl’(t”))] D[] . (&Yé [c(ic(f))] D [Fc(”] +(1- &)1) c(l-a), (14)

and

ap'®?[c(m V)] + (1 - a)xl®
kL)

= ap'Y? [c(rcl'(t“))] D[] . (mré [c(?c(t))] D [az(”] L (1- 07)1). (L5)

For the 2-step travelers, note that for k =0, 1,2,

T O [ s G O e IR SR B
= | = =0 Jlem |t 70 Jwm| -
= aq0v? [c(?c(t))] D [&‘”] +aglad [c(nl’(t”))]
- (D [+ . (mré [c(sc(t))]z) [sc“)] +(1- @)1)) L (1= Q)L (L6)
Finally,
260 2,(t+1) _ 2,(t) 2,(t+1
ap®®?[c(n )|+ -a)x 20 2,(t+1) 2,(t+1) 2+
2 = ap®Y [c(n )] ‘D|n |7 0| (1.7)
and
2H0 2,(t+1) _ 2,(t) 2 t+1
ap®®? [c(n )] +(1-a)x 20 2,(t+1) 2,(t+1) 4D
Xk=2(0) =apY [ ( )] D[m0] - o | TA-oL
(L8)

where ][ 70 ] is given by Eq. (1.6).
Integrating the above blocks into J® yields Fact 2.
Appendix] Proof of Proposition 8

It is well-known that the eigenvalues of the product of two positive semidefinite matrices are

real and nonnegative. Thanks to the negative semidefiniteness of the Jacobian of Logit operator
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(Lemma 1) and positive semidefiniteness of the Jacobian of the route cost function (Assumption

1), pi £0,Vi.
When 6 = é, according to Proposition 7, at the SUE, the predicted flow n0* = gl* =
m2* = ¥*. Hence, the Jacobians of route cost function D, = D1 = Dy = Dy, where Dy is

the Jacobian of the route cost function evaluated at the SUE ¥*. Using Fact 2, and denoting
A as Y? [c(fc(t))]D [i(t)], the eigenvalues of @, denoted as A, are the roots of the following

characteristic polynomial:

Al-=X - (1-a), -X -X
Al = JO| = -Y Al-Y —(1-a)l -Y =0, J.1)
_7 -Z AM-Z-(1-a)

where X = ap’A, Y = adp'A? + a(1 - &)p'A and Z = ad?p?q A3 + (adp? — ad?p?qy)A% +

ap?(1 - &)A with q; = %. Assume that p; is the i-th eigenvalue of A.
Consider first the case of |K| = 1 where p® = 1 and p! = p? = 0. The above determinant

degenerates into [A] — aA — (1 — a)I| = 0. Thus p; of the matrix A is related with A; via:

Ai— f(pi;a) =0, J.2)

where f(pi; @) = ap; + (1 - a).

For the case of |K| = 2 where 0 < p® < 1,0 < p! < 1 and p? = 0. JO takes the four block
submatrices in the upper left corner. Since AI - X —(1—a)I commutes with —X, we can use The-
orem A.2 to obtain [AI - J®| = |(A =1+ a)[(Al — Rap'A? - a(l - @)p'A - ap’A - (1 - a)])|.

Then p; corresponds to the two eigenvalues of |®, A; 1 and A, 5, by the following equation:
(/\Z',l -1+ a)(/\i,Z - g(a/ é2/ por Pl)) = 0/ (]3)
where g(pi;a, &, p° p') = dap'p? + (a — adph)pi + (1 - a).

For |K| = 3, subtracting the third “block column” of the determinant from the first and

second block columns, and then adding the first and second “block rows” to the third block
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row, the determinant in Eq. (J.1) becomes an upper triangular matrix:

Al=(1-a), 0 -X
AL - JD| = 0 AM-(1-a) -Y =0, (J.4)
0 0 AM-X-Y-Z-(1-a)

which, according to Theorem A.3, yields:
Al —J®| = |AI - (1 —oz)Il2 JAI-X-Y-Z-(1-a)l| =0. (J.5)

Each p; is then related to the corresponding three eigenvalues of |®, A;1, A;» and A; 3, by

the following equation:

(A1 —1+a)Aip—1+a)(Aig— (o5, &, p° p',p?) =0, J.6)

where Y(pi; o, &, p°, pl, p?) = adp*qip3+(ad —adp® - ad?p?q))p? +(adp’ —ad +a)pi+(1-a).

Referring to Theorem A.1, the system is stable if and only if all the A’s € (-1, 1). Observing
Egs. (J.2), (J.3) and (J.6), since 1 — a € (0,1) when 0 < a < 1, the stability depends on f(p;; a),
g(pia,&,p° pY) and Y(pi; @, &, p°, pt, p?), respectively, for |K| = 1, |K| = 2 and |K| = 3. Note
that ¢(p;; , &,po,pl,pz) contains g(pi; @, &,po,pl) as a special case when p2 = 0 (and thus

1
q; = pO}:pl = pY). Moreover, ¢(p;; a, &, p°, p!) contains f(p;; a) as a special case when p® = 1,

p! = 0and & = a. Therefore, we can simply consult whether ¥(p;; a, &, p°, pt, p?) € (-1,1) or

not to check the local stability.

Appendix K Proof of Proposition 9

When |K| =1, p! = p? = 0 and thus -1 < ¥(p;; &, &, p°, p', p?) < 1 becomes -1 < ap; + (1 — a).
The stablility condition associated with p;’s is “T_Z < pi <0,Vi.

When |K| = 2, p? = 0 and thus (p;; @, &, p°, p', p?) becomes da(1 - p°)p? + (adp® — ad +
a)pi +1—a, which is denoted as f(p;; a, &, p°). For this quadratic function of p;, we know that

f(0;a,p°) =1-a €[0,1) and axis of symmetry is p; = %(m +1) <0for0<a <1and
1

0 < p® < 1. Two roots of f(p;; @, &,p°) = 1 are 1 and T

respectively. Determining the

stable region (i.e., p;’s range satisfying -1 < f(p;; a, &, po) < 1, Vi) thus encounters two cases,

a(l—o?+0?p0)2

depending on the minimum, f*(p;;a, &,p%) =1-a + TRGI-T)
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e When f*(p;; a, é‘z,po) > —1,aslong as p; > ,f(pi;oz,po) lies within (-1, 1).

1
(PO-a
e When f*(p;; @, p°) < —1. The quadratic function always has two roots at f(p;; a, &, p°) =

—1, denoted p;- and p;;, respectively. Some algebraic calculations yield that p;— =

1 a(1+a—-ap®)?+8a(p°-1) 1 1 a(1+a-ap0)2+84a(p°-1) 1
E(‘\/ eI Ty ”) and p;; = E(\/ -2t apen L

In this case, the stable region is separated. One region ranges (p—;l)o? to p;- and the other

ranges from p;; to 0.
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