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Abstract. In this paper, we demonstrate the application of quantum feedback control in creating
desired states for atomic and photonic systems utilizing a semi-infinite waveguide coupled with
multiple two-level atoms. In this approach, an initially excited atom can emit one photon into the
waveguide, and the photon can be reflected by either the terminal mirror of the waveguide or other
atoms, establishing various feedback loops through the coherent interactions between the atom and
photon. When there are no more than two excitations in the waveguide quantum electrodynamics
(QED) system, the evolution of quantum states can be effectively elucidated through the lens of
random graph theory. However, this process is influenced by the environment. We propose that the
environment-induced dynamics in the coherent feedback loop can be eliminated by measurement-
based feedback control or coherent drives. Consequently, in the atom-waveguide interactions in open
quantum systems, measurement-based feedback has the potential to modulate the quantum steady
states. Additionally, the homodyne detection noise during the measurement process can induce errors
upon quantum states, which can be influenced by the coherent feedback parameter designs.
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waveguide interaction
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1. Introduction. Quantum feedback control has attracted much attention due
to its wide applications in quantum information processing (QIP) [44, 87], quantum
optics [63, 87, 89], and quantum metrology [1, 20, 58]. In contrast to open-loop quan-
tum control where the quantum state evolves unitarily regulated by control pulses
predesigned based on optimal control theory [2, 13, 33, 34, 35, 49, 75] or robust
optimization [15, 16, 18, 39, 70, 71, 76, 83], quantum feedback control offers an al-
ternative calibration approach with high efficiency; see, e.g., [2, 5, 6, 74, 84, 87].
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system are utilized in the feedback control laws, quantum feedback can be classified
into measurement-based and coherent quantum feedback. In the coherent feedback
design, the quantum plant can be directly coupled with another quantum component
which acts as a controller [44, 85, 86], therefore leading to a unitary evolution of the
plant-controller system. For instance, the nonlinear crystal in an optical cavity can
be pumped by an input field, while the output field can be made to re-interact with
the crystal by reflecting it back via the mirrors forming the cavity, thus effectively
setting up a quantum coherent feedback loop [91]. The coherent feedback mechanism
avoids introducing backaction noise into the quantum system and allows for adjustable
feedback loop length, making it an excellent mechanism for generating optical entan-
gled states. In contrast, measurement-based quantum feedback control relies on the
measurement results of the quantum system to manage the nonlinear conditioned evo-
lution of the quantum state. The measurement process can introduce noises into the
evolution of quantum states, distinguishing it from the open-loop control methods
[15, 16, 18, 36, 65, 75, 76] and coherent feedback. For example, in quantum error
correction by means of encoded three-qubit bit-flip codes, quantum states with evolu-
tion errors can be estimated via continuous measurement, based on which appropriate
feedback action can be applied to each qubit to correct the operation errors [59].

Quantum coherent feedback control involves interactions among the atom, cav-
ity, waveguide, etc. For example, two cavities may be coupled via a semitransparent
mirror, allowing an excited atom in one of the cavities to emit a coherent field (i.e.,
a photon) into the other cavity. Subsequently, the photon can re-interact with the
atom in the former cavity, thereby constructing a quantum coherent feedback loop
[25, 26, 41]. Alternatively, a cavity containing one or more atoms can also be coupled
with a semi-infinite waveguide of continuous modes. Photons in the cavity can be
emitted into the waveguide and re-interact with the cavity-QED system after propa-
gating along the waveguide [47]. Thus, the dynamics of the cavity-QED system (i.e.,
the atomic states and the number of photons) can be influenced by the parameters of
the coherent feedback loop such as the length of the waveguide and cavity-waveguide
coupling strength. In another scenario, an atom can be directly coupled with the
waveguide without the mediation of the cavity [17]. In this case, the emission and
reflection of the photon form a coherent feedback loop, and the dynamics is affected
by the coupling strength between the atom and the waveguide and the transmission
delay of photons in the waveguide. When there are multiple atoms coupled with a
waveguide, a photon emitted by one atom can be absorbed and re-emitted by another
after being transmitted in the waveguide, thus forming multiple coherent feedback
loops among atoms [38]. The complexity of coherent feedback control increases if the
system has many emitters and excitations, or couplings between the atom and the
waveguide are chiral [17, 54, 56, 67]. Chiral couplings can dictate the propagation
direction of the emitted photonic wave packets in the waveguide [17]. For a system
where two two-level atoms are coupled with a semi-infinite waveguide but the whole
system has only one excitation, coherent feedback dynamics can induce entanglement
between the two atoms [82]. In a coherent feedback network with two excitations,
the creation of two-photon states depends on the positioning of the two atoms in the
semi-infinite waveguide [17]. When there are multiple atoms coupled with an infi-
nite waveguide, the entanglement between arbitrary two atoms can be modulated by
tuning the locations of atoms and their chiral couplings with the waveguide [53].

In quantum measurement feedback control, the information obtained from mea-
suring the quantum system can be utilized to regulate the quantum system [87]. For
instance, in a simple one-bit toy model for quantum computation [59], the random
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QUANTUM FEEDBACK ON ATOM-WAVEGUIDE INTERACTIONS S233

bit-flip error can alter the encoded qubit's state. Subsequently, using the measurement
information of the quantum system, the feedback control can steer the qubit toward
the desired state. Throughout this process, quantum measurements can introduce
random noise and the quantum system dynamics is described by a stochastic mas-
ter equation [22, 23, 73]. The closed-loop feedback control performance of the qubit
depends on the measurement and feedback strengths, the detector efficiency, etc.,
and can be optimized by tuning a smoothing filter for measurement results [8, 59].
A commonly used approach is the three-qubit bit-flip coding for quantum error cor-
rection [14, 52, 59], where the measurement feedback control method generalized from
the one-qubit case can detect and correct not only a single bit-flip error, but also the
double flipping error. Quantum measurement feedback control is also helpful for the
generation of entanglement between two qubits, with a higher fidelity compared with
open-loop control [45, 60]. As proposed in [32], a feedback Hamiltonian designed
based on weak measurement can steer a quantum system to a decoherence-free sub-
space, and this can further enhance the bipartite entanglement. Moreover, in an open
quantum system suffering from relaxation and dephasing effects, properly designed
measurement feedback can preserve the quantum system's coherence [88].

Quantum measurement can be categorized as quantum nondemolition (QND)
measurement and non-QND measurement, depending on whether the measurement
operator commutes with the quantum system Hamiltonian or not [3, 12, 30, 42, 55, 77].
For instance, in the early implementation of photon QND measurement using the
cavity-QED system, an atom serving as a meter can interact with the cavity by ab-
sorbing and emitting a photon when there is initially one photon in the cavity. Subse-
quently, the existence of photons in the cavity can be deduced by observing the phase
shift of the atom wavefunction [48]. In this process, the atom meter does not annihi-
late the photon in the cavity, and it can further be used to stabilize the photon number
in the cavity [62]. However, when the measurement operator does not commute with
the system Hamiltonian, theoretically some eigenstates of the system Hamiltonian
cannot be generated no matter how the control fields are designed [55]. Non-QND
measurement is achievable within the waveguide QED framework, where atoms can
be coupled with an infinite or semi-infinite waveguide [10, 11, 28, 51, 64, 66, 81], and
homodyne detection or photon counting at the output end of the waveguide can be
implemented. Similar to the cavity-QED system, the homodyne detection results can
be used to design the feedback control fields for the waveguide QED system.

The dynamics of an atom coupled with a semi-infinite waveguide has been studied
in [7, 9, 19, 67, 68], where the spontaneous emission of the atom is inhibited if the
emitted wavelength matches the atom-mirror distance, thus creating an atom-photon
bound state. A two-atom network is studied in [17, 82], where it is shown that
the coherent feedback and chiral couplings between the atoms and waveguide can
influence the generation of single-photon and two-photon states and the entanglement
between the two atoms. In section 2 of this paper, we study the coherent feedback
dynamics of a multiatom network chirally coupled with a semi-infinite waveguide,
and we propose that this multiatom coherent feedback network containing one or two
photons can be mapped to a multiagent network on a random graph. The consensus
of classical multiagent networks has been studied in [27, 50]. It was introduced in [46]
that quantum consensus can be realized in a multiqubit network if the populations
of different qubits are the same. In this paper, we show that the above quantum
consensus can be realized with the multiatom network coupled with the semi-infinite
waveguide by tuning the atoms' locations and their nonchiral couplings with the
waveguide. Moreover, in section 3, we study the quantum coherent feedback dynamics

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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influenced by the environment, generalizing the results established for closed quantum
systems in [17, 56, 67] to open quantum systems. As studied in [9, 78], the above
results for closed quantum systems do not hold if there are no drives applied to
the atoms. Therefore, in this paper, we explore the possibility of exciting the atom
coupled with a semi-infinite waveguide using coherent drives or quantum measurement
feedback. Additionally, in the quantum measurement feedback for atom-waveguide
interactions introduced in [11, 31, 66, 80], the control field applied to the atom can
be designed using homodyne detection. Based on this, we further illustrate how the
stochastic atomic dynamics under measurement feedback can be affected by the chiral
couplings between the atom and waveguide. We summarize the main contributions
as follows.

\bullet In Theorem 1, we propose a condition for reaching quantum consensus when
multiple atoms are coupled with a semi-infinite waveguide.

\bullet In Theorems 3 and 5, we show how the steady atomic state in the open system
can be influenced by an external drive and a coherent feedback loop closed
by the semi-infinite waveguide.

\bullet In Theorem 6, we show how a measurement feedback control can affect the
steady quantum states.

\bullet In Theorems 7 and 8, we clarify how a coherent feedback design can affect the
quantum state's robustness to the measurement noise and the convergence
rate in the transient process.

The paper is organized as follows. In section 2, we investigate the coherent feed-
back control of the quantum network as shown in Figure 1(a). In particular, we show
that the evolution of the quantum states can be described using ideas from random
graph theory. In section 3, we apply both the coherent feedback control and mea-
surement feedback control to investigate the dynamics of the the quantum network
in Figure 1(a). We conclude the paper in section 4.

2. Coherent feedback control with one or two excitations. As shown in
Figure 1(a), N two-level atoms are coupled to a semi-infinite waveguide with a perfect
reflecting mirror at z = 0, and the distance between the mirror and the jth atom of
the resonant frequency \omega aj is zj . The coupling strengths between the jth atom and
the right/left propagating fields in the waveguide are \gamma jR and \gamma jL, respectively. The
interaction Hamiltonian between the jth atom and the waveguide reads

H
(j)
I =

\int \Bigl[ 
gkjt(k, t, z)d

\dagger 
k\sigma 

 - 
j + g\ast kjt(k, t, z)dk\sigma 

+
j

\Bigr] 
dk,(2.1)

Atom 1

Waveguide

Atom 𝑁

| ۧ𝑒1

| ۧ𝑔1
𝛾1𝑅𝛾1𝐿

𝜔𝑎1

𝑧1

Atom 2

| ۧ𝑒2

𝜔𝑎2

| ۧ𝑔2
𝛾2𝐿 𝛾2𝑅

𝑧2 𝑧𝑁

| ۧ𝑒𝑁

𝜔𝑎𝑁

| ۧ𝑔𝑁
𝛾𝑁𝐿 𝛾𝑁𝑅

⋯

0

(a)

⋯

𝑙 𝑗

𝑁 − 1

𝑁
1

2

3

(b)

Homodyne

detection

Fig. 1. (a) Feedback control of N two-level atoms coupled with a semi-infinite waveguide. (b)
Random graph with N nodes.
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QUANTUM FEEDBACK ON ATOM-WAVEGUIDE INTERACTIONS S235

where dk(d
\dagger 
k) are the annihilation (creation) operators of the propagating waveguide

mode k, \sigma  - 
j = | gj\rangle \langle ej | and \sigma +

j = | ej\rangle \langle gj | are the lowering and raising operators of the
jth atom, and the coupling strength gkjt between the jth atom and the waveguide is

gkjt(k, t, z) = i
\Bigl( 
\gamma jRe

 - i\omega kzj/c  - \gamma jLe
i\omega kzj/c

\Bigr) 
ei(\omega k - \omega aj)t

= i\gamma jRe
i[(\omega k - \omega aj)t - \omega kzj/c]  - i\gamma jLe

i[(\omega k - \omega aj)t+\omega kzj/c],
(2.2)

where \omega k = kc with c being the speed of light in the waveguide.
When the coupling between the atoms and the waveguide is nonchiral, that is,

\gamma jR = \gamma jL \equiv \gamma j , the coupling in (2.2) reduces to gkjt = 2\gamma j sin(kzj)e
i(\omega k - \omega aj)t. The

output field at the right end of the waveguide can be measured via the homodyne
detection [11, 61, 66]. However, in this section, we ignore the measurement process.
We will explore how the measurement feedback can control the atomic dynamics in
section 3.

In this section, we investigate the quantum coherent feedback control dynamics
in the interaction picture with the Hamiltonian H =

\sum N
j=1H

(j)
I . The following two

assumptions are used.

Assumption 1. In this section, initially the waveguide is empty, and there are one
or two atoms in the excited state.

Assumption 2. The atoms have the same resonant frequency \omega a1 = \omega a2 = \cdot \cdot \cdot =
\omega aN \equiv \omega a. There exist no direct couplings among the atoms.

Based on Assumptions 1 and 2, the populations of eigenstates of the quantum
system in Figure 1(a) can be represented in terms of the evolution of the random
graph in Figure 1(b). For example, when there is only one excitation in this quantum
network, the probability of the jth atom being excited can be interpreted as the
probability of the jth vertex of the random graph. When there are two excitations,
the probability of two atoms (e.g., the jth and lth atoms) being simultaneously excited
can be interpreted as the probability of the edge connecting the jth and lth vertices in
the random graph, while the probability that only the jth atom is excited and there
is one photon in the waveguide can be interpreted as the probability of the jth vertex.

2.1. Coherent feedback control with one excitation. When there is a single
excitation in the quantum system in Figure 1(a), the quantum state can be represented
as

| \Psi (t)\rangle =
N\sum 
j=1

cj(t)| g1, g2, \cdot \cdot \cdot , gj - 1, ej , gj+1, \cdot \cdot \cdot , gN ,\{ 0\} \rangle 

+

\int 
\~c(t, k)| g1, \cdot \cdot \cdot , gN ,\{ k\} \rangle dk,

(2.3)

where the first component on the right-hand side (RHS) describes the state where
one atom (the jth, for j = 1,2, \cdot \cdot \cdot ,N) is excited while there are no photons in the
waveguide, and the second component represents that all the atoms are at the ground
state and there is one photon in the waveguide. For ease of discussion, in what follows
we assume that initially only the first atom is excited.

Remark 2.1. For the quantum network in Figure 1(a) with one excitation, the
jth vertex on the random graph in Figure 1(b) with probability pj represents the

probability that the jth two-level atom is excited, namely, pj = | cj | 2 with
\sum N

j pj \leq 1.
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S236 H. DING, N. H. AMINI, G. ZHANG, AND J. E. GOUGH

The dynamics of the quantum state is governed by the Schr\"odinger equation

d

dt
| \Psi (t)\rangle = - iH| \Psi (t)\rangle .

Based on Assumption 1, the evolution of the amplitudes in (2.3) is given by

\.cj(t) =

\int \Bigl\{ 
 - \gamma jRe

 - i[(\omega k - \omega a)t - \omega kzj/c] + \gamma jLe
 - i[(\omega k - \omega a)t+\omega kzj/c]

\Bigr\} 
\~c(t, k)dk,(2.4a)

\.\~c(t, k) =

N\sum 
j=1

cj(t)
\Bigl\{ 
\gamma jRe

i[(\omega k - \omega a)t - \omega kzj/c]  - \gamma jLe
i[(\omega k - \omega a)t+\omega kzj/c]

\Bigr\} 
.(2.4b)

Equation (2.4a) means that the jth atom can absorb one photon from the waveguide
and thus is excited. Equation (2.4b) means that each excited two-level atom can
emit one photon into the waveguide via the spontaneous emission. Clearly, all the
amplitudes are influenced by the locations of atoms and the chiral coupling strengths
between atoms and the waveguide. According to the calculations given in Appendix A,
(2.4) can be rewritten as a delay-dependent ODE

\.cj(t) = - 
\gamma 2
jR + \gamma 2

jL

2
cj(t) - \gamma jR

j - 1\sum 
p=1

\gamma pRcp

\biggl( 
t - zj  - zp

c

\biggr) 
ei\omega a

zj - zp

c

 - \gamma jL

N\sum 
p=j+1

\gamma pLcp

\biggl( 
t - zp  - zj

c

\biggr) 
ei\omega a

zp - zj
c + \gamma jR

N\sum 
p=1

\gamma pLcp

\biggl( 
t - zp + zj

c

\biggr) 
ei\omega a

zp+zj
c .

(2.5)

The first component of the RHS of (2.5) means that the jth atom can decay to its
ground state by emitting a photon along the right and left directions. The second
component represents that the excited state can be transferred from the pth atom
to the jth atom along the right direction with a delay determined by the distance
between two atoms, and similarly for the left direction in the third component. The
fourth component represents the transmission of the excited state after the reflection
by the mirror with a round trip delay.

2.1.1. Feedback network with single delay. For the simplified circumstance
that z1 = z2 = \cdot \cdot \cdot = zN , i.e., all the atoms are in the same place, denote

x(t) = [c1(t), c2(t), \cdot \cdot \cdot , cN (t)]
T
,

where the superscript T stands for matrix transpose. Then (2.5) reduces to

\.x(t) =

\left[      
 - \gamma 2

1R+\gamma 2
1L

2  - \gamma 1L\gamma 2L  - \gamma 1L\gamma 3L \cdot \cdot \cdot  - \gamma 1L\gamma NL

 - \gamma 1R\gamma 2R  - \gamma 2
2R+\gamma 2

2L

2  - \gamma 2L\gamma 3L \cdot \cdot \cdot  - \gamma 2L\gamma NL

...
...

...
. . .

...

 - \gamma 1R\gamma NR  - \gamma 2R\gamma NR  - \gamma 3R\gamma NR \cdot \cdot \cdot  - \gamma 2
NR+\gamma 2

NL

2

\right]      x(t)

+ ei\omega a\tau 

\left[     
\gamma 1R
\gamma 2R
...

\gamma NR

\right]     \bigl[ 
\gamma 1L \gamma 2L \cdot \cdot \cdot \gamma NL

\bigr] 
x(t - \tau )\Theta (t - \tau )

\triangleq A0x(t) + ei\omega a\tau B0x(t - \tau )\Theta (t - \tau ),

(2.6)
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QUANTUM FEEDBACK ON ATOM-WAVEGUIDE INTERACTIONS S237

where \tau = 2z1/c represents the round trip delay and \Theta (t) is the Heaviside step func-
tion. Denote \Gamma R = [\gamma 1R, \gamma 1R, \cdot \cdot \cdot , \gamma NR]

T
and \Gamma L = [\gamma 1L, \gamma 1L, \cdot \cdot \cdot , \gamma NL]

T
. Then the

matrix B0 =\Gamma R \otimes \Gamma T
L with \otimes representing the Kronecker product.

The Laplace transform of a time-domain signal x(t) is denoted as X(s) in the
frequency domain. Applying the Laplace transform to (2.6) yields

sX(s) - x(0) =A0X(s) + ei\omega a\tau B0e
 - s\tau X(s),(2.7)

which can be rewritten as

X(s) =
\bigl( 
sI  - A0  - ei\omega a\tau B0e

 - s\tau 
\bigr)  - 1

x(0).(2.8)

Denote the Laplace transform of cj(t) by Cj(s), and let

\scrC j =

\left[  0, \cdot \cdot \cdot ,0\underbrace{}  \underbrace{}  
j - 1 columns

,1, 0, \cdot \cdot \cdot ,0\underbrace{}  \underbrace{}  
N - j columns

\right]  .

Then from (2.8) we have

Cj(s) = \scrC j
\bigl( 
sI  - A0  - ei\omega a\tau B0e

 - s\tau 
\bigr)  - 1

x(0).(2.9)

As only the first atom is initially in the excited state, x(0) = [1,0, \cdot \cdot \cdot ,0]T . Denote
\scrM = sI  - A0  - ei\omega a\tau B0e

 - s\tau . Then Cj(s) =
1

| \scrM | M
\ast 
j1 with M\ast 

j1 being the cofactor and

| \scrM | the determinant of the matrix \scrM .

Definition 1. The quantum network with the vertex set \scrV as shown in Figure 1(b)
reaches amplitude consensus at t when [27, 50]

| cj(t) - cp(t)| = 0

for all j, p\in \scrV . The network reach population consensus at t when [27, 50]

| cj(t)| 2  - | cp(t)| 2 = 0

for all j, p\in \scrV .
Denote

\~x(t) = [R [c1(t)] , I [c1(t)] ,R [c2(t)] , I [c2(t)] , \cdot \cdot \cdot ,R [cN (t)] , I [cN (t)]]
T
,

where R and I represent the real and imaginary parts of a complex number, respec-
tively. Denote \~xj(t) = [R [cj(t)] , I [cj(t)]], then \~x(t) = [\~x1(t), \~x2(t), \cdot \cdot \cdot , \~xN (t)]

T
. Then

(2.6) can be rewritten as

\.\~x(t) = (A0 \otimes I2) \~x(t) + (B0 \otimes G(\tau )) \~x(t - \tau ),(2.10)

where G(\tau ) =
\Bigl[ 
 - cos(\omega a\tau ) sin(\omega a\tau )
 - sin(\omega a\tau )  - cos(\omega a\tau )

\Bigr] 
.

Performing the Laplace transform on (2.10) yields

s\~x(s) - \~x(0) = (A0 \otimes I2) \~x(s) + (B0 \otimes G(\tau ))e - s\tau \~x(s),(2.11)

which alternatively is

\~x(s) =
\bigl[ 
s (IN \otimes I2) - (A0 \otimes I2) - (B0 \otimes G(\tau ))e - s\tau 

\bigr]  - 1
\~x(0)\triangleq \Delta  - 1

s \~x(0).(2.12)

Remark 2.2. In particular, when \omega a\tau = n\pi with n = 1,2, . . ., (2.12) becomes
\~x(s) = [(sIN  - A0 \pm B0e

 - s\tau )\otimes I2]
 - 1

\~x(0), which means that the real and imaginary
parts of x(t) can be written in the format of tensors.
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S238 H. DING, N. H. AMINI, G. ZHANG, AND J. E. GOUGH

Theorem 1. When \omega a\tau = 2n\pi for integer n\gg 1 and \tau \gg 0, the atoms will reach
population consensus as t approaches l\tau (l = 1,2, . . .) if \gamma 1R = \gamma 1L = (N  - 1)\gamma jR =
(N  - 1)\gamma jL with j = 2,3, . . . ,N .

Proof. When \omega a\tau = 2n\pi , the imaginary part of (2.6) equals zero. Moreover, as
\gamma 1R = \gamma 1L = (N  - 1)\gamma jR = (N  - 1)\gamma jL \triangleq (N  - 1)g with j = 2,3, . . . ,N , we have
A0 = - B0 in (2.6).

In the following, we divide the evolution time of the atoms into separated time
slices as [0, \tau ), [\tau ,2\tau ), \cdot \cdot \cdot , [(l - 1)\tau , l\tau ), \cdot \cdot \cdot , and we denote x(t) in the lth slice as x(l)(t).

In the first time slice 0\leq t < \tau , (2.6) evolves according to \.x(t) =A0x(t) under the
initial condition x(0) = [1,0, \cdot \cdot \cdot ,0]T . Solving it we get amplitude vector x(1)(t) of the
form

c
(1)
1 (t) =

1

N
+

N  - 1

N
e - N(N - 1)g2t \triangleq 

1

N
+ (N  - 1)\epsilon 1(t),(2.13a)

c
(1)
j (t) = - 1

N
+

1

N
e - N(N - 1)g2t \triangleq  - 1

N
+ \epsilon 1(t), j = 2, . . . ,N,(2.13b)

where \epsilon 1(t) =
1
N e - N(N - 1)g2t \leq 1

N and limt\rightarrow \infty \epsilon 1(t) = 0. Because n \gg 1 and \tau \gg 0,
we have limt\rightarrow \tau \epsilon 1(t)\approx 0.

In the second time slice \tau \leq t < 2\tau , from (2.6) we have

\.x(2)(t) = - B0x
(2)(t) +B0

\left[      
1
N + N - 1

N e - N(N - 1)g2(t - \tau )

 - 1
N + 1

N e - N(N - 1)g2(t - \tau )

...

 - 1
N + 1

N e - N(N - 1)g2(t - \tau )

\right]      

= - B0

\left(     x(2)(t) - 

\left[     
1
N

 - 1
N
...

 - 1
N

\right]     
\right)     + \epsilon 1(t - \tau )B0

\left[     
N  - 1

1
...
1

\right]     
= - B0x

(2)(t) +N\epsilon 1(t - \tau )B0 [1,0, \cdot \cdot \cdot ,0]T ,

(2.14)

where we have used the fact that B0 [1, - 1, \cdot \cdot \cdot , - 1]
T
= 0. Denote \alpha =N(N  - 1)g2 to

simplify notation in the following discussions. Let u= t - \tau \in [0, \tau ). Then from (2.14)
we have \.x(2)(u+ \tau ) = - B0x

(2)(u+ \tau ) +N\epsilon 1(u)B0 [1,0, \cdot \cdot \cdot ,0]T . Denote X2(s) as the
Laplace transform of x(2)(u) when u\geq 0. We have

sX2(s) - e - s\tau x(1)(\tau ) = - B0X2(s) +
e - s\tau 

s+ \alpha 
B0 [1,0, \cdot \cdot \cdot ,0]T ,(2.15)

which can be rewritten as

X2(s) = (sI +B0)
 - 1

e - s\tau x(1)(\tau ) + (sI +B0)
 - 1 e - s\tau 

s+ \alpha 
B0 [1,0, \cdot \cdot \cdot ,0]T .(2.16)

Thus, in the time slice \tau \leq t < 2\tau ,

x(2)(t) = x(1)(t) + h(1)(t - \tau ),(2.17)

where h(1)(t) is the inverse Laplace transform of (sI+B0)
 - 1

s+\alpha B0[1,0, \cdot \cdot \cdot ,0]T . Because
\alpha > 0, the second component of the RHS of (2.17) approaches zero when t \rightarrow 2\tau ,
similar to the case in (2.13) when t\rightarrow \tau .
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QUANTUM FEEDBACK ON ATOM-WAVEGUIDE INTERACTIONS S239

In the third time slice 2\tau \leq t < 3\tau , we have

\.x(3)(t) = - B0x
(3)(t) +B0x

(2)(t - \tau )

=B0

\Bigl[ 
 - x(3)(t) + x(1)(t - \tau ) + h(1)(t - 2\tau )

\Bigr] 
.

(2.18)

Similarly, denote v= t - 2\tau \in [0, \tau ); then we can get \.x(3)(v+2\tau ) = - B0x
(3)(v+2\tau )+

B0x
(1)(v+ \tau ) +B0h

(1)(v). Denoting X3(s) as the Laplace transform of x(3)(v) when
v\geq 0, we have

sX3(s) - e - 2s\tau x(2)(2\tau )

= - B0X3(s) +B0X1(s)e
 - s\tau +B0

(sI  - A0)
 - 1

e - 2s\tau 

s+ \alpha 
B0[1,0, \cdot \cdot \cdot ,0]T ,

(2.19)

which can be rewritten as

X3(s) = (sI  - A0)
 - 1

e - 2s\tau x(2)(2\tau ) + (sI  - A0)
 - 1

B0X1(s)e
 - s\tau 

+ (sI  - A0)
 - 1

B0
(sI  - A0)

 - 1
e - 2s\tau 

s+ \alpha 
B0[1,0, \cdot \cdot \cdot ,0]T

= (sI  - A0)
 - 1

e - 2s\tau x(1)(2\tau ) + (sI  - A0)
 - 1

e - 2s\tau h(1)(\tau ) + (sI  - A0)
 - 1

B0X1(s)e
 - s\tau 

+ (sI  - A0)
 - 1

B0
(sI  - A0)

 - 1
e - 2s\tau 

s+ \alpha 
B0[1,0, \cdot \cdot \cdot ,0]T .

(2.20)

Similar to (2.17), limt\rightarrow 3\tau x
(3)(t)\approx x(2)(2\tau ). The above process can be similarly gener-

alized to cases t\in [(l - 1)\tau , l\tau ) for l= 4,5, . . .. Thus x(l)(t) approaches \scrL  - 1(sI - A0)
 - 1

x(0) when t\rightarrow l\tau .

Remark 2.3. In Theorem 1, \tau \gg 0 means that in each time slice [(l  - 1)\tau , l\tau ),
the quantum state amplitudes approach constant values as t\rightarrow l\tau , as analyzed in the
proof. Then the quantum consensus can be realized when the condition in Theorem 1
is satisfied.

2.1.2. An example of four atoms. In this subsection, we use an example to
demonstrate Theorem 1. Consider four atoms that are located at z1 = 40\pi /\omega a and
nonchirally coupled to the waveguide. Suppose that initially only the first atom is
excited, all the other three atoms are at the ground state, and the waveguide is empty.
Set \gamma jR = \gamma jL = 0.3 for j = 2,3,4 and resonant frequency \omega a = 50. We look at three
scenarios. In scenario 1, \gamma 1R = \gamma 1L = 0.3. The first atom decays and the emitted
field in the waveguide can be absorbed by the other three atoms with the same rate.
Thus the amplitudes of the excited state of the second, third, or fourth atom reach
consensus, as shown in Figure 2(a). In scenario 2, \gamma 1R = \gamma 1L = 0.9. This is the setting
in Theorem 1. The populations of the excited states of the four individual atoms finally
reach consensus, as shown in Figure 2(b). In scenario 3, \gamma 1R = \gamma 1L = 3\gamma jR = 3\gamma jL = 0.6
with j = 2,3,4. This is also the setting in Theorem 1. The long time evolution is
shown in Figure 2(c). It can be seen that the long delay \tau = 2z1/c \approx 5.0265s can
induce a perturbation on the evolution of | cj(t)| 2 when t = (l - 1)\tau with l = 2,3, . . .,
and finally the atom network reaches population consensus when t\rightarrow l\tau as stated in
Theorem 1. The populations curves of | c3(t)| 2 and | c4(t)| 2 overlap with | c2(t)| 2, and
thus are omitted.
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0 1 2 3 4 5
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0.6

0.8

1

|c
j(t

)|
2

(a)

|c1(t)2|, 1L= 1R=0.3

|c2(t)2|, 2L= 2R=0.3

|c3(t)2|, 3L= 3R=0.3

|c4(t)2|, 4L= 4R=0.3

0 1 2 3 4 5
t/s

0

0.2

0.4

0.6

0.8

1

|c
j(t

)|
2

(b) 

|c1(t)2|, 1L= 1R=0.9

|c2(t)2|, 2L= 2R=0.3

|c3(t)2|, 3L= 3R=0.3

|c4(t)2|, 4L= 4R=0.3

0 10 20 30
t/s

0

0.2

0.4

0.6

0.8

1

|c
j(t

)|
2

(c) 

|c1(t)|2, 1L= 1R=0.6

|c2(t)|2, 2L= 2R=0.2

Fig. 2. Evolution of four atoms coupled with a semi-infinite waveguide.

2.2. Coherent feedback control with two excitations. When initially two
atoms are excited, while the waveguide is empty, there are overall two excitations in
the whole quantum system. The quantum state in Figure 1(a) is

| \Psi (t)\rangle =
\sum 

1\leq j<l\leq N

cjl(t)| g1, \cdot \cdot \cdot , ej , \cdot \cdot \cdot , el, \cdot \cdot \cdot , gN ,\{ 0\} \rangle 

+

N\sum 
j=1

\int 
c\bullet j (t, k)| g1, \cdot \cdot \cdot , gj - 1, ej , gj+1, \cdot \cdot \cdot , gN ,\{ k\} \rangle 

+

\int \int 
c\ast (t, k1, k2)| g1, \cdot \cdot \cdot , gN ,\{ k1\} \{ k2\} \rangle dk1dk2,

(2.21)

where the first component on the RHS represents that two atoms labeled j and l
are excited and there are no photons in the waveguide, the second component means
that the jth atom is excited and there is one photon of the continuous mode k in the
waveguide, and the last term indicates that all the atoms are in their ground states
and there are two photons of the modes k1 and k2 in the waveguide, respectively.
The quantum state representation can be mapped to a random graph as given in
Definition 2 below.

Definition 2. The quantum coherent feedback system in Figure 1(a) with two
excitations can be mapped to the random graph in Figure 1(b). Specifically, the jth
vertex represents that the jth two-level atom is excited and there is one photon in the
semi-infinite waveguide; the edge between the jth and lth vertices means that the jth
and lth two-level atoms are both excited and there are no photons in the waveguide.
The probabilities of the jth vertex and the edge between the jth and lth vertices are

pj(t) =

\int 
| c\bullet j (t, k)| 2dk,(2.22a)

pjl(t) = | cjl(t)| 2.(2.22b)

Substituting the state representation in (2.21) into the Schr\"odinger equation, we can
derive the evolution of the amplitudes as

\.cjl(t) = - i

\int 
c\bullet j (t, k)g

\ast 
klt(k, t, zl)dk - i

\int 
c\bullet l (t, k)g

\ast 
kjt(k, t, zj)dk, l \not = j,(2.23a)

\.c\bullet j (t, k) = - i
\sum 
l

cjl(t)gklt(k, t, zl) - i

\int 
c\ast (k, k2, t)g

\ast 
kjt(k2, t, zj)dk2,(2.23b)

\.c\ast (k1, k2, t) = - i
\sum 
j

c\bullet j (t, k1)gkjt(k2, t, zj) - i
\sum 
j

c\bullet j (t, k2)gkjt(k1, t, zj).(2.23c)
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QUANTUM FEEDBACK ON ATOM-WAVEGUIDE INTERACTIONS S241

Equation (2.23a) means that when one of the N atoms is excited and there is one
photon in the waveguide, then another atom can also be excited after absorbing
the photon from the waveguide. The first component of the RHS of (2.23b) means
that when initially the two atoms are both excited and there are no photons in the
waveguide, then any of these two atoms can emit one photon into the waveguide;
the second component represents that an atom can also absorb one photon from the
waveguide if there are two photons in the waveguide. Equation (2.23c) means that
when there is one photon in the waveguide and one of the atoms is excited, then the
excited atom can emit one photon into the waveguide to generate a two-photon state.

According to the calculations in Appendix A.2, (2.23a) and (2.23b) can be rewrit-
ten in the delay-dependent format as

\.cjl(t) = - 
\gamma 2
jR + \gamma 2

jL + \gamma 2
lR + \gamma 2

lL

2
cjl(t) + \gamma lL\gamma lRcjl

\biggl( 
t - 

2zl

c

\biggr) 
e
i\omega a

2zl
c + \gamma jL\gamma jRcjl

\biggl( 
t - 

2zj

c

\biggr) 
e
i\omega a

2zj
c

(2.24a)

 - 
l - 1\sum 

l\prime =1,l\prime >j

\gamma l\prime R\gamma lRcjl\prime 

\biggl( 
t - 

zl  - zl\prime 

c

\biggr) 
e
i\omega a

zl - z
l\prime 

c  - 
N\sum 

l\prime =l+1,l\prime >j

\gamma l\prime L\gamma lLcjl\prime 

\biggl( 
t - 

zl\prime  - zl

c

\biggr) 
e
i\omega a

z
l\prime  - zl

c

 - 
j - 1\sum 

j\prime =1,j\prime <l

\gamma j\prime R\gamma jRcj\prime l

\biggl( 
t - 

zj  - zj\prime 

c

\biggr) 
e
i\omega a

zj - z
j\prime 

c  - 
N\sum 

j\prime =j+1,j\prime <l

\gamma j\prime L\gamma jLcj\prime l

\biggl( 
t - 

zj\prime  - zj

c

\biggr) 
e
i\omega a

z
j\prime  - zj

c

+
\sum 
l\prime \not =l

\gamma l\prime L\gamma lRcjl

\biggl( 
t - 

zl + zl\prime 

c

\biggr) 
e
i\omega a

zl+z
l\prime 

c +
\sum 
j\prime \not =j

\gamma j\prime L\gamma jRcjl

\biggl( 
t - 

zj + zj\prime 

c

\biggr) 
e
i\omega a

zj+z
j\prime 

c ,

\.c
\bullet 
j (t, k) = - 

\gamma 2
jR + \gamma 2

jl

2
c
\bullet 
j (t, k) - i

\sum 
l

cjl(t)gklt(k, t, zl) +
\sum 
j\prime 

\gamma j\prime R\gamma jLc
\bullet 
j

\biggl( 
t - 

zj + zj\prime 

c
, k

\biggr) 
e
i\omega a

zj+z
j\prime 

c

(2.24b)

 - 
\sum 
j\prime <j

\gamma j\prime R\gamma jRc
\bullet 
j

\biggl( 
t - 

zj  - zj\prime 

c

\biggr) 
e
i\omega a

zj - z
j\prime 

c  - 
\sum 
j\prime >j

\gamma j\prime L\gamma jLc
\bullet 
j

\biggl( 
t - 

zj\prime  - zj

c
, k

\biggr) 
e
i\omega a

z
j\prime  - zj

c .

The first component of RHS of (2.24a) shows the spontaneous emission process of
the two excited atoms into the waveguide, and the next two components represent
that one atom can emit one photon into the waveguide and the photon can be further
reflected by the terminal mirror to induce the round-trip transmission delay. The
fourth to seventh terms on the RHS of (2.24a) represent the exchange of excited
states between an excited atom with one of the other atoms at the ground state,
and this process is not affected by the mirror reflection. The last two terms on the
RHS of (2.24a) indicate the excitation is transferred from one atom to another atom
after the reflection by the mirror. Compared with (2.23b), the first component on the
RHS of (2.24b) gives the spontaneous emission of the excited atom, the second item
represents that one of the excited atoms can emit one photon into the waveguide, and
the following three components with delays represent the transmission of the excited
state from one atom to another atom at the ground state.

When there are two atoms (namely N = 2) coupled with the semi-infinite wave-
guide, the atoms can be continuously excited, as introduced in [17] with the following
theorem.

Theorem 2 (see [17]). When N = 2, \gamma 1R = \gamma 1L, \gamma 2R = \gamma 2L, z1 = z2 = n\pi /\omega a,
where n= 1,2, . . ., and c12(0) = 1, then the two atoms can be continuously excited.

For the generalN > 2 case, we consider the special scenario that z1 = z2 = \cdot \cdot \cdot = zN
with n \gg 1, similar to the settings in Theorem 1. In this case, when t < \tau , (2.24)
reduces to
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\.cjl(t) = - 
\gamma 2
jR + \gamma 2

jL + \gamma 2
lR + \gamma 2

lL

2
cjl(t) - 

l - 1\sum 
l\prime =1,l\prime >j

\gamma l\prime R\gamma lRcjl\prime (t)

 - 
N\sum 

l\prime =l+1,l\prime >j

\gamma l\prime L\gamma lLcjl\prime (t)

 - 
j - 1\sum 

j\prime =1,j\prime <l

\gamma j\prime R\gamma jRcj\prime l (t) - 
N\sum 

j\prime =j+1,j\prime <l

\gamma j\prime L\gamma jLcj\prime l (t) ,(2.25a)

\.c\bullet j (t, k) = - 
\gamma 2
jR + \gamma 2

jl

2
c\bullet j (t, k) - i

\sum 
l

cjl(t)gklt(k, t, zl) - 
\sum 
j\prime <j

\gamma j\prime R\gamma jRc
\bullet 
j (t, k)

 - 
\sum 
j\prime >j

\gamma j\prime L\gamma jLc
\bullet 
j (t, k) .(2.25b)

Equation (2.25a) indicates that the amplitude representing two excited atoms
oscillates according to the atom-waveguide couplings. This can be interpreted in
terms of the probability of the edges of a random graph. As illustrated in Figure 3
with N = 3, there are three two-level atoms at zj = 40\pi /\omega a with \omega a = 50 and
\tau \approx 5.0265s. Initially only the first two atoms are excited, i.e., c12(0) = 1. In
Figure 3(a), \gamma 1R = \gamma 1L = 0.2, \gamma 2R = \gamma 2L = \gamma 3R = \gamma 3L = 1. When t < \tau , both the
first and second atoms can emit photons into the waveguide, which can be absorbed
by the third atom. Thus the first and the third atoms or the second and the third
atoms can be simultaneously excited. In Figure 3(b), \gamma 1R = \gamma 1L = \gamma 2R = \gamma 2L = 0.2,
\gamma 3R = \gamma 3L = 1, and c13 and c23 evolve with the same parameter settings according to
(2.25a) and can reach population consensus.

In summary, in this section we have investigated the coherent feedback dynamics
of a quantum network where multiple two-level atoms are coupled with a semi-infinite
waveguide, with either one or two atoms initially being in the excited state.

2.3. The coherent feedback dynamics under random couplings among
atoms. In this section, we study how the the random couplings among atoms can
affect the coherent feedback dynamics when zj = zl for arbitrary j and l, i.e., all
atoms are collocated. Based on (2.1), the Hamiltonian in the interaction picture with
random couplings reads [57, 72]

HR =
\sum 
j

H
(j)
I +

\sum 
j \not =l

\delta jl
\bigl( 
\sigma  - 
j \sigma 

+
l + \sigma  - 

l \sigma 
+
j

\bigr) 
,(2.26)

where H
(j)
I is given in (2.1), and | \delta jl| \leq \Delta is the random coupling between the jth and

lth atoms. Based on this, we study the dynamics of the quantum coherent feedback
network in the presence of one or two excitations.

2.3.1. One excitation with random couplings. When initially only the first
atom is excited and there are no photons in the waveguide, the quantum state can still
be formally represented as in (2.3). However, to account for the effect of the random
couplings, we have to replace the amplitudes cj(t) and \~c(t, k) with \^cj(t) and \^\~c(t, k),
respectively. Generalized from (2.4), the evolution of quantum state amplitudes can
be written as
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Fig. 3. Consensus evolution of three atoms with two excitations coupled with a semi-infinite
waveguide.

\.\^cj(t) = - i
\sum 
l \not =j

\delta jl\^cl(t)(2.27a)

+

\int \Bigl\{ 
 - \gamma jRe

 - i[(\omega k - \omega a)t - \omega kzj/c] + \gamma jLe
 - i[(\omega k - \omega a)t+\omega kzj/c]

\Bigr\} 
\^\~c(t, k)dk,

\.\~c(t, k) =

N\sum 
j=1

\^cj(t)
\Bigl\{ 
\gamma jRe

i[(\omega k - \omega a)t - \omega kzj/c]  - \gamma jLe
i[(\omega k - \omega a)t+\omega kzj/c]

\Bigr\} 
,

(2.27b)

where the first component on the RHS of (2.27a) is induced by the random couplings
between arbitrary two atoms. The influence of random couplings on the consensus
realization is demonstrated in Figure 4 with \Delta = 0.2 in (a), \Delta = 1 in (b), and the
other parameter settings are identical to those in Figure 2(b). The comparisons show
that the consensus in the atom network still exists as long as the random coupling
strengths among the atoms are small.

2.3.2. Two excitations with random couplings. For the case that there are
two excitations in the quantum network, we assume initially the first two atoms are
excited and there are no photons in the waveguide. The Hamiltonian of the atom
network with random couplings is identical to that in (2.26). However, as there are
two excitations, we need to replace the amplitudes cjl(t), c

\bullet 
j (t, k), and c\ast (t, k1, k2) in

(2.25) with \^cjl(t), \^c
\bullet 
j (t, k), and \^c\ast (t, k1, k2), respectively. Then the evolutions of the

quantum state amplitudes read

\.\^cjl(t) = - 
\gamma 2
jR + \gamma 2

jL + \gamma 2
lR + \gamma 2

lL

2
\^cjl(t) - 

l - 1\sum 
l\prime =1,l\prime >j

\gamma l\prime R\gamma lR\^cjl\prime (t)

 - 
N\sum 

l\prime =l+1,l\prime >j

\gamma l\prime L\gamma lL\^cjl\prime (t) - 
j - 1\sum 

j
\prime 
=1,j\prime <l

\gamma j\prime R\gamma jR\^cj\prime l (t) - 
N\sum 

j\prime =j+1,j\prime <l

\gamma 
j
\prime 
L
\gamma jL\^cj\prime l (t)

 - i
\sum 

j\prime \not =j,j\prime <l

\delta jj\prime \^cj\prime l(t) - i
\sum 

l\prime \not =l,l\prime >j

\delta ll\prime \^cjl\prime (t),

(2.28a)
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Fig. 4. The consensus realization influenced by random couplings.

\.\^c\bullet j (t, k) = - 
\gamma 2
jR + \gamma 2

jl

2
\^c\bullet j (t, k) - i

\sum 
l

\^cjl(t)gklt(k, t, zl) - 
\sum 
j\prime <j

\gamma j\prime R\gamma jR\^c
\bullet 
j (t, k)

 - 
\sum 
j\prime >j

\gamma j\prime L\gamma jL\^c
\bullet 
j (t, k) - i

\sum 
l \not =j

\delta jl\^c
\bullet 
l (t, k),(2.28b)

\.\^c\ast (k1, k2, t) = - i
\sum 
j

\^c\bullet j (t, k1)gkjt(k2, t, zj) - i
\sum 
j

\^c\bullet j (t, k2)gkjt(k1, t, zj),(2.28c)

where the last two components of (2.28a) and the last component of (2.28b) represent
how the quantum state amplitudes are influenced by the random couplings between
arbitrary two atoms, and (2.28c) has the same meaning as (2.23c). The influence
by random couplings when there are two excitations is compared in Figure 4 with
\Delta = 0.5 in (c), \Delta = 2.5 in (d), and the other parameters settings are the same as
those in Figure 3(a). Again, the atom network consensus can be maintained when
the random coupling strength is small.

Apart from the random couplings among atoms, the quantum coherent feedback
dynamics can also be influenced by the environment, which will be analyzed in the
following section by combining with the quantum measurement feedback.

3. Hybrid coherent and measurement feedback control. In practice, the
quantum system in Figure 1 can be affected by the environment. For example, an
initially excited atom cannot be perfectly coupled with the waveguide and thus spon-
taneously decays to the (unmodelled) environment. As a result, the conclusions in
section 2 cannot perfectly hold. To compensate for the influence of the environment,
external drives must be applied to the atoms to generate desired quantum states.
Take the case that there is only one two-level atom which is located at z1 and has the
resonant frequency \omega a1. The Hamiltonian of the system with a coherent drive on the
atom reads [53, 79, 43, 90]

Ht =(\omega a1  - i\gamma 0)\sigma 
+
1 \sigma 

 - 
1 +

1

2

\bigl( 
\Omega 1\sigma 

 - 
1 +\Omega \ast 

1\sigma 
+
1

\bigr) 
+

\int \infty 

0

\omega kd
\dagger 
kdkdk

+

\int \Bigl[ 
gk1t(k, t, z1)d

\dagger 
k\sigma 

 - 
1 + g\ast k1t(k, t, z1)dk\sigma 

+
1

\Bigr] 
dk,

(3.1)
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where \gamma 0 is the atom's spontaneous decaying rate to the unmodelled environment,
and \Omega 1 = \=\Omega 1e

i\=\omega 1t represents a coherent drive with Rabi frequency \=\Omega 1 at frequency \=\omega 1.
We denote the detuning between the coherent drive and the atom as \delta 1 = \=\omega 1  - \omega a1.
Then the atomic Hamiltonian in a rotating frame is [53, 54]

Hs = - (\delta 1 + i\gamma 0)\sigma 
+
1 \sigma 

 - 
1 +

1

2

\bigl( 
\=\Omega 1\sigma 

 - 
1 +H.c.

\bigr) 
.(3.2)

In the following discussion, we first take \gamma 0 = 0 to derive the quantum control
dynamics; after that we analyze how a nonzero \gamma 0 influences the performance. Tracing
out the waveguide yields the Lindblad master equation for the atom [4, 21, 37, 67, 69]

\.\rho (t) = - i [Heff , \rho (t)] + \Gamma eff

\biggl( 
\sigma  - 
1 \rho (t)\sigma 

+
1  - 1

2
\rho (t)\sigma +

1 \sigma 
 - 
1  - 1

2
\sigma +
1 \sigma 

 - 
1 \rho (t)

\biggr) 
\triangleq  - i [Heff , \rho (t)] + \Gamma eff\scrL \sigma  - 

1
[\rho (t)] ,

(3.3)

where

\scrL \sigma  - 
1
[\rho (t)] = \sigma  - 

1 \rho (t)\sigma 
+
1  - 1

2
\rho (t)\sigma +

1 \sigma 
 - 
1  - 1

2
\sigma +
1 \sigma 

 - 
1 \rho (t),

and the effective Hamiltonian is

Heff = - \delta 1\sigma 
+
1 \sigma 

 - 
1 +

1

2

\bigl( 
\=\Omega 1\sigma 

 - 
1 +H.c.

\bigr) 
 - \gamma 1L\gamma 1R sin

\biggl( 
\omega a

2z1
c

\biggr) 
\sigma +
1 \sigma 

 - 
1 ,

and \Gamma eff = y\gamma +\Gamma with y\gamma =
\bigl( 
\gamma 2
1R + \gamma 2

1L

\bigr) 
/2 - \gamma 1L\gamma 1R cos (2\omega az1/c). Here y\gamma represents

the dissipation rate from the atom to the waveguide, and \Gamma \geq 0 is the dissipation of the
waveguide mode to the environment, which can be induced by the practical imperfect
design such that the atom is not at the center of the waveguide as in [78]. Clearly,
\Gamma eff \geq 0 where the equality holds only when \Gamma = 0, \gamma 1R = \gamma 1L, and cos (2\omega az1/c) = 1.

Remark 3.1. When initially the atom is excited, \delta 1 = \=\Omega 1 =\Gamma = 0, \gamma 1R = \gamma 1L, and
\omega az1/c= n\pi with n= 1,2, . . ., then \.\rho (t) = 0. In other words, the atom is continuously
excited, as studied in [7, 9, 17, 19, 67, 68].

Denote X = \sigma  - 
1 +\sigma +

1 and Y = \delta 1+\gamma 1L\gamma 1R sin (2\omega az1/c). Then from the Lindblad
master equation (3.3) we get the average values

d

dt
\langle X\rangle = iY

\bigl( 
\langle \sigma  - 

1 \rangle  - \langle \sigma +
1 \rangle 

\bigr) 
 - \Gamma eff

2

\bigl( 
\langle \sigma  - 

1 \rangle + \langle \sigma +
1 \rangle 

\bigr) 
,(3.4a)

d

dt
\langle \sigma +

1 \rangle = - iY \langle \sigma +
1 \rangle  - 

\Gamma eff

2
\langle \sigma +

1 \rangle  - 
i\=\Omega 

2
\langle \sigma z

1\rangle ,(3.4b)

d

dt
\langle \sigma  - 

1 \rangle = iY \langle \sigma  - 
1 \rangle  - 

\Gamma eff

2
\langle \sigma  - 

1 \rangle +
i\=\Omega 

2
\langle \sigma z

1\rangle ,(3.4c)

d

dt
\langle \sigma z

1\rangle = - i\=\Omega 
\bigl( 
\langle \sigma +

1 \rangle  - \langle \sigma  - 
1 \rangle 

\bigr) 
 - \Gamma eff (\langle \sigma z

1\rangle + 1) ,(3.4d)

where for arbitrary operator O, \langle O\rangle =Tr [O\rho ]. Let \~X =
\bigl[ 
\langle \sigma +

1 \rangle , \langle \sigma 
 - 
1 \rangle , \langle \sigma z

1\rangle 
\bigr] T

with the
superscript T denoting the matrix transpose. Then from (3.4) we have

\.\~X =

\left[   - iY  - \Gamma \mathrm{e}\mathrm{f}\mathrm{f}

2 0  - i\=\Omega 
2

0 iY  - \Gamma \mathrm{e}\mathrm{f}\mathrm{f}

2
i\=\Omega 
2

 - i\=\Omega i\=\Omega  - \Gamma eff

\right]  \~X  - 

\left[  0
0

\Gamma eff

\right]  
\triangleq A \~X  - B

(3.5)
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S246 H. DING, N. H. AMINI, G. ZHANG, AND J. E. GOUGH

and

\langle X\rangle =
\bigl[ 
1 1 0

\bigr] 
\~X \triangleq C \~X.(3.6)

Denote \~X(s) as the Laplace transform of \~X(t) and X(s) as that of \langle X(t)\rangle . Then
from the above two equations we get

s \~X(s) - \~X(0) =A \~X(s) - 1

s
B,(3.7)

which is

\~X(s) = (sI  - A)
 - 1

\biggl( 
\~X(0) - 1

s
B

\biggr) 
,(3.8)

and

X(s) =C (sI  - A)
 - 1

\biggl( 
\~X(0) - 1

s
B

\biggr) 
.(3.9)

It can be readily verified that

| sI  - A| =

\Biggl[ \biggl( 
s+

\Gamma eff

2

\biggr) 2

+ Y 2

\Biggr] 
(s+\Gamma eff) + \=\Omega 2

\biggl( 
s+

\Gamma eff

2

\biggr) 
.(3.10)

Remark 3.2. When \Gamma eff > 0, it is clear to see from (3.10) that the two roots of the
equation | sI  - A| = 0 have negative real parts; thus the linear control system in (3.5)
is Hurwitz stable. This applies to all the following theorems (Theorems 3, 5, 6, 7, 8);
thus the steady states in all these theorems are asymptotically stable.

Denote Z(s) as the Laplace transform of \langle \sigma z
1(t)\rangle . We analyze the atomic dynamics

based on the following assumption.

Assumption 3. Assume initially \~X(0) = [0,0, z0]
T
with  - 1\leq z0 \leq 1.

Then by (3.8), we can get

Z(s) =

\bigl( 
z0  - \Gamma \mathrm{e}\mathrm{f}\mathrm{f}

s

\bigr) \Bigl[ \bigl( 
s+ \Gamma \mathrm{e}\mathrm{f}\mathrm{f}

2

\bigr) 2
+ Y 2

\Bigr] 
\Bigl[ \bigl( 
s+ \Gamma \mathrm{e}\mathrm{f}\mathrm{f}

2

\bigr) 2
+ Y 2

\Bigr] 
(s+\Gamma eff) + \=\Omega 2

\bigl( 
s+ \Gamma \mathrm{e}\mathrm{f}\mathrm{f}

2

\bigr) .(3.11)

Theorem 3. If \Gamma > 0, then the steady value of \langle \sigma z
1(\infty )\rangle < 0.

Proof. According to (3.11), the steady value of \langle \sigma z
1\rangle reads

\langle \sigma z
1(\infty )\rangle = lim

s\rightarrow 0

s
\bigl( 
z0  - \Gamma \mathrm{e}\mathrm{f}\mathrm{f}

s

\bigr) \Bigl[ \bigl( 
s+ \Gamma \mathrm{e}\mathrm{f}\mathrm{f}

2

\bigr) 2
+ Y 2

\Bigr] 
\Bigl[ \bigl( 
s+ \Gamma \mathrm{e}\mathrm{f}\mathrm{f}

2

\bigr) 2
+ Y 2

\Bigr] 
(s+\Gamma eff) + \=\Omega 2

\bigl( 
s+ \Gamma \mathrm{e}\mathrm{f}\mathrm{f}

2

\bigr) 
= - \Gamma 2

eff + 4Y 2

\Gamma 2
eff + 4Y 2 + 2\=\Omega 2

< 0.

(3.12)

The conclusion above can also be interpreted in terms of the following theorem.
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QUANTUM FEEDBACK ON ATOM-WAVEGUIDE INTERACTIONS S247

Theorem 4 (see [55]). Consider a quantum control system with the Hamilton-
ian H0 and Lindblad coupling operator L. If [H0,L] \not = 0, then there is at least one
eigenstate of H0 denoted as \rho d, such that the trace distance D (\rho (t), \rho d) between the
quantum state \rho (t) and \rho d satisfies that

limsup
t\rightarrow \infty 

D (\rho (t), \rho d)> 0.

Remark 3.3. Theorem 4 means that when the dissipation operator does not com-
mute with the atomic Hamiltonian, there is at least one eigenstate which cannot be
prepared with arbitrary high fidelity no matter how the external control is designed.
In our case L = \sigma  - 

1 does not commute with the atomic Hamiltonian Hs; thus the
atom cannot be continuously excited when the waveguide dissipates to the environ-
ment with the rate \Gamma > 0 in (3.3). This also agrees with the conclusion in [78] that \Gamma 
can provide a new dissipation channel to prevent the atom's excitation.

3.1. An example when \bfitgamma 0 \not = 0 and \Gamma = 0. When \gamma 0 \not = 0 and \Gamma = 0, denote
Y \prime = Y +i\gamma 0 and \Gamma \prime 

eff = y\gamma . Let the initial atomic state be that given in Assumption 3.
The steady state of the atom can be modified according to (3.11) as

Z \prime (s) =

\Bigl( 
z0  - \Gamma \prime 

\mathrm{e}\mathrm{f}\mathrm{f}

s

\Bigr) \biggl[ \Bigl( 
s+

\Gamma \prime 
\mathrm{e}\mathrm{f}\mathrm{f}

2

\Bigr) 2

+ Y \prime 2
\biggr] 

\biggl[ \Bigl( 
s+

\Gamma \prime 
\mathrm{e}\mathrm{f}\mathrm{f}

2

\Bigr) 2

+ Y \prime 2
\biggr] 
(s+\Gamma \prime 

eff) +
\=\Omega 2

\Bigl( 
s+

\Gamma \prime 
\mathrm{e}\mathrm{f}\mathrm{f}

2

\Bigr) .(3.13)

Theorem 5. When Y = 0, the atom can be continuously excited and the pop-
ulation of the excited state is determined by the coherent drive and decaying to the
environment. In particular, if \=\Omega 2 = 4\gamma 2

0  - \Gamma \prime 2
eff , then \langle \sigma z

1(\infty )\rangle = 1, i.e., the coherent
drive can compensate for the atom's spontaneous decay and thus the atom remains in
the excited state.

Proof. The atomic population is given by \langle \sigma z
1\rangle . When Y = 0, Y \prime = i\gamma 0, then

according to (3.13),

\langle \sigma z
1(\infty )\rangle =

s
\Bigl( 
z0  - \Gamma \prime 

\mathrm{e}\mathrm{f}\mathrm{f}

s

\Bigr) \biggl[ \Bigl( 
s+

\Gamma \prime 
\mathrm{e}\mathrm{f}\mathrm{f}

2

\Bigr) 2

+ Y \prime 2
\biggr] 

\biggl[ \Bigl( 
s+

\Gamma \prime 
\mathrm{e}\mathrm{f}\mathrm{f}

2

\Bigr) 2

+ Y \prime 2
\biggr] 
(s+\Gamma \prime 

eff) +
\=\Omega 2

\Bigl( 
s+

\Gamma \prime 
\mathrm{e}\mathrm{f}\mathrm{f}

2

\Bigr) 
=

4\gamma 2
0  - \Gamma \prime 2

eff

2\=\Omega 2  - 4\gamma 2
0 +\Gamma \prime 2

eff

> - 1,

(3.14)

provided that \=\Omega > 0. This means that the coherent drive \=\Omega can make the atom
be excited rather than let it remain at the ground state. In particular, when \=\Omega 2 =
4\gamma 2

0  - \Gamma \prime 2
eff , by (3.14) we have \langle \sigma z

1(\infty )\rangle = 1; in other words, the coherent drive can
compensate for the atom's spontaneous decay and the atom can be perfectly excited.

3.2. Measurement feedback control combined with the coherent feed-
back. When the quantum system is measured via homodyne detection at the right
end of the semi-infinite waveguide, the measured information is related to fluores-
cence emitted by the atom into the waveguide [10, 11, 28, 51, 64, 66, 81]. Specifically,
when an input field ain(t) is applied to the quantum system from the right end of the
waveguide, the corresponding output field aout(t) reads [37, 66]

aout(t) = ain(t) +

\biggl[ 
\gamma 1L\sigma 

 - 
1

\biggl( 
t - 2z1

c

\biggr) 
 - \gamma 1R\sigma 

 - 
1 (t)

\biggr] 
.(3.15)
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S248 H. DING, N. H. AMINI, G. ZHANG, AND J. E. GOUGH

It is noted that the second component on the RHS can also be derived by solving the
Heisenberg equation of the operator dk, as was done in [31].

Under the similar approximation adopted in [31, 80], the measurement operator
for the atom can be represented as [40]

\^M1 =
\bigl( 
\gamma 1R  - \gamma 1Le

i2kaz1
\bigr) 
\sigma  - 
1 ,(3.16)

where ka = \omega a/c. Let XM = \^M1+ \^M\dagger 
1 . Then the output photon current of the system

via homodyne detection reads [11, 80]

Ic(t) = \langle XM \rangle + 1
\surd 
\eta 

dW

dt

=
\Bigl\langle 
\^M1 + \^M\dagger 

1

\Bigr\rangle 
+

1
\surd 
\eta 

dW

dt

= \gamma 1R\langle X\rangle  - \gamma 1L
\bigl\langle 
ei2kaz1\sigma  - 

1 + e - i2kaz1\sigma +
1

\bigr\rangle 
+

1
\surd 
\eta 

dW

dt
,

(3.17)

where X is given above (3.4), the bracket \langle \rangle represents the expectation value of
operators under homodyne measurement, 0< \eta \leq 1 is homodyne detection efficiency,
and dW is a Wiener increment satisfying E [dW ] = 0 and E

\bigl[ 
dW 2

\bigr] 
= dt with E

denoting an ensemble average.

Remark 3.4. The output photon current in (3.17) can be equivalently represented
as

Ic(t) =
\bigl( 
\gamma 1R  - \gamma 1Le

i2kaz1
\bigr) 
\langle \sigma  - 

1 \rangle +
\bigl( 
\gamma 1R  - \gamma 1Le

 - i2kaz1
\bigr) 
\langle \sigma +

1 \rangle +
1
\surd 
\eta 

dW

dt
.(3.18)

In particular, when 2kaz1 = n\pi ,

Ic(t) = \~\gamma \langle X\rangle + 1
\surd 
\eta 

dW

dt
,(3.19)

where \~\gamma = \gamma 1R  - \gamma 1L cos(n\pi ) is the effective coupling.

According to quantum measurement theory, the dynamics of the quantum net-
work under homodyne detection is [66]

d\rho c(t) = - i[Heff , \rho c(t)]dt+\Gamma eff\scrL \sigma  - 
1
[\rho c(t)] dt+\scrH [\~\gamma \sigma  - 

1 ]\rho c(t)
\surd 
\eta dW,(3.20)

where \scrL \sigma  - 
1
is the Lindblad component as given in (3.3), and for an arbitrary operator

L, the superoperator

\scrH [L]\rho =L\rho (t) + \rho (t)L\dagger  - Tr [(L+L\dagger )\rho (t)]\rho (t).

In the following, we assume \eta = 1 in the homodyne detection measurement. Then
the measurement feedback control equation with an arbitrary system operator F reads
[29, 73, 74, 87]

d\rho F (t) = - i[Heff , \rho F (t)]dt+\Gamma eff\scrL \sigma  - 
1
[\rho F (t)] dt+\scrH [\~\gamma \sigma  - 

1 ]\rho F (t)dW (t)

 - igf [F,\rho F (t)]dW (t) - igf \~\gamma 
\bigl[ 
F,\sigma  - 

1 \rho F (t) + \rho F (t)\sigma 
+
1

\bigr] 
dt - 1

2
g2f [F, [F,\rho F (t)]] dt,

(3.21)

where gf represents the feedback strength.
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QUANTUM FEEDBACK ON ATOM-WAVEGUIDE INTERACTIONS S249

Denote \xi (t) = dW/dt. When Heff = - (Y + i\gamma 0)\sigma 
+
1 \sigma 

 - 
1 +

\bigl( 
\=\Omega 1/2

\bigr) 
X as in (3.3) with

\gamma 0 \not = 0, F = X [11], by the stochastic master equation (3.21), the evolution of the
atomic operators reads

d

dt
\langle X\rangle = i (Y + i\gamma 0)

\bigl( 
\langle \sigma  - 

1 \rangle  - \langle \sigma +
1 \rangle 

\bigr) 
 - \Gamma eff

2

\bigl( 
\langle \sigma  - 

1 \rangle + \langle \sigma +
1 \rangle 

\bigr) 
+ \~\gamma 

\bigl( 
1 + \langle \sigma z

1\rangle  - \langle X\rangle 2
\bigr) 
\xi (t),

(3.22a)

d

dt
\langle \sigma +

1 \rangle = - i (Y + i\gamma 0) \langle \sigma +
1 \rangle  - 

\Gamma eff

2
\langle \sigma +

1 \rangle  - 
i\=\Omega 

2
\langle \sigma z

1\rangle + igf \~\gamma \langle X\rangle + g2f
\bigl( 
\langle \sigma  - 

1 \rangle  - \langle \sigma +
1 \rangle 

\bigr) 
+ \~\gamma 

\biggl( 
1 + \langle \sigma z

1\rangle 
2

 - \langle X\rangle \langle \sigma +
1 \rangle 

\biggr) 
\xi (t) - igf \langle \sigma z

1\rangle \xi (t),

(3.22b)

d

dt
\langle \sigma  - 

1 \rangle = i (Y + i\gamma 0) \langle \sigma  - 
1 \rangle  - 

\Gamma eff

2
\langle \sigma  - 

1 \rangle +
i\=\Omega 

2
\langle \sigma z

1\rangle  - igf \~\gamma \langle X\rangle + g2f
\bigl( 
\langle \sigma +

1 \rangle  - \langle \sigma  - 
1 \rangle 

\bigr) 
+ \~\gamma 

\biggl( 
1 + \langle \sigma z

1\rangle 
2

 - \langle X\rangle \langle \sigma  - 
1 \rangle 

\biggr) 
\xi (t) + igf \langle \sigma z

1\rangle \xi (t),(3.22c)

d

dt
\langle \sigma z

1\rangle = - i\=\Omega 
\bigl( 
\langle \sigma +

1 \rangle  - \langle \sigma  - 
1 \rangle 

\bigr) 
 - \Gamma eff (\langle \sigma z

1\rangle + 1) - 2g2f \langle \sigma z
1\rangle 

 - \~\gamma \langle X\rangle (1 + \langle \sigma z
1\rangle ) \xi (t) - 2igf

\bigl( 
\langle \sigma +

1 \rangle  - \langle \sigma  - 
1 \rangle 

\bigr) 
\xi (t).

(3.22d)

Averaging over \xi (t) = 0 and applying the Laplace transform to \langle \sigma z
1\rangle , similarly to

(3.9), yields

\scrZ (s) =
z0  - \Gamma eff/s\Bigl( 

s+\Gamma eff + 2g2f

\Bigr) 
+

2g2
f
\=\Omega 2+\=\Omega 2(s+\Gamma \mathrm{e}\mathrm{f}\mathrm{f}/2)

(s+\Gamma \mathrm{e}\mathrm{f}\mathrm{f}/2+g2
f)

2 - Fz - g4
f

,
(3.23)

where Fz = (\gamma 0  - iY ) (\gamma 0  - iY + 2igf \~\gamma ).
It can be seen that the atomic state is determined by the decaying process to

the waveguide and environment, the coherent drive \=\Omega , and the measurement feedback
control. Then we have the following theorem.

Theorem 6. The measurement feedback control cannot drive the atom to be fully
excited; instead it can shorten its final distance to the state for which \langle \sigma z

1\rangle = 0, and
the distance is determined by the feedback strength g2f if Y,\gamma 0 \ll gf \~\gamma .

Proof. By Theorem 4 and Remark 3.3, the atom cannot be repeatedly excited.
We consider the steady value

\langle \sigma z
1(\infty )\rangle = lim

s\rightarrow 0
s\scrZ (s)

=
 - \Gamma eff\Bigl( 

\Gamma eff + 2g2f

\Bigr) 
+

\=\Omega 2
\Bigl( 
2g2

f+
\Gamma \mathrm{e}\mathrm{f}\mathrm{f}
2

\Bigr) 
\Gamma \mathrm{e}\mathrm{f}\mathrm{f}
2

\Bigl( 
2g2

f+
\Gamma \mathrm{e}\mathrm{f}\mathrm{f}
2

\Bigr) 
 - Fz

< 0.(3.24)

When Y,\gamma 0 \ll gf \~\gamma , gf can influence the steady value of \langle \sigma z
1\rangle mainly by the first

component of the denominator of (3.24) and gf can shorten the distance between
\langle \sigma z

1(\infty )\rangle and zero.

Remark 3.5. For a special case that \=\Omega = 0, which means there is no coherent
drive, then \langle \sigma z

1(\infty )\rangle = - \Gamma \mathrm{e}\mathrm{f}\mathrm{f}

\Gamma \mathrm{e}\mathrm{f}\mathrm{f}+2g2
f
.

The following theorem tells how the homodyne detection noise can influence the
amplitudes of the quantum state around its final steady state.
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S250 H. DING, N. H. AMINI, G. ZHANG, AND J. E. GOUGH

Theorem 7. If gf \gg \gamma 1R \geq \gamma 1L, then the chiral couplings between the atom and
the waveguide enhance stochastic fluctuations in the amplitude of the atom.

Proof. When \xi (t) \not = 0, we denote \langle \sigma +
1 \rangle = \langle \=\sigma +

1 \rangle + \Delta \sigma +
1 , \langle \sigma  - 

1 \rangle = \langle \=\sigma  - 
1 \rangle + \Delta \sigma  - 

1 ,
and \langle \sigma z

1\rangle = \langle \=\sigma z
1\rangle + \Delta \sigma z

1 , where \langle \=\sigma +
1 \rangle , \langle \=\sigma  - 

1 \rangle , and \langle \=\sigma z
1\rangle represent the mean value of

the operators in (3.22) when \=\Omega = 0 and \xi (t) = 0. Thus \Delta \sigma +
1 , \Delta \sigma z

1 , and \Delta \sigma z
1 are

the stochastic values induced by \xi (t) \not = 0. Similarly to (3.24), we can derive that
\langle \=\sigma +

1 \rangle = \langle \=\sigma  - 
1 \rangle = \langle \=\sigma z

1\rangle = 0. When gf \gg \Gamma eff , the dominant stochastic component in
(3.22d) is proportional to

\langle \sigma +
1 \rangle  - \langle \sigma  - 

1 \rangle =\Delta \sigma +
1  - \Delta \sigma  - 

1 = - 2igf \langle \sigma z
1\rangle dW

= - 2igf (\langle \=\sigma z
1\rangle +\Delta \sigma z

1)dW

= - 2igf \langle \=\sigma z
1\rangle dW

= 2igf
\Gamma eff

\Gamma eff + 2g2f
dW,

(3.25)

where \Delta \sigma z
1dW is omitted because dW 2+n = 0 for n > 0 [24]. According to (3.24)

with \=\Omega = 0, the final steady value is determined by V = g2f/\Gamma eff . For given V with
gf \gg \Gamma eff , we have

\langle \sigma +
1 \rangle  - \langle \sigma  - 

1 \rangle = 2igf
\Gamma eff

\Gamma eff + 2g2f
dW = 2i

\surd 
V \Gamma eff

1 + 2V
dW.(3.26)

This means that the settings \gamma 1L \not = \gamma 1R with large \Gamma eff can induce large stochastic
fluctuations of the quantum state around its steady value.

Theorem 8. When \omega az1 = n\pi , where n = 1,2, . . ., chiral couplings between the
atom and waveguide can induce faster evolution of average atomic transients when
\=\Omega = 0.

Proof. Consider the dynamics in (3.22d) after averaging \xi (t). When \omega az1 = n\pi ,
\Gamma eff is real and positive. By (3.22d),

\langle \sigma z
1(\infty )\rangle \approx  - \Gamma eff

\Gamma eff + 2g2f
= - 1

1 + 2V
,(3.27)

where gf =
\surd 
\Gamma effV . By (3.27) the atom converges to the same steady state for a given

V . Let \gamma 1R + \gamma 1L be a constant; \Gamma eff will be larger when \gamma 1R \not = \gamma 1L. Then according
to (3.22d), \langle \sigma z

1(t)\rangle approaches its steady value with a faster convergence rate.

In the following, we illustrate Theorems 7 and 8. Let \omega a = 50, \gamma 0 = 0, \=\Omega = 0,
\Gamma = 0.01, and dt = 0.05s. Assume that initially the atom is at the ground state. In
Figure 5(a)--(c), g2f/\Gamma eff = 30. It is clear that the atom finally converges to the same
steady value. When z1 = \pi /\omega a, the chiral couplings between the atom and waveguide
can induce large \Gamma eff (\Gamma eff = 0.03,0.135,0.51 in (a)--(c), respectively), which lead
to large stochastic fluctuation. This agrees with the conclusion in Theorem 7. In
Figure 5(d)--(f), the parameters are the same as in (a)--(c) except for the coupling
strengths and g2f/\Gamma eff = 5. According to the chiral coupling parameters, we have
\Gamma eff = 0.03 in (d), \Gamma eff = 0.09 in (e), and \Gamma eff = 0.33 in (f). The simulations clearly
show that \langle \sigma z

1\rangle converges faster with larger \Gamma eff , which agrees with the conclusion in
Theorem 8.
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Fig. 5. Measurement feedback control influenced by coherent feedback designs.

4. Conclusions. In this paper, we have studied the feedback control of a quan-
tum system where two-level atoms are coupled to a semi-infinite waveguide. When
initially there are no more than two atoms that are excited and the waveguide is
empty, the quantum state evolution can be interpreted as the evolution of a random
graph. By adjusting the location of the atoms and the chiral coupling strengths be-
tween the atoms and the waveguide, the number of photons and the consensus of
the atomic dynamics can be controlled. In addition, the spontaneous emission and
dissipation of the atoms induced by the environment can influence the steady state,
and this process can be compensated by external coherent drives and measurement
feedback controls. Moreover, the coherent feedback can be tuned by designing the
chiral couplings and the location of the atoms, and this, together with measurement
feedback control, influences the oscillation of atomic states.

Appendix A. Derivation of the delay-dependent control equation with
one and two excitations based on the Schr\"odinger equation. In this section,
we derive the delay-dependent control equation in the main text according to the
number of possible excitations emitted by the atoms in the waveguide, Specifically,
section A.1 provides the details of the derivation of (2.5) with one excitation, and
section A.2 is devoted to the derivation of (2.24) with two excitations.

A.1. Derivation of (2.5). Plugging the integration of (2.4b) into (2.4a), we
have

\.cj(t) = - i

\int 
g\ast kjt(k, t, zj)\~c(t, k)dk

=

\int \Bigl\{ 
 - \gamma jRe

 - i[(\omega k - \omega a)t - \omega kzj/c] + \gamma jLe
 - i[(\omega k - \omega a)t+\omega kzj/c]

\Bigr\} 
N\sum 

p=1

\int t

0

cp(u)
\Bigl\{ 
\gamma pRe

i[(\omega k - \omega a)u - \omega kzp/c]  - \gamma pLe
i[(\omega k - \omega a)u+\omega kzp/c]

\Bigr\} 
dudk
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= - 
\gamma 2
jR + \gamma 2

jL

2
cj(t) - \gamma jR

j - 1\sum 
p=1

\gamma pRcp

\biggl( 
t - zj  - zp

c

\biggr) 
ei\omega a

zj - zp

c

+ \gamma jR

N\sum 
p=1

\gamma pLcp

\biggl( 
t - zp + zj

c

\biggr) 
ei\omega a

zp+zj
c

 - \gamma jL

N\sum 
p=j+1

\gamma pLcp

\biggl( 
t - zp  - zj

c

\biggr) 
ei\omega a

zp - zj
c .

(A.1)

Next, we take one of the integrals in the second and third lines of (A.1) as an example.
A delay-dependent format can be derived as

\gamma jR

\int t

0

cp(u)

\int 
\gamma pRe

i[(\omega k - \omega a)u - \omega kzp/c]e - i[(\omega k - \omega a)t - \omega kzj/c]dkdu

= \gamma jR

\int t

0

cp(u)\gamma pRe
i\omega a(t - u)\delta (u - t - zp/c+ zj/c)du

= \gamma jR\gamma pRcp

\biggl( 
t - zj  - zp

c

\biggr) 
ei\omega a

zj - zp

c .

(A.2)

The other components in (2.5) can be similarly derived.

A.2. Derivation of (2.5). Plugging (2.23c) into (2.23b), the second component
of the RHS of (2.23b) reads

i

\int 
c\ast (k, k2, t)g

\ast 
kjt(k2, t, zj)dk2

=

\int \int t

0

\sum 
j\prime 

\bigl[ 
c\bullet j\prime (u,k)gkj\prime t(k2, u, zj) + c\bullet j\prime (u,k2)gkj\prime t(k,u, zj\prime )

\bigr] 
dug\ast kjt(k2, t, zj)dk2

=
\sum 
j\prime 

\int \int t

0

\bigl[ 
c\bullet j\prime (u,k)gkj\prime t(k2, u, zj\prime ) + c\bullet j\prime (u,k2)gkj\prime t(k,u, zj\prime )

\bigr] 
g\ast kjt(k2, t, zj)dudk2

=
\sum 
j\prime 

\int t

0

\int 
c\bullet j\prime (u,k)

\bigl( 
\gamma j\prime Re

 - ik2zj\prime  - \gamma j\prime Le
ik2zj\prime 

\bigr) 
\bigl( 
\gamma jRe

ik2zj  - \gamma jLe
 - ik2zj

\bigr) 
eik2c(u - t)dk2e

i\omega a(t - u)du

=
\sum 
j\prime 

\int t

0

c\bullet j\prime (u,k)

\biggl[ 
\gamma j\prime R\gamma jR\delta 

\biggl( 
u - t+

zj  - zj\prime 

c

\biggr) 
 - \gamma j\prime R\gamma jL\delta 

\biggl( 
u - t - zj + zj\prime 

c

\biggr) 
 - \gamma j\prime L\gamma jR\delta 

\biggl( 
u - t+

zj + zj\prime 

c

\biggr) 
+ \gamma j\prime L\gamma jL\delta 

\biggl( 
u - t+

zj\prime  - zj
c

\biggr) \biggr] 
ei\omega a(t - u)du

=
\gamma 2
jR + \gamma 2

jl

2
c\bullet j (t, k) - 

\sum 
j\prime 

\gamma j\prime R\gamma jLc
\bullet 
j

\biggl( 
t - zj + zj\prime 

c
, k

\biggr) 
ei\omega a

zj+z
j\prime 

c

+
\sum 
j\prime <j

\gamma j\prime R\gamma jRc
\bullet 
j

\biggl( 
t - zj  - zj\prime 

c

\biggr) 
ei\omega a

zj - z
j\prime 

c

+
\sum 
j\prime >j

\gamma j\prime L\gamma jLc
\bullet 
j

\biggl( 
t - zj\prime  - zj

c
, k

\biggr) 
ei\omega a

z
j\prime  - zj

c ,

which is the delay-dependent evolution format in (2.24b).
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Then take the first component of RHS of (2.23a) as an example:

\int 
c\bullet j (t, k)g

\ast 
klt(k, t, zl)dk

=
\sum 
l\prime 

\int t

0

\int 
 - icjl\prime (u)gkl\prime t(k,u, zl\prime )g

\ast 
klt(k, t, zl)dkdu

= - i
\sum 
l\prime 

\int t

0

\int 
cjl\prime (u)

\biggl[ 
\gamma l\prime R\gamma lRe

i\omega k

\Bigl( 
u - t+

zl - z
l\prime 

c

\Bigr) 
 - \gamma l\prime R\gamma lLe

i\omega k

\Bigl( 
u - t - 

zl+z
l\prime 

c

\Bigr) 

 - \gamma l\prime L\gamma lRe
i\omega k

\Bigl( 
u - t+

zl+z
l\prime 

c

\Bigr) 
+ \gamma l\prime L\gamma lLe

i\omega k

\Bigl( 
u - t+

z
l\prime  - zl

c

\Bigr) \biggr] 
ei\omega a(t - u)dkdu

= - i

l - 1\sum 
l\prime =1

\int t

0

\gamma l\prime R\gamma lRcjl\prime (u)\delta 

\biggl( 
u - t+

zl  - zl\prime 

c

\biggr) 
ei\omega a(t - u)du

+ i

l - 1\sum 
l\prime =1

\int t

0

cjl\prime (u)\gamma l\prime L\gamma lR\delta 

\biggl( 
u - t+

zl + zl\prime 

c

\biggr) 
ei\omega a(t - u)du

 - i

N\sum 
l\prime =l+1

\int t

0

\gamma l\prime L\gamma lLcjl\prime (u)\delta 

\biggl( 
u - t+

zl\prime  - zl
c

\biggr) 
ei\omega a(t - u)du - i

\gamma 2
lR + \gamma 2

lL

2
cjl(t)

= - i

l - 1\sum 
l\prime =1,l\prime \not =j

\gamma l\prime R\gamma lRcjl\prime 

\biggl( 
t - zl  - zl\prime 

c

\biggr) 
ei\omega a

zl - z
l\prime 

c

+ i

N\sum 
l\prime =1,l\prime \not =j

\gamma l\prime L\gamma lRcjl\prime 

\biggl( 
t - zl + zl\prime 

c

\biggr) 
ei\omega a

zl+z
l\prime 

c

 - i

N\sum 
l\prime =l+1,l\prime \not =j

\gamma l\prime L\gamma lLcjl\prime 

\biggl( 
t - zl\prime  - zl

c

\biggr) 
ei\omega a

z
l\prime  - zl

c du - i
\gamma 2
lR + \gamma 2

lL

2
cjl(t),

(A.4)

which is half of the components in (2.24a). The other half can be similarly derived.
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