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Abstract

This study presents the development of a multiple-distribution-function lattice Boltzmann model (MDF-

LBM) for the accurate simulation of multi-component and multi-phase flow. The model is based on the

diffuse interface theory and free energy model, which enable the derivation of hydrodynamic equations for the

system. These equations comprise a Cahn-Hilliard (CH) type mass balance equation, which accounts for cross

diffusion terms for each species, and a momentum balance equation. By establishing a relationship between

the total chemical potential and the general pressure, the momentum balance equation is reformulated in a

potential form. This potential form, together with the CH type mass balance equation, is then utilized to

construct the MDF-LBM as a coupled convection-diffusion system. Numerical simulations demonstrate that

the proposed MDF-LBM accurately captures phase behavior and ensures mass conservation. Additionally,

the calculated interface tension exhibits good agreement with experimental data obtained from laboratory

studies.
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1. Introduction

Multi-component multi-phase flows are of great importance in natural phenomena and a variety of engi-

neering applications, including reservoir engineering [1], environmental protection [2], and microfluidic chip

design [3]. Accurate modeling and prediction of phase behavior are crucial for the success of these applications

[4]. Over the years, various methods have been developed to describe the interface between different phases,5

such as the level set approach [5], front tracking method [6], volume of fluid method [7], diffuse interface

method [8, 9, 10, 11], and so on. Among these methods, the diffuse interface method stands out for its ability

to accurately capture interface curvature by considering the interface as thin but with non-zero thickness

transitional regions. This method, along with others mentioned, has demonstrated success in numerically

simulating multi-phase and multi-component fluid flow.10
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The lattice Boltzmann method (LBM), rooted in kinetic theory, has demonstrated remarkable capabilities

in simulating complex fluid flows [12, 13, 14, 15]. By incorporating the strengths of the diffuse interface

model, various types of multi-phase and multi-component LBMs have been formulated [16, 17, 18, 19, 20,

21, 22]. These models can be broadly categorized into three groups: the pseudopotential model [23, 24], the

free energy model [25, 26], and the phase field based model [27, 28]. Within the framework of the multi-15

component pseudopotential model, Deng et al. [29] presented an enhanced multi-component two-phase LBM

by introducing a realistic equation of state (EOS) and scaling the original pressure with a defined scalar.

This LBM has been shown to accurately simulate high density and viscosity ratios in multi-component two-

phase systems. Additionally, Peng et al. [30] introduced a thermodynamically consistent multi-component,

multiphase pseudo-potential LBM capable of predicting the phase behavior of partially miscible hydrocarbon20

mixtures. The free energy model, derived from the principles of thermodynamics, encompasses the non-

ideal EOS within the pressure tensor of the Navier-Stokes (N-S) equations. Several enhancements have been

made to refine the free energy model. One notable advancement is the development of a thermodynamically

consistent free energy model for ternary multi-phase multi-component flows by Wöhrwag et al. [9], which

is based on the entropic LBM. In a similar vein, Ridl et al. [32] established an LBM framework specifically25

designed for simulating mixtures with a multi-component van der Waals EOS. Soomro [33] contributed to

the field by introducing a free-energy LBM tailored for multi-component and multi-phase fluids with partial

miscibility, where the forcing term is determined by the species’ fugacity. Their work successfully simulated

the vapor-liquid equilibrium of two- and three-component mixtures across various temperature and pressure

conditions. Another commonly employed model for simulating multiphase flows is the phase field model,30

which uses an order parameter to track the distinct phases. This model is typically used for simulating

multiphase flows involving N (N ≥ 2) immiscible incompressible fluids [34, 35]. However, the thermodynamic

properties of the phase field model are expressed using a double-well or multi-well free energy functional,

limiting its ability to accurately mimic multi-component and multi-phase flows with realistic EOS.

In this study, we introduce a generalized multi-phase and multi-component free energy model to ac-35

curately capture the behavior of immiscible and partially miscible fluid systems with different EOS. The

hydrodynamic equations used in this model, including the CH type mass conservation equation for each

component and the potential form momentum balance equation, pose significant challenges for numerical

methods. Building upon previous work [36], we have developed a coupled multiple-distribution-function lat-

tice Boltzmann method (MDF-LBM) to effectively tackle these hydrodynamic equations, treating them as40

coupled convection-diffusion systems. The structure of this paper is as follows: In Section 2, we present the

mathematical model and the hydrodynamic equations governing the behavior of multi-component and multi-

phase system. In Section 3, we propose the MDF-LBM approach to solve the CH type mass conservation

equation for each component and the potential form momentum balance equation. Section 4 demonstrates

the validity and effectiveness of our numerical simulations. Finally, in Section 5, we make conclusions and45

engage in discussions pertaining to our findings.
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2. Mathematical model of multi-component and multi-phase flow

In this section, we present a comprehensive mathematical model for multi-component two-phase fluids,

which is based on the principles of multi-component free energy modeling and diffuse interface theory.

2.1. Helmholtz free energy50

Consider the motion of a mixture fluid composed ofM chemical components under a constant temperature

(T ). The molar density or volume fraction vector is denoted by n = [n1, n2, ..., nM ]T , where ni is the molar

density or volume fraction of component i. In the case of realistic fluids, the presence of diffuse interfaces

between two phases requires an appropriate representation. To address this characteristic, the Helmholtz

free energy of inhomogeneous fluids is supplemented with a term that incorporates local density gradients.

The total Helmholtz free energy F (n;T,Ω), consisting of two components: the Helmholtz free energy of the

bulk homogeneous fluid F0(n;T,Ω) and a local density gradient term F∇(n;T,Ω), is given as follows.

F (n;T,Ω) = F0(n;T,Ω) + F∇(n;T,Ω) =

∫
Ω

f0(n;T )dx+

∫
Ω

f∇(n;T )dx. (1)

Here, f0(n) is the Helmholtz free density of bulk homogeneous fluid, f∇(n) is the contribution of Helmholtz

free energy density from the concentration gradient, which can be expressed as

f∇(n) =
1

2

M∑
i,j=1

cij∇ni · ∇nj , (2)

where cij represents the cross-influence parameter, which is associated with the thickness of the interface.

The chemical potential of component i is calculated as

µi = (
δf(n, T )

δni
)T = µ0

i −
M∑
j=1

∇ · (cij∇nj), (3)

where δ/δni is the variational derivative and

µ0
i =

∂f0(n, T )

∂ni
. (4)

Based on the fundamental principles of thermodynamics, the pressure of a homogeneous fluids, denoted as

p0, is related to f0(n) in the following way:

p0 = p0(n, T ) =

M∑
i=1

ni(
∂f0
∂ni

)− f0 =

M∑
i=1

niµ0,i − f0. (5)

Thus, the general thermodynamic pressure can be formulated as

p =

M∑
i=1

niµi − f

= p0 −
M∑

i,j=1

ni∇ · (ci,j∇nj)−
1

2

M∑
i,j=1

cij∇ni · ∇nj ,

(6)
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where f = f0 + f∇.

From equations (4) and (5), we can observe that f0 connects an EOS and its chemical potential. For

multi-component fluids with different EOS, f0 takes on various forms. For example, in the commonly used

Van der Waals EOS, f0 is expressed as the sum of two terms: an ideal part and an excess part as follows

[37].

f0(n) = f ideal
0 (n) + fexcess

0 (n), (7)

where

f ideal
0 (n) = RT

M∑
i=1

ni(lnni − 1), fexcess
0 (n) = −nRT ln(1− bn)− an2.

The Peng-Robinson EOS, which is widely used in the oil reservoir and chemical engineering, is more accurately

in the modeling of hydrocarbon mixtures. f0 takes the following form[11]

f0(n) = RT

M∑
i=1

ni(lnni − 1)− nRT ln(1− bn) +
an

2
√
2b

ln(
1 + (1−

√
2)bn

1 + (1 +
√
2)bn

). (8)

The definitions of the parameters a and b in the free energy density of van der Waals EOS and P-R EOS are

given in Appendix.

Additionally, in the phase field theory, a simplified form of free energy density known as the multiwell

potential form is commonly employed in the modeling of multi-component fluid flows[35, 34]. The explicit

expression of the multiwell potential free energy density can be represented as follows:

f0(n) =

M∑
i,j=1

βij [g(ni) + g(nj)− g(ni + nj)], (9)

where ni represents the volume fraction of component i in the phase field theory, βij is a constant, which is55

related to the surface tension between different component. g(ni) is typically defined as g(ni) = n2
i (ni − 1)2.

2.2. Governing equation of multi-component mixtures

The mass balance equation for component i is

∂ni

∂t
+∇ · (uni) +∇ · Ji = 0, (10)

with

Ji = −
M∑
j=1

Mij∇µj , i− 1, ...,M,

where u is the average velocity of the mixture, (Mij)
M
i,j=1 is the mobility tensor. Based on the Onsager’s

reciprocal principle and the second law of thermodynamics, it is required that (Mij)
M
i,j=1 be symmetric and at

least positive semi-definite. Under different conditions, there exist several options for the choice of mobility,60

which can be found in [34] and [38].

The mass density of the mixture is defined as

ρ =

M∑
i=1

niMw,i, (11)
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where Mw,i represents the molar weight of component i. Thus, the mass balance equation of the multi-

component two phase fluid system is

∂ρ

∂t
+∇ · (ρu) +

M∑
i=1

Mw,i∇ · Ji = 0. (12)

The momentum balance equation is

ρ(
∂u

∂t
+ u · ∇u) +

M∑
i=1

Mw,iJi · ∇u = ∇(ξ − 2

3
η)(∇ · u− p)

+∇ · (η(∇u+∇uT ))−
M∑

i,j=1

∇ · (cij∇ni ⊗∇nj) +G,

(13)

where G is an external body force.

Under the isothermal condition, the gradient of the general pressure and total chemical potential have

the following relation,
M∑
i=1

ni∇µi = ∇p+

M∑
i,j=1

∇ · (cij∇ni ⊗∇nj).

By using the above formula, the momentum conservation equation (13) can be reformulated as a potential

form,

ρ(
∂u

∂t
+ u · ∇u) +

M∑
i=1

Mw,iJi · ∇u = −
M∑
i=1

ni∇µi +∇ · (η(∇u+∇uT ) + (ξ − 2

3
η)(∇ · u)I) +G. (14)

3. Multiple-distribution-function lattice Boltzmann method for multi-component mixtures

In this study, we develop an efficient lattice Boltzmann method (LBM) that utilizes multiple distribution

functions for simulating multi-component mixtures. To begin with, in order to design an efficient LBM, we65

can reframe the mass balance equations (10) and the momentum conservation equation (14) in the form of

a coupled convection-diffusion system as follows.

∂ni

∂t
+∇ · (uni) = ∇ ·Mij∇µj , i = 1, ...,M, (15)

∂ρuα

∂t
+∇ · ((ρuα + J̄α)u) = ∇ · (η∇uα) + Fα, α = 1, ..., d, (16)

where u = (uα)α=1,...,d is the velocity in d-dimensional space. J̄ = (J̄α) is a flux with J̄ = −
M∑

i,j=1

Mw,iMij∇µj

and F = Fs +G = (Fα) with Fs = −
M∑
i=1

ni∇µi.

3.1. The multiple-distribution-function LBM for mass balance equation70

The evolution equation of the LBM with multiple distribution functions for Eq.(15) can be expressed as

fk,i(x+ ckδt, t+ δt) = fk,i(x, t)− Λij [fk,j(x, t)− feq
k,j(x, t)] + δtSk,i(x, t), i = 1, ...,M. (17)

5



where fk,i(x, t) is the discrete distribution function for i th component. ck = cek, {ek, k = 0, ..., b− 1} is the

set of discrete velocity directions, c = δx/δt is the lattice speed, and [Λij ]M×M is the invertible relaxation

matrix.

In (17), feq
k,i(x, t) is the equilibrium distribution function (EDF), which can be written as

feq
k,i(x, t) = ωk[ni +

ck · niu

c2s
+

(ckck − c2sI) : (
∑

j c
2
sKijµjI− c2sniI)

2c4s
], (18)

where [Kij ]M×M is an invertible relaxation matrix. From the Chapman-Enskog (C-E) analysis, we can found

that the value of feq
k,i(x, t) is related to the mobility tensor (Mij)

M
i,j=1 and the relaxation matrix [Λij ]M×M .

Sk,i(x, t) is the auxiliary distribution function, which is defined as

Sk,i(x, t) = (δij −
Λij

2
)
ωkck · ∂t(nju)

c2s
. (19)

In simulations, the DdQq lattice model is used in the present regularized LBM. For example, in the D1Q3

lattice model, {c0, c1, c2} = {0, c,−c}, ω0 = 2/3, ω1 = ω2 = 1/6, while for the D2Q9 model, {ci, i = 0, ..., 8} =

{(0, 0), (±c, 0), (0,±c), (±c,±c)}, ω0 = 4/9, ω1−4 = 1/9, ω5−8 = 1/36. Based on the lattice symmetries, the

discrete velocities ck and weight ωk satisfy the following isotropic constraints:

q∑
k=1

ωk = 1,

q∑
k=1

ωkckck = c2sI = c2sδij ,

q∑
k=1

ωkck = 0,

q∑
k=1

ωkckckck = 0,

q∑
k=1

ωkckckckckck = 0,

q∑
k=1

ωkckckckck = c4s∆ = c4s(δijδkl + δikδjl + δilδjk).

(20)

Applying the above constraints to Eq. (18), the moment conditions can be obtained as

∑
k f

eq
k,i(x, t) = ni(x, t),∑

k ckf
eq
k,i(x, t) = ni(x, t)u,∑

k ckckf
eq
k,i(x, t) =

∑
j c

2
sKijµjI,∑

k Sk,i(x, t) = 0,∑
k ckSk,i(x, t) = (δij − Λij

2 )∂t(nju).

(21)

The molar density or volume fraction ni is then calculated by

ni(x, t) =
∑
k

fk,i(x, t). (22)
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3.2. The multiple-distribution-function LBM for the potential form momentum conservation equation

The evolution equations of the LBM with multiple distribution functions for Eq. (16) can be expressed

as

hk,α(x+ ckδt, t+ δt) =hk,α(x, t)− Λ̄k,j [hj,α(x, t)− heq
j,α(x, t)]

+ δt[Gk,α(x, t) + Fk,α(x, t) +
δt

2
D̄kFk,α(x, t)], α = 1, ..., d,

(23)

where hk,α(x, t) is the discrete distribution function for α-th velocity, D̄k = ∂t + γck · ∇, with the parameter

γ ∈ {0, 1}, and [Λ̄k,j ]b×b is the invertible collision matrix. It has been pointed out in [36] that to recover the

correct macroscopic equations, the collision matrix should satisfy the following conditions,∑
i

eiΛ̄ik = s0ek,
∑
i

ciΛ̄ik = s1ck, (24)

where e = (1, 1, ..., 1) and s0, s1 are eigenvalues of the collision matrix Λ̄. In (23), heq
k,α(x, t) is the equilibrium

distribution function, Gk,α(x, t) and Fk,α(x, t) are the auxiliary distribution function and the distribution

function for source term Fα, respectively. They are defined by

heq
k,α(x, t) = ωk[ρuα +

ck · (ρuα + J̄α)u

c2s
],

Gk,α(x, t) = (1− s1
2
)ωkck · ∂t[(ρuα + J̄α)u] + c2suα∇ρ

c2s
,

Fk,α(x, t) = ωkFα.

(25)

By using the isotropic constraints (20), the following moments can be obtained.

∑
k h

eq
k,α(x, t) = ρuα,∑

k ckh
eq
k,α(x, t) = (ρuα + J̄α)u,∑

k ckckh
eq
k,i(x, t) = c2sρuαI,∑

k Gk,α(x, t) = 0,∑
k ckGk,α(x, t) = (1− s1

2 ){∂t[(ρuα + J̄α)u] + c2suα∇ρ},∑
k Fk,α = Fα,∑
k ckFk,α = 0.

(26)

The macroscopic velocity uα is then calculated by

uα =
∑
k

hk,α(x, t)/ρ. (27)

4. Numerical experiments75

In this section, we will conduct a series of numerical experiments to showcase the effectiveness of the

proposed MDF-LBM.
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Figure 1: The schematic of the spreading of a liquid lens.
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Figure 2: The equilibrium shapes of liquid by ternary fluids, ρ1 : ρ2 : ρ3 = 10 : 5 : 1. (a) σ12 : σ13 : σ23 = 1 : 1 : 1, (b)

σ12 : σ13 : σ23 = 1 :
√
2 : 1, (c) σ12 : σ13 : σ23 = 1 :

√
3 : 1.

4.1. Spreading of a liquid lens

To evaluate the accuracy of the proposed MDF-LBM, we simulate a three-phase benchmark problem that

involves the spreading of a liquid lens between two immiscible fluids. This particular benchmark problem has

attracted the attention of numerous researchers due to the availability of theoretical solutions [39, 40, 41, 34].

The schematic of the problem is depicted in Fig. 1. Once the system reaches equilibrium, the droplet

representing phase 1 takes the shape of a floating liquid lens on the interface of phase 3. The equilibrium

contact angles θ1 and θ2 can then be quantitatively estimated using Neumann’s law [42]:

cos(θ1) =
σ2
12 + σ2

23 − σ2
13

2σ12σ23
, cos(θ2) =

σ2
13 + σ2

23 − σ2
12

2σ13σ23
,

where σij represents the surface tension between phase i and phase j. The distance between two triple

junctions d and the heights (hi) can be determined by

d = 2

√
A

/∑
i

1

sin(θi)
(

θi
sin θi

− cos θi), hi = (
d

2
)
1− cos θi
sin θi

, i = 1, 2,

where A is the lens area.
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Table 1: The length d, h1 and h2 at equilibrium state with different surface tension ratios.

σ12 : σ13 : σ23

Analytical solutions Numerical solutions Relative errors

d h1 h2 d h1 h2 d h1 h2

1 : 1 : 1 83.10 23.99 23.99 82.63 24.43 23.59 0.89% 1.83% 1.67%

1 :
√
2 : 1 72.67 36.34 15.05 73.14 36.08 15.26 0.65% 0.72% 1.39%

1 :
√
3 : 1 55.05 47.67 7.38 53.67 46.82 7.22 2.51% 1.78% 2.17%

In the simulation, the initial conditions are set as80

n1(x, y) = 0.5 + 0.5 tanh
2[R−

√
(x− xc)2 + (y − yc)2]

D
,

n2(x, y) = max[0.5 + 0.5 tanh
2(y − yc)

2

D
− n1(x, y), 0],

n3(x, y) = 1.0− n1(x, y)− n2(x, y),

where R = 30 is the radius of the circular lens, D = 5 is the thickness of the characterisitic interface and

(xc, yc) is the center of the circular droplet. The computational domain is discretized using a mesh grid of

150×150. Periodic boundary conditions are applied in the x-direction, while non-slip boundary conditions are

enforced at the top and bottom boundaries. In order to maintain consistency, the dimensionless fluid density

ratios are set as ρ1 = 10, ρ2 = 5 and ρ3 = 1. Additionally, the surface tension is specified as σ12 = 0.01, and85

three distinct cases of surface tension ratios of σ12 : σ13 : σ23 = 1 : 1 : 1, σ12 : σ13 : σ23 = 1 :
√
2 : 1 and

σ12 : σ13 : σ23 = 1 :
√
3 : 1 are investigated.

Fig. 2 displays the equilibrium states of the liquid lens at various surface tension ratios. The results

highlight that the equilibrium shape of the liquid lens assumes distinct patterns depending on the surface

tension ratio, with an increasing tendency towards spherical morphology as σ13 rises. To quantitatively90

evaluate the accuracy of the proposed MDF-LBM, the equilibrium length (d) and height of the liquid lens

(h1, h2) are measured and compared with theoretical solutions, as presented in Table 1. Notably, the

numerical results for both length d and height (h1, h2) align well with the anticipated theoretical values,

exhibiting relative differences of d, h1 and h2 less than 2.51%. This agreement substantiates the validity of

the proposed MDF-LBM.95

4.2. Bubble rise in stratified layers

The phenomenon of bubble rising or falling in systems with distinct phases is extensively observed in

various environmental and industrial applications, such as microfluidics, ink-jet printing, and gas-liquid

reactors. Consequently, numerous researchers have been drawn towards exploring this area [41, 44, 45, 46, 47].

To ascertain the capability of the proposed MDF-LBM, a numerical investigation into the dynamics of a gas

bubble in a two-layer liquid is conducted. The configuration of this particular problem is illustrated in Fig.

3. In this setup, a circular bubble with a radius of R = 20 is introduced into the lower liquid layer, which is

denser and occupied by fluid 3. The upper liquid layer, on the other hand, is filled with fluid 2. A meshgrid

9



Phase 1

Phase 2

Phase 3

Figure 3: Configuration of the bubble rise in stratified layers.

of Nx×Ny = 160× 480 is employed for the simulation, while periodic and non-slip boundary conditions are

implemented in the horizontal and vertical directions respectively. In addition, the initial data is set to

n1(x, y) = 0.5 + 0.5 tanh
2[R−

√
(x− xc)2 + (y − yc)2]

D
, (28a)

n2(x, y) = [0.5 + 0.5 tanh
2(y − y0)

D
]× (1− n1), (28b)

n3(x, y) = 1.0− n1 − n2, (28c)

where (xc, yc) = (Nx/2, Ny/8) is the center of the bubble and y0 = 1
2Ny is the position of the horizontal

interface between fluid 2 and 3. The other physical parameters are chosen as ρ1 = 1.0, ρ2 = 3.0, ρ3 = 6.0, the

surface tensions are σ12 = σ13 = 0.01, D = 3.0, the gravitational force g = 2.0× 10−5. The non-dimensional

parameter Bond number (Bo = g∆ρ(2R)2/σ23) is introduced, where ∆ρ = ρ3 − ρ1 is density difference. The100

influence of different values of Bo = 5, 10, 20 on the dynamic behavior of bubble rising is examined in this

work.

Fig. 4 displays the temporal evolution of the phase interfaces at various moments for different values of

Bo. The lattice scale time t is appropriately rescaled by
√

2R/g. It is observed that the gas bubble initiates

an upward motion due to buoyancy, acquiring a crescent shape as time progresses. The interface between105

fluid 2 and 3 exhibits notable susceptibility to deformation at Bo = 20. In other words, when Bo attains

a larger value, the ease with which the bubble passes through the fluid 2 and 3 interface becomes more

pronounced. This behavior stems from the decreased significance of Bo, consequently augmenting the role

of surface tension, which in turn impedes the ascent of the gas bubble through the fluid 2 and 3 interface.

These numerical findings are qualitatively consistent with the results reported in previous studies [34, 35].110

Moreover, to demonstrate the ability of the proposed MDF-LBM to ensure the conservation of mass for

each phase, the temporal history of the mass for each phase is presented in Fig. 5. It can be distinctly
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Figure 4: Time evolution of bubble rising in stratified layers at different moments. (a) Bo = 20; (b) Bo = 10; (c) Bo = 5.
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Figure 5: Mass evolution with time of each phase.

observed that the mass of each phase remains constant as time progresses, indicating the fulfillment of the

mass conservation law.

4.3. Calculation of the surface tension of two-component hydrocarbon mixture115

A thorough comprehension of the phase behavior exhibited by multi-component and multi-phase hy-

drocarbon fluids holds significant importance in the petroleum industry. In order to assess the efficacy of

the proposed MDF-LBM in accurately representing real states of hydrocarbon mixtures, a simulation is con-

ducted on a binary component two-phase fluid system composed of methane (CH4) and n-decane (nC10H22).

Throughout the numerical simulation process, the present MDF-LBM incorporates the widely employed P-R120

free energy model, which finds extensive application in reservoir engineering domains such as subsurface CO2

sequestration and shale gas reservoirs. The thermodynamic properties of CH4 and nC10H22 components,

pertinent to hydrocarbon systems, are presented in Table 2.

The numerical simulation is conducted within a three-dimensional cube, with each side measuring a length

of L = 10−8 meters. The D3Q15 lattice model is employed, and a periodic boundary condition is applied to125

the entire boundary. The computational domain is discretized using a uniform cubic mesh of 140×140×140.

Initially, the liquid phase of the substances, maintained at a saturated pressure of 450 K, is confined within

a subregion of the cube denoted by ( 3
16L,

7
16L), (

9
16L,

13
16L). The remaining portion of the domain is filled

with the gas phase of the binary mixture, subject to the same conditions. The initial values for methane and

n-decane at various temperatures can be retrieved from the specified reference [48]. The iso-surface of the130

molar density of the mixture at different instances is visualized in Fig. 6. Analysis of the figure reveals that

the initially distinct droplets assume a spherical shape and commence merging as a result of surface tension.

With the passage of time, the individual droplets coalesce, ultimately transforming into a singular, perfectly

spherical entity.

To make a quantitative study of the two phase binary component fluid mixture, the surface tension is
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Figure 6: Time evolution of the multi-droplet. (a) t=0, (b) t=100, (c) t=500, (d) t=800, (e) t=1200, (f) t=5000.
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Figure 7: Comparison of surface tension between numerical results and experimental data: at temperature T = 280oF (left); at

pressure P0 = 2800psia (right).
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Table 2: The thermodynamic properties of hydrocarbon components.

Component Critical temperature Tc, K Critical pressure Pc, MPa Boiling point Tb, K Accentric factor ωi

CH4 190.74 4.595 111.63 0.0104

nC10H22 617.7 2.099 447.3 0.489

numerically predicted by the present LBM. The surface tension is computed through the formula

σsur =
F (n)− F (ninitial)

A
,

where A is the cross surface area of the liquid drop. When we calculate the area A, the thickness of the135

interface needs to be taken into account. The calculate area A is determined as the weighted mean of the

area of different substances, A =
∑

i ωiAi, where ωi = Ni/
∑

i Ni and Ai represents the area of the i−th

component. As pointed out in the reference [48], there are two different approaches to calculate the area

Ai. The first method, which is termed as method 1, is to use the interface width L to get the radius of the

droplet at the equilibrium state as r = 1
2L+ r0 (Assuming that the area of the square droplet at the initial140

state is As, r0 =
√

2As

π ). The second method (method 2) is set the distance from the middle point of the

interface to the middle point of the pure liquid droplet as the radius to get the area Ai.

We compute the interface tension with temperature 280oF and pressure from 2000 to 3000 psia every

200 psia. And it is also computed at constant pressure 2800 psia and temperatures at 100oF , 200oF and

280oF , respectively. Fig. 7 shows interface tensions calculated by these two approaches and compare with145

the laboratory data [37, 49]. We can see that interface tensions obtained by the method 2 are much better

than those method 1 due to the involving interface width.

5. Conclusion

This paper presents a numerical study of immiscible and partially miscible multi-phase and multi-

component fluid systems using the proposed MDF-LBM method. We modified the second order moments150

condition to handle the cross diffusion term in the CH type mass conservation equation. Additionally, we

reformulated the momentum transport equation as a potential form based on the relationship between total

chemical potential and thermodynamic pressure. The hydrodynamic equations were obtained by coupling

the mass conservation equations of each component with the potential form momentum transport equation.

To avoid redundant density calculations, the MDF-LBM method was developed for the momentum trans-155

port equation. Several numerical experiments were conducted to evaluate the capabilities of the proposed

MDF-LBM method, including the spreading of a liquid lens, bubble rise in stratified layers, and 3D multi-

component two-phase hydrocarbon mixtures. The numerical results of the spreading of a liquid lens showed

good agreement with analytical solutions and reported data. Additionally, the mass conservation property of

the proposed MDF-LBM method was examined in the numerical simulation of bubble rise in stratified layers,160

effectively capturing the phase behavior. Finally, realistic hydrocarbon mixtures of methane and n-decane
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were simulated using the multi-component P-R free energy model. A more accurate method for calculating

the surface tension of the multi-component system was presented, and the 3D numerical results exhibited

improved agreement with laboratory experimental data.
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Appendix A. Parameters of the P-R EOS

For multi-component fluid systems, a = a(T ) is the pressure correction coefficient and b = b(T ) is the

volume correction coefficient, which are given by

a (T ) =

M∑
i=1

M∑
j=1

yiyj(aiaj)
1
2 (1− kij), b(T ) =

M∑
i=1

yibi.

Here, yi = ni/n is the mole fraction of component i, kij is the binary interaction coefficient for the energy

parameters. ai and bi are defined as follows,

ai(T ) = 0.45724
R2

T 2
ci

(1 +mi(1−
√

T

Tci
))2, bi = 0.7780

RTci

Pci
,

where, Tci and Pci are properties of the i-th substance which represent the critical temperature and critical

pressure, respectively. mi is a function of the acentric factor ωi of the substance

mi = 0.37464 + 1.54226ωi − 0.26992ω2
i , ωi ≤ 0.49,

mi = 0.379642 + 1.485030ωi − 0.164423ω2
i + 0.016666ω3

i , ωi > 0.49.

The acentric parameter ωi can be computed by using critical temperature Tci, critical pressure Pci and the

normal boiling point Tbi:

ωi =
3

7
(
log10(

Pci

14.695PSI )
Tci

Tbi
− 1

)− 1.
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