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Abstract. This work considers charged systems described by the modified Poisson--Nernst--
Planck (PNP) equations, which incorporate ionic steric effects and the Born solvation energy for
dielectric inhomogeneity. Solving the equilibrium of modified PNP equations poses numerical chal-
lenges due to the emergence of sharp boundary layers caused by small Debye lengths, particularly
when local ionic concentrations reach saturation. To address this, we first reformulate the problem
as a constraint optimization, where the ionic concentrations on unstructured Delaunay nodes are
treated as fractional particles moving along edges between nodes. The electric fields are then up-
dated to minimize the objective free energy while satisfying the discrete Gauss law. We develop a
local relaxation method on unstructured meshes that inherently respects the discrete Gauss law, en-
suring curl-free electric fields. Numerical analysis demonstrates that the optimal mass of the moving
fractional particles guarantees the positivity of both ionic and solvent concentrations. Addition-
ally, the free energy of the charged system consistently decreases during successive updates of ionic
concentrations and electric fields. We conduct numerical tests to validate the expected numerical
accuracy, positivity, free-energy dissipation, and robustness of our method in simulating charged
systems with sharp boundary layers.

Key words. unconditional positivity, sharp boundary layers, local curl-free relaxation, unstruc-
tured meshes
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1. Introduction. Charged systems play a crucial role in various practical appli-
cations, including biological ion channels [8], microfluidics [35], semiconductors [24],
and electrochemical devices [4]. The Poisson--Nernst--Planck (PNP) theory, which
describes the electrodiffusion of charged particles, is widely used in these contexts.
However, the PNP theory assumes point-like charges and neglects the effects of par-
ticle size and Coulombic correlation, which limits its accuracy. To address these
limitations, several modified theories have been proposed to incorporate these effects
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LOCAL STRUCTURE-PRESERVING RELAXATION METHOD A2249

within the framework of the PNP theory [5, 9, 19, 41]. For example, the entropy
of solvent molecules is considered to account for ionic size effects, using statistical
mechanics applied to ions and solvent molecules on lattices [12, 21]. Additionally,
Coulombic ion correlations are incorporated by including self-energies of ions [19, 22].

Considerable effort has been dedicated to the advancement of numerical tech-
niques for simulating charged systems [7, 11, 16, 17, 25, 30, 36]. These numerical
methods, ranging from finite difference to finite volume approaches, possess the abil-
ity to uphold various desirable properties at the discrete level, such as the positivity of
numerical solutions, conservation of ionic mass, and dissipation of free energy. Such
numerical advantages play a critical role in accurately simulating complex charged sys-
tems. Another desired feature is the capability to handle sharp boundary layers, in
which ionic concentrations, electric fields, and dielectric coefficients may undergo sig-
nificant variations. In such cases, stability becomes a major concern. The traditional
central-differencing type of discretization may lead to severe spurious oscillations in
sharp boundary layers due to the small Debye length. To address this issue, stabilized
methods have been developed to mitigate spurious oscillations in cases dominated by
convection [3, 18, 31, 37, 39]. For example, a stabilized finite element method based
on the variational multiscale framework has been proposed to prevent oscillations in
simulations of multi-ion transport in electrochemical systems [3]. In the work by Qiao
et al. [31], a Petrov--Galerkin least square method is introduced to simulate ion-flow
environments, where a stabilization term based on the P\'eclet number and mesh size is
incorporated into the Galerkin weak form [31]. Additionally, the Scharfetter--Gummel
fluxes, which automatically reduce to upwinding fluxes, have been widely employed
in semiconductor simulations to handle large convection [18, 37, 39].

In this study, we investigate modified PNP equations that incorporate ionic steric
effects and the Born solvation energy arising from dielectric inhomogeneity. The
inclusion of solvent concentration in the model to capture ionic steric effects poses
additional challenges in the development of numerical schemes that preserve posi-
tivity. Moreover, the presence of Born solvation energy terms introduces additional
convection in inhomogeneous dielectric environments. To handle the large convec-
tion, we have previously proposed structure-preserving numerical schemes utilizing
Scharfetter--Gummel numerical fluxes for solving these modified PNP equations [33].
While the positivity of ionic concentrations has been proven to be unconditionally pre-
served at the discrete level, the positivity of solvent concentration is not guaranteed,
particularly when the ionic concentrations saturate locally in boundary layers.

We present a structure-preserving relaxation (SPR) method for solving the equi-
librium behavior of complex charge systems characterized by sharp boundary layers
resulting from the small Debye length. Instead of employing the traditional upwind-
type discretization, our SPR method transforms the problem into a constrained opti-
mization formulation, treating ionic concentrations as fractional particles that move
along the edges of unstructured Delaunay meshes. To ensure the conservation of
total ionic mass, the mass leaving one control volume enters adjacent volumes. The
optimal mass of the moving fractional particle is determined in a manner that guaran-
tees the positivity of both ionic concentrations and solvent concentration on Delaunay
nodes. The electric fields are then updated to minimize the objective free energy while
remaining on the constraint manifold. As a result, the system's free energy monotoni-
cally decreases with each update of ionic concentrations and electric fields. To achieve
a curl-free electric field on unstructured meshes, we have developed a local relaxation
method that inherently respects the discrete Gauss law. This method extends the
original approach, designed for rectangular finite-difference meshes, to unstructured
meshes [2, 23]. This extension allows for flexible resolution of sharp boundary layers
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A2250 Z. QIAO, Z. XU, Q. YIN, AND S. ZHOU

at irregular interfaces in complex charge systems and holds promise for applications
in molecular simulations [29] and plasma simulations [6]. Numerical experiments are
conducted to demonstrate the accuracy, structure-preserving properties, and robust-
ness of the proposed method in simulations of charged systems with sharp boundary
layers.

The rest of this paper is organized as follows. In section 2, we present the modified
PNP equations at the equilibrium and the equivalent constraint optimization formu-
lation. In section 3, we introduce the discretization mesh and relaxation algorithm.
The corresponding numerical analysis on structure-preserving properties is given in
section 4. Numerical results are elaborated to demonstrate the performance of the
proposed SPR algorithm in section 5. Conclusions are given in section 6.

2. Modified Poisson--Nernst--Planck equations. Consider ion dynamics in
an electrolyte solution that includes mobile ions of M species confined in a domain
\Omega . The static electric field \bfitE satisfies \nabla \times \bfitE = 0 and the Gauss law

\nabla \cdot \varepsilon 0\varepsilon r\bfitE = \rho ,(2.1)

where \varepsilon 0 and \varepsilon r are the vacuum dielectric permittivity and dielectric coefficient of the
medium, and \rho is the charge density defined as

\rho =

M\sum 
s=1

zsecs + fe.

Here cs is the ionic concentration for the sth species (s = 1, . . . ,M), zs is the ionic
valence, e is the elementary charge, and f is the distribution of fixed charges. For
the confined system, we assume periodic boundary conditions (or zero-flux boundary
conditions) for ionic concentrations. The total ionic mass is given by\int 

\Omega 

cs d\bfitx =Ns, s= 1, . . . ,M,(2.2)

where Ns is a given total number of the sth species of ions. The charge neutrality is
assumed to guarantee the existence of \bfitE with periodic boundary conditions:

M\sum 
s=1

zsNs +

\int 
\Omega 

fd\bfitx = 0.

We consider modified Nernst--Planck equations that are developed for description
of ion dynamics [32]: for s= 1, . . . ,M,

\partial cs
\partial t

=\nabla \cdot \gamma s

\Biggl[ 
\nabla cs  - 

zsecs
kBT

\bfitE  - a3s
a30

cs\nabla log
\bigl( 
a30c0

\bigr) 
+

(zse)
2
cs

8\pi kBTas
\nabla 
\biggl( 

1

\varepsilon 0\varepsilon r
 - 1

\varepsilon 0

\biggr) \Biggr] 
,(2.3)

where \gamma s is the diffusion coefficient, kBT is the thermal energy, as represents the ionic
size, a0 represents the solvent molecule size, and c0 is the concentration of solvent
molecule defined by

c0 =
1 - 

\sum M
v=1 a

3
vcv

a30
.

The first two terms on the right-hand side of (2.3) represent the ionic electrodiffusion
under the influence of an electric field. The third term takes into consideration the
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LOCAL STRUCTURE-PRESERVING RELAXATION METHOD A2251

effect of ionic size [12, 21], while the last term describes the Born solvation energy,
accounting for dielectric inhomogeneity [20, 40].

It has been demonstrated that the ion dynamics governed by (2.3) with periodic
boundary conditions corresponds to an H - 1-gradient flow of a free-energy functional,
as shown in a recent study [32]:

dF

dt
= - 

M\sum 
s=1

kBT

\int 
\Omega 

1

cs

\bigm| \bigm| \bigm| \bigm| \bigm| \nabla cs  - zsecs
kBT

\bfitE  - a3s
a30

cs\nabla log
\bigl( 
a30c0

\bigr) 
(2.4)

+
(zse)

2
cs

8\pi kBTas
\nabla 
\biggl( 

1

\varepsilon 0\varepsilon r
 - 1

\varepsilon 0

\biggr) \bigm| \bigm| \bigm| \bigm| \bigm| 
2

d\bfitx \leq 0,

where

F =

\int 
\Omega 

\varepsilon 0\varepsilon r
2
| \bfitE | 2 + kBT

M\sum 
s=0

cs
\bigl( 
log
\bigl( 
a3scs

\bigr) 
 - 1
\bigr) 
+

M\sum 
s=1

cs
(zse)

2

8\pi as

\biggl( 
1

\varepsilon 0\varepsilon r
 - 1

\varepsilon 0

\biggr) 
d\bfitx .

By the energy dissipation (2.4), one can find that the ionic concentrations at equilib-
rium satisfy

\nabla cs  - 
zsecs
kBT

\bfitE  - a3s
a30

cs\nabla log
\bigl( 
a30c0

\bigr) 
+

(zse)
2
cs

8\pi kBTas
\nabla 
\biggl( 

1

\varepsilon 0\varepsilon r
 - 1

\varepsilon 0

\biggr) 
= 0.

For ease of presentation, we derive dimensionless formulation via rescaling by
characteristic concentration cB , diffusion constant \gamma 0, length L, and characteristic
length \lambda 0 =

\sqrt{} 
\varepsilon 0kBT/ (2e2cB). Note that \lambda D = \lambda 0

\sqrt{} 
\varepsilon r/\varepsilon 0 describes the Debye length

of the solvent. Define \~\bfitx = \bfitx /L, \~t = t\gamma 0/(L\lambda 0), \~\nabla = L\nabla , \~f = f/(ecB), \~\rho = \rho /(ecB),
\~\gamma s = \gamma s/\gamma 0, \~as = as/L, \~cs = cs/cB , \~\bfitE = Le\bfitE /(kBT ), and \~N \ell =N \ell /(L3cB). We drop
the tildes over all new variables and obtain the equilibrium of the system governed by\left\{                       

\nabla cs  - zscs\bfitE  - 
a3s
a30

cs\nabla log
\bigl( 
a30c0

\bigr) 
+ \chi 

z2scs
as
\nabla 
\biggl( 

1

\varepsilon r
 - 1

\biggr) 
= 0,\int 

\Omega 

cs d\bfitx =Ns, s= 1, . . . ,M,

\nabla \cdot 2\kappa 2\varepsilon r\bfitE =

M\sum 
s=1

zscs + f,

\nabla \times \bfitE = 0,

(2.5)

where \kappa = \lambda 0/L and \chi = e2/(kBT8\pi L\varepsilon 0) are two dimensionless parameters related to
length scales. By the Helmholtz decomposition theorem [27, 26], \nabla \times \bfitE = 0 implies
that there exists a scalar function \phi such that \bfitE = - \nabla \phi which can be combined with
the Gauss law to recover the Poisson equation. Such a system corresponds to a unique
minimizer of the constrained optimization problem:

min
c1,...,cM ,\bfitE 

\scrF (c1, \cdot \cdot \cdot , cM ,\bfitE ) :=

\int 
\Omega 

\kappa 2\varepsilon r | \bfitE | 2 +
M\sum 
s=0

\biggl( 
cs log cs + \chi cs

z2s
as

1

\varepsilon r

\biggr) 
d\bfitx ,

s.t. K(c1, . . . , cM ,\bfitE ) :=\nabla \cdot 2\kappa 2\varepsilon r\bfitE  - 
M\sum 
s=1

zscs  - f = 0,

Hs(cs) :=

\int 
\Omega 

csd\bfitx  - Ns = 0.

(2.6)
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A2252 Z. QIAO, Z. XU, Q. YIN, AND S. ZHOU

For ease of presentation, we denote X = (Xc1 , . . . ,XcM ,X\bfitE ) = (c1, . . . , cM ,\bfitE )
and introduce its perturbations Y i = (Y i

c1 , . . . , Y
i
cM , Y i

\bfitE ), i = 1,2, that satisfy the
constraints

\nabla \cdot 2\kappa 2\varepsilon rY
i
\bfitE  - 

M\sum 
s=1

zsY
i
cs = 0 and

\int 
\Omega 

Y i
csd\bfitx = 0.

The first variation of \scrF reads

\delta \scrF [X][Y 1] := lim
t\rightarrow 0

\scrF [X + tY 1] - \scrF [X]

t

=

\int 
\Omega 

2\kappa 2\varepsilon rY
1
\bfitE \cdot X\bfitE +

M\sum 
s=1

Y 1
cs

\biggl[ 
log(a3sXcs) - 

a33
a30

log(a30c0) + \chi 
z2s
as\varepsilon r

\biggr] 
d\bfitx .

Furthermore, the second variation of \scrF reads

\delta 2\scrF [X][Y 2, Y 1] = lim
t\rightarrow 0

\delta \scrF [X + tY 2][Y 1] - \delta \scrF [X][Y 1]

t

=

\int 
\Omega 

2\kappa 2\varepsilon rY
1
\bfitE \cdot Y 2

\bfitE +

M\sum 
s=1

Y 1
csY

2
cs

Xcs

+

M\sum 
s=1

a6s
a60

Y 1
csY

2
cs

c0
d\bfitx .

This is symmetric and bilinear in (Y 1, Y 2). Therefore, one has \delta 2\scrF [X][Y 1, Y 1] >
0, indicating that functional \scrF is strictly convex under the given constraints. The
existence of a solution to the constrained optimization problem (2.6) can be proven
using the direct method in the calculus of variations [13, 14], while the uniqueness of
the solution can be established by exploiting the strict convexity of \scrF . The unique
minimizer is characterized by the Karush--Kuhn--Tucker (KKT) conditions [28], which
can be derived by constructing the Lagrangian function:

\scrL :=

\int 
\Omega 

\Biggl[ 
\kappa 2\varepsilon r | \bfitE | 2 +

M\sum 
s=0

\biggl( 
cs log cs + \chi cs

z2s
as

1

\varepsilon r

\biggr) 
 - \lambda \phi K(c1, . . . , cM ,\bfitE )

\Biggr] 
d\bfitx 

 - 
M\sum 
s=1

\lambda sHs(cs).(2.7)

The unique minimizer is obtained by taking variation of \scrL with respect to \bfitE , cs, \lambda \phi ,
and \lambda s as follows:

\delta \scrL 
\delta \bfitE 

= 0\Rightarrow \bfitE = - \nabla \lambda \phi ,(2.8)

\delta \scrL 
\delta cs

= 0\Rightarrow \lambda s = log
\bigl( 
a3scs

\bigr) 
 - a3s

a30
log
\bigl( 
a30c0

\bigr) 
+ 2+ \chi 

z2s
as

1

\varepsilon r
+ zs\lambda \phi ,(2.9)

\delta \scrL 
\delta \lambda \phi 

= 0\Rightarrow \nabla \cdot 2\kappa 2\varepsilon r\bfitE =

M\sum 
s=1

zscs + f,(2.10)

\delta \scrL 
\delta \lambda s

= 0\Rightarrow 
\int 
\Omega 

csd\bfitx =Ns.(2.11)

Taking the curl of (2.8), one recovers

\nabla \times \bfitE = 0.(2.12)
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LOCAL STRUCTURE-PRESERVING RELAXATION METHOD A2253

Taking the gradient of (2.9) and using (2.10), one recovers the whole equilibrium of
system (2.5).

Based on the constraint optimization problem (2.6), we propose an extension of
the curl-free algorithm [2, 23], which was initially designed for particle simulations on
rectangular finite-difference meshes, to unstructured meshes. Additionally, we develop
a structure-preserving local relaxation method to solve the system (2.5). In contrast to
conventional optimization methods, our local relaxation method is specifically tailored
for unstructured meshes, ensuring that the concentrations and electric field are strictly
confined to the constraint manifold, where mass and Gauss's law are conserved.

We focus on the equilibrium problem in this paper. Our method discussed below
can be straightforwardly extended to solve steady-state and time-dependent problems.
Note that, in solving the time-dependent Maxwell--Amp\`ere equation, the curl-free
relaxation is also necessary to achieve a curl-free electric field [32, 33]. Moreover, our
method based on unstructured meshes provides an opportunity to handle different
boundary conditions such that steady-state and time-dependent systems can be solved
using the framework of the proposed structure-preserving relaxation method.

3. Relaxation algorithm.

3.1. Mesh and discretization. Let \Omega be a bounded convex polygonal domain
covered by a primal Delaunay triangulation and dual Voronoi polygons. To simplify
the presentation, we will focus on the 2D case, but the extension to 3D is straight-
forward. In this work, we adopt the notation, algorithm, and analysis results used in
the mimetic finite difference (MFD) method [1, 34, 38].

As shown in Figure 1, Delaunay nodes (D-nodes) are denoted as \bfitx D
i for i =

1,2, . . . ,MD, with MD being the total number of Delaunay nodes. Each Delaunay
node \bfitx D

i is associated with a Voronoi polygon

Vi =
\bigl\{ 
\bfitx | \bfitx \in \Omega , | \bfitx  - \bfitx D

i | < | \bfitx  - \bfitx D
j | , j = 1,2, . . . ,MD

\bigr\} 
, i= 1,2, . . . ,MD,

and its boundary is denoted by \partial Vi. The Voronoi vertices (V-nodes) are denoted by
\bfitx V
k for k= 1,2, . . .MV , where MV is the total number of Voronoi nodes. Each Voronoi

vertex, e.g., \bfitx V
k , is the circumcenter of the Delaunay element Dk, whose boundary is

denoted by \partial Dk. The common edge of the Delaunay elements Dk and Dm is denoted

xD
i

Vi :

xV
k

Dk :

xD
i

xV
k

xD
i

xD
j

xD
j

eDij

xV
k

xV
m

xV
m

eVkmDk

Vi

Fig. 1. Delaunay triangulation Dk with blue square vertices (\bfitx D
i , \bfitx D

j , . . .) and dual Voronoi

control volumes Vi with black round vertices (\bfitx V
k , \bfitx V

m, . . .). Each Voronoi vertex \bfitx V
k is the cir-

cumcenter of the Delaunay element Dk. Vectors \bfite Dij and \bfite Vkm are unit vectors. (Color available

online.)
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A2254 Z. QIAO, Z. XU, Q. YIN, AND S. ZHOU

by \partial Dkm, i.e., \partial Dkm = \partial Dk \cap \partial Dm, k \not = m, k,m = 1,2, . . . ,MV . Analogously, the
common edge of the Voronoi polygons Vi and Vj is defined by \partial Vij . For each Dk,
\scrW D(k) denotes the indices of neighboring Delaunay elements that share common
edges with Dk, i.e.,

\scrW D(k) = \{ m | \partial Dk \cap \partial Dm \not = \emptyset ,m= 1, . . . ,MV \} , k= 1,2, . . . ,MV .

Analogously, for each Voronoi polygon Vi, \scrW V (i) denotes the indices of neighboring
Voronoi elements that share common edges with Vi.

The distances between connected D-nodes and V-nodes are defined by

dDij = | \bfitx D
i  - \bfitx D

j | , i= 1,2, . . . ,MD, j \in \scrW V (i),

dVkm = | \bfitx V
k  - \bfitx V

m| , k= 1,2, . . . ,MV ,m\in \scrW D(k).

The following measures are introduced:

m (Dk) =

\int 
Dk

d\bfitx , m (\partial Dkm) =

\int 
\partial Dkm

d\bfitx , k= 1,2, . . . ,MV , m\in \scrW D(k),

m (Vi) =

\int 
Vi

d\bfitx , m (\partial Vij) =

\int 
\partial Vij

d\bfitx , i= 1,2, . . . ,MD, j \in \scrW V (i).

Scalar functions are approximated by piecewise-constant grid functions on the
D-nodes. Let the function space

HD =
\bigl\{ 
u(\bfitx ) | u(\bfitx ) = uD

i := u
\bigl( 
\bfitx D
i

\bigr) 
, \forall \bfitx \in Vi, i= 1,2, . . . ,MD

\bigr\} 
,

which is equipped with a scalar inner product and norm

(u, v)D =

MD\sum 
i=1

uD
i vDi m(Vi), \| u\| D = (u,u)

1/2
D .(3.1)

Unit vectors along edges pointing from a D-node with a smaller index to a neighboring
one with a larger index are

\bfite Dij = \bfite Dji, i= 1,2, . . . ,MD, j \in \scrW V (i).

Vector functions \bfitu (\bfitx ) are approximated along Delaunay edges by the projected values
on midpoints of the edges:

uD
ij =\bfitu (\bfitx D

ij) \cdot \bfite Dij , i= 1,2, . . . ,MD, j \in \scrW V (i), \bfitx D
ij =

1

2

\bigl( 
\bfitx D
i +\bfitx D

j

\bigr) 
.

We denote by \bfitH D the set of grid vector functions determined by uD
ij for i, j =

1,2, . . . ,MD. The scalar product and the norm in \bfitH D are defined by

(\bfitu ,\bfitv )D =

MV\sum 
k=1

\sum 
m\in \scrW D(k)

\sum 
(i,j)\in \scrQ D(k,m)

uD
ijv

D
ij

\bigm| \bigm| \bfitx V
m  - \bfitx V

km

\bigm| \bigm| m (\partial Dkm) ,

\| \bfitu \| D = (\bfitu ,\bfitu )
1/2
D ,

(3.2)

where

\scrQ D(k,m) =
\bigl\{ 
(i, j) | \bfitx D

i ,\bfitx D
j \in \partial Dkm, i= 1,2, . . . ,MD, j \in \scrW V (i)

\bigr\} 
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LOCAL STRUCTURE-PRESERVING RELAXATION METHOD A2255

is the set of vertices of the plane \partial Dkm, and \bfitx V
km is a point defined as the intersection

of the Voronoi edge \bfitx V
m \bfitx V

k and the plane \partial Dkm. In 2D, \bfitx V
kmcoincides with \bfitx D

ij .
Denote by chs (\bfitx ) \in HD, s = 0,1, . . .M, the approximation of ionic concentrations

cs(\bfitx ), with chs (\bfitx ) = cDs,i := chs (\bfitx 
D
i ) \forall \bfitx \in Vi, i= 1,2, . . . ,MD. Analogously, one defines

a piecewise-constant function fh \in HD for the distribution of fixed charges. Let
\bfitE h(\bfitx ) \in \bfitH D be the approximation of electric fields, with ED

ij := \bfitE h(\bfitx D
ij) \cdot \bfite Dij . The

ionic mass conservation (2.2) is discretized by

MD\sum 
i=1

cDs,im(Vi) =Ns \forall s= 1, . . . ,M.(3.3)

For the scalar dielectric coefficient \varepsilon hr (\bfitx ) \in HD, an average operator \scrA is introduced
which is defined by

\scrA (\varepsilon hr )
\bigl( 
\bfitx D
ij

\bigr) 
= \varepsilon Dij :=

\varepsilon Di + \varepsilon Dj
2

, i= 1, . . .MD, j \in \scrW V (i).

In addition, one introduces a sign function

\tau \{ i<j\} =

\Biggl\{ 
1, i < j,

 - 1, i > j.

Gauss's law (2.1) is discretized as

2\kappa 2
\Bigl( 
divD\scrA (\varepsilon h)\bfitE h

\Bigr) D
i
=

M\sum 
s=1

zsc
D
s,i + fD

i \forall i= 1, . . . ,MD,(3.4)

where the discrete divergence operator divD :\bfitH D\rightarrow HD is defined by

(divD \bfity )
D
i =

1

m(Vi)

\sum 
j\in \scrW V (i)

\bigl( 
\bfitn V

ij \cdot \bfite Dij
\bigr) 
yDijm(\partial Vij) =

1

m(Vi)

\sum 
j\in \scrW V (i)

\tau \{ i<j\} y
D
ijm(\partial Vij).

(3.5)

Here, \bfity \in \bfitH D and \bfitn V
ij is the normal vector to the edge \partial Vij with respect to Vi.

By the definition of discrete inner products, the energy functional defined in (2.6)
can be discretized by

\scrF h = \kappa 2
\Bigl( 
\scrA (\varepsilon h)\bfitE h,\bfitE h

\Bigr) 
D
+

M\sum 
s=0

\bigl( 
chs , log c

h
s

\bigr) 
D
+ \chi 

M\sum 
s=1

z2s
as

\biggl( 
chs ,

1

\varepsilon h

\biggr) 
D

.(3.6)

In order to solve the constrained optimization problem (2.6), we employ a local update
scheme for the ionic concentrations and electric fields. The ionic concentrations, rep-
resented as fractional particles on nodes, are moved between adjacent Voronoi control
volumes in order to minimize the discrete energy function (3.6). Simultaneously, the
electric fields on the edges connecting these control volumes are updated to ensure
that the discrete Gauss law is preserved.

3.2. Updates of concentrations and electric fields. To solve the system
(2.5), we employ a constrained optimization approach that minimizes the discrete
energy function (3.6) while respecting the constraints specified in (2.6). Assuming
that the initial data of the ionic concentrations and electric fields satisfy these con-
straints, we treat the ionic concentrations as fractional particles and propose a local
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A2256 Z. QIAO, Z. XU, Q. YIN, AND S. ZHOU

(a) (b)

Fig. 2. (a) The diagram for updates of concentrations and corresponding electric fields. (b)
The diagram for update of electric fields in a Delaunay element.

update scheme. This scheme involves moving fractional particles from one Voronoi
control volume to an adjacent one, with the objective of minimizing the discrete energy
function (3.6). Simultaneously, we update the electric fields on the edges connecting
adjacent control volumes to ensure that the discrete Gauss law is maintained.

Consider two adjacent D-nodes \bfitx D
i and \bfitx D

j , which are associated with Voronoi
polygons Vi and Vj , respectively. Refer to the schematic diagram shown in Figure 2(a).
Let the ionic concentrations of the sth species on the D-nodes be denoted as cDs,i and
cDs,j . The electric field along the edge \bfite Dij is represented by ED

ij . Without loss of
generality, assume that i < j. Suppose that a certain number of fractional particles,
with mass \delta cs , for the sth ionic species move from Vi to Vj . Thus, cDs,i and cDs,j are
updated by

\~cDs,i = cDs,i  - 
\delta cs

m(Vi)
and \~cDs,j = cDs,j +

\delta cs
m(Vj)

.(3.7)

Correspondingly, the solvent concentrations cD0,i and cD0,j are updated by

\~cD0,i = cD0,i +
a3s
a30

\delta cs
m(Vi)

and \~cD0,j = cD0,j  - 
a3s
a30

\delta cs
m(Vj)

.(3.8)

Here the tilde signs indicate the variables after the update. By the discrete Gauss law
(3.4), the electric field across edge \partial Vij is updated by

\v ED
ij =ED

ij + \delta E ,(3.9)

where

\delta E = - zs\delta cs
2\kappa 2\varepsilon Dijm(\partial Vij)

.(3.10)

Here the \v ED
ij is an interim step for the electric fields and will be further updated in

the next step, detailed in section 3.3. As a result, the associated change in the energy
(3.6) reads
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LOCAL STRUCTURE-PRESERVING RELAXATION METHOD A2257

\Delta \scrF 1(\delta cs) =\kappa 2\varepsilon Dijd
V
kmm(\partial Dkm)

\bigl( 
2ED

ij \delta E + \delta 2E
\bigr) 
 - \delta cs log

cDs,i  - \delta cs/m(Vi)

cDs,j + \delta cs/m(Vj)

+m(Vi)c
D
s,i log

\Biggl[ 
1 - \delta cs

cDs,im(Vi)

\Biggr] 
+m(Vj)c

D
s,j log

\Biggl[ 
1 +

\delta cs
cDs,jm(Vj)

\Biggr] 

+
a3s\delta cs
a30

log
1 - 

\sum M
v=1 a

3
vc

D
v,i + a3s\delta cs/m(Vi)

1 - 
\sum M

v=1 a
3
vc

D
v,j  - a3s\delta cs/m(Vj)

+m(Vi)
1 - 

\sum M
v=1 a

3
vc

D
v,i

a30
log

\left[  1 + a3s\delta cs

m(Vi)
\Bigl( 
1 - 

\sum M
v=1 a

3
vc

D
v,i

\Bigr) 
\right]  

+m(Vj)
1 - 

\sum M
v=1 a

3
vc

D
v,j

a30
log

\left[  1 - a3s\delta cs

m(Vj)
\Bigl( 
1 - 

\sum M
v=1 a

3
vc

D
v,j

\Bigr) 
\right]  

 - \chi z2s
as

\delta cs

\Biggl( 
1

\varepsilon Di
 - 1

\varepsilon Dj

\Biggr) 
.

(3.11)

\Delta \scrF 1 is a convex function of \delta cs , as is shown in Theorem 4.2. Thus, the optimal \delta \ast cs is
determined by minimizing the convex energy: d\Delta \scrF 1/d\delta cs = 0, i.e.,

 - dVkmm(\partial Dkm)
zs

m(\partial Vij)

\Biggl( 
ED

ij  - 
zs\delta 

\ast 
cs

2\kappa 2\varepsilon Dijm(\partial Vij)

\Biggr) 
 - log

cDs,i  - \delta \ast cs/m(Vi)

cDs,j + \delta \ast cs/m(Vj)

+
a3s
a30

log
1 - 

\sum M
v=1 a

3
vc

D
v,i + a3s\delta 

\ast 
cs/m(Vi)

1 - 
\sum M

v=1 a
3
vc

D
v,j  - a3s\delta 

\ast 
cs/m(Vj)

 - \chi z2s
as

\Biggl( 
1

\varepsilon Di
 - 1

\varepsilon Dj

\Biggr) 
= 0.

(3.12)

Theorem 4.2 provides a proof that the optimal mass \delta \ast cs , which satisfies (3.12),
ensures the numerical positivity of the updated ionic concentrations, namely cDs,i  - 
\delta \ast cs/m(Vi) and cDs,j+\delta \ast cs/m(Vj), as well as the solvent concentrations (1 - 

\sum M
v=1 a

3
vc

D
v,i+

a3s\delta 
\ast 
cs/m(Vi))/a

3
0 and (1 - 

\sum M
v=1 a

3
vc

D
v,j - a3s\delta \ast cs/m(Vj))/a

3
0. In numerical computations,

the nonlinear scalar equation (3.12) is efficiently solved using the Newton iteration
method, incorporating a thresholding procedure to ensure numerical positivity.

3.3. Local curl-free algorithm. Minimizing the discrete energy function (3.6)
under the constraint of the electric field, as indicated in (2.8), results in the curl-free
condition (2.12). The discrete Gauss law remains unchanged after the previous update
on ionic concentrations and electric fields. Our next step is to further minimize the
discrete energy function with respect to the electric field, while ensuring that the
discrete Gauss law is still satisfied.

Consider a Delaunay element Dk with nodes \bfitx D
i , \bfitx D

j , and \bfitx D
l , as shown in Fig-

ure 2(b). The interim electric fields along the edges are denoted by \v ED
ij ,

\v ED
jl , and

\v ED
il , which are updated according to (3.9). Let Dm, Dn, and Dp be the adjacent

Delaunay elements with circumcenters \bfitx V
m, \bfitx V

n , and \bfitx V
p , respectively. Without loss

of generality, we assume i < j < l. As depicted in Figure 2(b), the black arrows along
the edges of Dk indicate the predefined directions of the unit vectors. To maintain the
discrete Gauss law at each D-node, we introduce a uniform electric flux \eta (positive or
negative) rotating clockwise along the edges of each Delaunay element. Specifically,
the field updates are performed as
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A2258 Z. QIAO, Z. XU, Q. YIN, AND S. ZHOU

\~ED
ij =

\v ED
ij +

\eta 

\varepsilon Dijm(\partial Vij)
,

\~ED
jl = \v ED

jl +
\eta 

\varepsilon Djlm(\partial Vjl)
,

\~ED
il = \v ED

il  - 
\eta 

\varepsilon Dilm(\partial Vil)
.

(3.13)

The induced change in energy function (3.6) reads

\Delta \scrF 2(\eta )(3.14)

= \kappa 2

\Biggl[ 
2
\bigl( 
A1

\v ED
ij +A2

\v ED
jl  - A3

\v ED
il

\bigr) 
\eta +

\Biggl( 
A1

\varepsilon Dijm(\partial Vij)
+

A2

\varepsilon Djlm(\partial Vjl)
+

A3

\varepsilon Dilm(\partial Vil)

\Biggr) 
\eta 2

\Biggr] 
,

where

A1 = dVkmm(\partial Dkm)
1

m(\partial Vij)
,

A2 = dVknm(\partial Dkn)
1

m(\partial Vjl)
,

A3 = dVkpm(\partial Dkp)
1

m(\partial Vil)

are mesh-dependent variables. Minimization of the quadratic function (3.14) gives an
explicit expression of the minimizer

\eta = - 
A1

\v ED
ij +A2

\v ED
jl  - A3

\v ED
il

A1/(\varepsilon Dijm(\partial Vij)) +A2/(\varepsilon Djlm(\partial Vjl)) +A3/(\varepsilon Dilm(\partial Vil))
.(3.15)

Remark 3.1. Let us follow [38] to define

curlD :\bfitH D\rightarrow \bfitH V ,\Bigl( 
curlD\bfitE D

ij

\Bigr) V
km

= \tau \{ k<m\} 
1

m(\partial Dkm)

\sum 
(i,j)\in \scrQ D

km

\chi 
\bigl( 
\bfitn D

km,\bfite Dij
\bigr) 
ED

ij d
D
ij .

In 2D, one has A1 = dDij , A2 = dDjl , A3 = dDil , and (curlD\bfitE D
ij)

V
km =\pm (ED

ij d
D
ij +ED

jl d
D
jl  - 

ED
il d

D
il )/m(\partial Dkm) after simplification. By (3.15), one can observe that the electric

field is guaranteed to be curl-free when the algorithm converges to the minimizer such
that \eta = 0.

As long as the initial ionic concentration and electric fields satisfy the constraints,
the above-mentioned update schemes for ionic concentrations and electric fields re-
spect them throughout the whole relaxation process. Algorithm 1 combines the two
update schemes, described in sections 3.2 and 3.3, into a comprehensive algorithm for
solving the constraint optimization problem (2.6).

Remark 3.2. The proposed algorithm can be extended to 3D cases in a straight-
forward manner.
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LOCAL STRUCTURE-PRESERVING RELAXATION METHOD A2259

Algorithm 1. Structure-preserving relaxation (SPR) algorithm
Input: initial ionic concentrations, the electric field, and stopping criterion \epsilon tol
1: while Energy change \Delta \scrF :=

\sum 
\Delta \scrF 1 +

\sum 
\Delta \scrF 2 > \epsilon tol do

2: Step 1:
3: for each edge and each species of ionic concentrations do
4: Update concentrations (\~cDs,i\leftarrow cDs,i) and corresponding electric fields on the

edge ( \v ED
ij \leftarrow ED

ij ); cf. section 3.2
5: Compute associated energy change \Delta \scrF 1

6: Step 2:
7: for each Delaunay element do

8: Perform local curl-free updates on electric fields ( \~ED
ij \leftarrow \v ED

ij ); cf. section 3.3
9: Compute associated energy change \Delta \scrF 2

4. Numerical analysis. The subsequent theorems aim to analyze the numerical
properties of the proposed algorithm.

Theorem 4.1. The proposed algorithm preserves the discrete total mass (3.3) and
the discrete Gauss law (3.4).

Proof. One first goes through Step 1. After the update of ionic concentrations,
the ionic total mass of each species is given by

MD\sum 
l=1

\~cDs,lm(Vl) =

MD\sum 
l=1,l \not =i,j

cDs,lm(Vl) +

\biggl( 
cDs,i  - 

\delta \ast cs
m(Vi)

\biggr) 
m(Vi) +

\biggl( 
cDs,j +

\delta \ast cs
m(Vj)

\biggr) 
m(Vj)

=

MD\sum 
l=1

cDs,lm(Vl) =Ns.

Thus, the discrete total mass is conserved in the relaxation algorithm. One next
checks the discrete Gauss law (3.4) at each D-node. After Step 1 in the algorithm,
the discrete Gauss law at the D-node \bfitx D

i becomes

2\kappa 2
\Bigl( 
divD\scrA (\varepsilon h) \v \bfitE 

h
\Bigr) D
i
= 2\kappa 2

\Bigl( 
divD\scrA (\varepsilon h)\bfitE h

\Bigr) D
i
+ 2\kappa 2 1

m(Vi)
\tau \{ i<j\} \varepsilon 

D
ij\delta Em (\partial Vij)

=

M\sum 
s=1

zsc
D
s,i + fD

i +
 - zs\delta \ast cs
m(Vi)

=

M\sum 
s=1

zs\~c
D
s,i + fD

i .

The discrete Gauss law at the D-node \bfitx D
j can be verified using the same approach.

The effect of Step 2 on the discrete Gauss law is then evaluated. After the update,
the discrete Gauss law at the D-node \bfitx D

i is given by

2\kappa 2
\Bigl( 
divD\scrA (\varepsilon h) \~\bfitE 

h
\Bigr) D
i
= 2\kappa 2

\Bigl( 
divD\scrA (\varepsilon h) \v \bfitE 

h
\Bigr) D
i

+
2\kappa 2

m(Vi)

\Biggl[ 
\tau \{ i<j\} \varepsilon 

D
ij

\eta 

\varepsilon Dijm(\partial Vij)
m(\partial Vij) + \tau \{ i<l\} \varepsilon 

D
il

 - \eta 
\varepsilon Dilm(\partial Vil)

m(\partial Vil)

\Biggr] 

=

M\sum 
s=1

zs\~c
D
s,i + fD

i +
2\kappa 2

m(Vi)
(\eta  - \eta ) =

M\sum 
s=1

zs\~c
D
s,i + fD

i .
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A2260 Z. QIAO, Z. XU, Q. YIN, AND S. ZHOU

Analogously, one has

2\kappa 2
\Bigl( 
divD\scrA (\varepsilon h) \~\bfitE 

h
\Bigr) D
j
= 2\kappa 2

\Bigl( 
divD\scrA (\varepsilon h) \v \bfitE 

h
\Bigr) D
j

+
2\kappa 2

m(Vj)

\Biggl[ 
\tau \{ j<i\} \varepsilon 

D
ij

\eta 

\varepsilon Dijm(\partial Vij)
m(\partial Vij) + \tau \{ j<l\} \varepsilon 

D
jl

\eta 

\varepsilon Djlm(\partial Vjl)
m(\partial Vjl)

\Biggr] 

=

M\sum 
s=1

zs\~c
D
s,j + fD

j +
2\kappa 2

m(Vj)
( - \eta + \eta ) =

M\sum 
s=1

zs\~c
D
s,j + fD

j ,

and

2\kappa 2
\Bigl( 
divD\scrA (\varepsilon h) \~\bfitE 

h
\Bigr) D
l
= 2\kappa 2

\Bigl( 
divD\scrA (\varepsilon h) \v \bfitE 

h
\Bigr) D
l

+
2\kappa 2

m(Vl)

\Biggl[ 
\tau \{ l<i\} \varepsilon 

D
il

 - \eta 
\varepsilon Dilm(\partial Vil)

m(\partial Vil) + \tau \{ l<j\} \varepsilon 
D
jl

\eta 

\varepsilon Djlm(\partial Vjl)
m(\partial Vjl)

\Biggr] 

=

M\sum 
s=1

zs\~c
D
s,l + fD

l +
2\kappa 2

m(Vl)
(\eta  - \eta ) =

M\sum 
s=1

zs\~c
D
s,l + fD

l .

Hence, the discrete Gauss law is rigorously satisfied in two successive local relax-
ation steps.

Theorem 4.2. There exists a unique minimizer \delta \ast cs to function \Delta \scrF 1 (3.11) in
the interval B := (Il, Ir), where

Il =max

\Biggl\{ 
 - cDs,jm(Vj), - m(Vi)

1 - 
\sum M

v=1 a
3
vc

D
v,i

a3s

\Biggr\} 
and

Ir =min

\Biggl\{ 
cDs,im(Vi),m(Vj)

1 - 
\sum M

v=1 a
3
vc

D
v,j

a3s

\Biggr\} 

are chosen to guarantee the positivity of both the updated concentrations of ions (3.7)
and solvent molecules (3.8).

Proof. One first establishes the convexity of the energy change \Delta \scrF 1 (3.11). Tak-
ing the second derivative of \Delta \scrF 1 with respect to \delta cs , one has

\partial 2\Delta \scrF 1

\partial \delta 2cs
=

1

2\kappa 2
\varepsilon Dijd

V
kmm(\partial Dkm)

\Biggl( 
zs

\varepsilon Dijm(\partial Vij)

\Biggr) 2

+
1

m(Vi)cDs,i  - \delta cs
+

1

m(Vj)cDs,j + \delta cs

+
a6s
a30

1

m(Vi)
\Bigl( 
1 - 

\sum M
v=1 a

3
vc

D
v,i

\Bigr) 
+ a3s\delta cs

+
a6s
a30

1

m(Vj)
\Bigl( 
1 - 

\sum M
v=1 a

3
vc

D
v,j

\Bigr) 
 - a3s\delta cs

.

Clearly, it is positive over the interval B. Therefore, the energy change (3.11) is a
strictly convex function over B. Let us consider a closed domain B\gamma = [Il+\gamma , Ir - \gamma ]\subset 
B, where 0 < \gamma < (Ir  - Il)/2. It is clear that for any \gamma , there exists a minimizer of
\Delta \scrF 1 within B\gamma . We now aim to prove that when \gamma is sufficiently small, the minimizer
cannot be located at one of the boundary points of B\gamma .

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

07
/0

9/
25

 to
 1

58
.1

32
.1

61
.1

80
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



LOCAL STRUCTURE-PRESERVING RELAXATION METHOD A2261

Assume that the minimizer was achieved at Il + \gamma . If Il =  - cDs,jm(Vj) and the
minimizer \delta \ast cs = - c

D
s,jm(Vj) + \gamma , then

\partial \Delta \scrF 1

\partial \delta cs

\bigm| \bigm| \bigm| \bigm| 
\delta \ast cs

= - dVkmm(\partial Dkm)
zs

m(\partial Vij)

\Biggl( 
ED

ij  - 
zs\delta 

\ast 
cs

2\kappa 2\varepsilon Dijm(\partial Vij)

\Biggr) 
 - log

cDs,i  - \delta \ast cs/m(Vi)

\gamma /m(Vj)

+
a3s
a30

log
1 - 

\sum M
v=1 a

3
vc

D
v,i + a3s\delta 

\ast 
cs/m(Vi)

1 - 
\sum M

v=1 a
3
vc

D
v,j  - a3s\delta 

\ast 
cs/m(Vj)

 - \chi z2s
as

\Biggl( 
1

\varepsilon Di
 - 1

\varepsilon Dj

\Biggr) 
.

It is easy to verify that \partial \Delta F1/\partial \delta cs | \delta \ast cs < 0 when \gamma is sufficiently small. This con-

tradicts the assumption that \delta \ast cs is a minimizer. Otherwise, if Il =  - m(Vi)(1  - \sum M
v=1 a

3
vc

D
v,i)/a

3
s and \delta \ast cs = - m(Vi)(1 - 

\sum M
v=1 a

3
vc

D
v,i)/a

3
s + \gamma , then

\partial \Delta \scrF 1

\partial \delta cs

\bigm| \bigm| \bigm| \bigm| 
\delta \ast cs

= - dVkmm(\partial Dkm)
zs

m(\partial Vij)

\Biggl( 
ED

ij  - 
zs\delta 

\ast 
cs

2\kappa 2\varepsilon Dijm(\partial Vij)

\Biggr) 
 - log

cDs,i  - \delta \ast cs/m(Vi)

cDs,j + \delta \ast cs/m(Vj)

+
a3s
a30

log
a3s\gamma /m(Vi)

1 - 
\sum M

v=1 a
3
vc

D
v,j  - a3s\delta 

\ast 
cs/m(Vj)

 - \chi z2s
as

\Biggl( 
1

\varepsilon Di
 - 1

\varepsilon Dj

\Biggr) 
.

It can be shown that \partial \Delta F1/\partial \delta cs | \delta \ast cs < 0 when \gamma is sufficiently small. This leads to

a contradiction. Similarly, it can be demonstrated that the minimizer of (3.11) cannot
be achieved at the right boundary point Ir - \gamma when \gamma is sufficiently small. Therefore,
there exists a unique minimizer \delta \ast cs of the function \Delta \scrF 1 in B. The uniqueness can
be established by the strict convexity of \Delta \scrF 1. With the chosen values of Il and Ir, it
is straightforward to verify that the updated concentrations of ions (3.7) and solvent
molecules (3.8) are guaranteed to be positive.

Theorem 4.3. The discrete energy (3.6) decays monotonically in successive re-
laxation steps of the proposed algorithm.

Proof. One first checks Step 1. Since the optimal mass \delta \ast cs is chosen by minimizing
the energy change \Delta \scrF 1 (3.11), one has

\Delta \scrF 1| \delta cs=\delta \ast cs
\leq \Delta \scrF 1| \delta cs=0 = 0

by the convexity by Theorem 4.2. In Step 2, the energy change after the update reads

\Delta \scrF 2 = \kappa 2
 - 
\Bigl( 
A1E

D
ij +A2E

D
jl  - A3E

D
il

\Bigr) 2
A1/(\varepsilon Dijm(\partial Vij)) +A2/(\varepsilon Djlm(\partial Vjl)) +A3/(\varepsilon Dilm(\partial Vil))

,

which is clearly less than or equal to zero. As a result, the energy decays monotonically
in successive relaxation steps of the proposed algorithm.

Remark 4.1. Since cDs,i
\bigl( 
log cDs,i + \theta 

\bigr) 
\geq  - e - (\theta +1) for a constant \theta > 0, the dis-

crete energy (3.6) is bounded below. It follows from Theorem 4.3 that the proposed
algorithm is convergent.

5. Numerical results.

5.1. Accuracy performance. We perform a series of numerical tests to vali-
date the effectiveness and accuracy of the proposed algorithm. In order to simplify
the analysis, we initially neglect the effects of ionic size and Born solvation energy.
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A2262 Z. QIAO, Z. XU, Q. YIN, AND S. ZHOU

Table 1
L2 error and convergence order for numerical solutions of c1 and c2.

h\mathrm{m}\mathrm{a}\mathrm{x} c1 Order c2 Order

0.06071 1.4674E-3 - 1.4671E-3 -
0.04917 1.0542E-3 1.5678 1.0541E-3 1.5672

0.03118 3.7572E-4 2.2650 3.7706E-4 2.2570

0.02483 2.3573E-4 2.0458 2.3712E-4 2.0356
0.01414 6.9601E-5 2.1679 6.4498E-5 2.3136

Table 2
L\infty error and convergence order for numerical solutions of c1 and c2.

h\mathrm{m}\mathrm{a}\mathrm{x} c1 Order c2 Order

0.06071 5.0737E-3 - 5.0495E-3 -

0.04917 3.6383E-3 1.5764 3.6250E-3 1.5711

0.03118 1.4164E-3 2.2613 14411E-3 2.2400
0.02483 8.1461E-4 2.0476 8.2041E-4 2.0428

0.01414 2.7218E-4 1.9481 2.2989E-4 2.2608

For this simplified case, we construct an exact solution for binary monovalent ionic
concentrations,

cs = e - zs\phi , (x, y)\in [0,2]2, s= 1,2,

with \phi = cos(\pi x) sin(\pi y), which determines the distribution of fixed charges

f = 2\pi 2 cos(\pi x) sin(\pi y) - e - cos(\pi x) sin(\pi y) + ecos(\pi x) sin(\pi y).

We conduct numerical simulations with \epsilon tol = 10 - 10, z1 = +1, and z2 =  - 1, and we
compute the L2 and L\infty numerical errors against the exact solution by

E2 =

\sqrt{} \sum MD

i=1

\bigl( 
cs
\bigl( 
\bfitx D
s,i

\bigr) 
 - cDs,i

\bigr) 2
MD

, E\infty = max
i=1,\cdot \cdot \cdot ,MD

\bigl( 
cs
\bigl( 
\bfitx D
s,i

\bigr) 
 - cDs,i

\bigr) 
, s= 1,2.

Numerical errors on different meshes are presented in Tables 1 and 2, where hmax :=
maxi=1,\cdot \cdot \cdot ,MD

dDij . It can be observed that both the L2 and L\infty errors decrease signifi-
cantly with mesh refinement, and the numerical convergence orders are approximately
2, as expected.

5.2. Structure-preserving properties. Numerical experiments are conducted
to showcase the structure-preserving properties of the algorithm. We consider binary
electrolyte solutions with charges z1 = +1 and z2 =  - 1, occupying a computational
domain \Omega = [0,2]2 \in \BbbR 2 under periodic boundary conditions. The domain is divided
into a molecule region \Omega m and a solvent region \Omega w, as depicted in Figure 3(a). The
space-dependent dielectric coefficient is set as

\varepsilon (x, y) =

\Biggl\{ 
2, (x, y)\in \Omega m,

76
1+e22(1 - 5| x - 1.21| ) + 2, (x, y)\in \Omega w,

where the dielectric inhomogeneity mimics the dielectric response of the solvent along
the narrow necking region. The distribution of fixed charges in the molecule area \Omega m

is given by
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LOCAL STRUCTURE-PRESERVING RELAXATION METHOD A2263

Fig. 3. Illustration of the computational domain \Omega . (a) The molecule region contains fixed
charges indicated by plus and minus signs, and the solvent region has mobile ions indicated by
plus and minus signs as well. (b) Delaunay triangulation of the molecule and solvent regions with
highlighted resolution of fixed charges.

f = \omega 
\Bigl\{ 
 - e - 250[(x - 1.12)2+(y - 0.85)2]  - e - 250[(x - 1.12)2+(y - 1.15)2]

 - 2e - 250[(x - 1.28)2+(y - 0.85)2]  - e - 250[(x - 1.28)2+(y - 1.15)2]

+e - 250[(x - 0.7)2+(y - 0.5)2] + e - 250[(x - 0.7)2+(y - 1.5)2]
\Bigr\} 
,

where \omega regulates the strength of fixed charges. The spatial distribution of the fixed
charges is illustrated in Figure 3(b). Unless stated otherwise, the following parameters
in numerical simulations are taken: a1 = 1.10, a2 = 1.05, a0 = 1.25, \omega = 2, \kappa = 0.01,
and \chi = 200. The initial ionic concentrations are uniform: cs(x, y) = 0.1, (x, y) \in 
\Omega w, s= 1,2.

The proposed algorithm is utilized to solve the equilibrium of a heterogeneously
charged system on a nonuniform mesh, as illustrated in Figure 3(b). It is important
to note that the mesh is refined at the interface of two regions, the location of fixed
charges, and narrow necking regions. Figure 4 displays the equilibrium of ionic distri-
bution with \kappa = 0.01. The plots reveal that both cations and anions are depleted from
the narrow necking region due to the dominant repulsion caused by the sharp dielec-
tric inhomogeneity. Away from the necking region, the cation concentration peaks due
to the electrostatic attraction exerted by the negative fixed charges in the molecule
region. With stronger fixed charges \omega = 10, as shown in Figure 4(d)--(f), the concen-
tration of counterions gets higher and even reaches saturation value cs = 1/a3s. Such
results clearly demonstrate that the equilibrium of ionic distribution is an outcome of
the competition between electrostatic interactions and dielectric depletion.

We proceed to evaluate the influence of the rescaled Debye length, denoted as \kappa ,
on the concentrations of ions. A thorough comparison between Figure 5 and Figure 4
reveals that a smaller value of \kappa leads to more pronounced boundary layers within
the electric double layers (EDLs). The competition between electrostatic interactions
and the dielectric effect becomes significantly intensified. For instance, in Figure 5(a),
the dielectric depletion region appears as two small regions, exhibiting a noticeable
reduction compared to Figure 4(a). Moreover, in Figure 4(d), the dielectric depletion
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A2264 Z. QIAO, Z. XU, Q. YIN, AND S. ZHOU

Fig. 4. The concentration of cations (a), (d); anions (b), (e); and the distribution of P2,ij (5.1)
in the narrowest necking region (c), (f) with \kappa = 0.01 and various strength of fixed charges: (a)--(c)
\omega = 2 and (d)--(f) \omega = 10.

region completely disappears when \kappa = 0.001 and \omega = 10. Notably, wider saturation
layers (the deep red area in the concentration profile) become evident in Figure 5(e)
as the electrostatic interactions are enhanced.

As observed previously, the presence of a small Debye length and strong fixed
charges can result in the formation of sharp boundary layers within the EDLs, posing
a significant numerical challenge in simulating charged systems [42]. Additionally,
another difficulty arises when the ionic concentration reaches saturation values [10].
We here assess the performance of the proposed local structure-preserving relaxation
method in solving such challenging scenarios. To facilitate a quantitative comparison,
we first introduce a dimensionless number to measure sharp changes across mesh
nodes for each species:

Ps,ij =

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm|  - zsED
ij dij + dij gradD

\Biggl[ 
 - a3s
a30

log

\Biggl( 
1 - 

M\sum 
v=1

a3vc
h
v

\Biggr) 
+

\chi z2s
as

\biggl( 
1

\varepsilon h

\biggr) \Biggr] D
ij

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| ,(5.1)

which is a counterpart to the discrete P\'eclet number that quantifies the dominance of
convection over diffusion in the time-dependent Nernst--Planck equations. Normally,
the classical central differencing based numerical schemes start to give rise to severe
spurious oscillations in the strong convection regime where Ps,ij is greater than 2.

The spatial distribution of P2,ij is depicted in the third column of Figures 4 and 5
for \kappa = 0.01 and \kappa = 0.001, respectively. It is evident that the proposed local SPR
method yields accurate ionic concentrations without any spurious oscillations, even
when the system reaches ionic saturation and P2,ij reaches values as high as 1500 in
the narrow necking region for \kappa = 0.001 and \omega = 10. This robust performance of the
proposed method underscores its suitability for simulating charged systems.

When the ionic size becomes larger, numerical instability may emerge and become
an issue. Therefore it is necessary to study the stability of the proposed relaxation
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LOCAL STRUCTURE-PRESERVING RELAXATION METHOD A2265

Fig. 5. The concentration of cations (a), (d); anions (b), (e); and the distribution of P2,ij (5.1)
in the narrowest necking region (c), (f) with \kappa = 0.001 and various strength of fixed charges: (a)--(c)
\omega = 2 and (d)--(f) \omega = 10. The concentration reaches saturation in deep red area in concentration
profile. (Color available online.)

method for different ionic sizes. We take \kappa = 0.001 and \omega = 2. Figure 6 shows the
results of two groups of ionic sizes with panels (a)--(c) showing the results of a1 = 2,
a2 = 1.05, and a0 = 1.25, and panels (d)--(e) displaying the results of a1 = 1.10,
a2 = 2, and a0 = 1.25. Figure 6(a)--(b) illustrates that the dielectric repulsion in
the narrow region becomes weaker with the increase of the cation size, compared to
Figure 5(a)--(b). Only a small number of cations enter the narrow necking region such
that the other region has higher cation concentration. Figure 6(c)--(d) shows that,
when the size of anions becomes larger, the attraction due to positive fixed charges
away from the narrow area is weaker. This can be explained by the fact that the
valence-to-volume ratio [15] affects the electric double layer structure. These results
demonstrate that the SPR method provides stable simulations for large ionic sizes.

Furthermore, we assess the ability of the proposed algorithm to preserve important
structural properties, including the discrete Gauss law, mass conservation of ions, and
monotonic energy dissipation.

Define the residual errors

Rcs :=

\bigm| \bigm| \bigm| \bigm| \bigm| 
MD\sum 
i=1

cDs,im(Vi) - Ns

\bigm| \bigm| \bigm| \bigm| \bigm| , s= 1,2,

RE :=

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\Biggl\{ 
2\kappa 2

\Bigl( 
divD\scrA (\varepsilon h)\bfitE h

\Bigr) D
i
 - 

M\sum 
s=1

zsc
D
s,i  - fD

i

\Biggr\} MD

i=1

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\infty 

.

Table 3 presents the maximum values of Rc1 , Rc2 , and RE obtained during the relax-
ation process. It is evident that the total mass of both cations and anions, as well as
the discrete Gauss law, are satisfied with machine precision throughout the entire re-
laxation process. Additionally, Figure 7(a) illustrates the evolution of the normalized
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A2266 Z. QIAO, Z. XU, Q. YIN, AND S. ZHOU

Fig. 6. The concentration of cations (a), (d); anions (b), (e); and the distribution of P2,ij (5.1)
in the narrowest necking region (c), (f) with different size settings. (a)--(c): a1 = 2, a2 = 1.05,
a0 = 1.25; (d)--(f): a1 = 1.10, a2 = 2, a0 = 1.25.

Table 3
The maximum Rc1 , Rc2 , and RE during the relaxation process.

Rc1 Rc2 RE

\kappa = 0.01, \omega = 2 9.1593E-16 8.8818E-16 2.2709E-18

\kappa = 0.01, \omega = 10 9.1593E-16 1.2212E-15 8.6736E-18
\kappa = 0.001, \omega = 2 9.9920E-16 8.8818E-16 5.9360E-18

\kappa = 0.001, \omega = 10 8.0491E-16 1.0825E-15 1.2523E-17

discrete energy Fh for various combinations of \kappa and \omega . Notably, the discrete energy
monotonically decays during the relaxation process. Interestingly, we observe that
as the Debye length \kappa decreases, the relaxation process requires more iterations due
to the development of sharper boundary layers. Moreover, Figure 7(b) demonstrates
that the numerical concentrations of both ions and solvent can become lower than
10 - 10 while remaining positive throughout the relaxation process.

6. Conclusions. This paper presents a local relaxation method for tackling nu-
merical challenges associated with the modified Poisson--Nernst--Planck (PNP) equa-
tions in charged systems, considering ionic steric effects and the Born solvation energy.
The presence of sharp boundary layers and ionic concentration saturation poses sig-
nificant difficulties in simulations of these equations. By formulating the problem at
equilibrium as a constraint optimization problem, we treat the ionic concentrations on
unstructured Delaunay nodes as fractional particles moving along the edges between
nodes. Consequently, the electric fields are updated to minimize the objective free
energy while preserving the discrete Gauss law. To ensure curl-free electric fields, we
have developed a local relaxation method that inherently respects the discrete Gauss
law on unstructured meshes. Numerical analysis for the SPR method demonstrates
that the optimal mass of the moving fractional particles ensures the positivity of both
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Fig. 7. Evolution of the normalized discrete energy Fh (a) and the minimum concentration of
ions and solvent on Delaunay nodes (b) against relaxation steps with various combinations of \kappa 
and \omega .

ionic and solvent concentrations. Furthermore, the free energy of the charged system
monotonically decreases during the successive updates of ionic concentrations and
electric fields. Further numerical results showcase the accuracy, numerical positiv-
ity, and dissipation of free energy achieved by the proposed method. Simulations of
charged systems with small Debye length highlight the robustness of the relaxation
method in handling sharp boundary layers and ionic saturation, underscoring its po-
tential in molecular and plasma simulations. We remark that the SPR method is
not only efficient for equilibrium systems but also promising for solving more general
situations such as steady state and time-dependent problems. This will be explored
in our future work.
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