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Abstract. We study the class of subdifferentially polynomially bounded (SPB) functions, which
is a rich class of locally Lipschitz functions that encompasses all Lipschitz functions, all gradient-
or Hessian-Lipschitz functions, and even some nonsmooth locally Lipschitz functions. We show that
SPB functions are compatible with Gaussian smoothing (GS), in the sense that the GS of any SPB
function is well-defined and satisfies a descent lemma akin to gradient-Lipschitz functions, with the
Lipschitz constant replaced by a polynomial function. Leveraging this descent lemma, we propose
GS-based zeroth-order optimization algorithms with an adaptive stepsize strategy for minimizing
SPB functions, and we analyze their convergence rates with respect to both relative and absolute
stationarity measures. Finally, we also establish the iteration complexity for achieving a (\delta , \epsilon )-
approximate stationary point, based on a novel quantification of Goldstein stationarity via the GS
gradient that could be of independent interest.
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1. Introduction. Zeroth-order optimization (a.k.a. derivative-free optimization)
refers to optimization problems where the objective function can be accessed only
through a zeroth-order oracle, a routine for evaluating the function at a prescribed
point. Zeroth-order optimization often arises in situations where one aims at op-
timally exploring or configuring physical environments using experimental data or
computer simulations, and has attracted intense research over the last few decades.
We refer the reader to the expositions [11, 23] and references therein for classic works
and recent developments on zeroth-order optimization.

A prominent zeroth-order optimization algorithm is Nesterov and Spokoiny's ran-
dom search method [23, 29, 30, 33] developed based on the concept of Gaussian
smoothing (GS), whose definition is recalled here for convenience.
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1394 M. LEI, T. K. PONG, S. SUN, AND M.-C. YUE

Definition 1.1 ([30, section 2]). Let \sigma > 0 and let f : \BbbR d \rightarrow \BbbR be a Lebesgue
measurable function. The Gaussian smoothing of f is defined as

f\sigma (x) =\BbbE u\sim \scrN (0,I)[f(x+ \sigma u)],

where \scrN (0, I) denotes the d-dimensional standard Gaussian distribution.

As a convolution of f with the Gaussian kernel, the GS f\sigma enjoys many desirable
properties. For example, it was shown in [30, section 2] to inherit convexity and
Lipschitz continuity from f . Moreover, it was shown that \nabla f\sigma is Lipschitz continuous
whenever f is globally Lipschitz. This latter fact was leveraged in [30, section 7] to
establish the first worst-case complexity result for a (stochastic) zeroth-order method
for minimizing a nonsmooth nonconvex globally Lipschitz function. The work [30]
has stimulated a surge of studies on GS-based zeroth-order optimization algorithms;
see, e.g., [1, 2, 13, 21, 24, 26, 31, 35, 36]. It should, however, be pointed out that
the advantage of GS-based algorithms over classical finite-difference methods is still
under discussion [22].

To the best of our knowledge, most existing works on GS-based zeroth-order
optimization algorithms, if not all, require the objective function itself, its gradient,
or its Hessian to be Lipschitz continuous. Such assumptions not only ensure that
the GS is well-defined and its gradient can be unbiasedly approximated by random
samples of f(x+ \sigma u)u/\sigma or (f(x+ \sigma u) - f(x))u/\sigma (with u\sim \scrN (0, I)), but also play
a crucial role in the convergence analysis of the corresponding GS-based zeroth-order
optimization algorithms. Nonetheless, these Lipschitz assumptions may not hold in
many practical applications, including hyperparameter tuning [15], distributionally
robust optimization [20, 38], neural network training [40], adversarial attacks [8], and
\scrH \infty control [19]. It is thus important to study less stringent Lipschitz assumptions
to widen the applicability of zeroth-order optimization.

A similar issue concerning Lipschitz assumptions also arises in the context of
first-order methods, where the global Lipschitzness of the gradient is instrumental to
the algorithmic design and analysis. As an attempt to relax the Lipschitz require-
ment in the study of first-order methods, various notions of generalized smoothness
[9, 20, 27, 40] have been recently proposed and led to the development and analysis
of new first-order methods for these classes of generalized smooth functions. While
it may be tempting to adapt these notions to the study of zeroth-order optimization,
it is unclear how this can be done even for the special case of GS-based zeroth-order
optimization algorithms.

Recently, a class of locally Lipschitz functions with Lipschitz modulus growing
at most polynomially was introduced in [3, Assumption 1] to study stochastic opti-
mization. In this paper, we further study this class of locally Lipschitz functions and
develop new GS-based zeroth-order optimization algorithms for minimizing this class
of functions. Our main contributions are threefold.

1. We study the class of subdifferentially polynomially bounded (SPB) func-
tions, which is the subclass of locally Lipschitz functions with a Lipschitz
modulus that grows at most polynomially. The class of SPB functions is rich,
encompassing not only all functions that are Lipschitz, or gradient-Lipschitz,
or Hessian-Lipschitz, but also certain nonsmooth locally Lipschitz functions,
such as functions arising from neural networks; see Examples 3.1(v)--(vi). We
show that if f is SPB, then its GS f\sigma is well-defined and continuously dif-
ferentiable; moreover, f\sigma and its partial derivatives are SPB too. We also
establish a relationship between \nabla f\sigma and the Goldstein \delta -subdifferential of
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SPB FUNCTIONS AND GAUSSIAN SMOOTHING 1395

an SPB function f , which allows us to quantify the approximate station-
arity of a point x with respect to f by measuring \nabla f\sigma (x). The Goldstein
\delta -subdifferential is a commonly used subdifferential for studying stationarity
of nonsmooth functions [17, 41], and our result can be viewed as an exten-
sion of [30, Theorem 2] and [24, Theorem 3.1] from globally Lipschitz to SPB
functions.

2. We devise GS-based zeroth-order algorithms for SPB minimization under
two different settings: the constrained convex setting (where the objective
function f is convex) and the unconstrained nonconvex setting (where the
feasible region \Omega = \BbbR d). Our algorithms update the iterate xk by moving
along an approximate negative gradient direction with an adaptive stepsize
depending inversely on a polynomial of \| xk\| , and the approximate gradient is
obtained as the random vector (f(xk+\sigma u) - f(xk))u/\sigma with u\sim \scrN (0, I). We
analyze the iteration complexity of the proposed algorithms. The crux of our
analysis is a novel descent lemma for f\sigma analogous to the standard descent
lemma for Lipschitz differentiable functions, where the Lipschitz constant is
replaced by a polynomial function.

3. In the unconstrained nonconvex setting, the above-mentioned complexity re-
sult is with respect to the GS f\sigma but not the original objective function
f . Therefore, we also analyze the iteration complexity of our proposed al-
gorithms for computing a (\delta , \epsilon )-stationary point, a notion of approximate
Goldstein stationary point, with respect to the original objective function.

The remainder of this paper unfolds as follows. We present the notation and
preliminary materials in section 2. Section 3 introduces subdifferentially polynomially
bounded functions and studies their properties in relation to GS and Goldstein \delta -
stationarity. In sections 4 and 5, we prove the descent lemma and develop our GS-
based zeroth-order algorithms for minimizing SPB functions.

2. Notation and preliminaries. Throughout this paper, we let \BbbR d denote the
Euclidean space of dimension d equipped with the standard inner product \langle \cdot , \cdot \rangle . For
any x \in \BbbR d, we let \| x\| denote its Euclidean norm, and \BbbB (x, r) denote the closed ball
in \BbbR d with center x and radius r \geq 0. We use \BbbB r to denote \BbbB (0, r), and further use
\BbbB to denote \BbbB 1. We let I = [e1, e2, . . . , ed] denote the d \times d identity matrix, where
ei \in \BbbR d is the ith canonical basis vector for i = 1, . . . , d, i.e., (ei)j = 1 if j = i and
(ei)j = 0 otherwise.

For a subset D\subseteq \BbbR d, we let Dc, \partial D, and conv(D) denote its complement, bound-
ary, and convex hull, respectively; we also denote the characteristic function of D by

1D(x) =

\Biggl\{ 
1 if x\in D,
0 if x /\in D.

For a closed set S \subseteq \BbbR d, the distance from an x\in \BbbR d to S is defined as dist(x,S) =
infy\in S \| x - y\| . For a closed convex set S, the (unique) projection of an x \in \BbbR d onto
S is denoted by PS(x); also, the normal cone of S at any x\in S is defined as

NS(x) = \{ y \in \BbbR d : \langle y,u - x\rangle \leq 0 \forall u\in S\} .

For a locally Lipschitz function f :\BbbR d \rightarrow \BbbR , the Clarke directional derivative of f
(see [10, page 25]) at any x\in \BbbR d in the direction v \in \BbbR d is defined as

fo(x;v) = limsup
x\prime \rightarrow x,t\downarrow 0

f(x\prime + tv) - f(x\prime )

t
,
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1396 M. LEI, T. K. PONG, S. SUN, AND M.-C. YUE

and the Clarke subdifferential of f (see [10, page 27]) at x is the set

\partial Cf(x) = \{ s\in \BbbR d : \langle s, v\rangle \leq fo(x;v) \forall v \in \BbbR d\} .

The Clarke directional derivative and Clarke subdifferential are related as follows:

fo(x;v) = max
s\in \partial Cf(x)

\langle s, v\rangle ;

also, letting \Upsilon f be the set of points at which f is not differentiable, we have

\partial Cf(x) = conv
\bigl( \bigl\{ 
s\in \BbbR d : \exists \{ xk\} \subset \BbbR d \setminus \Upsilon f with xk \rightarrow x and\nabla f(xk)\rightarrow s

\bigr\} \bigr) 
;(2.1)

see [10, Proposition 2.1.2(b)] and [10, Theorem 2.5.1].
Next, for any \delta > 0, the Goldstein \delta -subdifferential [17] of f at x\in \BbbR d is the set

\partial \delta Gf(x) = conv

\biggl( \bigcup 
y\in \BbbB (x,\delta )

\partial Cf(y)

\biggr) 
.(2.2)

Note that at any x\in \BbbR d, both the Clarke subdifferential and Goldstein \delta -subdifferential
are compact convex sets.

3. Subdifferentially polynomially bounded functions. In this section, we
study the class of subdifferentially polynomially bounded (SPB) functions.1

Definition 3.1 (subdifferentially polynomially bounded functions). Let f :\BbbR d \rightarrow 
\BbbR be locally Lipschitz continuous. We say that f is subdifferentially polynomially
bounded (SPB) if there exist R1 \geq 0, R2 > 0, and an integer m\geq 0 with R1 = 0 if and
only if m= 0 such that2

sup
\zeta \in \partial Cf(x)

\| \zeta \| \leq R1\| x\| m +R2 \forall x\in \BbbR d.(3.1)

The class of SPB functions on \BbbR d is denoted by \scrS \scrP \scrB (\BbbR d).

Note that using calculus rules for the Clarke subdifferential (see Corollary 2 of
[10, Proposition 2.3.3]), one can show that \scrS \scrP \scrB (\BbbR d) is a vector space. Also, \scrS \scrP \scrB (\BbbR d)
generalizes the class of globally Lipschitz functions, which correspond to the case of
R1 = 0 in (3.1); see Example 3.1(i) below. In fact, the SPB class is much richer than
that and covers a wide variety of functions that arise naturally in many contemporary
applications. Here, we present some concrete examples of SPB functions.

Example 3.1.
(i) If f :\BbbR d \rightarrow \BbbR is globally Lipschitz continuous with Lipschitz continuity modu-

lus L> 0, then we have from [10, Proposition 2.1.2(a)] that supu\in \partial Cf(x) \| u\| \leq 
L for all x\in \BbbR d. Consequently, f is SPB.

(ii) Every polynomial function is SPB.
(iii) Any continuously differentiable function with a Lipschitz gradient is SPB. To

see this, let g be such a function; then there exists L> 0 such that

\| \nabla g(x)\| \leq \| \nabla g(x) - \nabla g(0)\| + \| \nabla g(0)\| \leq L\| x\| + \| \nabla g(0)\| \forall x\in \BbbR d,

showing that g is SPB (with m = 1). The converse is, however, not true, as
an SPB function with m= 1 is not necessarily differentiable.

1Condition (3.1) with R1 = R2 is equivalent to [3, Assumption 1.1] when the function f(x, s)
there is constant in s, i.e., in the deterministic setting.

2We adopt the convention 00 = 1 when x= 0 and m= 0 (in which case R1 = 0).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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SPB FUNCTIONS AND GAUSSIAN SMOOTHING 1397

(iv) Let f = g \circ h, where g : \BbbR n \rightarrow \BbbR and h : \BbbR d \rightarrow \BbbR n. Assume that g and all
component functions of h are SPB. Then one can deduce from [10, Theorem
2.3.9] that f is SPB.

(v) In machine learning, one is often interested in approximating the unknown
relationship between an independent variable x\in \BbbR d and a dependent variable
y \in \BbbR . An L-layer neural network is a parametric approximation of the form

y=\psi (x;w) = \varrho L(WL(\varrho L - 1(WL - 1(\cdot \cdot \cdot \varrho 1(W1(x)) \cdot \cdot \cdot )))),(3.2)

where for \ell = 1, . . . ,L, \varrho \ell : \BbbR \rightarrow \BbbR is the activation function for the \ell th layer
(for any vector z, the notation \varrho \ell (z) is understood as the vector obtained
by applying the activation function \varrho \ell entrywise to z), W\ell : \BbbR p\ell \rightarrow \BbbR p\ell +1 is
an affine mapping for some positive integers p\ell and p\ell +1 (with p1 = d and
pL+1 = 1), and w is called the parameter and represents the vector of all coeffi-
cients defining the maps W1, . . . ,WL; see [4, section 6.2] for details. Common
activation functions include \varrho (t) = t (often used for the output layer), \varrho (t) =
tanh(t), \varrho (t) = ln(1 + et), \varrho (t) = max\{ 0, t\} , \varrho (t) = max\{ 0, t\} + \alpha min\{ 0, t\} 
with \alpha > 0, \varrho (t) = 1

1+e - t , and piecewise polynomial functions. With any of
these activation functions, Example 3.1(iv) implies that the neural network
function \psi (\cdot ;w) is SPB for any fixed parameter w.

(vi) Suppose that we are given a sample \{ (xi, yi)\} ni=1 of n data points for approx-
imating the unknown relationship between x and y. Naturally, we want to
find the best parameter w so that the function \psi (\cdot ;w) in (3.2) fits the sample
data as well as possible, a process called ``training."" A popular formulation
for the best parameter w is given by the least squares criterion

min
w

n\sum 
i=1

(yi  - \psi (xi;w))
2.

Again by Example 3.1(iv), the objective function in this problem is SPB.

3.1. Gaussian smoothing of SPB functions. We next study the properties of
SPB functions in relation to Gaussian smoothing (GS) [23, 29, 30, 33]. More precisely,
we will show that for any SPB function, both the GS and its gradient are well-defined
and that the class \scrS \scrP \scrB (\BbbR d) is closed under the GS transformation. Towards that
end, we record a simple property of SPB functions that will be repeatedly used in the
paper. Specifically, we express the Lipschitz modulus of an SPB function in terms of
a sum of functions in x and the displacement y  - x. This explicit dependence on the
displacement is crucial for our subsequent analysis, especially in section 4.

Lemma 3.2. Let f \in \scrS \scrP \scrB (\BbbR d) with parameters R1, R2, and m as in (3.1). Then

| f(x) - f(y)| \leq (2m - 1R1\| x\| m + 2m - 1R1\| y - x\| m +R2)\| x - y\| \forall x, y \in \BbbR d.

Proof. From [10, Theorem 2.3.7], we have

f(x) - f(y)\in \{ \langle \zeta ,x - y\rangle : \zeta \in \partial Cf(x+ \alpha (y - x)), \alpha \in (0,1)\} .

In view of this and (3.1), we deduce further that

| f(x) - f(y)| \leq sup
\alpha \in (0,1)

\{ R1\| x+ \alpha (y - x)\| m +R2\} \| x - y\| 

\leq (2m - 1R1\| x\| m + 2m - 1R1\| y - x\| m +R2)\| x - y\| ,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1398 M. LEI, T. K. PONG, S. SUN, AND M.-C. YUE

where the second inequality follows from the fact that \alpha \in (0,1) and the convexity
of the function \| \cdot \| m when m\geq 1, and the inequality holds trivially when m= 0 (in
which case R1 = 0) with the convention 00 = 1.

When the function f is not globally Lipschitz, its GS f\sigma is not necessarily defined.
This is exemplified by the function f(x) = e\| x\| 

4

. The theorem below asserts that for
any SPB function f , the GS f\sigma and its gradient \nabla f\sigma are both well-defined. An
explicit formula for \nabla f\sigma is also proved. The crux for the proof of the formula lies in
the interchangeability of differentiation and integration, which we achieve by using the
theory of Schwartz spaces and tempered distributions. Roughly speaking, a Schwartz
space consists of C\infty functions whose derivatives of any order decay faster than any
polynomial (e.g., e - \| \cdot \| 2/2; see [18, Example 2.2.2]), and tempered distributions form
its topological dual.

Theorem 3.3 (well-definedness of GS and its gradient). Let f \in \scrS \scrP \scrB (\BbbR d) with
parameters R1, R2, and m as in (3.1). Then its GS f\sigma , given in Definition 1.1, is
well-defined. Moreover, the gradient of f\sigma is given by

\nabla f\sigma (x) = \sigma  - 1\BbbE u\sim \scrN (0,I)[f(x+ \sigma u)u](3.3)

and is well-defined and continuous.

Proof. For any x\in \BbbR d, we have

\BbbE u\sim \scrN (0,I)[| f(x+ \sigma u)| ]\leq \BbbE u\sim \scrN (0,I)[| f(x+ \sigma u) - f(x)| ] + | f(x)| 
\leq \BbbE u\sim \scrN (0,I)[(2

m - 1R1\| x\| m + 2m - 1R1\sigma 
m\| u\| m +R2) \cdot \sigma \| u\| ] + | f(x)| <\infty ,(3.4)

where the second inequality follows from Lemma 3.2. Therefore, f\sigma is well-defined.
We next prove (3.3) and the well-definedness of the expectation there. First, by

the definition of GS, we have

f\sigma (x) =
1

(2\pi )
d
2

\int 
\BbbR d

f(x+ \sigma u)e - 
\| u\| 2

2 du=
1

(2\pi )
d
2 \sigma d

\int 
\BbbR d

f(y)e - 
\| x - y\| 2

2\sigma 2 dy.(3.5)

Note that e - \| \cdot \| 2/(2\sigma 2) is a Schwartz function on \BbbR d according to [18, Example 2.2.2].
On the other hand, we have the following inequality for each r > 0 based on Lemma 3.2:\int 

\BbbB r

| f(x)| dx\leq rd\alpha (d) \cdot (| f(0)| +max
x\in \BbbB r

| f(x) - f(0)| )

\leq rd\alpha (d) \cdot (| f(0)| + [2m - 1R1r
m +R2]r) =: U(r),

where \alpha (d) is the volume of the d-dimensional unit ball \BbbB . Since U(r) = O(rm+d+1)
as r\rightarrow \infty , in view of [37],3 we see that \frakF (g) := 1

(2\pi )
d
2 \sigma d

\int 
\BbbR d f(y)g(y)dy is a continuous

linear functional on Schwartz spaces (i.e., a tempered distribution).
The next part follows closely the proof of [18, Theorem 2.3.20], which is included

for self-containedness. Specifically, from (3.5), we see that for any h\in \BbbR \setminus \{ 0\} and any
i\in \{ 1, . . . , d\} ,

f\sigma (x+ hei) - f\sigma (x)

h
=

1

(2\pi )
d
2 \sigma d

\int 
\BbbR d

f(y)
e - 

\| x+hei - y\| 2

2\sigma 2  - e - 
\| x - y\| 2

2\sigma 2

h
dy

= \frakF ((e - 
\| x+hei - y\| 2

2\sigma 2  - e - 
\| x - y\| 2

2\sigma 2 )/h).

3Specifically, see the last example on page 106.
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SPB FUNCTIONS AND GAUSSIAN SMOOTHING 1399

Since (e - 
\| x+hei - y\| 2

2\sigma 2  - e - 
\| x - y\| 2

2\sigma 2 )/h \rightarrow  - xi - yi

\sigma 2 e - 
\| x - y\| 2

2\sigma 2 as h \rightarrow 0 in Schwartz spaces
according to [18, Exercise 2.3.5(a)] and \frakF is a tempered distribution, we conclude
upon passing to the limit as h\rightarrow 0 in the above display that

\nabla f\sigma (x) =
\biggl[ 
\frakF 

\biggl( 
 - xi  - yi

\sigma 2
e - 

\| x - y\| 2

2\sigma 2

\biggr) \biggr] d
i=1

= - 1

(2\pi )
d
2 \sigma d+2

\int 
\BbbR d

f(y)(x - y)e - 
\| x - y\| 2

2\sigma 2 dy

=
1

(2\pi )
d
2 \sigma 

\int 
\BbbR d

f(x+ \sigma u)ue - 
\| u\| 2

2 du.

This proves (3.3) and the well-definedness of the integral.
Finally, the continuity of \nabla f\sigma follows immediately from the above integral rep-

resentation and the dominated convergence theorem, where the required integrability
assumption can be established in a similar way to (3.4).

The next result shows in particular that \scrS \scrP \scrB (\BbbR d) is closed under the GS trans-
formation and that if f is SPB, so are its partial derivatives. The case m = 0 was
already established in [30].

Theorem 3.4. Let f \in \scrS \scrP \scrB (\BbbR d) with parameters R1, R2, and m as in (3.1) and
let f\sigma be defined as in Definition 1.1. Then the following statements hold:

(i) It holds that

| f\sigma (x) - f\sigma (y)| \leq (\frakA +\frakB \| x\| m + \frakC \| y - x\| m)\| x - y\| \forall x, y \in \BbbR d,(3.6)

where \frakA = 22m - 2R1\sigma 
m(m+ d)

m
2 + R2, \frakB = 22m - 2R1 and \frakC = 2m - 1R1. In

particular, f\sigma is SPB.
(ii) It holds that

\| \nabla f\sigma (x) - \nabla f\sigma (y)\| \leq (\scrA +\scrB \| x\| m + \scrC \| y - x\| m)\| x - y\| \forall x, y \in \BbbR d,

(3.7)

where \scrA = 22m - 2R1\sigma 
m - 1(m + 1 + d)

m+1
2 + \sigma  - 1R2

\surd 
d, \scrB = 22m - 2\sigma  - 1R1

\surd 
d

and \scrC = 2m - 1\sigma  - 1R1

\surd 
d. In particular, \partial f\sigma 

\partial xi
is SPB for any i.

Proof. The case m = 0 (in which case we have R1 = 0) was studied in [30],
with item (i) proved in the display before [30, eqn. (12)], and item (ii) proved in [30,
Lemma 2].

We next consider the case m\geq 1. We first observe from Lemma 3.2 that for every
x, y and u\in \BbbR d,

| f(x+ \sigma u) - f(y+ \sigma u)| 
\leq (2m - 1R1\| x+ \sigma u\| m + 2m - 1R1\| y - x\| m +R2)\| y - x\| 
\leq (22m - 2R1\sigma 

m\| u\| m + 22m - 2R1\| x\| m + 2m - 1R1\| y - x\| m +R2)\| x - y\| ,(3.8)

where the second inequality follows from the convexity of \| \cdot \| m when m\geq 1.
To prove (i), from (3.8), one has for any x \not = y that

| f\sigma (x) - f\sigma (y)| 
\| x - y\| 

\leq 
\BbbE u\sim \scrN (0,I)[| f(x+ \sigma u) - f(y+ \sigma u)| ]

\| x - y\| 
\leq \BbbE u\sim \scrN (0,I)[(2

2m - 2R1\sigma 
m\| u\| m + 22m - 2R1\| x\| m + 2m - 1R1\| y - x\| m +R2)]

= (22m - 2R1\| x\| m + 2m - 1R1\| y - x\| m +R2) + 22m - 2R1\sigma 
m\BbbE u\sim \scrN (0,I)[\| u\| m]

\leq (22m - 2R1\| x\| m + 2m - 1R1\| y - x\| m +R2) + 22m - 2R1\sigma 
m(m+ d)

m
2 ,

where the last inequality follows from [30, Lemma 1]. This proves (3.6).
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1400 M. LEI, T. K. PONG, S. SUN, AND M.-C. YUE

Now, fix any x\in \BbbR d and v \in \BbbR d with \| v\| = 1. We have for any \xi \in \partial Cf\sigma (x) that

\langle \xi , v\rangle \leq limsup
x\prime \rightarrow x,t\downarrow 0

f\sigma (x
\prime + tv) - f\sigma (x\prime )

t
\leq limsup

x\prime \rightarrow x,t\downarrow 0
(\frakA +\frakB \| x\prime \| m+\frakC tm)\leq \frakA +\frakB \| x\| m.

Consequently, it holds that \| \xi \| \leq \frakA +\frakB \| x\| m, showing that f\sigma \in \scrS \scrP \scrB (\BbbR d).
To prove (ii), we notice from (3.3) that

\| \nabla f\sigma (x) - \nabla f\sigma (y)\| \leq \sigma  - 1\BbbE u\sim \scrN (0,I)[| f(x+ \sigma u) - f(y+ \sigma u)| \cdot \| u\| ].

Combining the above display with (3.8), we have for any x \not = y that

\| \nabla f\sigma (x) - \nabla f\sigma (y)\| 
\| x - y\| 

\leq 22m - 2R1\sigma 
m - 1\BbbE u\sim \scrN (0,I)[\| u\| m+1]

+ \sigma  - 1(22m - 2R1\| x\| m + 2m - 1R1\| y - x\| m +R2)\BbbE u\sim \scrN (0,I)[\| u\| ]

\leq 22m - 2R1\sigma 
m - 1(m+1+d)

m+1
2 +\sigma  - 1(22m - 2R1\| x\| m+2m - 1R1\| y - x\| m +R2)

\surd 
d,

where the last inequality follows from [30, Lemma 1]. This proves (3.7).
The claim that \partial f\sigma 

\partial xi
\in \scrS \scrP \scrB (\BbbR d) can now be proved in a similar way to the proof

of f\sigma \in \scrS \scrP \scrB (\BbbR d) in item (i).

3.2. Approximate Goldstein stationarity. In this subsection, we explore the
relationship between the GS gradient and the Goldstein \delta -subdifferential for SPB
functions. We start with the following auxiliary lemma concerning the tail of the
Gaussian integral. We let W - 1 denote the negative real branch of the Lambert W
function (see, e.g., [5, 16, 32]); this function is defined as the inverse of the function
t \mapsto \rightarrow tet with domain [ - 1/e,0) and range ( - \infty , - 1].

Lemma 3.5. For any \nu > 0 and M \geq 
\bigl[ 
 - d \cdot W - 1

\bigl( 
 - \nu 

2
d /(2\pi e)

\bigr) \bigr] 1
2 , it holds that\int 

\| u\| \geq M

e - 
\| u\| 2

2 du\leq \nu ;

here, we set by convention that W - 1(t) = 0 if t < - 1/e.

Proof. Fix any \nu > 0 and M \geq \wp :=
\bigl[ 
 - d \cdot W - 1

\bigl( 
 - \nu 

2
d /(2\pi e)

\bigr) \bigr] 1
2 . For any R\geq 0,\int 

\| u\| \geq R

e - 
\| u\| 2

2 du= (2\pi )
d
2 \cdot 1

(2\pi )
d
2

\int 
\| u\| \geq R

e - 
\| u\| 2

2 du= (2\pi )
d
2 [1 - F (R2;d)],

where F (\cdot ;k) is the cumulative distribution function of the chi-squared distribution
with k degrees of freedom. Thus, the desired conclusion is equivalent to

1 - \nu (2\pi ) - 
d
2 \leq F (M2;d).(3.9)

We now prove (3.9). Note that if \nu \geq (2\pi )
d
2 , then we have 1 - \nu (2\pi ) - d

2 \leq 0\leq F (M2;d).
Hence, (3.9) is valid in this case. We next consider the case \nu < (2\pi )

d
2 . In this case,

we have \nu 
2
d < 2\pi and hence M \geq \wp >

\surd 
d.4 Then, from [12, Lemma 2.2] (see also [34,

Proposition 5.3.1]), we have

1 - F (M2;d) = 1 - F

\biggl( 
M2

d
d;d

\biggr) 
\leq 
\biggl( 
M2

d
e1 - 

M2

d

\biggr) d
2

.(3.10)

4The second inequality holds because W - 1(t)< - 1 when t\in ( - 1/e,0); see [25, page 2].
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SPB FUNCTIONS AND GAUSSIAN SMOOTHING 1401

Now, note that we have the following equivalence for any R\geq 0:\biggl( 
R2

d
e1 - 

R2

d

\biggr) d
2

\leq \nu 

(2\pi )
d
2

\Leftarrow \Rightarrow 
\biggl( 
 - R2

d

\biggr) 
e - 

R2

d \geq  - e - 1 \nu 
2
d

2\pi 
.(3.11)

Then we have from the definition of LambertW function that the rightmost inequality
(and hence both inequalities) in (3.11) holds with R = M since M \geq \wp . Thus, the
desired conclusion follows from (3.11) and (3.10).

In the next theorem, we show that for all sufficiently small \sigma > 0, some Goldstein
\delta -subgradients can be approximated by the GS gradient \nabla f\sigma . Specifically, we derive
a sufficient condition on \sigma , in the form of an explicit upper bound depending on \delta 
and \varepsilon , for the GS gradient to reside in a (1 + \| x\| m)\varepsilon neighborhood of the Goldstein
\delta -subdifferential. This inclusion is proved as follows. We first express the GS gradient
as an expectation of the original gradient \nabla f(x+\sigma u) (which exists almost everywhere
by Rademacher's theorem) with respect to the random vector u\sim \scrN (0, I); see (3.12)
below. It follows from (2.2) that \nabla f(x + \sigma u) constitutes a Goldstein subgradient
for any realization of u close enough to x. Therefore, by dividing the expectation in
(3.12) into two integrals, one over a small ball centered at x and the other over the
complement, we can see that the GS gradient is an approximate Goldstein subgradient.
The integral over the complement contributes to the approximation error, which can
be controlled by using Lemma 3.5.

Similar results have been derived under a globally Lipschitz continuity assumption
on f ; see, e.g., [30, Theorem 2] and [24, Theorem 3.1]. In particular, the proof of [24,
Theorem 3.1] was based on an analogue of (3.12) for globally Lipschitz continuous f .
We would also like to point out that the representation (3.12) can be seen as a variant
of general results on convolution and differentiation such as [39, section 4.2.5] and [6,
Lemma 9.1]. Here we include an elementary proof of (3.12) to highlight the role of
polynomial boundedness of the subdifferential.

Theorem 3.6 (GS gradient as approximate Goldstein \delta -subgradient). Let f \in 
\scrS \scrP \scrB (\BbbR d) with parameters R1, R2, and m as in (3.1). Let \nabla f\sigma and \partial \delta Gf be given as
in (3.3) and (2.2), respectively. Then the following hold:

(i) For every x\in \BbbR d, it holds that

\nabla f\sigma (x) =\BbbE u\sim \scrN (0,I) [\nabla f(x+ \sigma u) \cdot 1\frakD \sigma 
(u)] ,(3.12)

where \frakD \sigma = \{ u\in \BbbR d : f is differentiable at x+ \sigma u\} .
(ii) For every \delta > 0 and \varepsilon > 0, it holds that

\nabla f\sigma (x)\in \partial \delta Gf(x) + (1 + \| x\| m)\varepsilon \cdot \BbbB \forall \sigma \in (0, \=\sigma ] and \forall x\in \BbbR d,

where

\=\sigma =min

\biggl\{ \biggl[ 
\varepsilon 

2m+1R1(m+ d)
m
2

\biggr] 1
m

,1,
\delta 

H

\biggr\} 
,(3.13)

H =
\bigl[ 
 - d \cdot W - 1( - \eta 

2
d
1 /(2\pi e))

\bigr] 1
2 ,(3.14)

\eta 1 =min\{ \varepsilon \scrP  - 1, (2\pi )
d
2  - 0.5\} ,(3.15)

\scrP = 4R2 + 2m+1R1(m+ d)
m
2 ,(3.16)

and W - 1 is the negative real branch of the Lambert W function.5

5Since \eta 1 \leq (2\pi )
d
2  - 1

2
, we have \eta 

2/d
1 /(2\pi e) < 1/e and hence W - 1( - \eta 

2/d
1 /(2\pi e)) <  - 1. Thus,

H \in (
\surd 
d,\infty ).
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1402 M. LEI, T. K. PONG, S. SUN, AND M.-C. YUE

Proof. Fix any x \in \BbbR d. From Theorem 3.3, the GS f\sigma and it gradient \nabla f\sigma 
are well-defined at x. For notational simplicity, for any \sigma > 0, let \frakD \sigma = \{ u \in \BbbR d :
f is differentiable at x+ \sigma u\} . Then it follows from Rademacher's theorem that the
complement \frakD c

\sigma has Lebesgue measure zero.
To prove (i), note from Lemma 3.2 that for each u and h\in \BbbR d

| f(x+ h+ \sigma u) - f(x+ \sigma u)| \leq [2m - 1R1\| x+ \sigma u\| m + 2m - 1R1\| h\| m +R2]\| h\| 
\leq (22m - 2R1\| x\| m + 22m - 2R1\sigma 

m\| u\| m + 2m - 1R1\| h\| m +R2)\| h\| ,(3.17)

where the second inequality follows from the convexity of \| \cdot \| m when m\geq 1 and the
inequality holds when m= 0 (in which case R1 = 0) with the convention 00 = 1.

We prove (3.12) by contradiction. First, \BbbE u\sim \scrN (0,I)[\nabla f(x+\sigma u) \cdot 1\frakD \sigma 
(u)] exists as

f is SPB. Suppose to the contrary \BbbE u\sim \scrN (0,I)[\nabla f(x+ \sigma u) \cdot 1\frakD \sigma 
(u)] \not =\nabla f\sigma (x). Define

hx =\BbbE u\sim \scrN (0,I)[\nabla f(x+ \sigma u) \cdot 1\frakD \sigma (u)] - \nabla f\sigma (x).

Then hx \not = 0 and we have from the differentiability of f\sigma (see Theorem 3.3) that

0 = lim
t\rightarrow 0

f\sigma (x+ thx) - f\sigma (x) - \langle \nabla f\sigma (x), thx\rangle 
\| thx\| 

=
1

(2\pi )
d
2

lim
t\rightarrow 0

\int 
\BbbR d

f(x+ thx + \sigma u) - f(x+ \sigma u) - \langle \nabla f\sigma (x), thx\rangle 
\| thx\| 

\cdot e - 
\| u\| 2

2 du

=
1

(2\pi )
d
2

lim
t\rightarrow 0

\int 
\frakD \sigma 

f(x+ thx + \sigma u) - f(x+ \sigma u) - \langle \nabla f\sigma (x), thx\rangle 
\| thx\| 

\cdot e - 
\| u\| 2

2 du

(a)
= \BbbE u\sim \scrN (0,I)

\biggl[ 
\langle \nabla f(x+ \sigma u) - \nabla f\sigma (x), hx\rangle 

\| hx\| 
\cdot 1\frakD \sigma (u)

\biggr] 
(b)
= \| hx\| ,

where (a) follows from (3.17), the dominated convergence theorem, and the fact that

lim
t\rightarrow 0

\bigm| \bigm| \bigm| \bigm| f(x+ thx + \sigma u) - f(x+ \sigma u) - \langle \nabla f\sigma (x), thx\rangle 
\| thx\| 

 - \langle \nabla f(x+ \sigma u) - \nabla f\sigma (x), hx\rangle 
\| hx\| 

\bigm| \bigm| \bigm| \bigm| 
= lim

t\rightarrow 0

\bigm| \bigm| \bigm| \bigm| f(x+ thx + \sigma u) - f(x+ \sigma u) - \langle \nabla f(x+ \sigma u), thx\rangle 
\| thx\| 

\bigm| \bigm| \bigm| \bigm| = 0,

which holds thanks to the differentiability of f at x+\sigma u when u\in \frakD \sigma , and (b) follows
from the definition of hx. This contradicts the fact that hx \not = 0. Thus, (3.12) holds.

We now prove (ii) by using the integral representation in (3.12) to relate \nabla f\sigma (x)
to \partial \delta Gf(x). To this end, we let M > 0 and notice that for any \sigma > 0 we have

\Delta h :=\BbbE u\sim \scrN (0,I)[\nabla f(x+ \sigma u) \cdot 1\frakD \sigma 
(u)] - 

\BbbE u\sim \scrN (0,I)[\nabla f(x+ \sigma u) \cdot 1\frakD \sigma \cap \BbbB M
(u)]

\BbbE u\sim \scrN (0,I)[1\frakD \sigma \cap \BbbB M
(u)]

=\BbbE u\sim \scrN (0,I)[\nabla f(x+ \sigma u) \cdot 1\frakD \sigma \cap \BbbB c
M
(u)]

+

\biggl( 
1 - 1

\BbbE u\sim \scrN (0,I)[1\frakD \sigma \cap \BbbB M
(u)]

\biggr) 
\BbbE u\sim \scrN (0,I)[\nabla f(x+ \sigma u) \cdot 1\frakD \sigma \cap \BbbB M

(u)],(3.18)

where we recall that \BbbB M = \{ u\in \BbbR d : \| u\| \leq M\} and \BbbB c
M is its complement.

For the first term on the second line of (3.18), we have\bigm\| \bigm\| \BbbE u\sim \scrN (0,I)[\nabla f(x+ \sigma u) \cdot 1\frakD \sigma \cap \BbbB c
M
(u)]

\bigm\| \bigm\| 
(a)

\leq \BbbE u\sim \scrN (0,I)[(R1\| x+ \sigma u\| m +R2) \cdot 1\frakD \sigma \cap \BbbB c
M
(u)]

(b)

\leq \Xi 1 +\Xi 2(3.19)
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SPB FUNCTIONS AND GAUSSIAN SMOOTHING 1403

with

\Xi 1 = (2m - 1R1\| x\| m +R2)\BbbE u\sim \scrN (0,I)[1\BbbB c
M
(u)],

\Xi 2 = (2m - 1R1\sigma 
m)\BbbE u\sim \scrN (0,I)[\| u\| m \cdot 1\BbbB c

M
(u)],

where we invoked (3.1) in (a), and used the convexity of \| \cdot \| m when m \geq 1 and the
fact that R1 = 0 when m= 0. Now, observe that

\BbbE u\sim \scrN (0,I)[\| u\| m \cdot 1\BbbB c
M
(u)]\leq \BbbE u\sim \scrN (0,I)[\| u\| m]\leq (m+ d)

m
2 ,

where the second inequality follows from [30, Lemma 1]. Thus, for m\geq 1, if we choose
a finite positive \sigma such that \sigma \leq [ \varepsilon 

2m+1R1(m+d)
m
2
]

1
m , then

\Xi 2 = (2m - 1R1\sigma 
m)\BbbE u\sim \scrN (0,I)[\| u\| m \cdot 1\BbbB c

M
(u)]\leq 0.25\varepsilon \leq 0.25\varepsilon (1 + \| x\| m).(3.20)

As for m= 0, since R1 = 0, we conclude that for any \sigma > 0, \Xi 2 = 0\leq 0.25\varepsilon (1+ \| x\| m).
Thus, for m\geq 0, if \sigma \in (0,\infty ) and \sigma \leq [ \varepsilon 

2m+1R1(m+d)
m
2
]

1
m , then (3.20) holds.

Next, choose \eta = \varepsilon (2\pi )
d
2

\bigl( 
4max\{ 2m - 1R1,R2\} 

\bigr)  - 1
. Then, by setting \nu = \eta in

Lemma 3.5, we see that whenever M \geq 
\bigl[ 
 - d \cdot W - 1

\bigl( 
 - \eta 

2
d /(2\pi e)

\bigr) \bigr] 1
2 ,

\Xi 1 = (2m - 1R1\| x\| m +R2)\BbbE u\sim \scrN (0,I)[1\BbbB c
M
(u)]

\leq max\{ 2m - 1R1,R2\} (1 + \| x\| m)\BbbE u\sim \scrN (0,I)[1\BbbB c
M
(u)]\leq 0.25\varepsilon (1 + \| x\| m).(3.21)

Additionally, for the above \eta and the \eta 1 in (3.15), we have

\eta 1 \leq \varepsilon 
\bigl[ 
4R2 + 2m+1R1(m+ d)

m
2

\bigr]  - 1 \leq \eta .

Combining this conclusion with (3.19), (3.20), and (3.21), we know that for any finite

positive \sigma \leq [ \varepsilon 

2m+1R1(m+d)
m
2
]

1
m and M \geq [ - d \cdot W - 1

\bigl( 
 - \eta 

2
d
1 /(2\pi e)

\bigr) 
]
1
2 with \eta 1 as in

(3.15), we have

\| \BbbE u\sim \scrN (0,I)[\nabla f(x+ \sigma u) \cdot 1\frakD \sigma \cap \BbbB c
M
(u)]\| \leq 0.5\varepsilon (1 + \| x\| m).(3.22)

We next estimate the second term on the second line of (3.18). We first notice that\int 
\BbbB M

e - \| u\| 2/2du= (2\pi )
d
2  - 

\int 
\BbbB c
M
e - \| u\| 2/2du. So, if

\int 
\BbbB c
M
e - \| u\| 2/2du\leq (2\pi )

d
2  - 0.5, then\int 

\BbbB M
e - \| u\| 2/2du \geq 0.5. In view of Lemma 3.5 and the definition of \eta 1, this happens

when we choose M \geq [ - d \cdot W - 1

\bigl( 
 - \eta 

2
d
1 /(2\pi e)

\bigr) 
]
1
2 , since \eta 1 \leq (2\pi )

d
2  - 0.5.

On top of this choice of M , if we further choose \sigma \leq 1, then the term in the last
line of (3.18) can be upper bounded as follows:\bigm\| \bigm\| \bigm\| \bigm\| \biggl( 1 - 1

\BbbE u\sim \scrN (0,I)[1\BbbB M
(u)]

\biggr) 
\BbbE u\sim \scrN (0,I)[\nabla f(x+ \sigma u) \cdot 1\frakD \sigma \cap \BbbB M

(u)]

\bigm\| \bigm\| \bigm\| \bigm\| 
\leq 

\widetilde K
\BbbE u\sim \scrN (0,I)[1\BbbB M

(u)]
\BbbE u\sim \scrN (0,I)[\| \nabla f(x+ \sigma u)\| \cdot 1\frakD \sigma \cap \BbbB M

(u)]

(a)

\leq 2(2\pi )
d
2 \widetilde K\BbbE u\sim \scrN (0,I)[\| \nabla f(x+ \sigma u)\| \cdot 1\frakD \sigma \cap \BbbB M

(u)]

(b)

\leq 2(2\pi )
d
2 \widetilde K\BbbE u\sim \scrN (0,I)[R1\| x+ \sigma u\| m +R2]

(c)

\leq 2(2\pi )
d
2 \widetilde K \bigl[ (2m - 1R1\| x\| m +R2) + 2m - 1R1\sigma 

m\BbbE u\sim \scrN (0,I)[\| u\| m]
\bigr] 

(d)

\leq 2(2\pi )
d
2 \widetilde K[(2m - 1R1\| x\| m +R2) + 2m - 1R1(m+ d)

m
2 ]

\leq 2(2\pi )
d
2 \widetilde K[R2 + 2m - 1R1(m+ d)

m
2 ](1 + \| x\| m),(3.23)
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1404 M. LEI, T. K. PONG, S. SUN, AND M.-C. YUE

where \widetilde K := \BbbE u\sim \scrN (0,I)[1\BbbB c
M
(u)], and (a) holds because (2\pi )

d
2\BbbE u\sim \scrN (0,I)[1\BbbB M

(u)] =\int 
\BbbB M

e - \| u2\| /2du\geq 0.5, (b) holds upon using (3.1) and enlarging the domain of inte-
gration, (c) follows from the convexity of \| \cdot \| m when m\geq 1 and the inequality holds
trivially as an equality when m= 0 because R1 = 0, and (d) follows from [30, Lemma
1] and the choice that \sigma \leq 1. In view of (3.23), we can now invoke Lemma 3.5 to

deduce that if we choose M \geq 
\bigl[ 
 - d \cdot W - 1

\bigl( 
 - \eta 

2
d
1 /(2\pi e)

\bigr) \bigr] 1
2 with \eta 1 as in (3.15) and

\sigma \leq 1, then\bigm\| \bigm\| \bigm\| \bigm\| \biggl( 1 - 1

\BbbE u\sim \scrN (0,I)[1\BbbB M
(u)]

\biggr) 
\BbbE u\sim \scrN (0,I)

\bigl[ 
\nabla f(x+\sigma u) \cdot 1\frakD \sigma \cap \BbbB M

(u)
\bigr] \bigm\| \bigm\| \bigm\| \bigm\| \leq \varepsilon 

2
(1+\| x\| m).(3.24)

Thus, we conclude that (3.22) and (3.24) will both hold as long as we choose M \geq H

defined as in (3.14) and \sigma \leq \widetilde \sigma =min
\bigl\{ \bigl[ 

\varepsilon 

2m+1R1(m+d)
m
2

\bigr] 1
m ,1

\bigr\} 
. Hence, we have

\| \Delta h\| \leq \varepsilon (1 + \| x\| m) whenever M \geq H and \sigma \leq \widetilde \sigma ,(3.25)

where \Delta h is defined as in (3.18).
Finally, for M = H and any \sigma \leq \=\sigma = min\{ [ \varepsilon 

2m+1R1(m+d)
m
2
]

1
m ,1, \delta 

H \} , we have

\sigma M \leq \delta . Hence, by (2.1) and the definition of Goldstein \delta -subdifferential,

1

\BbbE u\sim \scrN (0,I)[1\frakD \sigma \cap \BbbB M
(u)]

\BbbE u\sim \scrN (0,I)[\nabla f(x+ \sigma u) \cdot 1\frakD \sigma \cap \BbbB M
(u)]\in \partial \delta Gf(x).(3.26)

The desired conclusion follows from (3.12), (3.26), (3.25), and the definition of \Delta h in
(3.18).

Remark 3.7 (simplified expressions for the choice of \sigma ). We present more explicit
upper bounds for \sigma in Theorem 3.6(ii). Let f \in \scrS \scrP \scrB (\BbbR d) with parameters R1, R2,
and m as in (3.1). Let

0< \varepsilon <min\{ 5R2,1\} and 0< \delta < 1.(3.27)

To provide an estimate on the corresponding \=\sigma in (3.13), we define

\frakM 1 = [(2\pi )
d
2  - 0.5]\scrP , \frakM 2=(\pi e/5)

d
2\scrP ,(3.28)

where \scrP is defined as in (3.16). Since \scrP \geq 4R2, we can deduce that

\frakM 1 \geq 5R2 and \frakM 2 \geq (\pi e/5)
d/2

4R2 \geq 5R2.

This means that for the \varepsilon and \delta chosen as in (3.27), we indeed have

0< \varepsilon <min\{ \frakM 1,\frakM 2,1\} and 0< \delta < 1.(3.29)

Using the definitions of \frakM 1 and \frakM 2 above and the definition of \eta 1 in (3.15), we can
then deduce that6

\eta 1 = \varepsilon \scrP  - 1 and 0< \eta 
2
d
1 /(2\pi e)< 1/10< 1/e.(3.30)

6Specifically, we deduce from \varepsilon < \frakM 1 and the definition of \eta 1 that \eta 1 = \varepsilon \scrP  - 1, and then from

\varepsilon <\frakM 2 and the definition of \eta 1 that \eta 
2
d
1 /(2\pi e)< 1/10.
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SPB FUNCTIONS AND GAUSSIAN SMOOTHING 1405

Next, recall that for 0<h< 1
10 , it holds that

W - 1( - h)\geq 
e

e - 1
ln(h)\geq e

e - 1

0.1 ln(0.1)

h
> - 1

2h
,

where the first inequality follows from [25, eqn. (8)], and the second inequality holds
because t \mapsto \rightarrow t ln t is decreasing on [0,0.1]. The above display together with (3.30)
implies that for the H given in (3.14),

H \leq 
\surd 
d\pi e\eta 

 - 1
d

1 .(3.31)

Finally, since H >
\surd 
d (see footnote 5) and we chose 0 < \delta < 1 as stated in (3.27),

it follows from (3.13) that \=\sigma = min\{ [ \varepsilon 

2m+1R1(m+d)
m
2
]

1
m , \delta 

H \} . Therefore, for the \varepsilon and

\delta chosen as in (3.27), upon combining (3.29), (3.30), and (3.31) and recalling that
R1 = 0 if and only if m = 0, we have that the inclusion in Theorem 3.6(ii) holds
whenever

\sigma \leq 

\Biggl\{ 
min

\bigl\{ 
[2m+1R1(m+ d)

m
2 ] - 

1
m , \delta \scrP  - 1/d/

\surd 
d\pi e

\bigr\} 
\cdot \varepsilon max\{ 1

m , 1d\} if m\geq 1,

\delta \scrP  - 1/d\varepsilon 
1
d /

\surd 
d\pi e if m= 0.

(3.32)

Let \zeta be an accumulation point of the set \{ \nabla f\sigma (x)\} \sigma >0 as \sigma \rightarrow 0+. Since \partial \delta Gf(x) and
(1+\| x\| m)\epsilon \cdot \BbbB are both compact, \partial \delta Gf(x)+(1+\| x\| m)\epsilon \cdot \BbbB is closed. Theorem 3.6 then
implies that \zeta \in \partial \delta Gf(x)+(1+\| x\| m)\epsilon \cdot \BbbB . Using the definition of Clarke subdifferential
and limiting arguments, we obtain the following corollary.

Corollary 3.8 (GS gradient consistency). Let f \in \scrS \scrP \scrB (\BbbR d) and let \nabla f\sigma and
\partial Cf be given as in (3.3) and (2.1), respectively. Then for each x\in \BbbR d, every accumu-
lation point of \{ \nabla f\sigma (x)\} \sigma >0 as \sigma \rightarrow 0+ belongs to \partial Cf(x).

4. GS-based algorithms for minimizing SPB functions. In this section,
we consider the optimization problem

min
x\in \BbbR d

f(x)

s.t. x\in \Omega ,
(4.1)

where \Omega \subseteq \BbbR d is a closed convex set with an easy-to-compute projection, and f is an
SPB function that can only be accessed through its zeroth-order oracle (i.e., a routine
for computing the function value at any prescribed point). Problem (4.1) therefore
falls into the category of zeroth-order (or derivative-free) optimization problems; see,
e.g., [11, 23] and references therein for classical works and recent developments on
zeroth-order optimization.

From Theorem 3.3, for any x \in \BbbR d and \sigma > 0, both f(x + \sigma u)u/\sigma and (f(x +
\sigma u)  - f(x))u/\sigma are unbiased estimators of the GS gradient \nabla f\sigma (x), where u is the
standard Gaussian random vector. If the smoothing parameter \sigma is small, they can
serve as random ascent directions for f at x. Observing that they can be computed
with one or two evaluations of f , it is then tempting to develop zeroth-order algo-
rithms based on these gradient estimators. Indeed, there is a wealth of literature
on such zeroth-order algorithms; see, e.g., [1, 2, 21, 26, 30]. We refer to them as
GS-based algorithms. Most existing works rely on the global Lipschitz continuity of
\nabla f\sigma , which not only offers an obvious choice of stepsize but also greatly facilitates
the convergence analysis. One technical novelty in this paper lies in the convergence
analysis of GS-based zeroth-order algorithms for SPB functions that do not possess a
globally Lipschitz GS gradient.
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1406 M. LEI, T. K. PONG, S. SUN, AND M.-C. YUE

A core idea for the design of our GS-based algorithms is as follows. For any SPB
f , Theorem 3.4(ii) asserts that \nabla f\sigma is locally Lipschitz with a polynomially bounded
Lipschitz modulus of order O(\| x\| m + 1) for some m \geq 0. This naturally suggests
the adaptive stepsize that scales as (\| x\| m + 1) - 1. Based on this observation, we
will develop several algorithms for different subclasses of problem (4.1) in subsequent
subsections.

We will develop algorithms for problem (4.1) under two different settings: the
constrained convex setting (where the objective function f is convex) and the uncon-
strained nonconvex setting (where the feasible region \Omega = \BbbR d). Before that, we first
establish some auxiliary lemmas, which will be useful for the algorithmic analysis.

4.1. Auxiliary lemmas for complexity analysis. A key instrument for con-
vergence analysis of optimization algorithms is the descent lemma, which is often
proved for functions with globally Lipschitz gradients; see, e.g., [28, Theorem 2.1.5].
We present a descent lemma of f\sigma for SPB functions f , whose gradients \nabla f\sigma are not
necessarily globally Lipschitz.

Lemma 4.1 (descent lemma). Let f \in \scrS \scrP \scrB (\BbbR d) with parameters R1, R2, and m
as in (3.1), let f\sigma be defined as in Definition 1.1, and let \scrA , \scrB , \scrC be given as in (3.7).
Then

f\sigma (x) - f\sigma (y)\leq \langle \nabla f\sigma (y), x - y\rangle +
\biggl[ 
\scrA +\scrB \| y\| m

2
+
\scrC \| x - y\| m

m+ 2

\biggr] 
\| x - y\| 2 \forall x, y \in \BbbR d.

Proof. For any x, y \in \BbbR d, we have

f\sigma (x) - f\sigma (y) - \langle \nabla f\sigma (y), x - y\rangle =
\int 1

0

\langle \nabla f\sigma (y+ t(x - y)) - \nabla f\sigma (y), x - y\rangle dt

\leq 
\int 1

0

\| \nabla f\sigma (y+ t(x - y)) - \nabla f\sigma (y)\| dt \cdot \| x - y\| 

(a)

\leq 
\int 1

0

[\scrA +\scrB \| y\| m+\scrC \| t(x - y)\| m]tdt \cdot \| x - y\| 2=
\biggl[ 
\scrA +\scrB \| y\| m

2
+
\scrC \| x - y\| m

m+ 2

\biggr] 
\| x - y\| 2,

where (a) follows from Theorem 3.4(ii).

We remark that another descent lemma for functions without a Lipschitz gradient
has been formulated and studied in a very recent work (see [27, Definition 2.1]) based
on the notion of directional smoothness and utilized to analyze gradient descent. Using
their descent lemma, they further proposed an adaptive stepsize for gradient descent,
which is implicitly defined by a nonlinear equation involving the current and next
iterates and requires a root-finding procedure to compute. In contrast, the adaptive
stepsize derived from Lemma 4.1 (see Theorems 4.5 and 4.8 below) only depends on
the current iterate and is given by an explicit formula.

The next lemma quantifies the approximation error of f\sigma .

Lemma 4.2. Let f \in \scrS \scrP \scrB (\BbbR d) with parameters R1, R2, and m as in (3.1) and let
f\sigma be defined as in Definition 1.1. Then it holds that

| f\sigma (x) - f(x)| \leq \scrM (x) \cdot \sigma \forall x\in \BbbR d,

where \scrM :\BbbR d \rightarrow \BbbR + is the function

\scrM (x) := (2m - 1R1\| x\| m +R2)
\surd 
d+ 2m - 1R1\sigma 

m(m+ 1+ d)
m+1

2 .
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SPB FUNCTIONS AND GAUSSIAN SMOOTHING 1407

Proof. Notice that for all x\in \BbbR d, we have

| f\sigma (x) - f(x)| \leq \BbbE u\sim \scrN (0,I)[| f(x+ \sigma u) - f(x)| ]
\leq \BbbE u\sim \scrN (0,I)[(2

m - 1R1\| x\| m + 2m - 1R1\sigma 
m\| u\| m +R2) \cdot \sigma \| u\| ]

\leq 
\bigl[ 
(2m - 1R1\| x\| m +R2)

\surd 
d+ 2m - 1R1\sigma 

m(m+ 1+ d)
m+1

2

\bigr] 
\cdot \sigma =\scrM (x) \cdot \sigma ,

where the second inequality follows from Lemma 3.2 and the last inequality follows
from [30, Lemma 1].

The next two lemmas concern the random vector ( f(x+\sigma u) - f(x)
\sigma )u with u \sim 

\scrN (0, I).

Lemma 4.3. Let f \in \scrS \scrP \scrB (\BbbR d) with parameters R1, R2, and m as in (3.1), let x\in 
\BbbR d and \sigma > 0, and let p be a nonnegative integer. Define F (u) = 1

\sigma [f(x+\sigma u) - f(x)]u.
Then

\BbbE u\sim \scrN (0,I)

\bigl[ 
\| F (u)\| p

\bigr] 
\leq \scrH (p)(\| x\| mp + 1).(4.2)

where \scrH (\cdot ) is the function such that \scrH (0) := 1, and when p\geq 1,

\scrH (p) := 3p - 1max\{ 2(m - 1)pRp
1(2p+d)

p,Rp
2(2p+d)

p+2(m - 1)pRp
1\sigma 

mp[(m+2)p+ d]
(m+2)p

2 \} .

Proof. Note that (4.2) holds trivially for p = 0. However, for p \geq 1, from
Lemma 3.2, for any u\in \BbbR d, we have

| f(x+ \sigma u) - f(x)| \leq (2m - 1R1\| x\| m + 2m - 1R1\| \sigma u\| m +R2)\| \sigma u\| .

It follows from the convexity of \| \cdot \| p that\bigm| \bigm| \bigm| \bigm| f(x+ \sigma u) - f(x)

\sigma 

\bigm| \bigm| \bigm| \bigm| p\| u\| p
\leq 
\bigl[ 
3p - 12(m - 1)pRp

1\| x\| mp + 3p - 1Rp
2

\bigr] 
\| u\| 2p + 3p - 12(m - 1)pRp

1\sigma 
mp\| u\| (m+2)p.

Taking the expectation on both sides of the above display with respect to u\sim \scrN (0, I)
and invoking [30, Lemma 1] for upper bounding moments of the form \BbbE u\sim \scrN (0,I)[\| u\| k]
for k\geq 1, we see that \BbbE u\sim \scrN (0,I)

\bigl[ 
\| F (u)\| p

\bigr] 
can be bounded from above by\bigl[ 

3p - 12(m - 1)pRp
1\| x\| mp + 3p - 1Rp

2

\bigr] 
(2p+ d)p+3p - 12(m - 1)pRp

1\sigma 
mp[(m+2)p+d](m+2)p/2.

The relation (4.2) now follows immediately.

Lemma 4.4. Let x be a random vector and g be a nonnegative, lower semicontin-
uous function. Assume that

\BbbE x[\| x\| 2]\leq \beta c and \BbbE x

\biggl[ 
g(x)

1 + \| x\| n

\biggr] 
\leq \alpha c(4.3)

for some integer n\geq 1 and positive numbers \alpha c and \beta c. Then

\BbbE x

\Bigl[ 
g(x)

1
2\lceil n/2\rceil 

\Bigr] 
\leq 
\Bigl( 
1 +

\sqrt{} 
\beta c

\Bigr) 
(2\alpha c)

1
2\lceil n/2\rceil .
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1408 M. LEI, T. K. PONG, S. SUN, AND M.-C. YUE

Algorithm 4.1 GS-based zeroth-order algorithm for convex problem (4.1).

1: Input: Initial point x0 \in \Omega , \{ \tau k\} \subset (0,1] and \sigma > 0. Let m be defined as in (3.1)
corresponding to our f \in \scrS \scrP \scrB (\BbbR d).

2: for k= 0,1,2, . . . do
3: Generate uk \sim \scrN (0, I) and form vk = 1

\sigma [f(x
k + \sigma uk) - f(xk)]uk.

4: Compute

xk+1 = P\Omega 

\biggl( 
xk  - \tau k \cdot 

vk

\| xk\| m + 1

\biggr) 
.

5: end for

Proof. Notice that

\BbbE x

\Biggl[ \Biggl( 
g(x)

1
2\lceil n/2\rceil 

1 + \| x\| 

\Biggr) 2\Biggr] 
(a)

\leq \BbbE x

\Biggl[ 
g(x)

1
\lceil n/2\rceil 

1 + \| x\| 2

\Biggr] 
(b)

\leq 

\Biggl( 
\BbbE x

\Biggl[ \Biggl( 
g(x)

1
\lceil n/2\rceil 

1 + \| x\| 2

\Biggr) \lceil n/2\rceil \Biggr] \Biggr) 1
\lceil n/2\rceil 

=

\Biggl( 
\BbbE x

\Biggl[ 
g(x)

(1 + \| x\| 2)\lceil n/2\rceil 

\Biggr] \Biggr) 1
\lceil n/2\rceil (c)

\leq 

\Biggl( 
2\BbbE x

\Biggl[ 
g(x)

1 + \| x\| n

\Biggr] \Biggr) 1
\lceil n/2\rceil 

\leq (2\alpha c)
1

\lceil n/2\rceil ,(4.4)

where (a) holds because 1 + \| x\| 2 \leq (1 + \| x\| )2, (b) follows from Jensen's inequality,
(c) holds since 1+ \| x\| n \leq 2(1+ \| x\| 2\lceil n/2\rceil )\leq 2(1+ \| x\| 2)\lceil n/2\rceil , and the last inequality
follows from (4.3). On the other hand, note that \BbbE x[\| x\| 2]\leq \beta c implies \BbbE x[\| x\| ]\leq 

\surd 
\beta c

and hence \BbbE x[(1 + \| x\| )2]\leq (1 +
\surd 
\beta c)

2. Combining this with (4.4) gives

(1 +
\sqrt{} 
\beta c)

2(2\alpha c)
1

\lceil n/2\rceil \geq \BbbE x[(1 + \| x\| )2] \cdot \BbbE x

\Biggl[ \Biggl( 
g(x)

1
2\lceil n/2\rceil 

1 + \| x\| 

\Biggr) 2\Biggr] 
\geq 

\Biggl( 
\BbbE x

\biggl[ 
g(x)

1
2\lceil n/2\rceil 

\biggr] \Biggr) 2

.

4.2. Convex SPB minimization. Here, we assume in addition that the ob-
jective function f is convex, rendering problem (4.1) a convex optimization problem.
The specific algorithm for this case is presented in Algorithm 4.1. Algorithm 4.1 can
be seen as a natural extension of the algorithm in [30, eqn. (39)]; indeed, when m= 0,
our algorithm essentially reduces to their algorithm (with an extra scaling factor of
0.5 in our stepsize). Here, we scale the stepsize by \| xk\| m + 1 to account for the lack
of Lipschitzness.

The following result establishes the convergence rate of Algorithm 4.1. Due to the
weak assumptions, \{ xk\} can be unbounded in general. Therefore, a relative optimality
measure that is rescaled by \| xk\| m + 1 is adopted. Complexity result based on the
standard measure f(xk)  - f(x\ast ) will be derived in Corollary 4.7 under additional
assumptions.

Theorem 4.5 (complexity bound for Algorithm 4.1). Consider problem (4.1),
where f \in \scrS \scrP \scrB (\BbbR d) with parameters R1, R2, and m as in (3.1). Assume additionally
that f is convex and there exists an optimal solution x\ast for (4.1). Then the sequence
\{ xk\} generated by Algorithm 4.1 satisfies that

0\leq \BbbE [\| xk  - z\| 2] - \BbbE [\| xk+1  - z\| 2] +\scrH (2)\tau 
2
k \forall z \in argmin

u\in \Omega 
f\sigma (u),(4.5)

and for any T > 0,
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SPB FUNCTIONS AND GAUSSIAN SMOOTHING 1409

min
0\leq k\leq T

\BbbE 
\biggl[ 
f(xk) - f(x\ast )

\| xk\| m + 1

\biggr] 
\leq 1

2
\sum T

k=0 \tau k

\biggl[ 
\| x0  - x\ast \| 2+\scrH (2)

T\sum 
k=0

\tau 2k

\biggr] 
+\scrM (x\ast ) \cdot \sigma ,(4.6)

where \scrM (\cdot ) and \scrH (\cdot ) are defined as in Lemma 4.2 and Lemma 4.3, respectively.

Proof. Since the projection operator is nonexpansive, we see that for any z \in \Omega ,

\| xk+1  - z\| 2= \| P\Omega (x
k  - \alpha kv

k) - z\| 2 \leq \| xk  - z  - \alpha kv
k\| 2

= \| xk  - z\| 2  - 2\alpha k\langle vk, xk  - z\rangle + \alpha 2
k\| vk\| 2,

where \alpha k = \tau k/(\| xk\| m + 1). Taking the expectation on both sides of the above
inequality with respect to the random variable vk, we can obtain from (3.3) that

2\alpha k\langle \nabla f\sigma (xk), xk - z\rangle \leq \| xk - z\| 2 - \BbbE uk\sim \scrN (0,I)[\| xk+1 - z\| 2]+\alpha 2
k\BbbE uk\sim \scrN (0,I)[\| vk\| 2].(4.7)

Next, by Definition 1.1 and the convexity of f , f\sigma is also convex. Then we have the
following subgradient inequality:

f\sigma (x
k) - f\sigma (z)\leq \langle \nabla f\sigma (xk), xk  - z\rangle .(4.8)

In addition, we have from Lemma 4.3 with p= 2 that

\BbbE uk\sim \scrN (0,I)

\bigl[ 
\| vk\| 2

\bigr] 
\leq \scrH (2)(\| xk\| 2m + 1)\leq \scrH (2)(\| xk\| m + 1)2.(4.9)

Combining (4.7), (4.8), and (4.9) yields

2\alpha k[f\sigma (x
k) - f\sigma (z)]\leq \| xk  - z\| 2  - \BbbE uk\sim \scrN (0,I)[\| xk+1  - z\| 2] +\scrH (2)\tau 

2
k ,(4.10)

which gives (4.5) upon taking expectation on both sides.
We now lower bound the left-hand side of (4.10) for z = x\ast . To this end, we first

note from [30, eqn. (11)] that

f\sigma (x
k)\geq f(xk).(4.11)

Also, we have

f\sigma (x
\ast ) = f\sigma (x

\ast ) - f(x\ast ) + f(x\ast )\leq \scrM (x\ast ) \cdot \sigma + f(x\ast ),(4.12)

where the inequality follows from Lemma 4.2. Using (4.11) and (4.12), we can lower
bound the left-hand side of (4.5), which in turn yields

\BbbE [2\alpha k(f(x
k) - f(x\ast ))]\leq \BbbE [\| xk  - x\ast \| 2] - \BbbE [\| xk+1  - x\ast \| 2] + 2\scrM (x\ast )\sigma \cdot \alpha k +\scrH (2)\tau 

2
k .

Finally, invoking the definition of \alpha k (and noting also that \alpha k \leq \tau k), we deduce from
the above display that

2\tau k\BbbE 
\biggl[ 
f(xk) - f(x\ast )

\| xk\| m + 1

\biggr] 
\leq \BbbE 

\bigl[ 
\| xk  - x\ast \| 2

\bigr] 
 - \BbbE [\| xk+1  - x\ast \| 2] + 2\scrM (x\ast )\sigma \cdot \tau k +\scrH (2)\tau 

2
k ,

which, upon summing over k, completes the proof.

Remark 4.6 (comparing existing complexity results for (4.1) with a convex f).
When m = 0, R1 = 0. We then see from Lemma 4.3 that \scrH (2) = 3R2

2(4 + d)2 and

from Lemma 4.2 that \scrM (x\ast ) = R2

\surd 
d. These together with (4.6) give a bound that

matches the one obtained in [30, Theorem 6] up to a constant scaling factor.

Theorem 4.5 gives a bound on \BbbE [ f(x
k) - f(x\ast )

\| xk\| m+1
], which can be regarded as a rela-

tive optimality measure when m \geq 1. The next corollary shows that under suitable
assumptions on f , one can derive a bound on an absolute optimality measure.
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1410 M. LEI, T. K. PONG, S. SUN, AND M.-C. YUE

Corollary 4.7. Consider problem (4.1), where f \in \scrS \scrP \scrB (\BbbR d) with parameters
R1, R2, and m\geq 1 as in (3.1). Assume that f is convex and level-bounded, and let x\ast 

be a minimizer for (4.1). Let \gamma \in (0,1] and T be a positive integer. If \tau k = \gamma /
\surd 
T + 1

for k= 0, . . . , T , then the sequence \{ xk\} generated by Algorithm 4.1 satisfies

min
0\leq k\leq T

\BbbE 
\bigl[ 
(f(xk) - f(x\ast ))

1
(2\lceil m/2\rceil )

\bigr] 
\leq 
\bigl( 
1 +

\sqrt{} 
Mbd

\bigr) \bigl( 
2CbdT

 - 1/2 + 2\scrM (x\ast )\sigma 
\bigr) 1

(2\lceil m/2\rceil ) ,

where

Mbd = 4\| x0\| 2 + 6C2
lev + 2\scrH (2)\gamma 

2, Cbd =
1

2\gamma 

\bigl( 
\| x0  - x\ast \| 2 +\scrH (2)\gamma 

2
\bigr) 
,(4.13)

Clev = sup\{ \| x\| : f(x)\leq f(x\ast ) +\scrM (x\ast )\sigma \} <\infty ,(4.14)

\scrM (\cdot ) is defined as in Lemma 4.2, and \scrH (.) is defined as in Lemma 4.3.7

Proof. Let k\ast \in argmin0\leq k\leq T \BbbE [ f(x
k) - f(x\ast )

\| xk\| m+1
]. From Theorem 4.5, we have

\BbbE 
\biggl[ 
f(xk\ast ) - f(x\ast )

\| xk\ast \| m + 1

\biggr] 
\leq 1

2
\sum T

k=0 \tau k

\Biggl[ 
\| x0  - x\ast \| 2 +\scrH (2)

T\sum 
k=0

\tau 2k

\Biggr] 
+\scrM (x\ast )\sigma 

(a)

\leq 1

2\gamma 
\surd 
T

\bigl( 
\| x0  - x\ast \| 2 +\scrH (2)\gamma 

2
\bigr) 
+\scrM (x\ast )\sigma \leq Cbd\surd 

T
+\scrM (x\ast )\sigma ,(4.15)

where we used the fact that \tau k = \gamma /
\surd 
T + 1 in (a), and Cbd is defined as in (4.13).

Next, pick any z\ast \in argminx\in \Omega f\sigma (x).
8 Then we see from (4.5) that

0\leq \BbbE [\| xk  - z\ast \| 2] - \BbbE [\| xk+1  - z\ast \| 2] +\scrH (2)\tau 
2
k .(4.16)

When k\ast \geq 1, we can sum both sides of (4.16) from k= 0 to k\ast  - 1 to obtain

\BbbE [\| xk\ast  - z\ast \| 2]\leq \| x0  - z\ast \| 2 +\scrH (2)

k\ast  - 1\sum 
i=0

\tau 2i \leq 2\| x0\| 2 + 2\| z\ast \| 2 +\scrH (2)\gamma 
2,

where we used the fact that \tau k = \gamma /
\surd 
T + 1 for the last inequality. The above display

further implies that

\BbbE [\| xk\ast \| 2]\leq 2\BbbE [\| xk\ast  - z\ast \| 2] + 2\| z\ast \| 2 \leq 4\| x0\| 2 + 6\| z\ast \| 2 + 2\scrH (2)\gamma 
2.(4.17)

Note that the above inequality also holds when k\ast = 0.
Now, since z\ast \in argminx\in \Omega f\sigma (x), we have

f(z\ast )\leq f\sigma (z
\ast )\leq f\sigma (x

\ast )\leq f(x\ast ) +\scrM (x\ast )\sigma ,

where the first inequality follows from [30, eqn. (11)] and the last inequality follows
from Lemma 4.2. Thus, it holds that sup\{ \| z\| : z \in argminx\in \Omega f\sigma (x)\} \leq Clev < +\infty ,
where Clev is defined as in (4.14). This observation together with (4.17) implies that

\BbbE [\| xk\ast \| 2]\leq Mbd,(4.18)

where Mbd is defined as in (4.13). The desired conclusion now follows immediately
upon combining (4.18) with (4.15) and Lemma 4.4.

7The finiteness of C\mathrm{l}\mathrm{e}\mathrm{v} follows from the assumption that f is level-bounded.
8Notice that argminx\in \Omega f\sigma (x) is nonempty because the level-boundedness of f and [30, eqn. (11)]

imply the level-boundedness of f\sigma .
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SPB FUNCTIONS AND GAUSSIAN SMOOTHING 1411

Algorithm 4.2 GS-based zeroth-order algorithm for unconstrained problem (4.1).

1: Input: Initial point x0 \in \BbbR d, \{ \tau k\} \subset (0,1] and \sigma > 0. Let m be defined as in (3.1)
corresponding to our f \in \scrS \scrP \scrB (\BbbR d).

2: for k= 0,1,2, . . . do
3: Generate uk \sim \scrN (0, I) and form vk = 1

\sigma [f(x
k + \sigma uk) - f(xk)]uk.

4: Compute

xk+1 = xk  - \tau k \cdot 
vk

\| xk\| 2m + 1
.

5: end for

4.3. Unconstrained SPB minimization. Here, we consider problem (4.1)
with \Omega = \BbbR d. The specific algorithm is presented in Algorithm 4.2 below. Notice
that the update rule for xk differs from that of Algorithm 4.1 in that the stepsize has
to be rescaled by \| xk\| 2m + 1 instead of \| xk\| m + 1. This rescaling also makes our
algorithm (for SPB functions) a natural extension of the ones in [30, eqn. (66)] and
[24, Algorithm 1], which are designed for f being globally Lipschitz. Indeed, when
m= 0, our algorithm essentially reduces to [30, eqn. (66)] (with an extra factor of 0.5
in our stepsize).

Theorem 4.8 (complexity bound for Algorithm 4.2). Consider (4.1), where f \in 
\scrS \scrP \scrB (\BbbR d) with parameters R1, R2, and m as in (3.1). Let \nabla f\sigma be given as in (3.3)
and \scrA , \scrB , \scrC be given as in (3.7). Assume in addition that \Omega = \BbbR d and inf f >  - \infty .
Then the sequence \{ xk\} generated by Algorithm 4.2 satisfies that

\BbbE 
\bigl[ 
f\sigma (x

k+1)
\bigr] 
\leq \BbbE 

\bigl[ 
f\sigma (x

k)
\bigr] 
+

\scrH (2)\tau 
2
k (\scrA +\scrB )
2

+
\scrC 

m+ 2
\scrH (m+2)\tau 

m+2
k ,(4.19)

and for any T > 0,

min
0\leq k\leq T

\widetilde w2
k\leq 

\scrM (x0)\sigma +f(x0) - inf f+0.5\scrH (2)(\scrA +\scrB )
\sum T

k=0 \tau 
2
k +

\scrH (m+2)\scrC 
m+2

\sum T
k=0 \tau 

m+2
k\sum T

k=0 \tau k
,

where \widetilde w2
k =\BbbE 

\bigl[ \bigm\| \bigm\| \nabla f\sigma (x
k)

\| xk\| m+1

\bigm\| \bigm\| 2\bigr] , \scrM (\cdot ) is defined as in Lemma 4.2, and \scrH (\cdot ) is defined as
in Lemma 4.3.

Proof. From Lemma 4.1, we know that for any k\geq 0,

f\sigma (x
k+1)\leq f\sigma (x

k) - \langle \nabla f\sigma (xk), xk  - xk+1\rangle 

+
1

2
\| xk  - xk+1\| 2

\biggl[ 
\scrA +\scrB \| xk\| m +

2\scrC \| xk+1  - xk\| m

m+ 2

\biggr] 
.

This implies that

\widetilde \alpha k\langle \nabla f\sigma (xk), vk\rangle \leq f\sigma (x
k) - f\sigma (x

k+1) +
(\scrA +\scrB \| xk\| m)\widetilde \alpha 2

k

2
\| vk\| 2 +

\scrC \widetilde \alpha m+2
k

m+ 2
\| vk\| m+2,

where

\widetilde \alpha k = \tau k/(\| xk\| 2m + 1).(4.20)
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1412 M. LEI, T. K. PONG, S. SUN, AND M.-C. YUE

By taking the expectation on both sides of the above inequality, we can obtain from
(3.3) that

\widetilde \alpha k\| \nabla f\sigma (xk)\| 2 \leq f\sigma (x
k) - \BbbE uk\sim \scrN (0,I)

\bigl[ 
f\sigma (x

k+1)
\bigr] 

+
(\scrA +\scrB \| xk\| m)\widetilde \alpha 2

k

2
\BbbE uk\sim \scrN (0,I)[\| vk\| 2]+

\scrC \widetilde \alpha m+2
k

m+2
\BbbE uk\sim \scrN (0,I)[\| vk\| m+2].(4.21)

We now upper bound the two terms (\scrA + \scrB \| xk\| m)\widetilde \alpha 2
k\BbbE uk\sim \scrN (0,I)[\| vk\| 2] and\widetilde \alpha m+2

k \BbbE uk\sim \scrN (0,I)

\bigl[ 
\| vk\| m+2

\bigr] 
in (4.21). For the former term, we have

(\scrA +\scrB \| xk\| m)\widetilde \alpha 2
k\BbbE uk\sim \scrN (0,I)[\| vk\| 2]\leq (\scrA +\scrB \| xk\| m)\widetilde \alpha 2

k\scrH (2)(\| xk\| 2m + 1)

\leq (\scrA +\scrB +\scrB \| xk\| 2m)\widetilde \alpha 2
k\scrH (2)(\| xk\| 2m + 1)

\leq \scrH (2) \cdot (\scrA +\scrB ) \cdot (\| xk\| 2m + 1)2\widetilde \alpha 2
k =\scrH (2)\tau 

2
k (\scrA +\scrB ),

where the first inequality follows from Lemma 4.3 with p = 2, and we used the
definition of \widetilde \alpha k in (4.20) for the equality. As for the latter term (i.e., \widetilde \alpha m+2

k \BbbE uk\sim \scrN (0,I)

[\| vk\| m+2]), we can deduce from Lemma 4.3 with p=m+ 2 that

\widetilde \alpha m+2
k \BbbE uk\sim \scrN (0,I)[\| vk\| m+2]\leq \widetilde \alpha m+2

k \scrH (m+2)[\| xk\| m(m+2) + 1]

\leq \widetilde \alpha m+2
k \scrH (m+2)[\| xk\| 2m + 1](m+2)/2 \leq \scrH (m+2)\tau 

m+2
k .

Combining (4.21) with the above two displays, one has

\tau k\BbbE 
\biggl[ \bigm\| \bigm\| \bigm\| \bigm\| \nabla f\sigma (xk)

\| xk\| m + 1

\bigm\| \bigm\| \bigm\| \bigm\| 2\biggr] (a)

\leq \BbbE [\widetilde \alpha k\| \nabla f\sigma (xk)\| 2]

\leq \BbbE [f\sigma (xk)] - \BbbE [f\sigma (xk+1)] +
\scrH (2)\tau 

2
k (\scrA +\scrB )
2

+
\scrC 

m+ 2
\scrH (m+2)\tau 

m+2
k ,

where (a) follows from (4.20). This proves (4.19). Summing both sides of the above
display from k= 0 to T , we obtain further that

T\sum 
k=0

\tau k \widetilde w2
k \leq f\sigma (x

0) - \BbbE [f\sigma (xT+1)] + 0.5\scrH (2) \cdot (\scrA +\scrB )
T\sum 

k=0

\tau 2k +
\scrH (m+2) \cdot \scrC 
m+ 2

T\sum 
k=0

\tau m+2
k .

Finally, we have f\sigma (x
0)\leq \scrM (x0) \cdot \sigma + f(x0) from Lemma 4.2. The desired result now

follows immediately upon combining this last observation with the above display.

Remark 4.9 (comparing existing complexity results for (4.1) with \Omega =\BbbR d). When
m = 0, R1 = 0. We then see from (3.7) that \scrA = R2

\surd 
d/\sigma , \scrB = \scrC = 0. Moreover,

we have \scrM (x0) = R2

\surd 
d (see Lemma 4.2), \scrH (m+2) = \scrH (2) = 3 R2

2(4 + d)2 (see
Lemma 4.3). If we let \tau k \equiv \tau for some \tau \in (0,1], we see from Theorem 4.8 that

min
0\leq k\leq T

\widetilde w2
k \leq 

1

\tau (T + 1)

\biggl[ 
\Delta +R2

\surd 
d\sigma +

3R3
2

2\sigma 
(4 + d)2

\surd 
d(T + 1)\tau 2

\biggr] 
,(4.22)

where \Delta := f(x0) - inf f . Let \delta a =R2

\surd 
d\sigma .9 Then (4.22) gives

min
0\leq k\leq T

\BbbE [\| \nabla f\sigma (xk)\| 2]\leq 4

\biggl[ 
1

\tau (T + 1)
(\Delta + \delta a) +

3R4
2

2\delta a
(4 + d)2d\tau 

\biggr] 
,(4.23)

which matches the bound in [30, section 7] (up to a constant scaling factor).

9Note that in view of Lemma 4.2 and [30, Theorem 1], our definition of \delta a corresponds to the \epsilon 
defined three lines below [30, eqn. (69)].
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SPB FUNCTIONS AND GAUSSIAN SMOOTHING 1413

Corollary 4.10. Consider problem (4.1), where f \in \scrS \scrP \scrB (\BbbR d) with parameters
R1, R2, and m\geq 1 as in (3.1), and assume that \Omega =\BbbR d. Let \nabla f\sigma be given as in (3.3)
and let \scrA , \scrB , \scrC be given as in (3.7). Assume that \scrS := argminu\in \BbbR df(u) is nonempty
and bounded, and there exists \mu > 0 such that

f(x) - inf
u\in \BbbR d

f(u)\geq \mu 

2
dist (x,\scrS )2 \forall x\in \BbbR d.(4.24)

Let \gamma \in (0,1] and T be a positive integer. If \tau k = \gamma /
\surd 
T + 1 for k = 0, . . . , T , then

the sequence \{ xk\} generated by Algorithm 4.2 satisfies \BbbE [\| xk\ast \| 2] \leq \widetilde M\Omega for any k\ast \in 
argmin0\leq k\leq T \widetilde w2

k and

min
0\leq k\leq T

\BbbE 
\bigl[ 
\| \nabla f\sigma (xk)\| 

1
2\lceil m/2\rceil 

\bigr] 
\leq 2

1
2\lceil m/2\rceil 

\Bigl( 
1 +

\sqrt{} \widetilde M\Omega 

\Bigr) \widetilde C 1
4\lceil m/2\rceil 
\Omega T - 1

8\lceil m/2\rceil ,(4.25)

where

\widetilde C\Omega =
1

\gamma 

\biggl[ 
f(x0) - inf

u\in \BbbR d
f(u)+\scrM (x0)\sigma +

\scrH (2)(\scrA +\scrB )
2

\gamma 2 +
\scrH (m+2)\scrC 
m+ 2

\gamma m+2

\biggr] 
,(4.26)

\widetilde M\Omega =8\mu  - 1[\gamma \widetilde C\Omega + 0.5\mu \sigma 2d] + 2 sup
w\in \scrS 

\| w\| 2,(4.27)

\widetilde w2
k is defined as in Theorem 4.8, \scrM (\cdot ) is defined as in Lemma 4.2, and \scrH (.) is defined

as in Lemma 4.3.

Remark 4.11. The condition (4.24) is known as the second-order growth condition
for f , and is a commonly used condition for deriving (global) asymptotic convergence
rates of first-order methods; see, e.g., [14]. It is known to hold if f is strongly convex,
and we refer the reader to [14] and references therein for more concrete examples.

Proof of Corollary 4.10. We can deduce from Theorem 4.8 and \tau k \equiv \gamma /
\surd 
T + 1

that \widetilde w2
k\ast 

\leq \widetilde C\Omega /
\surd 
T , where \widetilde C\Omega is defined as in (4.26), which implies

\BbbE 
\biggl[ \bigm\| \bigm\| \bigm\| \bigm\| \nabla f\sigma (xk\ast )

1 + \| xk\ast \| m

\bigm\| \bigm\| \bigm\| \bigm\| 2\biggr] \leq \widetilde C\Omega \surd 
T
, and hence \BbbE 

\biggl[ 
\| \nabla f\sigma (xk\ast )\| 
1 + \| xk\ast \| m

\biggr] 
\leq \widetilde C 1

2

\Omega T
 - 1

4 .(4.28)

Now, in view of (4.28) and Lemma 4.4, the conclusion follows once we show

\BbbE [\| xk\ast \| 2]\leq \widetilde M\Omega ,(4.29)

where \widetilde M\Omega is defined as in (4.27). Thus, in what follows, we will prove (4.29).
When k\ast \geq 1, we can sum both sides of (4.19) from k= 0 to k\ast  - 1 to obtain

\BbbE [f\sigma (xk\ast )]\leq \BbbE [f\sigma (x0)] + 0.5\scrH (2)(\scrA +\scrB )
k\ast  - 1\sum 
k=0

\tau 2k+
\scrH (m+2)\scrC 
m+ 2

k\ast  - 1\sum 
k=0

\tau m+2
k

\leq f(x0) +\scrM (x0)\sigma + 0.5\scrH (2)(\scrA +\scrB )\gamma 2 +
\scrH (m+2)\scrC 
m+ 2

\gamma m+2,(4.30)

where the last inequality follows from Lemma 4.2 and the fact that \tau k = \gamma /
\surd 
T + 1.

Notice that (4.30) also holds when k\ast = 0.
On the other hand, according to (4.24), we can obtain

f\sigma (x
k\ast ) - inf f =\BbbE u\sim \scrN (0,I)[f(x

k\ast + \sigma u) - inf f ]\geq \mu 

2
\BbbE u\sim \scrN (0,I)[dist(x

k\ast + \sigma u,\scrS )2]

=
\mu 

4
\BbbE u\sim \scrN (0,I)[2dist(x

k\ast + \sigma u,\scrS )2 + 2\| \sigma u\| 2  - 2\| \sigma u\| 2]\geq \mu 

4
dist(xk\ast ,\scrS )2  - 1

2
\mu d\sigma 2,
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1414 M. LEI, T. K. PONG, S. SUN, AND M.-C. YUE

where we used [30, Lemma 1] in the last inequality. This implies that

\BbbE [f\sigma (xk\ast )]\geq \mu 

4
\BbbE [dist(xk\ast ,\scrS )2] - 1

2
\mu d\sigma 2 + inf f.(4.31)

Combining (4.30) and (4.31), one has

\mu 

4
\BbbE [dist(xk\ast ,\scrS )2]\leq f(x0)+\scrM (x0)\sigma +

\mu d\sigma 2

2
 - inf f+

\scrH (2)(\scrA +\scrB )
2

\gamma 2+
\scrH (m+2)\scrC 
m+ 2

\gamma m+2.

Thus, we can deduce from the above display and the definition of \widetilde M\Omega in (4.27) that

\BbbE [\| xk\ast \| 2]\leq 2\BbbE [dist(xk\ast ,\scrS )2] + 2 sup
w\in \scrS 

\| w\| 2 \leq \widetilde M\Omega .

5. Explicit complexity and (\bfitdelta , \bfitepsilon )-stationarity. Note that the results The-
orem 4.8 and Corollary 4.10 for the unconstrained nonconvex setting are both with
respect to the GS f\sigma but not the objective function f . In this section, we study the
iteration complexity of Algorithm 4.2 for achieving a (\delta , \epsilon )-stationary point of an SPB
function f .

We start by defining analogues of \scrH (p) in Lemma 4.3 and \scrM (\cdot ) in Lemma 4.2:

\u \scrH (p) =

\Biggl\{ 
3p - 1

\bigl( 
Rp

2(2p+ d)p + 2(m - 1)pRp
1[(m+ 2)p+ d]

(m+2)p
2

\bigr) 
if p\geq 1,

1 if p= 0,
(5.1)

\u \scrM (x) = (2m - 1R1\| x\| m +R2)
\surd 
d+ 2m - 1R1(m+ 1+ d)

m+1
2 .(5.2)

Notice that if \sigma is bounded by 1, then it holds that

\scrH (p) \leq \u \scrH (p) \forall p\in \BbbN \cup \{ 0\} and \scrM (x)\leq \u \scrM (x) \forall x\in \BbbR d.(5.3)

In the next auxiliary lemma, we derive bounds that explicitly depend on \sigma for the \widetilde C\Omega 

in (4.26) that appeared in Corollary 4.10.

Lemma 5.1. Consider problem (4.1), where f \in \scrS \scrP \scrB (\BbbR d) with parameters R1,
R2, and m as in (3.1). Suppose that infu\in \BbbR d f(u)> - \infty and let \sigma \in (0,1] and \gamma = \sigma .

Then \widetilde C\Omega \leq K\sigma  - 1, where

K = f(x0) - inf f + \u \scrM (x0) + 0.5 \u \scrH (2)(2
2m - 2R1(m+ 1+ d)

m+1
2 +R2

\surd 
d)

+ 22m - 3 \u \scrH (2)R1

\surd 
d+ 2m - 1R1

\u \scrH (m+2)(m+ 2) - 1
\surd 
d,

\u \scrM (\cdot ) is defined as in (5.2), \u \scrH (\cdot ) is defined as in (5.1), and \widetilde C\Omega is defined as in (4.26).

Proof. First, from the definitions of \scrA and \scrB , we have that

(\scrA +\scrB )\gamma 2 =
\Bigl[ 
22m - 2R1\sigma 

m - 1(m+ 1+ d)
m+1

2 + \sigma  - 1R2

\surd 
d+ 22m - 2\sigma  - 1R1

\surd 
d
\Bigr] 
\sigma 2

\leq 22m - 2R1(m+ 1+ d)
m+1

2 +R2

\surd 
d+ 22m - 2R1

\surd 
d.

Next, one can deduce upon invoking the definition of \scrC that

\scrC \gamma m+2 = 2m - 1\sigma  - 1R1

\surd 
d\sigma m+2 \leq 2m - 1R1

\surd 
d,

which yields the desired conclusion upon invoking the definition of \widetilde C\Omega and (5.3).
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Theorem 5.2 (complexity bound for approximate Goldstein stationarity). Con-
sider problem (4.1), where f \in \scrS \scrP \scrB (\BbbR d) with parameters R1, R2, and m as in (3.1).
Let infu\in \BbbR d f(u)> - \infty , let \delta \in (0,1), let \scrP be defined as in (3.16), and define

\u \scrN (m) =

\Biggl\{ 
max\{ min\{ 5R2,1\}  - 

1
\mathrm{m}\mathrm{i}\mathrm{n}\{ m,d\} , \kappa 1\} 4min\{ m,d\} +2 + 1 if m\geq 1,

max\{ min\{ 5R2,1\}  - 
1
d , \kappa 2\} 4d+2 + 1 if m=0,

(5.4)

where

\kappa 1 =min
\Bigl\{ 
[2m+1R1(m+ d)

m
2 ] - 

1
m ,

\delta \scrP  - 1/d

\surd 
d\pi e

\Bigr\} 
, \kappa 2 =

\delta \scrP  - 1/d

\surd 
d\pi e

.(5.5)

Let T \geq \u \scrN (m) be a positive integer and \gamma = \sigma = \u \sigma (m), where

\u \sigma (m) :=

\Biggl\{ 
\kappa 1T

 - 1
4\mathrm{m}\mathrm{i}\mathrm{n}\{ m,d\} +2 if m\geq 1,

\kappa 2T
 - 1

4d+2 if m= 0.

Let \tau k = \gamma /
\surd 
T + 1 for k= 0, . . . , T . Then the following statements hold:

(i) For m\geq 1, under the conditions of Corollary 4.10, the sequence \{ xk\} gener-
ated by Algorithm 4.2 satisfies that

min
0\leq k\leq T

\BbbE 
\bigl[ 
dist(0, \partial \delta Gf(x

k))
1

2\lceil m/2\rceil 
\bigr] 
\leq 

\Bigl( 
1 +

\sqrt{} \widetilde K\Omega 

\Bigr) 
(2K

1
2\kappa 

 - 1
2

1 + 2)
1

2\lceil m/2\rceil 

T ( 1
4 - 

1
8\mathrm{m}\mathrm{i}\mathrm{n}\{ m,d\} +4

) 1
2\lceil m/2\rceil 

,(5.6)

where K is defined as in Lemma 5.1 and \widetilde K\Omega = 8\mu  - 1K+4d+2supw\in \scrS \| w\| 2.
(ii) For m= 0, the sequence \{ xk\} generated by Algorithm 4.2 satisfies that

min
0\leq k\leq T

\BbbE 
\bigl[ 
dist(0, \partial \delta Gf(x

k))
\bigr] 
\leq (2K

1
2\kappa 

 - 1
2

2 + 2)T - ( 1
4 - 

1
8d+4 ),

where K is defined as in Lemma 5.1.

Proof. Since T \geq \u \scrN (m), we see that \u \sigma (m) \leq 1, which means \gamma \in (0,1]. We can
now deduce from Theorem 4.8 and \tau k \equiv \gamma /

\surd 
T + 1 that \widetilde w2

k\ast 
\leq \widetilde C\Omega /

\surd 
T , where \widetilde C\Omega is

defined as in (4.26), which implies

\BbbE 
\biggl[ \bigm\| \bigm\| \bigm\| \bigm\| \nabla f\sigma (xk\ast )

1 + \| xk\ast \| m

\bigm\| \bigm\| \bigm\| \bigm\| 2\biggr] \leq \widetilde C\Omega \surd 
T
, and hence \BbbE 

\biggl[ 
\| \nabla f\sigma (xk\ast )\| 
1 + \| xk\ast \| m

\biggr] 
\leq \widetilde C 1

2

\Omega T
 - 1

4 .(5.7)

On the other hand, if we define

\u \epsilon (m) =

\Biggl\{ 
T - \mathrm{m}\mathrm{i}\mathrm{n}\{ m,d\} 

4\mathrm{m}\mathrm{i}\mathrm{n}\{ m,d\} +2 if m\geq 1,

T - d
4d+2 if m= 0,

then for the T \geq \u \scrN (m), \delta \in (0,1), \epsilon = \u \epsilon (m), and \sigma = \u \sigma (m), one has 0 < \epsilon <
min\{ 5R2,1\} and \sigma satisfies (3.32). Consequently, by Remark 3.7, one has

\nabla f\sigma (xk\ast )\in \partial \delta Gf(xk\ast ) + (1 + \| xk\ast \| m)\epsilon \cdot \BbbB .

This implies that

dist(0, \partial \delta Gf(x
k\ast ))\leq \| \nabla f\sigma (xk\ast )\| + (1+ \| xk\ast \| m)\epsilon .
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Rearranging the above display and then taking expectation, one can obtain

\BbbE 
\biggl[ 
dist(0, \partial \delta Gf(x

k\ast ))

1 + \| xk\ast \| m

\biggr] 
\leq \BbbE 

\biggl[ 
\| \nabla f\sigma (xk\ast )\| 
1 + \| xk\ast \| m

\biggr] 
+ \epsilon .

This together with (5.7) implies that

\BbbE 
\biggl[ 
dist(0, \partial \delta Gf(x

k\ast ))

1 + \| xk\ast \| m

\biggr] 
\leq \widetilde C 1

2

\Omega T
 - 1

4 + \epsilon .(5.8)

We now prove (i). Notice from Corollary 4.10 that

\BbbE [\| xk\ast \| 2]\leq \widetilde M\Omega ,(5.9)

where \widetilde M\Omega is defined as in (4.27). Combining (5.9), (5.8), and Lemma 4.4, one has

\BbbE 
\bigl[ 
dist(0, \partial \delta Gf(x

k\ast ))
1

2\lceil m/2\rceil 
\bigr] 
\leq 
\Bigl( 
1 +

\sqrt{} \widetilde M\Omega 

\Bigr) \bigl( 
2 \widetilde C 1

2

\Omega T
 - 1

4 + 2\epsilon 
\bigr) 1

2\lceil m/2\rceil .(5.10)

Next, we utilize Lemma 5.1 and the above display to obtain the desired result for
m\geq 1. To this end, notice that \sigma = \u \sigma (m) \in (0,1] and \gamma = \sigma . Combining Lemma 5.1

and the definitions of \widetilde M\Omega and \widetilde K\Omega , one has\widetilde M\Omega \leq 8\mu  - 1[\gamma \widetilde C\Omega + 0.5\mu d] + 2 sup
w\in \scrS 

\| w\| 2 \leq 8\mu  - 1(K + 0.5\mu d) + 2 sup
w\in \scrS 

\| w\| 2 = \widetilde K\Omega .

Thus, for m\geq 1, Lemma 5.1 and (5.10) yield that

\BbbE 
\bigl[ 
dist(0, \partial \delta Gf(x

k\ast ))
1

2\lceil m/2\rceil 
\bigr] 
\leq 
\Bigl( 
1 +

\sqrt{} \widetilde K\Omega 

\Bigr) \bigl( 
2K

1
2\sigma  - 1

2T - 1
4 + 2\epsilon 

\bigr) 1
2\lceil m/2\rceil 

=
\Bigl( 
1 +

\sqrt{} \widetilde K\Omega 

\Bigr) \bigl[ 
2K

1
2 (\kappa 1T

 - 1
4\mathrm{m}\mathrm{i}\mathrm{n}\{ m,d\} +2 ) - 

1
2T - 1

4 +2T - \mathrm{m}\mathrm{i}\mathrm{n}\{ m,d\} 
4\mathrm{m}\mathrm{i}\mathrm{n}\{ m,d\} +2

\bigr] 1
2\lceil m/2\rceil 

=
\Bigl( 
1 +

\sqrt{} \widetilde K\Omega 

\Bigr) 
(2K

1
2\kappa 

 - 1
2

1 + 2)
1

2\lceil m/2\rceil T - ( 1
4 - 

1
8\mathrm{m}\mathrm{i}\mathrm{n}\{ m,d\} +4

) 1
2\lceil m/2\rceil .

Finally, to prove (ii), we deduce from Lemma 5.1 and (5.8) that

\BbbE 
\bigl[ 
dist(0, \partial \delta Gf(x

k\ast ))
\bigr] 
\leq 2K

1
2\sigma  - 1

2T - 1
4 + 2\epsilon 

= 2K
1
2 (\kappa 2T

 - 1
4d+2 ) - 

1
2T - 1

4 +2T - d
4d+2 = (2K

1
2\kappa 

 - 1
2

2 + 2)T - ( 1
4 - 

1
8d+4 ).

Remark 5.3 (explicit bound on \u \scrN (m)). Note that the result in Theorem 5.2 re-
quires that T \geq \u \scrN (m). Here, we derive simpler bounds for \u \scrN (m) that are independent
of d when d is large, under the assumptions of Theorem 5.2. We first consider the
case m\geq 1. Assume in addition that d\geq m. Then

\kappa 1
(a)

\leq (2m+1R1)
 - 1

m (m+ d) - 
1
2 \leq R

 - 1
m

1 ,

where we used the definition of \kappa 1 (see (5.5)) in (a). From the above display and the
definition of \u \scrN (m), we obtain

\u \scrN (m)\leq max\{ min\{ 5R2,1\}  - 1,R - 1
1 \} 

4m+2
m + 1.

Next, in the case m= 0, let d\geq max\{ 2,2 - 2R - 1
2 \} . Since d\geq 2, we have

min\{ 5R2,1\}  - 
4d+2

d \leq min\{ 5R2,1\}  - 5.(5.11)
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On the other hand, we know

\kappa 4d+2
2

(a)
= \delta 4d+2 (4R2)

 - 4d+2
d

(
\surd 
d\pi e)4d+2

(b)

\leq 1

(4R2)
4d+2

d d2d+1

(c)

\leq 1

(4R2d)
4d+2

d

(d)

\leq 1,(5.12)

where (a) follows from the definition of \kappa 2 in (5.5), (b) holds because
\surd 
\pi e > 1 and

\delta \in (0,1), (c) follows from d \geq 2, and (d) follows from the fact d \geq 2 - 2R - 1
2 . Now,

combining (5.11), (5.12), and the definition of \u \scrN (m), one has

\u \scrN (m)\leq min\{ 5R2,1\}  - 5 + 1.
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