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Dual-band second-order photonic topological insulators (SPTIs), characterized by multiple corner
states, offer exceptional potential for robust multiband manipulation of electromagnetic waves in lower
dimensions. However, previous theoretical implementations of dual-band SPTIs have been constrained by
limited flexibility, hindering their adaptability for diverse applications. Additionally, experimental valida-
tion of these dual-band SPTIs has been lacking. In this study, we introduce a topology optimization method
to design SPTIs with customizable dual-band corner states tailored for specific multiband applications.
Dual-band SPTIs with customized corner states for manipulating electromagnetic waves of transverse
magnetic and electric modes are created. Furthermore, multiple corner states within dual bandgaps are
experimentally confirmed. This work opens new avenues for creating customizable photonic devices with
dual-band topological features, enabling versatile multiband applications.
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I. INTRODUCTION

Photonic topological insulators (PTIs), characterized by
topological interface states that are robust against impu-
rities, have garnered significant attention [1–5]. Inspired
by topological insulators in electronic materials, a diverse
array of PTIs has been achieved, including those based
on the quantum Hall effect [6,7], quantum valley and
spin Hall effect [8–17], and Floquet PTIs [18–20], etc.
These PTIs adhere to conventional bulk-boundary corre-
spondence, meaning a system with d-dimensions supports
gapless interface states in d − 1 dimensions. Thereafter,
high-order PTIs, which transcend the conventional bulk-
boundary correspondence by hosting multidimensional
boundary states, have been developed [21,22]. In two-
dimensional (2D) systems, second-order PTIs (SPTIs)
feature gapped interface states and in-gap corner states.
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The design of SPTIs is heavily influenced by crystalline
symmetry, which plays a crucial role in determining the
physical mechanisms. So far, diverse recipes of SPTIs have
been realized in different symmetric lattices, such as C3-
symmetric hexagonal and kagome lattices [23–26], C6v-
symmetric honeycomb lattice [27], C4- and C4v-symmetric
square lattices [28–36], etc. As SPTIs feature highly local-
ized corner states with robustness, they hold promise for
novel photonic applications, including microwave commu-
nications [37], topological laser [38], photonic nanocavity
with high-quality factor [39,40], and optical elements for
nonlinear frequency conversion [35,41].

Toward multiband robust communication of electro-
magnetic waves, it is highly desirable to develop multiband
topological photonic devices (MTPDs) due to their many
important application scenarios. Firstly, as frequency acts
as an important degree of freedom in photonic commu-
nications, MTPDs facilitate complex photonic communi-
cations by processing signals across different frequency
bands simultaneously, enabling faster and more efficient
processing for different specific tasks. Meanwhile, MTPDs
with highly localized topological states can be employed
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to develop robust photonic sensors across multiple fre-
quency bands. Moreover, MTPDs with multiple corner
states can be used to generate and control multiwave-
length light sources, which are valuable for applications
such as multiwavelength interferometry, multimode opti-
cal fiber, and nonlinear multiwave mixing. Kim and Om
theoretically proposed an SPTI, designed using a physics-
inspired method, which hosts multiband gapped topologi-
cal interface states and in-gap corner states for transverse
magnetic (TM) modes [42]. Chen et al. developed an
inversely designed SPTI with fully connected dielectric
materials that supports multiband corner states for trans-
verse electric (TE) modes [34]. Despite these advance-
ments, the bandgaps—and particularly the order of these
bandgaps—used to host corner states in these multiband
SPTIs cannot be controlled on demand, limiting their flex-
ibility for various practical applications. Meanwhile, the
order of the bandgap is highly related to the topology
property of the unit cell (UC). It is, therefore, desirable
to engineer the UC with a specific and on-demand order
to further construct the SPTI. Furthermore, current multi-
band SPTIs have yet to be experimentally validated. To
overcome these challenges, we propose a topology opti-
mization approach—an inverse method proven effective
in designing novel photonic structures [43–45]—to create
dual-band SPTIs. This approach allows for the on-demand
customization of dual bandgaps to support corner states.
We demonstrate tightly localized dual-band corner states
within different customized dual bandgaps for TM and TE
modes and experimentally validate multiple corner states
within these dual bandgaps. Our work offers a pathway
for customizing multiband topological photonic devices to
meet specific application requirements.

II. RESULTS AND DISCUSSION

A. Design methodology

In Sec. 1 within the Supplemental Material [46], we
establish a rule under which the photonic crystal with odd-
order bandgaps can be used to construct the SPTI. Building
on this fact, the topology optimization approach, which is
an intelligent method to seek the most efficient material
layout to satisfy performance objectives while adhering to
constraints and, thus, enables more efficient, creative, and
effective solutions, is developed to design photonic crys-
tals (PCs) with customized double odd-order bandgaps. By
selecting two UCs from these designed PCs, we can con-
struct SPTIs with corner states within dual bandgaps. The
propagation of electromagnetic waves in two-dimensional
dielectric PCs can be decoupled with TM and TE modes,
governed by [47,48]

TM = (∇ + ik) · ((∇ + ik)E(r)) = ε(r)
(ω

c

)2
E(r),

(1a)

TE = (∇ + ik) ·
(

1
ε(r)

(∇ + ik)H(r)
)

=
(ω

c

)2
H(r),

(1b)

where r represents the position vector, ω denotes the
eigenfrequency, c is the speed of light, ε(r) refers to
the dielectric function, and k = (kx, ky) is the wave vec-
tor. Additionally, E(r) and H (r) describe the electric
field for the TM modes and the magnetic field for the
TE modes, respectively. The finite element method is
employed to solve the equations, with the UC discretized
into a 60 × 60 pixel grid. Each pixel is assigned a design
variable xe (0 ≤ xe ≤ 1) and the permittivity of each ele-
ment, defined by its corresponding design variable, is
interpolated via

ε(xe) = ε1(1 − xe) + ε2xe, (2)

where ε1 and ε2 represent the permittivity of air (ε1 = 1)

and dielectric material, respectively. For on-chip applica-
tions, silicon with ε2 = 12 is selected, though this can
be adjusted to suit specific practical applications. Conse-
quently, Eqs. (1) and (2) can be transformed into

(
K −

(ω

c

)2
M

)
u = 0 (3)

where K and M denote global matrixes (their detailed
expressions can be referred to Ref. [47]) and u represents
the eigenvector of the electric and magnetic fields for the
TM and TE modes, respectively.

We set the optimization objective as maximizing the
double odd-order bandgaps, formulated as [49]

max : f = min(gm, gn)

≈ − 1
γ

ln{exp(−γ gm) + exp(−γ gn)} + 1
γ

ln(2),

(4)

where m and n represent the first and second odd-order
bandgap orders, respectively. The aggregation parameter γ

of the Kreisselmeier-Steinhauser function [49] is set at 20
in this case; go (o = m or n) represents the relative bandgap
size, which is expressed as

go = 2
min ωo+1(k) − max ωo(k)

min ωo+1(k) + max ωo(k)
(5)

where ωo(k) means the eigenfrequency for wave vector
k of the oth band. To prevent numerical instabilities, the
function go is further modified using the strategy outlined
in Ref. [50] by overall considering ωo+1 and ωo at all wave
vectors.

Then, the gradient of the objective function about the
design variable, xe, can be obtained after calculating
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(a)

(c)

(b)

(d)

FIG. 1. Optimized PCs with different double odd-order bandgaps and the corresponding band diagrams for the TM modes. (a) PC
with the first- and fifth-order bandgaps. (b) PC with the first- and seventh-order bandgaps. (c) PC with the fifth- and ninth-order
bandgaps. (d) PC with the seventh- and eleventh-order bandgaps.

∂ωo(k)/∂xe and ∂ωo+1(k)/∂xe. Differentiating both sides
of Eq. (3), ∂ωo(k)/∂xe can be derived as ∂ωo(k)/∂xe,
which is explicitly given by

∂ωo(k)

∂xe
= 1

2ωo
uT

(
c2 ∂K

∂xe
− ω2

o(k)
∂M
∂xe

)
u. (6)

After computing the derivative of the objective function
about each design variable xe, we employ the method of

moving asymptotes (MMA) [51,52] to update the design
variables iteratively until f is maximized. During the opti-
mization, the UC is constrained with C4v symmetry. We
present the optimization procedures and the method to
impose the constraint of C4v symmetry in Secs. 2 and 3
within the Supplemental Material [46]. Note that, as initial
designs play an important role in the topology optimization
of photonic crystals, in some cases we first maximize one
bandgap and then use the optimized structure as an initial

(a) (b)

(d)(c)

FIG. 2. Optimized PCs with different double odd-order bandgaps and the corresponding band diagrams for the TE modes. (a) PC
with the first- and seventh-order bandgaps. (b) PC with the first- and ninth-order bandgaps. (c) PC with the fifth- and seventh-order
order bandgaps. (d) PC with the seventh- and ninth-order bandgaps.
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structure for the second-round optimization to obtain the
final structure.

B. Customized PCs with dual topological bandgaps

To demonstrate the effectiveness of the developed
design methodology for customizing PCs with on-demand
dual odd-order bandgaps, we present several optimized
PCs with various double odd-order bandgaps, denoted as
different (m, n) pairs, for the TM and TE modes. Fig-
ures 1(a)–1(d) illustrate the optimized PCs along with
the band diagrams for the TM modes with (m, n) set at
(1, 5), (1, 7), (5, 9), and (7, 11), respectively. Similarly,
Figs. 2(a)–2(d) show the optimized results for the TE
modes with (m, n) set as (1, 7), (1, 9), (5, 7), and (7, 9),
respectively. For simplicity, the frequency is expressed in
a normalized form as Ω = ωa/2πc. The band diagrams
reveal that the dual odd-order bandgaps with specified
orders are successfully opened. The optimized PCs in
Figs. 1(a)–1(d) are labeled as PCTM1, PCTM2, PCTM3,
and PCTM4, respectively, while those in Figs 2(a)–2(d) are
labeled as PCTE1, PCTE2, PCTE3, and PCTE4, respec-
tively. The relative sizes of the first and second odd-order
bandgaps are 14.5% and 12.5% for PCTM1, 17.7% and
9.5% for PCTM2, 16.9% and 17.2% for PCTM3, and
21.1% and 18.2% for PCTM4. For the TE modes, they are

20.5% and 18.0% for PCTE1, 13.3% and 8.2% for PCTE2,
23.8% and 18.5% for PCTE3, and 21.6% and 20.8% for
PCTE4. Such wide dual bandgaps are conducive to pro-
ducing highly localized dual-band corner states. Note that
the developed method can also be used to design PCs with
dual topological bandgaps of other desirable orders, and it
can be further extended to design PCs with more topologi-
cal bandgaps, as can be seen in the numerical examples in
Sec. 5 within the Supplemental Material [46].

Two types of UCs are then picked from the same opti-
mized PC in different ways: the first is the primitive UC
(indicated by dark red lines in Figs. 1 and 2) and the other
(indicated by cyan lines in Figs. 1 and 2) is the trans-
lation of the primitive UC by (a/2, a/2), where a is the
lattice constant. We label the primitive UC selected from
PCTMi and PCTEi in Figs. 1 and 2 as UCTMiA and
UCTEiA, and the translated UC as UCTMiB and UCTEiB,
respectively. Subsequently, we employ a 2D polarization
[53–55] to characterize the topology property of these
UCs, expressed by

Pj = 1
2

(∑
l

ql
j modulo 2

)
, (−1)

ql
j = ηl(Xj )

ηl(	)
(7)

(a) (b)

(c) (d)

–Max –Max

–Max –Max

FIG. 3. Calculated projected band diagrams and eigenmodes of interface states for (a) SCTM1, (b) SCTM2, (c) SCTM3, and (d)
SCTM4. The eigenmodes correspond to the solutions labeled by red and blue triangles in the band diagram.
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(a) (b)

(c) (d)

–Max

–Max –Max

–Max

FIG. 4. Calculated projected band diagrams and eigenmodes of interface states for (a) SCTE1, (b) SCTE2, (c) SCTE3, and (d)
SCTE4. The eigenmodes correspond to the solutions labeled by red and blue triangles in the band diagram.

where j represents the x- or y-direction and, as the opti-
mized PCs are C4v symmetric, Px = Py . Moreover, ql

j can
be determined according to the values of ηl(Xj ) and ηl(	),
which are the parity (±) of the lth band at X and 	,
respectively. The parities of the eigenmodes are deter-
mined by their field profiles: monopolar and quadrupolar
modes exhibit even parity (+), while dipolar modes have
odd parity (−). The

∑
l ql

j means the sum of q over all the
bands below the bandgap. Detailed parity information for
UCTMiA, UCTMiB, UCTEiA, and UCTEiB is provided
in Sec. 4 within the Supplemental Material [46]. By incor-
porating these parities into Eq. (7), we find that, for the
TM modes, all UCTMiAs and UCTMiBs are trivial and
nontrivial, respectively, for both the first and second odd-
order bandgaps. For TE modes, UCTE1A and UCTE1B,
UCTE2A and UCTE2B, UCTE3A and UCTE3B, and
UCTE4B and UCTE4A are trivial and nontrivial, respec-
tively, for the first odd-order bandgap, whereas UCTE1A
and UCTE1B, UCTE2B and UCTE2A, UCTE3A and
UCTE3B, and UCTE4A and UCTE4B are trivial and non-
trivial, respectively, for the second odd-order bandgap.
This indicates that, for both the first and second odd-
order bandgaps, UCTMiA and UCTMiB (and UCTEiA
and UCTEiB) consistently exhibit different topological
properties. Consequently, dual-band topological interface
states will emerge at the boundary between UCTMiA

and UCTMiB (and UCTEiA and UCTEiB). Meanwhile,
the simultaneous nonzero values of Px and Py lead to a
topological corner charge [53–55], i.e.,

Qc = 4PxPy . (8)

Accordingly, we can derive that the corner charges for
the aforementioned trivial and nontrivial UCs are 0 and 1,
respectively. Therefore, it is predicted that the topological
corner states can emerge at the corner shared by UCTMiA
and UCTMiB (and UCTEiA and UCTEiB) within the two
bandgaps.

C. Dual-band interface states

To confirm the existence of the predicted dual-band
topological interface states at the boundary between trivial
and nontrivial UCs, we build a supercell comprising eight
trivial UCs and eight nontrivial UCs, with an interface
between them, and calculate its projected band diagram.
The supercell composed of UCTMiAs and UCTMiBs and
UCTEiAs and UCTEiBs is labeled as SCTMi and SCTEi,
respectively. Figures 3(a)–3(d) and 4(a)–4(d) present the
calculated projected band diagrams and eigenmodes of the
interface states of SCTM1–SCTM4 and SCTE1–SCTE4
for the TM and TE modes, respectively. The band dia-
grams reveal that topological interface states appear within
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(a) (b)

(c) (d)

FIG. 5. Calculated eigenfrequency spectra and eigenfields of corner states for (a) MSTM1, (b) MSTM2, (c) MSTM3, and (d)
MSTM4.

both the two designed bandgaps for all the supercells. The
eigenfields of the interface states within these bandgaps,
indicated by the red and blue triangles, demonstrate the
localization of the energies at the boundary between trivial

and nontrivial UCs. Crucially, these topological inter-
face states are gapped, providing the necessary condi-
tions for the formation of dual-band topological corner
states.

(b)

(d)

(a)

(c)

FIG. 6. Calculated eigenfrequency spectra and eigenfields of corner states for (a) MSTE1, (b) MSTE2, (c) MSTE3, and (d) MSTE4.
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D. Dual-band corner states

To confirm the dual-band corner states, we construct
a metastructure comprising an 8 × 8 array of UCTMiBs
or UCTEiBs surrounded by four layers of UCTMiAs or
UCTEiAs, forming a corner. This metastructure, com-
posed of UCTMiAs or UCTEiAs and UCTMiBs or
UCTEiBs, is labeled as MSTMi or MSTEi, respectively.
Figures 5(a)–5(d) and 6(a)–6(d) present the calculated
eigenfrequency spectra and eigenfields of the corner states
for MSTM1–MSTM4 and MSTE1–MSTE4 in the TM and
TE modes, respectively. The eigenfrequency spectra reveal
that the corner states emerge within both bandgaps (high-
lighted in blue) across all the metastructures. The eigen-
modes of the corner states, labeled C1 and C2, demonstrate
the localization of the energies of these corner states at the
corner. Additionally, multiple corner states within the same
bandgap in MSTM3, MSTM4, and MSTE3 are observed,

attributed to the long-range coupling effect induced by the
irregular geometries identified through topology optimiza-
tion. Notably, although we used a dielectric material with
a permittivity of 12 during optimization, the corner states
persist even when the dielectric material has a permittiv-
ity of 7.5, as detailed in Sec. 6 within the Supplemental
Material [46].

E. Experimental validation of the dual-band corner
states

Here, we use MSTM3 as an example to verify the
dual-band corner states experimentally. To facilitate fab-
rication, we simplify the pillars shown in Fig. 1(c) into
regular cylinders. According to the size of the pillars within
the optimized structure, the simplified UCs, UCTM3A
and UCTM3B [indicated by dark red and cyan boxes in
Fig. 7(a), respectively], consist of two types of Al2O3

(a) (b) (c) (d)

(e) (f) (g) (h) (i) (j) (k)

(l) (m) (n) (o) (p) (q) (r)

(s) (t) (u) (v) (w) (x) (y)

FIG. 7. Experimental validation of the dual-band corner states. (a) Sketch of the simplified UCTM3A and UCTM3B. (b) Fabricated
sample. (c) Calculated eigenfrequency spectrum of the sample with an effective permittivity of 6.8. (d) Measured response of the
electric field with respect to the frequency at the corner. (e)–(j) Numerically calculated eigenfields of corner states C1 and C2A–C2B.
(k) Numerically calculated eigenfields of the interface state. (l)–(q) Experimentally measured electric fields of corner states C1 and
C2A–C2B. (r) Experimentally measured electric fields of the interface state. (s)–(x) Experimentally measured electric fields of corner
states C1 and C2A–C2B after introducing defects. (y) Experimentally measured electric fields of the interface states after introducing
defects.
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cylinders with diameters of 5 and 6 mm, represented
by navy and blue circles, respectively, in Fig. 7(a). The
permittivity of Al2O3 is 7.5 and the lattice constant is
a = 35.714 mm (250/7 mm). To accommodate the experi-
mental setup, the sample shown in Fig. 7(b) is made of a
6 × 6 array of simplified UCTM3Bs (denoted by the cyan
box) surrounded by five layers of simplified UCTM3As,
forming a corner labeled C. The sample is cladded by two
parallel metal plates to create a quasi-2D condition. The
Al2O3 cylinders are surrounded with microwave-absorbing
materials to avoid unwanted scattering from the bound-
aries. In the microwave field mapping system, a monopole
antenna as an excited source is introduced through a drilled
hole in the bottom plate, while a probing antenna con-
nected to a vector network analyzer (Keysight E5063A)
measures the time-harmonic field distributions through the
top plate. To ensure smooth movement during automatic
measurements, a small air gap is maintained between the
Al2O3 cylinders and the top plate, which may cause a fre-
quency shift compared with the theoretical values. This can
be corrected by reducing the permittivity of the dielectric
materials in the numerical calculations [32]. Here, we use
an effective permittivity of 6.8 to replace the genuine val-
ues to calculate the eigenfrequency spectrum of the sam-
ple, as presented in Fig. 7(c). One corner state (C1) appears
within the first bandgap and five corner states (C2A–C2E)
emerge within the second bandgap (the frequency win-
dows of the first and second bandgaps are indicated by the
blue areas). We positioned an excitation source close to the
corner, as denoted by S in Fig. 7(b), and then captured the
response of the electric field with respect to the frequency
at the corner, as depicted in Fig. 7(d). A response peak
is observed within the first bandgap, indicating the exci-
tation of the corner state C1. Meanwhile, three response
peaks are observed within the second bandgap. The first
peak represents the excitation of corner state C2A. As the
frequencies of corner states C2B and C2C (and C2D and
C2E) are very close, the second and third peak indicates
their excitation, respectively. Figures 7(e)–7(j) display the
numerically calculated eigenfields of corner states C1 and
C2A–C2E, while Figs. 7(l)–7(q) present the experimen-
tally measured electric fields for these corner states [the
scanning domain is indicated by the black dashed box in
Fig. 7(b)], with the excitation points marked by the red
circles. The measured electric fields accurately reflect the
energy distributions of the numerically calculated eigen-
fields. Additionally, Figs. 7(k) and 7(r) show the calculated
eigenfields and measured electric fields corresponding to
the interface states at 9.52 GHz, demonstrating good agree-
ment. Finally, we introduce defects by displacing the
Al2O3 cylinders within the domains marked by the red
boxes in Fig. 7(b) to validate the robustness of these cor-
ner states. The response spectrum captured at the corner, as
shown in Fig. 7(d), continues to exhibit peaks correspond-
ing to the frequencies of the corner states. The measured

electric fields presented in Figs. 7(r)–7(s) further confirms
that the corner and interface states remain excitable after
introducing defects, validating their robustness.

III. CONCLUSIONS

In summary, we propose a way for customizing dual-
band corner states in PCs. Several PCs with different dual-
odd-order bandgaps of on-demand orders are designed
via the topology optimization approach for both TM and
TE polarizations. Based on these PCs, SPTIs with a
highly localized interface and corner states within the cus-
tomized double bandgaps are created. Furthermore, the
multiple corner states, with their robustness, within dual
bandgaps are experimentally validated. The developed
design approach suggests a flexible way for engineer-
ing dual-band SPTIs to accommodate different application
scenarios, which can also be extended to design multi-
band three-dimensional PTIs. Meanwhile, the designed
dual-band SPTIs hold promise for advancing multiband
topological photonic devices suitable for both linear and
nonlinear optical applications.
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