This is the Pre-Published Version.

This version of the article has been accepted for publication, after peer review (when applicable) and is subject to Springer Nature’s AM terms of use
(https://www.springernature.com/gp/open-research/policies/accepted-manuscript-terms), but is not the Version of Record and does not reflect post-
acceptance improvements, or any corrections. The Version of Record is available online at: http://dx.doi.org/10.1007/s10898-024-01441-w.

[terative Mix Thresholding Algorithm with Continuation
Technique for Mix Sparse Optimization and Application

Yaohua Hu* Jian Luf Xiaoqi Yang? Kai Zhang®

Abstract Mix sparse structure is inherited in a wide class of practical applications, namely,
the sparse structure appears as the inter-group and intra-group manners simultaneously. In
this paper, we propose an iterative mix thresholding algorithm with continuation technique
(IMTC) to solve the £y regularized mix sparse optimization. The significant advantage of the
IMTC is that it has a closed-form expression and low storage requirement, and it is able to
promote the mix sparse structure of the solution. We prove the convergence property and
the linear convergence rate of the ITMC to a local minimum; moreover, we show that the
ITMC approaches an approximate true mix sparse solution within a tolerance relevant to
the noise level under an assumption of restricted isometry property. We also apply the mix
sparse optimization to model the differential optical absorption spectroscopy analysis with
the wavelength misalignment, and numerical results indicate that the IMTC can exactly
and quantitatively predict the existing materials and the factual wavelength misalignment
simultaneously within 0.1 second, which meets the demand of improvement of the automatic
analysis software.

Keywords mix sparse optimization, ¢y regularization, iterative thresholding algorithm,
continuation technique, convergence theory

1 Introduction

In past decades, sparse optimization has become one of the most popular topics in mathemat-
ical optimization and gained successful applications in various disciplines, such as compressive
sensing [18], image science [4], systems biology [27, 38], and machine learning [2].

Sparse optimization is to find a sparse solution of an ill-coonditioned linear system:

b= Az +e¢, (1.1)
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where A € R™*" ig a linear transformation matrix with m < n, b € R™ is an observation
vector with an unknown noise ¢ € R™, and x € R" is the variable to be estimated. The
sparsity of a vector z is defined to be the number of its nonzero components, denoted as
the ¢y quasi-norm ||z||o. Moreover for 0 < p < 1, the £, norm of a vector z is defined by
lzll, = o, \lep)% and, when x is of a group structure (z§ ,... ,a:gN)T, the group ¢,
norm of vector z is defined by ||z2, := (Zfil ngal)% When p =0, ||z[|2,0 is the number
of non-zero groups of z.

A popular and practical technique for approaching a sparse solution of the linear system
(1.1) is to solve the following convex ¢; regularization problem (also named as Lasso in
statistics and basis pursuit in compressive sensing):

min ||A$—b”2—|-7‘”33‘||1, (1.2)
rER"™

where 7 > 0 is the regularization parameter providing a tradeoff between data fidelity and
sparsity. Benefiting from its convexity property, a great deal of attention has been attracted
to explore theoretical property [5, 10, 33] and develop numerical algorithms [4, 15, 19, 48] for
the ¢; regularization problem (1.2).

1.1 Structured sparse optimization

Variants of the following structured (group) sparse optimization problem have been studied
in the literature:

N n
min [[Az —blP* + A Y _e(llag )+ 7 e(lwl). (1.3)

i=1 i=1

Here A > 0 is the group sparsity regularization parameter and 7 > 0 is the sparsity regu-
larization parameter. Examples of the problem (1.3) and their structure and strength are
illustrated as follows.

When A =0 and ¢(t) :=t, (1.3) is the Lasso (1.2).

When 7 = 0 and ¢(t) := ¢, (1.3) is the group Lasso proposed in Yuan and Lin [49] to
approach the group variable selection and multi-factor analysis-of-variance problems. Em-
ploying the /51 penalty to characterize the group sparse structure, the f3; regularization
problem (group Lasso) processes the components in a particular group synchronously, and
thus leads to the reduction of freedom degrees in the solution and meets the synergistic effect
in applications. Furthermore, benefitting from these advantages, group sparse optimization
has been widely applied in multi-task machine learning [2], multi-channel image reconstruc-
tion [35], and systems biology [39, 43].

When ¢(t) := t? with 0 < p < 1and A = 0 or 7 = 0, (1.3) is the £,- or group {3 -
lower-order regularization problem, introduced by [47] and [21] respectively. The nonconvex
lower-order regularization methods have been found to endow with better theoretical property
and numerical performance than the convex ¢; regularization methods; see also [11, 17, 21,
22, 47, 52].



When ¢(t) := 0 if t = 0, and 1 otherwise, and A = 0 or 7 = 0, (1.3) is the ¢y or f29
regularization problems explored in [7] and [36] to approach a sparse solution and a group
sparse solution, respectively. In contrast with ¢, (0 < p < 1) norms that penalize the larger
components more heavily than the smaller ones, the £y norm forces the unbiased penalization
on all components regardless of the magnitude.

When ¢(t) := t and A > 0, 7 > 0, (1.3) is the sparse group Lasso (SGL) introduced
by Simon et al. [41], that blends the f5; and ¢; penalties to achieve sparse effects on the
inter-group and intra-group structures. Benefitting from the mix sparse structure, the SGL
has gained an increasing amount of successful applications in portfolio selection [12], genomic
association study [30], and hyperspectral imaging [16].

A major challenge of the (nonconvex) lower-order regularization problems is the compu-
tational issue as it is intractable to find a global solution of a general nonconvex optimiza-
tion problem. Alternatively, tremendous efforts have been devoted to the development of
optimization algorithms for approaching a local minimum or a stationary point of the lower-
order regularization problem, such as smoothing method [13], splitting method [28], iterative
reweighted minimization method [25], penalty method [32] and difference of convex functions
algorithm (DCA) [29, 36].

Besides, one of the most widely applied numerical algorithms for solving the lower-order
regularization problems is the class of iterative thresholding algorithms (ITA), which are of
simple formulations and low computational complexity and thus efficient for large-scale sparse
optimization problems. In particular, iterative hard thresholding algorithm (IHTA) [7] and
iterative half thresholding algorithm [47] were proposed to solve the £y regularization problem
and /1 regularization problem, respectively. The ITA for the lower-order {5, regularization
proble2m was studied in [21] under a unified framework of proximal gradient method (PGM).
The convergence theorem of the ITA for the lower-order regularization problems has been
established under the framework of the Kurdyka-Lojasiewicz theory [1]. Moreover, various
variants and extensions of IHTA have been proposed and explored in [8, 24, 31, 53] and
references therein.

1.2 Aims of this paper

Inspired by the £y regularization method and motivated by the mix sparse structure, we
consider the following £y regularized mix regularization problem:

min F(z) := ||Az — b||? + \||z]
TeR™

2,0 + 7|z |lo. (1.4)

The mix sparse optimization problem (1.4) blends the /3o and ¢y penalties, and covers the
¢y regularization problem and the /5 regularization problem as special cases when A = 0 or
7 = 0, respectively.

It is worth noting that the continuation technique is a widely-applied parameter update
strategy for speeding up relevant algorithms in an easily-implemented but efficient way; see,
e.g., [19, 24, 46]. Inspired by the ideas of the ITA and the continuation technique, we will



propose an iterative mix thresholding algorithm with continuation technique (IMTC) to solve
the mix sparse optimization problem (1.4). The IMTC consists of a gradient descent operator,
a hard thresholding operator in an individual manner and a group hard thresholding operator
in a group manner successively. The significant advantage of the IMTC is that it has a closed-
form expression and low storage requirement, and is able to promote the mix sparse structure
of the solution.

In convergence analysis, we show that the sequence generated by the IMTC globally
converges to a local minimum of the mix sparse optimization problem (1.4) at a linear con-
vergence rate under a mild condition on the stepsize; see Theorem 3.1. Moreover, under
the assumption of the restricted isometry property (RIP) [10], we show that the IMTC ap-
proaches an approximate true mix sparse solution of (1.1) within a tolerance proportional to
the noise level; see Theorem 3.3.

It is worth mentioning that in a closely relevant paper [44] in recent year, the authors
studied the Kurdyka-Lojasiewicz property of exponent being % for the ¢y regularized func-
tion under some regular assumptions, which is useful to ensure the linear convergence rate of
several first-order descent methods [1]. Their analysis on subdifferential of the ¢y regularized
function is helpful to our analysis (see Proposition 2.1), while the contributions of our paper
are on distinct directions: the novel algorithmic design for the £y regularized mix regulariza-
tion problem (1.4) and its convergence to a ground true sparse solution under the RIP-type
condition.

The motivation of our work also stems from applications. The differential optical ab-
sorption spectroscopy (DOAS) analysis aims to quantify the concentrations of trace gases by
measuring specific absorption spectrum from optical spectrometers [37]. However, traditional
DOAS analysis methods suffer three major limitations. (i) Only some specific narrow band
absorption structures are used and can only quantify the concentrations of certain types of
gases. (ii) Traditional DOAS analysis methods divide the identification of involved gases
and the quantification of the concentrations of trace gases into two separate steps, which
hinder the development of DOAS software; see [37, Chapter 8]. (iii) In the data collection
process from optical spectrometers, there are two major types of noise: the additive noise
due to scattering and the basis noise due to wavelength misalignment. The traditional linear
least-squares method is designed to deal with the additive noise but does not consider the
wavelength misalignment; see [16]. To overcome these limitations, we propose a novel math-
ematical method for DOAS analysis by dealing with the full spectra data and the wavelength
misalignment and executing identification and quantification simultaneously. By enlarging
the full spectra data pool to the one with possible candidates and possible wavelength mis-
alignments, we cast the DOAS analysis to a mix sparse optimization problem (1.4) by virtue
of the Lambert-Beer’s law and the mix sparsity structure of the solution. Numerical results
show that the IMTC can exactly and quantitatively predict the existing gases and the fac-
tual wavelength misalignment simultaneously within 0.1 second, which meets the demand of
improvement of the DOAS automatic analysis software proposed in [37, Chapter 8].



1.3 Notations and organization

The notations adopted in this paper are described as follows. We consider the n-dimensional
Euclidean space R™ with inner product (-,-) and Euclidean norm ||-||. As usual, the lowercase
letters x, y, z are used to denote the vectors, calligraphic letters Z, 7, S denote the index sets.
For x € R", r € Ry and n € N, we use B(z,7) to denote the closed ball centered at x with
radius 7, and write [n] :== {1,...,n}. For T C [n], zz and Az denote the subvector of vector
x indexed by Z and the submatrix of matrix A with columns indexed by Z, respectively. Let
T = (mgl, ... ,ng)T represent the group structure, where xzg, € R™ is the i-th group with
Zfil n; = n. Moreover, we Write Nmax := max;c(y]n; and Gs := UjesG;, and use I and ()
to denote an identical matrix and the number of elements in an index set, respectively. The
support function is denoted by supp : R” — 2" ag

supp(z) :={i: z; # 0} for each x € R"™.

This paper is organized as follows. In Section 2, we provide characterizations for subd-
ifferentials of fy-type penalties and the local minima of (1.4). In Section 3, we propose an
IMTC to solve problem (1.4) and establish its convergence theory, including the linear con-
vergence rate to a local minimum and and the convergence to an approximate true solution.
An application to DOAS analysis is presented in Section 4.

2 Characterization of local minima

The structure of local minima usually provides useful information for the theoretical study
and numerical algorithms of optimization problems; see, e.g., [13, 21, 22, 47]. This section
aims to explore the characterization and structure of local minima of problem (1.4), which
will be useful in convergence analysis of numerical algorithms.

For this purpose, we first study the subdifferentials of |- || and || - [|2,0 and their regularity
property, which will be useful in characterizing the optimality condition of problem (1.4). The
definitions of subdifferentials and subdifferential regularity of nonconvex functions are taken
from [40, Definitions 8.3 and 7.25], respectively.

Definition 2.1. Let f : R™ — R be proper and lower semicontinuous, and x € dom(f).

(i) The regular subdifferential of f at x is defined by

df (z) == {u € R": liminf fy) = ) = {u,y = ) > O} .
yFT Y= ly — ||

(ii) The (limiting) subdifferential of f at x is defined by

of(z) := {u eR": 3" L, z,uf € df (z*) with u* — u}



(iii) The horizon subdifferential of f at x is defined by

0 f(x) := {u eR": 3k L z,uf € 3f(:rk),/<ak 10, with kFuF — u}

f is said to be subdifferentially reqular at x if epif is Clarke regular at (z, f(x)).

Below we characterize the subdifferentials of |- ||o and |- ||2,0. In the following proposition,
(2.1) is taken from [26, Theorem 1] and [44, Lemma 3.2] while (2.2) adopts a line of analysis
similar to (2.1) and due to the fact that x; # 0 implies zg; # 0 with i € G;. Subdifferential
formulae (2.3) and (2.4) follow from [40, Exercise 8.8(c)].

2,0 and || - [jo+ || -

Proposition 2.1. The functions || - ||o, || -
at each x € R™. Particularly, we have

2,0 are subdifferentially reqular

J||z|lo ={y € R" : y; = 0 for each i € [n] such that z; # 0}, (2.1)
Ol|zll20 ={y € R" : yg, = 0 for each i € [N] such that ||zg,|| # 0}, (2.2)
Al - llz0 + [ - lo)(x) = Ollz[[2,0 + ll(lo- (2.3)

Moreover, if f: R™ — R is differentiable on R™, then
Of + 1 - llz0 + - lo)(®) = Vf(x) + Ol|x[[2,0 + Ol|x[[o- (2.4)

The following theorem provides an equivalent characterization for a local minimum of
problem (1.4) in terms of a global minimum of a least squares problem over the subspace
associated to its support.

Theorem 2.1. Let 2* € R" and X := {x € R" : supp(z) C supp(z*)}. Then z* is a local
minimum of problem (1.4) if and only if z* is a global minimum of

in ||Az — b||?. 2.
min Az — bl (2.5)

Proof. “=": Suppose that x* is a local minimum of problem (1.4). By the optimality condi-
tion and the sum rule of subdifferential (2.4), we obtain

0 € OF(z*) = 2AT (Ax* — b) + \||z*

2.0 + 70||z"||o-
Then one has by (2.1) and (2.2) that the following optimality condition holds
Al (Az* —b) =0 for each i € supp(z*). (2.6)

Note that z* is an (relative) interior point of subspace X and that (2.6) is also the optimality
condition of problem (2.5). Since (2.5) is a convex optimization problem, we conclude that
x* is a global minimum of problem (2.5), as desired.



“<”: Suppose that z* is a global minimum of problem (2.5). Define

-
€ := min , min |x]]p. 2.7
{2”14”‘.4513* — b” i€supp(z*) ’ ’} ( )

Then it suffices to show that, for each x € B(z*,¢),
F(z) > F(z"). (2.8)

Fix x € B(xz*,¢). Without loss of generality, we assume that supp(z) # supp(z*); oth-
erwise, (2.8) follows directly from the optimality of z* to (2.5). Noting by (2.7) that
€ < minjequpp(z+) |27 ], one has supp(z) 2 supp(x*). This, together with the inconsistency
of the supports supp(z) # supp(z*), implies that ||z|lo > ||z*[o + 1 and |lz[2,0 > [|z*2,0-

Then we obtain

F(z) — F(z*) > || Az —0b|]?> — || Az* —b||> + T
= (x — %, 24T (Az* — b)) + |A(z — 2| + 7
—2¢||Al|||Az* = b|| + T

>
>0

(thanks to (2.7)). Hence (2.8) is proved for each x € B(z*,€). The proof is complete. O

Remark 2.1. One can observe from Theorem 2.1 that the characterization of the local
minimum of problem (1.4) has no relation to the ¢ term. This is because that
(i) i #0 = zg, # 0 with 7 € G, and supp(x) C supp(z*) = Gsupp(z) C Gsupp(z*); and
(i) A1 - 120 + I - o) (&) = Dlzlla + Dllzllo = dllzllo (by (2.1) - (2.3)).

Although the characterization of the local minimum has no relation to the ¢ term, we
will show in the next section that the algorithm is designed with relevant to the f3 o term
and outperforms the ones with only relevant to the ¢y term (see Section 4).

3 Iterative mix thresholding algorithm with continuation

Inspired by the ideas of the ITA and the continuation technique, we propose an iterative mix
thresholding algorithm with the continuation technique (IMTC) to solve the mix sparse op-
timization problem (1.4) and establish its convergence theorem in this section. In particular,
by selecting a decreasing sequence of parameter pairs (Ag, 7%) | (A, 7), the iteration of IMTC
consists of a gradient descent operator (3.1), a hard thresholding operator in an individual
manner (3.2) and a group hard thresholding operator in a group manner (3.3). Formally, the
IMTC is presented as follows.

Algorithm 3.1. Select an initial point 2° € R™, a sequence of stepsizes {vy} C (0, +00),
and a decreasing sequence of parameter pairs (A, 7%) | (A, 7). The sequence {z*} C R™ are



generated via the iterations

yP =P — 20, AT (Az* —b), (3.1)
&= H(y; Vo), (3.2)
o = H, (z’gf \/2vk(xk ¥ Tk||zgi||0)) . forie [N, (3.3)

where H : R” x R = R" and Hg, : R™ x R — R™ are defined respectively by

zi =y, if lyi| >«

H(y;a) == ¢z € R" ) , (3.4)
z; =0, if |yl| <«
Jz =z, if ||z|| > B

Hg, (z;5) :=<x € R™ ] . (3.5)
x=0,if ||z]| <8

It is clear that each step of the IMTC has a closed-form expression and low storage
requirement; hence it is particularly attractive for large-scale problems. Moreover, the IMTC
alternatively implements the hard thresholding operators in an individual manner (3.2) and
in a group manner (3.3), which is able to promote the mix sparse structure of the solution.

To advance the understanding of the IMTC, we provide a reformulation of the IMTC in
terms of a proximal operator. For a proper and lower semicontinuous function f : R —
(=00, +00], its proximal operator prox; : R* = R" is a set-valued mapping defined by

1
prox (=) i= arg min {(2) + 5}z — 2/}

We recall the closed-form expressions of proximal operators of 7| - ||o and Al| - ||2,0; see [7] and
[21, Proposition 18]. One can see that the thresholding operators H and Hg, in Algorithm
3.1 are the analytical solutions of proximal operators of 7| - ||o and Al| - ||2,0, respectively.

Proposition 3.1. (i) The proximal operator of 7| - |lo has a separable formulation as

Zis |ZZ| >V 27—7
(prox, ., (2))i = ¢ 0 or 2z, |z| =21, fori€n].
0, |Zz’ < V2T,

(ii) The prozimal operator of A|| - |l2,0 has a group separable formulation as

2Gi» HZQzH > V2,
(ProxXy |0 (2))g; = {0 or zg,, |lzg,|| = V2, fori€ [N].
0, 2, [l < V2,

It is well-known that the IHTA could be understood as an application of the PGM to
solve the ¢y regularization problem; see [21]. In the following proposition, we show that
compounding (3.2) and (3.3) presents a closed-form expression of the proximal operator of



Al - ll2,0 + 7 - llo, and hence the IMTC could be understood as an application of the PGM
(with the continuation technique) to solve the mix sparse optimization problem (1.4). As a
consequence, for the special cases when A\, = 0 or 7, = 0, the IMTC is reduced to the IHTA
for the £y regularization problem [7] or that for the ¢5 o regularization problem [21] with the
continuation technique, respectively.

Proposition 3.2. Let {z*} be a sequence generated by Algorithm 8.1. Then it holds that

2" € prox (2% — 20, AT (Az® — b)) for each k € N.

Ok Ak -ll2,0+vx |- llo

Proof. Fix k € N. In view of Algorithm 3.1, it suffices to show
. 1
e arg min {vpAe||zl20 + viTillzllo + 5llz — Y[} (3.6)

Note that problem (3.6) is of a group separable structure. The solution of problem (3.6) can
be achieved parallelly at each group, and thus it remains to verify the solutions of a cycle of
low dimensional proximal optimization subproblems:

a:é“ € arg min \I/z(w7y§) for each i € [N], (3.7)
K3 xeRnl K
where ¥, : R" x R™ — R is defined by W;(z;y) := vpAe|2|® + vpricllzllo + 5lz — y?.
Fix i € [N]. To validate (3.7), we shall find the minimum of ¥;(+; yé@) over R™ \ {0} and
then compare the obtained minimal value with ¥, (0; yél) For each = € R™ \ {0}, one has
1
Wi(w;y6,) = vede + vTilllo + llw = vg, 1%
which is the objective function of the proximal operator of vi7k| - [lo (plus a constant vgAg).
Then by Proposition 3.1(i), we have that a minimum of \I/Z(,yél) over R™ \ {0} is zéj.i =
H(ygz, V2vuT); see (3.2). Moreover, one has by (3.4) that
1

1
Wil2g,:06,) = vede + vsTkll2g o + 5 (lug,I* = 126,1%)  and  Wi(0;95,) = Sllu,

2

Hence by comparing \I'i(zéi; yéz) and ¥, (0; yél), we can verify that a minimum of ¥;(+; yéi)
over R™ is given by (3.3). That is, (3.7) is verified, and the proof is complete. O

3.1 Convergence theorem of IMTC

This subsection aims to establish the convergence theorem of the IMTC, including the global
convergence theorem and the linear convergence rate. For the remainder of this subsection,
we make the following blanket assumption that

o {2¥} is a sequence generated by Algorithm 3.1 with {v;} satisfying

1
0< ki;nf v < sup v < (3.8)

eN keN 2 Al



We recall that F' is defined in (1.4), and define a sequence of functions {Fj : R™ — R} by
Fi(-) = |4 =bl* + Xell - llz0 + 7]l - llo- (3.9)

By the continuation technique rule that {(\g,7x)} is a decreasing sequence of positive pa-
rameter pairs converging to (A, 7), one easily gets that

Fi(x) > Fip1(x) > F(z) for each k € N and =z € R". (3.10)

To establish the convergence theorem of the IMTC, we begin with several lemmas that
describe useful properties of sequences {z*} and {F(2*)}. The following lemma provides a
lower bound for the absolute value of nonzero entries of {z*}.

Lemma 3.1. (i) |x§| > /27 infien v; for each k € N and j € supp(a®).
(ii) [|lz*+ — 2¥|| > V27 infien v; whenever supp(x*) # supp(zF+1).

Proof. (i) It directly follows from (3.2) and (3.3) in Algorithm 3.1 and (3.8).
(ii) Suppose that supp(z*) # supp(z¥*1). Then there exists i € [n] such that (a) 2% =0
and :L'f“ # 0, or (b) ¥ # 0 and xf“ = 0. Hence by statement (i) of this lemma, we have

for both cases that
T — ¥ > |2 — 2k > \/m
i€EN

The proof is complete. O

Recall from Proposition 3.2 that z*+1

could be understood as an iterate generated by one
PGM step for minimizing Fy (defined by (3.9)) starting at x*. Hence the following lemma

directly follows from the descent property of the PGM; see, e.g., [9, Lemma 2].

Lemma 3.2. Fi(z"*!) — Fj(2%) < f%(i —2||A|]?)||lz*+t — 2*||? for each k € N.

The following lemma shows a decreasing property of { Fj,(z*)} and the vanishing property
of {[la**! — 2]}

Lemma 3.3. {F),(2")} is decreasing and convergent, and limy_,o [|2¥+ — 2¥|| = 0.

Proof. By Lemma 3.2, we have by (3.10) and (3.8) that

11
Fop (@) = Fi(a®) < Fu(@™) — Fr(ab) < 5~ 2 A7) [l — 2F|P <0, (3.11)
Uk

which shows that {F(z*)} is decreasing and convergent (as {Fj,(z*)} are positive). This also
indicates that

-1
~2l4lP)  Role?) < o,

> 1
§ :ka+1 . kaQ < 2 <

SUp, N ¥
k=0

ieN Vi

k+1

consequently, limy_, o |57 — 2*|| = 0. The proof is complete. O

10



The following lemma displays a feature of the IMTC that {z*} shares a consistent support
when Fk is sufficiently large, which is useful for providing a uniform decomposition of {z*} in
convergence analysis.

Lemma 3.4. There exists K € N such that supp(z*) = supp(z**1) for each k > K.
Proof. By Lemma 3.3 that limy_, [|[2*T! — 2¥|| = 0, there exists K € N such that
|zF Tt — 2F)? < 27 jnlgvi for each k > K. (3.12)
1€
Proving by contradiction, we assume that there exists & > K such that supp(z¥) # supp(z**1).

Then one has by Lemma 3.1(ii) that ||z¥T! —2%||? > 27 inf;cy v;, which yields a contradiction
with (3.12). The proof is complete. O

The following lemma shows that the IMTC enjoys a descent property of {F(z*)}.

Lemma 3.5. There exists K € N such that

1.1
F@*) = F(b) < =5 (- = 2 A"+ = F2 for each s> K.
k

Proof. By Lemma 3.4, there exists K € N such that supp(z*) = supp(z**!), and thus
|2*(]2,0 = |2*¥+1]|2,0 and ||2*¥]|o = ||z**Y]|o, for each k > K. Then we obtain that

F(:Uk+1) _ F(xk) — ||A:Ek+1 _ bH2 _ HAxk _ bH2 = Fk($k+1) — Fk(xk)

Consequently, the conclusion follows from Lemma 3.2. The proof is complete. O

(FO(IO)—F*)SUPieNUi J

Lemma 3.6. The number of changes of supp(z*) is at most LT(I—QHA||2Supv o)) infren 0;
ic i i i

Proof. Tt follows from Lemma 3.4 that supp(z*) only changes for a finite number of times,
assumed as C. Below we aim to estimate an upper bound of C. Suppose that supp(z*) only
changes at k; + 1, that is supp(2*7) # supp(2¥+1), for each j € [C]. Then we have by Lemma
3.1(ii) that [|#%*1 — 2% ||2 > 27 inf;eyv; for each j € [C]. This, together with (3.11) and
(3.8), implies that

ij (ﬂjk]) — ij+1(:bkj+1) >

< - 2HAH2> 7 inf v;,
SUp;en Vi €N

for each j € [C]. Then it follows from the decreasing property of { Fy(z*)} in Lemma 3.3 that

C

1 2 : kj kj+1

( —2||A4]| ) TC’Z%%W < E 1 Fi (") = Fi, 41 (2™7)
J:

SUpP;eN Vi

kc
<Y Fi(a?) = Fep (@)
k=1

< Fy(2%) — F*.

(Fo (%)= F*) sup;ey vi
1—-2||A[|2 sup; ey vi) infien v4

Consequently, C' < LT(

|. The proof is complete. O
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The main theorem of this subsection is presented as follows, in which we establish the
global convergence of the IMTC to a local minimum of the mix sparse optimization problem
(1.4) at a linear rate.

Theorem 3.1. Let {z*} be a sequence generated by Algorithm 3.1 with (3.8) being satisfied.
Then {x*} linearly converges to a local minimum of problem (1.4).

Proof. We first show that {z*} converges to a local minimum of problem (1.4). By Proposition
3.2, we obtain that

. 1
2"+ ¢ arg min {)\k||x||2,o + 7llz)lo + =— ||z — (2F — 20, AT (AxF — b))HQ} (3.13)
TER™ 2vp

for each k € N. By Lemma 3.4, there exists K € N such that supp(z¥) = supp(z**1) for
each k > K. Fix k > K and define a subspace X := {z € R" : supp(z) C supp(z’)}.
Then one has by the consistency of support that 51 € X, and also, [|2**!(|20 > ||z||2,0 and
|lz*+1|lo > ||z||o for each z € X. Hence (3.13) is reduced to

2FH = arg mi)rg |z — (2% — 20, AT (AzF —b))|?. (3.14)
Te

This shows that {xk}i": x € X is a sequence generated by the projected gradient method for
solving the following constrained least squares problem

min || Az — b||?. (3.15)
zeX

We will show that {*} converges to a global minimum of (3.15) with support being supp(z).
To this end, we use X* to denote the set of global minima of problem (3.15). Fix k > K and
write g* := 2A T (Az¥ — b) for the sake of simplicity. We obtain by the optimality condition
of problem (3.14) that

(2P — (2% —vupg®), x — 21 >0 for each z € X.
Fix x € X. Then it follows that
|z — (% —vpg")|? = o — 2" 4 2* — (@ —opg®) P > (|2 = (@F — ") P+ o — 2"
equivalently,
lz — 2®||? + 20 (2 — 2*, g%) > & — 2P+ 20 (@M —aF, gF) 4l — 2P (3.16)
Note by definition of ¢g* that

(2 — 2%, 6%) = (& — ¥, 24T (Ac¥ — b)) = [ Az — b|> — Az — b — || Ax — Ac¥|2

12



Substituting this into (3.16), we derive that
R L &
2'Uk

1
7ka+1 _ ka2 o HA.%'k—H _ A;L'kHQ (3.17)

1
> |lA k-‘rl_b 2, - _ k12
N

1
> HAxk+1 _ b||2 + 7”% _ karlHQ
vy,
(due to (3.8)). Note that x € X is arbitrary. Taking z := ¥ in (3.17), one has
1
Az P < Ak — b — ek — 2P,
2'Uk

i.e., {||[Az* — b||?} is decreasing. Taking  := # € X* in (3.17), we obtain

1
0 < [|Az*H = b]|? — Az = bl|* < o —(lla" = 2[* = [l2"** — 2*). (3.18)

Vg

This shows that {||z* — Z|?} is decreasing for each # € X*, and so, {z¥} is bounded and
must have a cluster point z*. By the decreasing property of {||Az* — b}, we inductively
obtain by (3.18) and (3.8) that

k
: 1
> (142" —b)* — Az — b]*) < e |l2” — 7|7
i=1

Ak — bl — [|[Az —b|]? <
|| Az I* = |4z — b < = Ok infiey g

| =

(by the decreasing property of {||z* — z||?}). By letting k — oo, we have that ||Az* — b||> =
|AZ — b||%, and thus z* € X*. Since {||z* — 2*|?} is decreasing and z* is a cluster point of
{x*}, then {z*} converges to such z* € X*.

By Lemma 3.1(i) and since supp(x*) = supp(z), one has that \:cﬂ > /27 inf;en v; for
each j € supp(z) and each k > K. By taking k — oo, we have that 25| > V27 infien v; for
each j € supp(z), and consequently, supp(z*) = supp(z). This, together with Theorem
2.1, shows that z* is a local minimum of problem (1.4); consequently, the convergence of {xk}
to a local minimum z* of problem (1.4) is obtained.

Next we show the linear convergence rate of {z*} to z*. Since z* is a local minimum
of problem (1.4), the optimality condition (2.6) is satisfied. Moreover by Lemma 3.4, there
exists K € N such that

supp(ack) = supp(z*) for each k > K. (3.19)

Fix k > K. In view of Algorithm 3.1 and by (2.6), we obtain that, for each ¢ € supp(z*),

; =k — 2 A (A2 —b) — 2
¥ —xr — 2 Al (AzF —b) — (Az* — b))

X

13



Then one has by (3.19) that

e e Y )
i€supp(z*)
2
- ¥ ((L-_mAj A)(:Uk—x*))
i€supp(x*)

< |I— QUkATAHQH:Uk — :1;*”2

By (3.8), there exists 7 € (0,1) such that ||I — 20, AT A|| < 5. This, together with the above
inequality, shows the linear convergence rate of {*} to z*. The proof is complete. O

The following theorem provides an upper bound for the model error at the limiting point
approached by the IMTC. Recall that n; is the size of the i-th group and nmax := max;e [N Mi-

Theorem 3.2. Let {z*} be a sequence generated by Algorithm 3.1 with (3.8) being satisfied.
Let o* be the limiting point of {z*}. Suppose that

e AT 1
A) = inf 12 Uso o g1, 2
V()= il o >0 (3:20)
Then At
Az — |2 < Tlmax 3.21
| I”< 2¢(A) infren vg ( )

Proof. Since x* is the limiting point of {*}, in view of Algorithm 3.1 and by (3.8), there
exists v € [infyen vk, SUpgey vk such that

yS, = ah, — AL (Ax* —b), 25 = H(y,,V2u7), 25, = Hg, (zg 200+ T||z§i\|0)> (3.22)

for each i € [N]. Let A := {i:[|zg, || # 0} and A° be its complement set. We first claim that

A+ Tn;
Al (Az* —b)|? < =" for cach i € A° 393
| Ag, (Ax || S T or each ¢ € A€, (3.23)
and
T * 2 T . N
(A (Az™ —b))" < Tl o for each j € Gp \ supp(z®). (3.24)

To show (3.23), we fix i € A°. This says zg = 0. Consequently, we derive by the first
two equalities in (3.22) and the definition of H in (3.4) that

12048, (A" = B2 = > < 125,12 + 207 — 1123, o) (3.25)
and by the last equality of (3.22) and the definition of Hg, in (3.5) that

126,17 < 20X+ 7ll2g, [lo).

! A verifiable sufficient condition for (3.20) is that A is of full row rank.
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This, together with (3.25), deduces (3.23).
To prove (3.24), fix j € G; \ supp(z*) with i € A. This says that 27 = 0 and zg, # 0.
Then we obtain by (3.22) that |2vAjT(Aw* —b)=ly;| < V27, and thus (3.24) is achieved.
By (2.6), (3.23) and (3.24), we conclude that

JAT (Az* — b)||2, < AT Trimax
2 infpen vk

Then we obtain by assumption (3.20) (with Az* — b in place of u) that

1 A+Tn
Az* —b|* < —||AT (Az* —b)||A, < __max
e == gy A =Dl = gy int e,

The proof is complete. O

3.2 Convergence theorem under RIP

Puzzled by the nonconvex and nonsmooth structure, Theorem 3.1 only showed the conver-
gence of the IMTC to a local minimum of problem (1.4); there is few theoretical evidence
to guarantee the convergence of first-order iterative algorithms to a global minimum of non-
convex optimization problems. To partially fill this gap, we aim to establish the convergence
of the IMTC to an approximate true sparse solution under an assumption of the restricted
isometry property (RIP) [10].

Definition 3.1. Let A € R™*" and s € N. The s-restricted isometry constant d5 is defined
to be the smallest quantity such that

(1= 0)ll=ll* < [[Az]* < (1 + )l
for each x € R™ with ||z||o < s. The matriz A is said to satisfy the s-RIP with 65 if 65 < 1.

It is clear by definition that J, is nondecreasing in s, that is d; < §; whenever s < t.
The following lemma recalls some properties of the RIP, which will be useful in convergence
analysis.

Lemma 3.7. Suppose that A satisfies s-RIP with s < 1. Let x € R", e € R™, 7, J C [n],
and v € [0, ﬁ] Then the following assertions are true.

(i) If 4(Z Usupp(x)) < s, then ||(I—vATA)z)z|| < (1 — v +vds)|z|.
(it) If4(Z) <s, then [[Aze] < VI+ el
(ili) IfINJ =0 and §(Z U J) < s, then ||AL Azzz| < &llaz|.

Proof. The proof of item (i) with a general v follows an analysis similar to that of [18, Lemma
6.16] with v = 1 and is thus omitted. Items (ii) and (iii) are taken from [34, Propositions 3.1
and 3.2] respectively. O
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A practical continuation technique is using a geometrically decreasing sequence of regu-
larization parameters starting at a large one. In particular, using a geometrically decreasing
sequence of parameter pairs with a homogeneous ratio, a variant of Algorithm 3.1 is intro-
duced as follows.

Algorithm 3.2. Select regularization parameters (Ao, 79) > 0, (A, 7) > 0 and the continua-
tion parameter x € (0,1), and set the initial point 2 := 0 and the stepsize v > 0. For each

k+1

keN,if \y < X\ or 7, < 7, then stop and output z* := z¥; otherwise, determine x via the

iterations (3.1)-(3.3), and update regularization parameters (Ag41, Tk+1) = K(Ag, Tk )-

Let & be the unique true s-sparse solution of (1.1) with support & := supp(z) (the
uniqueness is guaranteed under the RIP assumption [21]). The following theorem provides
certain parameters setting (relevant to the RIP) in Algorithm 3.2 to guarantee its convergence
to an approximate true sparse solution of (1.1) within a tolerance proportional to the noise
magnitude. In addition, the support of the output of Algorithm 3.2 is exactly a subset of the
support of the true sparse solution. We write ng := max;cs n;.

Theorem 3.3. Suppose that A satisfies the RIP with ds41(1 4+ /s + v/S(a+ns)) < 1 and
some o := % > 0, and let

n € (0, 1= 0o (1+ s+ /Sla+ ng))) : (3.26)

Set the stepsize v < ﬁ, the reqularization parameters

2v|]:Z‘H2 211(1 + 53) 9
0 > , Ti=—"|e", —=—, 3.27
0= (1++/s+ \/S’(a—i—ng))2 n? Il T 70 ( )

and the continuation parameter

<2vés+1(1+\/§+ VS +ns)) +1_2v>2 1 (3.28)
1—n 7 ' .

Let Algorithm 3.2 with these parameters output x*. Then it holds that

(1_T7)Vl+5s

supp(z*) €S and |z¥ —z| < llell- (3.29)
7755+1
Furthermore, if min;es ;| > % V:f&sHsH, then supp(z*) = S.

Proof. By assumption of the RIP that 1 — d541(1 + /s + y/S(a+ns)) > 0, one sees that

n in (3.26) is well-defined. It follows from (3.26) that 2U65+1(1+\/1§j—77" Slatns)) |1 9y < 1.
Hence & in (3.28) and Algorithm 3.2 with these parameters are well-defined.

To furniture the proof, we let Algorithm 3.2 generate the finite sequence {xk RVl }5:0

K

and output z* = z**, and write

: (3.30)



and

rk =2k — % S := supp(zF) (3.31)

for each k =0, ..., K. By the homogeneous assumption of regularization parameters in (3.27)
that % = %) = « and the same continuation parameter « for {(Ag,7x)}, we have that

)\k = OTL (3.32)

for each £ = 0,..., K, and the stopping criteria A\ < A and 7, < 7 happen at iterate K
simultaneously. We shall show by induction that the following inclusion and estimate hold
for each £k =0,..., K:

Tk
%
By the initial selection that 20 := 0, one has that Sy = () C S. By definition of p in (3.30)
and assumption (3.26), we obtain by assumption of 7y in (3.27) that

T T
= o > (14 V5 +V/Sla sy 3 = lall = 1n°].
v Os41 2”

It is shown that (3.33) holds for £ = 0.
Now suppose that (3.33) holds for iterate k& < K. Then by (3.1) and (1.1), we have that

S, CS and |r¥|<p (3.33)

Y =aF — 20AT (AzF — AT — &) = 2F — AT Agrk + 204 €, (3.34)

where the second equality follows from the hypothesis S C S in (3.33). Fix i € S¢. It follows
from the hypothesis Sy C S in (3.33) that z¥ = 0, and then (3.34) is reduced to

lyF| < 20|A] Agr| + 20| A €. (3.35)
Since {i} NS = ), we obtain by Lemma 3.7(iii) and (ii) that
A Asr§| < Ssrallr§ll = dsiallr™l] and [Afe] < V1 +dillell < VI +O]el

(by the nondecreasing property that d; < d5). This, together with (3.35), yields that

lyF| < 200541 ||| + 200/1 + &]Je]]. (3.36)
By the stopping criterion that 7x < 7 and the definition of 7 in (3.28), one can get that
ds) . . .
TR > T = &H |2, that is, ||e]| < ﬁn. This, together with hypothesis (3.33),
deduces
20054 1||7|| + 20V/1 + 8, le|| < dsy1pV 207 + 9207 = V207, (3.37)

where the equality holds by definition of p in (3.30). Then (3.36) is reduced to |y¥| < /2vTg.
Hence it follows from (3.2) that zF = 0 and then from (3.3) that 2% = 0; consequently,
i € §;, . Since i € §¢ is arbitrary, we get that S° C §¢, , and equivalently, Sx11 C S.
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On the other hand, we get by the inclusion Si41 C S that

Hﬂ?k+1 = ka+1 k+1

z| =

k k_ ok k=
zsll < llowg™ = zsll + llzs = wsll + llvs — zs]- (3.38)

We obtain by the group hard thresholding operator (3.3) that

2t — 2E < VS[a" = 2 la00 < V20S(Ak + Tins) = V2STE(a+ns)  (3.39)
(due to (3.32)), and by the hard thresholding operator (3.2) that
128 = y5ll < Vsll2* = y*lle = V20sTy. (3.40)
Moreover we obtain by (3.34) that
ly§ — Zsll = (T = 20AT A)r*)s + 20Age]| < [|((T - 20AT A)r*)s|| + 2v]|Age].  (3.41)
It follows from Lemma 3.7(i) and (ii) that
(I = 20ATA)r*)s|l < (1 =20+ 208, [ and || Aell < V/1+3]e],
respectively. This, together with (3.38)-(3.41), implies that
251 = 2] < (V5 + V/S(a +ns)) V207 + (1 = 20+ 208,) 7| + 20/ T+ 5 le]|.  (3.42)
By the fact that ds < ds4+1 and by (3.37), one has that
208, ]|7¥]| + 20y/1 + 8 |e]| < 208541 ||| + 203/1 + 8le]| < V2.

By this and (3.33), (3.42) is reduced to

a*+1 — acH<(21}1—|-\f+\/ (0 + ns) +p1—2v>,/2 (3.43)

v

Noting by definition of p in (3.30) that

-1

20(1++/s++/S(a+ns))+p(1—2v) =p (2U(58+1(1 i \/1§+ Slatns)) +1-— 21}) < pVk

(due to definition of  in (3.28)), (3.43) is reduced to

k1 ozl < Rk _ Th+1
|z Il < py/ 50— P\ 9y

(by the continuation rule that 7541 := k7). This, together with Sx11 C S, shows that (3.33)
holds for each iterate k = 0,..., K. Then by (3.33) and the stopping criterion that 7 < T,
we conclude that supp(z*) C S and

V146,
r —T o —x| < <
la* — || = [|=® — 2| p\/ m/ nés ) e
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by definitions of 7 and p in (3.27) and (3.30). Hence (3.29) is proved.

Moreover, suppose that min;es |Z;| > % :f‘ngeH We prove by contradiction, assum-
ing that supp(z*) # S. This, together with supp(z*) C S in (3.29), indicates that there

exists ¢ € S such that =7 = 0. Hence

(1_77)Vl+5s

¥ =z > |xf — 3l >
ot = > of - 1| > L2

el

which yields a contradiction with (3.29). Hence supp(z*) = S. The proof is complete. O

Remark 3.1. (i) The RIP-type conditions used in Theorem 3.3 have been assumed in order
to guarantee the convergence of several algorithms to the ground true sparse solution, such
as OMP [42], primal dual active set algorithm [23], iterative difference hard-thresholding
algorithm [14], optimal thresholding algorithm [53], proximal gradient algorithm [20], scaled
proximal gradient algorithm [45]. It was reported in [6, 20] that the RIP-type conditions are
guaranteed with high probability for a Gaussian or sub-Gaussian matrix.

(ii) For sparse optimization with a nonlinear loss function, the restricted strong convexity
(RSC) and restricted strong smoothness (RSS) are assumed to guarantee the convergence of
some algorithms to the ground true sparse solution; see [3, 50, 54]. The RSC and RSS are
the extensions of the RIP-type conditions to nonlinear loss functions.

(iii) The restricted eigenvalue condition (REC) [5] is a weaker regularity condition than the
RIP-type conditions. It was shown in [51, Theorem 5] that the convergence of the proximal
majorization-minimization method to a ground true sparse solution is guaranteed under the
weak REC and the additional assumptions on the Gaussian distribution of A and the interval
of parameter A. Our convergence guarantee in Theorem 3.3 assumed the strong RIP but does
not require the Gaussian distribution of A.

4 Application to differential optical absorption spectroscopy

Differential optical absorption spectroscopy (DOAS) analysis is a fundamental and commonly
used technique in atmospheric chemistry and computational optics [37]. The goal of DOAS is
to identify the gases or materials in a mixture and quantify their concentrations by measuring
the reduction over a range of wavelengths in terms of the intensity of light shined through
it. When the light shines through a gas with path length L and concentration z(-), the light
intensity will be absorbed and attenuated; Lambert-Beer’s law [37, Chapter 8] relates the
process of light absorption as

W L
A(w) = log ?((w)) = O(w) /0 z(1)dl (4.1)

where w is the wavelength, A(-), I(-) and Iy(-) are the absorbed, transmitted and the ini-
tial intensity of the light, respectively, and 0(-) is the characteristic absorption spectra for
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the absorbing gas. For simplicity, assuming that the gas is equable at the path line, the
concentration is a constant x, and then Lambert-Beer’s law (4.1) is reduced to

A(w) = Lzb(w). (4.2)

When multiple absorbing gases M are present at the path line and the reduction of the
light intensity due to scattering is considered, zf(:) can be replaced by a linear combina-
tion of the characteristic absorption spectra of involved gases plus an additive noise of light
scattering, and hence Lambert-Beer’s law (4.2) can be rewritten as

Alw)=1L Z zibi(w) + e(w). (4.3)
ieM

Collected the reference characteristic absorption spectra {;} from database and measured
the absorption spectra of the mixture of gases A from the optical spectrometer, the DOAS
analysis aims to estimate the concentrations of gases {z;};car via (4.3). Considering only the
involved gases and dealing with the additive white Gaussian noise €, one of the most classical
and common mathematical methods for DOAS analysis is the linear least-squares method;
see [37, Chapter 8].

Two issues should be considered in the improvement of the DOAS analysis technique.
The first issue is the identification of involved gases M, which was assumed to be known
in advance (or identified by other methods) as in the traditional DOAS analysis technique.
However, as shown in [37, Chapter 8|, this prior information requirement may hinder the
development and applications of DOAS automatic analysis technique. Secondly, besides the
additive noise due to scattering, a challenging complication in practice is the wavelength
misalignment, which is caused by the installment of the optical spectrometer and leads to
the basis noise; see [16]. In particular, caused by the installment or environment of optical
spectrometers, the nominal wavelengths in the measurement of A(w) may not correspond
exactly to those in the basis {#;(w)}, but approximately aligned with a linear deformation
{0;(w + d(w))}. Hence, equipped with the wavelength misalignment, (4.3) is turned into

Aw) =LY zibi(w + d(w)) + e(w). (4.4)
€M
However, the quantity of linear deformation d(-) is usually unknown in practice. Therefore,
given the data A(-) and reference spectra {6;(-)}, the DOAS automatic analysis aims to
identify the involved gases and quantify their concentrations {x;} and the deformation {d(-)}
from the linear model (4.4).

To deal with these two issues, inspired by the ideas of variable selection and using a set of
modified bases [16], we construct a dictionary by enlarging characteristic absorption spectra
database {0;};cr to that of a set of possible (common but concerned) gases {0;};cp with
M C P and deforming each 6; with a set of possible deformations D. In particular, the
deformations can be approximated by linear functions, i.e.,

D :={dw):d(w) =uw+v,u €U,v € V}, (4.5)
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from two predetermined sets ¢/ and V. Let ©; denote a matrix whose columns are the
reference spectra {0;}icp of j-th deformation, i.e., ©; := [0;(w + d;(w))],cp for j € D, and
let z4; € RIPI denote the concentrations of possible gases at j-th deformation. Then with the
enlarged sets of candidates P and deformations D, (4.4) can be rewritten as

Tdy

Ldip,

Note that the solution of the linear system (4.6) enjoys a mix sparse structure. Specifically,
there are in general only a few gases involved in a mixture (contrast with the number of

possible candidates), and the deformation for the involved gases is unique and consistent
(tested in an experiment). Consequently, with the group structure = := (ac;—l, e ,m;lrlpl)—r

the ground true solution of the DOAS has 1-group sparsity (inter-group sparsity) and the

Y

nonzero group is also sparse (intra-group sparsity). Therefore, writing n := |P| x |D|, the mix
sparse optimization model for the DOAS automatic analysis with wavelength misalignment
(4.6) can be formulated as

min 00 — 217 + Azl + rllzlo,
where [|z|]2,0 is to promote the consistent deformation, ||z||p is to promote the sparsity of
candidate selection.

For the database of numerical experiments, we choose 15 concerned materials as possible
candidates (listed in Table 1) and collect their reference characteristic absorption infrared
(IR) spectra {6;}icp at National Institute of Standards and Technology (NIST) Chemistry
WebBook?. Then we construct a dictionary © by deforming each collected reference IR
spectrum by a set of linear deformations (4.5) with &/ = {—0.15+0.05k : k = 1,...,5} and
V={-3+k:k=1,...,5}; see Figure 1 for the reference IR spectra with some deformed
examples. Therefore, there are 15 possible materials and 25 possible deformations, and
each spectrum has 554 sample intensity along with wavelength; consequently, the dictionary
© ¢ R554x375

In the numerical experiments, the simulation data are generated via the following process.
Firstly, the dictionary © is constructed as mentioned above with each 6; being normalized.
Then we randomly pick several materials in P with their concentrations being i.i.d. Gaussian
ensembles and randomly select a deformation in D with a uniform distribution, that is, the
ground true solution Z is randomly generated. With the generated © and Z, the observation
data (absorption spectra) A is generated via (4.6) with € being an additive Gaussian noise
with the standard deviation being 0.1%. All numerical experiments are implemented in
Matlab R2014a and executed on a personal desktop (Intel Core Duo i7-8550, 1.80 GHz, 8.00
GB of RAM).

https://webbook.nist.gov /chemistry/
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Table 1: Materials in reference dataset.

Number Name Formula | Number Name Formula
1 pyridine C5H5N 9 ethyl ether C4H100
2 acetone C3H60 10 ethyl acetate C4H802
3 methyl alcohol CH40 11 benzene C6H6
4 formaldehyde CH20 12 benzoic acid CTH602
5 formic acid CH202 13 sodium bicarbonate CHNaO3
6 tetrahydrofuran =~ C4H80 14 ozone 03
7 ethanol C2H60 15 phenol C6H60
8 acetonitrile C2H3N

In the implementation of the IMTC (cf. Algorithm 3.1), the initial point and parameters
are selected as follows. The initial point is 0 := 0, and we set the constant stepsize v := W,
regularization parameters (Ao, 79) := (1,0.1), (A,7) := (107%,107°) and the continuation
parameter k := 0.96. Two key criteria to measure the performance of the solvers are the
relative error (on observation or solution) and the true positive rate of solution (on materials
or misalignment). In the numerical experiments, we compare the numerical performance on
DOAS analysis of the IMTC with several state-of-the-art solvers, including the sparse solvers:
OMP, ISTA, HardTA, HalfTA, the group sparse solvers: PGA (f21), PGA (¢20), and the
mix sparse solver: PGASGL.

In the first experiment, we aim to show the spectrum reconstruction, the materials iden-
tification and quantification capability of the algorithms. Figure 2 exhibits the materials and
the misalignment predicted by algorithms, as well as their relative error of concentrations,
and Figure 3 displays the absorbtion spectra reconstructed by the algorithms, as well as their
relative error of spectra, at a random trial. It is illustrated from Figure 2 that the solutions
obtained by the sparse solvers have different misalignments and thus have no physical sense;
the solutions obtained by the group sparse solvers can exactly predict the misalignment but
cannot predict the involved materials; and the IMTC can exactly predict the misalignment
and the involved materials simultaneously (the relative error is quite small), and outperform
the PGASGL. It is revealed from Figure 3 the IMTC can exactly reconstruct the absorbtion
spectra and outperform other solvers.

In the second experiment, we aim to show the stability of the IMTC on predicting the
materials and misalignment, comparing with other algorithms. Figure 4 plots the true positive
rate (TPR) of the predicted materials and misalignment and the relative error of solutions
obtained by the algorithms along with the number of involved materials (from 1 to 15) at
500 random simulations. It is demonstrated from Figures 4(a) and 4(b) that the IMTC has a
much higher true positive rate than other algorithms and from Figure 4(c) that the solution
of the IMTC is much more precise than the ones obtained by other algorithms. Moreover, the
CPU time of the IMTC is less than 0.1 second. Therefore, the numerical results show that the
IMTC can quickly, stably, exactly and quantitatively predict the existing materials and the
factual wavelength misalignment simultaneously, which meets the demand of improvement of
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Figure 1: For each material, the reference spectrum is plotted in blue, while four deformed

spectra are in orange.

the DOAS automatic analysis software proposed in [37, Chapter 8§].
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Figure 2: Identification and quantification of algorithms
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