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Abstract

Mix sparse structure, namely the sparse structure appearing in the inter-group and intra-
group manners simultaneously, is inherited in a wide class of practical applications. Hard
thresholding pursuit (HTP) is a practical and efficient algorithm for solving a least square
problem with cardinality constraint. In this paper, we propose an algorithm based on HTP
to solve a constrained mix sparse optimization problem, named MixHTP, and establish its
linear convergence property under the restricted isometry property. Moreover, we apply
the MixHTP to compressive sensing with simulated data and enhanced indexation with real
data. Numerical results exhibit an excellent performance of MixHTP on approaching a solu-
tion with mix sparse structure and MixHTP outperforms several state-of-the-art algorithms
in the literature.

Keywords: Hard thresholding pursuit Mix sparse structure Restricted isometry prop-
erty Convergence property Enhanced indexation

1 Introduction

In the past few decades, sparse optimization has attracted a great amount of attention from
researchers in a wide range of fields, such as compressive sensing [13], bioinformatics [34] and
finance management [4]. In many applications, the underlying sparse solution x̄ can be uncovered
by an underdetermined linear system: b = Ax+ ε, where the sensing matrix A ∈ Rm×n(m ≪ n)
and the observation vector b ∈ Rm are known and the noise vector ε is unknown. The sparsity
of a vector x means the number of nonzero components in x, which is denoted by the ℓ0-norm
∥x∥0. In this paper we assume that x has a disjoint group structure: x := (x⊤

G1
, · · · , x⊤

GN
)⊤,

that is ∪N
i=1Gi = [n] (where [n] := {1, · · · , n}), and Gi ∩ Gj = ∅ for any i, j ∈ [N ] and i ̸= j. A

nonzero group Gj is one where one of the entries in xGj
is nonzero. The group sparsity of vector
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x means the number of nonzero groups in x, denoted by the ℓ2,0-norm ∥x∥2,0 :=
∑N

i=1 ∥xGi∥02
(with the convention 00 = 0).

Depending on the practical sparsity requirements on the variable x, the following (group)
sparse optimization problems have been investigated respectively in the literature:

min
x∈Rn

∥Ax− b∥2 s.t. ∥x∥0 ≤ s, (1)

min
x∈Rn

∥Ax− b∥2 s.t. ∥x∥2,0 ≤ S, (2)

where s and S are the required sparsity and group sparsity of x respectively. See [8,17,19,44,45]
for applications of the model (1) in compressive sensing and [7, 15, 23, 25, 33] for applications of
the model (2) in multiple measurement vector problem and bioinformatics. Inspired by the ideas
of greedy methods for sparse optimization, several low-complexity and greedy algorithms have
been developed, such as orthogonal matching pursuit (OMP) [45], adaptive forward-backward
greedy algorithm [44], iterative hard thresholding (IHT) [8] and hard thresholding pursuit (HTP)
[17] for solving the problem (1), and blockOMP [15], groupIHT [25] and simultaneousHTP [7]
for solving the problem (2) respectively. Under the assumption of restricted isometry property
(RIP) and group RIP, their convergence guarantees are established in [17, 19, 45] and in [7, 33]
respectively.

Lagrange sparse variants including lower order ℓq(0 < q < 1) regularization problems, relevant
constrained ones of (1) and (2) and their group sparse variants have been considered in [22,

23, 39, 42, 43] by virtue of ℓq norm ∥x∥q := (
∑n

i=1 |xi|q)
1/q

(0 < q) and ℓp,q norm ∥x∥p,q :=(∑N
j=1 ∥xGj

∥qp
)1/q

(0 ≤ q ≤ 1 ≤ p ≤ 2). On the other hand, inspired by Lasso and group Lasso,

mix sparse optimization models were considered in terms of composition of ∥x∥1 and ∥x∥2,1, see
[14,37]. In particular, the following SGLasso is proposed in [37]:

min
x∈Rn

∥Ax− b∥2 + (1− α)λ∥x∥2,1 + αλ∥x∥1, (3)

where α ∈ [0, 1] is used to balance the ℓ2,1 and ℓ1 norm penalties.
It is known that the ℓ1 regularization problem shows disappointing numerical performance

[23, 42, 44], and introduces extra bias in estimation [3, 29]. Numerous studies on lower-order
regularization problems with q = 1/2 show their better numerical performance than the ℓ1
regularization problem, e.g., in [23,34,42]. It has been revealed that among ℓq and ℓp,q regularized
problems, ℓ1/2 and ℓ2,1/2 ones are most efficient in numerical performance.

The formulations (1) and (2) with either sparsity or inter-group sparsity alone may not delight
some practical applications. Sometimes the intra-sparsity in the selected groups is also significant.
In the gene expression data of bioinformatics [37], the groups may be gene pathways and both
the sparsity of the groups (pathways) and the sparsity within each group are required, while the
latter is to identify particularly important genes in the selected pathways of interest. In portfolio
selection [14, 41], the groups may be the industrial sectors and can be used to characterize the
diversity of the portfolio, while the constraint on the overall sparsity of the portfolio allows the
investor to limit the total number of the selected assets. In these applications, the sparse solution
enjoys a mix sparse structure, which adopts both the inter-group sparsity and the intra-group
sparsity simultaneously.

Moreover, sparse optimization problems with a non-negative constraint or a convex constraint
have also been investigated in recent literature [6,28,31,38,46]. An orthogonal greedy algorithm
for non-negative sparse recovery and an iterative re-weighted least squares algorithm for non-
negative sparse and group sparse recovery were proposed in [28, 31] accordingly. Additionally,
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a variant of alternating direction method of multipliers was proposed in [38] for a non-negative
sparse recovery, in which ℓ1/ℓ2 norm was applied to approximate ℓ0 norm. Moreover, two variants
of iterative hard thresholding method were proposed in [6,46] for sparse recovery under a class of
convex constraint, which both combines smoothing approximation and extrapolation technique.

Therefore, in the present paper, we consider the following constrained mix sparse optimization
problem:

min
x∈Rn

∥Ax− b∥2 s.t. x ∈ M∩ C, (4)

where M := {x ∈ Rn : ∥x∥0 ≤ s, ∥x∥2,0 ≤ S} is a set of the mix sparse structures and C ⊆ Rn

is a closed and convex set. Inspired by the idea of HTP [17], this paper aims to propose an
efficient first-order algorithm to solve problem (4) with a linear convergence property. There are
two major difficulties in problem (4) stemming from the coupling of the mix sparse constraint
M and the closed and convex constraint C and that of sparsity and group sparsity in M. Due
to the introduction of the constraint set C, a perturbation on the gradient descent step and a
full support condition are introduced to guarantee that the least squares subproblem is feasible.
The latter condition is satisfied when C is the non-negative constraint as in [28, 31] and when C
is the special set considered in the numerical examples section. Our algorithm is even new when
there is only either sparsity or group sparsity requirement.

We carry out extensive numerical experiments on simulated data and compare MixHTP with
many existing algorithms in the literature. We find that the MixHTP outperforms several state-
of-the-art solvers in mix sparse optimization without constraint or with different polyhedral
constraint C. It is revealed that the MixHTP has high applicability to solve mix sparse opti-
mization with constraint C. Motivated by successful applications of mix sparsities in portfolio
selection [14,41], we consider an application of MixHTP to enhanced indexation, which aims to
construct a structured sparse portfolio with a higher return than the index. In practice, stocks in
a sector/industry (i.e., GICS classification) usually have a tendency for selection in the market
[35]; hence investors often trade stocks in a few sectors/industries. Numerical results on S&P
indexes dataset show that the portfolio built by MixHTP achieves a higher annualized excess
return and Sharpe ratio.

We use ♯(·) and ♯G(·) to denote the number of elements and groups in a set, respectively. Let
x ∈ Rn have a group structure x := (x⊤

G1
, · · · , x⊤

GN
)⊤ with group size ni := ♯(Gi), and denote

the index sets of its nonzero entries of x and nonzero groups of (x⊤
G1
, · · · , x⊤

GN
)⊤ by supp(x) and

G-supp(x), respectively. The capital Greek letters Γ,Λ,Φ,Ψ are used to denote the index sets,
and xΓ and AΓ are used to denote the subvector of x indexed by Γ and the submatrix of A with
columns in Γ, respectively. Let GΛ := ∪i∈ΛGi. We use xP

Γ to denote the projection of x onto the
subspace of Rn indexed by Γ, that is, the elements indexed by Γ are kept and the rest are set to
zero. Moreover, we use Γ ⊕ Λ to denote the symmetric difference of the sets Γ and Λ, that is,
Γ⊕Λ := (Γ \Λ)∪ (Λ \Γ). As usual, I represents an identity matrix, 0 and 1 denote the vectors
of zeros and ones, respectively, and ∥x∥ and ∥A∥2 denote the Euclidean norm of vector x and
the spectral norm of matrix A, respectively.

The rest of the paper is organized as follows. We recall the notions of RIP and group RIP
and discuss their properties in Section 2. A general framework of MixHTP for solving problem
(4) is proposed in Section 3. The convergence properties on approximate and exact recovery
of the MixHTP are analyzed in Section 4, as well as the high probability of successful recovery
when A is a random Gaussian matrix. Numerical results of the MixHTP on simulated data and
application to sparse enhanced indexation with real data are presented in Section 5. A conclusion
is given in Section 6.
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2 Restricted Isometry Property

2.1 RIP and GRIP

The restricted isometry property (RIP) [13] is widely used for the establishment of the oracle
property and recovery bound for sparse optimization problems [10, 12], and the convergence
analysis of sparse optimization algorithms [19,30,45].

Definition 2.1. Let s ∈ N. The matrix A is said to satisfy the s-restricted isometry property
(for short, s-RIP) if there is some δs ∈ (0, 1) such that

(1− δs)∥xΓ∥2 ≤ ∥AΓxΓ∥2 ≤ (1 + δs)∥xΓ∥2,

for any x ∈ Rn and Γ ⊆ [n] with ♯(Γ) ≤ s. The s-restricted isometry constant (for short, s-RIC)
is the smallest constant δs such that the s-RIP is satisfied.

Some useful properties of the RIP are listed in Lemma 2.1 below, of which the results were
presented in [30, Proposition 3.2] and [19, Lemmas 6.16 and 6.20] for the case when µ = 1. As
the proofs for the general µ are similar to that when µ = 1 and the details of the proofs are
omitted.

Lemma 2.1. Suppose that A satisfies s-RIP with δs ∈ (0, 1). Let u, v ∈ Rn, ε ∈ Rm, Γ ⊆ [n],
and µ ∈ (0, 1

1−δs
]. Then the following assertions are true.

(i) If ♯(Γ) ≤ s, then
∥I − µA⊤

ΓAΓ∥2 ≤ 1− µ+ µδs.

(ii) If ♯(supp(u) ∪ supp(v)) ≤ s, then

|⟨u, (I − µA⊤A)v⟩| ≤ (1− µ+ µδs)∥u∥∥v∥.

(iii) If ♯(Γ ∪ supp(v)) ≤ s, then

∥((I − µA⊤A)v)Γ∥ ≤ (1− µ+ µδs)∥v∥.

(iv) If ♯(Γ) ≤ s, then

∥(A⊤ε)Γ∥ ≤
√
1 + δs∥ε∥.

A natural extension of RIP to the group-RIP is introduced in [16,24]. Its definition is recalled
as follows.

Definition 2.2. Let S ∈ N. The matrix A is said to satisfy the S-group restricted isometry
property (for short, S-GRIP) if there is some ∆S ∈ (0, 1) such that

(1−∆S)∥xGΛ∥2 ≤ ∥AGΛxGΛ∥2 ≤ (1 + ∆S)∥xGΛ∥2,

for any x ∈ Rn and Λ ⊆ [N ] with ♯(Λ) ≤ S. The S-group restricted isometry constant (for short,
S-GRIC) is the smallest constant ∆S such that the S-GRIP is satisfied.

Extending Lemma 2.1 to group structure, some useful properties of the GRIP are provided
in the following lemma.

Lemma 2.2. Suppose that A satisfies S-GRIP with ∆S ∈ (0, 1). Let u, v ∈ Rn, ε ∈ Rm,
Λ ⊆ [N ], and µ ∈ (0, 1

1−∆S
]. Then the following assertions are true.
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(i) If ♯(Λ) ≤ S, then
∥I − µA⊤

GΛ
AGΛ

∥2 ≤ 1− µ+ µ∆S .

(ii) If ♯(G-supp(u) ∪G-supp(v)) ≤ S, then

|⟨u, (I − µA⊤A)v⟩| ≤ (1− µ+ µ∆S)∥u∥∥v∥.

(iii) If ♯(Λ ∪G-supp(v)) ≤ S, then

∥((I − µA⊤A)v)GΛ
∥ ≤ (1− µ+ µ∆S)∥v∥.

(iv) If ♯(Λ) ≤ S, then

∥(A⊤ε)GΛ
∥ ≤

√
1 + ∆S∥ε∥.

Proof. (i) By definition of spectral norm, one has

∥I − µA⊤
GΛ

AGΛ
∥2 = max

xGΛ
̸=0

⟨(I − µA⊤
GΛ

AGΛ
)xGΛ

, xGΛ
⟩

∥xGΛ
∥2

.

Note that
⟨(I − µA⊤

GΛ
AGΛ

)xGΛ
, xGΛ

⟩ = ∥xGΛ
∥2 − µ∥AGΛ

xGΛ
∥2

≤ (1− µ(1−∆S))∥xGΛ∥2,
where the inequality follows from Definition 2.2 and ♯(Λ) ≤ S. Consequently, the conclusion
follows.

(ii) Let Λ := G-supp(u) ∪G-supp(v). Then we have uGΛc = 0 and vGΛc = 0, and hence

|⟨u, (I − µA⊤A)v⟩| = |⟨uGΛ
, (I − µA⊤

GΛ
AGΛ

)vGΛ
⟩|

≤ ∥uGΛ∥∥I − µA⊤
GΛ

AGΛ∥2∥vGΛ∥
≤ (1− µ+ µ∆S)∥u∥∥v∥,

where the last inequality follows from assertion (i).
(iii) Note that

∥((I − µA⊤A)v)GΛ
∥2 = ⟨((I − µA⊤A)v)PGΛ

, (I − µA⊤A)v⟩
≤ (1− µ+ µ∆S)∥((I − µA⊤A)v)PGΛ

∥∥v∥,

where the inequality directly follows from (ii) by replacing u with ((I − µA⊤A)v)PGΛ
. Note that

the assumption in (ii) is implied by ♯(Λ ∪G-supp(v)) ≤ S. Hence the conclusion follows.
(iv) It is proved in [1, Lemma 1].

These properties of s-RIP and S-GRIP will be helpful in convergence analysis of our proposed
algorithm.

2.2 Connection between RIC and GRIC

By definitions of the RIC and GRIC, it is easy to verify the monotone property (one can also
refer to [9, eq. (8)] and [1, pp. 17]):

δα ≤ δβ and ∆α ≤ ∆β for any α ≤ β. (5)

Moreover, it is desirable to recall some connections between RIC and GRIC in the following
proposition, which is taken from [16, pp. 5306] and [18, Proposition 1].
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Proposition 2.1. Given an arbitrary group index set Λ with ♯(Λ) = S, let M :=
∑

i∈Λ ni, and
c0 be the greatest common divisor of M and s. Then

∆S ≤ δM ≤ M − c0
s

δ2s +
c0
s
δs ≤

M

s
δ2s. (6)

Remark 2.1. A special case is the equisized group structure, that is, ni ≡ n
N ,∀i = 1, · · · , S. In

this case, M = nS
N and (6) is reduced to ∆S ≤ δnS

N
≤ nS

Nsδ2s. This indicates that ∆S is bounded

by δ2s with a factor of the ratio of group sparsity to sparsity.

2.3 RIC for Gaussian Matrices

The RIC plays an important role in convergence analysis and estimating the convergence rate of
sparse algorithms; see, e.g., [17, 19, 30, 44, 45]. The estimation of RIC depends on the assumed
distribution of sensing matrix A. Now we provide the estimation of the RIC with high probability
when A obeys a Gaussian distribution. It is worth noting that Gaussian distribution is elementary
and widely discussed in portfolio theory [26, 27]. The general case of sub-Gaussian distribution
is also provided in Remark 4.4. To this end, we recall a useful lemma from [40, Example 2.11].

Lemma 2.3. Let A ∈ Rm×n be a Gaussian matrix with each Aij ∼ N (0, 1), u ∈ Rn and
w ∈ (0, 1). Then

P(|m−1∥Au∥2 − ∥u∥2| ≥ w∥u∥2) ≤ 2 exp

(
−mw2

8

)
.

Proposition 2.2. Let A ∈ Rm×n be a Gaussian matrix with each Aij ∼ N (0, 1
m ). Let 0 < δ, t <

1. Then A satisfies the RIP and its RIC δs < δ with probability at least 1− t provided

m ≥ 16

3
δ−2

(
s(9 + 2 ln

n

s
) + 2 ln

2

t

)
.

By virtue of Lemma 2.3, the proof of Proposition 2.2 adopts a line of analysis similar to that
of [19, Theorem 9.11]. The details are omitted.

3 Mix Hard Thresholding Pursuit

Hard thresholding pursuit (HTP) [7,17] is a popular and practical algorithm for sparse optimiza-
tion, which successively performs a gradient descent operator, a hard thresholding operator to
select those variables with largest magnitudes, and a least square operator (also named pursuit)
to debias the coefficient estimation. Motivated by the success of HTP and practical applications
of the mix sparse structure, we propose an efficient algorithm named MixHTP to approach a
solution of the mix sparse optimization problem (4).

Compared to sparse optimization problem (1) and group sparse optimization problem (2),
there are two major difficulties in problem (4) stemming from coupling structures in its con-
straints. The first one is the coupling M ∩ C of the mix sparse constraint M and the general
constraint C. To deal with this difficulty, M and C are decoupled as the constraint of the hard
thresholding operator and that of the least squares operator, respectively. The second one is
the coupling of sparsity and group sparsity in M. This coupling makes it difficult to obtain an
analytical solution of the hard thresholding operator, that is the projection onto the mix sparse
constraint, due to the mix and combinatorial natures of M. To conquer this obstacle, a hard
thresholding operator [17] and a group thresholding operator [7] are successively performed or
vice versa for the mix sparse constraint M. Therefore, the MixHTP consists of a gradient descent
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step, a combination of a hard thresholding operator and a group hard thresholding operator and
a least squares operator on the constraint C. In order that the constrained least squares subprob-
lem is feasible, a perturbation is added to the gradient descent step and a full support condition
of C is introduced. The latter condition is automatically satisfied when C is the non-negative
constraint as in [28, 31] and when C is the special sets considered in the numerical examples
section. The MixHTP algorithm is formulated as follows.

Algorithm 1 Mix Hard Thresholding Pursuit (MixHTP)

1: Initialize x0 ∈ C. Select constant stepsize µ > 0 and parameter r ∈ {0, 1}.
2: If 0 /∈ C, let ω > 0; otherwise, let ω = 0.
3: for k = 1, 2, . . . do
4: gk := xk−1 − µA⊤(Axk−1 − b).
5: if gk = 0 then
6: yk := gk + ω√

n
1.

7: end if
8: zk := T1−r(Tr(yk)).
9: xk := argminx∈C{∥Ax− b∥2 : supp(x) ⊆ supp(zk)}.

10: if Stopping Criterion is satisfied then
11: break
12: end if
13: end for

In the MixHTP, Tr represents the thresholding operator as

Tr(x) :=

{
H(x; s), if r = 0,

HG(x;S), if r = 1,
(7)

where H(x; s) is the hard thresholding operator that sets all but the largest s elements (in
absolute value) of x to zero [17], and HG(x;S) is the group hard thresholding operator that sets
all but the largest S groups (in Euclidean norm) of x to zero [25]. The least squares operator has
a closed-form formula when the set C is the whole space or a simplex, but does not in general
when there are additional non-negative constraints as in the case of numerical experiments in
Section 5.

The small quantity ω√
n
in line 6 is to prevent the emptiness case of the feasible set of the least

squares subproblem when xk−1−µA⊤(Axk−1−b) = 0 and 0 /∈ C. In such a case the perturbation
can guarantee that the subproblem in line 9 is feasible, under an additional full support condition
of C, namely 2[C] = 2[n], where 2[C] := {I ⊂ [n] : there is an x ∈ C, such that I = supp(x)} and
2[n] := {∅ ≠ I : I ⊆ [n]}. See Lemma 3.1 below.

Lemma 3.1. If 0 ∈ C or the full support condition of C holds, then the subproblem in line 9 of
Algorithm 1 has a non-empty feasible set.

Proof. If 0 ∈ C, then the conclusion holds automatically. If 2[C] = 2[n], then supp(zk) ̸= ∅, as
yk ̸= 0. By the assumption, there is an x ∈ C such that supp(x) = supp(zk). Thus the feasible
set of the subproblem is non-empty.

We present three examples to illustrate the operation of mix sparse operator. Assume that
a vector y ∈ R9 with N = 3 equisized groups has a disjoint group structure y = (y⊤G1

, y⊤G2
, y⊤G3

)⊤,
where G1 = {1, 2, 3}, G2 = {4, 5, 6} and G3 = {7, 8, 9}. Considering the mix sparse operator with
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s = 4 and S = 2, the outcomes for different y are presented in Table 1. These examples indicates
that i) the outcome of z = T1−r(Tr(y)) always satisfies ∥z∥0 ≤ s and ∥z∥2,0 ≤ S whenever r = 0
or r = 1; and ii) mix sparse operator can only achieve the approximate projection onto M.

Table 1: Illustrative example for mix sparse operator with s = 4 and S = 2.

y ∈ R9 Operator r = 0 r = 1

Example 1

(1, 2, 3︸ ︷︷ ︸
G1

, 4, 5, 6︸ ︷︷ ︸
G2

, 7, 8, 9︸ ︷︷ ︸
G3

) Tr(y) (0, 0, 0, 0, 0, 6, 7, 8, 9) (0, 0, 0, 4, 5, 6, 7, 8, 9)

T1−r(Tr(y)) (0, 0, 0, 0, 0, 6, 7, 8, 9)

Example 2

(1, 8, 9︸ ︷︷ ︸
G1

, 2, 5, 7︸ ︷︷ ︸
G2

, 3, 4, 6︸ ︷︷ ︸
G3

) Tr(y) (0, 8, 9, 0, 0, 7, 0, 0, 6) (1, 8, 9, 2, 5, 7, 0, 0, 0)

T1−r(Tr(y)) (0, 8, 9, 0, 0, 7, 0, 0, 0) (0, 8, 9, 0, 5, 7, 0, 0, 0)

Example 3

(1, 2, 7︸ ︷︷ ︸
G1

, 4, 5, 6︸ ︷︷ ︸
G2

, 8, 9, 10︸ ︷︷ ︸
G3

) Tr(y) (0, 0, 7, 0, 0, 0, 8, 9, 10) (0, 0, 0, 4, 5, 6, 8, 9, 10)

T1−r(Tr(y)) (0, 0, 7, 0, 0, 0, 8, 9, 10) (0, 0, 0, 0, 0, 6, 8, 9, 10)

Our algorithm is new even when only one of sparse constraint and group sparse constraint
appears in (4). When C := Rn, Algorithm 1 reduces to HTP [17] for sparse optimization problem
(1) (with S = N) and simultaneousHTP [7] for group sparse optimization problem (2) (with
s = n) as special cases. Moreover, Algorithm 1 performs the mix hard thresholding as first
H(x; s) and then HG(x;S) when r = 0, and in reverse order when r = 1. For different r, we will
present a general convergence property of MixHTP in Section 4, and the numerical performance
of MixHTP in Section 5.

4 Convergence Analysis

This section is devoted to establishing convergence property of the MixHTP to an approximate or
exact ground true solution under the s-RIP and S-GRIP assumptions. For the sake of simplicity,
we write Ξk := supp(zk), define the constraint of line 9 in Algorithm 1 by Ωk := {x ∈ C :
supp(x) ⊆ supp(zk)}, and introduce a correction of x̄ to Ωk by

ek := arg infe∈Zk(x̄)∥e∥, (8)

where Zk(x̄) := {e ∈ Rn : (x̄+ e)PΞk ∈ Ωk}. Particularly, one can check

ek = 0 when C = Rn or Rn
+, (9)

by the fact that (x̄)PΞk ∈ Ωk. In this section, we always use the following notations.

(H1) Let x̄ ∈ M∩ C be a ground true solution of

b = Ax̄+ ε, (10)
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with its support sets defined by

Ψ̄r :=

{
supp(x̄), if r = 0,

GG-supp(x̄), if r = 1.
(11)

(H2) Let {xk}, {yk} and {zk} be generated by Algorithm 1 with stepsize µ ∈
(
0, 1

1−min(δ3s,∆3S)

)
and constant ω ∈ R+, and support sets of Tr(yk) and zk be defined by

Φk
r :=

{
supp(Tr(yk)), if r = 0,

GG-supp(Tr(yk)), if r = 1,
(12)

and

Ψk
1−r :=

{
supp(zk), if 1− r = 0,

GG-supp(zk), if 1− r = 1.
(13)

By Algorithm 1 and (H2), one can check that

Ξk = Φk
r ∩Ψk

1−r for r ∈ {0, 1}.

Before presenting the Theorem 4.1, we start from the following three lemmas.

Lemma 4.1 (First thresholding). Let r ∈ {0, 1} and dk := (I − µA⊤A)(xk−1 − x̄). Then

1√
2
∥(xk − x̄)Ψ̄r\Φk

r
∥ ≤ ∥dkΨ̄r⊕Φk

r
∥+ µ∥(A⊤ε)Ψ̄r⊕Φk

r
∥+ ω. (14)

Proof. Fix r = 0. We know T0(yk) := H(yk; s) and thus ∥yk
Ψ̄0

∥ ≤ ∥yk
Φk

0
∥. Then it follows that

∥ykΨ̄0\Φk
0
∥ ≤ ∥ykΦk

0\Ψ̄0
∥ (15)

after eliminating the contribution on Ψ̄0 ∩ Φk
0 . With the fact that x̄Φk

0\Ψ̄0
= 0, we obtain

∥ykΦk
0\Ψ̄0

∥ = ∥(yk − x̄)Φk
0\Ψ̄0

∥. (16)

Similarly, with the fact that xk
Ψ̄0\Φk

0
= 0, we obtain

∥ykΨ̄0\Φk
0
∥ = ∥(yk − x̄+ x̄− xk)Ψ̄0\Φk

0
∥ ≥ ∥(x̄− xk)Ψ̄0\Φk

0
∥ − ∥(yk − x̄)Ψ̄0\Φk

0
∥.

This, together with (16) and (15), implies

∥(x̄− xk)Ψ̄0\Φk
0
∥ ≤

√
2∥(yk − x̄)Ψ̄0⊕Φk

0
∥, (17)

where the inequality holds because ∥xΛ∥+∥xΓ∥ ≤
√
2∥xΛ⊕Γ∥ for any x ∈ Rn whenever Λ∩Γ = ∅.

By line 4 and 6 in Algorithm 1 and (10), we have

yk − x̄ ≤ xk−1 − x̄− µA⊤(Axk−1 −Ax̄− ε) +
ω√
n
1

= dk + µA⊤ε+
ω√
n
1

(18)
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(by definition of dk). Hence (17) is reduced to

∥(x̄− xk)Ψ̄0\Φk
0
∥ ≤

√
2∥(dk + µA⊤ε+

ω√
n
1)Ψ̄0⊕Φk

0
∥

≤
√
2
(
∥dkΨ̄0⊕Φk

0
∥+ µ∥(A⊤ε)Ψ̄0⊕Φk

0
∥+ ω

)
.

The proof is similar when r = 1. Then we conclude that (14) holds for r ∈ {0, 1}.

Lemma 4.2 (Second thresholding). Let r ∈ {0, 1} and dk := (I −µA⊤A)(xk−1 − x̄). Denote by
Λk
r := Φk

r ∩ (Ψk
1−r\Ψ̄1−r) and Γk

r := Φk
r ∩ (Ψ̄1−r\Ψk

1−r). Then

1√
2
∥(xk − x̄)Γk

r
∥ ≤ ∥dkΓk

r⊕Λk
r
∥+ µ∥(A⊤ε)Γk

r⊕Λk
r
∥+ ω. (19)

Proof. The proof is similar to the one in Lemma 4.1. Fix r = 0. We know T1(T0(yk)) :=
HG(T0(yk);S) and thus ∥[T0(yk)]Ψ̄1

∥ ≤ ∥[T0(yk)]Ψk
1
∥. Then it follows by Φk

0 = supp(T0(yk))
from (12) that

∥ykΦk
0∩(Ψ̄1\Ψk

1 )
∥ ≤ ∥ykΦk

0∩(Ψk
1\Ψ̄1)

∥ (20)

after eliminating the contribution on Ψ̄1 ∩ Ψk
1 . Denote by Λk

0 := Φk
0 ∩ (Ψk

1\Ψ̄1) and Γk
0 :=

Φk
0 ∩ (Ψ̄1\Ψk

1). With the fact that x̄Λk
0
= 0 and xk

Γk
0
= 0, we obtain

∥ykΛk
0
∥ = ∥(yk − x̄)Λk

0
∥ and ∥ykΓk

0
∥ ≥ ∥(x̄− xk)Γk

0
∥ − ∥(yk − x̄)Γk

0
∥.

Combining these two inequalities, (20) reduces to

∥(x̄− xk)Γk
0
∥ ≤

√
2∥(yk − x̄)Γk

0⊕Λk
0
∥,

where the inequality holds because ∥xΛ∥+∥xΓ∥ ≤
√
2∥xΛ⊕Γ∥ for any x ∈ Rn whenever Λ∩Γ = ∅.

It follows by (18) that

∥(x̄− xk)Γk
0
∥ ≤

√
2∥(dk + µA⊤ε+

ω√
n
1)Γk

0⊕Λk
0
∥

≤
√
2
(
∥dkΓk

0⊕Λk
0
∥+ µ∥(A⊤ε)Γk

0⊕Λk
0
∥+ ω

)
.

The proof is similar when r = 1. Then we conclude that (19) holds for r ∈ {0, 1}.

Lemma 4.3 (Pursuit). The following assertions are true.
(i) ⟨Axk − b, Axk −Ax⟩ ≤ 0 for any x ∈ Ωk.
(ii) Suppose that δ2s < 1. Then

∥xk − x̄∥ ≤
∥(xk − x̄)(Ξk)c∥√

1− δ22s
+

√
1 + δs∥ε∥+ 2∥ek∥

1− δ2s
. (21)

Proof. (i) It is a direct conclusion from the optimality condition of line 9 in Algorithm 1; see
[5, Proposition 4.7.2].

(ii) Recall ek be defined by (8). Note that

∥xk − x̄∥2 = ∥(xk − x̄)Ξk∥2 + ∥(xk − x̄)(Ξk)c∥2

≤ (∥(xk − x̄− ek)Ξk∥+ ∥ek∥)2 + ∥(xk − x̄)(Ξk)c∥2,
(22)
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where the first term on the right hand side can be rewritten as

∥(xk − x̄− ek)Ξk∥2 = ⟨xk − x̄− ek, (xk − x̄− ek)PΞk⟩. (23)

By (8), we have (x̄+ ek)PΞk ∈ Ωk, and then by Lemma 4.3(i),

⟨Axk − b, Axk −A(x̄+ ek)PΞk⟩ ≤ 0. (24)

Note by line 9 in Algorithm 1 that xk = (xk)PΞk , and thus xk − (x̄ + ek)PΞk = (xk − x̄ − ek)PΞk .
Due to this and (10), (24) is reduced to

⟨Axk −Ax̄− ε,A(xk − x̄− ek)PΞk⟩ ≤ 0. (25)

By (23) minus (25), we obtain

∥(xk − x̄− ek)Ξk∥2 ≤ ⟨xk − x̄, (I −A⊤A)(xk − x̄− ek)PΞk⟩
+ ⟨A⊤ε− ek, (xk − x̄− ek)PΞk⟩.

(26)

Noting by supp(xk) ⊆ Ξk that ♯(supp(xk − x̄) ∪ Ξk) ≤ 2s, Lemma 2.1(ii) is applicable (with
xk − x̄, (xk − x̄− ek)PΞk , 1, 2s in place of u, v, µ, s) to showing that

⟨xk − x̄, (I −A⊤A)(xk − x̄− ek)PΞk⟩ ≤ δ2s∥xk − x̄∥∥(xk − x̄− ek)Ξk∥. (27)

On the other hand, one has

⟨A⊤ε− ek, (xk − x̄− ek)PΞk⟩ = ⟨(A⊤ε− ek)Ξk , (xk − x̄− ek)Ξk⟩
≤ (∥(A⊤ε)Ξk∥+ ∥ek∥)∥(xk − x̄− ek)Ξk∥.

(28)

Noting that ♯(Ξk) ≤ s, Lemma 2.1(iv) is applicable to showing that ∥(A⊤ε)Ξk∥ ≤
√
1 + δs∥ε∥.

This, together with (26)-(28), implies

∥(xk − x̄− ek)Ξk∥ ≤ δ2s∥xk − x̄∥+
√
1 + δs∥ε∥+ ∥ek∥.

Consequently, by letting α :=
√
1 + δs∥ε∥+ 2∥ek∥ and β := α2 + ∥(xk − x̄)(Ξk)c∥2, (22) deduces

that
(1− δ22s)∥xk − x̄∥2 − 2αδ2s∥xk − x̄∥ − β ≤ 0.

Hence ∥xk − x̄∥ is upper-bounded by the larger root of the equation (1− δ22s)t
2− 2αδ2st−β = 0,

that is,

∥xk − x̄∥ ≤ αδ2s +
√
α2δ22s + β(1− δ22s)

1− δ22s

≤
α(1 + δ2s) +

√
1− δ22s∥(xk−1 − x̄)(Ξk)c∥
1− δ22s

,

where the last inequality follows from the fact that√
a2 + b2 ≤ a+ b for any a, b ≥ 0. (29)

Then we conclude that (21) holds.

The main theorem of this section is then as follows, in which a linear convergence to an
approximate ground true solution is guaranteed under the s-RIP and S-GRIP assumptions for
the noise-aware linear system.
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Theorem 4.1 (Approximate recovery). Let {xk} be generated by Algorithm 1 with stepsize µ ∈(
0, 1

1−min(δ3s,∆3S)

)
. Denote the maximum of 3s-RIC and 3S-GRIC of A by κ := max(δ3s,∆3S).

Suppose that κ satisfies

1− µ+ µκ <

√
1− κ2

8
. (30)

Moreover, writing ρ := 2
√
2(1−µ)+

√
2µ(δ3s+∆3S)√

1−δ22s
and C :=

√
2µ(

√
1+δ2s+

√
1+∆2S)√

1−δ22s
+

√
1+δs

1−δ2s
, we have

ρ ∈ (0, 1), and {xk} approximates x̄ with the following error bound:

∥xk − x̄∥ ≤ ρ∥xk−1 − x̄∥+ C∥ε∥+ 2

1− δ2s
∥ek∥+ 2

√
2√

1− δ22s
ω. (31)

Proof. Fix r = 0. Noting by (11) and line 9 in Algorithm 1 that{
supp(x̄) = Ψ̄0 ∩ Ψ̄1,

supp(xk) ⊆ Ξk = Φk
0 ∩Ψk

1 ,
(32)

we obtain
supp(xk − x̄) ⊆ supp(xk) ∪ supp(x̄) ⊆ (Φk

0 ∩Ψk
1) ∪ (Ψ̄0 ∩ Ψ̄1)

⊆ Φk
0 ∪ Ψ̄0;

thus
∥xk − x̄∥2 = ∥(xk − x̄)Φk

0∪Ψ̄0
∥2 = ∥(xk − x̄)Φk

0
∥2 + ∥(xk − x̄)Ψ̄0\Φk

0
∥2. (33)

Moreover, it is clear from (32) that

supp((xk − x̄)Φk
0
) ⊆ supp(xk − x̄) ⊆ (Φk

0 ∩Ψk
1) ∪ (Ψ̄0 ∩ Ψ̄1)

⊆ Ψ̄1 ∪Ψk
1 ;

consequently, recall that Ξk = Φk
0 ∩Ψk

1 , it holds that

∥(xk − x̄)Φk
0
∥2 = ∥((xk − x̄)Φk

0
)Ψ̄1∪Ψk

1
∥2

= ∥(xk − x̄)Ξk∥2 + ∥(xk − x̄)Φk
0∩(Ψ̄1\Ψk

1 )
∥2.

This, together with (33), yields that

∥(xk − x̄)(Ξk)c∥2 = ∥xk − x̄∥2 − ∥(xk − x̄)Ξk∥2

= ∥(xk − x̄)Φk
0∩(Ψ̄1\Ψk

1 )
∥2 + ∥(xk − x̄)Ψ̄0\Φk

0
∥2;

then it follows from (29) that

∥(xk − x̄)(Ξk)c∥ ≤ ∥(xk − x̄)Φk
0∩(Ψ̄1\Ψk

1 )
∥+ ∥(xk − x̄)Ψ̄0\Φk

0
∥. (34)

This, together with (14), (19) and Φk
0 ∩ (Ψ̄1 ⊕Ψk

1) ⊆ Ψ̄1 ⊕Ψk
1 , deduces that

1√
2
∥(xk − x̄)(Ξk)c∥ ≤ ∥dkΨ̄1⊕Ψk

1
∥+ ∥dkΨ̄0⊕Φk

0
∥

+ µ∥(A⊤ε)Ψ̄1⊕Ψk
1
∥+ µ∥(A⊤ε)Ψ̄0⊕Φk

0
∥+ 2ω.

(35)
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Finally, we estimate the right hand side of (35). One has by (11) that Ψ̄0 = supp(x̄), and by
(32) that supp(xk−1) ⊆ Φk−1

0 . Hence we obtain

(Ψ̄0 ⊕ Φk
0) ∪ supp(xk−1 − x̄) ⊆ Ψ̄0 ∪ Φk

0 ∪ Φk−1
0 .

Similarly, we have
(Ψ̄1 ⊕Ψk

1) ∪ GG-supp(xk−1−x̄) ⊆ Ψ̄1 ∪Ψk
1 ∪Ψk−1

1 .

These, together with definitions (11)-(13), imply that

♯((Ψ̄0 ⊕ Φk
0) ∪ supp(xk−1 − x̄)) ≤ 3s,

and
♯G((Ψ̄1 ⊕Ψk

1) ∪ GG-supp(xk−1−x̄)) ≤ 3S.

Combining these two inequalities, Lemma 2.1(iii) and Lemma 2.2(iii) are applicable to showing
that

∥dkΨ̄1⊕Ψk
1
∥+ ∥dkΨ̄0⊕Φk

0
∥ ≤ (2− 2µ+ µ(δ3s +∆3S))∥xk−1 − x̄∥.

Similarly by Lemma 2.1(iv) and Lemma 2.2(iv),

∥(A⊤ε)Ψ̄1⊕Ψk
1
∥+ ∥(A⊤ε)Ψ̄0⊕Φk

0
∥ ≤ (

√
1 + δ2s +

√
1 + ∆2S)∥ε∥.

Consequently, (35) is reduced to

∥(xk − x̄)(Ξk)c∥ ≤
√
2(2− 2µ+ µ(δ3s +∆3S))∥xk−1 − x̄∥

+
√
2µ(

√
1 + δ2s +

√
1 + ∆2S)∥ε∥+ 2

√
2ω,

and we conclude by (21) that (31) holds. The proof is similar when r = 1. Moreover, by monotone
property δ2s ≤ δ3s (see (5)) and by assumption (30), one can check that ρ ∈ (0, 1).

Remark 4.1. From the proof of Theorem 4.1, denoting Λk
r := Ψ̄r ⊕ Φk

r and Γk
r := Ψ̄r ⊕ Ψk

r , it
is worth noting that one also has

∥xk − x̄∥ ≤

√
2

1− δ22s

(
∥dkΛk

r
∥+ ∥dkΦk

r∩Γk
1−r

∥

+ µ∥(A⊤ε)Λk
r
∥+ µ∥(A⊤ε)Φk

r∩Γk
1−r

∥+ 2ω
)
+ E,

(36)

where E :=
√
1+δs∥ε∥+2∥ek∥

1−δ2s
. Specifically, when r = 1, by (11), (12) and (13) it follows that

Φk
1 ∩Ψk

0 = Ψk
0 . Therefore

♯G(Λ
k
1) ≤ 2S, and ♯(Φk

1 ∩ Γk
0) ≤ 2s;

when r = 0, we know that Γk
1 denotes the index sets of groups and that

♯(Λk
0) ≤ 2s, and ♯(Φk

0 ∩ Γk
1) ≤ s.

For any group index set Λ with ♯(Λ) = 2S, denote by M2S :=
∑

i∈Λ ni. By Proposition 2.1,
Lemma 2.1(iii)-(iv) and Lemma 2.2(iii)-(iv), (36) is reduced to

∥xk − x̄∥ ≤

√
2

1− δ22s

(
ρr∥xk−1 − x̄∥+ µCr∥ε∥+ 2ω

)
+ E,
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where
ρ1 := 2− 2µ+ µ(δM2S

+ δ2s), C1 :=
√
1 + δM2S

+
√
1 + δ2s,

and
ρ0 := 2− 2µ+ µ(δs + δ2s), C0 :=

√
1 + δs +

√
1 + δ2s,

respectively. Clearly ρ1 > ρ0 and C1 > C0 when M2S ≥ s. Thus MixHTP with r = 0 enjoys
a smaller upper bound for ∥xk − x̄∥. This is consistent with the numerical experiment for the
simulated data that a better performance is obtained for r = 0 than that for r = 1 (see Section
5.1).

Remark 4.2 (Large samplesize). Let C := Rn or Rn
+. It is clear by (9) that ek = 0 and by

Algorithm 1 that ω = 0. We consider objective function 1
m∥Ax− b∥2 in (4) and select constant

stepsize µ ≡ 1 in Algorithm 1. Let A ∈ Rm×n be a Gaussian matrix with each Aij ∼ N (0, 1),
and ε be a Gaussian noise with each εi ∼ N (0, σ2). Denote by ν :=

√
n
m + 1

16 . One can obtain
by [40, Example 6.2] that ∥∥∥∥I − A⊤A

m

∥∥∥∥
2

≤ 2ν + ν2, (37)

with probability at least 1− 2 exp(− m
512 ). Furthermore, given a constant c1 > 1, it can be shown

by [21, Example 11.1] that ∥∥∥∥A⊤ε

m

∥∥∥∥
∞

≤ 2σ

√
c1 log n

m
, (38)

with probability at least 1−2n1−2c1 for n > 1. For any group index set Λ with ♯(Λ) = 2S, denote
by M2S :=

∑
i∈Λ ni. With a similar line to the proof of Theorem 4.1, since ∥x∥2 ≤

√
d∥x∥∞ for

any x ∈ Rd, one can achieve that

∥xk − x̄∥ ≤
∥∥∥∥I − A⊤A

m

∥∥∥∥
2

∥xk − x̄∥+
√
s

∥∥∥∥A⊤ε

m

∥∥∥∥
∞

+ ∥(xk − x̄)(Ξk)c∥, (39)

and
1√
2
∥(xk − x̄)(Ξk)c∥ ≤ 2

∥∥∥∥I − A⊤A

m

∥∥∥∥
2

∥xk−1 − x̄∥+ (
√
2s+

√
M2S)

∥∥∥∥A⊤ε

m

∥∥∥∥
∞

.

Combining this with (39), (37) and (38) are applicable to showing that

∥xk − x̄∥ ≤ (ν2 + 2ν)∥xk − x̄∥+ 2
√
2(ν2 + 2ν)∥xk−1 − x̄∥+ 2σc2

√
c1 log n

m
, (40)

where c2 := 3
√
s+

√
2M2S. We have ν2 + 2ν → 33

256 and
√

c1 logn
m → 0, as m → ∞. Then (40)

is reduced to
∥xk − x̄∥ ≤ ρ̃∥xk−1 − x̄∥,

where ρ̃ := 66
√
2

223 ∈ (0, 1).

Remark 4.3. Theorem 4.1 covers existing convergence theorems of HTP-types algorithms in the
literature. Particularly, as mentioned before, when C := Rn and S = N , Algorithm 1 is reduced
to HTP [17] for sparse optimization; in this case, ek = 0 and ω = 0, and Theorem 4.1 (with
µ ≡ 1) is reduced to [17, Theorem 3.8]:

∥xk − x̄∥ ≤
√

2δ23s
1−δ22s

∥xk−1 − x̄∥+
√

2(1−δ2s)+
√
1+δs

1−δ2s
∥ε∥.
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When C = Rn, s = n and ni ≡ n
N , Algorithm 1 is reduced to simultaneousHTP [7] for joint

sparse optimization; in this case, ek = 0 and ω = 0, and Theorem 4.1 is reduced to [7, Theorem
3].

Corollary 4.1 (Exact recovery). Let C := Rn or Rn
+, x̄ ∈ M∩C be an exact solution of b = Ax̄,

and {xk} be generated by Algorithm 1 with stepsize µ ≡ 1. Suppose that the maximum of 3s-RIC
and 3S-GRIC of A satisfies

max(δ3s,∆3S) <
1

3
. (41)

Then {xk} approximates x̄ with the following error bound:

∥xk − x̄∥ ≤ ρ∥xk−1 − x̄∥,

where ρ :=
√

2
1−δ22s

(δ3s +∆3S) ∈ (0, 1).

Proof. Note by assumptions and (9) that ε = 0, ek = 0 and ω = 0. With constant stepsize

µ ≡ 1, the parameter ρ defined in Theorem 4.1 is reduced to
√

2
1−δ22s

(δ3s +∆3S), and ρ ∈ (0, 1)

holds by assumption (41).

To make Theorem 4.1 more practical, we present the following corollaries, in which a sim-
pler assumption based on 3s-RIC, while 3S-GRIC is not required, and the high probability of
successful recovery for a Gaussian matrix are provided, respectively.

Corollary 4.2. Let {xk} be generated by Algorithm 1 with S ≤ N/3 and stepsize µ ∈
(
0, 1

1−min(δ3s,∆3S)

)
.

For any group index set Λ with ♯(Λ) = 3S, write η := 1
s

∑
i∈Λ ni. Suppose that 3s-RIC of A

satisfies

1− µ+
µ(1 + η)

2
δ3s <

√
1− δ23s

8
, (42)

Then {xk} approximates x̄ with error bound (32).

Proof. By Proposition 2.1 and the monotone property (5), we have ∆3S ≤ ηδ2s ≤ ηδ3s; then the
parameter ρ defined in Theorem 4.1 is reduced to

ρ ≤ 2
√
2(1− µ) +

√
2µ(1 + η)δ3s√

1− δ23s
, (43)

which is smaller than 1 by (42).

Corollary 4.3. Let A ∈ Rm×n be a Gaussian matrix with each Aij ∼ N (0, 1
m ), and {xk}

be generated by Algorithm 1 with stepsize µ ≡ 1 and S ≤ N/3. For any group index set Λ
with ♯(Λ) = 3S, write η := 1

s

∑
i∈Λ ni. Then {xk} approximates x̄ with error bound (32), with

probability at least 1− t provided that

m ≥ 16(2(1 + η)2 + 1)

(
s(9 + 2 ln

n

3s
) +

2

3
ln

2

t

)
. (44)

Proof. Proposition 2.2 is applicable (with 1√
2(1+η)2+1

, 3s in place of δ, s) to concluding that

δ3s <
1√

2(1 + η)2 + 1
,

that is (42) with µ ≡ 1, with probability at least 1 − t. Consequently, the conclusion directly
follows Corollary 4.2.
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Remark 4.4. More generally, if A is a random matrix with each row being independent mean-
zero sub-Gaussian with parameter σ and variance one (see [40, Definition 2.2]), then conclusion
(32) also holds with probability at least 1− t provided that (by virtue of [19, Theorem 9.11] and
[40, Example 2.12])

m ≥ 16σ2(2(1 + η)2 + 1)

(
s(9 + 2 ln

n

3s
) +

2

3
ln

2

t

)
.

For the noise-free case when ε = 0 and C := Rn or Rn
+, we provide in the following corollary

a faster linear convergence rate than that in Theorem 4.1; i.e., ρ̄ ≤ ρ by (45) and (5). This
linear convergence theory will be further validated in numerical results in Section 5 that the
convergence is achieved within only a few number of iterations.

Corollary 4.4 (Faster linear convergence rate). Let C := Rn or Rn
+, x̄ ∈ M ∩ C be an exact

solution of b = Ax̄, and {xk} be generated by Algorithm 1 with stepsize µ ∈
(
0, 1

1−min(δs,∆S)

)
.

Suppose that (30) is satisfied, and write

ρ̄ :=
2
√
2(1− µ) +

√
2µ(δs +∆S)√

1− δ2s
. (45)

Then ρ̄ ∈ (0, 1), and there exists K ∈ N such that

∥xk − x̄∥ ≤ ρ̄∥xk−1 − x̄∥ for each k > K.

Proof. Note by assumptions and (9) that ε = 0, ek = 0 and ω = 0, and then Theorem 4.1 is
applicable to concluding that ρ < 1 and

∥xk − x̄∥ ≤ ρ∥xk−1 − x̄∥ for each k ∈ N.

This says that {xk} converges to x̄, and thus there exists K ∈ N such that supp(x̄) ⊆ supp(xk)
and G-supp(x̄) ⊆ G-supp(xk) for each k ≥ K. Otherwise, suppose that there exists i ∈ supp(x̄)\
supp(xk) or j ∈ G-supp(x̄) \G-supp(xk), and let ϵ := mini∈supp(x̄) |x̄i|. Then ∥xk − x̄∥ ≥ |x̄i| ≥ ϵ

or ∥xk − x̄∥ ≥ ∥x̄Gj
∥ ≥ ϵ, contradicting to the fact that {xk} converges to x̄.

Therefore, in view of Algorithm 1, {xk − x̄}k≥K must be (s, S)-mix sparse, that is xk − x̄ ∈
M,∀k ≥ K. Then, following a similar line to the proof of Theorem 4.1, and by the fact that
ε = 0, ek = 0 and ω = 0, we achieve that ∥xk − x̄∥ ≤ ρ̄∥xk−1 − x̄∥ for each k > K, where ρ̄ is
defined by (45). Moreover, it is easy to verify that ρ̄ > 0, and we have by the monotone property
(5) that ρ̄ ≤ ρ < 1.

5 Numerical Experiments

This section aims to illustrate the numerical performance of MixHTP for mix sparse optimiza-
tion problem (4), by comparing with several state-of-the-art algorithms on simulated data and
applying to enhanced indexation in portfolio selection with real data. All numerical experiments
are implemented in R (4.0.0) and performed on a personal desktop (Intel Core i5-8500, 3.00GHz,
8.00GB of RAM).
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5.1 Numerical Simulation

Simulated data are generated as follows. We first randomly generate an i.i.d. Gaussian ensemble
A ∈ Rm×n satisfying AA⊤ = I. For a mix sparse solution x̄ = (x̄⊤

G1
, · · · , x̄⊤

GN
)⊤ ∈ Rn with

N disjoint equisized groups (unless otherwise stated), we randomly select S groups of them as
active ones within each every component being an i.i.d. Gaussian ensemble. The observation b
is generated by

b = Ax̄+ σε,

where ε is a vector with each component drawn from the standard Gaussian distribution and σ is
the noise level to be specified. In the numerical experiments, the problem size is set as n = 1024
and m = 256, the number of groups N = 64, and the noise level σ = 0.001. Denote the group
size by n̄ := n

N = 16, and define γ the percentage of nonzero elements within each group, i.e.,

γ :=
s

n̄S
=

3

η
, (46)

where η := 3
s n̄S is the parameter defined in Corollary 4.3. In the implementation of MixHTP,

we select an initial point x0 = 0, the stopping criterion as ∥xk − xk−1∥ ≤ 10−8, parameter
r = 0 (unless otherwise indicated) and ω = 10−3 when 0 /∈ C. Two main criteria to measure the

performance of the solvers are the relative error RE = ∥x−x̄∥
∥x̄∥ and the successful recovery rate,

where the recovery is regarded as “success” if RE ≤ 0.02, and “failure” otherwise. The sparsity
level means s

n .
In numerical simulations, we consider problem (4) for the cases when C := Rn, Rn

+, B1, B2, S
and S ∩ Rn

+, respectively, where B1 := {x ∈ Rn : ∥x − a
n2/31∥3/2 ≤ a}, B2 := {x ∈ Rn :

∥x− a
n1/31∥3 ≤

√
2a} and S := {x ∈ Rn : 1⊤x = a}. The major computational cost of Algorithm

1 relies on the pursuit on C at line 9. Fortunately, line 9 is a low dimensional optimization problem
on an affine space {x ∈ Rn : supp(x) ⊆ Ξk} where Ξk := supp(zk) with the form as:

xk
Ξk := argmin

x∈C
∥AΞkx− b∥2. (47)

We solve the subproblems (47) mainly by R CVXR [20] package. Specifically, subproblem (47)
owns closed-form formula when C := Rn:

xk
Ξk = (A⊤

ΞkAΞk)−1A⊤
Ξkb.

Moreover, when C := S, subproblem (47) can be solved via Karush-Kuhn-Tucker (KKT) condi-
tion: [

2A⊤
ΞkAΞk 1
1⊤ 0

] [
xk
Ξk

λ

]
=

[
2A⊤

Ξkb
a

]
, (48)

where λ is the Lagrange multiplier.
The running time of line 9 in Algorithm 1 for different constraints C is illustrated in Fig. 1. It

is indicated that line 9 can be achieved easily within a quite short time except for the constraints
B1 and B2. However, with the higher sparsity level and the more complicate constraint, the
running time tends to increase.

5.1.1 Unconstrained case C := Rn

We carry out three experiments. The first experiment shows the convergence behavior of the
MixHTP with different stepsize µ when sparsity level is 10%. The average of RE of 200 random
trials along the number of iterations is shown in Fig. 2(a). It shows that the MixHTP converges

17



Figure 1: Running time of pursuit for different constraint C.

(a) Different µ (b) Different γ

Figure 2: Convergence behavior of MixHTP.

to the true solution and the stepsize µ = 5 has the best convergence performance; hence, we use
the stepsize µ = 5 in the following experiments. Fig. 2(b) also indicates that MixHTP converges
within only a few number of iterations for different γ’s.

The second experiment is to illustrate the sensitivity analysis of the MixHTP on intra-group
and inter-group sparsity by varying the ratio γ from 100% to 33% and for equisized and non-
equisized inter-group sparsity (The active groups are divided into two parts: half contain s/4
active entries, and the other half contain 3s/4 active entries). As shown in Fig. 3, the MixHTP
can achieve a high successful recovery rate for mix sparse optimization. It is also exhibited that
the successful recovery rate is higher when γ is larger. This is consistent with Corollary 4.3
because the larger the γ, the smaller the η in (46), and thus less sample is required to achieve
successful recovery; see (44).

The last experiment is implemented to compare the MixHTP with several state-of-the-art
solvers in structured sparse optimization. Noted that solution x̄ becomes a group sparse vector
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Figure 3: Sensitivity analysis of MixHTP for different γ.

Table 2: List of state-of-the-art algorithms for sparse learning.

Algorithm Problem to be solved Reference

Mix Hard Thresholding Pursuit (MixHTP) Problem (4) This paper

Mix Iterative Hard Thresholding (MixIHT) Problem (4) This paper

Group Hard Thresholding Pursuit (GroupHTP) Problem (2) [7]

Group Iterative Hard Thresholding (GroupIHT) Problem (2) [25]

Block Orthogonal Matching
Pursuit algorithm (BlockOMP)

Problem (2) [15]

Group Lasso (GLasso)
Problem (3)
when α = 0

[43]

Proximal Gradient Method with
Group Half thresholding (PGM-GHalf)

Lagrange variants
with ℓ2,1/2-norm

[23]

Sparse Group Lasso (SGLasso) Problem (3) [37]

when γ = 100%. The solvers can be divided into two types due to the concerned structures: (i)
group sparse solvers: GroupHTP [7], GroupIHT [25], BlockOMP [15], PGM-GSoft and PGM-
GHalf [23]; and (ii) mix sparse solvers: MixHTP, MixIHT1 (with r = 0 and r = 1) and SGLasso
[37]; see Table 2 for details. When solving the mix sparse optimization problem with different γ,
Fig. 4 shows that MixHTP (with r = 0) outperforms among these algorithms.

1MixIHT is an application of MixHTP by removing the pursuit step (i.e., line 9 in Algorithm 1), whose idea
is inspired from [8,25] and convergence theorem can be proved by following a line of analysis similar to Theorem
4.1.
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Figure 4: Sensitivity analysis of state-of-the-art sparse algorithms for different γ.

5.1.2 Convex constraint C

Fig. 5 shows the sensitivity analysis of MixHTP for problem (4) under different constraint
including C := Rn

+, B1, B2, S and S ∩Rn
+ (when a = 10). It is revealed that the MixHTP with

different C owns a higher successful recovery rate with larger γ, and constraint C := Rn
+ shows

a higher applicability to problem (4) than other constraints. Moreover, for the non-negative
constraint C := Rn

+, we compare MixHTP with GroupHTPC2, NNIRLS [28] and NNBOMP [32].
Fig. 6 indicates that the MixHTP has a high successful recovery rate and outperforms existing
non-negative group sparse solvers.

5.2 Application to sparse enhanced indexation

In financial market, investors can make the profit from the price difference of the i-th stock with
prices P i

t−1 at time t − 1 and P i
t at time t (i = 1, · · · , n). We consider the i-th stock’s rate of

return rit at time t to measure the profits with the form:

rit :=
P i
t − P i

t−1

P i
t−1

.

The main purpose for investors is to find a portfolio (a combination of stocks) that would be
possible to earn the profit in future based on history data. It is believed that the best portfolio
is the one who can earn the same profit as the market index (i.e., S&P500 index), for instance,
by replicating the performance of the index. The simple way to track the index is the portfolio
constructed by all constituents of index with the same proportion. However, the high transaction
cost and difficult practicability in real-life trading prompt investors to select a small number of
constituents to mimic the performance of index, which is known as sparse index tracking [4].
Denote the simple rate of return of index and n constituents in the past T days by

rI := [rI1, r
I
2, · · · , rIT ]⊤ ∈ RT ,

2GroupHTPC is implemented for group sparse optimization (2) under constraint C by removing the thresh-
olding operator H(x; s) in MixHTP.
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Figure 5: Sensitivity analysis of MixHTP for different constraint.

Figure 6: Sensitivity analysis of state-of-the-art group sparse algorithms for non-negative con-
straint when γ = 100%.

and
R := [r1; r2; · · · ; rn] ∈ RT×n,

respectively, where ri := [ri1, r
i
2, · · · , riT ]⊤ ∈ RT denotes the return of i-th constituent. Hence,

the sparse index tracking can be formulated under empirical tracking error through:

min
w

f(w) := ∥rI −Rw∥2, s.t. w ≥ 0,1⊤w = 1, ∥w∥0 ≤ s,
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Table 3: Performance evaluation criteria.

Criteria Formula

Cumulative Return (CRt)
∑t

i=1(1 +Ri)− 1

Annualized Excess Return (AER) (CRT+1
CRb

T+1
)

252
T − 1

Annualized Standard Deviation (ASD)
√

252
T

∑T
t=1(Rt − E(R))2

Annualized Excess Sharpe Ratio (AESR) AER / ASD

Worst Drawdown (WD) −min( CRT

maxt∈[0,T ] CRt
− 1)

Alpha and Beta in CAPM R = Alpha + Beta ×Rb

where w ∈ Rn is the weight of constituents in outcome portfolio, and s represents the maximal
number of selected constituents. This optimization problem and its variants are widely applied
to track the index and solved by different algorithms; see [2, 4, 36] and the references therein.

Beyond index tracking, enhanced indexation aims to construct a portfolio that not only
tracks but outperforms the index [11]. The excess return is typically defined as the portion of
the portfolio return that exceeds the return of the index, and formulated mathematically as [47]

ER :=
1

T
1⊤(Rw − rI),

and hence the enhanced indexation is the trade-off between tracking error and excess return
[2,47]. Following a similar idea that the excess return is controlled by a desired value from [11],
with budget and no-shorting constraints to mimic real-life trading, we consider the following
formulation for sparse enhanced indexation:

min
w

f(w), s.t. w ≥ 0,1⊤w = 1, ∥w∥0 ≤ s, ER ≥ α∗,

where α∗ denotes the minimal excess return of outcome portfolio.
The sector/industry information is now widely considered in portfolio management [14,35,41].

Inspired by the application to portfolio management with sector/industry information [14], we
use ℓ0 and ℓ2,0-norm to control the number of selected stocks and industries in outcome portfolio,
respectively. Finally, we formulate the constrained mix sparse enhanced indexation as follows:

min
w∈M∩C

f(w),

where C := {w ∈ Rn
+ : 1⊤w = 1, ER ≥ α∗}.

In numerical experiment, we consider S&P500 index with its constituents that unchanged
from 2015/01/02 to 2019/12/30. The daily price of the S&P500 dataset are downloaded from
Yahoo Finance. Based on the Global Industry Classification Standard (GICS) to measure the
group information, we collect the industry structure of constituents from Wikipedia3, specifically,
61 industries are involved for 380 constituents.

3https://en.wikipedia.org/wiki/List of S%26P 500 companies
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Table 4: Out-of-sample results.

MixHTP
(r = 0)

MixHTP
(r = 1)

GroupHTPC HTPC

α∗ 0.01%

AER 0.0229 0.0083 -0.0060 0.0112

ASD 0.1310 0.1311 0.1302 0.1307

AESR 0.1747 0.0633 -0.0458 0.0855

WD 0.1675 0.1767 0.1898 0.1750

Alpha(%) 0.0114 0.0055 -0.0001 0.0067

Beta 0.9445 0.9480 0.9444 0.9463

α∗ 0.03%

AER 0.0272 0.0286 0.0140 0.0176

ASD 0.1328 0.1320 0.1320 0.1317

AESR 0.2045 0.2163 0.1061 0.1339

WD 0.1754 0.1768 0.1904 0.1791

Alpha(%) 0.0125 0.0131 0.0073 0.0089

Beta 0.9581 0.9558 0.9585 0.9540

α∗ 0.05%

AER 0.0266 0.0342 0.0327 0.0171

ASD 0.1341 0.1340 0.1348 0.1342

AESR 0.1984 0.2555 0.2427 0.1274

WD 0.1897 0.1874 0.1958 0.1921

Alpha(%) 0.0122 0.0151 0.0139 0.0083

Beta 0.9612 0.9619 0.9747 0.9662

α∗ 0.07%

AER 0.0229 0.0525 0.0462 0.0248

ASD 0.1469 0.1413 0.1424 0.1405

AESR 0.1558 0.3718 0.3242 0.1763

WD 0.2320 0.2022 0.2093 0.2068

Alpha(%) 0.0107 0.0207 0.0175 0.0102

Beta 0.9770 0.9964 1.0154 0.9953

α∗ 0.1%

AER 0.0653 0.0715 0.0735 0.0571

ASD 0.1680 0.1606 0.1550 0.1654

AESR 0.3886 0.4453 0.4742 0.3454

WD 0.2211 0.2414 0.2352 0.2485

Alpha(%) 0.0210 0.0240 0.0256 0.0189

Beta 1.1228 1.0990 1.0737 1.1003
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The whole period contains 1256 daily return rates of the index and its constituents. We
regard the first 628 groups of return rates as in-sample dataset and the remained 628 groups
as out-of-sample dataset. Given a fixed desired excess return α∗, the portfolio is constructed in
in-sample dataset by training on first 70% dataset and testing on later 30% dataset with different
combinations of two tuning parameters: sparsity s (from 10 to 200) and group sparsity S (from
5 to 30). We select the optimal tuning parameters that minimized the tracking error f(w).

Given the portfolio return R := {R1,R2, . . . ,RT }, the expected return E(R) can be esti-
mated by the average of R. We denote the return of S&P500 and its cumulative return by Rb

and CRb. Next we consider the criteria listed in Table 3 to compare the performance of different
portfolios.

We compare the portfolio constructed by MixHTP with the one from GroupHTPC and
HTPC4. We list the out-of-sample results for a series of α∗ = 0.01%, 0.03%, 0.05%, 0.07%, 0.1%
in Table 4. The results demonstrate that MixHTP outperforms both GroupHTPC and HTPC
in the majority of scenarios, while GroupHTPC exhibits superior performance when α∗ = 0.1%.
Additionally, it is worth noting that the AER, AESR and Alpha of portfolios in out-of-sample
dataset tend to increase when considering a larger desired excess return α∗.

6 Conclusions

In this paper, by virtue of the mix structure and inspired by the idea of HTP, we proposed an
algorithm MixHTP for solving a constrained mix sparse optimization problem. This problem
includes constraints on inter-group sparsity, intra-group sparsity and a polyhedral constraint.
Under the RIP-type assumption, we established the linear convergence property of the MixHTP
to an approximate ground true solution. The MixHTP was then applied to compressive sensing
with simulated data and enhanced indexation with real data. Numerical results demonstrated
the outperformance of MixHTP and the superiority of mix sparse structure.
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