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Abstract. This paper is concerned with the random effect of the noise dispersion for the stochastic loga-
rithmic Schrédinger equation emerged from the optical fibre with dispersion management. The
well-posedness of the logarithmic Schrodinger equation with white noise dispersion is established via
the regularization energy approximation and a spatial scaling property. For the small noise case, the
effect of the noise dispersion is quantified by the proven large deviation principle under additional
regularity assumptions on the initial datum. As an application, we show that for the regularized
model, the exit from a neighborhood of the attractor of deterministic equation occurs on a suffi-
ciently large time scale. Furthermore, the exit time and exit point in the small noise case, as well
as the effect of large noise dispersion, is also discussed for the stochastic logarithmic Schrédinger
equation.

Key words. stochastic nonlinear Schrédinger equation, logarithmic nonlinearity, noise dispersion, large devia-
tion principle, exit problem

MSC codes. 35Q55, 35R60, 60H15, 60F10

DOI. 10.1137/23M1578619

1. Introduction. The stochastic nonlinear Schrodinger equation describes the propagation
of varying envelops of a wave packet in media with both weakly nonlinear and dispersive
responses [40], and has been applied in nonlinear optics, hydrodynamics, biology, crystals,
and Fermi—Pasta—Ulam chains of atoms. In nonlinear optics, the spantaneous emission noise
in the stochastic nonlinear Schrodinger equation appears since the amplifiers are placed along
the fiber line to compensate for the loss caused by the weak damping in the fiber [30]. Due to
the inherent uncertainty on the amplified signal and quantum considerations, amplification is
intrinsically associated with small noise [37]. In the context of crystal and Fermi—Pasta—Ulam
chains of atoms, the noise accounts for thermal effects.
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580 JIANBO CUI AND LIYING SUN

In this paper, we are interested in studying the random effect of the noise dispersion for
the following stochastic logarithmic Schrodinger equation (SLogSE):

(1.1) duc(t) = iveAu(t) o dB(t) + iXlog(|Ju(t)|*)uc(t)dt
+iV]u(t)]us(t)dt — pus(t)dt

emerged from the optical fibre with dispersion management [1, 2]. Here u€(0) = ug, A € R\{0}
shows the force of nonlinear interaction of the logarithmic potential, € > 0 characterizes the
intensity of noise dispersion, and p > 0 is the weak damping coefficient over long distances.
The Laplacian operator is defined on R, V[-] represents a nonlocal interaction defined by
Viu)(y) = [z V(y—a)|u(z)[*dz for some function V, B() is the standard Brownian motion on
a complete probability space (€2, F,{F:}+>0,P), and the symbol “o” means that the stochastic
integral is understood in the Stratonovich sense.

In the last two decades, there have been fruitful results and studies on stochastic nonlinear
Schrédinger equations with polynomial and smooth nonlinearities driven by random forces.
For instance, results on the well-posedness and the effect of a noise on the blow-up phenomenon
have been proved in [3, 8, 18, 22, 23, 24, 39] and references therein. Due to the loss of analytical
expression of the solution, several numerical methods have been designed to simulate the
behaviors of stochastic nonlinear Schrodinger equations, such as in [7, 11, 14, 15, 17, 26], just
to name a few. Recently, more and more attention has been paid on stochastic nonlinear
Schrodinger equations with random dispersion emerged from dispersion management (see,
e.g., [25, 28, 31, 36, 38]). In [25], it has been shown that the stochastic nonlinear Schrédinger
equation with white noise dispersion is the limit of a nonlinear Schrodinger equation with
a scaling sequence of real-valued stationary random processes. Many researches are also
devoted to its numerical study (see, e.g., [4, 6, 13, 16, 38]). In contrast, less is known on the
effect of white noise dispersion on stochastic nonlinear Schrédinger equations with logarithmic
nonlinearities, which is one motivation of this current study.

In the determinstic case, it is known that the logarithmic nonlinearity makes the logarith-
mic Schrédinger equation,

(1.2) dru(t) = iAu(t) + iXlog(|u(t)[*)u(t),

unique among many nonlinear wave equations. This equation has played an important role
since the seminal article [5], followed by the first mathematical work [10]. Recently, it has
been shown in [9] that when A < 0, the modulus of the solution converges to a universal
Gaussian profile by scaling in space via the dispersion rate. The idea of scaling in space
and time plays an important role in studying (1.2). Inspired by such idea, one may formally
define e Oy (¢, 1(t)x) = u(t,x) for = € R¢ and some positive (or negative) and continuously
differentiable function I(-). Then it follows that

%e—i“t)lm\"’v(t, 1(t)x) | |
= o (t,1(t)x)e YOE L[Vt 1(8)x) - we MO —5i(1) |z 2e MOy (1, 1(4)x)

= iA (e HORE Y (¢, 1(t)2)) + ixlog(|o(t, 1(t)x) [} v (t, [(t)z)e 1O,
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Direct calculations yield that v satisfies

(1.3) o (t,z) =i(1(t))?Av(t, :U) + i)\log(\v(t,'x)\Q)v(t, x)
+ (412 = 1(t))Vv -z + (1)|z]* —1431(t))% x| + 2di(t))v(t, ).

Thus, under suitable conditions on [(t), the properties of (1.2) can be transformed into those
of (1.3) with the dispersion /2(¢) via the above scaling technique. Unfortunately, this approach
fails for studying (1.1) since eB(t) # (I(t))? for any I(t).

Since (1.1) involves a logarithmic nonlinearity, the techniques in [25, 28] cannot be used
directly to show its well-posedness. To deal with the singularity caused by the possible vacuum
of logarithmic nonlinearity, we will exploit the idea and functional setting in [9, 20] where the
regularized approximation is used. Moreover, in section 2 we present several subtle estimates
on the uniform bound of the regularized approximations such that the global well-posedness
of (1.1) could be established under certain assumptions on V. We also find an interesting
scaling result in space for (1.1) and its regularization approximation. More precisely, denote
the solution u°(t,-) of the following regularized SlogSE:

(1.4) dud (t) = iAu (t) o \/edB(t) + iAfs(|u® (£)|?)usd (t)dt
+ iV [u® (6)]u (£)dt — pus (t)dt

with u%(0) = ug. Here

5 2
(15) follol?)i=tog (1705 )

is an approximation of the logarithmic function log(|z|?),z € R? with § > 0. For convenience,
we also denote fo(-) = log(-) and uS® = u. Then defining v (¢, esz) := u%(t,x), v® should
satisfy
(1.6) dvd(t) =1Av° (t) o dB(t) + irf5(|0° (¢)|*)0° (t)dt

+ iV [0 (1)) (t)dt — o (t)dt,

where v°(0,2) = uo(efi:c). It can be seen that (1.4) is equivalent to (1.6) up to a scaling in
space. As a by-product, we can have the following scaling properties, i.e., for a >0,

8, Mz = 08t () oz = 10" 2.z
V60, = V0 (1 ()t = V00 8,

for any u(t) € L2 " H' and t > 0. Here | - | is the standard L?-norm, HS,s > 0, is the
standard Sobolev space and the weighted Sobolev space L2, a >0, is defined by

L2 :={ze L?|lz— (1+|z[*) 2 2(z) € L}
with the norm ||z|[zz :== [[(1+]-|?)% 2||.

Another motivation of this work lies on the study of the random effect of the noise disper-
sion for stochastic nonlinear Schrédinger equations. In the small noise case, the large deviation
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582 JIANBO CUI AND LIYING SUN

principle (LDP) of stochastic nonlinear Schrédinger equations with polynomial nonlinearities
driven by additive and multiplicative noises have been addressed in [33, 34]. Then the LDP
are applied to studying the asymptotic of the time jitter in soliton transmission in [27] and
to quantifying the exit time and exit points for the exit problem from a basin of attractor for
weakly damped stochastic nonlinear Schrédinger equations in [35]. When the LDP holds, the
first order of the probability of rare event is that of Boltzmann theory and the square of the
amplitude of the small noise acts as the temperature. The rate functional of LDP generally
characterizes the transition between two states and the exit from the basin of attractor of
the deterministic system, which is also related to minimum action paths. However, it is still
unclear what are the asymptotic behaviors and LDP of (1.1) due to the singularity on the
possible vacuum.

Thanks to the established well-posedness result of (1.1) and its regularization approxima-
tion (1.4), we are able to partially answer the LDP problem of (1.1). By imposing additional
regularity on the initial datum, in section 3 we derive the LDP and its rate functional for
the regularization approximation of (1.1), and then pass to the limit to prove the LDP of the
original system via the strong convergence property and Varadhan’s contraction principle (see,
e.g., [12]). As an application, in section 4, we use the LDP to study the exit problem from a
neighborhood of an asymptotically stable equilibrium point for the regularized equation (1.4)
(or, equivalently, (1.6)), and prove that on an exponentially large time scale, the exit from the
domains of attraction for (1.4) occurs due to large fluctuations. We would like to remark that
it is still hard to establish the LDP and quantify the exit problem for (1.1) directly when the
considered support is C([0,T]; HNL2). In section 5, we give further discussions on the related
topics, including giving a rough result on the exiting points for (1.1), proving an exponential
estimate on a special rare event, and presenting the effect of the large dispersion, which may
help understand the dynamics of (1.1). Several numerical tests are presented in section 6.

2. Logarithmic Schrédinger equation with random dispersion. The rigorous derivation
of (1.1) can be understood in the way of [25, 38], once the well-posedness of (1.1) is established.
Namely, (1.1) can be viewed as the limit of the following Schrédinger equation as o — 0:

d 1

d—j = igm <02> Az +iV[z]z +iXlog(|2)?)z — pz,
under suitable conditions on the centered stationary random process m(-). Thus, (1.1) also
belongs to the category of stochastic Wasserstein Hamiltonian flows in the sense of [19]. Recall
that the mild solution of (1.4) is defined by a stochastic process u®? satisfying

t
uO(0) =8 (600 + | iAS ) u (1))
0
t t
—I—i/o S\ﬁB(t,r)(V([ug’(s(r)])ue"s(r))dr—/0 uSﬁB(t,r)u“s(r)dr, a.s.
Here S zp(t,7) = IAVEBM=B)  where 0 < r < t. Due to B(0)=0, we denote S ep(t) ==
S /ep(t,0). To prove the well-posedness of (1.1), thanks to the spatial scaling technique, our

idea is to study the regularization approximation (1.6) at first and then to pass to the limit
on 4.
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Throughout this paper, we assume that V € Cg”(JRd), for some m € N* | i.e., the function
space whose element is bounded, and has m continuous and bounded derivatives. We use C'
to denote various constants which may change from line to line. Due to the Leibniz rule and
integration by parts, similar to [6], one can verify that the mapping iV[(:)](-) satisfies, for
v,he H* k=0,1,

(2.1) 11V [o]o]| e < Ok, V)l[v )1 [[0]] v

(2.2) 10,V [v]v) - Bl < C(k, V) (ol lIRll e + [0l [l 0]l 7).
Thanks to the definition (1.5) of f5, [20, Lemma 1] yields that for v,w € L?,
(2.3) INf5([vl*)oll < [Al[log(8)] ][],

(2.4) [(Nifs(Jo?)v = Nifs(Jwl*)w, v — w)| <4|A[]|lv = w]]?,

(2.5) INf5([vl*)o = Xifs (Jw])w]| < [X[(11og(8)] +2)[lv — w].

Here the complex inner product is defined by (w, z) := Re [, w(x)z(x)dz. We suppose that
the deterministic initial value ug € L2 N H! for a € [O 1]. For convenience, we denote LP :=
LP(R4C) and H = L.

In the following, we will frequently use the weighted Sobolev embedding inequality (see
[20, Lemma 6)), i.e., for d € Nt ne (0,1), and a > 2?—27], it holds that

dn
(2.6) el F Dzt e L,

and the Gagliardo—Nirenberg interpolation inequality, i.e., for ' > 0 and d € N such that
€ (0,1),

2+27]
(2.7) |2l s < Cllal= 757 [ V2|57, 2 € L2727 0 HY.

Now we are in a position to present the well-posedness result of (1.4). To apply the It
formula rigorously, one needs to use suitable approximation procedures as in [20]. Here we
omit these tedious and standard arguments. Recall that u¢ =u° denotes the solution of the
original problem.

)

Theorem 1. Let T >0, 6 > 0 and « € [0,1]. There exists a unique mild solution u° €

C([0,T);H), a.s., of (1.4) satisfying for any p > 2,

(2.8) E | sup [u(t)ll}

te[0,7

< (T2 1,2 ol (ol + ol )

E| Hue"s(t)!!ig]

)

Proof. Since v‘s(t,ﬁi:r) = uS%(t,x), it suffices to prove the well-posedness of (1.6). The
proof combines the following three steps.

Step 1. We first prove the well-posedness of (1.6) for any fixed § > 0. Since V € C{f‘(Rd)
for some m > 1 and fs is Lipschitz (2.5) when § > 0, one can use the procedures in
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[20, section 2] and [25] to give the well-posedness of (1.6). Let us briefly introduce these
standard procedures. By [25, Proposition 3.1], we have the unitary property of S,p(t,r), i.e.,

(2.9) 1SkB(t,7)2llHe = |2]

for any k € R, z € H® and s > 0. Besides, (2.1)—(2.2) yield the local Lipschitz property of
V[](+), i.e., for v,w € H,

(2.10) IV[e]z = Viwlwll < C(l2l + [[wll*)]|z — w].

HS

Then by constructing a mapping I': H — C([0, 7]; H) defined as
t
D(w)(t) = Sa(t.0)w+ [ AS(t,)fs(D(w)(r)dr
0

+i /0 Sp(t,r)VIL(w)(r)]L(w)(r)dr — /0 uSp(t,r)I(w)(r)dr,

where t € [0,7],7 > 0, to be determined later. Thanks to (2.9) with x =1, (2.10), and (2.5), the
contraction mapping principle yields that there exists a local mild solution of (1.6) satisfying

W (t) = Sp(t,0)v(0) —I—/ iNSp(t,r) f5 (v (r)dr
0

: ! 6 13 ! é
+1/0 Sp(t,r)Vv(r)]v (r)dr—/o wSp(t,r)v°(r)dr, a.s.,

where t € [0, 7] for some small 7 > 0 only depending on [|v(0,-)|| = ||u(0, = )]|, A, 1, and |log(d)|.
€4

To extend the local solution to be the global one in [0,7] for any T > 0, we need a priori

H-estimate. From the It6 formula and the chain rule it follows that for any ¢ >0

(2.11) W’ @)l = e [’ (O)]], as.

Thus, one can construct a global mild solution of (1.6) thanks to (2.11). To see the uniqueness
of the solution, assume that v(-),7°(-) are two different solutions of (1.6). By applying the
chain rule to study the evolution of |[v°(t) — °(t)||? as in [20], and using (2.10), (2.4), and
(2.11), the uniqueness of the solution follows. To sum up, for a fixed § > 0, there exists a
unique global solution v° € LP(Q;C([0,T); H)) for T >0 and p>1.

Step 2. In order to study the well-posedness for the case of § =0, we consider the moment
estimates under the H'-norm and the weighted Sobolev L2-norm with a € [0, 1]. Notice that

ovy 2 20z

for x € R and § > 0. By the It6 formula and integration by parts, it holds that
1
(2.12) d§\|Vv5(t)H2
= — (1A’ (1), Av® () o dB(t) + (Nifs(|v° (£)|2) VO (1), Voo (t))dt
)

. (Re(T (1) Vo (¢)) SRe (T (1) Vi (¢))
+2<)\1< EIOLER; 0o (t) — ST ué(t)>,vv5(t)>dt
+ GV ([° ()]) VO (t), Voo (£))dt + GVV ([v° (£)])v° (), Voo (£))dt — || Voo () ]| ?dt.
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Using the skew-symmetric property of the complex inner product, the first two terms in (2.12)
are zeros. Then applying Holder’s inequality, the fact that V' € C;”* for some m > 1 and that

li;jl 5 <2and ;ﬂlﬂrl <2, as well as Young’s inequality, we achieve that

1
a5 Vel (1)

(5t 2 ’U(S t 2
<2 s T VO
+ O POIRITEOIR + 10 T Ol dt - [ T (1) 2at
<2 [V 1)t + O o () CITE D)2 + LI O]t — 2 1) P,

where Cy only depends on V. By Gronwall’s inequality and using (2.11), we obtain that

1908 (0)2 < oxp ( [+ scul @12 - 2u)d5> O
+ [ e ( [ @n+acrl o) - 2u)dr) Oy [[o°(5)]Pds
\|v5<o>||2) O

6_2

1— et
< exp (<4|A| REMIEE e
i

! 5 g€ 2Hs — et —2 P 2
+/ exp ((4I/\—2M)(t—8)+30v||v 0)]] 2#) Cye “*[|v°(0)(|ds
0
1—e 20 5 S 112
(2.13) <exp | (4]Al —2u)t+30\/72u [[0°(0)[|7 ) [IVv°(0)]]

— 4|\t

1\ 1—e
+exp ((4!>\! —2u)t + 3Cv|!vé(0)\lzﬂ> Cy[[0°(0)]>.

4[|

Thus, by taking supremum over [0,7] and taking pth moment, we conclude that there exists
C(V, A\, u, T, ||ug||) > 0 such that

e14) B [ sup [Vt )!\2”] <exp (COVA T Juolp) (Vo O + 10 )
t€[0,T

By applying the It6’s formula to the weighted Sobolev norm, thanks to the fact that
(ifs(v®)v®, (14 |z|>)*v?) =0, we have that

(2.15) d%Hv‘s(t)H%g = (iA0° (1), (1 + [2[*)*0° (£))dB(t) - %<(1 + )0 (8), A% (1)) dt

+ %((1 + |27 A0 (1), Av’ (8))dt — pl|o’ (8) 7 dt.

To proceed, recall that Au = Zl 102w and Au= Z” 102, 8% u. By using integration by
parts formula,
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d
S+ =) Z 03,03 Z(aij[<1+\xl2)“u],8§iu>
i,j=1 ,J’=1
1 d d
=3 D {0+ ) 20m, 2 u) = > (14 |2)* " 2000, u, 07, u)
1,7=1 ',j 1

\
DO | =
=

(1 +2]?)?02 u, 02 u 722 (o — )| [P (1 + |x]*)*u, 02 u).

1 i,j=1

1’7J

Note that the third term —3 ijl((l + \x|2)a8§ju, 92 u) in the above equality will be elimi-

nated due to the third term in (2.15). The other terms will be bounded by using integration
by parts, (2.11) and (2.14). For the first term and last term, using integration by parts once

and (1+ |z|?)7|z|¢ < C¢ for ¢ €]0,2], as well as Young’s inequality, we have that

d
1 _
—5 2+ (2 200,02 u) -2 E ol = 1)z * (L + [2*)* %, 07 u)
ij=1 ij=1

2 2
< C([[Vaul|” + [[ul]*).
Furthermore, by using integration by parts recurrently, for j # ¢, it holds that

—2((1+|x! ) 2020, u, 02, u)

— (D, u, (14 |2)) 12005, u + (1 + |z|*)*22(a — 1)2az;u)
<8xlu (1+|z[*)*22(a — 1)2ax]28xiu>
— (D, u, (14 |z2)*32(a — 2)2(a — 1)2ax2-xiu>

+ <8wju (1+|2*)* 22(a — 1)20w2 0y, )

+ (0, u, (14 |2[2)*32(a — 2)2(a — 1)2amz j25u)

+ <3 u, (14 [2]*)*7%2(a - 1)202;u)

+ (1 +[2]*)*?2(a — 1)2;20205 1, O, ).

Thanks to (1 + |z|?)~}z|¢ < C¢ for ¢ €[0,2], it follows that for j # 1,

(2.16) (1 + |2 %) 2000, u, 07 u)| < C(10w,ull* + ul® + 10, ul]*)-

Similarly, one can verify (2.16) for j7 = i. By the Burkholder-Davis-Gundy inequality and
Gronwall’s inequality, as well as (2.11), (2.14), and (2.16), we obtain that

(2.17) E

sup |rv5<t>ui';] <exp (VA T, o)) (110° O)F: + 10 ()73 )-

te[0,7

The estimates (2.14) and (2.17) lead to (2.8) for 6 > 0 by the spatial scaling property, i.e.,
1w (£, )l = [lus (¢, =)l and |V (£, )| = €% [ Vu (£, =)
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Step 3. We show that the limit of v° as § — 0 is the unique mild solution of (1.1). Notice

1
that v9(0,2) = ug(e 3x) is independent of §. We take arbitrary small positive parameters

61,62 > 0 such that & > 5. Then considering the evolution of %|lv® (t) — v%(t)||?, it holds
that

Sl () )P

= L% (0) - o= ()2 + /0 (0% (5) — 0% (), iA (0" () = v%(5))) 0 dB(s)

2
+ /;@61(5) — 0% (5), Aifs, (J0” () 2)o™ () = Aif, (0% (5)*)0™ () ds
+ /Ot<1151(8) — 0% (5),iV[v" (5)]0” (5) =1V [0 (5)]0" (s))ds
- [l ) o as
= 0% (0) ~ 0 )P + 1u(t) + Io(t) + Ty(t) + Fa(t).

Since B(-) is independent of the spatial variable, it follows that I; = 0. The property of the
logarithmic function and (2.4) yield that

()] < COx / 0% (s) — v (s)|%ds
)

/ (0% (5) = 0% (5),iIA(f5, (107 (5)*) = fo. ([0 (5)*))0™ (s)) |ds

/ 0% (s) — 0% (s) s

N / / [0 (5) — 0% (5)] [ Log(81 + [0 (5)[2) — log(8a + |17 (s)[2)[|o® (5)]dzdls
N / / [0 (5) — 072 (3)][Tog(1 + 81 v (5)[2) — Tog(1 + Salv® (5)]2)[o% (5)|dds
/ 0% (5) — v (s) |2ds
51 — o 7(51 — 02) 022 (s)|dzds
+\A|//|v >|1g(1+52+‘v5(8)‘2)| (5)dzd
) (61 — 62)|v% |2 ,
+w/ / [0 (5) — v7(s) | log <1+HMW>\UJ (s)|dads
/ % (5) — 0% (5)|%ds + Tt + Toa.

Applying Young’s inequality, using the fact that for any 6 > 0, log(1+|z|?) < C(0)|z|?? for all
z €R, (2.6) and (2.7), it follows that for n € [0, 2a+d), 5 +2 €1[0,1), and a € (0,1],
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Iy + 122 < /Otcp\mvél(s) — v (s)[Pds + /OtC|)\|5?||v52(5)||2m2gnd5
+[mwmw@@m®
S/OtCWHv‘”(s)—v52(3>Hst+/Otcamuﬁa(s)uz%”v%(s)H?2ni’?ds
+ [ OB T s
Using (2.2) yields that

[I3(t)| = C(m, V)/O (1o* () + [’ ()[*) [0 (5) = v*= (5)|[*ds,

which, together with the mass evolution law (2.11), implies that

t
[I3()] < C(m, V)(1 + Huo\z)/o [0’ (s) — 0% (s)||ds.
Based on the estimates of I1-Is and using Gronwall’s inequality, we have

(2.18) 0% = 0% || 2o e oy < CVIN T, p, s ol (57 +6,7).

Thus for any d,, — 0, {v°"},, forms a Cauchy sequence in L?(;C([0,T]; H)). Then standard
arguments as in [20, section 4] show that there exists a unique limit of the Cauchy sequence
v? as § — 0, which is also the mild solution of (1.6) with § = 0. By the spatial scaling property
between v° and u® and using Fatou’s lemma, we get (2.8) for 6 — 0 and complete the
proof. |

Remark 1. Let us emphasize several aspects on Theorem 1.

e From (2.13), by imposing some additional assumptions on the damping coefficient
1, one may expect the uniform estimate over the time interval. For instance, if, in
addition, we assume that 2|\| < u, the upper bound of E[||Vv®(¢)||?] is uniform w.r.t.
the time variable t. More precisely, using the scaling property and (2.13), one can
derive that

c 1
swmwﬂwmgw@@2wwﬂww
>0 1

1 1 1
+ exp <3CV UuQ |2> —Cyez||ug 2,
ol DY [[uoll

As a by-product, the upper bound of E[|[v°(¢)||2.] is also independent of the time
variable t. :

e To verify the limit v* := lims_,ov® is the mild solution of the original problem, one
could use the arguments in the proof (Step 2) of [20, Theorem 1]. More precisely, we
need to apply the convergence rate result (2.18) to verify that as 6 — 0,
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/ iASp(t, ) f5(|0°(r))?)e (r)dr — / iASg(t,r) fo(|v* (r)[2)v* (r)dr — 0,
0 0

t t
i / S, ) Vo ()] (r)dr — i / St r)Vv* (7)™ (r)dr — 0,
0 0

as well as fot wSp(t,r)vd(r)dr — fot uSp(t,r)v*(r)dr — 0. To derive the a priori bound
on v*, by using the strong convergence property of v°, (2.14), (2.17), as well as the
arguments in the proof (Step 2) of [20, Theorem 1], one has that

(2.19) E[llv*(6)I7] + Ello* ()1 7]
< supE[[o”(8) ] + sup Elllo” (4)I 3]

< exp (C(V, 1, T luo ) (110° )13, + 1° )13 ).

e By an interpolation argument as in [20], one can also prove that for any &, — 0, {v°},,
forms a Cauchy sequence in L?(€2;C([0,T]; L2, )) N L?P(€;C([0, T); H®)) with s € (0,1)
and aq € (0, ).

3. Large deviation principle. It is known that the large deviation principle (LDP) char-
acterizes the limiting behavior as € — 0 of a family of random variables {X}¢~¢ and can be
regarded as an extension or refinement of the law of large numbers and central limit theorem.
The prototype for large deviations result deals with the “rough” logarithmic asymptotics of
the probability P(X€ € A) where A € B is open or closed. More precisely, we say { X}~ on
a topological space (X, B) with B being the completed Borel o-field satisfies the LDP with a
rate function [ if for any closed set F' C X, the upper bound holds

limsupelogP(X° € F') < — inf I(y),
e—0 yeF

and if for any open set G C X, the lower bound holds

liminflog P(X* > — inf I(y).
iminflog P(X® € G) = [nf, (y)

For more equivalent definitions of LDP, we refer to [29, Chapter 1]. Thanks to Schilder’s
theorem (see, e.g., [29, Chapter 5]), it is known that \/eB(-) satisfies the LDP with a good
rate functional

llgll3
IW(g): %7 geHp,
+oo, g¢Hp,

where Hp is the Cameron—Martin space of the standard Brownian motion defined by {g €

Wh2([0,T);R) | g(0) = 0} equipped with the norm ||g||3;, := \/foT |h|2dt, where h = g. Define
Lin is as the solution operator of the skeleton equation,
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L3 (9)(t) = S, (t)uo + /0 Syt )M (L5, (9) ()P LS, (9)(s)dls
t t
+ / St $)VILS, () ()]LY (9)(s)ds — / S, (t, )13, (9)(s)ds
0 0

with S,(t,s) = exp(iA(g(t) — g(s))). For simplicity, we also denote X1 = L2 N H! equipped
with the norm || ||x1.0 := \/|| |2, + | - |%:. For the considered models, we have the following
LDP result.

Proposition 1. Let T >0, 6 >0, and o € [0,1]. The family {u}c~o satisfies an LDP with
a good rate function

1
I57(z)== inf 2 zeC([0,T);H).
) (2) 2Lgo(g):z||g”""“° ([0, T]; H)

Namely, for every a,p, K,y positive,
(1) there exists eg >0 such that for every e € (0,€) and ||ug||x1.- < p and a € (0,al,

U (77 6 — KR
P(dC([O,T];H) ('UF‘SJCT (a)) > ’Y) < exp ( — . );

(ii) there exists €9 >0 such that for every e € (0,€p) and ||ug||xro <p and w e K%O’é(a),

75T

uy (W) —/-c>'

B = wlleqorsen <7) > exp (- ===

Here K5 (a) = (1)) 1((0,a)), ice.,

T
Kipa) = {yeC@O.TLm) |y= i, (0).5 [ Pdr<ah=3},
Proof. For the case that § > 0, by the contraction principle, it suffices to prove the
continuity of Lio, which is obtain in Lemma 1.
Notice that u®? is proven to be an exponentially good approximation of «° in Lemma 2.
By [29, Theorem 4.2.23], to verify that 137 is the good rate function for (1.4) with 6 =0, it
suffices to show that

(3.1) lim sup ||L) (9)— L, (9)| =0
020 {g:llgllsp<r}

for every positive R < 4+00. Since g € Hp, by similar arguments as in the proof of Theorem 1,
thanks to the isometry property of Sy(t,s) for any ¢,s > 0, it is not hard to show that there
exists a unique solution for
dLy, (9)(t) = 1AL, (9)(8)dg(t) +INf5(1L3, (9)(D)[*) Ly, (9) (t)dt
FAVIES, ()DL, (9)()dt — uI, (g) (1),
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satisfying
(3.2) ILS, (@) (Ol = e [luoll, IVLS, (9) (B < C(VA T, )| Vol
(3.3) I1L8,(9) )l < C(VAT, 1) ([[uoll 2 + luoll 2 lgllw 2 (o,1:m))-

The properties (2.2) and (2.4) yield that

dHL‘S (9)(t) = Ly, (9) (D]
CI(F5(1 L, (9) (D)) La, (9) (1) = og(|Ly, (9) (1)) Lu, (9) (1) ]| *dt

+C(V A1) (1 + (1L, (9) DN + L5, (9) (D)) Ly, (9) (1) — Lu, (9) ()|t

Using the fact that for any > 0, log(1 + |z|?) < C(0)|z|? for all z € R, we get

15 [2)ur — log(Jua [2)ua
(5 2

écowmu+&mﬁwm?+l%(1+w2)m )
1

<O ur|Z1F2 + C(n)d"|us |37,

L2n'+2

According to (2.7) and (2.6), it follows that for n € [0, 2a+d)’ 2?7 +2 €[0,1), and a € (0, 1],

(3.4) I1(f5(Jul*)ur —log(|ur[*))yu||?

’ dn 90y dn / ’ _ ’
< O848 ) (| g lun 272775 A g | 7|V 272747,

591

where u; € L2 N H!. Combining the above estimates with (3.4) in the proof of Lemma 2, (3.1)

follows.

Now we present the continuity result of L;, such that the contraction principle is applicable

in the case that § > 0.

Lemma 1. Let T > 0,0 >0, a€[0,1], and g € Hp. The operator Lio s continuous from

Co([0, TT;R) to C([0,T]; H).

Proof. For any g1,g92 € Hp, using the mild formulations of Lfm (91) and Lgo (g2), it holds

that
123, (90)(6) = L3, (92) ()| < 1S, (8)u0 — Syt
+ £@¢@—%mm@mmeoﬂ@wm>u%mmnm

+—A%ﬂ@—%@WWMMMﬂ%@WW

| [ S22 ()P (00)(9) = S () () LS, (92) 0

+ uLh, (92)(s) = pLb, (91)(s) ) s

| [ St (VI 0 L (0006~ VIEE () 9IS (o219 |
0
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On the one hand, for any ug € H!, by Fourier’s transformation, it holds that for |g; —
g2lleqomm) — 0,
[[(Sg (8) = Sg, (£))uoll = [[( = Sgo—g, (1)) ol < Clluol|rr]g2(t) — g1()[= — 0.

As a consequence, by (3.2)—(3.3), (2.1), and (2.3), we have that for |[g1 — gallc(jo,r;r) — 0

| [ 0025 = 500D (UL ) P 2 a1)5) - L a9

| [ 6009 = St DV IEE () ) )61
< €O [ 1684009 = S5ty (VI (1) G, (00) ) i
AL, (o) VA, (905 + 12, (1) () ) s
< TV 08011+ uol?) [ 10a() = 01(5) = 2(0) + 915 s — .
Making use of properties (2.2) and (2.5), it follows that
| [t 0 (1, 000 0 L )(6) = (1, (020 )P (05

+ uLh, (92)(s) = LS (91)(s) ) ds

+ H /ot Su (¢, s)i(V[Lfm (91)()ILS, (91)(5) — VLS, (g2)(s)]LS, (92)(3)>d3

<OV A, [1og(9)], T, ) (1 + HU0||2)/0 1L, (91)(5) = L2, (92)(s) | ds.

Then Gronwall’s inequality yields that

125, (91) = L, (92)lleo, ;)
<OV, [og(8)], T, ) (1 + [luol®) (1 + lluoll ) |91 = g2leqo,mm),

which completes the proof. |

Note that if one can prove the continuity of Lgo when § =0, then the contraction principle
directly yields the LDP of u¢ (recall that u¢ = u"). However, there is a technical issue in
controlling the some terms involving with fy in the proof of Lemma 1. For example, we only
have Hf(;(]L(SuO (gl)IQ)LZO (g1)]|m < C(1+] log(é)\)HLio (91)]|m instead of a uniform bound w.r.t.
5. Next, we show that u©% is an exponentially good approximation of u¢ to prove its LDP

when § = 0.

Lemma 2. Let T >0, 6 >0, and a € [0,1]. The sequence {u’}s~q is an exponentially
good approximation of ut, i.e., for any 61 > 0,

lim limsupelogIP’(HuE"s — ule(jo,m;H) > 61) = —00.
=0 =0 Y
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Proof. We prove that u®® is an exponentially good approximation of u¢ by the strong
convergence property under the LP(Q2)-norm. By the chain rule, the properties (2.4) and
(2.2), it holds that

dflus () —u (1))

= 2(IA(u (t) — u(t)),u’ (t) — us(t)) o dB(t)
+ 20 (f5([u (1)) |
+ 20V (0)]u () = V[u ()] (1)), u (1) — u(t))dt
= 2p[u(8) —u (1)

< O fo(u (6)P)us(t) —log(uc(t)[?))u (1) || *dt
+ OV, ) (14 [[u (@) + [lu () ]%) [ () — u(8)]*dt.

By using (3.4) and Gronwall’s inequality, we get that

u?(8) = u (1) < CCAM DT (G 1 57) (14 g P77 + |7 )

[}
IS
o
3
—~
~~
S~—
—
o
OS]
~~
IS
3
—
o~
S~—
[\
IS
3
—
o~
S~—
S~—
s 8,
(=%
~—~
~
S~—
N
o)
~—~
~~
SN—
Nt
(oW
o~

T dn ’ A
x /O (e (®) 175 + 9 (8) 2727 )at.

Then according to (2.19) and a scaling argument, applying Chebyshev’s inequality, it holds
that

elog P([[u"* — e jo,r1;) = 61)

< flOgP(HUE’é - USHCQ([(LT];H) > ‘5;)
CONT o) B | (O + 17 @7+ )de) | gmoste)
<elog T
of

5 max(nan)
SCI(V: )‘7Tﬂu7u0) + log 57 .
1

Then letting 6 — 0, we have completed the proof for the exponentially good approximation
property. |

Remark 2. From the above analysis, it can be seen that the strongly convergent ap-
proximation with explicit convergence rate and finite moment bounds under LP({2)-norm for
sufficiently large p > 1 is also an exponentially good approximation for a stochastic (partial)
differential equation. By a classical approach in [29, Chapter 5], one could also prove the uni-
form LDP for (1.4) with § > 0, for any compact set K C L2 N H', for any A € B(C([0,T); H)),

3.5 ~ inf 197 (w) <liminfelog inf P(ufe A
(35) o ety o (W) < Bt clos R F 4
<limsupelog sup P(u‘€ A) <—  inf IS’OT(U’)-

e—0 upeK wEAugEK

In the following, we present a useful LDP result of (1.4) with 6 > 0 when the domain of
I3 is considered on C([0,77; X!), whose proof is in the appendix. For any a > 0, now we
denote K1 (a) = (I21)~1([0,a]), i.e.,
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u 1 (T ,
K3 () = {y € ([0, T &)y = 5, (9), 2/0 b2t < a,h =g},

Theorem 2. Let 6 > 0,7 >0, ug € X5, and d < 2. For every a,p, s,y positive,
(i) there exists eg >0 such that for every e € (0,€p) and ||ug||x12 < p and a € (0,al,

o (~ a— K\
B(dg(o,ryen) (w0, K (@) > 7) <exp (= =)

(ii) there exists €9 >0 such that for every e € (0,€p) and ||ug|lx1r < p and w € K%"’(S(a),

6T

Ly (w) — Ii>‘

P([[u™ = wlleo renny <7) > exp (= =

The assumption d < 2 is technical for deriving a priori estimates in the Sobolev space of
higher order. It should be remarked that our current approach does not give the LDP result
of Theorem 2 in C([0,T7]; X71) for the case § =0 due to the strong singularity of the logarithmic
nonlinearity in the Sobolev space of higher order. For further discussion, we refer to section 5.

4. Application: Exit from a basin of attraction. This section is devoted to the first exit
time from a neighborhood of an asymptotically stable equilibrium point for (1.4) with § >0
and p > 0. We refer to [29, 32] for more backgrounds for the exit problems and its connection
to LDP. In the following, we assume that V' =0 for the following reasons. One main reason
is that several computations can be simplified according to this assumption. For instance, in
(4.2), if V # 0, we may need a stronger condition, like u > 2|A|+ Cy, to derive the attractor in
H?®,s >0, where Cyy > 0 depends on V. Besides, a lot of terms related to V' should be calculated
as in the proof of sections 4 and 5. For example, in the proof of Proposition 4, one may need
to control the exponential moments of V[u] if V' # 0. Thanks to the assumption V € C}* and
mass evolution (2.11), we believe that the current approach in this section is also available
for the case that V # 0 under a stronger dissipative condition on the coefficients. Considering
the following infinite-dimensional ordinary differential equation with weakly damping effect,

(4.1) dw = i\ f5(|w]?)wdt — pwdt,
it holds that
|w(t, )| = e " |w(0,)],

w(t,x) = exp < — put + /Ot ifg(\w(O,a:)IQe2“5)ds>w(0,x).

Thus, 0 is the unique attractor of the above equation in H. Note that in the H-topology, the
exit problems are trivial since

[ ()] < e [|w* (0)]].

Similarly, one may consider the topology in L? since 0 is also the attractor of the considered
equation. Taking o =1, we obtain

lw(®)ll s < e [lw(0)l]s-
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However, 0 may be not the attractor in H® (s > 0 Let us briefly explain the reason for this
possibility. For example, when s =1, if </\J‘c|‘§v‘ ”2 Re( (t)Vw(t))w(t), Vw(t)) > 2u,

d|[Vw(®)[* = A f5(|w(t)*)Re(w(t) Vw())w(t), Vw(t))dt — 2u] Vw(t)|*dt > 0.
One numerical example is also shown in Example 3 in section 6. This implies that ||[Vw(#)]|?
may increase. Instead, if © > 2|A|, by Young’s inequality,
(42)  dIVw)ll® = i0f(lw@)P)Re(@(t) Vw(t))w(t), Vu(t)dt — 2u]Vw(t)||*dt
< (=2p+ A Vew() | dt,

which implies that 0 is always an attractor in H'.

We will consider the exit problem under || - || y1.:-norm. Consider an open bounded domain
D containing 0 in the interior of X! such that D C B% for some R > 0. The above analysis
indicates that D is invariant under the deterministic flow of (4.1) if > 2|\|.

Define 76%% = inf{t > 0 | u®%"(t) € D} the first exit time of the regularized SlogS
equation from D. Similar to [35], we introduce

M =inf{I)" (y) | y(T) € (D), T > 0}.
For any sufficient positive p > 0, set
= inf {1} (y) | luollxrs < p,y(T) € (D), T >0}

with D_, := D\NY(9D, p) where N°(dD, p) is the open neighborhood of 9D with the distance
p. Here 0D is the boundary of D in X!, Define M = lim,_,o Mg. It can be seen that

Mo < M. Below, we shall prove that the lower bound of M? is strictly larger than 0 thanks
to special structure of the skeleton equation.

Lemma 3. Let 6 >0, u> 2|\, and a =1. Then it holds that 0 < infs~q M® < infs~o M.
Proof. Let d(0,0D) > 0 denote the distance between 0 and dD. Choose p small enough
such that BO C D and that the dlstance between BO and (D_,)¢ is larger than 1d(0,0D). By
studying the functional H(LS, (g)) := 3| LS, (g )HXU? it follows that
dH (L3, (9)(1))
= (2L;, (9)(),iVLy, (9) (£)h(t)dt — pH(Ly, (9)(1)dt
+ (VLY (9) (), A5 (L3, (9) (D) *)Re(LS, (9) () VLR, (9) (1)) L3, (9) () dt
<2(|L3, (9) (D)l IV LS, (9) (8) | h(8)dt — pH (L3, (9) ()t + 2NV LS, (9)(¢) 2,

where h = ¢. Using the Duhamel formula, we obtain that

H (Lo, (9)(T)) — e~ =2AT(L], (9)(0)) < /T e~ UPAI=IC R h(s)|ds.
0

As a consequence, if L, (g)(T) € (D-,)¢, it holds that

2 _ T
d*(0,0D) — 4d(0,0D)p §C’R2\// 6_2(“_2|’\|)(T_8)d3|’hHLZ([O,T];R)-
0

16
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Taking p sufficiently small leads to

d2(0,8D) <Al
320R2\/2uu — 4|\ L2([0,T];R)>
thus the desired results follow. .

We are not able to prove M? = M3 due to loss of the approximate controllability at this
current study. The argument to prove the approximate controllability of the original system
(i.e., 6 =0) is hard since the nonlinearity is not locally Lipschitz and the Schrédinger group
relies on the control. In the ideal case, it is expected that

lim M° = inf U(0,v),
6—0 veDD

with the quasi-potential defined by
U(ug, ur) := inf{ I3, (y)|y € C([0,T],X"1),4(0) = uo,y(T) = w1, T > 0}.

Define affs’"o :=inf{t >0 u“"(t) € BJUD"}. Below we give the tail estimate of UZ’S’UO whose
proof is similar to [35, Lemma 3.6]. The main difference of the proofs lies on the continuity
estimate of the related skeleton equation. For the completeness, we provide a proof in the
appendix.

Lemma 4. Let 6 >0, p>2|\|, and o = 1. For every p small enough and L positive with
Bg C D, there exists T >0 and €y such that for every ug € D and € € (0, €p),

L
P(o5%" > T) < exp ( - f).
€

The below lemma indicates that at the time 0;’6’u°, the probability that u®%% escapes D is
at most exponentially small. Since the procedure of the proof is same as in that of [35, Lemma
3.7] by using the LDP in Theorem 2, we put its proof in the appendix for completeness.

Lemma 5. Let § >0, p > 2|\|, and o =1. For every p >0 such that Bg CD and up € D,
there exists L > 0 such that

lim supelogP(u6’5’“° (0;’5’“") € 0D) <-L.

e—0

The following lemma concerns the exponential tail estimate of H(u%%) whose proof is

slightly different from that in [35, Lemma 3.8]. More precisely, in [35], to study the exit
problem, one needs the exponential tail estimates of the mass function || - ||? in the additive
noise case and the energy function in the multiplicative noise case (i.e., the driving noise
is \/eiudW (t) with W being the H!'-valued Wiener process). In our case, we introduce the
functional H (u¢%") since the considered equation with white noise dispersion has no a clear
energy evolution law as pointed out in [25].
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Lemma 6. Let § >0, u>2|\|, and a=1. For every p >0 and L > 0 such that ng CD,
there exists T'< +oo such that

3
limsupelog sup P| sup (H(ue"s’“(’) — H(uo)) >t <L,
0 uo€SY  \ t€[0,7] 2

where 82 is the sphere centered at 0 with the radius p in X11.
Proof. The evolution of H(u%") yields that
H (" (t)) — H(uo)

t 1t
= \ﬁ/ <i2xu6,6,uo7Vu6,6,u0>dW(8) . 2/ 6<(1 + \l’|2)u6’6’u°,A2u€’5’”°>d3
0 0

1 t t
+5 / e((1+ |z} Ausdto Ayoo)ds — p / H(u" (s))ds
0 0

t
+/ i2)\<6xf5(|u6’5’“0|2)Re(uﬁ»5v“0Vue’6’“°)u6’5’“°,Vug"s’“‘))ds.
0

By integration by parts, Holder’s and Young’s inequalities, it is enough to show for e € (0, €p)
with small €y > 0 and for small T'(p, L) < 1 that

2
limsupelog sup P sup  |Z(t)| > P )< —L,
=0 weS?  \te0,T(p,L)] Ve

where Z(t) = f0t<2:cu€75’“°,iVuE’5’“°>dW(s). By using [21, Proposition 4.31], it holds that for
any b >0,

p2 be T(p,L)
P| sup |Z(t)|>" =] < +P / Al zusou |2 Vusuo ||2ds > b | .
0.T(p,L)] Vel p 0

Note that by Chebyshev’s inequality and the moment bound of #(u®%%), it holds that for
1
q= €

49T (p,L)4  sup E [H(u"u0)]

T(p,L)
P 4/ que,é,uow”vue,&,uoHQdS > b < tel0,T(p,L)]
0 7
AT (p, L)IC (N, 1, T(p, L)) "gp™?
= o '

Taking b= (%)l for a sufficient large L', it follows that

T(p,L) s s
elog sup P 4/ |zu®% ||| VusOu||2ds > b
0

UOESS

< log (4T (p, L)) — log(b) +log (p*) + elog <1> +log (C(\,u, T(p,L))) .

€
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As a consequence,

2
limsupelog sup P sup |Z(t)| > L
0 weSY  \te0.7(p,L)] Ve

< max (log <L1,> —log (p*) ,log (4T'(p, L)) — log <L1,> +log (p*) +log (C(\, 11, T(p, L)))) .

To complete the proof, one just takes T'(p, L) < oo\ uT%p IR with L' sufficiently large. W

Now we are able to present the theorem to characterize the first exit time from a given
domain D for the regularized problem (6 > 0). Its proof is in the appendix.

Proposition 2. Let 6 > 0, u > 2|\|, and oo = 1. For every up € D and small k > 0, there
exists positive L such that

MO—k MOk
(4.3) limsup e log P (TE"S’“" ¢ (ee ,€e - >> <-L,
e—0
and for every ug € D,
(4.4) M <liminfelogE [76’5’“0} <limsupelogE [76’5’“0] < M?.
e—0 e—0

Furthermore, for every small k > 0, there exists L >0 such that

75 K
(4.5) lim sup elog sup IP’(TE’67“° > et ) <-—L,
e—0 ug€D
(4.6) lim sup log sup E[Te’é’“‘)] < M?.
e—0 UQED

Remark 3. Since the regularized problem with f5(|u®|?)u®’ is like some classical mass-
subcritical nonlinear Schrodinger equation, it should be mentioned that one may use the
Strichartz estimates in [25] and modified arguments in [35] to derive similar properties in
Proposition 2 for the exit problem in L? (or LP,p > 2). However, different from [35], to study
the exit problem in H' for the considered problem, the functional H has been introduced to
deal with those terms caused by the white noise dispersion i/eAu©’ o dB(t) (see the proof of
Lemmas 6 and Step 2 in the proof of Theorem 1 for details).

Note that the results in this section reply on the assumption D € B% with R > 0 similar
as in [35]. At this stage, we only have the following estimate between R and the first time of
exit for the regularized problem, i.e., for any T > 0,

lim sup elog P(76%% < T) < —(R% — ||||uo||?),
e—0
The proof is similar to that of Proposition 3 and thus is omitted here. It would be interesting
and complicated to study the delicate dependence on R of LDP result (especially for the
dependence on R of infswq M?, infs-o M?). But this is beyond the scope of the current work.

5. Further discussions. For the limit model, i.e., (1.4) with § = 0, there are still a lot
of unclear parts on the random effect of the noise. Below we briefly discuss some poten-
tial and interesting aspects in studying the effect of stochastic dispersion on the logarithmic
Schrédinger equation.
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5.1. Exit time and exit points. Similar to [35], one can also formally characterize the
exit points of the regularized problem. However, it is still difficult to derive a rigorous result
on the exit points of (1.4) with § =0 and V' =0 since Proposition 2 may fail if § — 0. Thanks
to the special structures (2.11) and (2.12) when p > 2|\|, we have the following rough result
on the exit points.

Proposition 3. Let 6 >0, u > 2|\|, and a = 1. For (1.4), the exit from an open bounded
domain D containing 0 in the interior of X' appears in X' if and only if the exit appears
in L2

The proof is straightforward by noticing that
lu? (@) < e luoll,  [Vu(@)]| < e W2 Tug|].

Furthermore, we have the following finding on the exit time of (1.4) with § =0 based on the
exponential integrability property.

Proposition 4. Let § =0, p > 2|\|, and o = 1. Assume that R > |||x|ug||. Then for any
T >0, it holds that

limsup elog P(75% < T) < —(R? — |||z|uol|?),
e—0

where 74U s the exit time from the ball B% in L2

Proof. According to Proposition 3, it suffices to analyze the exit problem in L2. For any
T >0, it follows that

P(ro% <T)<P| sup [[|z[u“"||>R|.
te[0,T

By applying [15, Lemma 3.1], it holds that for any p >0,

€U0 (¢ 2 2
oxp (P DI o (Blsbl?
€ €

t €,Up 2
€,Up up €,Uo pijxju=- S
+ [ (ot @l - L) ey (IO 0,

€
t €U0 (¢ 2
+/ pexp <pH:c|u @Il )(iVuE’“°,2xu€’“°)ﬁdB(t).
0

€

Combining the above estimate with the BDG inequality, we can obtain that

€,Uq t 2
. [ o exp (pmxru O]l )

s€[0,T7] €

2 t
<exp <pHa:\€u0H ) exp (/0 C(\p, M)e_Q(“_2A|)5d8HU0||%{1> .
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Taking p =1, by Chebyshev’s inequality, we have that

P{ sup [[|zju“™| =R
t€[0,T]

2 €,Uo 2
S exXp | — R— E sup exp M
€ s€[0,T] €

R2 — |||T|Uo 2 1
<o (T e (0 sl )

If R? > |||x|ug||?, then it holds that for any T > 0,

limsup elogP (5% < T') < —(R* — |||z|uo||?). u
e—0
In order to predict more delicate results on the exit time and exit points for the considered

model, we present several numerical tests to simulate its asymptotic behaviors in section 6.
The rigorous numerical analysis of (1.1) will be the future work.

5.2. Effect on the large dispersion. Another interesting problem lies on the effect of
large random dispersion for (1.4) with 6 =0, i.e., € = 400. For example, let us assume that
V =0 and p=0. In order to avoid confusion, we denote the solution of (1.4) with § =0 by
X¢€ for large enough € > 0. By the analysis in section 2, it is not hard to obtain

1X@O = lluoll, 11X @)z < oD g s,
IX O o (@s12) < ANl elug | 1+ C(p) [Juo| 2.

Since the decaying estimate of S zp(t,s) holds [25], i.e., for ]% + [% =1 and s<t{,

1 exp | 1 |x—y[2 z
ATi(\/eB(t) — \/eB(s))? /R P ( A(VeB(t) — \/EB(S))) v

1 1

< Cue 2GT(B(t) = B(s)) ™7 12| 1,

1SB(t,8)z||» =

Lp

thus it holds that for p’ =2 — 21 and p= % with n € [0, %),

t
1XE @l <S5 uollz + H | sntoptostixP)x<ds
0

Lr
1

<Cae 2B T ug|| L

t dr1_ 1 _ _1
+Cd/o e 2GTH(B(t) - B(s) ™" |[log(IX 1) Xl v ds.

=

Note that by the weighted Sobolev inequality, Gagliardo—Nirenberg inequality, and the prop-

erties of logarithmic function, it holds that for n € (0,1),« > %7

dn

dn
X< 22 < XYM 205 || XY 750

Copyright (© by SIAM and ASA. Unauthorized reproduction of this article is prohibited.



Downloaded 06/24/25 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

EFFECT OF RANDOM DISPERSION FOR LOGSE 601

and that for ny,n} >0 small enough and oy > %,
og(1 X)X Y20 < C (X pamrmsns + [ X o2
d(n+n1)

< CHUO||1742af((1nj:73’1) ||Xe||z‘;1(lfn*m>
ay

dn+n} d(n+nf)

Ol 7 |||

Thanks to the a priori estimate on X¢€, it holds that

[ Tog (| X[2)X* |1
_dCpkny) _ _dlntny)
< COMlanmade |1t (el + uollz) =5 4 [Tl

Then one may expect that
[X@)r ~O (efg(%fiH%) , a.s.

Note that the above asymptotic estimate is not trivial especially in the case where the Sobolev

embedding theorem H' < LP,p > ﬁ, does not hold.

6. Numerical tests. In this section, we present several numerical experiments to predict
some dynamics of (1.1) via (1.4) and certain modifications of numerical approximations in [6].
To be more specific, we split (1.4) into three subsystems that have explicit solutions (see, e.g.,
[6, 14]), and obtain the following splitting approximation:

v = AVEB(t )= B(t)) (oV [milry, )

. Un 2
—ur idTlog (fréllvn‘\? )
Uptr1=¢€ "e v

9

n-.

Here 7 is the time stepsize, t, = n7, {uy}nez is the numerical solution. To get an imple-
mentable full discrete scheme, we further apply the classical spatial central difference method
with the space stepsize h > 0 to iA.

Ezample 1. In this test, we consider the exit problem of BOR with R =1 under L%-norm
when g > 2|\, Let d =1, V =0, A = 0.005, p = 0.012, e =278 § = 1075, 7 = 279,
h = 274, the terminal time T = 100, and the sample size N = 2000. To approximate the
original problem defined on R, we consider the truncated domain [—27,27] and the initial
value ug = sin(z)e~ 1",

In Figure 1, it can be seen that there are two trajectories of [|u(-,t)|| 2 which exit the
ball B} among 2000 samples. The exiting time 760U of these two trajectories is 29.4238
and 49.0684, respectively. In contrast, the L?-norm and H'-norm are exponentially decaying
which verifies (2.11), the first bullet point in Remark 1 and Proposition 3.

Ezample 2. In this test, we study the influence of V' on the profile of the solution of (1.1).
Let d=1, A=0.05, u=0,e=2"8%6§=107% 7=2719 h =276 the terminal time 7" = 100.
We consider the truncated domain [—4r,47] and the initial value ug = e~*I". We present
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trajectories under weighted norm trajectories under H1 norm trajectories under L2 norm

i
f \

weight norm
°
5

0 10 20 3 4 S 6 70 8 90 0 10 20 3 4 5 6 70 8 9% 100 0 10 20 3 4 S 6 70 8 9 100
time. time time

Figure 1. Ezample 1: time evolution of the solution under different metrics (left: L3-seminorm, middle:
H'-seminorm, right: L2-norm).

contour plot of Ju] contour plot of [u] contour plot of [u]

time
time
8

space space space

Figure 2. Ezample 2: contour plot of the space-time evolution of the modulus u(t,z) (left: V =0, middle:
V= 2|JJ|267|I|2 , Tight: V =sin’(x)).

the contour plot of the modulus |u(t,z)| for V =0, V = 2|z|?e~1*I*, V = sin?(x) where the
trajectories are simulated with one realization of a Brownian motion.

As we can see, in Figure 2, when V' = 0, the modulus is still confined, and the effect
of the dispersive noise and the nonlinearity effect stay well-balanced resulting in alternat-
ing contractions and expansions of the profile. For the case where V = 2|m\26*|x|2, it seems
that the balance between dispersion and nonlinearity is observed for a while, and the con-
traction wins after 7" = 50 even if the final amplitude is slightly smaller than the initial
amplitude. With respect to V = sin?(x), the solution behaves well-balanced in [0,70] and
the dispersion finally wins. Note that all different simulations that we have done give similar
observations.

Ezample 3. In this example, we present some tests on the influence of V for the exit
problem BY, with R =10 under L}-norm and H'-norm. Let d=1, V = 2|:I;\e*|‘”‘2, A =0.005,
p=0.012,e=2"8 6=10"°% 7 =279 h=27% the terminal time T"= 100, and the sample size
N =2000. We consider the truncated domain [—27,27] and the initial value ug = sin(z)e 1"

From Figure 3, we observe that the exit probability from B% is increasing due to the effect
of the nonlinear interaction V' compared with that in Example 1. Indeed, there are more

trajectories that exit B% at a certain time less than T'= 100. Besides, the phenomenon of the
exit appears in both L? and H!. In contrast, the exit event never happens in L2.
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trajectories under weighted norm trajectories under H1 norm trajectories under weighted norm

weight norm
weight norm

&

°

0
0 10 20 3 4 5 6 70 8 9% 100 10 20 30 40 s 6 70 8 9 100
time time

Figure 3. Ezample 3: time evolution of the solution under different metrics (left: Li-seminorm, middle:
H'-seminorm, right: L2-norm).
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Figure 4. Ezample 4: the red line is about the relationship between L and log(P(7¢240)). The green line is

2
Ll
€,0,uq

about the relationship of * and log(P(757"?)).

FEzample 4. In this example, we provide some evidences on the LDP of the exit problem
via simulating the rare event based on the Monte-Carlo method. We set the truncated domain
[—27,27], h=2"%7=278 6 =10"%, A\ =0.01, 2 = 0.01, the terminal time 7' = 100, and the
sample size N = 3000. Let V = 2|z[2¢~1*I" and ug = sin(z)e*I*. The exit domain is set as
D = BY% with R =2 under L}-seminorm and H'-seminorm. To measure the dependence of
the exit problem on %, we choose € as 277,j=3,4,...,12.

Via the Monte-Carlo method, we can approximate the exit probability by accounting the
number of exit trajectories where the exit happens before the time 7. Then in Figure 4, we

plot the relationship between 1 and the logarithm of the exit probability log(IP’(TZ’f o< T)

under L2-norm and log(P(T;ﬁ’uo <T)) under H'-norm, respectively. Note that if the LDP in
section 3 holds, the function 1og(]P’(7'Z’§’“° <T)) (or log(P(T;ﬁ’"O <T))) wr.t. L is more like a
linear function as € — 0. Our numerical observation coincides with this fact.
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Figure 5. Ezample 5: first row: time evolution of + > ._, [u'”(t,-)||Le in d =1 under different scales of
noise; second row: time evolution of & >, , lu®(t,-)|| Lo in d =2 under different scales of noise (left: € =0,
middle: ¢ =27", right: e=2").

Ezample 5. This example predicts some evolutions of the profile of the solution of (1.1)
when d =1 and d = 2. We test the effect of noise intensity on the profile of averaged L°°-
norm of u(t,-), i.e., & Zf\;l lu®(t,-)|| 1~ as time goes to T = 100. To this end, we set € = 0,
e=2",e=2"" When d = 1, we let the truncated domain be [—4r, 47|, h =274, 7 =279,
6§ =105 X=0.1,0=0, V =0, the sample size N = 1000 and uy = sin(z)e 1*I". This
case is presented in the first row of Figure 5. When d = 2, we set the truncated domain as
[—27,27] x [-2m,27], h=2"% 7=2766=10"% A=0.2,0 =0, V =0, the sample size
N =1000 and ug = sin(z) sin(y)e~1** ¥, This case is shown in the second row of Figure 5.

From Figure 5, in the case that d = 1 and d = 2. it is observed that when ¢ = 0, the
numerical solution keeps the L°°-norm, which coincides with the original property of the
solution of (4.1) with g = 0. When considering (1.1), it turns out that even the small noise
(e = 277) will lead to a rather strong diffusion of the expected amplitude as time evolves.
When the noise intensity is large (¢ = 27), an interesting finding is that the decaying rate of
the solution in the large noise case is faster than that in the small noise case.

Appendix A.

Proof of Theorem 2. First, we show that under the C([0,T]; X1!)-norm, the considered
model satisfies the LDP with the same good rate function in section 3. From the arguments
in section 3, it suffices to show that the trajectories of (1.4) and its skeleton equation are
continuous in X', For simplicity, we only present the detailed proof for the continuity of
LZO (g) in X! since the other argument is similar.

Define W7, := {z € H'| [p.(1 + |z*)(J2(x)|* + |Vz(x)]*)dz < oco}. Let us consider a
sequence of approximations ul’ € H? N W2, to ug such that ul — uollx11 — 0 as R' — +o0.
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By using the mild formulation of LZR’ (h)(t) and the Gagliardo—Nirenberg inequality ||w]|zs <
CdHVwH%Hwﬂl_%, we obtain that for d <2,

12 0 (9) (1)

t
< Jludl llz2 + / N[5t ) F5(1 LS (0) (5)P) L ()9

+/0t/LHSg(t,s)Li§/ (9)(3)Hszs
< g a2 + /Otc(A,é, 1) (||Lig/ (9)(8) |l = + HLig’ (9)(5)||§12|le§, (9)(5)”?{_1%) N

As a consequence, using the isometry property of Sy(t,s) for any ¢,s > 0, the global estimate
holds,

sup (|0 (9) ()| 2 < O\, 8, pa, T, [ 1) [

te[0,7T

H?-

Next, we deal with the lew—estimate. By the chain rule and integration by parts, it follows
that

VL (6) (1)
<4(aVL 0 (9) (1) ALY (9)(1) Do (1)
+ AN 2PV L (9) (1), (L (9) () PIRe (L3, () (VLS (9)(8) ) L (9) 1))
= 22V L2 (9) (1)
Gronwall’s inequality yields that

sup [V L2 ()OI < C(T, 8, 0) (vl | + 1 142
t€[0,T] 0

Now we prove the convergence of LfLR, (g9) in X1 as R’ — oo, which implies that LiR, (9) €
0 0

C([0,T]; XL1). On the one hand, by the unitary property of S, and the properties of f5, we
have that

HLZg./ (9) — L5, (9) ||
< ||Sy(t, 0)(uf — uo) || s

+ [ NS = U Ege @)Ly () = T8, (0)) A () s
+ [ IS0 5) (g () = 28, (0Dl
< of! — e + [N og(0) + 2Ly (0)(5) — L, (0)(5) s

t
" / HILS 5 (9)(s) = L2, (9)(3) ] ds.
0

Copyright (© by SIAM and ASA. Unauthorized reproduction of this article is prohibited.



Downloaded 06/24/25 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

606 JIANBO CUI AND LIYING SUN

Gronwall’s inequality yields that

(A1) o 1L (9)(t) = Lo, (9) (W)llr1 < CUAL 8, T, ) g’ — ol 2 — O as R — oc.
tel(0,

On the other hand, recalling the fact that h = ¢, applying the chain rule and integration by
parts, as well as Young’s inequality, one can derive

(L (9)(8) = L2, (9) ()

<ol )l =2 [ (L (0)(5) ~ L, (o) (5Dl
+ [ 4Ly 0)(6) = L, D))V (0)(6) ~ L, () () h(s)ds
< latuf! —w)*+ [ 21V 0)(e) L, (0) [ (5)ds

t
+ [ =2 la(Ly 0) — 1, (o).
According to (A.1) and Gronwall’s inequality, we obtain that

(A.2) sup || Lo (9)(t) — Lo, (9) (8]l 22
te[0,7)

<O T)llug” = uollzz + CAL ST, pw)l[ug” — ol — 0 as R — oc.

. R 5 . . . .
Moreover, one can verify that u®% ° is an exponentially good approximation of u“% and thus

—730 is also a good rate function under C([0,T]; X11) like in Lemma 2.
Now we are able to prove the desired result. Since I"V is a good rate function, K7 (a) is
compact set of C([0,7]; X5!) for any a. Define

Ap = {v eC((0,T] XY [ deqo,rpx0) (v, K7 (@) > 7}
Choosing g such that I (g) < @, it follows that
P (uedm € A ) <P(Jlu ™ — L3, (9)le(oran) 2 7))
Then by the LDP, there exists ¢y > 0 such that for every e € (0, ),
elogP (ue’”(”‘s € Aé“°)> <—(a—r),

which implies the upper bound. Next, we consider the lower bound. Due to the continuity
og Lgo(-)7 for any ||ugljx11 < p and w € K;ﬁo’é(a), there exists g such that w = LS (g) and
IS (w) =I"(g). By the LDP and the fact that BY ={v | |lv—wlleqo,):x11) <7} is an open
set, there exists €, > 0 such that for every e € (0, ),
clogP <\|U6’u°’5 — wlle(o, a1y < 7) >~ inf Il () =&
> —Ig’UT(w) — K.

We complete the proof. [ ]
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Proof of Lemma 4. For the case where ug belongs to Bg, the result is straightforward.
Below we focus on the case that ug € D\Bg. Since D is uniformly attracted to zero by
the deterministic flows (4.1), there exists a positive time 77 > 0 such that for every u; in

NO(D\B},§) and t > Ty, L5 (0)(t) € B%. Notice that

sup [|Zg, (0)lleqory,x00) < C(T1, AL o, R).
u1 ENO(D\B

p78)

Next, we prove that for sufficient large T > 17,

(A.3) 7;::{;, € C([0,T]; X11) |t € [0, 7], y(t) € N (D\Bg, g)}
C (K7°(2L))".

It suffices to consider y = Lgo (9) € T,. Indeed, we have that
5 5 5 5 3
1L, (9) = Lu, O)lleo,mgxny 2 1Ly (9)(T1) = Lu, (0)(T1) |22 = 7.

On the other hand, using the approximation ug”/ € H’N W12 . toug on X L1 there exists small
t1 > 0 such that

I3, (9) — L3 (0)leqo g0 1)
<O, R [ WSl + a1 0) ~ L 0o
+ N 1og(0) [t 122, (9) — L2, 0) o s
< CRS. R [ WPastt + a4, ()~ £, Oleqoans

+ [MlNog(9)[t1]IL3,, (9) — Lo, (0)leqpo,eafser)-

Letting ¢ sufficiently small such that |A||log(6)[t1 + at; < 2 and C(R', 4, R)t{ < 3, we obtain
that

t1
I28,0) = 28,0Vl < | [ G Past,

Then by iterating the above estimate for each small interval [kty, (k+1)t1] for k=1,...,|T1/t1],
( |-] is the floor function), it follows that

125, (9) — L5, ) leqorrgaensy < 2/ IR 2, 0y

Thus, we conclude that

1 3N 1,
94[T1 /t:1]+5 (4'0) = §||h||L2([07T1];R)'
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Similarly, for any [17,277], by the inverse triangle inequality and the fact that 0 is an attractor
of the deterministic flow, one has that

1
HL%gU (g)(Tl)(g) . LéLgo (g)(Tl)(O)HC([O,TI};XU) > 5/3-

This also implies that

1 L2 < 1 1 4—'M”
Iz 21wy 2 a5 | 5P) =M

Therefore, we obtain that

Lo
§||h||L2([o,2Tl];R) >2M".
For any T > 0, there exists a positive number j such that T" > j7;. Iterating the above

arguments, one has %||h||%2([0 ITR) > jM". To obtain (A.3), we will take jM" > 2L.
Finally, we are able to show the desired result since

P (a;"s’“o > T) =P (W € [0, 7], us%" ¢ D\Bg)
_ €,0,uq c B
=P (deqoizyaens) (w0, 75) > 8)
€,0,Uq Uo p
<P (dC([O,T];XlJ) (U o, K (QL)> > §) :
By Theorem 2 (1), it follows that for small € >0 and p < R,

P (dC([O,T];Xl’l) (Ue’é’uO,K%o (2L)) > g) < 6_%. [ ]

Proof of Lemma 5. When ug € Bg, the desired bound is trivial. Thus we only deal
with the case that ug € D\Bg. Since zero is the attractor of the deterministic flow, define
T =inf{t > 0|LS (0)(t) € B2} and it holds that

€,0,Ug [ —€,0,Uo €,0,U0 . 1% d(O,aD
P(u R AR )68D)§]P’<||u % —LiO(O)HC([QT};XlJ)2m1n<2,2) .

By the LDP, we get

d(0,0D
limsup elog P (Hue"s’“0 — LiO(O)HC([O7T];X1,1) > min (g, (’2)>> <-L,
e—0

where

L= inf L seem) ”hH%%[O,T];R) > 0. [
L%, (0)=L3, (9llco, rpsa1.1y Zmin( 5, S=57=)
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Proof of Proposition 2. Let us first prove the upper bound estimate (4.5)—(4.6). Fix k >0
small enough and choose g and T} such that L3(g)(T}) € (D)¢ and

5T, 1 —
Iy (Lg(g)(T{)) = §||h||%2([O,T{];R) < MO+

o =

Let dy denote the positive distance between L3 (g)(T}) and D. Since fs is Lipschitz for a fixed
0, there exist a small ball Bg C D such that if ug belongs to Bg,

do
1L2(9) = Ly@)lleqo ) < 5

By the LDP in Theorem 2 and triangle inequality, there exists €] such that for every € € (0, €¢}),

P (retm < 17) 2 P ([ud = L§(9) lcqompsans) < do)

do
>P (H’Uﬁ,&,uo — Lio (Q)HC([O,T{];XM) < 2)

0,1}
Iv 1_‘_@
€

From Lemma 4, there exist T4 and €}, such that for € € (0,€}),

1
2

inf P (06757“0 < TQ) >
UOED P

Applying the Markov property, we get that for € € (0,€] A €)),

inf P (7675’"0 <T!+ Té) > inf P (a;@w < T2’) inf P <7675v“0 < T{)
uoED uo€D UOEBS

6, T
I:l )
> exp (—u° +3>,
€

where we have used the fact that € is small enough such that % > ¢ 6. Then for any k > 1,
using the property of conditional probability, it holds that

P (790 > (k+1)(T] + T3))

- [1 P (7675’“0 < (k+1)(T] + 1)

70U > k(T + Té))}
X P (7500 > k(T] +T3))

< (1 - inf P (7675’“0 <T!+ Tg)) i (#ﬁv“o > k(] + Tg))

k
< (1 ~ inf P (76:57“0 <T]+ Té))
UoGD
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Notice that I, (L3, (9)) = 10" (L§(9)) = 3 1Al122 o 7v,z))- Thus, we also have

Ug
+oo
sup E [76’5’“0} = sup / P (Te"s’“‘) > t) dt
uo€D up€D JO
o0
<(T1+T) Z sup P <TE’5’“° > k(T] + T2’)>
k=0 "0 &P
< (T + T5)
~1— inf P(r&0u <T] +1T5)
ugED

€

Mo 4 &
<axts o (M),

One can take € small enough such that
Y
(A.4) sup E {7575’“0] <exp <+3> ,
uoED €

which implies (4.6). The Chebyshev inequality yields that

MOtk _ MYk K
sup P (76’5’“" >e ) <e < supE [7‘675’”0] < e B,
UOED UOED

As a consequence, (4.5) follows.

Below we are in a position to deal with lower bound estimate of 7 . By Lemma 3, we
can choose p > 0 small enough such that M—% < Mg and ng C D, where 0 < § <infs- M?.
Similar to [29], one can define two sequences of stopping times,

Tk =inf{t > 0, | u“""(t) € B) U D},
Op+1 =inf{t > 73, | uSou (t) € Sgp},

€,0,Uo

where 6y =0,k €N, and ) = +oo if uS%%(7,) € OD.
Choosing T3 in Lemma 6 that satisfies L = M°% — ?ﬂf, there exists € small enough such that
for all k>1 and ug € D,

MO _ 3k

P(Qk—Tk,lng{)Se_ —

Note that the escapes before mT3 with m € NT occur in three cases, i.e., Case 1, the escape
occurs without passing Bg; Case 2, the trajectory of u©%® crosses Sgp with &k times and then
escapes at 75; Case 3: the escape occurs after 7,,, which implies that there exists at least a
length of one interval [1;_1,0)] which is smaller than T5.

As a consequence, for ug € D,

NE

(A5) P <T€’6’u0 < mT3> <P (7’6’5’“0 = 7'0> +> P (7'6"5’“0 = Tk) + ZP (O — 1 <T3)

m
k=1

i
I

79

P (T“MD = Tk) +me” " -

3k
4

NE

<P (7’6’6’”0 = T(]) +

e
Il

1
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Below we will estimate P(7%% = 7%) k> 1, by using the fact that

P (7’6’6’”0 = Tk) <P (75’5’“0 < Ty, 765U = Tk) + sup P (0';’5’3” > T4>
y€eSy,

for all Ty > 0 with y = us® Mo (fg_1) € ‘920 On the one hand, choosing Ty as the time in
Lemma 5 and L = M°% — 3“ , we obtain that

3Kk
M- 3p

P (U;’é’y > T4> <e”

On the other hand, using the LDP in Theorem 2, there exists € small enough such that for
uy € Bg,

P <7_6,§7u1 S T4> S P<dc([O,T4];Xl’l) UQ(S,UI’K;% (Mg - Z)) 2 p)

As a consequence, we have that

5_ 3k
uesuo (1 MO -5

IP’( €00 < 1y 600 _Tk><P<T " 1)§T4,Tk—Tk71ST4)§€7

Combining the above estimates and (A.5), it holds that for € small enough,

§_ 3k
M-

P (7'6"5’“0 < mT3) <P <T€’5’“° = 7'0> +3me

5_ 3k
M- -5

S]P) ue,é,uo( 65“0)€8D)-‘r3m67

M?

Using Lemma 5, taking m = LT exp( ”)J, we obtain (4.3). Applying the Chebyshev’s
inequality, the desired lower bound on IE[ o] follows. [ |
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