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Abstract. Noting that there exist abnormal phenomenons in the existing weak sharp minima for
multiobjective optimization problems (MOP), this paper introduces and studies uniform weak sharp
minima for (MOP). We first provide several characterizations for a piecewise linear multiobjective
optimization problem with respect to the natural vector partial order induced by Rn

+ to have uni-
form weak sharp minima. Under a mild assumption, a piecewise linear multiobjective optimization
problem with respect to an arbitrary vector partial order is proved to be equivalent to a piecewise
linear multiobjective optimization problem with respect to the natural vector partial order. Based
on such an interesting equivalence, this paper mainly establishes the uniform bounded and global
weak sharp minima for a general piecewise linear multiobjective optimization problem with respect
to any vector partial order.
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1. Introduction and main results. The weak sharp minima for scalar opti-
mization problems have been recognized to be useful in convergence analysis of optimal
algorithms and are closely related to error bounds (cf. [4, 12, 21, 27, 29, 36, 39] and
the references therein). Recall that a proper lower semicontinuous real-valued func-
tion ψ on a Hilbert space X has weak sharp minima at x̄ ∈ S(ψ) := {x ∈ X : ψ(x) =
inf
u∈X

ψ(u)} if there exist κ, δ ∈ (0, +∞) such that

(1.1) κd(x, S(ψ)) ≤ ψ(x)− inf
u∈X

(u) ∀x ∈ B(x̄, δ),

where B(x̄, δ) denotes the open ball with center x̄ and radius δ. The weak sharp
minima property in the sense of (1.1) means that every minimizing sequence {xk} of ψ
(i.e. ψ(xk)→ inf

x∈X
ψ(x)) can arbitrarily approach S(ψ) as k →∞ and the infinitesimal

order of d(xk, S(ψ)) is greater than or equal to the one of ψ(xk)− inf
x∈X

ψ(x). This may

be one of the reasons why the weak sharp minima for scalar optimization problems
are useful in convergence analysis of algorithms.

In contrast that the scalar optimization has a unique optimal value infu∈X ψ(u), a
multiobjective optimization problem usually has infinitely many optimal values. This
leads to more complex issues for studying weak sharp minima of a multiobjective
optimization problem. Let f1, · · · , fn, ϕ1, · · · , ϕν be lower semicontinuous real-valued

∗This research was supported by the National Natural Science Foundation of P. R. China (Grant
No. 12171419) and the Research Grants Council of Hong Kong (PolyU15217520).
†Department of Mathematics, Yunnan University, Kunming 650091, P. R. China

(562357698@qq.com)
‡Department of Applied Mathematics, The Hong Kong Polytechnic University, Hong Kong (xi-

ao.qi.yang@polyu.edu.hk)
§Department of Mathematics, Yunnan University, Kunming 650091, P. R. China

(xyzheng@ynu.edu.cn, Corresponding author)

1

This is the Pre-Published Version.
The following publication Hu, C., Yang, X., & Zheng, X. Y. (2024). Uniform Weak Sharp Minima for Multiobjective Optimization Problems. SIAM 
Journal on Optimization, 34(4), 3699-3722 is available at https://doi.org/10.1137/23M1628012.



2

functions on a Hilbert space X, and consider the following multiobjective optimization
problem with respect to the natural vector partial order induced by Rn+

(MOP) Rn+−minf(x) := (f1(x), · · · , fn(x)) subject to ϕ1(x) ≤ 0, · · · , ϕk(x) ≤ 0.

Recall that a feasible point ω in Ω := {x ∈ X : ϕj(x) ≤ 0, j = 1 · · · , k} is a weak
Pareto solution (resp. a Pareto solution) of (MOP) if there exists no ω′ ∈ Ω such that

fi(ω
′) < fi(ω)

(
resp. f(ω′) 6= f(ω) and fi(ω

′) ≤ fi(ω)
)
, i = 1, · · · , n.

The sets of all weak Pareto solutions and all Pareto solutions of (MOP) are denoted
by Sw and S, respectively. It is well known that many problems in practice can be
cast into (MOP) (cf. [10, 14, 26, 30, 34] and the references therein).

In the case that all fi and ϕj in (MOP) are linear, Deng and Yang [6] proved that
the corresponding linear multiobjective optimization problem has the following weak
sharp minima: there exists κ > 0 such that

(1.2) κd(x, S) ≤ d(f(x), V ) ∀x ∈ Ω,

where V := f(S) is the set of all Pareto optimal values of (MOP). Under the assump-
tion that each fi is piecewise linear and the feasible set Ω is a convex polyhedron, some
authors further established the following result on weak sharp minima for (MOP) (cf.
[37, 40, 41] and the references therein): For any r > 0 sufficiently large there exists
κ ∈ (0, +∞) such that

(1.3) κd(x, S) ≤ d(f(x) + Rn+, V ) + d(x,Ω) ∀x ∈ rBX .

It is well known that the Pareto optimal value set V of mutiobjective optimization
problem (MOP) may contain excrescent and abnormal Pareto optimal values (cf.[3,
15, 16, 43] and the references therein). However the abnormal Pareto optimal values
play the same role as the normal Pareto optimal values in inequality (1.3), which may
lead to the weak sharp minima for (MOP) in the sense of (1.3) being useless (because
of the existence of abnormal Pareto optimal values). This is one of motivations for us
to introduce the new notion of uniform weak sharp minima for (MOP).

In the scalar optimization case (i.e. n = 1), V = {infx∈Ω f(x)} is a singleton.
However, even in the case of n = 2, the Pareto optimal value set V of (MOP) contains
uncountably infinitely many elements, and sometimes one may be interested in some
specific Pareto optimal value y and the set of Pareto solutions corresponding to y.
For convenience, for each y ∈ V , let S(y) denote the set of all Pareto solutions
corresponding to the Pareto optimal value y, that is,

S(y) := {ω ∈ Ω : f(ω) ≤Rn+ y} = Ω ∩ f−1(y − Rn+) = Ω ∩ f−1(y).

Clearly, S =
⋃
y∈V

S(y) and hence

d(x, S) = inf
y∈V

d(x, S(y)) and d(f(x) + Rn+, V ) = inf
y∈V

d(y, f(x) + Rn+).

It is worth mentioning that the weak sharp minima in sense of either (1.2) or (1.3)
can yield the following ill-posed phenomenon: there exist some specific ȳ in the Pareto
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optimal value V and a bounded minimizing sequence {xk} of (MOP) with respect to
ȳ (i.e. lim

k→∞
d(ȳ, f(xk) + Rn+) = 0) such that {xk} cannot approach the set S(ȳ) of all

Pareto solutions corresponding to ȳ. In fact, take X = l2, let f(x) = ‖x‖(−1, 1) for

all x ∈ Re1, f(x) = ‖x‖(−1,1)
k+1 for k ∈ N and x ∈ Rek+1 and f(x) = +∞R2 otherwise,

where ek is an element in l2 whose the k-th coordinate is 1 and all the other coordinates
are 0, and ϕj(x) = 0 for all j and x ∈ l2. Then, Ω = X, V = f(X) = R+(−1, 1),
S = dom(f) and hence d(x, S) = 0 for all x ∈ dom(f). It follows that

(1.4) κd(x, S) ≤ d(f(x) + Rn+, V ) + d(x,Ω) ∀(κ, x) ∈ (0, +∞)×X

and hence the corresponding multiobjetive optimization problem (MOP) has the weak
sharp minima in the sense of (1.2) and (1.3). On the other hand, for ȳ = (0, 0) ∈ V ,
it is clear that S(ȳ) = {0},

(1.5) d(ȳ, f(ek+1) + R2
+) =

1

k + 1
and d(ek+1, S(ȳ)) = 1 ∀k ∈ N.

The first equality in (1.5) implies that {ek} is a minimizing sequence of (MOP) with
respect to the Pareto optimal value ȳ = (0, 0), but the second equality in (1.5) shows
that the minimizing sequence {ek} with respect to ȳ can not approach the set S(ȳ)
of all Pareto solutions corresponding to ȳ as k →∞ (perhaps the weak sharp minima
in the sense of (1.2) or (1.3) leads to the even worse situation that some minimizing
sequence {ek} with respect to a “good” Pareto optimal value yg arbitrarily approaches
the Pareto solution set S(ya) corresponding to some abnormal Pareto optimal value
ya as k →∞).

In the convergence analysis of optimal algorithms for multiobjective optimization
problems, one sometimes constructs an iterative sequence converging to a Pareto
solution x̄ corresponding to an unknown Pareto optimal value ȳ in advance (see [2,
5, 13, 25, 35]). Moreover, several authors considered algorithms to find a set of many
representational Pareto solutions (or Pareto optimal values) (cf. [7, 9, 18, 28, 33] and
the references therein). This is another motivation for us to introduce and study the
following notions of uniform weak sharp minima.

Definition 1.1. Multiobjective optimization problem (MOP) is said to have uni-
form global weak sharp minima with respect to all Pareto optimal values if there exists
κ ∈ (0, +∞) such that for all y = (y1, · · · , yn) ∈ V ,

(1.6) κd(x, S(y)) ≤
n∑
i=1

[fi(x)− yi]+ +

k∑
j=1

[ϕj(x)]+ ∀x ∈ X,

while (MOP) is said to have uniform bounded weak sharp minima with respect to all
Pareto optimal values if for any r > 0 sufficiently large there exists κ ∈ (0, +∞) such
that for all y = (y1, · · · , yn) ∈ V ∩ rBRn ,

κd(x, S(y)) ≤
n∑
i=1

[fi(x)− yi]+ +

k∑
j=1

[ϕj(x)]+ ∀x ∈ rBX .

Let Vw denote the sets of all weak Pareto optimal values of multiobjective opti-
mization problem (MOP), that is, Vw = f(Sw). For any y ∈ Vw, one can define the
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weak Pareto solution set Sw(y) of (MOP) corresponding to the weak Pareto optimal
value y as Sw(y) = Ω∩ f−1(y−Rn+). Similarly, one can define the notions of uniform
weak sharp minima with respect to all weak Pareto optimal values.

This paper mainly considers uniform weak sharp minima for piecewise linear
multiobjective optimization problems. In particular, in the remainder of this paper,
we always assume that all fi and ϕj in (MOP) are piecewise linear, and we use
(PLMOP) to denote the corresponding piecewise linear multiobjective optimization
problem. The family of all piecewise linear functions is much larger than that of all
linear functions and there exists a wide class of functions that can be approximat-
ed by piecewise linear functions. Moreover, one may use piecewise linear functions
generated by finitely many test data to establish mathematical models for some prac-
tical problems. Therefore, from the viewpoint of theoretical interest as well as for
applications, it is important to study piecewise linear problems. In fact, piecewise
linear multiobjective optimization problems have been studied by many authors (cf.
[11, 22, 23, 32, 37, 38, 40, 42]).

In Section 2, noting that piecewise linear functions are closely related to noncon-
vex polyhedra, we first establish some elaborate partitions of a nonconvex polyhedron,
which play a key role in the proofs of our main results. In Section 3, we prove that
if all fi and ϕj are convex functions then (PLMOP) has uniform global weak sharp
minima with respect to both all Pareto optimal values and all weak Pareto opti-
mal values. However, dropping the convexity assumption, (PLMOP) does not even
necessarily have uniform bounded weak sharp minima with respect to either Pareto
optimal values or weak Pareto optimal values. Without any convexity assumption
on fi and ϕj , we prove that piecewise linear multiobjective optimization problem
(PLMOP) has uniform bounded weak sharp minima with respect to all weak Pare-
to optimal values if and only if y 7→ Sw(y) is inner semicontinuous on Vw, that is,

Sw(y) ⊂

{
x ∈ X : lim

y′
Vw−→y

d(x, Sw(y′)) = 0

}
for all y ∈ Vw. Moreover, we prove that

(PLMOP) always has near uniform bounded weak sharp minima with respect to weak
Pareto optimal values, that is, for any ε > 0 sufficiently small there exists a ε-small
set Oε (in the sense of both measure and topology) in Vw such that (PLMOP) has
uniform bounded weak sharp minima with respect to all weak Pareto optimal values
in Vw \Oε.

The natural vector partial order induced by Rn+ seems sometimes restrictive as
one also needs to choose some suitable kinds of partial orders for objective vectors
in some practical applications. This motivates us to consider the following piecewise
linear multiobjective optimization problem with a vector partial order induced by a
general closed convex cone C in Rn:

(PLMOP)C C−minf(x) = (f1(x), · · · , fn(x)) subject to ϕ1(x) ≤ 0, · · · , ϕk(x) ≤ 0.

In the case that the ordering cone C is non-polyhedral, (PLMOP)C is not a genuine
piecewise linear problem even when all fi and ϕj are linear. In Section 4, under
the weak C-convexity assumption of f on Ω which is satisfied if f(Ω) is complete
with respect to ≤C , we prove that (PLMOP)C with C being a non-polyhedral cone
is equivalent to a piecewise linear multiobjective optimization problem with respect
to the natural vector partial order. Based on this equivalence and the main results
obtained in Section 3, we establish the uniform bounded and global weak sharp minima
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for a general piecewise linear problem (PLMOP)C .

2. Partitions of a nonconvex polyhedron. For convenience of the readers,
we first recall some notions and results in convex analysis, which will be used in our
later analysis (see [31, 39] for more details). Throughout the remainder of this paper,
let X be a normed space with the dual space X∗. For a set A in X, the relative
interior ri(A) of A is defined by

ri(A) := {x ∈ A : B(x, r) ∩ aff(A) ⊂ A for some r > 0},

where aff(A) is the affine subspace generated by A. Recall that a nonempty set P in
X is a convex polyhedron if there exist x∗i ∈ X∗ and ti ∈ R (i = 1, · · · ,m) such that

P := {x ∈ X : 〈x∗i , x〉 ≤ ti, i = 1, · · · ,m}.

It is known that the relative interior of P is always nonempty,

aff(P ) = {x ∈ X : 〈x∗i , x〉 = ti, i ∈ IP }

and

ri(P ) = {x ∈ X : 〈x∗i , x〉 < ti, i ∈ 1m \ IP } ∩ {x ∈ X : 〈x∗i , x〉 = ti, i ∈ IP },

where 1m := {1, · · · ,m} and IP := {i ∈ 1m : P ⊂ {x ∈ X : 〈x∗i , x〉 = ti}} (cf. [42,
Corollary 2.1]). From the above definition, it is easy to verify the following lemma.

Lemma 2.1. Let A and B be convex polyhedra in a normned space X. Suppose
that aff(A) = aff(B) and ri(A) ∩B = ∅. Then A ∩ ri(B) = ∅.

Recently, Zheng and Yang [42] proved that if P1, · · · , Pm are convex polyhedra
in a normed space X such that the interior int(Pi) of Pi is nonempty (i = 1, · · · ,m)
then there exist convex polyhedra Q1, · · · , Qn in X with int(Qj) 6= ∅ (j = 1, · · · , n)
such that

⋃m
i=1 Pi =

⋃n
j=1Qj and int(Qj) ∩Qj′ = ∅ for all j, j′ ∈ 1n with j 6= j′. In

the proof of [42, Proposition 2.5], the authors obtained the following result.

Lemma 2.2. Let P , Q1, · · · , Qk be convex polyhedra in a normed space X such

that int(P ) 6= ∅ and P \
k⋃
i=1

Qi 6= ∅. Then there exist convex polyhedra Hj with

int(Hj) 6= ∅ (j = 1, · · · , n) such that
⋃n
j=1 int(Hj) ⊂ int(P ) \

⋃k
i=1Qi ⊂

n⋃
j=1

Hj and

int(Hj) ∩
⋃

j′∈1n\{j}
Hj′ = ∅ for all j ∈ 1n.

Dropping the assumption of int(P ) 6= ∅, we have the following more general result.

Lemma 2.3. Let P , Q1, · · · , Qk be convex polyhedra in a normed space X such
that P \

⋃k
i=1Qi 6= ∅ . Then there exist convex polyhedra H1, · · · , Hn in X such that

(2.1) aff(P ) = aff(Hj), ri(Hj) ∩Hj′ = ∅ ∀j, j′ ∈ 1n with j 6= j′

and

(2.2)

n⋃
j=1

ri(Hj) ⊂ ri(P ) \
k⋃
i=1

Qi ⊂
n⋃
j=1

Hj .
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Proof. Take a point x̃ in P , and let

X̃ := aff(P )− x̃, P̃ := P − x̃ and Q̃i := (Qi − x̃) ∩ X̃ ∀i ∈ 1k.

Then X̃ is a linear subspace of X,

intX̃(P̃ ) :=
{
x ∈ P̃ : B(x, r) ∩ X̃ ⊂ P̃ for some r > 0

}
= ri(P )− x̃ 6= ∅

and P̃ \
k⋃
i=1

Q̃i = −x̃ + P \
k⋃
i=1

Qi 6= ∅. By Lemma 2.2, there exist convex polyhedra

H̃1, · · · , H̃n in X̃ such that

intX̃(H̃j) 6= ∅, intX̃(H̃j) ∩ H̃j′ = ∅ ∀j, j′ ∈ 1n with j 6= j′

and
n⋃
j=1

intX̃(H̃j) ⊂ intX̃(P̃ ) \
k⋃
i=1

Q̃i ⊂
n⋃
j=1

H̃j . Since X̃ = aff(P ) − x̃ is a convex

polyhedron, each H̃j is a convex polyhedron in X. Let Hj := H̃j + x̃ (j ∈ 1n). Then,

Hj is a convex polyhedron, ri(Hj) = intX̃(H̃j) + x̃ 6= ∅, and (2.1) and (2.2) hold. The
proof is complete.

To prove the main result in this section, we need the following lemma.

Lemma 2.4. Let P , Q̃1, · · · , Q̃k be convex polyhedra in a normed space such that

(2.3) Q̃j ∩ ri(Q̃j′) = ∅ ∀j ∈ 1k and ∀j′ ∈ 1k \ {j}.

Then P ∪
⋃k
j=1 Q̃j = cl

(
ri(P ) \

⋃k
j=1 Q̃j

)
∪
⋃
j∈J1 cl(ri(Q̃j \P ))∪

⋃
j∈J2 P ∩ Q̃j, where

J1 := {j ∈ 1k : Q̃j \ P 6= ∅} and J2 := {j ∈ 1k : aff(Q̃j) = aff(P ∩ Q̃j) = aff(P )}.

Proof. By the definition of J1, one has

P ∪
k⋃
j=1

Q̃j =

P \ k⋃
j=1

Q̃j

 ∪ ⋃
j∈J1

(Q̃j \ P ) ∪
k⋃
j=1

P ∩ Q̃j .

Since P \
⋃k
j=1 Q̃j ⊂ cl

(
ri(P ) \

⋃k
j=1 Q̃j

)
⊂ P and Q̃j \ P ⊂ cl(ri(Q̃j) \ P ) ⊂ Q̃j , one

has P ∪
⋃k
j=1 Q̃j = cl

(
ri(P ) \

⋃k
j=1 Q̃j

)
∪
⋃
j∈J1 cl(ri(Q̃j \ P )) ∪

⋃k
j=1 P ∩ Q̃j . Thus,

it suffices to prove that

(2.4) P ∩ Q̃j′ ⊂ cl

ri(P ) \
k⋃
j=1

Q̃j

 ∪ ⋃
j∈J1

cl(ri(Q̃j \ P )) ∀j′ ∈ 1k \ J2.

To prove this, let j′ ∈ 1k \ J2. Then

aff(Q̃j′) 6= aff(P ∩ Q̃j′) or aff(Q̃j′) = aff(P ∩ Q̃j′) 6= aff(P ).

First suppose that aff(Q̃j′) 6= aff(P ∩ Q̃j′). For any x ∈ P ∩ Q̃j′ (⊂ cl(ri(Q̃j′))) and

any ε > 0, take u ∈ ri(Q̃j′) and η > 0 such that B(u, η) ∩ aff(Q̃j′) ⊂ ri(Q̃j′) and

B(u, η) ⊂ B(x, ε). Then B(u, η) ∩ aff(Q̃j′) 6⊂ P and hence

∅ 6= B(u, η) ∩
(
ri(Q̃j′) \ P

)
⊂ B(x, ε) ∩

(
ri(Q̃j′) \ P

)
.
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This shows that j′ ∈ J1 and x ∈ cl
(
ri(Q̃j′) \ P

)
. Hence

(2.5) P ∩ Q̃j′ ⊂ cl
(

ri(Q̃j′) \ P
)
,

which implies (2.4). Next suppose that aff(Q̃j′) = aff(P ∩ Q̃j′) 6= aff(P ). Then

ri(P ∩ Q̃j′) ⊂ ri(Q̃j′) and P ∩ Q̃j′ ⊂ cl(ri(P ) \ Q̃j′) (similar to the proof of (2.5)).
This and (2.3) show that

ri(P ∩ Q̃j′) ⊂ cl(ri(P ) \ Q̃j′) \
⋃

j∈1k\{j′}

Q̃j ⊂ cl

ri(P ) \
k⋃
j=1

Q̃j

 .

Hence P ∩ Q̃j′ ⊂ cl
(
ri(P ) \

⋃k
j=1 Q̃j

)
, which implies (2.4). The proof is complete.

The following propositions provide interesting partitions of a nonconvex polyhe-
dron and will play a key role in the proofs of our main results.

Proposition 2.5. Let P1, · · · , Pm be convex polyhedra in a normed space X.
Then there exist convex polyhedra Q1, · · · , Qn in X satisfying the following properties:
(i)
⋃m
i=1 Pi =

⋃n
j=1Qj and Qj ∩ ri(Qj′) = ∅ for all j, j′ ∈ 1n with j 6= j′.

(ii) For any j ∈ 1n, there exists a subset Ij of 1m such that

(2.6) ri(Qj) ∩
⋃

i′∈1m\Ij

Pi′ = ∅, Qj ⊂ Pi and aff(Qj) = aff(Pi) ∀i ∈ Ij .

Proof. Let P1, · · · , Pk be convex polyhedra, and suppose that there exist convex
polyhedra Q̃1, · · · , Q̃ñ in X such that

(2.7)

k⋃
i=1

Pi =

ñ⋃
j=1

Q̃j , Q̃j ∩ ri(Q̃j′) = ∅ ∀j, j′ ∈ 1ñ with j 6= j′

and for any j ∈ 1ñ there exists a subset Ĩj of 1k such that

(2.8) ri(Q̃j) ∩
⋃

i∈1k\Ĩj

Pi = ∅,

(2.9) Q̃j ⊂ Pi and aff(Q̃j) = aff(Pi) ∀i ∈ Ĩj .

Let Pk+1 be any convex polyhedron in X. Then, by induction, it suffices to prove
that there exist convex polyhedra Q1, · · · , Qn in X such that (i) and (ii) hold with
m = k + 1. To prove this, let J1 := {j ∈ 1ñ : Q̃j \ Pk+1 6= ∅} and

J2 :=
{
j ∈ 1ñ : aff(Q̃j) = aff(Pk+1 ∩ Q̃j) = aff(Pk+1)

}
.

Then, by (2.7) and Lemma 2.4, we can repartition the union
⋃k+1
i=1 Pi as follows

(2.10)

k+1⋃
i=1

Pi = cl

ri(Pk+1) \
ñ⋃
j=1

Q̃j

 ∪ ⋃
j∈J1

cl(ri(Q̃j \ Pk+1)) ∪
⋃
j∈J2

Pk+1 ∩ Q̃j .
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By Lemma 2.3, there exist a finite index set Ĩ and convex polyhedra Hι in X (ι ∈ Ĩ)
such that

(2.11) aff(Pk+1) = aff(Hι), ri(Hι) ∩Hι′ = ∅ ∀ι, ι′ ∈ Ĩ with ι 6= ι′

and
⋃
ι∈Ĩ

ri(Hι) ⊂ ri(Pk+1)\
ñ⋃
j=1

Q̃j ⊂
⋃
ι∈Ĩ

Hι (taking Ĩ = ∅ if Pk+1 \
ñ⋃
j=1

Q̃j = ∅). Hence

(2.12) cl

ri(Pk+1) \
ñ⋃
j=1

Q̃j

 =
⋃
ι∈Ĩ

Hι,

(2.13)
⋃
ι∈Ĩ

Hι ⊂ Pk+1 and

⋃
ι∈Ĩ

ri(Hι)

 ∩ ñ⋃
j=1

Q̃j = ∅.

Moreover, by Lemma 2.3, for each j ∈ J1 there exist a finite index set Ij and convex
polyhedra Hjl in X (l ∈ Ij) such that

(2.14) aff(Q̃j) = aff(Hjl), ri(Hjl) ∩Hjl′ = ∅ ∀l, l′ ∈ Ij with l 6= l′

and

(2.15)
⋃
l∈Ij

ri(Hjl) ⊂ ri(Q̃j) \ Pk+1 ⊂
⋃
l∈Ij

Hjl.

For any j ∈ J1, it follows from the inclusion in (2.13) that

(2.16) ∅ =

⋃
l∈Ij

ri(Hjl)

 ∩ Pk+1 ⊃

⋃
l∈Ij

ri(Hjl)

 ∩
⋃
ι∈Ĩ

Hι ∪
⋃
j∈J2

Q̃j ∩ Pk+1

 ,

(2.17) cl
(

ri(Q̃j) \ Pk+1

)
=
⋃
l∈Ij

Hjl and
⋃
l∈Ij

Hjl ⊂ Q̃j .

Thus, by the second equality in (2.7) and the equality in (2.13), one has

(2.18)

⋃
l∈Ij

Hjl

 ∩ ri(Q̃j′) = ∅ ∀j ∈ J1 and ∀j′ ∈ 1ñ \ {j}

and

(2.19)

⋃
ι∈Ĩ

ri(Hι)

 ∩
 ⋃
j∈J1,l∈Ij

Hjl ∪

 ⋃
j∈J2

Q̃j ∩ Pk+1

 = ∅.

It follows from (2.11), the definition of J2 and Lemma 2.1 that

(2.20)

⋃
ι∈Ĩ

Hι

 ∩ ⋃
j∈J2

ri(Q̃j ∩ Pk+1) = ∅.
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By Lemma 2.1, (2.14) and (2.16), one also has
(⋃

l∈Ij Hjl

)
∩ ri(Q̃j ∩ Pk+1) = ∅ for

all j ∈ J1 ∩ J2. This and (2.18) imply that

(2.21)

 ⋃
j∈J1,l∈Ij

Hjl

 ∩ ri(Q̃j′ ∩ Pk+1) = ∅ ∀j′ ∈ J2.

By the definition of J2 and (2.7), one has

(2.22) ri(Q̃j ∩ Pk+1) ∩ (Q̃j′ ∩ Pk+1) ⊂ ri(Q̃j) ∩ Q̃j′ = ∅ ∀j, j′ ∈ J2 with j 6= j′.

Let Q1, · · · , Qn be convex polyhedra in X such that

(2.23) {Q1, · · · , Qn} =
{
Hι : ι ∈ Ĩ

}
∪
{
Hjl : j ∈ J1, l ∈ Ij

}
∪
{
Q̃j ∩Pk+1 : j ∈ J2

}
and Qj 6= Qj′ for any j, j′ ∈ 1n with j 6= j′. Then (2.10), (2.12) and (2.17) imply

clearly that
⋃k+1
i=1 Pi =

⋃n
j=1Qj , while (2.11), (2.14), (2.16) and (2.19)—(2.22) imply

that ri(Qj) ∩ Qj′ = ∅ for all j, j′ ∈ 1n with j 6= j′. This shows that Q1, · · · , Qn in
(2.23) satisfy (i) with m = k + 1. Finally we prove that Q1, · · · , Qn in (2.23) also
satisfy (ii) with m = k + 1, that is, for each j ∈ 1n there exists a subset Ij of 1n
such that (2.6) holds. To prove this, let j be an arbitrary element in 1n. If Qj = Hι

for some ι ∈ Ĩ, then (2.11), (2.13) and the first equality in (2.7) imply that (2.6)
holds with Ij = {k + 1}. If there exist j′ ∈ J1 and l ∈ Ij′ such that Qj = Hj′l,
then (2.9), (2.8), (2.14) and the first inclusion in (2.15) imply that (2.6) holds with
Ij = Ĩj′ . If Qj = Q̃j′ ∩ Pk+1 for some j′ ∈ J2, then the definition of J2 implies

ri(Q̃j′ ∩Pk+1) = ri(Q̃j′)∩ ri(Pk+1), and it follows from (2.9) and (2.8) that (2.6) holds

with Ij := Ĩj′ ∪ {k + 1}. The proof is complete.

Corollary 2.6. Let P1, · · · , Pm be convex polyhedra in a normed space X and
A be the union of finitely many convex polyhedra in X such that A ⊂

⋃m
i=1 Pi. Then

there exist convex polyhedra Q1, · · · , Qn in Y such that

(2.24) A =

n⋃
j=1

Qj , Qj ∩ ri(Qj′) = ∅ ∀j ∈ 1n and ∀j′ ∈ 1n \ {j}

and for any j ∈ 1n there exists a subset Ij of 1m such that

(2.25) ri(Qj) ∩
⋃

i′∈1m\Ij

Pi′ = ∅ and Qj ⊂ Pi ∀i ∈ Ij .

Proof. By Proposition 2.5, take convex polyhedra A1, · · · , Ak in X such that

(2.26) A =

k⋃
ι=1

Aι and ri(Aι) ∩Aι′ = ∅ ∀ι ∈ 1k and ι′ ∈ 1k \ {ι}.

Then Aι =
⋃m
i=1 P

ι
i for any ι ∈ 1k, where P ιi := Aι ∩ Pi. Again by Proposition 2.5,

there exist convex polyhedra Qι1, · · · , Qιnι in X such that

(2.27) Aι =

nι⋃
j=1

Qιj , ri(Qιj) ∩Qιj′ = ∅ ∀j, j′ ∈ 1nι with j 6= j′
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and for each j ∈ 1nι there exists Iιj ⊂ 1m such that

(2.28) ri(Qιj) ∩
⋃

i′∈1m\Iιj

P ιi′ = ∅, Qιj ⊂ P ιi and aff(Qιj) = aff(P ιi ) ∀i ∈ Iιj .

For each ι ∈ 1k, let J ι :=
{
j ∈ 1nι : Aι 6=

⋃
j′∈1nι\{j}Q

ι
j′

}
. Then Aι =

⋃
j′∈Jι Q

ι
j′ .

For each j ∈ J ι, take x ∈ int(Qιj) and r > 0 such that B(x, r) ∩
⋃
j′∈1nι\{j}Q

ι
j′ = ∅,

and hence B(x, r) ∩ Qιj = B(x, r) ∩ Aι. Noting that Aι is a convex polyhedron, it
follows that aff(Qιj) = aff(Aι) and ri(Qιj) ⊂ ri(Aι) for all j ∈ J ι. Thus, rewriting
the family

⋃
ι∈1k{Qιj : j ∈ J ι} as {Q1, · · · , Qn}, one sees that (2.24) and (2.25) hold

(thanks to (2.26), (2.27) and (2.28)). The proof is complete.

3. Uniform weak sharp minima for piecewise linear multiobjective op-
timization. Given a convex polyhedron P in a normed space X, recall that a func-
tion ϕ : P → R is piecewise linear if there exist convex polyhedra Pi in X and
(x∗i , ci) ∈ X∗ × R (i = 1, · · · ,m) such that

(3.1) P =

m⋃
i=1

Pi and ϕ(x) = 〈x∗i , x〉+ ci ∀x ∈ Pi and ∀i ∈ 1m.

Zheng and Ng proved the following result on nonnegative piecewise linear functions
(cf. [40, Corollary 3.1]), which will play a key role in the proof of our main result.

Lemma 3.1. Let P be a convex polyhedron in a normed space X and let ϕ,ψ :
P → R+ be piecewise linear functions such that

ker(ϕ) := {x ∈ P : ϕ(x) = 0} ⊂ ker(ψ).

Then there exist κ, r ∈ (0, +∞) such that κψ(x) ≤ ϕ(x) for all x ∈ P with ϕ(x) ≤ r.

We also need the following uniform global metric regularity result on a convex
polyhedral multifunction (cf. [8, Theorem 3C.3]).

Lemma 3.2. Let F : X ⇒ Rn be a convex polyhedral multifunction, that is, its
graph gph(F ) = {(x, y) : x ∈ X and y ∈ F (x)} is a convex polyhedron in X × Rn.
Then there exists τ ∈ (0, +∞) such that

d(x, F−1(y)) ≤ τd(y, F (x)) ∀x ∈ X and ∀y ∈ F (X).

Let f1, · · · , fn, ϕ1, · · · , ϕν : X → R be piecewise linear functions. Equipping Rn
with the so-called natural vector partial order induced by the polyhedral cone Rn+, this
section considers the following piecewise linear multiobjective optimization problem

(PLMOP) Rn+−minf(x) := (f1(x), · · · , fn(x)) subject to ϕ1(x) ≤ 0, · · · , ϕk(x) ≤ 0.

Then the feasible set Ω of (PLMOP) is the union of finitely many convex polyhedra in
X. The Pareto (resp. weak Pareto) solution set of (PLMOP) is denoted by S (resp.
Sw), while the Pareto (resp. weak Pareto) optimal value set is denoted by V (resp.
Vw). Hence S = Ω ∩ f−1(V ), Sw = Ω ∩ f−1(Vw),

V = {y ∈ f(Ω) : f(Ω)∩(y−Rn+) = {y}} andVw = {y ∈ f(Ω) : f(Ω)∩(y−int(Rn+)) = ∅}.
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Extending Arrow, Barankin and Blackewll’s classical result on the solution sets
and optimal value sets for linear multiobjective optimization problems, several authors
established the structure of the solution sets and optimal value sets for piecewise linear
multiobjective optimization. In particular, the following lemma has been established
(cf. [37, 42]).

Lemma 3.3. The following statements on piecewise linear muiltiobjective opti-
mization problem (PLMOP) hold.
(i) The Pareto solution set S and the Pareto optimal value set V of (PLMOP) are
the union of finitely many convex generalized polyhedra in X and Rn, respectively.
(ii) The weak Pareto solution set Sw and the weak Pareto optimal value set Vw of
(PLMOP) are the union of finitely many convex polyhedra in X and Rn, respective-
ly. If, in addition, f(Ω) + Rn+ is convex, then the Pareto solution set S and the
Pareto optimal value set V of (PLMOP) are also the unions of finitely many convex
polyhedra.

Since the Pareto optimal value set V is always a subset of the weak Pareto optimal
value set Vw and S(y) = Sw(y) for all y ∈ V , the uniform global (resp. bounded)
weak sharp minima of (PLMOP) with respect to weak Pareto optimal values implies
the uniform global (resp. bounded) weak sharp minima of (PLMOP) with respect to
Pareto optimal values. We first consider the uniform weak sharp minima of (PLMOP)
with respect to weak Pareto optimal values in any polyhedral subset of Vw.

Theorem 3.4. Let A be a subset of the weak Pareto optimial value set Vw of
(PLMOP) such that it is the union of finitely many convex polyhedra in Rn. Then
the following properties are equivalent:
(i) Sw(y) ⊂ lim inf

y′
A−→y

Sw(y′) for all y ∈ A.

(ii) (PLMOP) has uniform bounded weak sharp minima with respect to all weak Pareto
optimal values in A, that is, for any r > 0 sufficiently large there exists κ ∈ (0, +∞)
such that for any y = (y1, · · · , yn) ∈ A ∩ rBRn ,

(3.2) κd(x, Sw(y)) ≤
n∑
i=1

[fi(x)− yi]+ +

k∑
j=1

[ϕj(x)]+ ∀x ∈ rBX .

(iii) For any r ∈ (0, +∞), there exists L ∈ (0, +∞) such that

Sw(y) ∩ rBX ⊂ Sw(y′) + L‖y′ − y‖BX ∀y ∈ Vw and ∀y′ ∈ A ∩ rBRn .

Proof. Let F : X ⇒ Rn × Rk be defined by

(3.3) F (x) :=
(
(f1(x), · · · , fn(x)) + Rn+

)
×
(
(ϕ1(x), · · · , ϕk(x)) + Rk+

)
∀x ∈ X

Then, by A ⊂ Vw, one has F−1(y, 0) = Ω∩ f−1(y−Rn+) = Sw(y) for all y ∈ A. Since
f1, · · · , fn, ϕ1, · · · , ϕk are piecewise linear, it is easy to verify that F is a polyhedral
multifunction (i.e. the graph gph(F ) is the union of finitely many convex polyhedra
in X × Rn × Rk). Hence there exist multifunctions F1, · · · , Fν from X to Rn × Rk

such that gph(F1), · · · , gph(Fν) are convex polyhedra and gph(F ) =
ν⋃
ι=1

gph(Fι). It

follows that

(3.4) F (x) =

ν⋃
ι=1

Fι(x) ∀x ∈ X and Sw(y) = F−1(y, 0) =

ν⋃
ι=1

F−1
ι (y, 0) ∀y ∈ A.
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Moreover, by Lemma 3.2, there exists L ∈ (0, +∞) such that

(3.5) d(x, F−1
ι (z)) ≤ Ld(z, Fι(x)) ∀(x, z) ∈ X × Fι(X) and ∀ι ∈ 1ν.

Noting that each Fι(X) is a convex polyhedron and A×{0} ⊂ F (X) =
ν⋃
ι=1

Fι(X), by

Corollary 2.6, there exist convex polyhedra Q1, · · · , Qn′ in Rn such that

(3.6) A =

n′⋃
υ=1

Qυ, ri(Qυ) ∩
⋃

υ′∈1n′\{υ}

Qυ′ = ∅,

(3.7) Qυ × {0} ⊂ Fι(X) and (ri(Qυ)× {0}) ∩
⋃

ι′∈1ν\Iυ

Fι′(X) = ∅

for all υ ∈ 1n′ and ι ∈ Iυ, where each Iυ is a subset of 1ν. Noting that each Fι is a
convex polyhedral multifunction, it is easy to verify that

(x, z) 7→ G(x, z) := F−1
ι (z)− x

is a convex polyhedral multifunction fromX×Rn×Rk toX with dom(G) = X×Fι(X).
Thus, by [40, Lemma 3.3], there exist τι, τ̃ι ∈ (0, +∞) and a piecewise linear function
ηι : X × Fι(X)→ R+ such that

(3.8) τιηι(x, z) ≤ d(0, G(x, z)) = d(x, F−1
ι (z)) ≤ τ̃ιηι(x, z) ∀(x, z) ∈ X × Fι(X).

First suppose that (i) holds. Let υ ∈ 1n′ and y ∈ Qυ. Then, since ri(Qυ) is dense
in Qυ, there exists a sequence {yk} in ri(Qυ) converging to y. Hence

Sw(y) ⊂
{
x ∈ X : lim

k→∞
d(x, Sw(yk)) = 0

}
.

Noting that Sw(yk) = F−1(yk, 0) =
⋃ν
ι=1 F

−1
ι (yk, 0) =

⋃
ι∈Iυ F

−1
ι (yk, 0) (thanks to

(3.4) and (3.7)), it follows that

Sw(y) ⊂

{
x ∈ X : lim

k→∞
d

(
x,
⋃
ι∈Iυ

F−1
ι (yk, 0)

)
= 0

}
.

Let u be an arbitrary element in Sw(y). Then, since Iυ is a finite set, we can assume
without loss of generality that there exists ι0 ∈ Iυ such that lim

k→∞
d
(
u, F−1

ι0 (yk, 0)
)

= 0

(taking a subsequence of {yk} if necessary). Hence there exists a sequence {uk} in X
such that ‖u− uk‖ → 0 and uk ∈ F−1

ι0 (yk, 0) for all k ∈ N. This and (3.5) imply that

d(uk, F
−1
ι0 (y, 0)) ≤ Ld((y, 0), Fι0(uk)) ≤ L‖yk − y‖ ∀k ∈ N.

Thus, since yk → y, one has u ∈ F−1
ι0 (y, 0) ⊂

⋃
ι∈Iυ

F−1
ι (y, 0). Hence Sw(y) ⊂⋃

ι∈Iυ
F−1
ι (y, 0). It follows from (3.4) that Sw(y) =

⋃
ι∈Iυ

F−1
ι (y, 0), which implies

(3.9) d(x, Sw(y)) = min
ι∈Iυ

d(x, F−1
ι (y, 0)) ∀(x, y) ∈ X ×Qυ and ∀υ ∈ 1n′.
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For υ ∈ 1n′, let κυ := minι∈Iυ τι, κ̃υ := maxι∈Iυ τ̃ι, and define θυ : X ×Qυ → R+ by

θυ(x, y) := min
ι∈Iυ

ηι(x, (y, 0)) ∀(x, y) ∈ X ×Qυ.

Then θυ is a nonnegative piecewise linear function on the convex polyhedron X ×Qυ
and

(3.10) κυθυ(x, y) ≤ d(x, Sw(y)) ≤ κ̃υθυ(x, y) ∀(x, y) ∈ X ×Qυ

(thanks to (3.8), (3.9) and the inclusion in (3.7)). Let

ψ(x, y) :=

n∑
i=1

[fi(x)− yi]+ +

k∑
j=1

[ϕj(x)]+ ∀x ∈ X and ∀y = (y1, · · · , yn) ∈ Rn.

Then ψ is a nonnegative piecewise linear function on X × Rn, and

F−1(y, 0) = {x ∈ X : ψ(x, y) = 0} ∀y ∈ Rn.

For any υ ∈ 1n′, by (3.4) and (3.6), one has

Λυ : = {(x, y) ∈ X ×Qυ : ψ(x, y) = 0}
= {(x, y) ∈ X ×Qυ : x ∈ F−1(y, 0))}
= {(x, y) ∈ X ×Qυ : x ∈ Sw(y)}
= {(x, y) ∈ X ×Qυ : d(x, Sw(y)) = 0}.

This and (3.10) imply that Λυ ⊂ {(x, y) ∈ X ×Qυ : θυ(x, y) = 0}. Thus, by Lemma
3.1, there exist τυ, rυ ∈ (0, +∞) such that

(3.11) θυ(x, y) ≤ τυψ(x, y) ∀(x, y) ∈ X ×Qυ with ψ(x, y) ≤ rυ.

Let x ∈ X and y ∈ A be such that ψ(x, y) ≤ δ0 := min{rυ : υ ∈ 1n′}. Then, by
(3.6), there exists υ0 ∈ 1n′ such that y ∈ Qυ0 . Thus, by (3.10) and (3.11), one has

d(x, Sw(y)) ≤ κ̃υ0τυ0ψ(x, y) = κ̃υ0τυ0

 n∑
i=1

[fi(x)− yi]+ +

k∑
j=1

[ϕj(x)]+

 .

Let r ∈ (0, +∞) sufficiently large. Then, to prove (i)⇒(ii), it suffices to show that

(3.12) sup {d(x, Sw(y)) : x ∈ rBX and y ∈ A ∩ rBRn} < +∞.

To do this, let x ∈ rBX and y ∈ A ∩ rBRn . Then, by (3.4), there exists ι ∈ 1ν such
that (y, 0) ∈ Fι(X) and

d(x, Sw(y)) = d(x, F−1(y, 0)) ≤ d(x, F−1
ι (y, 0)) ≤ inf

u∈X
‖x‖+ ‖u‖+ d(u, F−1

ι (y, 0)).

This and (3.5) imply that

d(x, Sw(y)) ≤ inf
u∈X
‖x‖+ ‖u‖+ Ld((y, 0), Fι(u))

≤ inf
u∈X
‖x‖+ ‖u‖+ L(‖(y, 0)‖+ d((0, 0), Fι(u)))

≤ (1 + L)r + inf
u∈X
‖u‖+ Ld((0, 0), Fι(u))
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for some constant L ∈ (0, +∞), verifying (3.12).

Since (iii)⇒(i) is trivial, it remains to show (ii)⇒(iii). Let r, κ ∈ (0, +∞) be
such that (3.2) holds. Let y = (y1, · · · , yn) ∈ Vw, y′ = (y′1, · · · , y′n) ∈ A ∩ rBRn and
x ∈ Sw(y) ∩ rBX . Then x ∈ Ω, y ∈ f(x) + Rn+,

κd(x, Sw(y′)) ≤
n∑
i=1

[fi(x)− y′i]+ +

k∑
j=1

[ϕj(x)]+ =

n∑
i=1

[fi(x)− y′i]+,

and hence

n∑
i=1

[fi(x)− y′i]+ ≤
n∑
i=1

[yi − y′i]+ ≤ L′‖y − y′‖,

where L′ is a positive constant. It follows that d(x, Sw(y′)) ≤ L′

κ ‖y − y
′‖, that is,

x ∈ Sw(y′) + L′

κ ‖y − y
′‖BX . This shows that (iii) holds with L = L′

κ . The proof is
complete.

The following theorem is immediate from Lemma 3.3 and Theorem 3.4 (applied
to A = Vw).

Theorem 3.5. The following properties on piecewise linear multiobjective opti-
mization problem (PLMOP) are equivalent:
(i) Sw(y) ⊂ lim inf

y′
Vw−→y

Sw(y′) for all y ∈ Vw.

(ii) (PLMOP) has uniform bounded weak sharp minima with respect to all weak Pare-
to optimal values, that is, for any r > 0 sufficiently large there exists κ ∈ (0, +∞)
such that for any y = (y1, · · · , yn) ∈ Vw ∩ rBRn ,

κd(x, Sw(y)) ≤
n∑
i=1

[fi(x)− yi]+ +

k∑
j=1

[ϕj(x)]+ ∀x ∈ rBX .

(iii) For any r ∈ (0, +∞), there exists L ∈ (0, +∞) such that

Sw(y) ∩ rBX ⊂ Sw(y′) + L‖y′ − y‖BX ∀y ∈ Vw and ∀y′ ∈ Vw ∩ rBRn .

In the case that all fi and ψi in (PLMOP) are convex, it can be proved that
(PLMOP) always has uniform global weak sharp minima with respect to all weak
Pareto optimal values. In fact, a more general result on uniform global weak sharp
minima will be proved in Section 4. Next, in view of (i) in Theorem 3.4 and Theorem
3.5, we establish the following theorem.

Theorem 3.6. Let A be a subset of the weak Pareto optimial value set Vw of
(PLMOP) such that A is the union of finitely many convex polyhedra in Rn. Then
there exist convex polyhedra Q1, · · · , Qn′ in Rn such that

(3.13) A =

n′⋃
υ=1

Qυ, ri(Qυ′) ∩
⋃

υ∈1n′\{υ′}

Qυ = ∅ ∀υ′ ∈ 1n′
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and S(ŷ) ⊂ lim inf
y
A−→ŷ

Sw(y) for all ŷ ∈
n′⋃
υ=1

ri(Qυ).

Proof. Let F : X ⇒ Rn × Rk be defined by (3.3). As at the beginning of the
proof of Theorem 3.4, there exist convex polyhedral multifunctions F1, · · · , Fν : X ⇒
Rn × Rk and convex polyhedra Q1, · · · , Qn′ in Rn such that (3.4), (3.6) and (3.7)

hold. Let ŷ ∈
⋃n′
υ=1 ri(Qυ) and take υ ∈ 1n′ such that ŷ ∈ ri(Qυ). Then, by (3.6) and

(3.7), one has

(3.14) (ŷ, 0) 6∈

 ⋃
υ′∈1n′\{υ}

Qυ′ × {0}

⋃ ⋃
ι′∈1ν\Iυ

Fι′(X)

 .

This and (3.4) imply that

(3.15) Sw(ŷ) = F−1(ŷ, 0) =
⋃
ι∈Iυ

F−1
ι (ŷ, 0).

Noting that
(⋃

υ′∈1n′\{υ}Qυ′ × {0}
)⋃( ⋃

ι′∈1ν\Iυ
Fι′(X)

)
is closed (because every

convex polyhedron is closed), (3.14) means

rυ := d

(ŷ, 0),

 ⋃
υ′∈1n′\{υ}

Qυ′ × {0}

⋃ ⋃
ι′∈1ν\Iυ

Fι′(X)

 > 0.

Let {yk}k∈N be an arbitrary sequence in A converging to ŷ. Then, without loss of
generality, we can assume that ‖(yk, 0) − (ŷ, 0)‖ < rυ for all k ∈ N. Thus, by (3.6)
and (3.7), one has (yk, 0) ∈ (Qυ × {0}) \

⋃
ι′∈1ν\Iυ

Fι′(X) for all k ∈ N. It follows from

(3.4) that

(3.16) Sw(yk) = F−1(yk, 0) =
⋃
ι∈1ν

F−1
ι (yk, 0) =

⋃
ι∈Iυ

F−1
ι (yk, 0) ∀k ∈ N

and (yk, 0) ∈ Fι(X) for all (k, ι) ∈ N×Iυ, that is, F−1
ι (yk, 0) 6= ∅ for all (k, ι) ∈ N×Iυ.

Since each Fι is a convex polyhedral multifunction, there exists L ∈ (0, +∞) such
that

d(x, F−1
ι (yk, 0)) ≤ Ld((yk, 0), Fι(x)) ∀(x, ι, k) ∈ X × Iυ × N

(thanks to Lemma 3.2). Let x̂ be an arbitrary element in Sw(ŷ). Then, by (3.16),

d(x̂, Sw(yk)) = d

(
x̂,
⋃
ι∈Iυ

F−1
ι (yk, 0)

)
= min

ι∈Iυ
d(x̂, F−1

ι (yk, 0)) ≤ Lmin
ι∈Iυ

d((yk, 0), Fι(x̂)),

that is, d(x̂, Sw(yk)) ≤ Ld
(
(yk, 0),

⋃
ι∈Iυ Fι(x̂)

)
. By (3.15) and x̂ ∈ Sw(ŷ), one has

(ŷ, 0) ∈
⋃
ι∈Iυ Fι(x̂). Hence d(x̂, Sw(yk)) ≤ L‖(yk, 0) − (ŷ, 0)‖ → 0 as k → ∞.

This shows that x̂ ∈ lim inf
y
A−→ŷ

Sw(y). Since x̂ is arbitrary in Sw(ŷ), one has Sw(ŷ) ⊂

lim inf
y
A−→ŷ

Sw(y). The proof is complete.
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By Lemma 3.3, both the weak Pareto optimal value set Vw of (PLMOP) and the
closure cl(V ) of the Pareto optimal value set V of (PLMOP) are the union of finitely
many convex polyhedra in Rn. Thus, by Theorems 3.5 and 3.6 (applied to A = Vw
and A = cl(V )), we have the following result.

Corollary 3.7. The following statements on the weak Pareto optimial value set
Vw and Pareto optimal value set V of (PLMOP) hold.
(i) There exist convex polyhedra Q1, · · · , Qn̂ in Rn such that

(3.17) Vw =

n̂⋃
υ=1

Qυ, ri(Qυ′) ∩
⋃

υ∈1n̂\{υ′}

Qυ = ∅ ∀υ′ ∈ 1n̂

and for any ŷ ∈
n̂⋃
υ=1

ri(Qυ) there exists δ > 0 with the following property: for any

r ∈ (0, +∞) there exists L ∈ (0, +∞) such that

(3.18) Sw(y) ∩ rBX ⊂ Sw(y′) + L‖y′ − y‖BX ∀y, y′ ∈ Vw ∩B(ŷ, δ).

Consequently, Sw(ŷ) ⊂ lim inf
y
Vw−→ŷ

Sw(y) for all ŷ ∈
n̂⋃
υ=1

ri(Qυ).

(ii) There exist convex polyhedra Q̃1, · · · , Q̃ñ in Rn such that

cl(V ) =

ñ⋃
υ=1

Q̃υ, ri(Q̃υ′) ∩
⋃

υ∈1ñ\{υ′}

Q̃υ = ∅ ∀υ′ ∈ 1ñ

and for any ŷ ∈
ñ⋃
υ=1

ri(Q̃υ) there exists δ > 0 with the following property: for any

r ∈ (0, +∞) there exists L ∈ (0, +∞) such that

S(y) ∩ rBX ⊂ S(y′) + L‖y′ − y‖BX ∀y, y′ ∈ V ∩B(ŷ, δ).

Proof. By Lemma 3.3 and Theorem 3.6 (applied to A = Vw), there exist convex
polyhedra Q1, · · · , Qn̂ in Rn such that (3.17) holds and

(3.19) Sw(ŷ) ⊂ lim inf
y
Vw−→ŷ

Sw(y) ∀ŷ ∈
n̂⋃
υ=1

ri(Qυ).

To prove (i), let ŷ ∈
n̂⋃
υ=1

ri(Qυ) and take υ ∈ 1n̂ such that ŷ ∈ ri(Qυ). Then, by (3.17),

ŷ 6∈
⋃

υ′∈1n̂\{υ}
Qυ′ . Noting that

⋃
υ′∈1n̂\{υ}

Qυ′ is a closed set, it follows that there exists

δ̂ > 0 such that

B‖·‖∞ [ŷ, δ̂] ∩ Vw = B‖·‖∞ [ŷ, δ̂] ∩Qυ ⊂ ri(Qυ),

where B‖·‖∞ [ŷ, δ̂] := {y ∈ Rn : ‖y − ŷ‖∞ ≤ δ̂} is a convex polyhedron. Hence, by

(3.19), one has Sw(y) ⊂ lim inf
y′
Vw−→y

Sw(y′) for all y ∈ A := B‖·‖∞ [ŷ, δ̂] ∩Qυ. By Theorem
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3.4, taking δ > 0 such that B(ŷ, δ) ⊂ B‖·‖∞ [ŷ, δ̂] and noting that A = B‖·‖∞ [ŷ, δ̂]∩Qυ
is a convex polyhedron contained in Vw, for any r ∈ (0, +∞) sufficiently large there
exists L ∈ (0, +∞) such that (3.18) holds. This shows (i). Since cl(V ) is a subset of
Vw and is the union of finitely many convex polyhedra, (ii) can be proved similarly.

In Theorem 3.6 and Corollary 3.7, noting that Qν \ ri(Qν) is the union of finitely
many proper faces of Qν and that the dimension of every proper face of Qν is strictly

less than the one of Qν , Vw \
n̂⋃
ν=1

ri(Qν) =
n̂⋃
ν=1

Qν \ ri(Qν) is a null set in Vw. It follows

from Corollary 3.7 that the Pareto solution mapping y 7→ S(y) of (PLMOP)C is locally

Lipschitz-stable almost everywhere on Vw. It is worth mentioning that y ∈
n̂⋃
ν=1

ri(Qν)

cannot be improved as y ∈ Vw(=
n̂⋃
ν=1

Qν) in Theorem 3.6 and Corollary 3.7 (see the

following example).

Example. Let X = R, n = 2, f1 = ϕ1 = · · · = ϕk ≡ 0, and let f2 : R → R be
such that

f2(x) :=

{
x, if x ∈ (−∞, 0]
0, if x ∈ [0, +∞).

Then A = f(R) = {0} × (−∞, 0]. Moreover, f(1) = {(0, 0)} and Sw(0,− 1
ν ) =

(−∞, − 1
ν ] for all ν ∈ N. Hence d(1, Sw(0,− 1

ν )) = 1 + 1
ν for all ν ∈ N. Noting that

[f2(1)− (− 1
ν )]+ = 1

ν and [f1(1)− 0]+ = [ϕ1(1)]+ = · · · = [ϕk(1)]+ = 0, it follows that

lim
ν→∞

d(1, Sw(0,− 1
ν ))

[f1(1)− 0]+ + [f2(1) + 1
ν ]+ +

k∑
j=1

[ϕj(1)]+

= lim
ν→∞

1 + 1
ν

1
ν

= +∞.

This shows that (PLMOP) does not have uniform bounded weak sharp minima with
respect to all weak Pareto optimal values, which motivates us to consider near uniform
weak sharp minima.

Given a convex polyhedron P in Rn and ε > 0 sufficiently small, let

(3.20) P ε := {x ∈ P : d(x, rbd(P )) < ε},

where rbd(P ) := P \ ri(P ) is the relative boundary of P .

Definition 3.1. Let A be the union of finitely many convex polyhedra in Rn and
ε > 0 sufficiently small. We say that a set Aε is an ε-small set of A if there exist
convex polyhedra P1, · · · , Pm in Rn such that

(3.21) A =

m⋃
i=1

Pi, Aε =

m⋃
i=1

P εi and ri(Pi) ∩ Pi′ = ∅ ∀i, i′ ∈ 1m with i 6= i′,

where P εi is as in (3.20).

Remark. Each P εi in (3.21) is a “small” subset of Pi in the sense of topology
for sufficiently small ε (thanks to (3.20)) and hence Aε is a “small” subset of A in
the sense of topology for sufficiently small ε. On the other hand, dim(rbd(Pi)) <
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dim(Pi) and so µi(rbd(Pi)) = 0, where µi denotes the Lebesgue measure on Pi, and
so lim

ε→0+
µi(P

ε
i ∩ rBX) = 0 for any r ∈ (0, +∞). Hence Aε is also a small subset of A

in the sense of measure for sufficiently small ε.

Definition 3.2. Piecewise linear multiobjective optimization problem (PLMOP)
is said to have near uniform bounded weak sharp minima with respect to weak Pareto
optimal values if for any ε ∈ (0, +∞) sufficiently small there exists an ε-small set
Oε of Vw such that for any r ∈ (0, +∞) sufficiently large there exists κ ∈ (0, +∞)
satisfying the following property:

(3.22) κd(x, Sw(y)) ≤
n∑
i=1

[fi(x)− yi]+ +

k∑
j=1

[ϕj(x)]+

for any x ∈ rBX and any y = (y1, · · · , yn) ∈ (Vw \Oε) ∩ rBRn .

The following theorem shows that piecewise linear multiobjective optimization
problem (PLMOP) always has near uniform bounded weak sharp minima.

Theorem 3.8. Piecewise linear multiobjective optimization problem (PLMOP)
always has near uniform bounded weak sharp minima with respect to weak Pareto
optimal values.

Proof. By Corollary 3.7, there exist convex polyhedra Q1, · · · , Qn′ in Rn such
that

(3.23) Vw =

n′⋃
υ=1

Qυ, ri(Qυ) ∩
⋃

υ′∈1n′\{υ}

Qυ′ = ∅ ∀υ ∈ 1n′

and

(3.24) S(ŷ) ⊂ lim inf
y
Vw−→ŷ

Sw(y) ∀ŷ ∈
n′⋃
υ=1

ri(Qυ).

For any ε ∈ (0, +∞), let

Qευ := {y ∈ Qυ : d(y,Qj \ ri(Qυ)) < ε} ∀υ ∈ 1n′.

Then Oε :=
⋃n′
υ=1Q

ε
υ is an ε-small set of Vw (thanks to (3.23)). For each υ ∈ 1n′,

take a prime generator group {(y∗1 , t1), · · · , (y∗ν , tν)} of Qj , that is,

(3.25) Qυ = {y ∈ Y : 〈y∗k, y〉 ≤ tk, k ∈ 1ν}

and

(3.26) Qυ 6=
{
y ∈ Y : 〈y∗k, y〉 ≤ tk, k ∈ 1ν \ {k′}

}
∀k′ ∈ 1ν.

Thus, by [42, Corollary 2.1], there exists a subset J of 1ν such that

(3.27) ri(Qυ) = {y ∈ Y : 〈y∗k, y〉 < tk, k ∈ 1ν \ J} ∩ {y ∈ Y : 〈y∗k, y〉 = tk, k ∈ J}.

Let E := {y ∈ Y : 〈y∗k, y〉 = 0, k ∈ J}. From (3.25)—(3.27), it is easy to verify that
y∗k|E 6= 0 for all k ∈ 1ν \ J and y +B(0, ε) ∩ E ⊂ Qυ and for all y ∈ Qυ \Qευ. Hence

〈y∗k, y〉+
∥∥y∗k|E∥∥ε = sup

v∈y+B(0,ε)∩E
〈y∗k, v〉 ≤ tk ∀k ∈ 1ν \ J and ∀y ∈ Qυ \Qευ.
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Let

Q̂υ :=

{
y ∈ Y : 〈y∗k, y〉 ≤ tk −

‖y∗k|E‖ε
2

, k ∈ 1ν \ J
}
∩{y ∈ Y : 〈y∗k, y〉 = tk, k ∈ J}.

Then Q̂υ is a convex polyhedron and Qυ \ Qευ ⊂ Q̂υ ⊂ ri(Qυ) (thanks to (3.27)).

It follows from (3.23) that Vw \ Oε ⊂
⋃n′
υ=1 Q̂υ ⊂

⋃n′
υ=1 ri(Qυ). Thus, by (3.24),

S(ŷ) ⊂ lim inf
y
Vw−→ŷ

Sw(y) for all ŷ ∈
⋃n′
υ=1 Q̂υ. By Theorem 3.4 (applied to A =

⋃n′
υ=1 Q̂υ),

(PLMOP) has uniform weak sharp minima with respect to all weak Pareto optimal

values in
⋃n′
υ=1 Q̂υ. Hence, for any r ∈ (0, +∞), there exists τr > 0 such that for any

τrd(x, Sw(y)) ≤
n∑
i=1

[fi(x)− yi]+ +

k∑
j=1

[ϕj(x)]+

for all x ∈ rBX and y = (y1, · · · , yn) ∈ (Vw \Oε)∩ rBRn . This shows that (PLMOP)
always has near uniform bounded weak sharp minima with respect to all weak Pareto
optimal values. The proof is complete.

4. The general vector partial order case. For a general closed convex and
pointed cone C in Rn, let ≤C denote the partial order induced by C, that is, for
y1, y2 ∈ Rn,

y1 ≤C y2 (resp. y1 <C y2)⇐⇒ y2 − y1 ∈ C (resp. y2 − y1 ∈ int(C)).

Given a set A in Rn, let WE(A,C), E(A,C) and Pos(A,C) denote respectively the
sets of all weakly efficient points, all efficient points and all positive proper efficient
points of A with respect to C, that is,

WE(A,C) = {x ∈ A : A∩ (x− int(C)) = ∅}, E(A,C) = {x ∈ A : A∩ (x−C) = {x}}

and

Pos(A,C) := {x ∈ A : there existsx∗ ∈ C+i such that 〈x∗, x〉 = inf
a∈A
〈x∗, a〉},

where C+i = {x∗ ∈ Rn : 〈x∗, y〉 > 0 ∀y ∈ C \ {0}}. It is well-known and easy to
verify that Pos(A,C) ⊂ E(A,C) ⊂ WE(A,C). Arrow, Barankin and Blackwell [1]
proved that if A is a closed convex set in Rn and if C ⊂ Rn has a compact base then

(ABB) E(A,C) ⊂ cl(Pos(A,C)).

It is known that every closed convex pointed cone in Rn has a compact base.

In the remainder of this paper, let C be a closed convex and pointed cone in
Rn. Equipping Rn with the vector partial order induced by C, consider the following
piecewise linear multiobjective optimization problem

(PLMOP)C C−minf(x) = (f1(x), · · · , fn(x)) subject to ϕ1(x) ≤ 0, · · · , ϕk(x) ≤ 0,
where f1, · · · , fn, ϕ1, · · · , ϕk : X → R are piecewise linear functions.

In the case that the ordering cone C is not polyhedral, (PLMOP)C is not a genuine
piecewise linear problem even when all fi and ϕj are linear. Under a mild assumption,
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we will prove that for any closed convex pointed cone C in Rn there exists a closed
convex pointed polyhedral cone Ĉ in Rn such that (PLMOP)C and (PLMOP)Ĉ are
equivalent. Such an equivalence not only plays a key role in the proofs of our main
results but also is of its own value. Recall that a vector-valued function f : X → Rn
is C-convex if

f(tx1 + (1− t)x2) ≤C tf(x1) + (1− t)f(x2) ∀t ∈ [0, 1] and ∀x1, x2 ∈ X.

In contrast, we adopt the following weak C-convexity of f on a set A: f is said to be
C-convex-like if for any x1, x2 ∈ A and any t ∈ (0, 1) there exists xt ∈ A such that

f(xt) ≤C tf(x1) + (1− t)f(x2).

It is clear that if f(A) is complete with the vector partial order ≤C then f is C-
convex-like on A. In particular, in the case of n = 1 and C = R+, every function
f : X → R is weakly C-convex on any subset of X.

Theorem 4.1. Suppose that the objective function f is C-convex-like on the fea-
sible set Ω. Then there exists a convex polyhedral pointed cone Ĉ containing C such
that the following properties hold:
(i) f is Ĉ-convex-like on Ω. If, in addition, f is C-convex, then f is also Ĉ-convex.
(ii) Piecewise linear multiobjective optimization problems (PLMOP)C and (PLMOP)Ĉ
have the same weak Pareto optimal value set and the same Pareto optimal value set.
(iii) (PLMOP)C and (PLMOP)Ĉ have the same weak Pareto solution set and the
same Pareto solution set.

Proof. Since f and each ϕj are piecewise linear, f(Ω) is the union of finitely many
convex polyhedra in X × Rn. Noting that a set P in Rn is a convex polyhedron if
and only if P is finitely generated (cf. [31, Theorem 19.1]), we have that co(f(Ω)) is
a convex polyhedron. Since f is C-convex-like on Ω, it is easy to verify that f(Ω) +C
is a convex set. This implies that co(f(Ω)) ⊂ f(Ω) + C, and hence co(f(Ω)) + C =
f(Ω) + C. Noting that WE(A,C) = A ∩WE(A+ C,C) and E(A,C) = E(A+ C,C)
for any set A in Rn, one has

(4.1) WE(f(Ω), C) = f(Ω) ∩WE(co(f(Ω)), C) and E(f(Ω), C) = E(co(f(Ω)), C).

For each y∗ ∈ C+ \ {0}, let

F (y∗) :=

{
y ∈ co(f(Ω)) : 〈y∗, y〉 = sup

z∈co(f(Ω))

〈y∗, z〉

}

and

F̂ (y∗) :=

{
y ∈ f(Ω) : 〈y∗, y〉 = sup

z∈f(Ω)

〈y∗, z〉

}
.

Then Pos(co(f(Ω)), C) =
⋃

y∗∈C+i

F (y∗) and, by the separation theorem, one also has

WE(co(f(Ω)), C) =
⋃

y∗∈C+\{0}
F (y∗). Since each F (y∗) is a face of the convex polyhe-

dron co(f(Ω)) and since every convex polyhedron has only finitely many faces, there
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exists y∗1 , · · · , y∗κ ∈ C+ \ {0} and ŷ∗1 , · · · , ŷ∗ν ∈ C+i such that

(4.2) WE(co(f(Ω)), C) =

κ⋃
i=1

F (y∗i ) and Pos(co(f(Ω)), C) =

ν⋃
j=1

F (ŷ∗j ).

Since every closed convex pointed cone in Rn has a compact base, there exists a
compact convex set Θ in Rn such that 0 6∈ Θ and C = R+Θ. Thus, by the Arrow-
Barankin-Blackwell density theorem, E(co(f(Ω)), C) ⊂ cl(Pos(co(f(Ω)), C)). Since
each face F (ŷ∗j ) is closed and since E(co(f(Ω)), C) contains Pos(co(f(Ω)), C), this

and the second equality of (4.2) imply that E(co(f(Ω)), C) =
ν⋃
j=1

F (ŷ∗j ). Therefore,

by (4.1) and the first equality in (4.2), one has

(4.3) WE(f(Ω), C) =

κ⋃
i=1

F̂ (y∗i ) and E(f(Ω), C) =

ν⋃
j=1

F̂ (ŷ∗j ).

By the compactness of Θ, one has

(4.4) ri := min
y∈Θ
〈y∗i , y〉 ≥ 0 and r̂j := min

y∈Θ
〈ŷ∗j , y〉 > 0 ∀(i, j) ∈ 1κ× 1ν.

For each k ∈ 1n, let ek be an element in Rn such that its kth coordinate is 1 and
all the other ones are 0, and let tk := minz∈Θ〈ek, z〉 and t̂k := maxz∈Θ〈ek, z〉. Let

B̂ :=
{
y ∈ Rn : tk ≤ 〈ek, y〉 ≤ t̂k ∀k ∈ 1n

}
,

(4.5) Θ̂ :=
{
y ∈ B̂ : ri ≤ 〈y∗i , y〉 and r̂j ≤ 〈ŷ∗j , y〉 ∀(i, j) ∈ 1κ× 1ν

}
and Ĉ = R+Θ̂.

Then Θ̂ is a convex polyhedron such that 0 6∈ Θ̂ ⊃ Θ, and hence Ĉ is a convex
polyhedral pointed cone containing C. It follows that

(4.6) WE(f(Ω), Ĉ) ⊂WE(f(Ω), C) and E(f(Ω), Ĉ) ⊂ E(f(Ω), C).

On the other hand, by (4.4) and the definition of Ĉ, one has

y∗i ∈ Ĉ+ ∀i ∈ 1κ and ŷ∗j ∈ Ĉ+i ∀j ∈ 1ν.

Hence
κ⋃
i=1

F̂ (y∗i ) ⊂ WE(f(Ω), Ĉ) and
ν⋃
j=1

F̂ (ŷ∗j ) ⊂ E(f(Ω), Ĉ). It follows from (4.3)

and (4.6) that WE(f(Ω), C) = WE(f(Ω), Ĉ) and E(f(Ω), C) = E(f(Ω), Ĉ). This
shows that (PLMOP)C and (PLMOP)Ĉ have both the same weak Pareto optimal
value set and the same Pareto optimal value set and hence they have both the same
weak Pareto solution set and the same Pareto solution set. This shows that (ii) and
(iii) hold.

Noting that Ĉ contains C, it is trivial that if f is C-convex-like on Ω then f is
Ĉ-convex-like on Ω. Next suppose that f is C-convex. Then

f(tx1 + (1− t)x2) ≤C tf(x1) + (1− t)f(x2) ∀x1, x2 ∈ X and ∀t ∈ [0, 1]

and hence

tf(x1) + (1− t)f(x2)− f(tx1 + (1− t)x2 ∈ C ⊂ Ĉ ∀x1, x2 ∈ X and ∀t ∈ [0, 1].
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It follows that f(tx1 + (1 − t)x2) ≤Ĉ tf(x1) + (1 − t)f(x2) for all x1, x2 ∈ X and

t ∈ [0, 1]. This shows that f is Ĉ-convex. The proof is complete.

For y = (y1, · · · , yn) ∈ Rn, let [y]C+ := d(y,−C). If Rn is equipped the l1-norm

and C = Rn+ then [y]C+ =
n∑
i=1

[yi]+.

Theorem 4.2. Suppose that the objective function f is weakly C-convex on Ω.
Then the following statements on piecewise linear problem (PLMOP)C hold:
(i) There exist convex polyhedra Q1, · · · , Qν in Rn such that

(4.7) V =

ν⋃
j=1

Qj , ri(Qj) ∩
⋃

j′∈1ν\{j}

Qj′ = ∅ for all j ∈ 1ν,

and for any y ∈
ν⋃
j=1

ri(Qj) and any r ∈ (0, +∞) there exist L, δ ∈ (0, +∞) such that

(4.8) S(y1) ∩ rBX ⊂ S(y2) + L‖y1 − y2‖BX ∀y1, y2 ∈ V ∩B(y, δ).

(ii) If S(y) ⊂ lim inf
y′
V→y

S(y′) for all y ∈ V then (PLMOP)C has uniform bounded

weak sharp minima with respect to all Pareto optimal values, that is, for any r > 0
sufficiently large there exists κ ∈ (0, +∞) such that for any y = (y1, · · · , yn) ∈
V ∩ rBRn ,

κd(x, S(y)) ≤ [f(x)− y]C+ +

k∑
j=1

[ϕj(x)]+ ∀x ∈ rBX .

(iii) (PLMOP)C always has near uniform bounded weak sharp minima with respect to
Pareto optimal values.

Proof. By Theorem 4.1, there exists a convex polyhedral pointed cone Ĉ in Rn
containing C such that f is weakly Ĉ-convex on Ω and (PLMOP)C and (PLMOP)Ĉ
have the same Pareto optimal value set V , that is,

(4.9) V =
{
y ∈ f(Ω) : f(Ω) ∩ (y − Ĉ) = {y}

}
.

Take y∗1 , · · · , y∗k′ ∈ Rn such that

Ĉ = {y ∈ Rn : 〈y∗i , y〉 ≥ 0, i = 1, · · · , k′},

and define T : Rn → Rk′ as follows

T (y) := (〈y∗1 , y〉, · · · , 〈y∗k′ , y〉) ∀y ∈ Rn.

Then, by the weak Ĉ-convexity of f on Ω, it is easy to verify that T (f(Ω)) +Rk′+ is a

convex set in Rk′ . Moreover, since Ĉ is a pointed cone,

{0} = Ĉ ∩ −Ĉ = {y ∈ Rn : 〈y∗i , y〉 = 0, i = 1, · · · , k′}

and hence the linear operator T is injective. This shows that T is a linear isomorphism
and topological homeomorphism between Rn and T (Rn). Hence there exist L1, L2 ∈
(0, +∞) such that

(4.10) L1‖y‖ ≤ ‖T (y)‖ ≤ L2‖y‖ ∀y ∈ Rn.
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Consider the following piecewise linear multiobjective optimization problem

(4.11) Rk
′

+ −min(T ◦ f)(x) subject to x ∈ Ω.

Let V ′ denote the set of all Pareto optimal values of problem (4.11), that is,

V ′ :=
{
z ∈ T (f(Ω)) : T (f(Ω)) ∩ (z − Rk

′

+ ) = {z}
}
.

Then, by Lemma 3.3 and the convexity of T (f(Ω)) + Rk′+ , V ′ is the union of finitely

many convex polyhedra in Rk′ and hence V ′ = cl(V ′). Moreover, from (4.9) and
(4.10), it is easy to verify that V ′ = T (V ) and

S(y) = Ω ∩ f−1(y) = Ω ∩ (T ◦ f)−1(T (y)) ∀y ∈ V.

Thus, by Corollary 3.7 and (4.10), there exist convex polyhedra Q′1, · · · , Q′n̂ in Rk′

such that

(4.12) V ′ =

n̂⋃
υ=1

Q′υ, ri(Q′υ̂) ∩
⋃

υ∈1n̂\{υ̂}

Q′υ = ∅ ∀υ̂ ∈ 1n̂

and for any y ∈ T−1
(⋃n̂

υ=1 ri(Q′υ)
)

and any r ∈ (0, +∞) there exist Ly, δy ∈ (0,+∞)

such that

S(y1) ∩ rBX ⊂ S(y2) + Ly‖T (y1)− T (y2)‖ ∀y1, y2 ∈ V ∩B(y, δy)

and hence S(ŷ) ⊂ lim inf
y
V−→ŷ

S(y) for all ŷ ∈ V with T (ŷ) ∈
n̂⋃
υ=1

ri(Q′υ). Let Qυ =

T−1(Q′υ) for all υ ∈ 1n̂. Then, by the linearity of T and (4.10), each Qυ is a convex

polyhedron in Rn, V =
⋃n̂
υ=1Qυ, ri(Qυ̂) ∩

⋃
υ∈1n̂\{υ̂}

Qυ = ∅ for all υ̂ ∈ 1n̂, and (4.8)

holds with L = L2Ly and δ = δy. This shows that (i) holds, and hence S(ŷ) ⊂

lim inf
y
V−→ŷ

S(y) for all ŷ ∈
n̂⋃
υ=1

ri(Qυ). On the other hand, by (4.10) and T (Ĉ) ⊂ Rk′+ , one

has

[T (f(x))− T (y)]
Rk
′

+

+ = d‖·‖1(T (f(x))− T (y),−Rk
′

+ )

≤
√
k′d(T (f(x))− T (y),−Rk

′

+ )

≤
√
k′d(T (f(x))− T (y),−T (Ĉ))

≤
√
k′L2d(f(x)− y,−Ĉ)

for all x ∈ X and y ∈ V . Since Ĉ contains C,

d(f(x)− y,−Ĉ) ≤ d(f(x)− y,−C) = [f(x)− y]C+ ∀(x, y) ∈ X × V.

Hence

[T (f(x))− T (y)]
Rk
′

+

+ ≤
√
k′L2[f(x)− y]C+ ∀(x, y) ∈ X × V.

It follows from Theorems 3.4 and 3.6 that (ii) and (iii) hold. The proof is complete.
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Under the convexity assumption, we have the following uniform global weak sharp
minima result.

Theorem 4.3. Suppose that the objective function f is C-convex and that
ψ1, · · · , ψk is convex. Then (PLMOP)C has uniform global weak sharp minima with
respect to all Pareto optimal values, that is, there exists τ > 0 such that

(4.13) τd(x, S(y)) ≤ [f(x)− y]C+ +

k∑
j=1

[ψj(x)]+ ∀x ∈ X and ∀y ∈ V.

Proof. By Theorem 4.1, there exist a convex polyhedral pointed cone Ĉ in Rn
containing C such that (PLMOP)C and (PLMOP)Ĉ have the same Pareto optimal

value set V and f is Ĉ-convex. Define F̂ : X ⇒ Rn × Rk as follows

(4.14) F̂ (x) = (f(x) + Ĉ)×
(
(ψ1(x), · · · , ψk(x)) + Rk+

)
∀x ∈ X.

From the convexity of piecewise linear functions f and each ψj , it is easy to verify

that F̂ is a convex polyhedral multifunction from X to Rn × Rk; and moreover

F̂−1(y, 0) = {x ∈ Ω : f(x) ≤Ĉ y} = Ω ∩ f−1(y − Ĉ) ∀y ∈ Rn.

Hence

(4.15) F̂−1(y, 0) = S(y) ∀y ∈ V.

By Lemma 3.2, there exists τ ∈ (0, +∞) such that

τd
(
x, F̂−1(y, 0)

)
≤ d‖·‖e

(
(y, 0), F̂ (x)

)
∀(x, (y, 0)) ∈ X × F̂ (X),

where ‖(s1, · · · , sn, t1, · · · , tk)‖e := ‖(s1, · · · , sn)‖+
k∑
j=1

|tj | for all (s1, · · · , sn, t1, · · · , tk)

in Rn × Rk. Noting that V × {0} ⊂ F̂ (X), it follows from (4.15) that (4.13) holds.
The proof is complete.

5. Conclusions. Under the piecewise linear assumption on the objective func-
tion and the constrained functions, this paper establishes several existence results on
global uniform weak sharp minima and bounded uniform weak sharp minima for mul-
tiobjective optimization problem (MOP). It should be interesting further to consider
how one find an exact constant κ in the inequalities appearing in the definition of
uniform weak sharp minima. We guess such an exact constant can be estimated or
obtained by using the coderivative of the vector-valued objective function and the
subdifferential of constrained functions. Moreover, one may also consider the uniform
weak sharp minima results obtained in this paper whether can be translated to the
other setting from the piecewise linear setting. In particular, one can further consider
the uniform weak sharp minima for (MOP) in the setting that the objective function
is quadratic and the constrained functions are linear (or piecewise linear).

Imitating the definition of a minimizing sequence in the scalar optimization, we
can adopt the following notion for multiobjective optimization problem (MOP): For
a optimal value y in V (or Vw), a sequence {xk(y)} in the feasible set Ω is said to be
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a minimizing sequence of (MOP) with respect to y if lim
k→∞

d(y, f(xk(y))+Rn+) = 0. In

the special case that n = 1 and C = R+, V = Vw = {infx∈Ω f(x)} is a singleton and
this minimizing sequence notion for (MOP) is just the one for a scalar optimization
problem. In practical applications, one may be interested in the set A of some specific
Pareto optimal values (or some representative Pareto optimal values). The uniform
weak sharp minima for (MOP) implies that all minimizing sequences {xk(y)} with re-
spect to Pareto optimal values y in A approach the solution sets S(y) (corresponding
to y) in a uniform way for all y in A as k →∞. In the future research, we will study
convergence analysis of some algorithms for (MOP) based on the uniform weak sharp
minima.
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