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UNIFORM WEAK SHARP MINIMA FOR MULTIOBJECTIVE
OPTIMIZATION PROBLEMS *

CHUNHAI HU! XIAOQI YANGYAND XI YIN ZHENGS$

Abstract. Noting that there exist abnormal phenomenons in the existing weak sharp minima for
multiobjective optimization problems (MOP), this paper introduces and studies uniform weak sharp
minima for (MOP). We first provide several characterizations for a piecewise linear multiobjective
optimization problem with respect to the natural vector partial order induced by R’} to have uni-
form weak sharp minima. Under a mild assumption, a piecewise linear multiobjective optimization
problem with respect to an arbitrary vector partial order is proved to be equivalent to a piecewise
linear multiobjective optimization problem with respect to the natural vector partial order. Based
on such an interesting equivalence, this paper mainly establishes the uniform bounded and global
weak sharp minima for a general piecewise linear multiobjective optimization problem with respect
to any vector partial order.
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1. Introduction and main results. The weak sharp minima for scalar opti-
mization problems have been recognized to be useful in convergence analysis of optimal
algorithms and are closely related to error bounds (cf. [4, 12, 21, 27, 29, 36, 39] and
the references therein). Recall that a proper lower semicontinuous real-valued func-
tion ) on a Hilbert space X has weak sharp minima at z € S(¢) :=={x € X : ¢(x) =
ulg(w(u)} if there exist x,0 € (0, +00) such that

(1.1) kd(z,S(¥)) <¢(x) — inf (u) Va € B(Z,9),

ueX

where B(Z,0) denotes the open ball with center Z and radius 6. The weak sharp

minima property in the sense of (1.1) means that every minimizing sequence {zy} of ¢

(i.e. Y(z) — in§( ¥(z)) can arbitrarily approach S(¢) as k — oo and the infinitesimal
zE

order of d(z, S(1)) is greater than or equal to the one of ¢ (x) — 1g)f( ¢ (z). This may
x

be one of the reasons why the weak sharp minima for scalar optimization problems
are useful in convergence analysis of algorithms.

In contrast that the scalar optimization has a unique optimal value inf,cx ¥ (u), a
multiobjective optimization problem usually has infinitely many optimal values. This
leads to more complex issues for studying weak sharp minima of a multiobjective
optimization problem. Let f1,---, fu, 1, -, ., be lower semicontinuous real-valued
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functions on a Hilbert space X, and consider the following multiobjective optimization
problem with respect to the natural vector partial order induced by R}

(MOP) R%—minf(x) := (fi(),--- . fa()) subject to@1(z) < 0,--- iy (x) < 0.

Recall that a feasible point w in Q :={z € X : ¢;(z) <0, j=1---,k} is a weak
Pareto solution (resp. a Pareto solution) of (MOP) if there exists no w’ € Q such that

filw') < fi(w) (resp. f(w') # f(w) and fi(w') < fi(w)), i=1,--- ,n.

The sets of all weak Pareto solutions and all Pareto solutions of (MOP) are denoted
by S, and S, respectively. It is well known that many problems in practice can be
cast into (MOP) (cf. [10, 14, 26, 30, 34] and the references therein).

In the case that all f; and ¢; in (MOP) are linear, Deng and Yang [6] proved that
the corresponding linear multiobjective optimization problem has the following weak
sharp minima: there exists &k > 0 such that

(1.2) kd(z,S) < d(f(z),V) VaxeQ,

where V := f(S) is the set of all Pareto optimal values of (MOP). Under the assump-
tion that each f; is piecewise linear and the feasible set €2 is a convex polyhedron, some
authors further established the following result on weak sharp minima for (MOP) (cf.
[37, 40, 41] and the references therein): For any r > 0 sufficiently large there exists
k € (0, +00) such that

(1.3) kd(z,S) < d(f(z) + R}, V) +d(z,Q) VzerBx.

It is well known that the Pareto optimal value set V' of mutiobjective optimization
problem (MOP) may contain excrescent and abnormal Pareto optimal values (cf.[3,
15, 16, 43] and the references therein). However the abnormal Pareto optimal values
play the same role as the normal Pareto optimal values in inequality (1.3), which may
lead to the weak sharp minima for (MOP) in the sense of (1.3) being useless (because
of the existence of abnormal Pareto optimal values). This is one of motivations for us
to introduce the new notion of uniform weak sharp minima for (MOP).

In the scalar optimization case (i.e. n = 1), V = {inf,cq f(x)} is a singleton.
However, even in the case of n = 2, the Pareto optimal value set V of (MOP) contains
uncountably infinitely many elements, and sometimes one may be interested in some
specific Pareto optimal value y and the set of Pareto solutions corresponding to y.
For convenience, for each y € V, let S(y) denote the set of all Pareto solutions
corresponding to the Pareto optimal value y, that is,

Sy) ={weQ: fw) <wr y} =QN [y —R}) =N [ (y).

Clearly, S = |J S(y) and hence
yev

d(z,$) = inf d(a, S(y)) and d(f(x) + K7, V) = inf d(y, /(x) + ).

It is worth mentioning that the weak sharp minima in sense of either (1.2) or (1.3)
can yield the following ill-posed phenomenon: there exist some specific i in the Pareto
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optimal value V' and a bounded minimizing sequence {xr} of (MOP) with respect to
g (i-e. klim d(y, f(xr) + RY) = 0) such that {xy} cannot approach the set S(i) of all
—00

Pareto solutions corresponding to §. In fact, take X = 12, let f(z) = |lz|/(=1,1) for
all z € Rey, f(z) = % for k € N and = € Regyq and f(x) = +oogre otherwise,
where ey, is an element in [? whose the k-th coordinate is 1 and all the other coordinates
are 0, and ¢;(z) = 0 for all j and € [2. Then, Q2 = X, V = f(X) = R4 (-1,1),
S = dom(f) and hence d(z,S) = 0 for all x € dom(f). It follows that

(1.4) kd(z,S) < d(f(x) + R}, V) +d(z,Q) V(k,z)e€ (0, +oo) x X

and hence the corresponding multiobjetive optimization problem (MOP) has the weak
sharp minima in the sense of (1.2) and (1.3). On the other hand, for § = (0,0) € V,
it is clear that S(g) = {0},

(1.5) d(g, fler) + R2) = %H and d(exs1,S(7) =1 Vk € N.

The first equality in (1.5) implies that {ej} is a minimizing sequence of (MOP) with
respect to the Pareto optimal value y = (0,0), but the second equality in (1.5) shows
that the minimizing sequence {ey} with respect to § can not approach the set S(7)
of all Pareto solutions corresponding to § as k — oo (perhaps the weak sharp minima
in the sense of (1.2) or (1.3) leads to the even worse situation that some minimizing
sequence {ey } with respect to a “good” Pareto optimal value y, arbitrarily approaches
the Pareto solution set S(y,) corresponding to some abnormal Pareto optimal value
Yo a8 k — 00).

In the convergence analysis of optimal algorithms for multiobjective optimization
problems, one sometimes constructs an iterative sequence converging to a Pareto
solution Z corresponding to an unknown Pareto optimal value § in advance (see [2,
5, 13, 25, 35]). Moreover, several authors considered algorithms to find a set of many
representational Pareto solutions (or Pareto optimal values) (cf. [7, 9, 18, 28, 33] and
the references therein). This is another motivation for us to introduce and study the
following notions of uniform weak sharp minima.

Definition 1.1. Multiobjective optimization problem (MOP) is said to have uni-
form global weak sharp minima with respect to all Pareto optimal values if there exists
k € (0, +00) such that for ally = (y1, -+ ,yn) €V,

n k
(16) (@, S@) < SU@) il + Yles @) o X,

while (MOP) is said to have uniform bounded weak sharp minima with respect to all
Pareto optimal values if for any r > 0 sufficiently large there exists k € (0, +00) such
that for all y = (y1,-++ ,Yn) € VN rDBgn,

n k

wd(e, S(y) < S Ui() — il + les (@) Vo€ rBx.

i=1 j=1

Let Vi, denote the sets of all weak Pareto optimal values of multiobjective opti-
mization problem (MOP), that is, Vi, = f(Sy). For any y € V,,, one can define the
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weak Pareto solution set Sy, (y) of (MOP) corresponding to the weak Pareto optimal
value y as Sy, (y) = QN f~!(y —R’}). Similarly, one can define the notions of uniform
weak sharp minima with respect to all weak Pareto optimal values.

This paper mainly considers uniform weak sharp minima for piecewise linear
multiobjective optimization problems. In particular, in the remainder of this paper,
we always assume that all f; and ¢; in (MOP) are piecewise linear, and we use
(PLMOP) to denote the corresponding piecewise linear multiobjective optimization
problem. The family of all piecewise linear functions is much larger than that of all
linear functions and there exists a wide class of functions that can be approximat-
ed by piecewise linear functions. Moreover, one may use piecewise linear functions
generated by finitely many test data to establish mathematical models for some prac-
tical problems. Therefore, from the viewpoint of theoretical interest as well as for
applications, it is important to study piecewise linear problems. In fact, piecewise
linear multiobjective optimization problems have been studied by many authors (cf.
[11, 22, 23, 32, 37, 38, 40, 42]).

In Section 2, noting that piecewise linear functions are closely related to noncon-
vex polyhedra, we first establish some elaborate partitions of a nonconvex polyhedron,
which play a key role in the proofs of our main results. In Section 3, we prove that
if all f; and ¢; are convex functions then (PLMOP) has uniform global weak sharp
minima with respect to both all Pareto optimal values and all weak Pareto opti-
mal values. However, dropping the convexity assumption, (PLMOP) does not even
necessarily have uniform bounded weak sharp minima with respect to either Pareto
optimal values or weak Pareto optimal values. Without any convexity assumption
on f; and ¢;, we prove that piecewise linear multiobjective optimization problem
(PLMOP) has uniform bounded weak sharp minima with respect to all weak Pare-
to optimal values if and only if y — Sy, (y) is inner semicontinuous on V,,, that is,

Sw(y) C {x €X: lim d(z,S,({)) = 0} for all y € V,,. Moreover, we prove that

\%
y' =y

(PLMOP) always has near uniform bounded weak sharp minima with respect to weak

Pareto optimal values, that is, for any ¢ > 0 sufficiently small there exists a e-small

set O, (in the sense of both measure and topology) in V;, such that (PLMOP) has

uniform bounded weak sharp minima with respect to all weak Pareto optimal values

in Vi \ Oe.

The natural vector partial order induced by Rl seems sometimes restrictive as
one also needs to choose some suitable kinds of partial orders for objective vectors
in some practical applications. This motivates us to consider the following piecewise
linear multiobjective optimization problem with a vector partial order induced by a
general closed convex cone C' in R™:

(PLMOP)¢ C—minf(x) = (fi(x), -, fn(z)) subject to ¢1(z) <0, -+, pr(x) <O0.

In the case that the ordering cone C' is non-polyhedral, (PLMOP)¢ is not a genuine
piecewise linear problem even when all f; and ¢; are linear. In Section 4, under
the weak C-convexity assumption of f on © which is satisfied if f(£2) is complete
with respect to <, we prove that (PLMOP)¢ with C being a non-polyhedral cone
is equivalent to a piecewise linear multiobjective optimization problem with respect
to the natural vector partial order. Based on this equivalence and the main results
obtained in Section 3, we establish the uniform bounded and global weak sharp minima



for a general piecewise linear problem (PLMOP)c.

2. Partitions of a nonconvex polyhedron. For convenience of the readers,
we first recall some notions and results in convex analysis, which will be used in our
later analysis (see [31, 39] for more details). Throughout the remainder of this paper,
let X be a normed space with the dual space X*. For a set A in X, the relative
interior ri(A) of A is defined by

ri(4) :={x € A: B(z,r)Nnaff(4) C A for some r > 0},

where aff(A) is the affine subspace generated by A. Recall that a nonempty set P in
X is a convex polyhedron if there exist 27 € X* and t; € R (i = 1,--- ,m) such that

P={zeX: (zf,z) <t;, i=1,---,m}.
It is known that the relative interior of P is always nonempty,
aff(P)={x € X : (a],z) =t;, i € Ip}
and
rilP)={xeX: (zf,z)<tiy, i€elm\Ip}N{x e X: (zf,z) =t;, i € Ip},

where Im ;= {1,--- ,;m} and Ip:={i € Im: P C{x € X : (af,z) = t;}} (cf. [42,
Corollary 2.1]). From the above definition, it is easy to verify the following lemma.

LEMMA 2.1. Let A and B be convez polyhedra in a normned space X. Suppose
that aff(A) = aff(B) and ri(A) N B = 0. Then ANri(B) = 0.

Recently, Zheng and Yang [42] proved that if Py,--- , P, are convex polyhedra
in a normed space X such that the interior int(P;) of P; is nonempty (i = 1,--- ,m)
then there exist convex polyhedra Qq, -+ ,Q, in X with int(Q;) #0 (j=1,---,n)
such that (J;2, P = ], Q; and int(Q;) N Q; = 0 for all j,5" € Tn with j # 5. In
the proof of [42, Proposition 2.5], the authors obtained the following result.

LEMMA 2.2. Let P, Q1, -+ ,Qk be convex polyhedra in a normed space X such

k
that int(P) # 0 and P\ U Qi # 0. Then there exist convex polyhedra H; with
i=1

int(H;) #0 (j =1,---,n) such that J;_, int(H;) C int(P) \ Ule Qi C U H, and
j=1
int(H;)n U Hy =0 forallj€ln.
3 €ln\{j}
Dropping the assumption of int(P) # @), we have the following more general result.

LEMMA 2.3. Let P, Q1, -+ ,Qk be convex polyhedra in a normed space X such
that P\ Ule Q; # 0 . Then there exist convex polyhedra Hy,--- , H, in X such that

(2.1) aff(P) = aff(H,), vi(H;)NHy =0 Vj,j' € Tn with j # j/

and

n k n
ri(H;) cri(P)\ | J Qi ¢ | H;.

= i=1 j=1

j=1



Proof. Take a point Z in P, and let
X:=aff(P)—%, P:=P—% and Q; :=(Q; —%)NX Vielk.
Then X is a linear subspace of X,

int ¢ (P) := {a: € P: B(z,r)N X C P for some r > O} =r1i(P)—2#0

k k
and P\ U =—-I+ P\ U Q; # (0. By Lemma 2.2, there exist convex polyhedra
i=1 =1
Hy,-- fI in X such that
int ¢ (Hj) # 0, intg(H;)NHy =0 Vj,5 € Tn with j # j’
and | intg(H;) C intg(P)\ U Q: € U Hj. Since X = aff(P) — & is a convex
j=1 i=1 j=1

polyhedron, each ﬁj is a convex polyhedron in X. Let H; := lffj + (j € In). Then,
Hj is a convex polyhedron, ri(H;) = int ¢ (H;) +# # 0, and (2.1) and (2.2) hold. The
proof is complete. O

To prove the main result in this section, we need the following lemma.
LEMMA 2.4. Let P, Ql, ‘e ,Qk be conver polyhedra in a normed space such that
(2.3) Q;Nri(Qj) =0 Vjelk and Vj' € 1k \ {j}.
Then PUUS_; Q; = cl(xi(P)\Uj_; Q) UU, ey, cl(ri(Q;\ P))UU, ¢, PNQ;, where
Jii={jelk: Q;\P#0} and Jy:= {j € 1k : aff(Q;) = aff(P N Q;) = aff(P)}.

Proof. By the definition of .J;, one has

k k k
UUQj( U ) U@ \PulJPna;
Jj=1 j=1 JEJ j=1
Since P\ U;?:l Q; C cl(ri(P) \ U§:1 Q]) C Pand Q; \ P C cl(1i(Q;) \ P) C Qj, one
has PUUS_; Q; = cl(ri(P) \ Ui, Q) UUj ey, cl(1i(@; \ P)) UUY_, PN Q;. Thus,

it suffices to prove that

k
(2.4) PNQj Ccl|ri(P)\ UQ]. U | d@i(@;\P) Vi €Tk\ Ja.

JE€J1
To prove this, let 5’ € 1k \ J. Then
aff(Qj/) # aff (PN Qj) or aff(Q;) = aff(P N Q) # aff(P).

First suppose that aff(Q;/) # aff(P N Q;). For any x € PN Q; (C cl(ri(Q;))) and
any ¢ > 0, take u € ri(Q;/) and n > 0 such that B(u,n) Naff(Q;) C ri(Q;) and
B(u,n) C B(x,e). Then B(u,n) Naff(Q;) ¢ P and hence

0 # B(u,m) N (ri(Qj/) \P) C B(z,e)N (ri(Qj/) \P)



This shows that j/ € J; and @ € cl(ri(Q;/) \ P). Hence
(2.5) PNQy Cd (n( ) \P)

which implies (2.4). Next suppose that aff(Q;)) = aff(P N Q) # aff(P). Then
ri(PNQj) C ri(Qy) and PN Qy C cl(ri(P) \ Q) (smnlar to the proof of (2.5)).
This and (2.3) show that

k
H(PNQy) Cdi(P\Q\  J @ cd|xiP\Je;
JETR\{j} i=1
Hence PN Qj C cl(ri(P) \ U?:l Qj), which implies (2.4). The proof is complete. O

The following propositions provide interesting partitions of a nonconvex polyhe-
dron and will play a key role in the proofs of our main results.

PRrOPOSITION 2.5. Let Py,---, P, be conver polyhedra in a normed space X.
Then there exist convex polyhedra Q1,- - ,Qy in X satisfying the following properties:

(i) ULy P = U, Q and @, 113i(Qyr) = 0 for all ' € Tn with j # 5.
(ii) For any j € 1n, there exists a subset I; of Im such that

(26)  1i(@)N |J Pr=0, Q C P andaff(Q)) =aff(P) Viel,.

i’€Im\I;

Proof. Let Py,--- , P, be convex polyhedra, and suppose that there exist convex

polyhedra Q1,-++,Qs in X such that

k n
(2.7) Ur U i Nri(Q) =0 Vj,j' € 1fi with j # 5/
i=1

and for any j € 17 there exists a subset I ; of 1k such that

(2.8) i@)n |J p=0,
i€1k\I;
(2.9) Q; C P; and aff(Q,) = aff(P;) Vi€ I;.

Let Pyy1 be any convex polyhedron in X. Then, by induction, it suffices to prove
that there exist convex polyhedra @1, -+, @n in X such that (i) and (ii) hold with
m =k + 1. To prove this, let J; :={j € In: Q; \ Pr1 # 0} and

Jo = {j € Th: aff(Q;) = aff (Prs1 N Q;) = aff (Prsr) |

Then, by (2.7) and Lemma 2.4, we can repartition the union Uf:ll P; as follows

k+1

(2.10) U P =cl | ri(Pey1) \ U U | di(@i\ Per))U | Peyr N @Q;.

VIO JjEJ2
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By Lemma 2.3, there exist a finite index set Z and convex polyhedra H, in X (v € 7)
such that

(2.11) aff(Py1) = aff(H,), ri(H)NH, =0 Y,/ €T witht#/
and |J ri(H,) C1i(Pp)\ U Q; € U H, (taking Z = 0 if Ppyy\ U Q; = 0). Hence
€7 =1 B, =1
(2.12) o | ri(Pey)\ |J @ | = U He,
i=1 €7
(2.13) \JH. € Py and || Jri(H,) | 0| JQ;=0.
Lef Lei j=1

Moreover, by Lemma 2.3, for each j € J; there exist a finite index set Z; and convex
polyhedra Hj; in X (I € Z;) such that

(2.14) aff(Q;) = aff(Hj;), vi(H;)) N Hyp =0 VI,I' € T; with 1 # I/
and
(2.15) U ri(H) € ri(@Q)) \ Pesr € | Hju.

lEIj lEIj

For any j € Jp, it follows from the inclusion in (2.13) that

(2.16) 0= | | riH) | N Per o | i) | n [ UH U QN Pita |

1€Z; I€T; e JEJ2
(2.17) B (ri(Qj) \Pk+1) = JHy and | Hyic Q.
l€T; =

Thus, by the second equality in (2.7) and the equality in (2.13), one has

(2.18) U Hji | nxi(@;) =0 Vje Jyand ¥y €Tn\ {5}
lEIJ‘
and
(2.19) UriE) | nf U Hav| U @nPea| ] =0
T JEJ1,lET; jEJ2

It follows from (2.11), the definition of J> and Lemma 2.1 that

(2.20) UH | n U i@ N Peya) =0,

€T JEJ2
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By Lemma 2.1, (2.14) and (2.16), one also has (Ulezj Hjl) N1i(Qj N Pryr) = 0 for
all j € J; N Jy. This and (2.18) imply that

(2.21) U Hju| 0@y nPeyr) =0 V)’ € .
JEJI,IET;

By the definition of Jy and (2.7), one has

(2.22)  1i(Q; N Piy1) N (Qy N Piyr) Cri(Q) N Qyr =0 Vi, j' € Jo with j # j'.
Let @1, -+, @, be convex polyhedra in X such that

(223) {Q1,-+,Quy={H,: t€I}U{Hj: j€ Ji,1€L;}U{QjNPrs1: j € Jo}

and Q; # Qj for any j,j’ € In with j # j’. Then (2.10), (2.12) and (2.17) imply
clearly that Uf:ll P = U?=1 @, while (2.11), (2.14), (2.16) and (2.19)—(2.22) imply
that ri(Q;) N Q; = 0 for all 4,57 € In with j # j'. This shows that Q1,---,Q, in
(2.23) satisty (i) with m = k 4+ 1. Finally we prove that Qq,---, @, in (2.23) also
satisfy (ii) with m = k + 1, that is, for each j € In there exists a subset I; of In
such that (2.6) holds. To prove this, let j be an arbitrary element in In. If Q; = H,
for some ¢ € Z, then (2.11), (2.13) and the first equality in (2.7) imply that (2.6)
holds with I; = {k + 1}. If there exist j/ € J; and | € Z;; such that Q; = H,,
then (2.9), (2.8), (2.14) and the first inclusion in (2.15) imply that (2.6) holds with
I = Ij. If Q; = Qs N Phyy for some j' € Jy, then the definition of J, implies
1i(Q; N Pyy1) = 1i(Q/) N1i(Pyi1), and it follows from (2.9) and (2.8) that (2.6) holds
with I; := I;; U {k + 1}. The proof is complete. O

COROLLARY 2.6. Let Py,--- , Py, be convex polyhedra in a normed space X and
A be the union of finitely many convex polyhedra in X such that A C |J;~, P;. Then
there exist convex polyhedra Q1,-- ,Q, in'Y such that

(2.24) A=JQ;, @Qnri(Qy)=0 VjeInandVj €In\ {j}
j=1
and for any j € 1n there exists a subset I; of Im such that

(2.25) I‘i(Qj) N U Py = 0 and Qj CP Vie Ij.

i’ €Im\I;

Proof. By Proposition 2.5, take convex polyhedra Aj,--- , Ay in X such that

k
(2.26) A=|JA and ri(A)NAy =0 VieTkand. €1k \{1}.

=1

Then A, = -, P! for any ¢ € 1k, where P! := A, N P;. Again by Proposition 2.5,
there exist convex polyhedra Qf,---,@Q;, in X such that

(2.27) A, =] @5 Q)N =0 V)i €In, with j # j'
j=1
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and for each j € 1n, there exists I} C Tm such that

(2.28) i(@)n |J Pr=0, Q C Pl andaff(Q}) = aff(P}) Vi€ I
i’€Im\I}

For each ¢ € 1k, let J* := {j €ln,: A, # Ujretmn (1 Q},}. Then A, = Ujic . Q-
For each j € J*, take z € int(Qj) and r > 0 such that B(z,r) NU; e ) @5 = 0,
and hence B(z,7) N Q% = B(x,7) N A,. Noting that A, is a convex polyhedron, it
follows that aff(Q%) = aff(A,) and ri(Q%) C ri(A*) for all j € J*. Thus, rewriting
the family U, 7{Q5: j € J'} as {Q1, -+, Qn}, one sees that (2.24) and (2.25) hold

(thanks to (2.26), (2.27) and (2.28)). The proof is complete. O

3. Uniform weak sharp minima for piecewise linear multiobjective op-
timization. Given a convex polyhedron P in a normed space X, recall that a func-
tion ¢ : P — R is piecewise linear if there exist convex polyhedra P; in X and
(xf,¢;) € X* xR (i =1,---,m) such that

(3.1) pP= U P, and o(z) = (z},z) +¢; Yz € P, and Vi € Im.

i=1

Zheng and Ng proved the following result on nonnegative piecewise linear functions
(ctf. [40, Corollary 3.1]), which will play a key role in the proof of our main result.

LEMMA 3.1. Let P be a convex polyhedron in a normed space X and let ¢, :
P — Ry be piecewise linear functions such that

ker(p) :={z € P: ¢(z) =0} C ker(¢).
Then there exist k, T € (0, +00) such that ki(x) < @(x) for all x € P with p(z) <.

We also need the following uniform global metric regularity result on a convex
polyhedral multifunction (cf. [8, Theorem 3C.3]).

LEMMA 3.2. Let F: X = R" be a convex polyhedral multifunction, that is, its
graph gph(F) = {(z,y) : * € X and y € F(x)} is a convex polyhedron in X x R™.
Then there exists T € (0, +00) such that

d(z, F~'(y)) < 7d(y, F(z)) Vz € X and Vy € F(X).

Let fi,--, fu, 91, -+, : X — R be piecewise linear functions. Equipping R™
with the so-called natural vector partial order induced by the polyhedral cone R}, this
section considers the following piecewise linear multiobjective optimization problem

(PLMOP) R} —minf(x) := (fi(x), -+, fu(x)) subject to ¢1(x) <0,--- , @p(x) <O0.

Then the feasible set 2 of (PLMOP) is the union of finitely many convex polyhedra in
X. The Pareto (resp. weak Pareto) solution set of (PLMOP) is denoted by S (resp.
Sw), while the Pareto (resp. weak Pareto) optimal value set is denoted by V' (resp.
V). Hence S =QnN f~4(V), S, = QN f71(V,),

V={y e f(Q): fNy-RY) = {y}}and V,, = {y € f(Q) : F(D)N(y—int(R})) = 0}.
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Extending Arrow, Barankin and Blackewll’s classical result on the solution sets
and optimal value sets for linear multiobjective optimization problems, several authors
established the structure of the solution sets and optimal value sets for piecewise linear
multiobjective optimization. In particular, the following lemma has been established
(cf. [37, 42]).

LeEMMA 3.3. The following statements on piecewise linear muiltiobjective opti-
mization problem (PLMOP) hold.
(i) The Pareto solution set S and the Pareto optimal value set V' of (PLMOP) are
the union of finitely many convex generalized polyhedra in X and R™, respectively.
(i) The weak Pareto solution set S, and the weak Pareto optimal value set Vi, of
(PLMOP) are the union of finitely many convex polyhedra in X and R™, respective-
ly. If, in addition, f(Q2) + R is convex, then the Pareto solution set S and the
Pareto optimal value set V' of (PLMOP) are also the unions of finitely many convex
polyhedra.

Since the Pareto optimal value set V' is always a subset of the weak Pareto optimal
value set V,, and S(y) = S, (y) for all y € V, the uniform global (resp. bounded)
weak sharp minima of (PLMOP) with respect to weak Pareto optimal values implies
the uniform global (resp. bounded) weak sharp minima of (PLMOP) with respect to
Pareto optimal values. We first consider the uniform weak sharp minima of (PLMOP)
with respect to weak Pareto optimal values in any polyhedral subset of V,,.

THEOREM 3.4. Let A be a subset of the weak Pareto optimial value set V,, of
(PLMOP) such that it is the union of finitely many convex polyhedra in R™. Then
the following properties are equivalent:

(i) Sw(y) C liminf Sy, (y') for all y € A.

vy
(i) (PLMOP) has uniform bounded weak sharp minima with respect to all weak Pareto
optimal values in A, that is, for any r > 0 sufficiently large there exists k € (0, +00)
such that for any y = (y1, -+ ,Yyn) € ANTBgn,

n k
(3-2) rd(z,Su(y)) < Y [fil@) = yils+ +_[wj(2)]+ Vo € rBx.
=1 j=1

(#1) For any r € (0, +00), there exists L € (0, +00) such that
Sw(y)NrBx C Sw(y')+ L|ly —y||Bx Yy € V,y and Vy' € AN7rBgn.

Proof. Let F : X = R" x R* be defined by

(33)  F@) = ((h(@) - ful@) +BL) % (p2(), - gue)) +BY) Ve X
Then, by A C V,,, one has F~!(y,0) = QN f~*(y —R%}) = S, (y) for all y € A. Since

fis 5 fns 01, -, i are piecewise linear, it is easy to verify that F' is a polyhedral
multifunction (i.e. the graph gph(F') is the union of finitely many convex polyhedra
in X x R" x Rk). Hence there exist multifunctions Fy,-- -, F, from X to R™ x RF

such that gph(F}),--- ,gph(F,) are convex polyhedra and gph(F) = |J gph(F,). It
=1
follows that

v v

(34) F(z)=|JF.(z) Vo€ X and S,(y) =F '(y,0) = JF '(y,0) Vye A

=1 =1
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Moreover, by Lemma 3.2, there exists L € (0, +00) such that

(3.5) d(z, F71(2)) < Ld(z, F.(x)) V(z,2) € X x F,(X) and V¢ € 1v.

Noting that each F,(X) is a convex polyhedron and A x {0} C F(X) = |J F,(X), by

i
1LCx

Corollary 2.6, there exist convex polyhedra @1, -- , @,/ in R™ such that

(3.6) A=JQu r@)n |J Qu=0
v=1

v’ eln’\{v}

(3.7) Qu x {0} C F(X) and (ri(Qu) x {0)n [J Fu(X)=0

VeTv\I,

for all v € 1In/ and ¢ € I,,, where each I, is a subset of Iv. Noting that each F, is a
convex polyhedral multifunction, it is easy to verify that

(z,2) = G(z,2) == F '(2) — 2

is a convex polyhedral multifunction from X xR" xRF to X with dom(G) = X x F,(X).
Thus, by [40, Lemma 3.3], there exist 7,, 7, € (0, +00) and a piecewise linear function
7, : X x F,(X) — Ry such that

(3.8) Tumu(z,2) <d(0,G(z,2)) =d(z, F1(2)) <7z, 2) V(z,2) € X x F,(X).
First suppose that (i) holds. Let v € 1n” and y € Q,,. Then, since 1i(Q,) is dense
in Q,, there exists a sequence {yx} in ri(Q,) converging to y. Hence
Sw(y) C {x € X: klim d(x, Sw(yr)) = 0}.
—00

Noting that Sy (yx) = F~'(yx,0) = U,—1 F, ' (4, 0) = U,es, F, ' (yr,0) (thanks to
(3.4) and (3.7)), it follows that

R E -1 —
Sw(y) C {Jc €X: klgr;od (x,bg F; (yk,0)> = 0}.

Let u be an arbitrary element in S, (y). Then, since I,, is a finite set, we can assume
without loss of generality that there exists ¢ € I,, such that klim d (u, Fbgl(yk, ())) =0
—00

(taking a subsequence of {y} if necessary). Hence there exists a sequence {uy} in X
such that ||u — ug|| — 0 and uy, € F,;*(yx,0) for all k € N. This and (3.5) imply that

d(uy, F,;* (y,0)) < Ld((y,0), Fip (wr)) < Ly —yl| Yk € N.

Thus, since yp — y, one has u € F_'(y,0) ¢ J F,'(y,0). Hence S,(y) C

LTy,
U F(y,0). Tt follows from (3.4) that S,(y) = U F'(y,0), which implies
el vel,
(3.9) d(x, Syw(y)) = mind(x, F*(y,0)) V(z,y) € X x Q, and Vv € 1n/.

el
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For v € 1n/, let K, := min,ey, 7,, Ry := max,cy, 7,, and define 6, : X x Q, — Ry by
0u(z,y) = minn.(z, (y,0)) V(z,y) € X x Qu.

Then 6, is a nonnegative piecewise linear function on the convex polyhedron X x @,
and

(3.10) Kby (2,y) < d(x,Sw(y)) < Ruby(z,y) Y(z,y) € X X Q,

(thanks to (3.8), (3.9) and the inclusion in (3.7)). Let

n

k
V(@ y) = D Ufi@) = yils + D les@]s Vo€ Xand Wy = (g1, yn) € R

i=1
Then 1 is a nonnegative piecewise linear function on X x R™, and
Fly,0)={z e X : ¢(z,y) =0} VyeR"

For any v € 1n/, by (3.4) and (3.6), one has

Ay ={(z,y) € X x Qu : Y(x,y) =0}
={(z,y) € X x Qu: x € F'(y,0))}
={(z,y) € X x Qv : 2 € Suw(y)}
={(z,y) € X x Qu : d(z,Su(y)) = 0}.

This and (3.10) imply that A, C {(z,y) € X X Q, : 6,(x,y) = 0}. Thus, by Lemma
3.1, there exist 7,7, € (0, +00) such that

(3.11) Ou(z,y) < Toh(z,y) V(x,y) € X X Qy with ¥(z,y) < 7y

Let z € X and y € A be such that ¢(z,y) < do := min{r, : v € 1n’}. Then, by
(3.6), there exists vy € 1n/ such that y € Q,,. Thus, by (3.10) and (3.11), one has

n

k
d(@,50(Y)) < RugTug¥(2,y) = RugToy | Y [fi(2) = yils + Z[%’(@h :

i=1
Let r € (0, +00) sufficiently large. Then, to prove (i)=-(ii), it suffices to show that
(3.12) sup{d(z, Sy(y)) :z € rBx andy € ANrBrn} < 400.

To do this, let # € rBx and y € ANrBgn. Then, by (3.4), there exists ¢ € 1v such
that (y,0) € F,(X) and

d(z, Sw(y)) = d(z, F~1(y,0)) < d(z, F,(y,0)) < Jnf el + flull + d(u, F(y, 0)).

This and (3.5) imply that
d(z, Su(y)) < inf [|zf| + [[ull + Ld((y, 0), Fi(u))
< inf flafl + [lull + LI (y, 0]l + d((0,0), £ (u)))
< (A +L)r+ inf [lufl + Ld((0,0), F.(u))
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for some constant L € (0, 4+00), verifying (3.12).

Since (iii)=(i) is trivial, it remains to show (ii)=-(iii). Let r,x € (0, 4+o00) be
such that (3.2) holds. Let y = (y1,* ,4n) € Vi, ¥' = (¥}, ,ys) € AN 7B and
x € Sy(y)NrBx. Thenz € Q, y € f(z) +R

n k
< Z[fi(x) —yilt + Z[%‘(I)]Jr = Z[fz( z) = yil+

and hence

> iz Z L <lly—y,

i=1

where L’ is a positive constant. It follows that d(z, S, (y')) < %Hy — /||, that is,
x € S,{)+ %Hy — /|| Bx. This shows that (iii) holds with L = % The proof is
complete. O

The following theorem is immediate from Lemma 3.3 and Theorem 3.4 (applied
to A=V,).

THEOREM 3.5. The following properties on piecewise linear multiobjective opti-
mization problem (PLMOP) are equivalent:
(i) Sw(y) C l1m1nfS (y') for ally € V.
'y
(i) (PLMOP) has uniform bounded weak sharp minima with respect to all weak Pare-
to optimal values, that is, for any r > 0 sufficiently large there exists k € (0, +00)
such that for any y = (y1,--+ ,Yn) € Vo N1 Bgn,

=

1' Sw <Zfz 7yz Z + VIE’I‘BX

(i11) For any r € (0, +00), there exists L € (0, +00) such that

Sw(y)NrBx C Suw(') + L|ly —y||Bx Yy € Vi, and Vy' € V,, N7 Bga.

In the case that all f; and v¢; in (PLMOP) are convex, it can be proved that
(PLMOP) always has uniform global weak sharp minima with respect to all weak
Pareto optimal values. In fact, a more general result on uniform global weak sharp
minima will be proved in Section 4. Next, in view of (i) in Theorem 3.4 and Theorem
3.5, we establish the following theorem.

THEOREM 3.6. Let A be a subset of the weak Pareto optimial value set V, of
(PLMOP) such that A is the union of finitely many convex polyhedra in R™. Then
there exist convex polyhedra Qq, - ,Qn in R™ such that

(3.13) A= UQU, Q)N | Q=0 welw

veln/\{v’}
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and S(§) C liminf Sy, (y) for all § € CJ ri(Qy)-

y—2sg v=1

Proof. Let F: X = R™ x R* be defined by (3.3). As at the beginning of the
proof of Theorem 3.4, there exist convex polyhedral multifunctions Fy,--- , F, : X =
R™ x R* and convex polyhedra Q1,---,Q, in R™ such that (3.4), (3.6) and (3.7)
hold. Let y € UZ,:l ri(Q,) and take v € 1n’ such that § € ri(Q,). Then, by (3.6) and
(3.7), one has

(3.14) (9,0) ¢ U ewx{or|)Ul U Fx

v eln’\{v} v elv\I,

This and (3.4) imply that

(3.15) Sw<g) — F_l(;&,O) — U Fb_l N

vel,

VeTv\I,
convex polyhedron is closed), (3.14) means

Noting that (Uv/elTu\{u} Qo X {0}) U( U FL,(X)> is closed (because every

ryi=d | (4,0), U eux{oy|Ul U F@x|]>o

v’ €ln’\{v} velv\I,

Let {yr}ren be an arbitrary sequence in A converging to §. Then, without loss of

generality, we can assume that ||(yx,0) — (4,0)|| < r, for all & € N. Thus, by (3.6)

and (3.7), one has (y,0) € (Q, x {0})\ U F(X) for all k € N. Tt follows from
L/EE\IU

(3.4) that

(3'16) Sw(yk) ykv U yk, U F- yk,O Vk e N
LE1v vely,

and (yg,0) € F,(X) for all (k,1) € Nx1I,, that is, F,"*(yx,0) # 0 for all (k,.) € NxI,,.
Since each F, is a convex polyhedral multifunction, there exists L € (0, +o00) such
that

d(z, F (yx,0)) < Ld((yx,0), F,(z)) Y(x,1,k) € X x I, x N

(thanks to Lemma 3.2). Let & be an arbitrary element in S,,(¢). Then, by (3.16),

d(&, Sw( ( U F Yy, 0 ) = mind(&, F*(yx,0)) < Lnénlnd((yk, 0), F.(&)),

el
el v

that is, d(Z, Sw(yr)) < Ld ((yx, 0),U,cr, F,(2)). By (3.15) and & € S, (g), one has

(3.0) € Upey, F(@). Hence d(. S, (50) < Ll(.0) — (.0)] — 0 s k — o

This shows that & € hm inf S,,(y). Since & is arbitrary in S, (), one has Sy, (3) C
Y=g

liminf S,,(y). The proof is complete. O

A
y—y
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By Lemma 3.3, both the weak Pareto optimal value set V,, of (PLMOP) and the
closure cl(V) of the Pareto optimal value set V' of (PLMOP) are the union of finitely
many convex polyhedra in R™. Thus, by Theorems 3.5 and 3.6 (applied to 4 = V,,
and A = cl(V)), we have the following result.

COROLLARY 3.7. The following statements on the weak Pareto optimial value set
Vi and Pareto optimal value set V' of (PLMOP) hold.
(i) There exist convex polyhedra Q1,- -+ ,Qpn in R™ such that

(3.17) Vo= Qv 1@)n |J Q=0 weTn
v=1 17

and for any § € U ri(Q,) there exists & > 0 with the following property: for any
€ (0, +o0) there emsts L € (0, +00) such that

(3.18) Sw(y)NrBx C Su(y) + L|ly —yl|Bx Yy,y' € Vi N B(,9).

Consequently, S, (9) C liminf S,,(y) for all g € U ri(Qy).
Y v=1

(ii) There exist convex polyhedra @1, e ,@ﬁ in R™ such that

U Q)N | Qu=0 weln
v=1 veln\{v'}
and for any § € U I‘I(QU) there exists & > 0 with the following property: for any
€ (0, +o0) there e:czsts L € (0, +00) such that

S(y)ynrBx c S(y')+ L|y' — yl|Bx Vy,y' € VN B(y,0).

Proof. By Lemma 3.3 and Theorem 3.6 (applied to A = V,,), there exist convex
polyhedra Q1,--- , Q5 in R™ such that (3.17) holds and

(3.19) Sw(l) C hmlnfS LnJ

yﬂy

To prove (i), let § € U 1i(Q,) and take v € 17 such that § € 1i(Q,). Then, by (3.17),

yé U Qu. Notlng that U Q. is a closed set, it follows that there exists
X v’ €ln\{v} v'eln\{v}
0 > 0 such that

By (5,0 N Vi = By L [6,0] N Qu C 1i(Qy),

where B[4, 0] :=={y € R" : |ly — jjlloc < &} is a convex po}yhedron. Hence, by
(3.19), one has Sy, (y) C hmme (') for all y € A:= By__[7,0] N Qu. By Theorem

Z/—>y
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3.4, taking § > 0 such that B(g,d) C By _[7, 6] and noting that A = By 19, SNQy
is a convex polyhedron contained in V,,, for any r € (0, +o00) sufficiently large there
exists L € (0, +00) such that (3.18) holds. This shows (i). Since cl(V') is a subset of
Vi and is the union of finitely many convex polyhedra, (ii) can be proved similarly. O

In Theorem 3.6 and Corollary 3.7, noting that Q, \ ri(Q,) is the union of finitely
many proper faces of @, and that the dimension of every proper face of @, is strictly

less than the one of @, Vi, \ U ri(Q,) = U Q,\1i(Q,) is a null set in V,,. It follows
from Corollary 3.7 that the Pareto Solutlon mapplng y — S(y) of (PLMOP)¢ i is locally

Lipschitz-stable almost everywhere on V,,. It is worth mentioning that y € U ri(@,)

v=1

cannot be improved as y € V,,(= U Q,) in Theorem 3.6 and Corollary 3.7 (see the

v=1

following example).

Example. Let X =R, n=2, fi =p; =--- =9 =0,and let fo : R - R be
such that

_f =z, ifze(—oo, 0]
folz) = { 0, ifz €0, +00).

Then A = f(R) = {0} x (—o0, 0]. Moreover f(1) = {(0,0)} and S,(0,-1) =
(—o0, —1] for all v e N. Hence d(1,S,(0,—2)) =1+ % for all v € N. Noting that
721~ (=) = 2 and [f1(1) = 0L = [1 (14 = - = @u(1)] = 0, it ollows that
1 1
e S

v

A0 = 0+ [12(1) + 3+ + X o0

This shows that (PLMOP) does not have uniform bounded weak sharp minima with
respect to all weak Pareto optimal values, which motivates us to consider near uniform
weak sharp minima.

Given a convex polyhedron P in R™ and ¢ > 0 sufficiently small, let
(3.20) P :={z € P: d(z,rbd(P)) < e},
where rbd(P) := P \ ri(P) is the relative boundary of P.

Definition 3.1. Let A be the union of finitely many convex polyhedra in R™ and
e > 0 sufficiently small. We say that a set Ac is an e-small set of A if there exist
convex polyhedra Py,--- , Py, in R™ such that

(321)  A=|JP, A= P and 1i(P) NPy =0 Vi, i’ € Tm withi # ¢,
i=1 i=1

where PF is as in (3.20).

K2

Remark. Each P? in (3.21) is a “small” subset of P; in the sense of topology
for sufficiently small € (thanks to (3.20)) and hence A, is a “small” subset of A in
the sense of topology for sufficiently small e. On the other hand, dim(rbd(P;)) <
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dim(P;) and so p;(rbd(P;)) = 0, where u; denotes the Lebesgue measure on P;, and
SO 1irn+ wi(Pf NrBx) =0 for any r € (0, +00). Hence A, is also a small subset of A
e—0

in the sense of measure for sufficiently small ¢.

Definition 3.2. Piecewise linear multiobjective optimization problem (PLMOP)
is said to have mear uniform bounded weak sharp minima with respect to weak Pareto
optimal values if for any e € (0, +00) sufficiently small there exists an e-small set
O° of Vi, such that for any r € (0, +00) sufficiently large there exists k € (0, +00)
satisfying the following property:

n k
(322 (e, Sul®) £ 3 1) = wls + Y les@)s

for any x € rBx and any y = (y1, -+ ,Yn) € (Voo \ OF) N1 Bgn.

The following theorem shows that piecewise linear multiobjective optimization
problem (PLMOP) always has near uniform bounded weak sharp minima.

THEOREM 3.8. Piecewise linear multiobjective optimization problem (PLMOP)
always has near uniform bounded weak sharp minima with respect to weak Pareto
optimal values.

Proof. By Corollary 3.7, there exist convex polyhedra @1, - ,Q, in R™ such
that

(3.23) Vo=JQu 1@)n |J Qu=0vweln
v=l v eln/\{v}
and
(3.24) S(9) C liminf S, (y) Vg€ | ri(Qu).
yLg v=1

For any € € (0, +00), let
Q, ={y € Qu: d(y,Q; \1i(Qu)) <e} Vve 1n'.

Then O, := UZ/:I Q% is an e-small set of V,, (thanks to (3.23)). For each v € 1n/,
take a prime generator group {(y},%1),- -, (¥}, t,)} of Q;, that is,

(3.25) Qu={yeY: (y,y) <ty, kelv}
and
(3.26) Qu#{yeY: (yhy) <tr, ke W\ {K}} VK €lv.

Thus, by [42, Corollary 2.1], there exists a subset J of 1v such that

(3:27) 1i(Qu) ={y €Y : (yp,y) <tw, ke W\ J}N{y €Y : (yp,y) =ty, k€ J}.
Let E:={y €Y : (y;,y) =0, k € J}. From (3.25)—(3.27), it is easy to verify that

yilg #0for all k € Iv\ J and y + B(0,e) N E C Q, and for all y € @, \ Q5. Hence

ey + |vilelle= sup (o) <t VekeTv\JandVye Q,\Q;.
vey+B(0,e)NE
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Let

~

* € e
Q. = {yEY: (y,ﬁ,y)ﬁtk—w, k‘elu\J}ﬂ{yEY: (Wi, y) =t, k€ J}.

Then @, is a convex polyhedron and Q, \ QE C Q. C ri(Q,) (thanks to (3.27)).
It follows from (3.23) that V,, \O C UU 1Qv - UU 111(Qy). Thus, by (3.24),
S() C hm inf Sy, (y) for all § € UU:1 Q.. By Theorem 3.4 (applied to A = Ur_, Qu).

Y59
(PLMOP) has uniform weak sharp minima with respect to all weak Pareto optimal

values in UZ,:1 @U. Hence, for any r € (0, +00), there exists 7. > 0 such that for any

k

< Z[fz‘(x) — Y]+ + Z[@j(x)LF

Jj=1

forallz € rBx and y = (y1,- - ,Yn) € (Vi \ O¢) N7 Bgn. This shows that (PLMOP)
always has near uniform bounded weak sharp minima with respect to all weak Pareto
optimal values. The proof is complete. O

4. The general vector partial order case. For a general closed convex and
pointed cone C' in R", let <o denote the partial order induced by C, that is, for
Y1,Y2 € Rna

y1 <¢ Y2 (resp.y1 <¢ Y2) <= y2 — y1 € C (resp.ya — y1 € int(C)).

Given a set A in R", let WE(A4, C), E(4,C) and Pos(A, C) denote respectively the
sets of all weakly efficient points, all efficient points and all positive proper efficient
points of A with respect to C, that is,

WE(A,C)={z e A: An(z—int(C)) =0}, E(4,C)={z € A: AN(z—-C) ={z}}
and

Pos(A, C) := {x € A : thereexistsz* € C** suchthat (z*,z) = 12f (x*,a)},

where Ctt = {z* € R" : (z*,y) > 0 Vy € C\ {0}}. It is well-known and easy to
verify that Pos(A,C) C E(A,C) ¢ WE(A,C). Arrow, Barankin and Blackwell [1]
proved that if A is a closed convex set in R™ and if C' C R™ has a compact base then

(ABB) E(A,C) C cl(Pos(A4, ().
It is known that every closed convex pointed cone in R™ has a compact base.

In the remainder of this paper, let C' be a closed convex and pointed cone in
R™. Equipping R™ with the vector partial order induced by C, consider the following
piecewise linear multiobjective optimization problem

(PLMOP). C—minf(z) = (fi(z),-- -, fu(x)) subject to 1(z) <0, pp(x) <0,
where f1,---, fn, 01, , ¢k : X = R are piecewise linear functions.

In the case that the ordering cone C is not polyhedral, (PLMOP)¢ is not a genuine
piecewise linear problem even when all f; and ¢; are linear. Under a mild assumption,
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we will prove that for any closed convex pointed cone C'in R" there exists a closed
convex pointed polyhedral cone C' in R™ such that (PLMOP)c and (PLMOP)5 are
equivalent. Such an equivalence not only plays a key role in the proofs of our main
results but also is of its own value. Recall that a vector-valued function f: X — R”
is C-convex if

fltxr + (1 —t)a2) <c tf(z1)+ (1 —¢)f(x2) Vte |0, 1] and Va1, 22 € X.

In contrast, we adopt the following weak C-convexity of f on a set A: f is said to be
C-convex-like if for any 1,22 € A and any t € (0, 1) there exists x4 € A such that

f(@e) <o tf(er) + (1= 1)f(22).

It is clear that if f(A) is complete with the vector partial order < then f is C-
convex-like on A. In particular, in the case of n = 1 and C' = R, every function
f: X — R is weakly C-convex on any subset of X.

THEOREM 4.1. Suppose that the objective function f is C-convez-like on the fea-
sible set Q). Then there exists a convex polyhedral pointed cone C containing C' such
that the following properties hold: R
(i) f is C-convex-like on Q. If, in addition, f is C-convez, then f is also C-convex.
(ii) Piecewise linear multiobjective optimization problems (PLMOP) . and (PLMOP)5
have the same weak Pareto optimal value set and the same Pareto optimal value set.
(iii) (PLMOP), and (PLMOP)s have the same weak Pareto solution set and the
same Pareto solution set.

Proof. Since f and each g; are piecewise linear, f(£2) is the union of finitely many
convex polyhedra in X x R™. Noting that a set P in R” is a convex polyhedron if
and only if P is finitely generated (cf. [31, Theorem 19.1]), we have that co(f(f2)) is
a convex polyhedron. Since f is C-convex-like on €2, it is easy to verify that f(Q)+C
is a convex set. This implies that co(f(€2)) C f(©2) + C, and hence co(f(2)) + C =
f(Q) + C. Noting that WE(A,C) = ANWE(A+ C,C) and E(A4,C) =E(A4+ C,C)
for any set A in R™, one has

(4.1) WE(f(€),C) = f(©2) N WE(co(f(€2)),C) and E(f(2),C) = E(co(f(€2)),C).

For each y* € C* \ {0}, let

F(y*) == {ye co(f(Q): (y",y)= sup <y*,Z>}

z€co(f(2))
and

~

F(y*) = {yEf(Q): (y",y) = sup <y*»Z>}-

z€f(Q)

Then Pos(co(f(2)),C) = | F(y*) and, by the separation theorem, one also has
y* eC+'L
WE(co(f(R2)),C) = U  F(y*). Since each F(y*) is a face of the convex polyhe-
y*eC+\{0}
dron co(f(€2)) and since every convex polyhedron has only finitely many faces, there
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exists y§,- - ,yr € CT\ {0} and §7,--- , 9 € C*% such that

K

(42)  WE(co(f(€2)),C) = |J F(y;) and Pos(co(f(2)),0) = [ F(5;)
=1

i=1

Since every closed convex pointed cone in R™ has a compact base, there exists a
compact convex set © in R™ such that 0 € © and C' = R; 0. Thus, by the Arrow-
Barankin-Blackwell density theorem, E(co(f(£2)),C) C cl(Pos(co(f(€2)),C)). Since
each face F/(77) is closed and since E(co(f(€2)),C) contains Pos(co(f(2)),C), this

and the second equality of (4.2) imply that E(co(f(Q2)),C) = U F(9;). Therefore,
j=1

by (4.1) and the first equality in (4.2), one has

(4.3) WE Uﬁ (y7) and E(f U
= pur

By the compactness of ©, one has

(4.4) = ryr&ig(yf,y) >0 and 7 := ?Eréig@;,w >0 V(i,j) €1k x 1.

For each k € 1n, let e; be an element in R™ such that its kth coordinate is 1 and

all the other ones are 0, and let t; := min.ce(ex,2) and f; := max.ce(ex,2). Let
B = {yER" : tk < <€k,y> ka vk Em},

(45) © := {ye B:r < (yi,y) and 75 < (97,y) V(i,j) € s x Tv} and C =R,0.

Then © is a convex polyhedron such that 0 ¢ 0> O, and hence C is a convex
polyhedral pointed cone containing C'. It follows that

(46)  WE(f(Q),0) ¢ WE(f(2),C) and E(f(2),C) € E(f(2),C).
On the other hand, by (4.4) and the definition of C, one has

yr € Ct Vielr and y)je(j’“' Vi € 1v.

Hence (J F(yf) € WE(£(2),C) and U F(57) € B(f(22),0). Tt follows from (4.3)
=1 j=1

and (4.6) that WE(f(Q),C) = WE(£(Q),C) and E(f(),C) = E(f(€),C). This
shows that (PLMOP), and (PLMOP)s have both the same weak Pareto optimal
value set and the same Pareto optimal value set and hence they have both the same

weak Pareto solution set and the same Pareto solution set. This shows that (ii) and
(iil) hold.

__ Noting that C contains C, it is trivial that if f is C-convex-like on €2 then f is
C-convex-like on €. Next suppose that f is C-convex. Then

fltxr + (1 —t)ag) <c tf(z1)+ (1 —t)f(x2) V1,22 € X and Vit € [0, 1]
and hence

tf(z1) + (1 —t)f(za) — f(txy + (1 —t)zs € C C C Vay,z0 € X and Vt € [0, 1].
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It follows that f(txy + (1 —t)xs) <g tf(z1) + (1 —t)f(z2) for all x1,22 € X and
t €0, 1]. This shows that f is C-convex. The proof is complete. 0

For y = (y1, - ,yn) € R", let [y]S := d(y,—C). If R" is equipped the I;-norm
and C' = R% then [y]¢ = 3 [yi]4-

i=1

THEOREM 4.2. Suppose that the objective function f is weakly C-convexr on €.
Then the following statements on piecewise linear problem (PLMOP)c hold:
(i) There exist convex polyhedra Q1,--- ,Q, in R™ such that

(4.7) V= U Qj, ri(Q;) N U Q= 0forallj € 1v,
j=1

3 €N {5}

and for any y € |J ri(Q;) and any r € (0, +00) there exist L,6 € (0, +00) such that

Jj=1

(4.8) S(y1) NrBx C S(y2) + Lllyr — y2l|Bx  Vy1,52 € VN B(y,6).

(i1) If S(y) C liminf S(y') for all y € V then (PLMOP)c has uniform bounded
v 5y

weak sharp minima with respect to all Pareto optimal values, that is, for any r > 0
sufficiently large there exists £ € (0, +00) such that for any y = (Y1, ,Yn) €
VN TB]RTL 5

k
rd(x,5(y)) < [f(z) = y§ + ) _lps(@)+ VYo €rBx.

Jj=1

(iii) (PLMOP)c always has near uniform bounded weak sharp minima with respect to
Pareto optimal values.

Proof. By Theorem 4.1, there exists a convex polyhedral pointed cone C in R"
containing C such that f is weakly C-convex on €2 and (PLMOP)¢ and (PLMOP) &
have the same Pareto optimal value set V', that is,

(4.9) V={yecf(Q: fQny-0C) ={y}}
Take y7,--- ,y; € R™ such that

C={yeR": (y,9) 20, i=1,-- K},
and define T : R™ — R¥ as follows

T(y) == (1,9 Wi y)) Yy €R™
Then, by the weak C-convexity of f on €2, it is easy to verify that T(f()+ R’j_' is a
convex set in R¥'. Moreover, since Cisa pointed cone,

{0}=Cn-C={yeR": (y,y)=0,i=1,-- K}

and hence the linear operator T is injective. This shows that T is a linear isomorphism
and topological homeomorphism between R™ and T (R™). Hence there exist Ly, Ly €
(0, +00) such that

(4.10) Lillyl < IT@W) < Laflyll - vy € R™.



23

Consider the following piecewise linear multiobjective optimization problem

(4.11) RY — min(T o f)(z) subject to € Q.

Let V' denote the set of all Pareto optimal values of problem (4.11), that is,
V= {2 € T(F(Q) : T(F(Q)N (=~ RE) = {=}}.

Then, by Lemma 3.3 and the convexity of T'(f(€2)) + RY, V' is the union of finitely

many convex polyhedra in R¥ and hence V' = cl(V'). Moreover, from (4.9) and
(4.10), it is easy to verify that V' = T(V') and

S)=Qnf 'y =an(Tof) " (T(y) VyeV.

Thus, by Corollary 3.7 and (4.10), there exist convex polyhedra Q7,---, Q7 in R
such that

>

(4.12) Vi=]JQ, rn@)n |J Q,=0 voel
v=1

veTA\{9}
and for any y € 7! (Uﬁzl ri(QL)) and any r € (0, +o0) there exist L,, §, € (0, +00)

such that

S(y1) NrBx € S(y2) + Lyl T(y1) = T(y2)l Vy1,92 € V.0 By, dy)

and hence S(y) C hnlli}r{f S(y) for all § € V with T(y) € uQ1 ri(@). Let Q, =
T-HQ!) for all v € 1117“1 %/T}lem by the linearity of T' and (4.10), each @, is a convex
polyhedron in R, V = {JI'_, Qu, 1i(Qs) N U Qu=0forallde 1n, and (4.8)
holds with L = LsL, and § = §,. This :ECI)T\:V\;Ut]ilat (i) holds, and hence S(§) C
1imvinf S(y) for all § € 61 ri(Q,). On the other hand, by (4.10) and T(C) C R¥, one

y—7
has

for all x € X and y € V. Since C contains C,
d(f(x) =y, —-C) < d(f(z) —y,—C) = [f(z) =9I V(z,y) € X x V.
Hence
(@) - TW]E < VFLf(@) ~ 4§ Vla.y) € X x V.

It follows from Theorems 3.4 and 3.6 that (ii) and (iii) hold. The proof is complete. O
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Under the convexity assumption, we have the following uniform global weak sharp
minima result.

THEOREM 4.3. Suppose that the objective function f is C-conver and that
P1, -+ g is convex. Then (PLMOP)c has uniform global weak sharp minima with
respect to all Pareto optimal values, that is, there exists T > 0 such that

k
(4.13) rd(x,S(y) < [f(@) = YIS + D _[¥;(@)]y Voe X andVye V.
j=1

Proof. By Theorem 4.1, there exist a convex polyhedral pointed cone C in R"
containing C' such that (PLMOP)c and (PLMOP)z have the same Pareto optimal

value set V and f is C-convex. Define F : X = R" x R¥ as follows
(414)  F@)= (/@) +C) x ((0a(a), - (@) +BE) vae X.

From the convexity of piecewise linear functions f and each ;, it is easy to verify
that F is a convex polyhedral multifunction from X to R™ x R*:; and moreover

Fly,0)={zeQ: fla) <gy}=Qnfy-C) vyeR"
Hence
(4.15) F~'(y,0)=S(y) WyeV.

By Lemma 3.2, there exists 7 € (0, +00) such that
rd (2, F7(5,0)) < dyy, ((9:0), F(2)) Vi, (5,0)) € X x F(X),

k
where ||(517 e 75n7t13 to 7tk)||€ = ||(51? e 757L)H+Z |tj| for all (517 to 7Snat13 co 7tk)
j=1
in R™ x R¥. Noting that V x {0} € F(X), it follows from (4.15) that (4.13) holds.
The proof is complete. O

5. Conclusions. Under the piecewise linear assumption on the objective func-
tion and the constrained functions, this paper establishes several existence results on
global uniform weak sharp minima and bounded uniform weak sharp minima for mul-
tiobjective optimization problem (MOP). It should be interesting further to consider
how one find an exact constant x in the inequalities appearing in the definition of
uniform weak sharp minima. We guess such an exact constant can be estimated or
obtained by using the coderivative of the vector-valued objective function and the
subdifferential of constrained functions. Moreover, one may also consider the uniform
weak sharp minima results obtained in this paper whether can be translated to the
other setting from the piecewise linear setting. In particular, one can further consider
the uniform weak sharp minima for (MOP) in the setting that the objective function
is quadratic and the constrained functions are linear (or piecewise linear).

Imitating the definition of a minimizing sequence in the scalar optimization, we
can adopt the following notion for multiobjective optimization problem (MOP): For
a optimal value y in' V (orV,,), a sequence {xx(y)} in the feasible set Q is said to be
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a minimizing sequence of (MOP) with respect to y if kli_{rgo d(y, f(zr(y)) +R%}) =0. In

the special case that n =1 and C =Ry, V =V, = {inf,cq f(z)} is a singleton and
this minimizing sequence notion for (MOP) is just the one for a scalar optimization
problem. In practical applications, one may be interested in the set A of some specific
Pareto optimal values (or some representative Pareto optimal values). The uniform
weak sharp minima for (MOP) implies that all minimizing sequences {z(y)} with re-
spect to Pareto optimal values y in A approach the solution sets S(y) (corresponding
to y) in a uniform way for all y in A as k — oo. In the future research, we will study
convergence analysis of some algorithms for (MOP) based on the uniform weak sharp
minima.
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