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Abstract—Robots with bimanual morphology usually pos-
sess higher flexibility, dexterity, and efficiency than those only
equipped with a single arm. The dual-arm structure has enabled
robots to perform various intricate tasks that are difficult or even
impossible to achieve by uni-manipulation. In this paper, we aim
to achieve robust bimanual grasping for object transportation.
In particular, provided that stable contact is the key to the
success of the transportation task, our focus lies on stabilizing
the contact between the object and the robot end-effectors by
employing the contact-servoing strategy. To ensure that the
contact is stable, the contact wrenches are required to evolve
within the so-called friction cones all the time throughout the
transportation task. To this end, we propose stabilizing the
contact by leveraging a novel contact parametrization model. The
parametrization expresses the contact stability manifold with a
set of constraint-free exogenous parameters where the mapping
is bijective. Notably, such parametrization can guarantee that
the contact stability constraints can always be satisfied. We
also show that many commonly used contact models can be
parametrized out of a similar principle. Furthermore, to exploit
the parametrized contact models in the control law, we devise a
contact servoing strategy for the bimanual robotic system such
that the force feedback signals from the Force/Torque sensors
are incorporated into the control loop. The effectiveness of the
proposed approach is well demonstrated with the experiments
on several representative bimanual transportation tasks.

Index Terms—Bimanual Manipulation; Contact Modelling;
Force Control; Direct/Inverse Dynamics Formulation.

I. INTRODUCTION

Bimanual manipulation has been an active research area
in the field of robotics and mechatronics. With the help
of an additionally equipped arm, a dual-arm robotic system
possesses many merits compared with a single robot arm, such
as flexible distribution of payload, adjustable contact support,
and efficient task execution, among others [1]. It has been
observed that bimanual robots can accomplish a wide range
of complicated tasks, such as deformable objects shaping [2]–
[4], stir-fry cooking [5], electric cable routing [6], floor
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Fig. 1. Illustration of robotic bimanual manipulation.

sweeping [7], clothes folding [8], components screwing [9],
wrench balancing [10], just to name a few.

Following the taxonomy developed by [11], bimanual ma-
nipulation can be technically classified into the following
categories in terms of the so-called action vocabulary: i) Fixed
offset where the relative configuration between two hands
remains constant or does not exhibit much change; ii) One
hand fixed where one hand is relatively stationary and mostly
used for providing contact support whilst the other hand
exhibits a more active motion pattern; iii) Self-handover where
an object is passed from one hand to the other with two hands
coming together first and then separating apart later; iv) One
hand seeking where one hand reaches towards an object with
the other one being either supernumerary or a counterweight.
In this paper, we particularly focus on bimanual manipulation
under the category of fixed offset, as shown in Fig. 1. More
precisely, we address the object transportation task, which
dictates the offset between two hands to be constrained due
to the rigid object being held.

By imposing a fixed-offset constraint on the movement of
two end-effectors, explicit coordination between two arms will
be required. Various algorithms have been developed for the
coordination of two or even more robot arms by mimicking
a human expert [12], such as dynamical systems [13], task-
parameterized Gaussian mixture model [14], and graph atten-
tion network [15]. Although the works above have achieved
promising results on the coordination of two arms, they
mainly deal with dual-arm manipulation through trajectory-
level imitation [16], which overlooks the issue of maintaining
contact between robot arms and the object.

Contact modeling usually plays a critical role in robust
manipulation [17], as a broken contact would potentially make
the object drop from the end-effectors. Many notions have
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been proposed to guarantee contact stability, such as internal
force regulation [18], grasp wrench decomposition [19], static
robust polyhedron [20], rectangular supporting areas [21], and
friction cone stability margin [22].

Compared with the aforementioned approaches, our method
stabilizes the contact wrench by explicitly modeling its dy-
namics based on a parametrization model. The central idea
of the parametrization technique is to transcribe the contact-
induced constraints with a set of constraint-free exogenous
parameters by leveraging the boundedness property of some
function. A similar strategy has also been successfully applied
to other robotic applications, including biped locomotion [23]
and constrained imitation learning [24]. In this paper, we
demonstrate that such a contact parametrization approach can
be employed to facilitate fixed-offset bimanual manipulation.
Specifically, we demonstrate the proposed method for the case
of unilateral planar contact as it is encompassing. It can be
readily shown that other commonly encountered rigid contact
models can be parametrized based on a similar principle.

From the perspective of control design, various control
strategies have been developed for bimanual manipulation,
such as coordinated compliance control [25], projected force-
admittance control [26], adaptive neural control [27], deep im-
itation control [28], etc. It is noted, however, that stabilization
of the interaction forces is usually not explicitly taken into
account by these control strategies.

In this paper, we propose to design a control law that
exploits the proposed contact parametrization model with the
rate of change of the exogenous variables being the virtual
control signals. The convergence of the devised control law
can be shown in the sense of Lyapunov. In summary, the
original contributions of this paper are outlined as follows:

• We propose a class of novel contact parametrization
models complying with contact stability manifolds, that
simplify the representation of contact friction cones;

• We present a new bimanual control strategy characterized
by contact servoing that incorporates force feedback and
exploits the proposed contact parametrization model;

• We report experimental studies to validate our proposed
methodology with fixed-offset bimanual manipulation.

The rest of the paper is organized as follows: Sec-
tion II presents the overall system modeling. The proposed
parametrization approach is then introduced in Section III.
The control strategy with contact-servoing is developed in
Section IV. The experimental results are reported in Section V.
Finally, Section VI concludes the paper. The key notation used
throughout the paper is summarized in Table I. Additionally,
we utilize bold lowercase letters to denote column vectors and
bold capital letters for matrices. Furthermore, when employing
subscripts to denote a scalar within a vector or matrix, we
maintain the bold font style.

II. SYSTEM MODELING

We assume that the dual-arm robotic system is composed
of a left arm and a right arm (see Fig. 2). Both arms are fixed
base with respect to the world inertial frame W . The joint
configurations are characterized by ql ∈ Rnl and qr ∈ Rnr

TABLE I
KEY NOTATION

Symbol Definition

W,O, C, E Frames of the world, object, contact, and end-effector
1n, 0m×n The identity matrix and the zero matrix
Adg

⊺
ab−1 The adjoint matrix transforming wrenches from B to A

S(·), (·)∨ The skew-symmetric operation and its inverse operator
ARB The rotation matrix expressing vectors from B to A
A[B] The frame with the origin as A and the rotation as B
ei The canonical base with the i-th element being unitary
N (·) The null-space projection operator

with the degree of freedom being nl and nr, respectively.
When an object is held between the left and right end-effectors,
the configuration of the whole system, consisting of both the
arms and the object, is expressed as (ql,

WoO,
WRO,qr) ∈

Rnl × R3 × SO(3) × Rnr, where (WoO,
WRO) ∈ SE(3)

expressed in W represent the coordinates of the origin and
orientation of the object frame O rigidly attached at the center
of mass of the object.

We compactly express dual-arm dynamics by concatenating
individual manipulator dynamics. More precisely, the dynam-
ics model of two arms interacting with the held object can
then be modeled as [29]

Ma(q)q̈+Ca(q, q̇)q̇+ ga(q) = τ + J⊺
afc, (1)

where we have

Ma=

[
Ml(ql) 0nl×nr

0nr×nl Mr(qr)

]
Ca=

[
Cl(ql, q̇l) 0nl×nr

0nr×nl Cr(qr, q̇r)

]
q =

[
ql

qr

]
ga =

[
gl(ql)
gr(qr)

]
τ =

[
τl
τr

]
fc =

[
fcl

fcr

] (2)

where Ml ∈ Rnl×nl and Mr ∈ Rnr×nr are the mass matrices,
Cl ∈ Rnl×nl and Cr ∈ Rnr×nr are the Coriolis matrices,
gl ∈ Rnl and gr ∈ Rnr are the gravity terms, τl ∈ Rnl and
τr ∈ Rnr are the joint actuator torques for the left and right
arm, respectively. In order to ensure that the contacts between
the object and the end-effectors are firm, the contact forces fcl

and fcr must be restricted within the so-called friction cones
FCcl ⊂ Rncl and FCcr ⊂ Rncr, where ncl and ncr indicate
the number of independent forces that can be applied by the
left and right contact, respectively. The friction cone constraint
can be compactly written as

fc ∈ FClr with FClr = FCcl ×FCcr. (3)

Notice that the satisfaction of the constraints due to the friction
cone plays an important role in the success of bimanual task
execution, which remains a central topic of this paper.

Furthermore, the arm Jacobian, whose transpose relates the
contact forces to the joint-space torques, is given by

Ja =

[
B⊺

clAd−1
gelcl

Ad−1
gwlel

Jl 0ncl×nr

0ncr×nl B⊺
crAd−1

gercr
Ad−1

gwrer
Jr

]
(4)

where Jl ∈ R6×nl and Jr ∈ R6×nr denote the Jacobian
matrices that map the individual arm’s joint velocities q̇l and
q̇r to the linear and angular velocities of the end-effector
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Fig. 2. Illustration of world, object, contact, and end-effectors frames.

frames El and Er. Besides, Bcl ∈ R6×ncl and Bcr ∈ R6×ncr

represent the wrench bases. In addition, Adg ∈ R6×6 de-
notes the adjoint transformation matrix as a change of frame.
Particularly, Adg

⊺
elcl−1 and Adg

⊺
ercr−1 transform the wrenches

expressed in the contact frames Cl and Cr into ones expressed
in end-effector frames El and Er; Adg

⊺
wlel−1 and Adg

⊺
wrer−1

transform the wrenches expressed in the end-effector frames
El and Er into ones expressed in the frames El[W] and
Er[W].

For object dynamics modeling, we resort to the law of
motion that the rate of change of momentum is equal to the
summation of all the external wrenches applied. Recall first
that the momentum O[W]h expressed with respect to O[W]
is composed of a linear momentum O[W]P and an angular
momentum O[W]L:

O[W]h =

[O[W]P
O[W]L

]
=

[
mO

WȯO
O[W]IWωO

]
∈ R6, (5)

where mO denotes the mass of the object, WωO is the angular
velocity of the frame O with respect to W , and more precisely,
we have WṘO = S(WωO)

WRO. O[W]I = WROIO
WR⊺

O
denotes the instantaneous inertia tensor with respect to O[W]
where IO is the inertia tensor of the object expressed in the
body frame O.

By differentiating (5), the momentum rate of change can be
obtained as

O[W]ḣ =

[O[W]Ṗ
O[W]L̇

]
=

[
mO

W öO
O[W]IWω̇O + S(WωO)

O[W]IWωO

]
= Gfc −mOge3 (6)

where g is the magnitude of the gravitational acceleration and
G is the grasp map which is given by

G =
[
Ad⊺

g−1
woo

Ad⊺
g−1
ocl

Bcl Ad⊺
g−1
woo

Ad⊺
g−1
ocr

Bcr

]
, (7)

where Adg
⊺
ocl−1 and Adg

⊺
ocr−1 transform the wrenches ex-

pressed in the contact frames Cl and Cr into ones expressed
in the object frame O; Adg

⊺
woo−1 transform the wrenches

expressed in the object frame O into ones expressed in the
frame O[W].

To relate the velocities of the object and the robot end-
effectors, we have the so-called fundamental grasping con-
straint [30] which prescribes at the contact points, the veloci-
ties of the object and the end-effectors along the contact force
directions should be equal, i.e.

Jaq̇ = G⊺vO with vO =
[Wȯ⊺

O
Wω⊺

O
]⊺ ∈ R6, (8)

where vO is usually called hybrid or mixed velocity of the
object frame O. By differentiating the holonomic grasping
constraint (8) with respect to time, we have

J̇aq̇+ Jaq̈−G⊺v̇O − Ġ⊺vO = 0. (9)

In this paper, we aim to devise analytic control laws that can
achieve robust manipulation of the held object, with a focus
on guaranteeing contact stability.

III. CONTACT PARAMETRIZATION

Typically, a convenient strategy to handle constraints is to
remove them by means of the parametrization technique [31].
In brief, the procedure to apply the parametrization trick
consists of the following steps: i) Transform the constrained
design variables to unconstrained exogenous variables with a
forward mapping Φ; ii) Perform operations over the exogenous
variables; iii) Project the resulting exogenous variables back
to the design variables using an inverse mapping Φ−1.

In the spirit of handling constraints through parametrization,
we propose to parameterize the contact stability manifold with
the help of a set of unconstrained exogenous variables to
facilitate the subsequent design of contact-aware control laws.
By doing so, the profile of the contact forces f will be ex-
pressed instead by the evolution of the exogenous variables ξ,
whose corresponding contact force values will be guaranteed
to lie within the contact friction cone FC. In the following,
we illustrate the parametrization strategy for the unilateral
planar contact model which appears as a quite representative
contact type. Notably, the proposed parametrization strategy
can be readily applied to other commonly encountered contact
models, such as frictionless point contact, point contact with
friction, and soft finger contact (see Fig. 3).

Formally, the contact stability constraints on the contact
force brought by the unilateral planar contact model can be
formulated as follows [32]:

f =


fx

fy

fz

Mx

My

Mz

 ∈ R6 with



fz > δ > 0 (10a)√
f2
x + f2

y < µcfz (10b)

−ymin < −Mx

fz
< ymax (10c)

−xmin <
My

fz
< xmax (10d)

|Mz| < µzfz (10e)

where xmax, xmin, ymin, and ymax represent the dimensions
of the largest fitting rectangular inside the contact surface, δ is
the normal force threshold, µc is the static friction coefficient,
and µz denotes the torsional friction coefficient. Our goal is to
devise a contact wrench parametrization approach Φ(ξ) ∈ R6

that maps free variable ξ to a valid unilateral planar contact
wrench. Wherein, the free variable ξ is given as

ξ =
[
ξx ξy ξz ξMx ξMy ξMz

]⊺ ∈ R6. (11)

Property 1. In order to make the contact parametrization
strategy Φ(ξ) a valid candidate, the following properties need
to hold as pointed out by [32]:
(a) The contact stability constraints (10) are satisfied for any

value of ξ, i.e., Φ(ξ) ⊂ FC, ∀ξ ∈ R6.
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(a) (b)

(c) (d)

Fig. 3. Common contact models used for fixed-offset bimanual manipulation,
namely (a) frictionless point contact, (b) point contact with friction, (c) soft
finger, and (d) unilateral planar contact [30].

(b) The mapping between the ξ-parametrized friction cone
FCξ and R6 is bijective.

(c) The gradient of the function Φ(ξ) is invertible.

In general, the form of the parametrization function Φ(ξ)
is not unique. In this paper, we propose the following
parametrization approach.

Proposition 1. Consider the following proposed parameteri-
zation method for the contact model (10):

Φ(ξ)=



µc

2
(tanh(ξx)+1) cos(π(tanh(ξy)+1))(exp(ξz)+δ)

µc

2
(tanh(ξx)+1) sin(π(tanh(ξy)+1))(exp(ξz)+δ)

exp(ξz) + δ

(βy tanh(ξMx) + δy)(exp(ξz) + δ)

(βx tanh(ξMy) + δx)(exp(ξz) + δ)

µz tanh(ξMz)(exp(ξz) + δ)


(12)

where we define
δx = (xmax − xmin)/2, βx = −(xmin + xmax)/2,

δy = (ymin − ymax)/2, βy = (ymin + ymax)/2.

The model (12) ensures that Property 1 holds.

Proof. Firstly, note that our parametrization methods for fx

and fy are distinguished from [32] while the parametrization
of fz , Mx, My , and Mz follows the same strategy. Therefore,
our proof will focus solely on the parametrization methods for
fx and fy .

To show that (12) is a valid candidate for contact
parametrization, we need to prove that (12) satisfies the above
listed three properties for contact parametrization.

For Property (a), our goal is to show that (10b) holds
∀ ξx, ξy, ξz ∈ R. To this end, we need to verify that√

Φ2
1(ξ) +Φ2

2(ξ) < µcΦ3(ξ). (13)

By substituting the corresponding parametrization expres-
sion into (13), we have√

1

4
(tanh(ξx) + 1)

2
< 1, (14)

Fig. 4. Illustration of the set relation. The mapping between the free
parameters and the parameterized contact stability manifold is bijective.

where we drop out the positive terms from two sides of
the equation and combine the equation with the Pythagorean
identity. Finally, it can be verified that (14) holds given
tanh(ξx) ∈ (−1, 1).

For Property (b), it can be firstly observed from (12) that a
unique solution of f can be derived for any ξ. Then we can
show that the inverse mapping Φ−1(f) also returns a unique
ξ given any f ∈ FCξ.

To yield the expression of ξx, we compute

f2
x + f2

y =
1

4
(tanh(ξx) + 1)

2
f2
zµ

2
c , (15)

which gives the expression for ξx as

ξx = atanh
(
2
√
f2
x + f2

y /(fzµc)− 1
)
. (16)

For the calculation of ξy , we have that the following holds
from the parametrization of fx:

cos(π(tanh(ξy) + 1)) = 2fx/(µcfz(tanh(ξx) + 1)) (17a)

= fx/
√

f2
x + f2

y (17b)

where (17b) is obtained by substituting the expression of
tanh(ξx) + 1 from (15) into (17a). Hence, the expression for
ξy can be calculated as

ξy =



atanh

1

π
arccos

 fx√
f2
x + f2

y

−1

, fy ≥ 0 (18a)

atanh

1− 1

π
arccos

 fx√
f2
x + f2

y

, fy < 0, (18b)

which reveals the satisfaction of Property (b).
For Property (c), we will prove that ∇Φ(ξ) ∈ R6×6 is

invertible by its determinant being non-zero. The expression
of ∇Φ(ξ) can be directly computed from (12) as

∇Φ(ξ) =

[
∂Φ

∂ξx

∂Φ

∂ξy

∂Φ

∂ξz

∂Φ

∂ξMx

∂Φ

∂ξMy

∂Φ

∂ξMz

]

=


∇Φ11 ∇Φ12 ∇Φ13 0 0 0
∇Φ21 ∇Φ22 ∇Φ23 0 0 0

0 0 ∇Φ33 0 0 0
0 0 ∇Φ43 ∇Φ44 0 0
0 0 ∇Φ53 0 ∇Φ55 0
0 0 ∇Φ63 0 0 ∇Φ66


The determinant of ∇Φ can be shown to be

det(∇Φ) = ∇Φ66∇Φ55∇Φ44∇Φ33

∣∣∣∣∇Φ11 ∇Φ12

∇Φ21 ∇Φ22

∣∣∣∣ (20)
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π

4
(1− tanh2(ξx))(tanh(ξx) + 1) cos2 (π(tanh(ξy) + 1)) (1− tanh2(ξy))(exp(ξz) + δ)2

+
π

4
(1− tanh2(ξx))(tanh(ξx) + 1) sin2 (π(tanh(ξy) + 1)) (1− tanh2(ξy))(exp(ξz) + δ)2

=
π

4
(1− tanh2(ξx))(tanh(ξx) + 1)(1− tanh2(ξy))(exp(ξz) + δ)2 > 0. (22)

where we have∣∣∣∣∇Φ11 ∇Φ12

∇Φ21 ∇Φ22

∣∣∣∣ = ∇Φ11∇Φ22 −∇Φ12∇Φ21. (21)

By employing the derivative of the tanh function, we can
expand (21) leading to (22), which is non-zero. ■

With the above results, we can conclude that the
parametrization approach as given by (12) presents a valid con-
tact parametrization. Nevertheless, it should be noted that the
parametrized friction cone FCξ with the proposed approach
cannot completely cover the whole original friction cone FC,
i.e. FCξ ⊂ FC. For example, we can see from (18) that for
the case fx = fy = 0, the numerator becomes zero, which
will make the inverse mapping for ξy ill-posed. Practically,
the situation of both fx and fy being zero at the same time
will rarely happen, due to numerical errors, sensor noise, etc.

One salient merit of parametrizing fx and fy as (12) lies
in that all elements within the friction cone (10b) can be
covered except for few cases (e.g., fx = fy = 0). By contrast,
the parametrization strategy for fx and fy developed in [32]
results in a set resembling an octagonal flipped pyramid, which
covers only approximately 90% of the set prescribed by (10b).
The set relations of the free-parameter space, the contact
stability manifold with the proposed parametrization approach,
and the original contact stability manifold are shown in Fig. 4.

The parameterization of other contact models follows a
similar procedure to that of the unilateral planar contact as
the conditions for these contact modeling can be shown to be
a subset of (10).

IV. CONTROLLER DESIGN

In this section, we present the design of a controller that
steers the object to move along a desired trajectory with the
parametrization contact model.

A. Momentum Control with Contact Servoing

To control the momentum of the object, we choose the
control states as s =

[
s⊺1 s⊺2 s⊺3

]⊺
, where each element is

designed as

s1 =

∫ t

0

h̃ dt (23a)

s2 = h̃ = ṡ1 (23b)
s3 = Kps1 +Kds2 + ṡ2 (23c)

where the momentum error is defined as h̃ = h − hd, with
hd being the desired momentum value. In addition, we notice

ṡ2 =
˙̃
h = ḣ− ḣd = Gfc −mOge3 − ḣd, (24)

where s1 represents the integral of the momentum error, s2
represents the momentum error, and s3 is an auxiliary state that
will facilitate independent control gain tuning of the closed-
loop system dynamics as discussed in [33].

The dynamics of (23) can be written as

ṡ1 = s2 (25a)
ṡ2 = −Kps1 −Kds2 + s3 (25b)

ṡ3 = −KdKps1 + (Kp −K2
d)s2 +Kds3 + u (25c)

where s̈2 is chosen as the control signal as it contains the term
of the contact change rate. Then, we have

u = s̈2 = Ġfc +Gḟc − ḧd (26a)

= Ġfc +G∇Φ(ξ)ξ̇ − ḧd. (26b)

As an abuse of notation, we have ξ =
[
ξ⊺l ξ⊺r

]⊺
with ξl ∈

Rncl and ξr ∈ Rncr. Besides, Φ(ξ) =
[
Φl(ξl)

⊺ Φr(ξr)
⊺
]⊺

with fl and fr parametrized by Φl and Φr, respectively. In
accordance, we have

∇Φ(ξ) =

[
∇Φl(ξl) 0ncl×ncr

0ncr×ncl ∇Φr(ξr)

]
. (27)

The temporal derivative of the grasp map in (26) is derived as

Ġ=

[
d

dt
(Ad⊺

g−1
woo

)Ad⊺
g−1
ocl

Bcl
d

dt
(Ad⊺

g−1
woo

)Ad⊺
g−1
ocr

Bcr

]
where

d

dt
(Ad⊺

g−1
woo

) = −Ad⊺
g−1
woo

ad⊺
g−1ġ (28)

The behavior of the dynamic system can be written in the
state-space model form asṡ1ṡ2

ṡ3

 =

 0 1 0
−Kp −Kd 1

−KdKp Kp −K2
d Kd

s1s2
s3

+

00
1

u (29)

Our control objective is output regulation, namely, designing
the control law u such that the output of the closed-loop
system converges to zero. To this end, we consider employing
the linear state feedback control strategy parametrized in the
following form:

u = K1s1 +K2s2 +K3s3, (31)

where K1, K2, and K3 denote the state feedback gain ma-
trices. As a result, the system dynamics (29) upon integrating
the control law (31) becomesṡ1ṡ2

ṡ3

=

 0 1 0
−Kp −Kd 1

K1−KdKp K2+Kp−K2
d K3+Kd

s1s2
s3

 (32)

which can be compactly denoted as an autonomous system:
ṡ = Aus. Recall that to ensure asymptotic stability of linear
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A⊺
uV + VAu =

 0 V1 −KpV2 (K1 −KpKd)V3

V1 −V2Kp −KdV2 −V2Kd (K2 +Kp −K2
d)V3 +V2

V3(K1 −KdKp) V3(K2 +Kp −K2
d) +V2 V3(K3 +Kd) + (K3 +Kd)V3

 (30)

state space model (32), all real parts of the eigenvalues of Au

should be negative. Alternatively, this condition is equivalent
to satisfying the following Lyapunov matrix equation:

A⊺
uV +VAu ≺ 0 (33)

where V is some symmetric positive definite matrix. Let us
choose V in the following form for simplicity:

V = V1 ⊕V2 ⊕V3, (34)

where ⊕ represents the matrix direct sum, and V1, V2, and
V3 are symmetric positive definite matrices. By substituting
(34) into (33), we have the expression for A⊺

uV+VAu as (30).
To make (30) a negative definite matrix, we specifically

choose the following control feedback matrices:

K1 = KdKp (35a)

K2 = K2
d −Kp −V−1

3 (35b)
K3 = −Kd − 1 (35c)

In addition, we choose V1 = Kp and V2 = 1 without loss
of stability guarantee, which yields (30) as

A⊺
uV +VAu = −2(06×6 ⊕Kd ⊕V3) (36)

Notice, however, that (36) is a negative semi-definite matrix,
from which the stability of (31) can not be concluded in
general. Nevertheless, by checking the Lyapunov function can-
didate s⊺Vs and invoking the LaSalle’s invariance principle,
the asymptotic stability of the equilibrium point s = 0 can be
obtained. A more detailed discussion can be found in [33].

Consequently, using the feedback gains given as (35), the
control law becomes

u = KpKds1 + (K2
d −Kp −V−1

3 )s2 − (Kd + 1)s3. (37)

B. Pose and Postural Control

In order to control the pose and its velocities of the object,
we consider the control laws by explicitly instantiating the
components s1, s2, and s3.

For the design of s2, we have

s2 =

[
mO(

WȯO − ṗd)
O[W]I(WωO − ωd)

]
(38)

where ṗd and ωd represent the desired linear and angular
velocity, respectively.

For the control of the pose, we consider the design of the
integral term s1 as

s1 =

[
P(0) +

∫ t

0
P̃(t) dt

L(0) +
∫ t

0
L̃(t) dt

]
=

[
mO(

WoO − pd)
O[W]I(S(WROR

⊺
d))

∨

]
(39)

where P(0) and L(0) denote the integral initial conditions.
The design of auxiliary state variable s3 then follows from

its definition (23c) directly.

For the virtual control inputs ξ̇, we equate (26) and (37) so
that we can obtain

ξ̇ = (G∇Φ(ξ))†
(
KpKds1 + (K2

d −Kp −V−1
3 )s2

− (Kd + 1)s3 − Ġfc + ḧd

)
+ ξ̇N , (40)

where we additionally append ξ̇N to ξ̇ to exploit the null space
of G∇Φ(ξ). We choose ξ̇N in a way such that the contact
model tends to the desired contact configuration ξd, namely

ξ̇N = N (G∇Φ(ξ))(−Kξ(ξ − ξd)), (41)

where Kξ denotes a symmetric positive definite matrix.
To realize the execution of ξ̇ by the bimanual robots, we

provide two strategies, namely admittance control and torque
control. For the admittance control which takes measured
force as the input and outputs robot position, we provide the
admittance model with

fc(ξ̇) = Φ

(
Φ−1(fc(0)) +

∫ t

0

ξ̇ dt

)
, (42)

where the initial condition ξ(0) = Φ−1(fc(0)) is read from
the F/T sensors.

To realize the execution of ξ̇ by joint torques, the relation-
ship between τ and ξ̇ can be found out by cancelling out q̈
from (1) using (9):

J̇aq̇+JaM
−1
a (τ +J⊺

afc−Caq̇−ga)−G⊺v̇O−Ġ⊺vO = 0.
(43)

Consequently, the computation of dual-arm joint toques can
be derived from (43) as

τ (ξ̇) = (JaM
−1
a )†(G⊺v̇O + Ġ⊺vO − J̇aq̇)

− J⊺
afc(ξ̇) +Caq̇+ ga + τN (44)

Furthermore, to guarantee the stability of the system zero
dynamics, i.e. the evolution of system (1) at s = 0 in the case
of the presence of joint redundancy (i.e. nl and nr > 6), a
joint-space postural task can be incorporated to handle this
redundancy [34]. Given a reference position for the joint
configuration as qd, the null-space joint torque is given as:

τN = N (JaM
−1
a )(−Kq(q− qd)) (45)

where Kq denotes a symmetric positive definite matrix.

V. RESULTS

In this section, we report the results from both simulation
and experimental studies to illustrate the effectiveness of our
proposed approach.
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A. Comparisons

In this part, we compare our approach with the baseline
method by [32], which represents a first attempt toward contact
parametrization and shows effectiveness in dealing with the
contact constraints. We first compare the morphology of the
friction cones parametrized by both approaches. The minimum
normal force fz of the friction cone is set to be δ = 0.01N
and the maximum normal force, which determines the height
of the friction cone, is selected by setting ξz = 1, leading
to the maximum normal force being 2.7N In addition, the
friction coefficient is chosen as µc = 0.5. It can be seen in
Fig. 5 that both approaches can satisfy the constraint of the
friction cone given any values of the corresponding exogenous
parameters. Moreover, the cross-section of the friction cone
parametrized by the baseline approach resembles an octagon,
which implies that around 10% of the original friction cone
cannot be covered. As a comparison, our approach possesses
the merit of parametrizing more regions of the friction cone
as evidenced by the shape of its cross section.

B. Simulations

In this section, we evaluate the contact force tracking
behavior based on our proposed contact parametrization model
with simulation studies. We first compare the friction forces
tracking performance with the baseline method. We design the
reference friction profiles with the maximum allowable friction
magnitude 5N and they are given by fx = 5 sin(π(t+0.5))N
and fy = 5 cos(π(t + 0.5))N. The starting point for both
approaches is set to be fx0 = 0N and fy0 = −1N. The
tracking performance is shown in Fig. 6. It can be observed
that our method achieves a higher tracking precision compared
with the baseline method. Besides, the tracking profile with
our approach is shown to be smoother. The baseline method is
observed to periodically exhibit small spikes, which represents
an inherent issue brought by the parametrization strategy.

We then compare our approach with the control strategy of
fixed-distance-penetration grasping in terms of object motion
control. We consider the orientation tracking task, where we
let the robot arms rotate around the z-axis of the contact
frames. In this task, we are particularly concerned with the
model of (10e). We would like to rotate an object that has
unit inertia around the z-axis of the contact frames to track
a constant angular acceleration 0.6 rad s−2 from at rest. The
torsional friction coefficient is chosen to be µz = 0.1 and the
normal contact force between the object and one of the end-
effectors is set to be a constant of 2.5N, which can provide
a maximum angular acceleration of 0.5 rad s−2. When using
our approach, the angular acceleration of the object reaches
the maximum allowable value without violating it, as seen in
Fig. 7. For comparison, we employ the control strategy of
fixed-distance penetration where the constant normal force is
also 2.5N and the end-effectors rotate based on the angular
acceleration reference. In this case, there is a slip between
the object and the end-effectors as the maximum allowable
moment is insufficient to track the given reference profile.

For another evaluation, we chose the ball-lifting task, where
the contact model corresponds to the model of point contact

(a) (b)

(c) (d)

Fig. 5. Comparison of the parametrization performance by (a) the baseline
approach and (b) our approach as well as the cross-section shape of the
parametrized friction cone by (c) the baseline approach and (d) our approach.

with friction. The unit-weight ball is lifted upwards from
at rest by dual arms with a reference of linear growing
acceleration t+0.3m s−2 at a direction opposite to the gravity.
The normal force between one arm and the ball is set to be
10N and the friction coefficient µc = 0.55, which leads the
maximum allowable acceleration to be 1m s−2. The tracking
results are shown in Fig. 7. When using our approach, the
acceleration of the ball is saturated at the maximum value,
resulting in robust grasping. By contrast, when controlling the
ball using the fixed-distance penetration with the same contact
force and the end-effectors moving according to the reference
acceleration, the contact is broken at 0.68 s and the ball falls
from the dual arms immediately afterward.

C. Experiments

Experimental setup: To validate our proposed approach, we
perform experimental studies with a dual-arm robotic system
consisting of two identical six-DoF UR3 robot manipulators
positioned 0.75m apart from each other. Each end-effector
is equipped with a Robotiq FT-300 F/T sensor. Besides, an
Intel Realsense L515 camera is mounted to sense the top-down
view of the manipulation space. The coordinate transformation
between the depth camera and both arms is calibrated through
the markers. The position of the box is localized via the ArUco
markers attached to the center of the box surfaces. The axes
of the ArUco markers are aligned with the sides of the box.
An illustration of the experimental set-up is shown in Fig. 1.

The length, width, and height of the manipulated box is
200mm×130mm×140mm. The weight of the box is 150 g
and is assumed to be uniformly distributed. In the case of
manipulating irregular objects, a dedicated method will be
required to retrieve the geometric properties such as the center
of mass and the inertia tensor. The customized end-effectors
possess a rectangular shape with a length of 10 cm and a
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Fig. 6. Comparison of tracking friction reference (black) with baseline (blue)
and our approach (red). The start point is marked with a red dot.

width of 6 cm. We position the origin of the contact frames
at the center of the end-effectors, leading to xmin = −0.05m,
xmax = 0.05m, ymin = −0.03m, and ymax = 0.03m for
the left contact. The contact dimension parameters for the
right contact can also be obtained accordingly. The grasping
positions are selected at the corresponding face center of
the box for the maximum overlapping area between two
end-effector palms. When there is a change in the grasping
positions, it is also possible to manipulate the box as long as
there is an overlap between two end-effector palms to ensure
force closure [30]. Moreover, the static friction coefficient
between the object and the box is µc = 0.5.

The effectiveness of the proposed approach is validated
through three representative bimanual manipulation tasks,
namely the linear transportation task, the circular movement
task, and the object shaking task. Our goal is to showcase
that the trajectories of the center of the box can be steered
to track these specified reference trajectories of different tasks
by means of robust dual-arm manipulation. Also, we would
like to have the normal contact force between the box and the
robot end-effectors to track a desired force profile.

It should be noted when joint torque control is not available
as in our case, the virtual control input (40) is thus considered
to be realized with an admittance control strategy to generate
joint position commands for the robot arms. The schematic
diagram of the control block to perform the transportation
tasks is illustrated in Fig. 8. It mainly consists of three parts,
namely the robot commands generator, the robot system, and
the contact stabilizer. The robot commands generator is exactly
the admittance controller, responsible for sending the joint
position reference to the position-controlled robots. The robot
system then manipulates the object by executing the received
control signals. The contact stabilizer takes the object’s states
and the desired object motion as input and then sends the

Object slips

Object falls

Fig. 7. Illustration of object trajectory in the orientation tracking task (left
column) and the ball lifting task (right column) using our approach (red) and
fixed-distance penetration (blue) in response to a given reference (black).

Admittance
controller

Bimanual
Robots

F/T
Sensor ObjectEnd-

Effector

+
+

Camera

Robot Commands

Contact Stabilizer

Robot System

Fig. 8. Schematic diagram of the control block.

contact wrench to the admittance controller.
Linear transportation: For the task of linear transportation,

our goal is to control the motion of the box such that its center
tracks a desired trajectory. The desired trajectory is designed
to be a straight line in the operational space and its expression
with respect to time t is given by

pd(t) = (0.014t− 0.41)e1 − 0.25e2 + (0.022t+ 0.15)e3

where the time duration is t ∈ [0, 5]s. The initial position of
the box with respect to the base frame of the left arm is set
to be [−0.35,−0.25, 0.25]⊺m. And the final position to reach
is set to be pd(5) = [−0.34,−0.25, 0.26]⊺m.

During the linear transportation task, the box remains in
a constant rotation configuration. The orientation of the box
is controlled in a way such that it keeps the same as that
of the left arm base frame. For the normal force of the
initial contact wrench, it is set to be 2.2N for both arms.
The corresponding free parameter for fz is then initialized
as ξ0z = −0.357, provided that the normal force threshold is
δ = 1.5N. The normal contact force profile is set as a constant
of 5N. The illustration of tracking performance for the linear
transportation task is shown in Fig. 9. Both movement of
the box along both x- and z-axis can track the desired given
linear reference, as seen by the evolution of the error profile
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Fig. 9. Illustration of the left end-effector motion along the x-axis (upper
left), the z-axis (upper right), error evolution (lower left), and force tracking
(lower right) in the linear transportation task, where the grey-dashed line is
the motion reference and the red-dashed is the force reference.

converging to zero. Also, the normal contact force is able to
track the desired constant force profile.

Circular movement: For the task of circular movement, our
goal is to control the motion of the box such that its center can
track a given circular trajectory. The initial position of the box
is at [−0.35,−0.25, 0.5]⊺m with respect to the left arm-based
frame. The expression for the circular reference trajectory with
a period of 6 s is designed to be

pd(t) =
(
0.1 sin(

π

3
t)− 0.26

)
e1 − 0.25e2+(

0.11 sin(
π

3
(t+ 1.5)) + 0.35

)
e3

where we have t ∈ [0, 9]s.
The orientation of the box is controlled to be the same as

that of the left arm base frame. The z-component of the initial
contact wrench for this task is set to be 6N, which corresponds
to ξ0z = 1.5. The desired normal contact force in this task is
set to be 9N. The box is then transported by the dual arms for
9 s, which accounts for one and a half circles in the operational
space. The illustration of tracking performance for the circular
movement task is shown in Fig. 10. It can be seen that overall
the box can track the specified position trajectory along the
x− and z-axis. In this case, the error evolution also exhibits
periodicity, which is a result of the temporal delays in the
periodic tracking task.

Object shaking: For the task of object shaking, we would
like the robot to move the box up and down along the z-axis.
The reference trajectory, in this case, is given by integrating
the following piece-wise constant velocity trajectory

ṗd(t) =

{
−0.92e3, if int(t/0.26) is even,
0.92e3, otherwise

where we have t ∈ [0, 5]s. The resulting jagged reference tra-
jectory at the position level will require the box to frequently
switch between moving upwards and moving downwards.
Particularly, we specify the duration for one-way movement

Fig. 10. Illustration of the left end-effector motion along the x-axis (upper
left), the z-axis (upper right), error evolution (lower left), and force tracking
(lower right) in the circular transportation task, where the grey-dashed line is
the motion reference and the red-dashed is the force reference.

Fig. 11. Illustration of the left end-effector motion along the z-axis (left) and
error evolution (right) in the shaking task, where the grey-dashed line is the
motion reference.

to be 0.26 s, which will make the robot shake the box ap-
proximately twice in one second. The highest point that the
box can reach in z-direction is 0.32m and the lowest point
is 0.27m, which leads the shaking magnitude to be 0.05m.
The corresponding performance is shown in Fig. 11, which
exhibits more apparent delays due to the frequent change of
direction. Fig. 12 illustrates the experimental procedure.

To better demonstrate the superiority of the proposed ap-
proach, we compare our control approach with a baseline
controller. When performing bimanual grasping of the box
with the employed baseline controller, the end-effectors keep
a fixed relative distance that is slightly smaller than the width
of the box. The contact between the end-effector and the box
is only established due to the slight penetration into the box,
lacking information on the force feedback.

It is observed that the success rate of the proposed approach
is higher than that of the baseline controller, especially for the
shaking task with nine out of ten trials successfully performed.
The failure trial could be due to F/T sensor noises, marker
tracking issues, matrix inversion errors, etc. By contrast, the
performance of the baseline controller degrades dramatically
with a success rate of only two out of ten. Such highly
dynamic tasks require explicitly maintaining the interaction
forces, highlighting the significance of the proposed robust
bimanual grasping control strategy.
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Fig. 12. Snapshots of the procedure for performing (a) linear transportation
(b) circular movement, and (c) object shaking tasks. The red arrow curves
denote the moving directions of the box.

VI. CONCLUSION

In this paper, we presented a bimanual manipulation control
strategy for fixed-offset object transportation. In particular, our
proposed approach focuses on guaranteeing the stability of
the contact by a parametrization model. Subsequently, such a
contact model is exploited such that trajectory tracking can be
achieved for the held object. The effectiveness of the proposed
approach is well verified with both simulation studies and real
experiments of box transportation tasks. For limitations, our
controller assumes that the mass and the inertia tensor of the
object are known a priori. An estimation algorithm could be
integrated into our control framework such that the bimanual
robotic system can handle unknown-weight payload [35].
Regarding future work, it is worth investigating the robustness
of parameter uncertainty, such as a deviation in the position
of the center of mass of the box. It will also be interesting
to incorporate the capability of obstacle avoidance into the
current framework [36].
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