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ABSTRACT

Recently, the concept of bound states in the continuum (BICs) has been extended to topological physics, inspiring investigations into higher-
order topological BICs (TBICs) and related ultra-strong wave localization, which not only enriches the realm of topological physics but also
bestows the BICs with inherent topological protection. However, previous explorations toward higher-order TBICs have been limited to the
Hermitian assumption, omitting the nonconservative characteristics present in many artificial materials. In this work, we propose and experi-
mentally demonstrate an acoustic lattice model supporting higher-order TBICs that solely rely on non-Hermiticity, in which the non-
Hermiticity is implemented by strategically applying additional loss to specific sites in the lattice. Importantly, these in-band corner states are
protected by chiral symmetry and can be spectrally switched by introducing perturbations to the corner sites or couplings. Our findings high-
light the distinctive role of non-Hermiticity in constructing higher-order TBICs, which may inspire sophisticated and externally tunable
approaches for designing high-Q devices in wave-based technologies.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0249792

Topological physics has revolutionized the understanding and
exploitation of both natural materials1–3 and artificial structures4–8 in
the past two decades. Among various artificial structures, those based
on acoustic systems offer a unique platform for exploring richer topo-
logical phenomena that are difficult to observe in natural materials. One
prominent example is higher-order topological insulators (HOTIs) that
exhibit a hierarchy of multidimensional nontrivial topological states
governed by the bulk multipole moments,9,10 nontrivial dipole polariza-
tions,11–13 or multidimensional topological phase transitions.14,15 These
studies typically rely on Hermitian descriptions, assuming energy con-
servation. However, acoustic systems inevitably experience intrinsic
losses due to thermoviscous and viscoelastic effects, rendering the
Hermitian Hamiltonian inaccurate in realistic scenarios.

While conventional wisdom suggests that energy decay due to
losses hinders the observation of topological states, recent research has

focused on the intriguing interplay between non-Hermiticity and band
topology.16–18 This has led to the discovery of gapless topological
phases with exceptional degeneracies19,20 and gapped non-Hermitian
topology.21,22 Non-Hermitian HOTIs have been theoretically pre-
dicted23,24 and experimentally validated,25 showcasing nontrivial
bandgaps in which higher-order topological corner states emerge.

Although most of the higher-order topological states reside in the
nontrivial bandgaps to isolate the spatially localized states from the
continuous spectra, bandgaps are not indispensable for constructing
higher-order topological states.26 When they exist within the bulk
band, the so-called higher-order topological BIC (TBIC) is formed.27,28

Bound states in the continuum (BICs) are spatially localized eigen-
states coexisting with continuous spectra of propagating eigenstates.29

The combination of BICs and topological phases gives rise to TBICs
that inherit both topological protection and localization, even in the
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presence of continuous spectra. This has spurred extensive research on
TBICs, ranging from in-band first-order topological edge states30,31 to
higher-order TBICs.32–35 The physical mechanisms underlying TBICs
can be categorized into three main approaches: eigenfrequency shift
due to coupling adjustment,30,31 mirror-stacking,33 and onsite non-
Hermitian modulations.36,37 Specific to acoustic systems, TBICs under
non-Hermitian modulations stand out as more realistic scenarios as
compared to the first two approaches in view of the ubiquitous ther-
moviscous loss effect, but previous studies have been limited to the
one-dimensional (1D) regime.

In this work, we present a theoretical and experimental investiga-
tion of higher-order TBICs in two-dimensional (2D) acoustic lattices
with uneven onsite loss modulations. As the onsite loss increases, the
original extended bulk states gradually evolve into localized edge and
corner states. Notably, the corner states remain pinned at the zero-
energy within the middle bulk band region, exhibiting the characteris-
tics of higher-order TBICs. The nonzero 2D polarizations calculated
from the bulk bands suggest the topological protection of theses
TBICs. Perturbations on the cavities or linked tubes can shift the eigen-
frequencies of the TBICs and even pull them out of the bands. Such an
approach of constructing and tuning non-Hermiticity-induced higher-
order TBICs can not only enhance the practical applicability of TBICs
in acoustics but also simplify their implementation by allowing flexible
adjustment of onsite non-Hermiticities through external methods,
eliminating the need for structural modifications.

To elucidate our basic ideas, we consider a 2D lattice with a tight-
binding Hamiltonian written as

H ¼
XN
n¼1

XM
m¼1

ð�icn;mÞ c†n;mcn;m

þ
XN�1

n¼1

XM�1

m¼1

ðtxc†n;mcnþ1;m þ tyc
†
n;mcn;mþ1 þH:c:Þ; (1)

where c†n;mðcn;mÞ represents the creation (annihilation) operator on the
(n, m) site, txðtyÞ is the hopping term along the x(y)-direction, and
H.c. stands for Hermitian conjugate. In the basic unit cell [3� 3 atoms,
as encircled by the dotted square in Fig. 1(a)], the on-site losses, cn;m,
take the value of c2 for (m,n)¼ (2i � 1, 2j � 1) (i,j ¼1,2) and c1
for the remaining sites. To identify the in-band corner and edge

eigenenergy, a corner localization coefficient a and an edge localization
coefficient b are defined as

a ¼ n21;1 þ n21;M þ n2N;1 þ n2N;M

� �,XN
n¼1

XM
m¼1

n2n;m

b ¼
XN
n¼1

ðn2n;1 þ n2n;MÞ þ
XM
m¼1

ðn21;m þ n2N;mÞ
"

� 2ðn21;1 þ n21;M þ n2N;1 þ n2N;MÞ

�
XN=3�1

i¼0

ðn22þ3i;1 þ n22þ3i;MÞ

�
XM=3�1

j¼0

ðn21;2þ3j þ n2M;2þ3jÞ�
,XN

n¼1

XM
m¼1

n2n;m: (2)

In the equations, nn;m represents the wavefunction on the (n, m)
site. Figure 1(b) shows the evolution of the calculated real parts of eige-
nenergy with the increase in loss contrast (Dc ¼ c2 � c1) in a finite
lattice, and the corresponding corner and edge localization coefficients
are denoted by the red and blue color bar, respectively. The ratio
between loss contrast (Dc) and hopping term (t) is critical for the
emergence of higher-order non-Hermitian TBICs. When Dc ¼ 0, no
bandgaps or concentrated edge and corner localizations can be
observed in the eigenenergy spectrum of the finite-sized lattice, as pre-
sented in Fig. 1(b). With increasing Dc, bandgaps gradually appear
and stabilize once the ratio reaches a characteristic value of
Dc=t ¼ 3:4. Simultaneously, the corner states become pinned at the
zero-energy, signifying the formation of higher-order TBICs. These
higher-order TBICs exhibit fractional corner charges and filling anom-
alies, consistent with the behavior observed in higher-order topological
insulators with bandgaps.38 Following the scheme of calculating elec-
tron density at “half-filling,”10 quantized fractional charges are
observed at the four corners in this non-Hermitian finite model by
accumulating the lower half of eigenstates in space [Fig. 1(c)].

The above tight-binding model (TBM) can be realized using peri-
odically arranged acoustic coupled cavities, each unit cell of which con-
sists of nine resonant cavities connected by thin tubes, as sketched in
Fig. 2(a). The cavities in blue have a higher loss coefficient (c2), while

FIG. 1. In-band topological corner states for a finite-sized TBM with non-Hermitian modulation. (a) The finite-sized TBM. Sites colored in gray (blue) have lower loss c1 (higher
loss c2). The hopping terms in the x and y directions are represented by the black lines (tx ) and orange lines (ty ), respectively. The dotted black square encircles a minimal unit
cell. (b) The real parts of the complex eigenenergy as a function of loss contrast, Dc ¼ c2 � c1, for the model illustrated in (a). The red (blue) color bar represents the value of
corner localization coefficient a (edge localization coefficient b). In the calculations N¼ 24, M¼ 24, c1 ¼ 0, and tx ¼ ty ¼ t ¼ 1. (c) The sum of the lower half eigenstates,
indicating fractional corner charges (0.56 0.5) at four corner sites.
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those in gray have a lower loss coefficient (c1). The cavity array forms
a rectangular lattice that satisfies C2v symmetry, and the corresponding
first Brillouin zone (BZ) is given in the inset of Fig. 2(a). The effective
loss coefficients are c1 ¼ 13:3Hz and c2 ¼ 128:5Hz,39 and the
hopping terms along the x and y directions are tx ¼ �25:0Hz and
ty ¼ 25:3Hz (a trivial difference in hopping strength between the two
terms is due to the mode shape of the cavity, see Ref. 25), giving rise to
Dc=t � 4:6. Figure 1(b) demonstrates a clear separation between the
in-band corner states and edge states at this value, providing a suitable
foundation for further observations. Under these parameters, the sim-
ulated band structure of the unit cell with (without) additional loss is
denoted by the blue lines in Fig. 2(b) [Fig. 2(c)], consistent with the
results based on tight-binding calculations represented by the red
circles in Fig. 2(b) [Fig. 2(c)]. The introduction of additional loss leads
to the opening of two bandgaps [Fig. 2(b)] within the originally closed
band structure [Fig. 2(c)].

The topological properties can be characterized by the extended
Zak phase in 2D, which can also be represented by the 2D polarization
P¼ (Px, Py) given by Refs. 32 and 40,

Pi ¼ 1
2

X
n

qni mod 2
� �

; �1ð Þqni ¼ gnðAiÞ
gnðCÞ

; (3)

where i¼ x, y, gn is the parity at the high symmetry points (X, Y, and
C) in BZ for the nth band,

P
n q

n
i denotes the summation over the

occupied bands, and mod means the modulo operation. According to
the marked parity at C and X (Y) in Fig. 2(b), both the first and second
bandgaps, marked by the gray shadows, possess quantized dipole
moment of Px ¼ 1=2 ðPy ¼ 1=2Þ, as there are odd numbers of parity-
inverted bands between the C and X (Y) points below the bandgaps.
As presented in Fig. 2(c), these bandgaps will disappear in the absence
of loss contrast, highlighting the crucial role of non-Hermiticity in
their formation. While non-Hermiticity can induce topological bandg-
aps, the emergence of associated topological states within these gaps is
not guaranteed.

We calculate the complex spectrum for the finite-sized acoustic
lattice composed of 12� 12 cavities based on the above-mentioned
unit cell, as shown in Fig. 3(a). From the distribution of the bulk states
(gray dots), an obvious imaginary frequency gap, ranging from 33 to
93Hz, can be observed due to the uneven losses between the two types
of cavities. Two real frequency gaps are opened among the three bulk

regions, where the edge states (blue dots) appear with lower imaginary
parts. The corner states (red dots) are found embedded in the middle
bulk region with lower imaginary parts.

To numerically investigate the spatial responses of the non-
Hermitian system, a monopole source is applied at the positions
marked by the red, blue, and gray arrows in Fig. 3(b), in order to excite
the higher-order TBICs, edge states, and bulk states, respectively.
When the source with an operating frequency of 2138Hz is located at
the corner cavity, the sound field is strongly confined to the corner
[left panel in Fig. 3(b)] as a result of the excitation of the corner state.
As the source is moved to the inner bulk of the system, the sound field
generated by the source decays spatially but more moderately as com-
pared to the case of the corner source due to both geometric and physi-
cal (non-Hermiticity) attenuations in the bulk [left panel in Fig. 3(b)].
These results indicate that the topological corner states coexist with the
bulk states, forming the so-called higher-order TBICs. In addition,
when the excitation signal with a frequency of 2164Hz is placed at one
of the system’s boundaries, the sound field is localized at the boundary
and attenuates (also owing to non-Hermiticity) along the boundary, as
shown in the middle panel in Fig. 3(b), indicating that the topological
edge states are created with the addition of extra loss.

To experimentally validate the existence of non-Hermitian
higher-order TBICs, we measure the acoustic responses of the experi-
mental sample with uneven losses. As presented in Fig. 4(a), sound
absorptive materials are inserted into small holes in the cavities to
introduce additional loss. First, a loudspeaker and a microphone are
placed at a bulk cavity [labeled as “3” in Fig. 4(a)] to examine the
bandgap property. The measured response spectrum, as given by the
gray shading in Fig. 4(b), exhibits three distinct peaks separated by two
gaps, consistent with the three regions of bulk states with lower imagi-
nary parts in Fig. 3(a). Next, we excite an edge cavity [marked as “2” in
Fig. 4(a)] and measure its response spectrum. As indicated by the blue
shading in Fig. 4(b), two peaks appear within the intervals of the gray
shading, confirming the numerical prediction of edge states in
Fig. 3(a). The corner response spectrum, measured in cavity “1” in
Fig. 4(a) and denoted by the red shading in Fig. 4(b), exhibits only one
peak. Notably, this peak shares the same frequency as the middle peak
of the bulk spectrum, providing evidence that the topological corner
states are embedded within the bulk bands.

To further confirm these findings, we repeat the measurements
(both loudspeaker and microphone are placed at the same cavity) for

FIG. 2. Acoustic unit cell and band structures. (a) A schematic of a unit cell with nine cavities and linked tubes. Every cavity (tube) has the same dimensions of
80� 40� 10mm3 (40� 4 � 4mm3). (b) Band structure of the unit cell in (a) with marked parities at X, Y, and C. Symbol þ (�) denotes even (odd) parity, which can be
determined by their eigenstates. (c) Band structure of the unit cell without additional loss. The blue lines are the simulated results, and the red circles show the calculated
results based on TBM.
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all cavities and plot the site-resolved energy profiles at three peak fre-
quencies [denoted by the dashed lines in Fig. 4(b)]. As expected, for
different peak frequencies, the sound intensity field distributes within
the bulk [Fig. 4(c)] or is localized at the edge [Fig. 4(d)] or corner
[Fig. 4(e)] site, respectively. Note that such higher-order TBICs
induced by onsite uneven losses can also be effectively described by the
uneven coupling terms in the Hermitian case (see the supplementary
material, note 1). All these experimental results show consistency with
the simulated ones (see the supplementary material, note 2).

Interestingly, the higher-order TBICs can be spectrally shifted
and even pulled out of the bulk bands by breaking the chiral symmetry
through slight modifications of the resonance frequencies of the corner
cavities. As illustrated in Fig. 5(a), we introduce varying volumes of
water [blue area in the inset of Fig. 5(a)] into the corner cavities
through a tiny hole, effectively decreasing their lengths.41 This results
in a gradual increase in the measured resonance frequencies of the cor-
ner sites f0 ¼ c=2ðD� hÞ, where c is the speed of sound speed in air,

D¼ 80mm is the length of the corner cavity, and h is the depth of
water. Correspondingly, the measured frequencies of the corner states
in the acoustic lattices, denoted by the red circles in Fig. 5(b), increase
synchronously with the increased water depth, even when located
within a bandgap. These experimental results are consistent with the
numerically calculated eigenfrequencies of topological corner states,
marked by the red solid line in Fig. 5(b).

Furthermore, the eigenfrequencies of the corner states can also be
tuned by adjusting the length of the connecting tubes in the acoustic
lattice. As given in Fig. 5(c), the resonance frequencies of the corner
cavities decrease gradually with increasing tube length. Notably, the
corner states appear at the zero-energy frequency (f0¼ 2138Hz) only
when l¼ 40mm, where the chiral symmetry is protected for the 2D
linked acoustic cavity system. In contrast to adding perturbations to
the onsite cavities, which only affects the frequencies of corner states
[Fig. 5(b)], the spectral position of all states can be controlled by
changing l [Fig. 5(d)]. For instance, when l¼ 22mm, the corner states

FIG. 3. Acoustic implementation of the non-Hermiticity-induced higher-order TBICs. (a) Simulated complex eigenfrequencies of an acoustic lattice with 12� 12 cavities. The in-
band topological corner states are denoted by red dots. Bulk and edge states are marked by gray and blue dots, respectively. (b) Acoustic spatial responses of the non-
Hermitian lattice at frequencies of 2138 and 2164 Hz, with excitation source placed at the corner (red arrow), edge (blue arrow), and bulk (gray arrow), respectively.

FIG. 4. Experimental responses of the
non-Hermitian lattice with uneven losses.
(a) A bird’s-eye view of the experimental
sample with 12� 12 cavities. Additional
loss is introduced by inserting sound
absorptive material (black sponge) into
the cavities. (b) Measured frequency
spectra at corner cavity 1 (red), edge cav-
ity 2 (blue), and bulk cavity 3 (gray), as
labeled in (a). (c)–(e) Measured spatial
distributions of sound intensity fields at the
peak frequencies of the bulk
(f1¼ 2093 Hz), edge (f2¼ 2109 Hz), and
corner (f3¼ 2138 Hz) spectra, respec-
tively. Both the color and height of the bar
denote the intensity.
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are modulated to lie within a bandgap, and the eigenfrequencies of all
states increase compared to the case when l¼ 40mm.

We have proposed to apply acoustic loss to induce the higher-
order TBICs, which have been numerically and experimentally dem-
onstrated in a 2D coupled acoustic cavity system. Starting with an ideal
TBM, the nontrivial topological phase in our system arises from the
ratio between loss contrast and coupling strengths. In these C2v sym-
metric lattices, the corner cavities are primarily excited within the mid-
dle bulk bands, implying that the corner states reside in these bands.
Importantly, the frequencies of these in-band corner states can be flexi-
bly tuned via perturbing the resonance frequencies of the corner cavi-
ties or the lengths of the connecting tubes. Our findings lift the
requirement of the bandgap in probing topological physics and offer
insights into the role that non-Hermiticity plays in constructing
higher-order TBICs, which may inspire richer interactions between
topology and BICs. Since the related tight-binding Hamiltonian has
been experimentally realized in various platforms, this non-Hermitian
scheme is generally extendable to electronic system,42 microwave,43

elastic lattices,21 and optical waveguides44 to explore more sophisti-
cated topological phenomena.

See the supplementary material for the following: (1) uneven-
coupling-induced higher-order topological bound states in the contin-
uum; (2) simulated field intensity distribution of the non-Hermitian
lattice; and (3) details for simulation and experiment.
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