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ABSTRACT

Bragg resonance induced by periodic bottoms has potential applications for coastal protection. Under extreme wave conditions, nonlinearity
may play a critical role in the wave-topography interactions. It is important to understand the nonlinear effects in Bragg resonance of periodic
bottoms subject to a nonlinear focused wave group, as a representation of an extreme transient event. An efficient fully nonlinear numerical
model using the conformal mapping method is developed to simulate wave-topography interaction problems. Validation of this model is per-
formed against theoretical predictions and experimental data in the literature. It is then employed to study Bragg reflection triggered by non-
linear focused wave groups. The nonlinear analysis finds that increased wave group amplitudes slightly weaken the Bragg reflection and shift
the value of the corresponding relative wavelength 2S=LP , as a result of the free surface nonlinear effect. The three bottom configurations
tested include ripples, rectified cosinoidal bars, and steps. A second order Bragg reflection is observed at 2S=LP ¼ 2:0, with reflection coeffi-
cients potentially exceeding the fundamental reflection coefficients by up to 20% at greater bar heights. This study provides new insights into
the nonlinear Bragg Resonance of free surfaces and periodic seabed topography under extreme wave conditions.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0237127

I. INTRODUCTION

Bragg resonance is a wave reflection phenomenon that occurs
when the wavelength of submerged bars equals half that of incident
waves.1–3 When the topography is periodic, such as ripples, Bragg
resonance can occur at the dimensionless parameter 2S=L ¼ 1; 2; 3…
(S is the wavelength of sinusoidal bottom undulation), resulting in the
reflection of most incoming waves.4–6 Over the past decade, Bragg res-
onance has been extensively studied, and five additional types of Bragg
resonance have been identified.7–9 Given the character of large wave
reflection, Bragg resonance offers promising applications in coastal
protection, such as the use of breakwaters composed of periodic sub-
merged bars to induce Bragg reflection and lessen the effects of
extreme waves.10,11 Therefore, understanding the characteristics of
Bragg resonance in coastal engineering is of great significance for the
better design of such structures.

Most existing studies have focused on the hydrodynamic perfor-
mance of submerged bars under regular wave conditions. For instance,
Kirby and Anton12 in 1990 conducted experiments with monochro-
matic waves propagating over rectified sinusoidal bars, finding
reflection coefficients up to 0.7 with a wide bar spacing. The measured
data provided a valuable reference for subsequent numerical

simulations.13–16 The Bragg resonance of regular waves over trapezoi-
dal bars was investigated experimentally by Jeon and Cho,17 reporting
reflection coefficients ranging from 0.5 to 0.7 depending on the bar
numbers. Miles18 proposed the theoretical expression for reflection
coefficients with monochromatic wave propagation over ripples within
the framework of the linear potential flow theory. Recently, Gao
et al.19 established a fully nonlinear Boussinesq model (FNBM) for
comparison with work by Miles.18 Apart from regular wave conditions,
irregular waves have been examined in several studies.20–23 The early
study by Suh et al.24 utilized a shallow-water spectrum to investigate
the Bragg resonance in random waves where both narrow and broad-
banded frequency spectra were examined. Subsequently, Hsu et al.22

developed a fully nonlinear model utilizing the second order
Boussinesq equations (SFNBE) and corroborated the model with data
collected by Davies and Heathershaw,25 demonstrating reflection coef-
ficients reaching 0.47 for random waves. To sum up, the existing
research primarily focuses on either monochromatic or random waves.
The interaction between strong nonlinear waves and periodic seabed
topography complicates the Bragg resonance studies.

There are limited publications addressing Bragg resonance trig-
gered by large wave groups, which might represent a more realistic
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situation in rough sea conditions. In 1993, Liu and Cho26 verified the
long waves associated with the wave groups, which can be reflected
resonantly by a field of periodic sandbars. Such a reflection of long
waves in the carrier waves was also invested numerically by Cho and
Jung27 in 2006. Gao et al.28 lately investigated the Bragg reflection of
irregular wave groups in 2024, after they attempted to mitigate the har-
bor resonance induced by regular long waves and bi-chromatic short
wave groups.19 Peng et al.7 studied the class III Bragg resonance associ-
ated with an incident wave group with a Gaussian envelope in 2019,
indicating the influence of Bragg resonance on the evolution of surface
wave fields passing over a rippled bottom, especially in the case of shal-
low water. Given the significance of understanding the hydrodynamic
behavior of extreme waves over periodic bars for coastal protection,
further investigation into the complex nonlinear wave-topography
interactions is needed.

Focused wave groups have been widely employed in the investiga-
tion of extreme wave evolution.29–32 Compared with fundamental Bragg
resonance that occurs in the interplay between regular waves and rip-
ples, the higher order Bragg resonance of focused wave groups, which
involves complex wave-wave and wave-topography interactions,
remains unexplored. Second order Bragg resonance refers to a specific
type of resonance phenomenon that occurs when waves interact with
periodic structures, such as seabed features, at a higher harmonic fre-
quency.33 The existing literature on second order Bragg resonance pri-
marily focuses on the interactions of water waves with various artificial
seabed structures, such as bars and trenches. Studies by Ding et al.34 in
2024 and Liu35 in 2023 reported modified Bragg’s laws and approximate
laws for class I Bragg resonance, while Xie and Liu16 and Liu et al.36 pro-
vided analytical insights into resonances caused by trapezoidal bars on
sloping seabeds. However, a notable limitation in this field is the pre-
dominance of linear models, which overlook the complexities and non-
linear effects that may significantly influence the resonance behavior in
real-world scenarios. Evaluating the nonlinear effects on Bragg reso-
nance with complex bottoms in wave groups needs more advanced
approaches.37 To address this gap, an efficient fully nonlinear numerical
model utilizing the conformal mapping method is adopted, capable of
handling various types of incident waves and bottom shapes.38–40

The primary objective of this study is to investigate the interac-
tion between extreme waves and periodic seabed topography, focusing
on the nonlinear Bragg resonance phenomena. By employing a fully
nonlinear numerical model, the nonlinear effects of both incident
waves and the varying seabed topography on reflection coefficients are
discussed. The paper is organized as follows. Section II presents the
mathematical formulation of the numerical model and the theoretical
expression for the focused wave group. Section III displays the model
convergence and validation. Section IV analyzes the nonlinear effects
of focused waves and seabed topography. Finally, conclusions and
future perspectives are discussed in Sec. V.

II. MATHEMATICAL FORMULATION
A. Fully nonlinear numerical model

A two-dimensional numerical model based on potential flow is
developed using the conformal mapping method. The potential flow
assumption is based on the fact that the viscous effect is negligible for
the problem of wave propagation over a seabed. The fluid is considered
inviscid and incompressible, with an irrotational flow. In the fluid
domain, the velocity potential /ðx; y; tÞ fulfills the Laplace equation.

In the sketch in Fig. 1, the free surface y ¼ gðx; tÞ complies with both
kinematic and dynamic boundary conditions. Additionally, the bound-
ary condition at the seabed y ¼ bðxÞ is required to be impermeable.
The governing equation and the boundary conditions are

r2/ ¼ 0 in bðxÞ � y � gðx; tÞ; (1)

gt þ /xgx � /y ¼ 0 on y ¼ gðx; tÞ; (2)

/t þ
1
2

/2
x þ /2

y

� �
þ gg ¼ 0 on y ¼ gðx; tÞ; (3)

/y ¼ 0 on y ¼ bðxÞ; (4)

where the symbol r2 represents the Laplace operator and /ðx; y; tÞ
denotes the velocity potential in space and time. The subscript denotes
the derivative with respect to the variable.

B. Conformal mapping method

In the conformal mapping method, the two-dimensional physical
fluid domain ðx; yÞ is determined by the surface profile and the topogra-
phy. They are then transformed into a mathematical plane ðn; fÞ
defined by two parallel lines, as shown in Fig. 1. The transformation sim-
plifies the solution of the velocity potential in the mapped plane where
the upper free surface and lower bottom boundary are fixed. Both
boundaries are allowed to be arbitrary in the physical domain, such that
any free surface profile and submerged bottom shape can be dealt with.

An analytic function that connects the physical and the mathe-
matical planes can be expressed as Z ¼ Xðn; f; tÞ þ iYðn; f; tÞ. The
surface elevation Yðn; 0; tÞ and the topographic profiles Yðn;�h; tÞ
can be expressed using the Fourier series:

Yðn; 0; tÞ ¼ yðn; tÞ ¼
Xn¼1

n¼�1
~Yne

inkn on f ¼ 0; (5)

Yðn;�h; tÞ ¼ bðn; tÞ ¼
Xn¼1

n¼�1
~Bne

inkn on f ¼ �h; (6)

where the Fourier coefficients for the surface elevation and the topog-
raphy are denoted by ~Yn and ~Bn, respectively. i ¼

ffiffiffiffiffiffi�1
p

is the imagi-
nary notation and k is the wavenumber. The subscript n is the index of
the Fourier terms. The simulation employs the Fourier series to model
surface elevation and topographic profiles, utilizing Cauchy–Riemann
relations Xn ¼ Yf and Xf ¼ �Yn to derive key expressions. Integral
operators are applied to transform variables, facilitating the mapping
of governing equations and boundary conditions to a mapped domain.

FIG. 1. Transform between the physical domain and the mapped domain.
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The original governing equation and boundary conditions Eqs.
(1)–(4) for the surface domain variables xðn; 0; tÞ, yðn; 0; tÞ, and
/ðn; 0; tÞ are transformed into the mapped domain. The governing
equations transformed into the mapped domain are

xt � xn �hm
wn

J
; 0

� �
þ qðtÞ

� �
� yn

wn

J

	 

¼ 0; (7)

yt þ xn
wn

J

	 

� yn �hm

wn

J
; 0

� �
þ qðtÞ

� �
¼ 0; (8)

/t þ
1
J

1
2
ð/2

n � w2
nÞ � J/n�hm

wn

J
; 0

� �� �
þ gy ¼ CðtÞ; (9)

where J ¼ x2n þ y2n represents the Jacobian of the free surface profile.
The term CðtÞ is a spatially constant value. The term qðtÞ is given by

qðtÞ ¼ m xn�hm½wn

J ; 0� þ yn
wn

J

� �n o
. The integral operator �hm imple-

ments the interconversion between xn and yn with xn � 1 ¼ �hm½yn; bn�
and also affects the system through stream function

wn

J . The operator
m denotes the average value of a period. For a detailed examination of
the equations and methodologies, please refer to the recent work of
Wu et al.40

To numerically solve the equations in the mapped domain, a
pseudo-spectral method is applied. As waves progress over varying
seabeds, it is necessary to update the surface elevations yðn; tÞ. The
objective at each time step is to maintain the conservation condition
yðxðn; yðnÞÞÞ ¼ gðnÞ, which requires inverting the conformal map-
ping through numerical iterations. The fixed-point iterations can be
described as follows:

y0 ¼ g0ðnÞ; (10)

ytþ1 ¼ g0ðxðn; ytÞÞ; (11)

where the residual of jytþ1 � yt j should be less than the tolerance of
1 � 10�10 for converged results. The time integration is conducted
using an adaptive Adams-Bashforth-Moulton method. This algorithm
is distinguished by its stringent error tolerance with a 13th-order for-
mula for error estimation.

C. Generation of focused wave group

The theoretical model of a focused wave group is briefly pre-
sented in this study. The focused wave group is a typical wave model
used to represent an extreme wave condition, particularly in the exper-
imental studies.41–43 The wave group is characterized by the sudden
appearance of high crests in a short time, similar to features of freak
waves in marine environments.44,45

The theory of focused wave groups, known as NewWave theory,
was proposed by Rapp and Melville46 in 1990 and is based on the
assumption of the superposition of a group of monochromatic waves
with aligned phases.47 The surface elevation and velocity potential of a
focused wave group can be expressed as

g0ðx;tÞ¼
XN

n¼1
Ancos knððx�xflÞ�cnðt�tflÞÞ

� �
; (12)

/0ðx; tÞ ¼
XN

n¼1
Ancn

coshðknh0Þ
sinhðknh0Þ sin knððx� xflÞ � cnðt� tflÞÞ

� �
;

(13)

where the focused location xfl and focused time tfl are parameters that
set the position and time of maximum wave elevation. The symbol n
denotes the nth wave component in the focused wave group. Each
wave component is associated with its amplitude An, wavenumber kn,
angular frequencyxn, and phase speed cn. In this study, the total num-
ber of wave components is N ¼ 2000, which is sufficiently large. The
wave components are generated from a given wave energy spectrum.
The standard JONSWAP spectrum is adopted for the wave group gen-
eration. The spectrum and the amplitude of each wave component are
expressed as

SðfnÞ ¼ bH2
s T

�4
p fn

�5 exp � 5
4
ðTpfnÞ�4

� �
c exp �ðfn=fp�1Þ2=2r2½ �; (14)

b ¼ 0:062 38

ð0:23þ 0:0336cÞ � 0:185ð1:9þ cÞ�1 1:094� 0:019 15 ln ðcÞ½ �;

(15)

AnðfnÞ ¼ Ain
SðfnÞDfX
SðfnÞDf

; (16)

where Hs denotes the significant wave height and Tp and fp represent
the peak wave period and frequency, respectively. The peak enhance-
ment parameter c is set to 3.30. The spectral width parameter r is
defined as r ¼ 0:07 for xn � xp and r ¼ 0:09 for xn > xp. The fre-
quencies considered in this study range from 0:5fp to 3:0fp, which cov-
ers most energy in the spectrum. A total of 2000 wave components
are included in the focused wave group, thus a discrete frequency of
Df ¼ 0:000 75fp is employed. The amplitude of the focused wave
group, denoted as Ain ¼

PN
n¼1 An, represents the sum of all individual

wave components An.
To simulate the propagation of different types of waves, the initial

surface profiles must first be imposed as specified in Eq. (10). Different
types of incident waves can be generated by applying the appropriate
boundary conditions. It is noticeable that the wave generation method
in the present model differs from the mechanical wavemaker used in
physical tanks.

A mathematical absorber Ps is incorporated as a linear damping
element in the free surface boundary condition outlined in Eq. (3) to
attenuate reflected waves at the terminus of the numerical wave tank.
The modified boundary condition is expressed as

/t þ
1
2

/2
x þ /2

y

� �
þ ggþ PS=q ¼ 0 on y ¼ gðx; tÞ; (17)

PS=q ¼ EðxÞ/ðx; gðx; tÞ; tÞ; (18)

EðxÞ ¼ e� ðx�LW Þ=2½ �2 ; (19)

where LW is the length of the damping layer, which is half the length
of the numerical tank, and q is the fluid density. The choice of the
damping function �ðxÞ can be changed depending on the region of
data required.

III. MODEL VALIDATION
A. Convergence

As the fully nonlinear numerical models achieve the solution
with the help of the Pseudo-spectral method, its convergence of the
Fourier terms needs to be evaluated to ensure the accuracy of the
numerical model. Convergence tests were carried out by simulating
wave groups with varying numbers of discrete Fourier points per
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wavelength. The wave profiles over different seabed configurations
cover two cases,25,48 specifically a horizontal seabed [Fig. 2(a)] and a
rippled seabed [Fig. 2(b)], where the number of discrete points ranges
from 15 to 60 per wavelength.

The results for both conditions indicate that focused wave profiles
converge to near-identical values when the number of discrete Fourier
points is higher than 30 per wavelength. A discrete Fourier resolution of
50 points per wavelength is deemed sufficient to accurately capture the
nonlinear propagation of focused wave groups over both constant and
varying depths. On the constant water depth, the focused wave profile
remains symmetrical along the vertical direction, with smaller neighbor-
ing crests. In contrast, the introduction of ripples can alter wave dynam-
ics. The ripples cause variations in local water depth, which decrease the
wavelength and increase the neighboring crest. In addition, convergence
tests of the fully nonlinear numerical model using conformal mapping
methods have been conducted for different interplay conditions, includ-
ing the monochromatic waves and focused wave groups, propagating
over the non-step and step conditions.40,49 Therefore, considering the
accuracy of nonlinear effect capture when the wave is steep, 50 Fourier
points per wavelength are employed for the simulations in this study.

B. Validation for Bragg resonance

To evaluate the capability of the present fully nonlinear numerical
model in the study of Bragg resonance, the reflection coefficients of
monochromatic waves were compared with previous studies.19,22,25

Ripples were commonly used in the literature to study Bragg reso-
nance. In order to stimulate the Bragg resonance, Davies and
Heathershaw25 used regular waves over ripples in a series of tests,
mostly using seabeds with four or ten ripples. Figure 3 shows a com-
parison of reflection coefficients for regular waves. The parameters of
the periodic seabed are detailed in Table I. D andM denote the ampli-
tude and number of ripples, respectively, while S represents the dis-
tance between two adjacent ripples. Note that the water depths h0
differ in Cases D1 (h0 ¼ 0:156 m), D2 (h0 ¼ 0:156 m), and D3
(h0 ¼ 0:313 m). These case parameters will be adopted in the numeri-
cal simulations for the discussion of resonant coefficients.

In Fig. 3, the numerical results from the fully nonlinear model are
contrasted with previous theoretical, experimental, and numerical
results.19,22,25 Case parameters for D2 and D3 are used in Figs. 3(a)
and 3(b), respectively. The present model is well validated by the
experimental and numerical results for the two types of ripples, D2

FIG. 2. Surface elevations of focused wave group at focusing with (a) the constant depth and (b) the 4 ripples.

FIG. 3. Reflection coefficients of regular
waves over the ripples: (a) M ¼ 4; h0
¼ 0:156 m (Case D2) and (b) M
¼ 10; h0 ¼ 0:313 m (Case D3).

TABLE I. Bar parameters.

Case D (m) S (m) M h0 (m)

D1 0.05 1.00 2 0.156
D2 0.05 1.00 4 0.156
D3 0.05 1.00 10 0.313
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and D3. It is observed that both the Bragg resonance and effective band-
width of peak wave reflection are well captured using the present fully
nonlinear model, where the bandwidth is the range of resonance fre-
quencies with high reflection coefficients.20 Since the frequency and
crests are significant factors in a strong nonlinear wave group, the pre-
sent model is well validated in terms of wave nonlinearity. In contrast,
Mile’s model is found to be insufficient to calculate the reflection coeffi-
cients in Case D2, where the peak is exaggerated to 0.92. The agreement
between the present model and the FNBM and SFNBE results is excel-
lent, with peaks around 0.78 in Fig. 3(a). This further demonstrates the
capability of the present model in simulating the propagation of regular
waves over varying topography, providing a solid foundation for further
studies on the nonlinear propagation of focused wave groups.

C. Validation for focused wave groups

To further validate the present model for simulating focused
wave groups, the simulated wave profiles are compared with the mea-
sured data from Baldock et al.48 and the numerical results from Feng41

by a fully nonlinear simulation, as shown in Fig. 4. In the experiments
in Baldock et al.,48 wave groups were generated within periods of 0.6 s
� T � 1:4 s using 29 monochromatic wave components, where the
wave periods were evenly divided. The water depth was set at h0 ¼ 0:7
m, and two incident amplitudes of focused wave groups, a ¼ 0:022
and 0.055m, were employed.

To compare the focused wave groups with two different ampli-
tudes, the surface elevations were normalized with the incident ampli-
tudes. It is seen in Fig. 4(a) that all models well predict the
wave elevation when the wave group is mild with a ¼ 0:022 m. With
a ¼ 0:055 m, it was found that the higher incident amplitude induces
higher peaks 1.2 of focused wave groups in Fig. 4(b). Meanwhile, no
matter whether the peak is 1.2 or the neighboring peak 0.4, they are
sharper than those with a smaller amplitude in Fig. 4(a), 1.0 for peaks
and 0.32 for neighboring peaks. In addition, the trough in Fig. 4(b) is
flatter, which also presents the higher nonlinearity of wave profiles.
The linear results (NewWave theory) are found to under-predict the
wave crest but over-predict the two troughs neighboring the crest. This
is because the nonlinearity becomes significant with a steeper wave
group as a result of more pronounced wave–wave interactions during
the group evolution. The linear model cannot consider the nonlinear
effect. The present numerical results reproduce the sharp crest and
agree well with the measured and the nonlinear results from Feng.41

This demonstrates that focused wave groups can be accurately simu-
lated using the present numerical model.

IV. RESULTS AND DISCUSSION
A. Bragg reflection with a focused wave group over
ripples

This section analyzes the impact of wave nonlinearity on Bragg
reflection across a rippled seabed, taking into account different ampli-
tudes of focused wave groups. The numerical tank utilized for this study
is set to be sufficiently long (60 times the character wavelength of the
group) to accommodate the nonlinear evolution of the wave group, as
depicted in Fig. 5. The ripple bottom length is 10m. The wave absorber
is set at the far end. The incident wave group profile is prescribed
according to the NewWave theory at the left side of the tank. As men-
tioned in Sec. I, studies have extensively explored the Bragg reflection
with monochromatic waves, whereas the Bragg reflection under large
wave groups has received limited attention. Therefore, in this context,
focused wave group propagation over ripples is investigated.

1. Nonlinear effects

Bragg resonance is commonly studied by examining the reflec-
tion coefficients. Thus, defining the reflection coefficients of focused
wave groups is necessary. Given that the wave group is generated from
a spectrum, the reflection coefficient of a wave group can be defined as
similar to the situation of irregular waves. Analogous to the response
amplitude operator (RAO) definition for random sea states, the total
reflection coefficient Kr for a wave group passing over a varying bot-
tom is defined as follows:

Kr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN

i¼1
SðfiÞdf � R2

iXN

i¼1
SðfiÞdf

vuuut ; (20)

FIG. 4. Wave profiles of the focused wave
group at the focused position for (a)
a¼ 0.022 m and (b) a¼ 0.055 m.

FIG. 5. Sketch of the numerical tank with ripples and location of focused posi-
tions xfl1.
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Ri ¼ SrðfiÞ
SinðfiÞ ; (21)

where fi denotes the frequency of each wave component in a wave
group. Ri and SðfiÞ represent the corresponding reflection coefficient
and the spectral density function for the ith frequency component.
The subscripts “r” and “in” indicate reflected and incident focused
waves, respectively. The reflected wave is defined as the difference
between the surface elevation at varying water depths and a constant
depth at the same location, with the location being 2.5 times the wave-
length before the depth change. Note that the wave-topography inter-
action induces a downstream shift of focused position.50 In this study,
the selected position of reflected waves is set as 2.5 times the wave-
length before the depth change, where the influence of the shift of
focused wave position with nonlinear focused wave groups can be
ignored. The surface elevations at the focused position on the constant
water depth are utilized for the incident waves. Hence, for each case,
configurations with and without the varying bottoms have been
simulated.

Figure 6 illustrates the evolution of the focused wave group at the
Bragg frequency, with a constant depth and a seabed featuring 10 rip-
ples for Case D3. The time interval is 10 s from 5 to 65 s, and the
shaded area represents the ripples. The water depth is h0 ¼ 0:313 m,
and the incident wave group amplitude is a ¼ 0:015 m. The
wave group is focused at the time instant tfl ¼ 16 s and at the location
xfl1 ¼ 44 m, which is 16m in front of the ripples. As the focused wave
group propagates over the rippled seabed at t ¼ 35 s, a decrease in the
crest, especially in the neighboring crests, is observed. Additionally,
reflected waves are observed upstream. An attenuation of focused
wave groups is evident from the profile that the crests of the wave
group behind the ripples are reduced, compared with the constant
water depth. To analyze the reflection behavior, the reflection coeffi-
cients for Case D3 are presented in Fig. 7. The relative wavelength
2S=LP is varied by changing the peak wavelength LP . Specifically, the
wavelength of peak frequency is adjusted according to the incident
peak frequency while keeping the spacing S constant. Results calcu-
lated using the theory of Miles18 are included. To investigate the non-
linear effects, wave groups with varying steepnesses are compared. The
peak Bragg reflection occurs around 2S=LP ¼ 1:0, and the general
agreement is satisfactory. Furthermore, as the incident amplitude a

increases, a slight upshift in the corresponding Bragg frequency 2S=LP
is observed. Specifically, the case with a ¼ 0:050 m exhibits the lowest
peak reflection coefficient of 0.33 and the highest resonant 2S=LP value
of 1.06. As the wave amplitude increases, the nonlinear interactions
cause a modification in the wave profile, which, in turn, affects the res-
onance condition. This shift is consistent with findings in previous
studies, such as those by Peng et al.7 and Guo et al.,51 which also
reported similar upshifts due to free surface nonlinearity.

The nonlinear focused wave profiles at the resonant frequency
(fp ¼ 0:767Hz) with different amplitudes at three time instants for
Case D3 are presented in Fig. 8. The horizontal axis represents the

FIG. 6. Propagation of focused wave group over 10 ripples (Case D3) with a ¼
0:015 m.

FIG. 7. Reflection coefficients of focused wave groups with varying incident ampli-
tudes over 10 ripples (Case D3).

FIG. 8. Focused wave group in the spatial domain over 10 ripples (Case D3) at (a)
t ¼ 16 s, (b) t ¼ 34 s, and (c) t ¼ 52 s at fp ¼ 0:767 Hz.
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distance to the wavemaker, and the vertical axis denotes the nondi-
mensional surface wave elevation, divided by the corresponding inci-
dent wave amplitude a. The three time instants correspond to the
focused time, the occurrence of maximum elevations over ripples, and
a time when the focused wave passed the ripples. Notably, the peak ele-
vations occur at the focused time (tfl ¼ 16 s) and at the focused posi-
tion (xfl1 ¼ 44 m). As the amplitude increases to a ¼ 0:050 m, a clear
asymmetry emerges in the wave profile. At t ¼ 34 s, the maximum
normalized elevation over the ripples [shaded area in Fig. 8(b)] reaches
approximately 0.67, which is less than the elevation at the focused
time. Comparison of these normalized peaks with those in constant
water depth (a ¼ 0:001 m) reveals that obvious modification of the
wave profiles in front of and behind the ripple regions is observed.
However, when the focused wave group propagates past the ripples at
t ¼ 52 s, the maximum elevation drops to 0.42, whereas the normal-
ized crest of the focused wave group is 0.51 in the constant depth. This
indicates that the ripples can effectively attenuate the wave groups, but
the nonlinear effect is less significant behind the ripple region from the
transmitted waves. Overall, the incident and transmitted wave profiles
remain similar across varying amplitudes.

To further investigate the nonlinear effects of the wave ampli-
tudes, the energy spectra of the incident and transmitted waves for
Case D3 are displayed in Fig. 9. The surface elevations were normal-
ized with the incident amplitude to facilitate comparison between
spectra of waves with varying amplitudes. Upon examination of inci-
dent focused wave groups at the focused position in Fig. 9(a), discrep-
ancies are observed in the tails of the incident spectra (f =fp > 1:6).
Higher amplitudes induce stronger nonlinearity, which primarily man-
ifests in the enhancement of subharmonics (f =fp ¼ 0–0:5) and super-
harmonics (f =fp ¼ 1:5–2:5). The occurrence of sub- and
superharmonics is due to the interaction of each harmonic, leading to
the sum and difference of wave energy. Additionally, an increase in
wave group amplitude leads to a higher spectral tail for both incident
and the transmitted waves. Notably, a reduction in wave components
at the fundamental frequency is observed in Fig. 9(b). This might show
possible energy transfer among different frequency harmonics as a
result of nonlinear effects.

B. Bragg resonance with three bottom configurations

To study the effect of different seabed configurations on resonant
reflection, three types of seabed configurations are employed: ripples,
rectified cosinoidal bars, and steps, as illustrated in Fig. 10. The

rectified cosinoidal bars are half the horizontal length of the ripples.
The steps are rectangular bars with sharp corners. The effects of the
number of bars or steps (M), spacing (S), and seabed height (D) on
Bragg resonance are studied numerically.

1. Wave reflection by three types of seabed
configurations

Existing studies have primarily focused on Bragg resonance with
seabed configurations of ripples subjected to regular waves.19,24,32 In
this study, the effects of rectified cosinoidal bars and steps subject to
focused wave groups are simulated. The amplitude of a near-linear
focused wave groups is set to a ¼ 0:015 m, with h0 ¼ 0:156 m.
Figures 11 and 12 display the reflection coefficients for the three types
of seabed configurations in Cases D2 and D3, respectively. It is seen
that Bragg resonance is observed in all cases, with peak Kr at
2S=LP ¼ 1:0. In Fig. 11, the frequency bandwidth of Bragg reflection
is broadest with ripples, whereas the reflection coefficients with steps
are slightly higher than those with rectified cosinoidal bars. It is notable
that the reflection coefficients for ripples are the highest at the relative
wavelength 2S=LP ¼ 1:0. Then, the reflection coefficients with three
bottom configurations converge at around 2S=LP ¼ 1:5. When 2S=LP
is greater than 1.5, the reflection coefficients for ripples are reduced to
be the lowest. A similar phenomenon is observed in deeper water
depths (h0 ¼ 0:313 m) as seen in Case D3 (Fig. 12). The peak reflec-
tions for ripples (Kr ¼ 0:38) are higher than those for rectified cosinoi-
dal bars (Kr ¼ 0:23) and steps (Kr ¼ 0:30). Then, the reflection
coefficients gradually become equal at 2S=LP ¼ 1:6. Finally, the
increase in 2S=LP leads to the trend that the reflection coefficient for
the step configuration becomes higher than that of the other two bot-
tom configurations. The ripple configuration results in the highest
reflection coefficients at 2S=LP ¼ 1:0, while the step configuration
provides better reflection for 2S=LP > 2:0. In consequence, to achieve
the fundamental and second order Resonance peaks, different seabed
configurations exhibit different excitation conditions.

2. Shift of second order Bragg resonance frequency

For each type of seabed configuration, the effects of the number
of bars are studied forM ¼ 2; 4; 10 at a water depth of h0 ¼ 0:156 m.
Figure 13 displays the reflection coefficients for ripples and rectified
cosinoidal bars. It is found that the resonant peaks increase with the
number of bars. For instance, the resonant peak (Kr ¼ 0:39) with 4

FIG. 9. Normalized wave energy spectra
over 10 ripples (Case D3) with (a) the inci-
dent waves and (b) the transmitted
waves.
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rectified cosinoidal bars is 1.5 times higher than that (Kr ¼ 0:22) with
2 rectified cosinoidal bars. Additionally, the corresponding bandwidth
of Bragg resonance (frequency range of high reflection) is observed to
become broader.

Apart from the fundamental Bragg resonance peak at
2S=LP ¼ 1:0, a second peak is observed in the cases with rectified cosi-
noidal bars in Fig. 13(b). This corresponds to a second order Bragg res-
onance at 2S=LP ¼ 2:0. The wavelength LP at the second order Bragg

resonance is half of the peak wavelength at the fundamental Bragg res-
onance. The second order Bragg resonance is excited by the strong
interaction between focused wave groups and the periodic rectified
cosinoidal bars. The peaks of the second order Bragg resonance are
approximately half of those of the fundamental Bragg resonance. The
second order Bragg resonance seems more obvious with the increase
in the number of bars, explained by stronger interactions between the
wave group and the rectified bars.

FIG. 10. Three types of seabed configura-
tions: the ripples, rectified cosinoidal bars,
and submerged steps with D ¼ 0:05 m,
S ¼ 1:0 m, and M ¼ 10 (Case D3): (a)
ripples, (b) rectified cosinoidal bars, and
(c) steps.

FIG. 11. Reflection coefficients over three types of seabed configurations with the
incident amplitude a ¼ 0:015 m and frequency range ð0:5� 3:0Þfp, M ¼ 4 (Case
D2).

FIG. 12. Reflection coefficients over three types of seabed configurations with the
incident amplitude a ¼ 0:015 m and frequency range ð0:5� 3:0Þfp, M ¼ 10
(Case D3).
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3. Configuration of the bars

In addition, the effects of spacing S and widths ðW1;W2Þ are
examined. These parameters denote the bar width and gap width.
Section IVA discusses Bragg resonance over ripples, and the spacing

S was set to 1.0m, with specific widthsW1 ¼ 0:5 m andW2 ¼ 0:5 m,
as illustrated in Fig. 14. This section investigates the reflection coeffi-
cients with variations in both the spacing and width of rectified cosi-
noidal bars and steps. Figure 15 illustrates cases with M ¼ 4 (Case
D2), and Fig. 16 shows cases withM ¼ 10 (Case D3). Three combina-
tions of spacing and width for the bars are considered:
ðW1 ¼ 0:5;W2 ¼ 0:5Þ, ðW1 ¼ 0:6;W2 ¼ 0:4Þ, and ðW1 ¼ 0:5;
W2 ¼ 0:4Þ. For Case D2, the highest peaks are observed in the group
with ðW1 ¼ 0:6;W2 ¼ 0:4Þ, with reflection coefficients reaching
Kr ¼ 0:38 for rectified cosinoidal bars. For periodic steps, the resonant
peak with ðW1 ¼ 0:6;W2 ¼ 0:4Þ reaches nearly 0.5, representing a
clear increase compared to 0.43 in the case with
ðW1 ¼ 0:5;W2 ¼ 0:5Þ. A relative upshifting of the wavelength is
observed for all three combinations of spacing and width of rectified
cosinoidal bars. The excitation condition for fundamental Bragg reso-
nance, 2S=LP , is approximately 1.0 for ðW1 ¼ 0:5;W2 ¼ 0:5Þ and

FIG. 13. Reflection coefficients over sea-
bed with the incident amplitude a ¼ 0:015
m, h0 ¼ 0:156 m, and frequency range
ð0:5� 3:0Þfp: (a) ripples and (b) rectified
cosinoidal bars.

FIG. 14. Sketch of the width ðW1;W2Þ with W1 being the length of bars and W2
being the length of a flat area.

FIG. 15. Reflection coefficients with differ-
ent groups of spacing and width with the
incident amplitude a ¼ 0:015 m and fre-
quency range ð0:5� 3:0Þfp: (a) M ¼ 4,
h0 ¼ 0:156 m, rectified cosinoidal bars,
and (b) M ¼ 4, h0 ¼ 0:156 m, steps.

FIG. 16. Reflection coefficients with differ-
ent groups of spacing and width with the
incident amplitude a ¼ 0:015 m and fre-
quency range ð0:5� 3:0Þfp: (a) M ¼ 10,
h0 ¼ 0:313 m, rectified cosinoidal bars
and (b) M ¼ 10, h0 ¼ 0:313 m, steps.
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ðW1 ¼ 0:6;W2 ¼ 0:4Þ but shifts to 1.1 for ðW1 ¼ 0:5;W2 ¼ 0:4Þ.
For the second order Bragg resonance with ðW1 ¼ 0:6;W2 ¼ 0:4Þ,
the condition for rectified cosinoidal bars is 2S=LP ¼ 1:9, while for
steps, it is 2S=LP ¼ 1:8. This indicates a downshift in the dimension-
less parameter 2S=LP for both types of periodic bars. Additionally, for
both rectified cosinoidal bars and steps, the value of 2S=LP increases to
2.2 with ðW1 ¼ 0:5;W2 ¼ 0:4Þ. The variations in reflection coeffi-
cients attributable to W1 and W2 are consistent with the findings of
Liu et al.15 (2019), who posited that bar width and spacing exert a rela-
tively minor influence compared to other factors such as bar height
and number. Notwithstanding their subtle nature, these parameters
can, indeed, modulate Bragg resonance characteristics, particularly in
terms of peak reflection coefficients and resonance bandwidth.

For the deeper water depth h0 (Case D3) illustrated in Fig. 16, the
deviations among the second order Bragg resonances are negligible.
Discrepancies among the three groups remain small for both 10 recti-
fied cosinoidal bars and steps. The peak reflection coefficient, at 0.28,
is highest for steps with ðW1 ¼ 0:5;W2 ¼ 0:5Þ. Meanwhile, the sec-
ond order Bragg reflection coefficient peaks for the latter two groups
are identical. In a shallower water depth, variations in width and spac-
ing significantly influence excitation conditions, especially for the sec-
ond order Bragg resonance. However, an increased water depth h0 for
Case D3 can mitigate the differences induced by variations in spacing
and widths.

4. Influence of the height of seabed

Apart from the number and spacing, the height of the seabed D
also serves as an important factor influencing the Bragg resonant
peaks.52 Figure 17 displays the reflection coefficients for different
heights D ¼ 0:03 m, D ¼ 0:05 m, and D ¼ 0:07 m for seabeds con-
sisting of ripples, rectified cosinoidal bars, and steps withM ¼ 4 (Case
D2). It was observed an increase in the reflection peaks with the rise in
seabed height. To provide a more quantitative insight, we have calcu-
lated the percentage increase in the reflection coefficients when the sea-
bed height is raised from 0.03 to 0.07m. For the case with ripples, the
reflection coefficient increases from approximately 0.36 to 0.68, which
corresponds to an 89% increase. For rectified cosinoidal bars, the
reflection coefficient increases from approximately 0.20 to 0.66, indi-
cating a 230% increase. Finally, for steps, the reflection coefficient rises
from approximately 0.25 to 0.78, showing a 212% increase. These
quantitative insights highlight the sensitivity of Bragg resonance to
changes in seabed height, providing a clearer understanding of the
impact of seabed configurations on wave reflection. Figure 18 shows
the results forM ¼ 10 (Case D3). Cases with D ¼ 0:07 m consistently
exhibit the highest resonant peaks. For Case D3 with ripples, the peaks
of the fundamental Bragg resonance increase approximately by 0.1
with every increment of 0.02m in height. In addition, the peaks at
2S=LP ¼ 2:0 are prominent in cases with D ¼ 0:07 m. In cases with
rectified cosinoidal bars and steps, the peaks at 2S=LP ¼ 2:0 even

FIG. 17. Reflection coefficients with different heights for rectified cosinoidal bars and steps with the incident amplitude a ¼ 0:015 m and frequency range ð0:5� 3:0Þfp, M ¼ 4
(Case D2): (a) ripples, (b) bars, and (c) steps.

FIG. 18. Reflection coefficients with different heights for rectified cosinoidal bars and steps with the incident amplitude a ¼ 0:015 m and frequency range ð0:5� 3:0Þfp, M ¼
10 (Case D3): (a) ripples, (b) bars, and (c) steps.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 127131 (2024); doi: 10.1063/5.0237127 36, 127131-10

Published under an exclusive license by AIP Publishing

 09 January 2026 03:22:55

pubs.aip.org/aip/phf


exceed those of the fundamental Bragg reflection as seabed height
increases. One potential explanation is that the depth changes induce
the superharmonics, which are enhanced at the depth transitions.43

This enhancement results in higher reflected waves, consequently
increasing the superharmonics of the reflected waves, thereby exciting
a second order Bragg resonance. The magnitude of the second order
Bragg reflection may exceed that of the fundamental Bragg reflection,
with potentially exceeding the fundamental reflection coefficients by
up to 20% at greater bar heights. In summary, increasing the bar height
effectively enlarges the Bragg resonance peaks. The shift in the dimen-
sionless parameter 2S=LP is small in this context.

V. CONCLUSIONS

This study presents a fully nonlinear numerical model using
the conformal mapping technique to study the Bragg resonance of
focused wave groups over periodic seabed topography. Validation
against experimental, theoretical, and numerical results confirms
the model’s accuracy. This study demonstrates that increased wave
amplitudes or steepnesses slightly shift the corresponding resonant
wavelength 2S=LP . Specifically, the peak Bragg reflection for a
wave group with an amplitude of 0.050m occurs at 2S=LP ¼ 1:06,
compared to 2S=LP ¼ 1:0 for a wave group with an amplitude of
0.015m. Higher wave steepnesses result in increased subharmonics
and superharmonics, enhancing the complexity of wave
interactions.

Three types of periodic seabed are considered: ripples, recti-
fied cosinoidal bars, and steps. The ripples configuration resulted
in the highest reflection coefficients at 2S=LP ¼ 1:0, with a peak
reflection coefficient of 0.38, while the step configuration provided
better reflection for 2S=LP > 2:0. Increasing the number of bars
significantly enhances wave reflection, with the reflection coeffi-
cient for 10 rectified cosinoidal bars being 1.5 times higher than
that for 2 bars. The effects of seabed bar spacing, width, and height
were also studied. Proper bar spacing and width can optimize
Bragg reflection, particularly when fewer bars are present.
Increasing the seabed height remarkably amplifies reflection coeffi-
cients, potentially inducing a second order Bragg reflection that
may exceed the fundamental one.

These findings provide valuable insights into the nonlinear inter-
actions between focused wave groups and periodic seabeds, which are
crucial for designing effective coastal protection structures. The results
highlight the importance of considering both wave parameters and
seabed configurations in coastal engineering applications.
Nevertheless, further detailed investigations of the characteristics of
the subharmonics and superharmonics triggered by the periodic sea-
beds are needed at Bragg resonance, given focused wave groups can be
strongly nonlinear.
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