

View

Online


Export
Citation

RESEARCH ARTICLE |  MARCH 05 2025

Laminar-turbulent transition in a hypersonic compression
ramp flow 
Changye Huang (黄长烨)  ; Shibin Cao (曹石彬)   ; Jiaao Hao (郝佳傲)  ; Peixu Guo (郭培旭)  ;
Chih-Yung Wen (温志湧) 

Physics of Fluids 37, 034110 (2025)
https://doi.org/10.1063/5.0256584

Articles You May Be Interested In

Investigation of streamwise streak characteristics over a compression ramp at Mach 4

Physics of Fluids (October 2024)

High-fidelity simulation of laminar-to-turbulent transition in hypersonic boundary layer on a sharp cone

Physics of Fluids (March 2025)

Pressure gradient effects on the secondary instability of Mack mode disturbances in hypersonic boundary
layers

Physics of Fluids (January 2021)

 29 M
ay 2025 06:48:00

This article may be downloaded for personal use only. Any other use requires prior permission of the author and AIP 
Publishing. This article appeared in Changye Huang, Shibin Cao, Jiaao Hao, Peixu Guo, Chih-Yung Wen; Laminar-turbulent 
transition in a hypersonic compression ramp flow. Physics of Fluids 1 March 2025; 37 (3): 034110 and may be found at 
https://doi.org/10.1063/5.0256584.

https://pubs.aip.org/aip/pof/article/37/3/034110/3338736/Laminar-turbulent-transition-in-a-hypersonic
https://pubs.aip.org/aip/pof/article/37/3/034110/3338736/Laminar-turbulent-transition-in-a-hypersonic?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0009-0004-2824-0759
javascript:;
https://orcid.org/0000-0001-9579-0276
javascript:;
https://orcid.org/0000-0002-8571-4728
javascript:;
https://orcid.org/0000-0001-6952-023X
javascript:;
https://orcid.org/0000-0002-1181-8786
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0256584&domain=pdf&date_stamp=2025-03-05
https://doi.org/10.1063/5.0256584
https://pubs.aip.org/aip/pof/article/36/10/104121/3317207/Investigation-of-streamwise-streak-characteristics
https://pubs.aip.org/aip/pof/article/37/3/034120/3339554/High-fidelity-simulation-of-laminar-to-turbulent
https://pubs.aip.org/aip/pof/article/33/1/014109/1061080/Pressure-gradient-effects-on-the-secondary
https://e-11492.adzerk.net/r?e=&s=YaCEVc7vndfgQlYZR1Z2SjRh2VM


Laminar-turbulent transition in a hypersonic
compression ramp flow

Cite as: Phys. Fluids 37, 034110 (2025); doi: 10.1063/5.0256584
Submitted: 6 January 2025 . Accepted: 12 February 2025 .
Published Online: 5 March 2025

Changye Huang (黄长烨),a) Shibin Cao (曹石彬),b) Jiaao Hao (郝佳傲), Peixu Guo (郭培旭),
and Chih-Yung Wen (温志湧)

AFFILIATIONS

Department of Aeronautical and Aviation Engineering, The Hong Kong Polytechnic University, Kowloon, Hong Kong, China

a)Electronic mail: changye.huang@connect.polyu.hk
b)Author to whom correspondence should be addressed: shibincao@outlook.com

ABSTRACT

The hypersonic flow over a compression ramp is investigated by utilizing direct numerical simulation (DNS) and various stability analysis
tools. The free-stream Mach number and Reynolds number based on the length of the flat plate are 8.0 and 3:9� 105, respectively. Global sta-
bility analysis is applied to confirm the weekly unstable nature of the current flow condition. As a result of the low growth rate, this case is
believed to be more susceptible to convective instability than intrinsic instability. Subsequently, across a wide range of frequencies and a glob-
ally stable wavelength, resolvent analysis is utilized to investigate the response of two-dimensional base flow to external disturbances. It reveals
that the optimal response to upstream disturbances located adjacent to the leading edge manifests in the form of streamwise streaks, which
result from transient growth in the flat-plate boundary layer. Downstream of reattachment, the Mack second mode and low-frequency streaks
as a manifestation of G€ortler instability coexist within the boundary layers. Further downstream, the amalgamation of the amplification of
Mack’s second mode with the sinuous and varicose breakdown of streaks disrupts the boundary layers via the ejection-sweep motion, resulting
in the creation of a strong localized vorticity region and contributing to the concentration of vorticity within the boundary layers. This kicks
off the vortex roll-up process, which results in the formation of hairpin vortices, and eventually leads to the breakdown process.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0256584

I. INTRODUCTION

The interaction between the shock wave and laminar boundary
layer is a prevalent issue in fluid mechanics and has a significant prac-
tical impact on the aerodynamics and propulsion of high-speed flight
vehicles.1,2 Compression ramp flow, shock impingement on a flat plate,
and double-cone flow are typical configurations exemplifying the
interaction between shock waves and laminar boundary layers.3,4

When the pressure rise induced by the shock wave reaches a sufficient
magnitude, the boundary layer becomes incapable of resisting the
adverse pressure gradient and consequently separates from the wall,
resulting in the formation of a separation bubble.5 The separated flow
induced by shock waves can accommodate numerous local and global
instabilities, which may result in unsteadiness and eventually the
laminar-turbulent transition.6–8 Laminar-turbulent transition within
the boundary layers of a hypersonic vehicle has the potential to signifi-
cantly enhance surface heating rates and increase frictional drag, and it
is a fundamental subject in the design of hypersonic vehicles.9,10

Therefore, comprehending and anticipating boundary-layer transitions
is of great significance in hypersonic flight.

There exist various pathways leading to turbulence within flat
plate boundary layers, including eigenmode growth, transient growth,
and bypass mechanisms, depending on the amplitude of environmen-
tal disturbances.11 Due to the complexity of flow structures, such as
flow separation, the stability and transition mechanisms of flows
involving the shock wave and boundary layer interaction can be signif-
icantly different from flat plate boundary layer flows. For instance, in
the case of hypersonic shock wave and boundary layer interaction
flows that are accompanied by strong flow separation and dominated
by intrinsic instability, the intrinsic instability can lead to the occur-
rence of transition scenarios.12,13 It is noteworthy that irrespective of
whether the shock wave and boundary layer interaction flow is intrin-
sically unstable or stable, convective instabilities can play a significant
role in destabilizing the flow, as external disturbances are typically
prominent during high-speed flights. As a result, transition paths that
apply to boundary layers may persist in shock wave and boundary
layer interactions.13 For example, Lugrin et al.14 investigated a transi-
tional flow passing through a hollow cylinder/flare numerically and
identified several potential transition paths, such as the Mack second
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mode, oblique mode, etc. Not coincidentally, for a compression ramp
at Mach 5.373 at an angle of 5.5�, a three-dimensional wave packet
triggered by a wall-blowing suction pulse upstream of separation was
conducted by Novikov et al.15 They demonstrated that the evolution of
the wave packet is dominated by either the planar second mode or the
oblique first mode, contingent upon the precise location of the pulse.
As described by Hao et al.16 in hypersonic compression flow, stream-
wise streaks could be energetic enough to trigger secondary instabilities
and the subsequent breakdown into turbulence, and in the scenario
where streamwise streaks survive the breakdown process and are dissi-
pated by viscosity as transported downstream, the second mode evolv-
ing in the reattached boundary layer can trigger transitions through
nonlinear resonance.17

Due to additional complexities, such as the coexistence of the
Mack second mode instability,18,19 crossflow instability,20 G€ortler
instability,21,22 and nonlinear coupling of different processes, the
hypersonic laminar-turbulent transition is less understood compared
with incompressible flows.23,24 It is widely acknowledged that the
Mack second mode exhibits the fastest-growing instability in high-
speed boundary layers under certain configurations, such as flat plates
and slender geometries at zero angle of attack, typically exceeding
Mach 4.25,26 In contrast to the conventional first-mode instability, the
second mode, longitudinal acoustic waves reflected between the rela-
tive sonic line and the solid wall, is gaining great significance at high
Mach numbers.27 Balakumar et al.28 utilized linear stability analysis
along with DNS to determine the behavior of two-dimensional, fixed-
frequency perturbations within a flat plate boundary layer as it
encounters a 5.5� compression ramp at Mach 5.4. Their results indi-
cated that the secondary mode waves exhibit neutral stability while tra-
versing the separated shear layer, yet exhibit an exponential growth
upstream of separation and downstream of reattachment. Novikov
et al.15 performed DNS of 3-D broad-spectrum wave packets using the
same configuration. Wave packets dominated by oblique and second-
mode waves were examined. It was found that in the upstream portion
of the separation bubble, the latter were neutrally stable before ampli-
fying downstream. Their results indicated that the wave packet tail was
stretched by the strong force, and turbulent spots were formed down-
stream of reattachment. Butler and Laurence29 conducted experimen-
tal investigations concerning the evolution of second-mode waves
within an incipiently separated compression-corner shock wave and
boundary layer interaction. They observed that at high Reynolds num-
bers, the corner interaction leads to a rapid breakdown immediately
after reattachment, resulting in a faster transition than for a straight
cone. Subsequently, they carried out experimental research to investi-
gate the transition from laminar to turbulent flow that occurs when
there is a sharp increase in the surface angle on a slender body at Mach
6.30 Their findings indicated that in the scenario with a 5� compres-
sion, the flow field is dominated by the Mack second mode disturban-
ces, which tend to transition into turbulence more rapidly when they
encounter a change in angle. If not limited to shock wave and bound-
ary layer interaction, in terms of flat plate boundary layer flows,
Casper et al.31 conducted experimental research on the nonlinear evo-
lution of the second-mode instability within wave packets at Mach 6,
ultimately leading to the formation of turbulent spots, by utilizing
non-intrusive measurements. In addition, high-speed Schlieren techni-
ques have made possible spectral, time-frequency and topology analy-
ses of second-mode disturbances in hypersonic boundary layer

flows.32 Franko and Lele33 focused on the transitional features trig-
gered by second-mode instabilities through fundamental resonance
and oblique mode breakdown, employing DNS. Not limited to that,
the relative dominance of K-type resonance mechanisms in hypersonic
cones over H-type resonance has been quantified by Sivasubramanian
and Fasel34,35 utilizing controlled excitation with wave packets and
harmonic waves. The experiments mentioned above were mostly con-
ducted in conventional-noise facilities to study the laminar-turbulent
transition. These facilities experienced amplified disturbances not
found in the flight environment. It is therefore difficult to achieve a
laminar separation, especially at higher Reynolds numbers, which
could bias the transition mechanism. Benitez et al.36 conducted quiet-
flow experimental tests on a cone-cylinder-flare configuration, which
provided a free stream environment to mimic the flight and resulted in
a laminar separation. They found that the Mack second mode was
neutrally stable over the separation bubble. Meanwhile, their experi-
ments showed the amplification of lower-frequency oblique waves,
likely related to the Mack first mode.37 They further demonstrated the
nonlinear interaction of those convective instabilities with the Mack
second mode ultimately resulting in the generation of turbulent spots
downstream of reattachment.38

Another type of stability that has been extensively studied is
known as G€ortler instability, which is attributed to an imbalance
between the centrifugal force and the wall-normal pressure gradient,
resulting in the formation of spanwise-periodic and streamwise-
elongated streaks.39 In the case of the compression ramp configuration,
the highly curved streamline formed around the reattachment point
contributes to the emergence of G€ortler instability,40,41 and the stream-
wise streaks are generally referred to as the footprint of G€ortler-like
vortices. There just exists a limited number of experimental studies
examining the G€ortler instability with curved surfaces in high-speed
flows. Huang et al.42–44 performed a series of experimental works at
Mach 6.5 and captured transition phenomena that developed naturally
or were triggered by roughness. These preliminary phenomena serve
to illustrate the onset of G€ortler instability in hypersonic flows with
curved geometry, encompassing the emergence of G€ortler vortices and
their secondary instability modes during transition processes. G€ortler
instability, in addition to the concave wall configuration, can also be
detected in dual incident shock wave and turbulent boundary layer
interaction experiments.45 Numerical simulations have been employed
by numerous researchers to uncover the underlying structures and the
corresponding fundamental mechanisms of G€ortler instability. For a
curved wall with a flat plate configuration at Mach 6.5, Chen et al.46,47

confirmed the existence of the G€ortler and Mackmodes and elucidated
the breakdown process of the secondary G€ortler instability through
wall blowing and suction. Subsequently, this configuration has been
adopted to assess the stabilizing impacts of grooves on G€ortler instabil-
ity and transition features triggered by low-frequency blowing and
suction.48,49

Despite the substantial amount of research on hypersonic transi-
tional boundary layer flows, elucidating the transition mechanisms
responsible for the observed transition phenomena in shock wave and
boundary layer interactions still poses challenges. For instance, the
transition phenomena and potential transition mechanisms that result
from the combined effects of G€ortler instability and the Mack second
mode in hypersonic compression flows. In the present study, we exam-
ine transition features resulting from the amalgamation of G€ortler
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instability and the Mack second mode using a compression ramp con-
figuration. To clarify the stability of the considered hypersonic com-
pression flow, stability analysis tools, such as global stability analysis,
resolvent analysis, and linear stability analysis, are employed. To fur-
ther elucidate the transitional nature, we performed three-dimensional
DNS and proposed possible transition mechanisms as a response to
the white noise introduced upstream of the separation point and
downstream of the leading-edge shock. The noise is in the form of a
spanwise velocity perturbation with an amplitude of 0.06.

The remainder of this paper is organized as follows. Section II
describes the geometric configuration, flow conditions, stability analy-
sis tools, and DNS details. Section III presents the base flow features,
and introduces the analysis results of global stability analysis, resolvent
analysis, and DNS. A possible transition mechanism is proposed in
Sec. IV. Section V gives concluding remarks.

II. COMPUTATIONAL DETAILS
A. Geometric configuration and flow conditions

The geometric configuration used in the numerical calculation is
compression ramp geometry, which is composed of a flat plate with a
sharp leading edge and a ramp with a deflection angle of 15�.50 The
lengths of the flat plate and the ramp utilized in the current numerical
calculation are L ¼ 50 mm and Lr ¼ 100 mm, respectively. The flow
conditions are from the experiment of Chuvakhov and Radchenko,50

which are shown as follows: Free stream Mach number M1 ¼ 8:0,
incoming flow static temperature T1 ¼ 53:26K, Reynolds number
ReL¼3:9� 105, static pressure P1 ¼ 353Pa and density
q1 ¼ 0:0231kg=m3. The short run time of the shock tunnel permits
the application of an isothermal wall boundary condition, with the cor-
responding wall temperature Tw of 293K, corresponds to a wall-to-
total temperature ratio of 0.399.

B. Direct numerical simulation

DNS using the finite-difference method with high-order accuracy
in both space and time and with shock-capturing capability is
employed to study the hypersonic compression-ramp flow problem,
and this code has been successfully applied to study hypersonic
compression-ramp flows.13,40,51–53 The 3D Navier–Stokes equations
are employed in a conservative form for current unsteady, compress-
ible flows.

@U
@t

þ @F
@x

þ @G
@y

þ @H
@z

¼ @Fv

@x
þ @Gv

@y
þ @Hv

@z
; (1)

where F, G and H denote inviscid fluxes, Fv , Gv and Hv are viscous
fluxes. U ¼ ðq; qu; qv; qw; qeÞT is the conservative variables vector, q
denotes the density, u, v, and w are flow velocities along x, y, and z
directions, respectively. Another variable e denotes the total energy per
unit mass, and T means the transpose of the matrix. The perfect gas
law is adopted to close the equation system, with the specific gas con-
stant R ¼ 287J=ðkg � KÞ. Sutherland’s law is utilized to assess the
dynamic viscosity. For the current simulation, the Prandtl number Pr
and specific heat ratio c are set to 0.72 and 1.4, respectively.

Regarding the numerical methods, time integration is executed
through an explicit third-order total variation diminishing Runge–
Kutta scheme.54 A weighted essentially non-oscillatory (WENO)
scheme of fifth order is utilized to discretize the inviscid fluxes, based

on the work of Jiang and Shu.55 A sixth-order central-difference
scheme is utilized to approximate the viscous fluxes. Further informa-
tion regarding the numerical schemes can be obtained from Hermes
et al.,56 Cao et al.,52 and Cao.57

In the two-dimensional base flow simulation, the number of grid
points along streamwise (x) and vertical (y) directions is 3612 and 220,
respectively. As shown in Appendix A, this mesh configuration is suffi-
cient to capture the two-dimensional flow features. For the three-
dimensional case, 200 grid points are evenly spaced along the spanwise
direction over a width of 16mm, corresponding to a total number of
grid points of 3612� 220� 200 ¼ 159 million. This mesh configura-
tion yields the subsequent non-dimensional wall units located near the
outflow region (x=L ¼ 2:93): xþ ¼ 5:5, yþ ¼ 0:8, and zþ ¼ 9:8.
Regarding the boundary conditions, free-stream parameters are speci-
fied at the inflow and upper boundaries. For the outflow boundary, the
zero-gradient extrapolation condition is employed. For the no-slip
wall, isothermal conditions are specified, and the wall temperature is
specified to be 293K. For the three-dimensional case, periodic bound-
ary conditions are implemented along the spanwise direction.

C. Global stability analysis

An in-house global stability analysis solver is used to evaluate the
temporal stability of a two-dimensional base flow subject to three-
dimensional small-amplitude disturbances that are periodic in the
spanwise direction.13,40,51,58 The conservative variable vector, U , is
decomposed into a two-dimensional steady solution U2D and a three-
dimensional small-amplitude perturbation U 0 as follows:

Uðx; y; z; tÞ ¼ U2Dðx; yÞ þ U 0ðx; y; z; tÞ: (2)

Linearized Navier–Stokes (LNS) equations describing the behavior of
U 0 can then be obtained.

@U 0

@t
þ @F0

@x
þ @G0

@y
þ @H 0

@z
¼ @Fv0

@x
þ @Gv0

@y
þ @Hv0

@z
; (3)

where the prime indicates the perturbation variables. The Navier–
Stokes equations that have been linearized can additionally be
expressed in operator form.

@U 0

@t
¼ AU 0; (4)

where A denotes the LNS operator. It is further presumed that the per-
turbation U 0 exists in the modal form:

U 0ðx; y; z; tÞ ¼ Û ðx; yÞ exp i
2p
k
z � iðxr þ ixiÞt

� �
; (5)

where Û indicates the two-dimensional eigenfunction, k denotes the
wavelength in the spanwise direction, xi is the growth rate, and the
angular frequency is represented by xr . Here, xr ¼ 2pf , where f
denotes the frequency. By substituting Eq. (5) into Eq. (4) and discre-
tizing the result using the finite volume method, the eigenvalue prob-
lem is obtained

AðkÞÛ ¼ �iðxr þ ixiÞÛ ; (6)

where AðkÞ represents the global Jacobian matrix. The solution to the
eigenvalue problem is achieved through the implementation of the
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implicit restarted Arnoldi method in ARPACK.59 A shift-invert
method is utilized to explore the corresponding eigenvalue spectra
effectively. For further information, please refer to Hao et al.58

Due to the lower-upper decomposition of the global matrix per-
formed during the inversion step, the shift-invert method is extremely
expensive in terms of computational memory. The mesh information
for the base flow for the stability analysis is 1225� 240 to minimize
computational resources, and the corresponding geometric informa-
tion is that the length of the flat plate and the ramp are both 50mm.
Grid independence verification was performed using another set of
finer grids (1750� 340). The grid independence verification results
can be referred to in Appendix B.

D. Resolvent analysis

The response of two-dimensional globally stable base flow to
external small-amplitude perturbations f 0 with temporal and spanwise
periodicity is considered in the present resolvent analysis. The operator
form for the corresponding LNS equations is provided below:

@U 0

@t
¼ AU 0 þ Bf 0; (7)

where operator B restricts the force to a localized location (i.e.,
x/L¼ 0.2), which is under subsequent three-dimensional DNS. The
expression of f 0 is:

f 0ðx; y; z; tÞ ¼ f̂ ðx; yÞ exp i
2p
k
z � ixrt

� �
: (8)

It is important to note that, as time progresses to infinity, all initial per-
turbations imposed on the globally stable base flow decay to zero. That
is, the long-time solution of Eq. (8) has the same form as the forcing
and is given by the following equation:

U 0ðx; y; z; tÞ ¼ Û ðx; yÞ exp i
2p
k
z � ixr t

� �
: (9)

By substituting Eqs. (8) and (9) into Eq. (7) and discretizing the result
in the same manner as in the global stability analysis, the following
result is obtained:

Û ¼ RBf̂ ; (10)

R ¼ ð�ixrI � AÞ�1; (11)

where matrix R represents resolvent matrix, B indicates the aforemen-
tioned constraint matrix and I is the identity matrix.

The objective of the resolvent analysis is to identify the forcing
and response pairs that optimize the energy amplification defined by:

r2ðk;xrÞ ¼ max
f̂

kÛkE
kBf̂ kE

; (12)

where r denotes the optimal gain, and the Chu energy is utilized to
obtain the energy norm:

kÛ kE ¼ Û
�
MÛ (13)

where M denotes the weight matrix and Û
�
is the complex conjugate

of Û . According to the research conducted by Sipp and Marquet,60

Bugeat et al.,61 and Dwivedi et al.,62 the optimization problem in Eq.
(12) can be transformed into an eigenvalue problem:

B�M�1R�MRBf̂ ¼ r2 f̂ ; (14)

which can be resolved by utilizing ARPACK for the given b (b is the
spanwise wavenumber, b ¼ 2p

k ) and xr in the regular mode. Super-LU
is employed to calculate the inverses of R and its conjugate transpose
during this procedure. The maximal eigenvalue signifies the optimal
gain squared, whereas the corresponding eigenfunction denotes the
optimal forcing.16,40 Using Eqs. (10) and (11), the optimal response
can be readily ascertained.

III. RESULTS AND ANALYSIS
A. Two-dimensional base flow

Figure 1 depicts a schematic representation of the base flow struc-
ture over the current compression corner configuration. Figures 1(a)
and 1(b) provide the Mach number contour and enlargement view
superimposed with streamlines within the separation bubble, respec-
tively. As depicted in Fig. 1(a), the separation bubble emerges around
the corner as a result of the pressure rise induced by the ramp shock,
with the separation and reattachment points located at x=L¼ 0.48 and
1.44, respectively. As shown in Fig. 1(b), there is no secondary separa-
tion formed under this incoming flow condition.

Figures 2(a) and 2(b) show the comparison of numerical schlie-
ren and experimental schlieren visualization results from Chuvakhov
and Radchenko.50 As a result of the viscous interaction, a weak leading
edge shock is generated. The adverse pressure gradient caused by the
flow deflection causes a separation region near the corner, which fur-
ther induces a separation shock and a reattachment shock. The slip
line and expansion wave are formed by the interaction between separa-
tion and reattachment shock waves. It is apparent from Figs. 2(a) and
2(b) that the locations of separation points and reattachment points
obtained by DNS are in good agreement with the experimental results,
i.e., the size of the separation bubble matches well with each other.
Figure 2(c) presents the comparison results between the experiment50

and DNS in terms of the Stanton number (St) distribution along the

FIG. 1. Visualization of base flow: (a) Mach number contour and (b) Enlarged view
of Fig. 1(a) superimposed with streamlines within the separation bubble.
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streamwise direction. Here, St ¼ qw
q1U1CpðTaw�TwÞ, qw denotes the heat

flux, Cp is the specific heat capacity and Taw is the adiabatic wall tem-
perature. As shown in Fig. 2(c), the largest deviation between the DNS
and experimental results occurred at the red stereosphere, where the
deviation was approximately 22%. According to the heat flux mea-
surement error estimation results of Chuvakhov and Radchenko,50 the
overall error of measurements of the heat flux coefficient was estimated

to be about 25%. This indicates that all the DNS results fall within the
error range of the experimental data. The discrepancy between the
DNS and experimental results may be attributed to the fact that
the environmental disturbance in the experiment was different from
the numerical setup in the DNS. Taking such factors into account, the
DNS results are considered in reasonably good agreement with the
experimental results.

B. Global stability analysis

Figure 3(a) shows the growth rates of the least stable mode as a
function of spanwise wavelength kz . As evident from Fig. 3(a), the
current-incoming flow condition is weakly unstable when the spanwise
wavelength kz ¼ 19:04mm. Figure 3(b) shows the eigenvalue spec-
trum at kz ¼ 19:04mm, corresponding to the largest growth rate of
the least stable mode. The red circle depicted in Fig. 3(b) demonstrates
a growth rate of 0.011. As a result of the low growth rate, it is believed
that this case is more susceptible to convective instability than intrinsic
instability.

Figures 4(a) and 4(b) show the real parts of streamwise velocity
perturbation u0 and spanwise velocity perturbation w0 of the least sta-
ble global mode when kz ¼ 19:04mm, respectively. The perturbation
u0 can be detected in both the separation portion and the reattached
boundary layer. The distinction lies in the fact that the perturbation w0

is predominantly restricted to the separation bubble, with a distinct
sign in the upstream and downstream portions of the separation bub-
ble. This type of physical characteristic has been reported by Sidharth
et al.63 for hypersonic flow over a slender double wedge and shock
impingement on a flat plate investigated by Boin et al.,64 Robinet,65

and Hildebrand et al.66 The most dominant mode also shares similari-
ties with the self-excited stationary mode detected in an incompressible
separation bubble flow identified by Theofilis et al.67

C. Resolvent analysis

Base-flow solutions are utilized to conduct global resolvent analy-
sis that spans a wide range of spanwise wavelengths and angular fre-
quencies. The non-dimensional spanwise wavelength kz=L ranges
from 0.00687 (bL ¼ 914:6) to 0.2 (bL ¼ 31:4), the corresponding
spanwise wavelength kz ranges from 0.3435 to 10.0mm, and xrL=U1

FIG. 2. (a) Two-dimensional numerical schlieren and (b) Experimental schlieren
visualization results from Ref. 50. (c) Stanton number distributions along the stream-
wise direction. Red diamond: Time and spanwise averaged results from Ref. 50.
Black solid line: Results obtained from the 2D base flow. Green dashed line: Time
and spanwise averaged results from 3D DNS. The largest deviation between the
DNS and experimental results occurred in the red stratosphere, where the deviation
was approximately 22%.

FIG. 3. (a) Growth rates as a function of the spanwise wavelength: The gray short dash-dot line corresponds to a zero growth rate; the short blue dash-dot line represents
kz ¼ 10:00mm; and the short red dash-dot line represents kz ¼ 19:04mm and (b) Eigenvalue spectrum at kz ¼ 19:04mm, corresponding to the largest growth rate of the
least stable mode. The red circle depicted in Fig. 3(b) demonstrates a growth rate of 0.011.
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spans the range from 0.1 (f¼ 372Hz) to 158.5 (f¼ 590.3 kHz). As can
be seen in Fig. 3(a), in this range of spanwise wavelengths, it has been
determined that the base flow is globally stable, thereby enabling the
execution of resolvent analysis. It is noteworthy that the forcing is
located at x=L ¼ 0:2, which is under the subsequent three-
dimensional DNS.

The obtained optimal gain is depicted in the b-xr space in Fig. 5,
the gain is maximal when bL ¼ 195:1 (kz=L¼0.0322, kz¼ 1.61mm),
as the frequency xrL=U1 is getting close to zero. Actually, when

xrL=U1 < 5:5 (f < 20:5 kHz), the optimal gain hardly changes with
the forcing frequency. Similar low-pass characteristics were also
observed in the study of hypersonic compression-ramp flow by
Dwivedi et al.62 and in the investigation of shock impingement on a
supersonic boundary layer by Bugeat et al.68 In Fig. 5, an additional
local maximum of the optimal gain can be identified on the left edge of
the phase diagram of bL ¼ 31:4 (kz=L¼0.2) atxrL=U1 � 134, which
is marked with a blue circle, and this frequency is approximately
499.05 kHz, corresponding to the Mack second mode. Based on the
results of the resolvent analysis, it can be determined that the spanwise
length of the subsequent three-dimensional DNS is 16mm, corre-
sponding to approximately 10 spanwise wavelengths.

Figure 6 illustrates the most amplified optimal forcing and
response pairs when xrL=U1 ¼ 0:1 and kz=L ¼ 0:0322. The optimal
forcing occurs in the form of counter-rotating streamwise vortices
(ju0j � jv0j and ju0j � jw0j), whereas the response manifests in the
form of streamwise streaks (ju0j 	 jv0j and ju0j 	 jw0j, jv0j and jw0j
are not shown here). A component-wise energy transfer such as this is
usually attributable to the lift-up mechanism,69 which is held account-
able for the transient growth of the streamwise streaks as they traverse
the flat plate.

To further illustrate the physical mechanisms that amplify
streamwise streaks in the interaction region, the distribution of Chu
energy density integrated into the wall-normal direction along the
model surface at the most amplified spanwise wavenumber of streaks
is shown in Fig. 7(a). The red stereospheres depicted in Fig. 7(a) repre-
sent the separation and reattachment points. The growth in energy
density is divided into two stages by the separation bubble, and it
increases significantly near the separation and reattachment points
due to the larger curvatures compared with the shear layer and reat-
tached boundary layer region.16 The G€ortler number can be estimated

FIG. 4. Real parts of (a) streamwise velocity perturbation u
0
and (b) spanwise veloc-

ity perturbation w
0
of the least stable global mode at kz ¼ 19:04mm.

FIG. 5. The contour of optimal gain in the space of spanwise wavenumber and angular
frequency. The gain is maximal when bL ¼ 195:1 (kz¼ 1.61mm), as the frequency
xr L=U1 is getting close to zero. In Fig. 5, an additional local maximum of the optimal
gain can be identified on the left edge of the phase diagram of bL ¼ 31:4 (kz=L¼0.2)
at xr L=U1 � 134, which is marked with a blue circle, and this frequency is approxi-
mately 499.05 kHz, corresponding to the Mack second mode.

FIG. 6. (a) Optimal forcings and (b) responses associated with the most amplified
streamwise streaks at xr L=U1 ¼ 0:1 and kz=L ¼ 0:0322.
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by G ¼ Re
ffiffiffiffiffiffiffiffiffiffi
dx=R

p
, where Re ¼ ffiffiffiffiffiffiffiffiffiffiffi

Re1x
p

, and Re1 ¼ 7:8� 106 m�1 is

the unit Reynolds number, dx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x=Re1

p
, and R is the radius of cur-

vature. The representative curvature is computed by averaging the cur-
vatures from the wall to the edge of the reattached shear layer near the
reattachment point. The resulting curvature is approximately 6.4m�1,
which corresponds to G ¼ 18:6. According to Hall70 and Bottaro and
Luchini,71 local stability analyses can be performed within this range of
G€ortler’s number at this location. Then, linear stability analysis, as
detailed in Appendix C, is performed utilizing wall-normal profiles,
which are assumed to be parallel along the n direction. Here, n is the
distance along the model surface measured from the leading edge. Due
to the strong non-parallelism near the separation point, the wall-
normal profile is extracted at the reattachment point. The spatial
growth rate obtained from linear stability analysis at the most unstable
spanwise wavenumber is converted to the slope of the line segment
shown in Fig. 7(a). As seen, the linear stability analysis captures the sta-
tionary G€ortler mode. Figure 7(b) compares the velocity and tempera-
ture perturbations obtained from the resolvent analysis and linear
stability analysis at the reattachment point. The magnitude of the tem-
perature perturbation is larger than that of the streamwise velocity per-
turbation, which is the typical feature of G€ortler instability at high
Mach numbers. Ren and Fu72 emphasized this characteristic in their
publication. More importantly, the excellent agreement between the
local and global analyses confirms that the streamwise streaks are
amplified in the interaction region due to the G€ortler instability, as the
local stability analysis identifies the stationary G€ortler mode. Hao
et al.16 reached the same conclusion using the resolvent analysis and
linear stability analysis under the incoming flow condition at Mach 7.7
(for additional details, refer to Fig. 22 of their paper). This evidence
strongly suggests that the streamwise streaks are amplified as a conse-
quence of the G€ortler instability. In Fig. 7, the small discrepancies in
terms of the eigenfunctions near the wall region and the spatial growth
rates may be attributed to the non-parallelism of the base flow.

D. Three-dimensional direct numerical simulation

The initial three-dimensional flow field is constructed as a result
of the extension of the two-dimensional base flow along the spanwise
direction. Inspired by the research of Hader and Fasel,73 when detailed
information about free-stream perturbations is not readily attainable,
random forcing can be utilized to excite broadband upstream distur-
bances, which makes it possible to investigate the “natural” transition
process that was detected in wind tunnel experiments. Random forcing
is introduced upstream of the separation point in the current study,
taking the following form:

w0
j;k=U1 ¼ /nð2r � 1Þ; (15)

where the j and k values correspond to grid point indices along the
normal and spanwise directions, respectively. The amplitude of pertur-
bations is represented by /n, and r denotes a pseudo-arbitrary number
that varies from 0 to 1. In this case, random spanwise velocity pertur-
bations with an amplitude of /n ¼ 0:06 are imposed on all the grid
nodes in the y–z plane at x=L ¼ 0:2. The main reasons for the selec-
tion of this perturbation amplitude are as follows: First, the transition
position and spanwise wavelength obtained from the DNS generated
by the selected disturbance amplitude match well with the experimen-
tal results. Second, the perturbation of this amplitude can decay rapidly
as it propagates downstream on the flat plate. An adequate amount of
time is guaranteed for the convection of disturbances through grid
points, achieved by updating the perturbation every 50-time steps
instead of every time step, which means the spanwise velocity is
updated at a time interval of DtU1=L ¼ 0:002 (Dt ¼ 8:54� 10�8 s).
The data acquisition frequency of DNS is identical to the update fre-
quency of disturbance, namely, the sampling frequency is
fsampling ¼ 11:71MHz. Subsequently, the random forcing and excited
perturbations are analyzed by utilizing spectral analysis. When it
comes to spectral analysis methods, Welch’s method74 is adopted to
calculate the spectrum with three segments and 50% overlap. Before

FIG. 7. (a) The distribution of Chu energy density integrated in the wall-normal direction at the most amplified spanwise wavenumber of streaks (bL ¼ 195:1, xr L=U1 ¼ 10).
The red stereospheres represent the separation and reattachment points. The slope of the short line segment is determined from the spatial growth rate of the most unstable
G€ortler mode predicted by the linear stability analysis at the reattachment point. (b) Wall-normal distributions of streamwise velocity and temperature perturbations, normalized
by the maximum temperature perturbation amplitude at the most amplified spanwise wavenumber, the profiles are exacted at the reattachment point, g is the wall-normal dis-
tance from the model surface. Solid lines: Resolvent analysis results. Short dash-dot lines: Linear stability analysis results.
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proceeding to the fast Fourier transform procedure, a Hamming win-
dow is applied to weigh the data on each segment.

Figure 8(a) provides the temporal history of the spanwise velocity
perturbation within the boundary layer at x=L ¼ 0:2. As can be seen
clearly, random values between �0.06 and 0.06 are introduced at this
point. The corresponding PSD results are depicted in Fig. 8(b). As
anticipated, the resultant spectrum exhibits broadband characteristics,
indicating that the introduction of the disturbance and its subsequent
progression are within expectations. The induced pressure disturbance
at x=L ¼ 0:2 and the corresponding frequency spectrum of this wall
pressure signal is depicted in Figs. 8(c) and 8(d). Analogous to the
spanwise velocity, the induced pressure disturbances also exhibit a
broadband spectrum. This implies that, when utilizing random forc-
ing, we do not settle on a mode with a particular frequency or wave-
length but let the flow determine the most preferred mode from the
variety of disturbances. This method is suitable for verifying the resol-
vent analysis results and exemplifies a scenario that is likely to occur
during wind tunnel experiments.

As the disturbances are conveyed downstream, they undergo a
rapid decay process. The temporal evolution of the spanwise velocity
and pressure perturbations at x=L ¼ 0:3 is shown in Fig. 9; it is evident
that the magnitude of both disturbances decreases dramatically. The
blue dashed line depicted in Fig. 9(d) corresponds to the frequency of
f ¼ 400 kHz. This frequency corresponds to the predominant

frequency of the Mack second mode instability for the profile of the
boundary layer.

1. Comparison between DNS and theoretical predictions

In this section, the laminar and turbulent boundary-layer profiles
obtained from DNS are compared with theoretical predictions. By
introducing a rescaled wall-normal coordinate, the transformed
streamwise velocity profiles at x=L ¼ 0:4 and 2.92 are graphically dis-
played in Fig. 10(a). In this scenario, the streamwise velocity is normal-
ized as:

uþ ¼ �us

�us
; (16)

where �us is the velocity along the wall-parallel direction and
�us ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�sw=�qw

p
denotes corresponding friction velocity. The overline

“-” signifies a quantity that has been averaged across both time and
spanwise directions. The streamwise velocity is subsequently trans-
formed by executing the Van Driest transformation as a result of the
compressibility.

uþc ¼
ðuþ
0

ffiffiffiffiffiffi
�Tw

�T

r
duþ: (17)

FIG. 8. (a) Temporal history of spanwise velocity perturbation at x=L ¼ 0:2 (j¼ 45, k¼ 100). (b) Power spectral density (PSD) results of spanwise velocity time series.
(c) Temporal history of pressure perturbation at x=L ¼ 0:2 (j¼ 1, k¼ 100). (d) PSD results of pressure perturbation time series.
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In Fig. 10(a), the short black and blue dashed dot lines represent linear
sublayer and log-law relations, respectively.

uþ ¼ yþ; (18)

uþ ¼ 1
k
lnðyþÞ þ C; (19)

where k ¼ 0:41 and C ¼ 5:2. The velocity profile exhibits the typical
characteristics of a laminar profile at x=L ¼ 0:4. When x=L ¼ 2:92,

FIG. 9. (a) Temporal history of spanwise velocity perturbation at x=L ¼ 0:3 (j¼ 45, k¼ 100). (b) PSD results of spanwise velocity time series. (c) Temporal history of pressure
perturbation at x=L ¼ 0:3 (j¼ 1 and k¼ 100). (d) PSD results of pressure perturbation time series. The blue dashed line depicted in Fig. 9(d) corresponds to the frequency of
f ¼ 400 kHz (the Mack second mode).

FIG. 10. (a) The van-Driest-transformed mean velocity profile at x=L¼ 0.4 and 2.92. The short black and blue dashed dot lines represent linear sublayer and log-law relations,
respectively. (b) The mean temperature profile at x=L ¼ 2:92 compared with the relations proposed by Walz in Ref. 76 and Duan & Martin in Ref. 77.
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the associated velocity distribution demonstrates the typical character-
istics of a turbulent boundary layer. It should be noted that the linear
relation uþ ¼ yþ is satisfied only when yþ is less than 2 in the viscous
sublayer region. This scenario is similar to that of Duan et al.,75 who
studied Mach 5 turbulent boundary layers on a cold wall case and
demonstrated that the viscous sublayer shrinks substantially in
response to decreasing wall temperature. The primary contributing
factor to the aforementioned phenomenon lies in the low ratio of wall
temperature to total temperature. When yþ does not exceed 10, the
velocity profile at x=L ¼ 3:0 coincides with that of the laminar flow,
which indicates that the viscous sublayer is solved precisely.
Furthermore, the velocity profile in the logarithmic region agrees well
with the theoretical prediction.

The subsequent step involves comparing the temperature profile
with the theoretical solution. The temperature profile that has been
averaged across time and spanwise direction at x=L ¼ 2:92 is depicted
in Fig. 10(b). The commonly used one is the relation between tempera-
ture and velocity, expressed byWalz’s equation,76 shown below:

�T
�Te

¼
�Tw

�Te
þ

�Taw � �Tw

�Te

�us

�ue

� �
þ

�Te � �Taw

�Te

�us

�ue

� �2

: (20)

As evident from Fig. 10(b), the DNS results do not coincide well with
the corresponding result of Walz’s relation, as it was originally pro-
posed based on the boundary layer over an adiabatic wall. Duan and
Martin77 proposed a novel relation based on Walz’s equation, consid-
ering the influence of the cold wall effect.

�T
�Te

¼
�Tw

�Te
þ

�Taw � �Tw

�Te
f

�us

�ue

� �
þ

�Te � �Taw

�Te

�us

�ue

� �2

: (21)

where f �us
�ue

� �
is expressed as follows:

f
�us

�ue

� �
¼ 0:1741

�us

�ue

� �2

þ 0:8259
�us

�ue

� �
: (22)

As depicted in Fig. 10(b), the present DNS result is in good concor-
dance with the modified relation proposed by Duan and Martin.77 It
signifies that the current DNS is capable of accurately solving the
velocity and temperature fields in the laminar and full turbulent

regions, and it is in good agreement with theoretical predictions. This
affirms the accuracy of the DNS results, thereby enabling further anal-
ysis in the next step.

2. Spanwise wavelength

Figure 11 presents the instantaneous wall Stanton number distri-
bution at tU1=L ¼ 4.8, 11.2, and 19.2, as well as the time-averaged
wall Stanton number distribution, in which the superimposed black
solid lines represent the zero-skin friction Cf ¼ 0 locations. As can be
seen, strong three-dimensionality can be observed along the spanwise
direction at different time levels, and transition phenomena occur not
far away from the reattachment line, which will be analyzed later.

For the analysis of spanwise wavelengths, Fig. 12 illustrates the
heat-flux streaks on the ramp surface by comparing the temperature-
sensitive paint image from Chuvakhov and Radchenko et al.50 and the
numerical Stanton number map. Additionally, the gain derived from
resolvent analysis as a function of spanwise wavelength at
xrL=U1 ¼ 0:1, along with spanwise wavelengths derived from the
three methods, is also shown in Fig. 12(c). The spanwise wavelength
estimated by the experiment spans from 1.58 to 3.9mm, while the
spanwise wavelength obtained by the DNS is about 1.6mm. As previ-
ously mentioned, the spanwise wavelength obtained from the resolvent
analysis is 1.61mm, indicating that the spanwise wavelengths obtained
from DNS and resolvent analysis fall within the range of experimental
results. The perfect alignment of spanwise wavelengths obtained using
three distinct approaches suggests that the transition phenomenon
corresponding to current incoming flow conditions is primarily domi-
nated by convective instabilities.

3. Transition position

In this section, the vortex structure and the corresponding transi-
tion position will be analyzed. The Q-criterion, also frequently referred
to as the second invariant of the velocity gradient tensor, is a method
adopted for vortex identification and visualization in fluid dynamics.
Here, it is used to identify the vortex structures in the boundary layer
of the current hypersonic compression flow. Figure 13 shows the
instantaneous visualization of the vortex structure utilizing the

FIG. 11. Instantaneous wall Stanton number distribution at (a) tU1=L ¼ 4:8, (b) tU1=L ¼ 11:2, (c) tU1=L ¼ 19:2, and (d) Time-averaged wall Stanton number distribution.
The black solid lines denote the iso-lines of Cf ¼ 0.
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Q-criterion at tU1=L ¼ 19:2. As can be seen from Fig. 13(a), the vor-
tex structure evolved along the streamwise direction downstream of
the reattachment line. The typical hairpin vortex structures appeared
in the transitional region and then gradually developed into multiscale
vortex structures, forming fully developed turbulence flow. It is evident
from Fig. 13(b) that in the region spanning from x=L ¼ 2:0 to
x=L ¼ 2:3, the typical hairpin vortex structures start to appear, corre-
sponding to the position where the transition commences.
Downstream of x=L ¼ 2:3, multiscale vortex structures formed, which

indicates that a fully developed turbulent flow is formed. Thereafter,
possible transition mechanisms will be put forward.

IV. POSSIBLE TRANSITION MECHANISMS

To unveil the unstable modes that dominate the transition pro-
cess, Fig. 14 shows the temporal history of fluctuations in temperature,
density, spanwise velocity, and pressure at x=L¼ 1.77 (j¼ 10,
k¼ 100), as well as the PSD results of corresponding signals. In Figs.
14(b), 14(d), 14(f), and 14(h), the red and blue dashed lines correspond

FIG. 12. (a) The temperature-sensitive painting image from Ref. 50 and (b) the numerical Stanton number map illustrates the heat-flux streaks on the ramp surface. Figures 12(a)
and 12(b) are both time-averaged results. (c) The gain derived from resolvent analysis as a function of spanwise wavelength at xr L=U1 ¼ 0:1, along with spanwise wavelengths
derived from three methods. Here, the log coordinate is used for the abscissa. Gray rectangular window: Spanwise wavelength range of experimental results; Red solid line: DNS
results; Blue solid line: Resolvent analysis results.

FIG. 13. (a) Instantaneous visualization of the vortex structure utilizing the Q-criterion at tU1=L ¼ 19:2. Stanton number is shown together with isolines of zero skin friction
coefficient. The numerical schlieren is additionally added to emphasize the separation bubble and shock system. (b) An enlarged view of Fig. 13(a) in transitional and full turbu-
lence regions. The iso-surface of Q¼ 100, is depicted in both sub-FIGS.
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FIG. 14. (a) Temporal history of temperature fluctuation at x=L ¼ 1:77 (j¼ 10, k¼ 100), (b) PSD of the signal in (a), (c) temporal history of density fluctuation at x=L ¼ 1:77
(j¼ 10 and k¼ 100), (d) PSD of the signal in (c), (e) temporal history of spanwise velocity fluctuation at x=L ¼ 1:77 (j¼ 10 and k¼ 100). (f) PSD of the signal in (e).
(g) Temporal history of pressure fluctuation at x=L ¼ 1:77 (j¼ 10 and k¼ 100). (h) PSD of the signal in (g). The red and blue dashed lines correspond to f � 20:5 kHz (low-
frequency streaks mode) and f � 500 kHz (the Mack second mode), respectively.
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to f ¼ 20:5 and 500 kHz, respectively. Regarding the two predominant
frequencies, f ¼ 20:5 kHz pertains to the dominant frequency of low-
frequency streaks mode, whereas f ¼ 500 kHz corresponds to the
dominant frequency of the Mack second mode. From Figs. 14(b),
14(d), and 14(f), the energy amplitude associated with Mack’s second
mode is lower than that associated with the low-frequency streaks
mode, indicating that the streaks exert a significant impact on the tran-
sition process. However, as can be observed from Fig. 14(h), the sec-
ond mode also plays a prominent role in the fluctuation of the
pressure signal. The aforementioned findings strongly suggest that
both streaks and Mack’s second mode play a substantial role in the
transition burst process. However, the specific role of these two modes
in transitions under the current flow condition is still unclear, so fur-
ther analysis is necessary.

In compression ramp flows, streaks that appear near the reattach-
ment are generally considered to be the footprint of G€ortler-like vorti-
ces, and such streaks tend to have spanwise-periodic and streamwise-
elongated features. To further explicate the role of the low-frequency
streaks mode during the transition process, Fig. 15 depicts the instanta-
neous distribution of the non-dimensional streamwise vorticity on the
wall-parallel plane at yn=L ¼ 0:006 (tU1=L ¼ 19:2), and Fig. 16

presents the corresponding instantaneous streamwise velocity distribu-
tions along different y-z planes within boundary layers. Note that yn in
Figs. 15 and 16 denotes the wall-normal coordinate that starts from
the wall.

It is well-illustrated that streak-like structures are the most typical
features in boundary layer transition flows caused by G€ortler instabil-
ity. As shown in Fig. 15, upstream of x=L ¼ 2:0, such streaks exhibit
clear streamwise-elongated features. Moreover, from Figs. 16(a)–16(d),
i.e., from x=L ¼ 1:57 to x=L ¼ 2:0, the interface between the bound-
ary layer and the mainstream gradually evolves from flat to meander-
ing. In particular, at x=L ¼ 2:0, boundary layers arch upward and
gradually form weak plume-like structures. The aforementioned evi-
dence signifies that as the boundary layer develops downstream, the
boundary layer is destabilized,G€ortler instability may play a pivotal
role in the formation and evolution of streamwise vortices in the cur-
rent compression ramp flow.

As the boundary layer flows further downstream, as highlighted
in Fig. 15, downstream of x=L ¼ 2:0, a single streak, it bifurcates into
multiple branches, and those streak structures lose their original regu-
lar shape along the streamwise direction, gradually becoming chaotic.
Such evolutionary features can be sustained up to x=L � 2:3. In this

FIG. 15. Instantaneous distribution of the non-dimensional streamwise vorticity on the wall-parallel plane at yn=L ¼ 0:006 (tU1=L ¼ 19:2). The black dot line (x=L ¼ 2:0) in
the contour indicates the position where the streamwise vortex begins to bifurcate and break down. The green rectangle and ellipse denote the sinuous (odd) mode and vari-
cose (even) mode, respectively.

FIG. 16. Instantaneous streamwise velocity distributions along different y-z planes within boundary layers at tU1=L ¼ 19:2. (a) x=L ¼ 1:57, (b) x=L ¼ 1:67, (c) x=L ¼ 1:77,
(d) x=L ¼ 2:0, (e) x=L ¼ 2:1, (f) x=L ¼ 2:3, (g) x=L ¼ 2:5, and (h) x=L ¼ 2:9.
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region, the sinuous and varicose modes coexist in the current flow con-
dition, which is depicted with a green rectangle and an ellipse in
Fig. 15. The two observed patterns bear resemblance to those fre-
quently reported in the literature pertaining to G€ortler instability.78,79

For instance, Hall et al. performed an analytical examination of the
boundary layer flow over a curved wall and identified two distinct
modes during the breakdown scenario of G€ortler vortices, namely the
odd and even modes.80 Li and Malik further revealed that the sinuous
shape of G€ortler vortices is initiated by the odd mode, whereas the
even mode results in a varicose shape.79 Such similarity suggests that
G€ortler instability may play an important role in the bifurcation and
breakdown of low-frequency streaks. This process is depicted in
Fig. 16(d) (i.e., x=L ¼ 2:0) to Fig. 16(f) (i.e., x=L ¼ 2:3), where the
outer layer of boundary layers becomes more and more meandering,
and the roll-up process of streamwise vortices becomes increasingly
noticeable, and such boundary layer morphology embodied in this
process indicates that the flow is in a transitional state. Further down-
stream, the streamwise streaks break down into multi-scale vortex
structures and form a fully developed turbulent flow.

As illustrated in Figs. 15 and 16, the role of low-frequency streaks
in transition events is intuitive, but the role of the Mack second mode
in destabilizing the flow and triggering a laminar-turbulent transition
in high Mach number flows is also nonnegligible [refer to Fig. 14(h)].
Figure 17 provides the temporal history of wall pressure at different
streamwise locations (i.e., x=L¼ 1.47, 1.57, 1.77, and 1.90) down-
stream of the reattachment line. It is evident from these figures that
the wall pressure signals exhibit a wave-like form, referred to as the
Mack second mode [see also Figs. 14(g) and 14(h)]. As can be seen
from Figs. 17(a)–17(d), the amplitude of the wall pressure signal

gradually increases during its downstream propagation. Specifically, at
x=L ¼ 1:9, the pressure signal is characterized by high amplitude fluc-
tuations, and its waveform tends to become irregular, indicating that
the breakdown scenario will be reached shortly downstream of
x=L ¼ 1:9. It has already been mentioned that the position at which
the transition commences is x=L¼ 2.0, which is consistent with the
conclusions drawn here.

To provide more comprehensive spatial information on the cur-
rent transitional flow, Fig. 18 presents the contours of the vorticity
magnitude in the x–y plane at z=L¼ 0.08 (tU1=L ¼ 19:2). In circum-
stances where the amplitude of the pressure signal is small (see Fig. 17
at x=L¼ 1.47 and x=L¼ 1.57), the edge of the boundary layer remains
flat until x=L � 1:6 [see Fig. 18(a)]. When its amplitude further
increases, the interface between the boundary layer and mainstream
develops a wave-like structure [see Fig. 18(a) at x=L � 1:9]. Further
downstream, the amplification of the Mack second mode, the sinuous
and varicose breakdown of streaks, disrupts the boundary layers by
ejecting low-momentum fluid upward from the lower portion of the
boundary layers [see Fig. 16(e)]. According to mass conservation,
high-momentum fluid in the outer layer will sweep downward, result-
ing in the formation of a localized three-dimensional high-shear layer
at the edge of boundary layers, and that is the so-called ejection-sweep
motion in boundary layer flows. The ejection-sweep motion creates a
strong localized vorticity region that contributes to the concentration
of vorticity within the boundary layers, which kicks off the vortex roll-
up process (x=L � 2:1). This vortex roll-up phenomenon is clearly
illustrated in Fig. 18(b).

Upon the progression of the vortex roll-up in the high-shear
region of the boundary layers, the vortex will undergo distortion and

FIG. 17. Temporal history of wall pressure at x=L¼1.47, 1.57, 1.77, and 1.90 (j¼ 1, k¼ 100). (a) tU1=L ¼ 5:3 
 6:6, (b) tU1=L ¼ 8:2 
 9:5, (c) tU1=L ¼ 12:9 
 14:2,
and (d) tU1=L ¼ 16:9 
 18:2.
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be stretched into a hairpin vortex (see Fig. 18(b) at x=L � 2:2). During
this event, the Mack second mode and streaks play an active role in the
maturation of the vortex roll-up process within the boundary layers
and thereby contribute to the generation of hairpin vortices.
Ultimately, boundary layers break down into multiscale vortex struc-
tures within a very short distance, specifically after x=L � 2:3. It con-
tinues to develop downstream, forming a fully developed turbulent
flow. In this regard, the amalgamation of the amplification of Mack’s
second mode with the sinuous and varicose breakdown of streaks
results in the formation of hairpin vortices, ultimately leading to the
laminar-turbulent transition.

Thus far, it is worth examining whether the initiation of streaks is
independent of the Mack second mode, as there are some studies on
whether the Mack second mode initiates streaks without the G€ortler
mechanism. Gray81 conducted experiments in the Boeing/AFOSR
Mach-6 Quiet Tunnel on sharp, slender straight cones at a zero-
degrees angle of attack. These long modes allow the second mode to
grow to large amplitudes without the need for introduced perturba-
tions and without the presence of the G€ortler instability. The doctoral
dissertation held that flared cone geometries had previously produced
heating streaks. If streaks are also present on the straight cone, it can
be confirmed that they are not the result of the G€ortler instability over
a concave surface, but rather a consequence of the second mode. The
experimental results of this doctoral dissertation indeed confirm these
conclusions. This hypothesis is further supported by how suppressed
the streaks appear on a geometry that suppresses the second mode
prior to the separation bubble. For instance, Benitez et al.82 found that
the initial expansion corner dampens the second mode under a cone-
cylinder flare configuration. Meanwhile, the streaks generated down-
stream of reattachment are not immediately apparent in the heat flux
data until that data is significantly post-processed. Cone flares that
have been run at similar conditions, however, have obvious streaks but

also do not suppress the second mode. Such evidence signifies that the
initiation of streaks is more related to the second mode under their
experimental setup. Nevertheless, under the current compression
ramp configuration at Mach 8.0, as discussed earlier, from Figs. 14(b),
14(d), and 14(f), the energy amplitude associated with Mack’s second
mode is lower than that associated with the low-frequency G€ortler
mode immediately downstream of reattachment, indicating that the
streaks are more related to the G€ortler instability. As the flow develops
further downstream, it can be seen from Fig. 17 that the second mode
is continuously amplified. It signifies that, at the late stage of the
laminar-turbulent transition, the second mode may initiate streaks
through the nonlinear interaction and become involved in the break-
down scenario. In this particular scenario, it presents a challenge to
distinguish between the quantitative role of the Mack second mode
and the G€ortler mechanism in the initiation of streaks, which remains
a pending issue warrants further investigation.

Given the coexistence of the Mack second mode and the low-
frequency streaks in the flow field, it is natural to consider whether the
Mack second mode and the sinuous and varicose modes will interact
with one another. Recently, certain researchers have conducted investi-
gations pertaining to the interactions among diverse modes. Chen
et al.83 investigated the interactions between the Mack second mode
and low-frequency waves in a hypersonic boundary layer. Their find-
ings indicate that the low-frequency modes associated with the
unsteady G€ortler vortices, with frequencies below approximately
30kHz, are the most prominently promoted. Song et al.84 studied the
secondary instability of stationary G€ortler vortices originating from the
first/secondMack mode. As they pointed out, once the G€ortler vortices
have reached a noticeable amplitude within boundary layers, along the
spanwise direction, low- and high-speed streaks will form. Such streaks
are incapable of breaking down themselves, but they are highly unsta-
ble to high-frequency perturbations, which are typically referred to as
the secondary instability (i.e., sinuous and varicose modes), and the
experimental work of and Blackwelder85 has confirmed the existence
of the secondary instabilities. This signifies that the Mack second
mode may play a role in the evolution of the low-frequency streaks as
well as the sinuous and varicose modes. Hofferth et al.86 performed a
bicoherence analysis and focused schlieren measurements with a flared
cone at Mach 6. They not only observed the self-interactions of the
Mack second mode, but they also captured the interactions between
low-frequency disturbances and the second mode. Ren et al.87 found
that, when the amplitude of streaks is large enough to modulate the
laminar boundary layer but low enough to not trigger secondary insta-
bilities, the Mack second mode can be effectively suppressed. It is no
coincidence; that Huang43 investigated the interactions between
G€ortler vortices and the Mack second mode experimentally to deter-
mine the influence of G€ortler vortices on the second mode. Their find-
ings provide compelling evidence that G€ortler vortices exert a
stabilizing effect on the Mack second mode when the appropriate
amplitude is chosen. This further affirms that there may be interac-
tions between the various modes, including, undoubtedly, the Mack
second mode and the low-frequency streak mode. Although studies of
the interaction between diverse modes have made significant progress,
the quantitative mechanism of interactions between the Mack second
mode and sinuous/varicose modes, as well as their potential impacts
on transition, remains a pending issue that warrants further
investigation.

FIG. 18. The contours of the vorticity magnitude in the x–y plane at tU1=L ¼ 19:2:
(a) z=L¼ 0.08. (b) Enlarged view of Fig. 18(a).
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As there may be multiple possible transition paths to turbulence
in hypersonic flows, inevitably, under the current inflow conditions at
Mach 8, the transition mechanism aforementioned is a potential expla-
nation based on the current transition phenomenon. Standing on the
shoulders of giants, we speculate that there may be interactions
between the Mack second mode and sinuous/varicose modes.
However, it is imperative to provide robust evidence in future research
to clarify the impact of secondary instabilities and the interactions
between diverse modes on transition mechanisms.

V. CONCLUSIONS

In this study, global stability analysis and resolvent analysis, as
well as DNS, were performed to investigate the stability of hypersonic
flow over a compression ramp, and the corresponding free-stream
Mach number and Reynolds number are 8.0 and 3:9� 105, respec-
tively. First, the intrinsic instability was determined by the global stabil-
ity analysis, it is shown that the current flow condition is weakly
unstable. As a result of the low growth rate, this case is believed to be
more susceptible to convective instability than intrinsic instability.

Subsequently, across a wide range of frequencies and a globally
stable wavelength, resolvent analysis is utilized to investigate the
response of two-dimensional base flow to external disturbances that are
harmonic in time and the spanwise direction. It reveals that the optimal
response to upstream disturbances located adjacent to the leading edge
manifests in the form of low-frequency streamwise streaks, which result
from transient growth in the flat-plate boundary layer.

Within the boundary layer, the PSD results from the temporal
history of fluctuations in temperature, density, spanwise velocity, and
pressure at x=L¼ 1.77 reveals two dominant frequencies. Of the two
predominant frequencies, f¼ 20.5 kHz pertains to the dominant fre-
quency of the low-frequency streak mode, whereas f¼ 500 kHz corre-
sponds to the dominant frequency of the Mack second mode. The
PSD results strongly indicate that both streaks and the Mack second
mode play a substantial role in the transition burst process. Further
downstream, the amalgamation of the amplification of Mack’s second
mode with the sinuous and varicose breakdown of streaks disrupts the
boundary layers via the ejection-sweep motion, resulting in the crea-
tion of a strong localized vorticity region and contributing to the con-
centration of vorticity within the boundary layers. It kicks off the
vortex roll-up process, results in the formation of hairpin vortices, and
eventually leads to the breakdown process.

Due to the existence of various forms of disturbance under actual
flight conditions, the transition process of the boundary layer may
have the coexistence of multiple unstable modes, such as Mack first/
second mode instability, crossflow instability,88 G€ortler instability, and
nonlinear coupling of different processes. Hence, the transition mecha-
nism proposed in this paper is merely a potential explanation and a
more comprehensive examination of the contribution of secondary
instabilities and the interactions between the Mack second mode and
sinuous/varicose modes to the transition mechanism is imperative,
which merits further investigation.
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APPENDIX A: GRID INDEPENDENCE VERIFICATION
FOR TWO-DIMENSIONAL DNS

The grid independence verification for two-dimensional DNS
is conducted, and two mesh configurations are considered here:
Nx � Ny ¼ 3612� 220 and Nx � Ny ¼ 4200� 320. Figure 19
presents the distributions of the skin friction coefficient and surface
pressure coefficient under two different mesh configurations. In
both figures, the short blue and red dashed lines represent the sepa-
ration and reattachment points, respectively. As can be observed
from Fig. 19(a), the scales of the separation bubble obtained by these
two mesh configurations are nearly identical, indicating that this
mesh configuration Nx � Ny ¼ 3612� 220 is sufficient to capture
the two-dimensional flow characteristics. Figure 19(b) illustrates
how the surface pressure begins to increase upstream of the separa-
tion point, as demonstrated by the free-interaction process,89 before
reaching a plateau region. The pressure then re-elevates near the
reattachment point, reaching its peak values, as determined by the
oblique shock theory. In summary, the mesh resolution Nx � Ny

¼ 3612� 220 is sufficient to capture the flow features of the current
hypersonic compression flow.

APPENDIX B: GRID INDEPENDENCE VERIFICATION
FOR GLOBAL STABILITY ANALYSIS

Figure 20 shows the contour of eigenvalue spectra under two
different mesh configurations at kz ¼ 19:04mm. The red and blue
circles represent Nx � Ny ¼ 1225� 240 and Nx � Ny ¼ 1750� 340,
respectively. The no more than 1.0% difference in terms of the maxi-
mum growth rates between these two mesh configurations indicates
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that grid independence is achieved when the number of grids reaches
Nx � Ny ¼ 1225� 240.

APPENDIX C: LINEAR STABILITY ANALYSIS

The current linear stability analysis considers the issue of con-
vective instabilities caused by small amplitude disturbances within a
compressible boundary layer and has been validated by calculating a
series of benchmark cases.90–93 The disturbance manifests in the
form of:

/0ðx; y; z; tÞ ¼ uðyÞeiðaxþbz�xtÞ þ c:c; (C1)

where u ¼ ðq̂; û; v̂; ŵ; T̂ ÞT denotes the eigenfunction, b and x rep-
resent the spanwise wavenumber and the angular frequency, respec-
tively. The c.c symbol represents the complex conjugate.

a ¼ ar þ iai; (C2)

where ar is the streamwise wavenumber, �ai is the spatial growth
rate.

The linearized Navier-Stokes equations are transformed into
an eigenvalue problem through the introduction of the parallel-flow
assumption, and subsequently solved by a Chebyshev pseudo-
spectral method to obtain the global eigenvalue spectrum. During
such solving procedures, an iterative compact fourth-order differ-
ence scheme is employed to improve the accuracy of the eigenvalue
and eigenfunction.94
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