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ABSTRACT

The upwind conservation element and solution element (CESE) scheme is an alternative discontinuity-capturing numerical approach to solv-
ing hyperbolic conservation laws. To evaluate the numerical properties of this spatiotemporal coupled scheme, a formal analysis is conducted
on the upwind CESE discretization applied to the linear advection problem. The modified equation and the effective modified wavenumber
are derived, which theoretically confirm the order of accuracy and reveal the dissipation and dispersion properties of this scheme. Several
examples are considered to demonstrate the capabilities of the upwind CESE scheme for simulating compressible flows, including shock–
vortex and shock–bubble interactions. The results of the present scheme agree well with exact solutions, results of other numerical methods,
and experimental data. This demonstrates the high resolution of the scheme in capturing shock waves, material interfaces, and small-scale
flow structures.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0246463

I. INTRODUCTION

The space–time conservation element and solution element
(CESE) method,1,2 initially proposed by Chang and To,1 is a special
finite-volume type of numerical framework for solving equations of
conservation laws. As a fully discrete and explicit time-marching
method, CESE provides accurate simulations of time-varying physical
processes involving the evolution of waves and discontinuities.
Examples include the propagation and interaction of shock waves,3

aeroacoustics,4 detonations,5 interfacial instabilities,6 compressible
multi-fluid flows,7 thermochemical nonequilibrium reentry flows,8 and
phenomena in magnetohydrodynamics (MHD).9

In the CESE method, the unknown physical fields and their spa-
tial derivatives are regarded as independent time-marching variables,
which are stored at mesh points and updated in each time step. Other
features of this method include a unified treatment of space and time,
a staggered time-marching strategy using a staggered mesh, and a
single-stage time integration based on the Cauchy–Kowalewski proce-
dure.10 By combining these techniques, the CESE method maintains
the strict preservation of space–time coupling and conservativeness

while achieving low dissipation and high resolution with a very com-
pact stencil. Recent reviews of the CESE method provide more details
of this method and its applications.11,12

In the past decades, significant advancements have been made in
the development of the CESE method. First, the central CESE
schemes2,13–17 have proved to be successful examples of shock-
capturing central schemes. Second, the multidimensional CESE
schemes18–23 have demonstrated great flexibility and adaptivity in han-
dling complex geometries and arbitrary meshes. Last but not least, the
high-order CESE schemes17,24–27 have garnered increasing interest as
they are capable of achieving an arbitrary uniform high order of accu-
racy in both space and time, with a compact stencil and single-stage
time integration.

The upwind CESE method, proposed by Shen et al.,28 represents
a recent advancement of the original CESE framework. In contrast to
Chang’s central CESE schemes,2,14 the upwind CESE schemes28–31 suc-
cessfully incorporate upwind numerical flux techniques, such as limit-
ers and approximate Riemann solvers, which are widely used in
compressible flow simulations. Consequently, when simulating
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challenging problems such as detonations,32 multiphase flows,33 and
MHD flows,31,34 the upwind CESE schemes exhibit improved accuracy
and robustness in capturing discontinuities, particularly strong contact
discontinuities (e.g., material interfaces with large density ratios and
very different thermodynamic properties7).

Since the introduction of the upwind CESE method, many
numerical tests have been conducted to demonstrate its capabilities.
However, because of the distinctive formulation of this scheme com-
pared to widely used schemes in computational fluid dynamics, the
performances observed in specific numerical cases are not easily inter-
pretable. Thus, the intrinsic characteristics of the upwind CESE
method have not been well understood. It is imperative and intriguing
to perform a formal analysis on the algebraic equations produced by
the upwind CESE discretization. This analysis is expected to explain
the numerical behavior of the upwind CESE scheme to some extent
and highlight its strengths. Moreover, it will offer theoretical and quan-
titative evidence for an objective evaluation of this method, particularly
in comparison to other numerical methods.

To the best of the authors’ knowledge, there is still insufficient
analysis on the properties of the upwind CESE scheme. Shen et al.28

proved the Courant-number-insensitive nature of the upwind CESE
scheme. Jiang et al.11 conducted a von Neumann stability analysis of
this scheme. However, the properties related to its numerical accuracy
have not been theoretically quantified. In this work, the conventional
procedures for deriving the modified equation and analyzing spectral
properties are extended to account for the unique discrete form of the
upwind CESE scheme. The analysis results for this scheme include the
order of convergence rate, the truncation error terms, and the numeri-
cal dissipation/dispersion properties.

The remainder of this paper is organized as follows. The upwind
CESE scheme is described in Sec. II, followed by an analysis of the
scheme applied to the linear advection equation in Sec. III. To further
validate the upwind CESE scheme and demonstrate its applications to
compressible flows, selected examples are presented in Sec. IV, focusing
on the dynamics and interactions of shock waves, contact discontinu-
ities, and vortices. Finally, concluding remarks are provided in Sec. V.

II. CONSTRUCTION OF UPWIND CESE SCHEMES

The upwind CESE method was proposed by Shen et al.,28 and its
construction has been detailed in Refs. 11, 12, and 28–31. This section
provides a brief review describing the upwind CESE schemes applied
for solving different governing equations.

A. Upwind CESE scheme for 1D scalar conservation law

First, the upwind CESE scheme is described through its applica-
tion to a 1D scalar conservation law given by

@u
@t

þ @f ðuÞ
@x

¼ 0; (1)

where u is the conserved variable, and f (u) is the flux function. Note
that throughout this paper, partial derivatives are also expressed in the
subscript form, e.g., ux represents @u/@x.

1. Discretization and related notations

The x–t plane in Fig. 1 is discretized using a mesh of solid lines
with a uniform cell size Dx and a time step size Dt. At the same time,

the CESE method utilizes a staggered space–time mesh represented by
the dashed lines in Fig. 1. In a second-order CESE scheme, discrete val-
ues of u and ux are calculated and stored at all mesh points, including
points (xj, tn) and (xj�1/2, tn�1/2) indexed by integers and half-integers,
respectively. The time-marching algorithm progresses from tn�1 to tn
through two half steps. During the first half step from tn�1 to tn�1/2,

the unknowns un�1=2
j�1=2 and ðuxÞn�1=2

j�1=2 are derived using the information

stored at points ( j� 1, n �1) and ( j, n �1). In the second half step
from tn�1/2 to tn, the unknowns unj and ðuxÞnj are derived using the

information stored at points ( j� 1/2, n� 1/2) and ( jþ 1/2, n� 1/2).
The arrows in Fig. 1 illustrate the flow of information in a second-
order CESE scheme.

To conveniently explain the ideas behind this numerical scheme,
two important concepts are introduced: the conservation element (CE)
and the solution element (SE). As shown in Fig. 2, an SE represents the
elementary space–time domain in which the solution is approximated
by a local polynomial. As the CESE method stores and evolves the con-
served variables and their derivatives, the interior of ðSEÞnj can be
formed through a Taylor expansion. In the case of the second-order
scheme discussed here, u and f inside ðSEÞnj are constructed by first-
order Taylor expansions at (xj, tn) as follows:

uðx; tÞ ¼ unj þ ðuxÞnj ðx � xjÞ þ ðutÞnj ðt � tnÞ;
xj�1=2 < x < xjþ1=2; tn � t < tnþ1=2; (2)

FIG. 1. Computational mesh, time-marching variables, and the flow of information in
the CESE method.

FIG. 2. Definition of the solution element (SE) in the upwind CESE scheme.
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f ðx; tÞ ¼ f nj þ ðfxÞnj ðx � xjÞ þ ðftÞnj ðt � tnÞ;
xj�1=2 < x < xjþ1=2; tn � t < tnþ1=2: (3)

All these non-overlapping SEs cover the x–t plane and the SEs are stag-
gered for every two successive half steps. Hence, the entire solution can
be constructed by assembling the solutions within the SEs [Eq. (2)].
Discontinuities in the solution are allowed at the interfaces (e.g., the
line segment CD in Fig. 2) between two adjacent SEs.

As shown in Fig. 3, a CE represents the elementary space–time
domain where the conservation equation is integrated. Thus, the
space–time integral form of the conservation law is numerically imple-
mented over each CE. A CE is assigned to every solution point. For
point ( j, n), its corresponding CE is denoted by ðCEÞnj , illustrated as
the rectangle ABFE in Fig. 3. These CEs collectively cover the x–t plane
in a staggered manner while ensuring they do not overlap.

A comparison between Figs. 2 and 3 reveals the dislocation
between the CEs and SEs. A CE never coincides with an SE, and the
staggered arrangement of CEs and SEs is, in particular, designed.
Consequently, the boundaries of ðCEÞnj belong to three different SEs:

AC and AE belong to ðSEÞn�1=2
j�1=2 , BC and BF belong to ðSEÞn�1=2

jþ1=2 , and

DE and DF belong to ðSEÞnj . The line segment CD, which represents

the interface between ðSEÞn�1=2
j�1=2 and ðSEÞn�1=2

jþ1=2 , divides ðCEÞnj into two
sub-CEs. As shown in Fig. 4, the resulting sub-CEs are denoted by
ðCE�Þnj and ðCEþÞnj .

2. Equations for each conservation element

Consider a half step marching from time level n� 1/2 to time
level n. At point ( j, n), two unknowns, unj and ðuxÞnj , must be solved
for. Thus, two equations must be established. First, Eq. (1) is integrated
over the sub-CEs, ðCE�Þnj and ðCEþÞnj , respectively. By applying
Gauss’s divergence theorem, these integral conservation equations can
be expressed as follows:

U�
L
Dx
2

¼ UL
Dx
2

þ ðFL � FCÞDt2 ; (4)

U�
R
Dx
2

¼ UR
Dx
2

þ ðFC � FRÞDt2 ; (5)

where the meanings of U�
L , U

�
R , UL, UR, FL, FR, and FC are depicted in

Fig. 4.
The average values of u(x, t) along line segments DE, DF, AC,

and BC are denoted by U�
L , U

�
R , UL, and UR, respectively. Furthermore,

FL, FR, and FC represent the average values of f (x, t) along line seg-
ments AE, BF, and CD, respectively.

3. Calculation of UL, UR, FL, and FR

The concept of the SE is used here to help calculate the right-hand

sides of Eqs. (4) and (5). Recall that AC and AE belong to ðSEÞn�1=2
j�1=2 . By

incorporating the assumed Taylor expansions of u and f in ðSEÞn�1=2
j�1=2

into the definitions of UL and FL, the expressions of UL and FL can be
derived based on the information at point ( j� 1/2, n� 1/2) as

UL ¼ un�1=2
j�1=2 þ Dx

4
ðuxÞn�1=2

j�1=2 ; (6)

FL ¼ f n�1=2
j�1=2 þ Dt

4
ðftÞn�1=2

j�1=2 : (7)

Similarly, as BC and BF lie in ðSEÞn�1=2
jþ1=2 , the Taylor expansions at point

( jþ 1/2, n� 1/2) lead to

UR ¼ un�1=2
jþ1=2 � Dx

4
ðuxÞn�1=2

jþ1=2 ; (8)

FR ¼ f n�1=2
jþ1=2 þ Dt

4
ðftÞn�1=2

jþ1=2 : (9)

In Eqs. (6)–(9), u and ux at the time level n� 1/2 are known. The
CESE method also requires calculating f, fx, ut, and ft based on the val-
ues of u and ux at each solution point. Utilizing the flux function f (u)
prescribed in the governing equation yields

f n�1=2
j61=2 ¼ f ðun�1=2

j61=2 Þ; (10)

ðfxÞn�1=2
j61=2 ¼ @f =@uð Þux½ �n�1=2

j61=2 : (11)

Next, the time derivative can be obtained by using the governing equa-
tion itself. Therefore,

ðutÞn�1=2
j61=2 ¼ �ðfxÞn�1=2

j61=2 : (12)

Then, ft at the same point can be derived as

ðftÞn�1=2
j61=2 ¼ @f =@uð Þut½ �n�1=2

j61=2 : (13)

Thus far,UL,UR, FL, and FR can be explicitly evaluated by using Eqs. (6)–(9).

FIG. 3. Definition of the conservation element (CE) in the upwind CESE scheme.

FIG. 4. Definition of sub-CEs (CE� and CEþ), and the notation for the average
value of u(x, t) or f (x, t) along each line segment.
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4. Calculation of FC

To proceed with the time-marching scheme from the time level
n� 1/2 to the time level n, the unknown flux FC in Eqs. (4) and (5)
must be addressed. As shown in Fig. 4, FC represents the average flux
through the “diaphragm” CD inside the conservation element ðCEÞnj .
Note that CD is also the interface between two different solution ele-
ments ðSEÞn�1=2

j�1=2 and ðSEÞn�1=2
jþ1=2 , making it appropriate to calculate FC

by approximately solving a local Riemann problem at the midpoint of
the line segment CD [referred to as point ( j, n� 1/4)]. The discontinu-
ous initial data on the left and right sides of the “diaphragm” CD can
be constructed as follows. By using the Taylor expansion in ðSEÞn�1=2

j�1=2 ,
the left state at point ( j, n� 1/4) is

uLð Þn�1=4
j ¼ UL þ Dx

4
uLx þ

Dt
4
uLt ; (14)

and the Taylor expansion in ðSEÞn�1=2
jþ1=2 provides the right state at point

( j, n� 1/4)

uRð Þn�1=4
j ¼ UR � Dx

4
uRx þ

Dt
4
uRt ; (15)

where UL and UR are defined by Eqs. (6) and (8), respectively.
Moreover, uLx , u

R
x , u

L
t , and uRt in Eqs. (14) and (15) represent the lim-

ited derivatives. Using limiters for these derivatives is crucial to sup-
press the occurrence of spurious oscillations in the presence of
discontinuities. The limited slopes can be expressed as

uLx ¼ ðuxÞn�1=2
j�1=2 � wL; uRx ¼ ðuxÞn�1=2

jþ1=2 � wR; (16)

where W denotes any appropriate limiter. In this paper, the weighted
biased averaging procedure (WBAP) limiter35 is adopted. Specifically,
the limiting procedure is implemented as follows:

wL ¼ Wð1; hL1 ; hL2Þ; hL1 ¼
ðUR � ULÞ=ðDx=2Þ

ðuxÞn�1=2
j�1=2

; hL2 ¼
ðuxÞn�1=2

jþ1=2

ðuxÞn�1=2
j�1=2

;

(17)

wR ¼ Wð1; hR1 ; hR2 Þ; hR1 ¼ ðUR � ULÞ=ðDx=2Þ
ðuxÞn�1=2

jþ1=2

; hR2 ¼
ðuxÞn�1=2

j�1=2

ðuxÞn�1=2
jþ1=2

;

(18)

with the limiter functionW

Wð1; h1; h2Þ ¼
5þ 1=h1 þ 1=h2
5þ 1=h21 þ 1=h22

; if h1 > 0 and h2 > 0;

0; otherwise:

8><
>: (19)

Based on the spatial derivatives uLx and uRx , the temporal derivatives uLt
and uRt can be obtained using the techniques shown in Eqs. (11) and
(12), and this conversion yields

uLt ¼ �uLx
@f
@u

����
u¼UL

; uRt ¼ �uRx
@f
@u

����
u¼UR

: (20)

The results of Eqs. (14) and (15) then provide the left and right data
for the local Riemann problem. By employing a suitable upwind flux
solver F̂ , the inner flux FC for ðCEÞnj can be evaluated as

FC ¼ F̂ ðuLÞn�1=4
j ; ðuRÞn�1=4

j

� �
: (21)

5. Time marching of u and ux

Upon completing the calculations of UL, UR, FL, FR, and FC, the
integral conservation equations [Eqs. (4) and (5)] readily provide the
values of U�

L and U�
R at the new time level tn. As U�

L and U�
R represent

the average values of u along line segments that belong to ðSEÞnj , the
unknowns unj and ðuxÞnj can be related to U�

L and U�
R through a Taylor

expansion inside ðSEÞnj

U�
L ¼ unj �

Dx
4
ðuxÞnj ; (22)

U�
R ¼ unj þ

Dx
4
ðuxÞnj : (23)

By combining the two equations above, the values of unj and ðuxÞnj can
eventually be determined.

Some remarks are provided below to shed light on the features of
the upwind CESE scheme. Substituting Eqs. (4) and (5) into Eqs. (22)
and (23) results in

unj ¼
1
2
ðUL þ URÞ þ Dt

2Dx
ðFL � FRÞ; (24)

Dx
4
ðuxÞnj ¼

1
2
ðUR � ULÞ þ Dt

2Dx
ð2FC � FL � FRÞ: (25)

Among the fluxes FL, FR, and FC, only the inner flux FC is dependent
on the upwind procedure. Furthermore, FC is precisely canceled out
when deriving Eq. (24), so the upwind procedure does not directly
affect the evolution of the cell average of u. The role of the upwind pro-
cedure is to redistribute u within the cell by determining the slope ux
using Eq. (25).

B. Upwind CESE scheme for 1D Euler equation

The 1D unsteady compressible Euler equation for a calorically
perfect gas can be written as

@U
@t

þ @F
@x

¼ 0; (26)

where U is the vector of the conserved variables U¼ [q, qu, E]T, and F
is the inviscid flux vector F(U)¼ [qu, qu2 þ p, (Eþ p)u]T. The primi-
tive variables q, u, p, and E represent the density, velocity, pressure,
and total energy per unit volume of the fluid, respectively. The expres-
sion for the total energy is E¼ p/(c � 1)þ qu2/2, with a constant ratio
of specific heat c.

The method outlined in Sec. II A for scalar conservation laws can
also be applied to Eq. (26). Extending the scheme to a vectorial conser-
vation equation is relatively straightforward, with the exception of the
treatment of the local Riemann problem at the interface between sub-
CEs: ðCE�Þnj and ðCEþÞnj . The complexity of the Euler equation [Eq.
(26)] necessitates the use of approximate Riemann solvers10,36 for cal-
culating the flux FC, which can be expressed as

FC ¼ F̂ ðULÞn�1=4
j ; ðURÞn�1=4

j

� �
; (27)

where F̂ represents any upwind flux function suitable for the com-
pressible Euler equation. The discontinuous initial data ðULÞn�1=4

j and
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ðURÞn�1=4
j are determined in a similar manner as described in Eqs.

(14)–(20), with certain limitations imposed on the spatial and tempo-
ral slopes of U(x, t). In this work, the contact-restoring Harten, Lax,
and van Leer (HLLC) Riemann solver37 and the WBAP limiter35 are
employed in the upwind procedure for FC.

C. Upwind CESE scheme for multi-dimensional and
multi-fluid problems

The upwind CESE scheme for 1D problems has been successfully
extended to multi-dimensional compressible Euler and Navier–Stokes
equations.21,29 The mesh can be either structured or unstructured.
Both triangular and quadrilateral cells can be used. To solve a multi-
dimensional problem, the independent time-marching variables at
each solution point include the conserved variables and their deriva-
tives with respect to all spatial coordinates. For example, a 2D scheme
involves storing and evolving U, Ux, and Uy. In the time-marching
algorithm, the fluxes through the diaphragms inside each CE can be
calculated using an upwind procedure. Here, the rotated HLLC
Riemann solver38–40 is implemented for improved accuracy and
robustness.

Compressible multi-fluid flows can be described by a volume-
fraction-based five-equation model41 with the stiffened-gas equation of
state.42 The upwind CESE scheme extended to this model7 can capture
discontinuities with high resolution. It has also been shown to main-
tain mass conservation for each fluid component and ensure the posi-
tivity of volume fractions.

III. NUMERICAL PROPERTIES

For simplicity and without loss of generality, the one-
dimensional linear scalar advection equation

ut þ aux ¼ 0; ða > 0Þ; (28)

is considered in this section. In the equation above, ut and ux denote
the temporal and spatial derivatives of u(x, t), respectively. The wave
speed a is assumed to be a positive constant.

The upwind CESE scheme for this equation is simply a special
case of the numerical scheme described in Sec. II A, where f(u) in Eq.
(1) is set to be au. Because of the simplicity of the linear advection, the
inner flux FC has an exact expression

FC ¼ aðuLÞn�1=4
j : (29)

If the slope limiter is not used, the time-marching scheme of u and ux
from the time level n� 1/2 to the time level n, which is a combination
of Eqs. (24) and (25), can be expressed explicitly. By introducing a vec-
tor of time-marching variables

qnj ¼
unj

Dx
4
ðuxÞnj

2
64

3
75; (30)

the upwind CESE scheme for Eq. (28) can be written in the following
form:

qnj ¼ QLq
n�1=2
j�1=2 þ QRq

n�1=2
jþ1=2 ; (31)

where j and n can be either integers or half-integers. The coefficient
matrices in Eq. (31) are

QL ¼
1
2

1þ � 1� �2

�1þ � �1þ 4� � �2

" #
; QR ¼ 1

2

1� � �1þ �2

1� � �1þ �2

" #
;

(32)

where � is the Courant–Friedrichs–Lewy (CFL) number defined as

� � a
Dt
Dx

: (33)

The matrix form, as shown in Eqs. (30)–(32), characterizes the upwind
CESE scheme and acts as the starting point for analyzing its properties
in the rest of this section.

Standard approaches for analyzing the stability, the modified
equation, and the numerical dissipation and dispersion of a finite-
difference scheme for the advection equation are well-established.
These analytical procedures can also be extended to the upwind CESE
scheme described in this section. It is worth noting that in the CESE
scheme, both u and ux must be treated as two independent degrees of
freedom at every solution point.

A. Stability

A von Neumann stability analysis for the upwind CESE scheme
was presented in Ref. 11. This stability analysis is based on the matrix
form of Eq. (31) with coefficient matrices shown in Eq. (32). The con-
clusion was that the scheme is numerically stable when 0 � � � 1.
While the specifics of this analysis will not be reiterated here, it is use-
ful to examine the two limiting cases of �¼ 0 and �¼ 1:

(i) �¼ 0. Note that Eq. (31) can also be applied to the half step
from tn�1 to tn�1/2. Then, by combining two successive half
steps, the time-marching formula for the complete time step
from tn�1 to tn can be obtained as

qnj ¼ ðQLÞ2qn�1
j�1 þ ðQLQR þ QRQLÞqn�1

j þ ðQRÞ2qn�1
jþ1 : (34)

Substituting Eq. (32) with �¼ 0 into Eq. (34) yields qnj ¼ qn�1
j ,

which agrees with the zero time advancement implied by �¼ 0.
(ii) �¼ 1. In this case, Eq. (32) shows that QL¼ I and QR¼O, thus

simplifying Eq. (34) to qnj ¼ qn�1
j�1 . This numerical solution is

identical to the exact solution of Eq. (28), because the diagonal
of the mesh (Fig. 1) coincides with the characteristic line of the
advection equation when �¼ aDt/Dx¼ 1.

Therefore, when the CFL number is either zero or unity, the
upwind CESE scheme is not only stable but also exact. Based on the
stability analysis above, the remainder of this section will consider only
0< � < 1.

B. Modified equation

To derive the underlying modified equation of the discrete equa-
tion [Eq. (31)], a vector function that is sufficiently smooth

qðx; tÞ � uðx; tÞ
gðx; tÞ

" #
(35)

is assumed to satisfy the following evolution equation:

qðx; t þ Dt=2Þ ¼ QLqðx � Dx=2; tÞ þ QRqðx þ Dx=2; tÞ; (36)

which is a generalization of Eq. (31). The next step involves converting
Eq. (36) into a partial differential form. In this subsection, a constant
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value of � (0 < � < 1) is assumed as Dx and Dt approach zero, which
means Dx and Dt are infinitesimals of the same order. A Taylor expan-
sion with respect to x and t results in

qðx; tÞ þ Dt
2

� �
qtðx; tÞ þ

1
2

Dt
2

� �2

qttðx; tÞ

þ 1
6

Dt
2

� �3

qtttðx; tÞ þ OðDt4Þ

¼ QL qðx; tÞ � Dx
2

� �
qxðx; tÞ þ

1
2

Dx
2

� �2

qxxðx; tÞ
"

� 1
6

Dx
2

� �3

qxxxðx; tÞ þ OðDx4Þ
#

þ QR qðx; tÞ þ Dx
2

� �
qxðx; tÞ þ

1
2

Dx
2

� �2

qxxðx; tÞ
"

þ 1
6

Dx
2

� �3

qxxxðx; tÞ þ OðDx4Þ
#
: (37)

Then, by defining the two matrices A and B

A � QL þ QR ¼ 1 0

0 2� � 1

" #
;

B � QL � QR ¼ � 1� �2

� � 1 �ð2� �Þ

" #
;

(38)

Equation (37) can be written as

48 I � Að Þqþ 24 Dtqt þ DxBqxð Þ
¼ 6 Dx2Aqxx � Dt2qtt

� �� Dx3Bqxxx þ Dt3qttt
� �þ OðDt4;Dx4Þ:

(39)

In accordance with the convention of a modified-equation analy-
sis, the temporal derivatives qtt and qttt in Eq. (39) can be eliminated
by utilizing Eq. (39) itself repeatedly. Such an elimination process is
essentially the same as the one described by Warming and Hyett;43

however, the current approach requires more complicated algebraic
manipulations. The result is

Kqþ Lqt þMqx ¼ Nqxx þ Rqxxx þ OðDt4;Dx4Þ; (40)

where the coefficient matrices are calculated as

K ¼ 48 I � Að Þ ¼ 96
0 0
0 1� �

	 

; (41)

L ¼ 8Dt 3I � 2I þ Að Þ I þ Að Þ�1 I � Að Þ� �
¼ 8Dt

3 0
0 ð2�2 þ 2� � 1Þ=�

	 

; (42)

M ¼ 8Dx
n
3Bþ 2I þ Að Þ I þ Að Þ�1B I � Að Þ

� I þ 2 I þ Að Þ�1 I � Að Þ� �
� B I � Að Þ I þ Að Þ�1 I � Að Þ

o

¼ 8Dx
3� �ð� � 1Þð� þ 1Þð�2 � 2� þ 4Þ=�

3ð� � 1Þ �ð� � 2Þð2�2 � � þ 2Þ=�

" #
; (43)

N ¼ 2Dx2
n
3A� 2I þ Að Þ I þ Að Þ�1

� 2B2 þ 2B2 � Að Þ I � Að Þ þ 2B I � Að Þ I þ Að Þ�1
�

� B 3I � Að Þ� þ B I � Að Þ I þ Að Þ�1B 3I � Að Þ þ B I � Að Þ� �o
¼ 2ð� � 1ÞDx2

� �ð� þ 1Þð�2 � 2� þ 4Þ=� ð� þ 1Þð�2 � 11� þ 16Þ
�ð�2 þ � þ 4Þ=� �ð� � 2Þð5�2 þ 8� � 1Þ=�

" #
;

(44)

R ¼ Dx3
n
� B� 2I þ Að Þ I þ Að Þ�1

� 2B3 � AB� BA� 2B I � Að Þ I þ Að Þ�1 A� B2ð Þ� �
�B I � Að Þ I þ Að Þ�1 A� B2ð Þ � B2

� �o
¼ ð� � 1ÞDx3

� 2ð2� � 3Þð� þ 1Þ �ð� þ 1Þð4�2 � 11� þ 3Þ
ð3�3 � 2�2 � 6� þ 1Þ=� �ð3�3 � 5�2 � 9� þ 5Þ

" #
:

(45)

Furthermore, by using the definition of the vector q in Eq. (35), the
matrix form of the modified equation [Eq. (40)] can be split into two
scalar partial differential equations

Dtut þ �Dxux ¼ �ð� � 1Þð� þ 1Þð�2 � 2� þ 4Þ
12�

Dx2uxx

þ ð� � 1Þð� þ 1Þð2� � 3Þ
12

Dx3uxxx

þ ð� � 1Þð� þ 1Þð�2 � 2� þ 4Þ
3�

Dxgx

þ ð� � 1Þð� þ 1Þð�2 � 11� þ 16Þ
12

Dx2gxx

� ð� � 1Þð� þ 1Þð4�2 � 11� þ 3Þ
24

Dx3gxxx

þ OðDt4;Dx4Þ; (46)

g ¼ 1
4
Dxux þ ð�2 þ � þ 4Þ

48�
Dx2uxx � 3�3 � 2�2 � 6� þ 1

96�
Dx3uxxx

� 2�2 þ 2� � 1
12�ð1� �Þ Dtgt þ ð� � 2Þð2�2 � � þ 2Þ

12�ð1� �Þ Dxgx

þ ð� � 2Þð5�2 þ 8� � 1Þ
48�

Dx2gxx

þ 3�3 � 5�2 � 9� þ 5
96

Dx3gxxx þ OðDt4;Dx4Þ: (47)

Recall that the upwind CESE scheme [Eq. (31)] is a numerical
approach used to solve the advection equation ut þ aux¼ 0.
Therefore, it is favorable to eliminate the auxiliary function g(x, t) from
Eq. (46) and obtain a modified equation for u(x, t). Thus, Eq. (47) is
repeatedly used to express the derivatives of g(x, t) in terms of the
derivatives of u(x, t). Finally, the desirable form of the modified equa-
tion, which does not contain temporal derivatives on its right-hand
side, is obtained as follows:

ut þ aux ¼ aDx2

48
ð1þ �Þð1� �Þuxxx þ OðDt3;Dx3Þ: (48)
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The steps to derive Eq. (48) from Eqs. (46) and (47) are outlined in the
Appendix.

Based on a comparison between Eq. (48) and the original advec-
tion equation ut þ aux¼ 0, some significant features of the upwind
CESE scheme [Eq. (31)] can be inferred. For any given CFL number �
that satisfies 0 < � < 1, this numerical scheme is second-order accu-
rate, with the leading term of the truncation error represented by

R3 ¼ aDx2

48
ð1þ �Þð1� �Þuxxx 	 OðDt2;Dx2Þ: (49)

Ever since the upwind CESE scheme in Eqs. (30)–(32) was pro-
posed, its nominal order of accuracy has been examined only through
numerical tests. Here, the modified-equation analysis above provides
theoretical evidence for this second-order accuracy. Moreover, Eq. (49)
indicates that for a sufficiently small cell size Dx, the numerical error
of this upwind CESE scheme is dominated by a positive dispersion,

i.e., the leading phase error. When compared to classical schemes for
the advection equation, Eq. (49) closely resembles the dominant error
term in the modified equation of the Lax–Wendroff scheme,44 which
is given by (�aDx2/6)(1þ �)(1� �)uxxx.

45 Notably, the absolute value
of the error term [Eq. (49)] for the upwind CESE scheme is only 1/8 of
that for the Lax–Wendroff scheme.

C. Spectral properties

This subsection extends the discussion on the numerical error
associated with the present CESE scheme, in terms of its dissipation
and dispersion characteristics in a wavenumber space.46–50 For this
purpose, it is convenient to consider the initial-value problem of Eq.
(28) with the initial condition

uðx; 0Þ ¼ eikx; (50)

FIG. 5. Real part of the modified wavenumber. Left: surface of Re[U(u, �)]. Right: curves of Re[U(u)] for different values of �.

FIG. 6. Imaginary part of the modified wavenumber. Left: surface of Im[U(u, �)]. Right: curves of Im[U(u)] for different values of �.
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which is a representative Fourier mode with wavenumber k. This
problem can be solved numerically using the upwind CESE
scheme represented by Eq. (31), where space and time are discre-
tized as xj¼ jDx and tn¼ nDt. The discrete initial condition for the
CESE scheme can be obtained using Eq. (50) and its derivative
ux(x, 0)¼ ikeikx, such that

q0j ¼
uðxj; 0Þ

Dx
4
uxðxj; 0Þ

2
64

3
75 ¼ A0e

iju; A0 �
1

i
u
4

2
4

3
5; (51)

where u¼ kDx is the reduced wavenumber,46 and 0 � u � p. The
solution of the discrete equation [Eq. (31)], with the initial condition
from Eq. (51), takes the form qnj ¼ Aneiju, and therefore, Eq. (31)
leads to

An ¼MAn�1=2;

M � e�iu=2QL þ eiu=2QR

¼
cos

u
2
� i� sin

u
2

ið�2 � 1Þ sin u
2

ið1� �Þ sin u
2

ð2�� 1Þ cos u
2
þ ið�2 � 2�Þ sin u

2

2
64

3
75:

(52)

Subsequently, using Eq. (52) 2n times yields An¼M2nA0, and the solu-
tion of the CESE scheme is

qnj ¼ M2nA0e
iju; (53)

where A0 andM are defined in Eqs. (51) and (52), respectively.
The eigenvalues ofM can be calculated. They depend on the CFL

number � and reduced wavenumber u

FIG. 7. Numerical dispersion/dissipation as a function of the reduced wavenumber u¼ kDx and the CFL number �¼ aDt/Dx: (a) ratio of the numerical phase speed to the
exact wave speed ap(u, �)/a¼Re[U]/u; (b) decay factor of the wave amplitude for a one time step A(u, �)¼ e�Im[U].

FIG. 8. Re[U(u)] (left) and Im[U(u)] (right) for the upwind CESE and the Lax–Wendroff schemes. The CFL number � is taken as 0.5 here.
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k1;2 ¼ � cos
u
2
þ i
2
ð�2 � 3�Þ sin u

2

	 


6

ffiffiffi
2

p

4
ð1� �Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð8þ 4� � �2Þ þ ð�2 � 4�Þ cosuþ 4i� sinu

p
:

(54)

It can be shown that for 0< � < 1 and 0� u< p, the two eigenvalues
are not equal and that jk1j > jk2j. By using these eigenvalues and their
corresponding eigenvectors, Eq. (53) can be simplified. Its first row is
the solution of unj

unj ¼
k2 � k0
k2 � k1

k2n1 þ k1 � k0
k1 � k2

k2n2

� �
eiju; (55)

where the parameter k0 ¼ cosðu=2Þ þ ð1� �2Þðu=4Þ sinðu=2Þ
� i� sinðu=2Þ. Equation (55) can be regarded as an analytical solution
of the discrete equation of the CESE scheme. The difference between
Eq. (55) and the exact solution of the original differential equation is a
measure of the error associated with the CESE discretization.

The exact solution uðx; tÞ ¼ eikðx�atÞ for Eq. (28) with the initial
condition [Eq. (50)] can be evaluated at the mesh point as

uðxj; tnÞ ¼ eikðjDx�anDtÞ ¼ e�in�ueiju: (56)

For comparison, any discrete solution of this initial-value problem is
expected to be written in the form

unj ¼ e�in�Ueiju; (57)

where U is the modified wavenumber.46 In fact, owing to the coexis-
tence of two eigenvalues, the CESE solution in Eq. (55) differs from
Eq. (57) in a general sense. Nevertheless, the modified-wavenumber
analysis can proceed in the limiting case of n!1. Because jk1j
> jk2j for given parameters 0 < � < 1 and 0 � u < p, the effect of k2
on Eq. (55) diminishes with the growth of n, and for a sufficiently large
n, the CESE solution becomes dominated solely by the first term in
Eq. (55). Hence, a comparison of Eqs. (55) and (57) shows that U
! (2i/�) ln k1, when n approaches infinity. By using the expression of

FIG. 9. Advection of sine waves. Left, middle, and right columns: the reduced wavenumber u¼ kDx¼ p/100, p/10, and p/4, respectively. Top, middle, and bottom rows: the
CFL number �¼ aDt/Dx¼ 0.01, 0.50, and 1.00, respectively.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 126150 (2024); doi: 10.1063/5.0246463 36, 126150-9

Published under an exclusive license by AIP Publishing

 09 January 2026 03:30:06

pubs.aip.org/aip/phf


k1 in Eq. (54), the modified wavenumber for this upwind CESE
scheme can be calculated as

Uðu; �Þ ¼ 2i
�
ln � cos

u
2
þ i
2
ð�2 � 3�Þ sin u

2

	 

þ

ffiffiffi
2

p

4
ð1� �Þ

(

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð8þ 4� � �2Þ þ ð�2 � 4�Þ cosuþ 4i� sinu

p )
:

(58)

The real and imaginary parts of this modified wavenumber, as func-
tions of the reduced wavenumber u and the CFL number �, are

illustrated in Figs. 5 and 6, respectively. The exact solution [Eq. (56)]
corresponds to Re[U]¼u and Im[U]¼ 0, which are also plotted as
benchmarks in these figures.

The implication of the modified wavenumber can be elucidated
by rewriting Eq. (57) as follows:

unj ¼ ðe�Im U½ �Þn exp ik xj � Re U½ �=u� �
atn

h in o
: (59)

By using this, Re[U]/u can be identified as the ratio of the numerical
phase speed ap(u, �) to the exact wave speed a, and e�Im[U] as the decay
factor of the wave amplitude for a one time step. The numerical disper-
sion characteristics of the upwind CESE scheme can be demonstrated by
ap(u, �)/a¼Re[U]/u, as shown in Fig. 7(a). The numerical dissipation
characteristics are plotted in Fig. 7(b), which depicts A(u, �)¼ e�Im[U].

To compare the upwind CESE scheme with other numerical
schemes, the Lax–Wendroff scheme44 is also analyzed here. Applying the
Lax–Wendroff scheme to Eqs. (28) and (50) yields a discrete solution45

unj ¼ 1� �2ð1� cosuÞ � i� sinu
� �n

eiju: (60)

By following the definition of the modified wavenumber as shown in
Eq. (57), the modified wavenumber U(u, �) for the Lax–Wendroff
scheme can be expressed as U ¼ ði=�Þ ln½1� �2ð1� cosuÞ
�i� sinu�. At �¼ 0.5, Re[U] and Im[U] for the upwind CESE, and
the Lax–Wendroff schemes are both plotted in Fig. 8. It is observed
that the upwind CESE scheme has significantly less dispersion and dis-
sipation errors for medium and high wavenumbers, in comparison to
the Lax–Wendroff scheme.

IV. NUMERICAL EXAMPLES

In this section, eight different numerical examples are considered
to demonstrate the performance of the upwind CESE scheme. For this
purpose, in previous studies,11,21,28,29 some basic benchmark problems
have been used to test the upwind CESE scheme. The convergence rate

FIG. 10. Linear advection of multiple waves. The number of mesh cells is 200, and
the solution is shown at time t¼ 8.

FIG. 11. The distributions of density (left) and velocity (right) after the collision of two strong blast waves. The upwind CESE results are obtained on a uniform mesh of 800
cells. The solution in Ref. 53 serves as the benchmark.
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tests, the low-density Riemann problem,51 and the slowly moving
or stationary contact discontinuity problem are detailed in Ref. 28.
Various 2D Riemann problems52 and the double Mach reflection
problem53 are detailed in Ref. 29. Sedov’s blast wave problem54 and
the viscous shock tube problem55 are presented in Ref. 21. Sod’s
shock-tube problem56 and the Mach 3 forward-facing step prob-
lem53 are presented in Ref. 11. The examples in this section are
intended to complement the examination of the upwind CESE
scheme without repeating the above-mentioned test problems. The
performance of the scheme in this section serves to support the
findings in Sec. III. The theoretical analysis in Sec. III, in turn,
explains the capabilities of the upwind CESE scheme for these
examples.

A. Sine waves

First, the upwind CESE scheme is applied to the linear advection
of sine waves with different wavenumbers. The governing equation
[Eq. (28)] is solved, in which �1� x� 1, 0� t < þ1, and the wave
speed a¼ 1. The periodic boundary condition is implemented at
x¼�1 and x¼ 1. The initial condition is

uðx; 0Þ ¼ sinðkxÞ; �1 � x � 1; (61)

where the wavenumber k is set to three different values: p, 10p,
and 25p.

In the CESE computation, the computational domain is divided
into 200 cells, with a uniform cell size of Dx¼ 0.01. This results in

FIG. 12. Upwind CESE results of the Shu–Osher problem on a uniform mesh of 400 cells.
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different values of k corresponding to different reduced wavenumbers
u¼ kDx, which are equal to p/100, p/10, and p/4, respectively. The
time step size is determined by the CFL number �¼ aDt/Dx, and three
different values (�¼ 0.01, 0.50, and 1.00) are considered. Therefore, a
total of nine runs are conducted. In each run, the numerical results of
u(x, t) are output at time t¼ 2 and then compared with the exact solu-
tion of the advection equation.

In each row of Fig. 9, the results of simulations at a specific CFL
number for different reduced wavenumbers are presented. For all val-
ues of � (0.01, 0.50, and 1.00), the simulations accurately capture sine
waves fluctuating at low and medium wavenumbers. However, high-
wavenumber fluctuations are considerably dampened in the simula-
tions using �¼ 0.01 or 0.50. This observation is consistent with the
analysis of the dissipation rate of the upwind CESE scheme, as shown
in Fig. 6. As the CFL number approaches unity, the numerical dissipa-
tion and dispersion diminish, and the exact solution is recovered. At
�¼ 0.50, the results computed by the Lax–Wendroff scheme are also
provided. In this comparison, the upwind CESE scheme is superior,
because it shows significantly less dispersion and dissipation errors, as
predicted by the analysis in Secs. III B and III C.

B. Multiple waves

This example, designed by Jiang and Shu,57 is widely used to test
the numerical scheme for solving the initial-value problem of the linear
advection equation [Eq. (28)]. Here, the wave speed is a¼ 1, and the spa-
tial domain [�1, 1] is considered. The periodic boundary condition is
implemented at x¼�1 and x¼ 1. At time t¼ 0, the initial condition is

uðx;0Þ¼

Gðx;b;z�dÞþGðx;b;zþdÞ½
þ4Gðx;b;zÞ�=6; �0:8� x��0:6;

1; �0:4� x��0:2;

1�j10ðx�0:1Þj; 0� x� 0:2;

Fðx;a;a�dÞþFðx;a;aþdÞ½
þ4Fðx;a;aÞ�=6; 0:4� x� 0:6;

0; otherwise;

8>>>>>>>>>><
>>>>>>>>>>:

Gðx;b;zÞ¼ e�bðx�zÞ2 ;

Fðx;a;aÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
max 1�a2ðx�aÞ2; 0

� �q
:

(62)

The parameters in Eq. (62) are taken as z¼�0.7, a¼ 0.5, a¼ 10,
d¼ 0.005, and b¼ ln2/(36d2).

The CESE computation is performed with a uniformmesh consist-
ing of 200 cells. The corresponding cell size is Dx¼ 0.01, and the time
step size is determined by the CFL number �¼ aDt/Dx¼ 0.88. At time
t¼ 8, the numerical solution of u(x, t) is output and compared with the
exact solution of the advection equation, as shown in Fig. 10. Both solu-
tions depict the advection of a combination of Gaussian, square, triangu-
lar, and elliptical waves. Satisfactory accuracy is achieved with the
current second-order scheme and computational mesh. The numerical
results are free from spurious oscillations or overshoots.

C. Woodward–Colella problem

The problem of two interacting blast waves, as proposed by
Woodward and Colella,53 is used to validate the robustness and accu-
racy of numerical schemes. The governing equation considered here is
the 1D unsteady compressible Euler equation [Eq. (26)] for a

calorically perfect gas (c¼ 1.4), in which 0� x� 1. The boundary con-
ditions at x¼ 0 and x¼ 1 are assumed to be reflective (solid walls).
The initial condition at time t¼ 0 involves two discontinuities and
three constant states as follows:

FIG. 13. Density contours of the Kelvin–Helmholtz instability problem at four differ-
ent times. Left: number of mesh cells is 500� 500; right: number of mesh cells is
1000� 1000.
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ðq; u; pÞ ¼
ð1; 0; 1000Þ; 0:0 � x < 0:1;
ð1; 0; 0:01Þ; 0:1 � x < 0:9;
ð1; 0; 100Þ; 0:9 � x � 1:0:

8<
: (63)

In the CESE computation, the computational domain [0, 1] is dis-
cretized by a uniform mesh of 800 cells. The time evolution of the gas
system is simulated with a CFL number of 0.8, and the flow field at
t¼ 0.038 is displayed in Fig. 11. The reference solution was obtained
by Woodward and Colella53 using a carefully designed mesh with local
refinement. Complex interactions between multiple strong waves pose
challenges to the stability of the scheme as well as its resolution. In the
CESE solution, the discontinuities are captured sharply. Meanwhile,
the peaks and valleys of the density distribution are well resolved.

D. Shu–Osher problem

This case was proposed by Shu and Osher.58 It is characterized by
the presence of both discontinuities and fine structures in smooth
regions. The 1D unsteady compressible Euler equation [Eq. (26)] for a
calorically perfect gas (c¼ 1.4) is solved on the domain of 0� x� 10.
The nonreflecting boundary condition is imposed at x¼ 0 and x¼ 10.
The initial flow field is

ðq; u; pÞ ¼ ð3:857 143; 2:629 369; 10:333 33Þ; 0 � x < 1;
ð1þ 0:2 sinð5xÞ; 0; 1Þ; 1 � x � 10;

�
(64)

which means a perturbation in density is added to the pre-shock field
of a Mach 3 traveling shock wave.

The upwind CESE scheme is used to solve this problem using
400 mesh cells of equal size and a CFL number of 0.9. As shown in
Fig. 12, the distributions of density, pressure, and velocity at time
t¼ 1.8 are examined and compared with a reference solution. This ref-
erence solution is generated using the fifth-order WENO scheme57

with 4000 mesh cells of equal size and a CFL number of 0.25.
The shock wave interacts with the fluctuating density field, result-

ing in a complex flow with multi-scale structures. Considering the lim-
ited number of mesh cells and the fact that the current scheme is

2nd-order, the upwind CESE results demonstrate excellent accuracy
and reasonable agreement with the reference solution. The shock
waves are accurately captured, and the post-shock high-wavenumber
fluctuations in density are also well resolved.

E. Kelvin–Helmholtz instability

The Kelvin–Helmholtz instability is a notable phenomenon
that occurs at interfaces in shear flows. In this study, an inviscid
shear flow, as described in Ref. 59, is simulated by solving the 2D
unsteady compressible Euler equation for a calorically perfect gas
(c¼ 5/3). The computational domain spans [0, 1] in both the x- and
y-directions. Periodic boundary conditions are enforced on all four
boundaries. The initial condition at t¼ 0 is designed as follows.
Within the central horizontal strip defined by 0.25< y< 0.75, the
density and the horizontal velocity of the fluid are q¼ 2 and u¼ 0.5,
respectively. In the rest of the domain, q¼ 1 and u¼�0.5. The
pressure p¼ 2.5 remains constant across the entire domain. To
induce a single-mode instability, the vertical velocity v is perturbed
as follows:

vðx; yÞ ¼ w0 sinð4pxÞ exp �ðy � 0:25Þ2
2r2

	 

þ exp �ðy � 0:75Þ2

2r2

	 
� �
;

(65)

where w0¼ 0.1 and r2¼ 1.25� 10�3. This perturbation is concen-
trated primarily near the two interfaces of the shear flow.

Two different uniform Cartesian meshes, consisting of 500� 500
and 1000� 1000 cells, are used in this study. The simulation results
are shown in Fig. 13. They highlight the effectiveness of the upwind
CESE scheme in accurately capturing fine structures induced by the
shearing process. As the resolution is increased, the numerical dissipa-
tion is reduced and more small-scale structures resulting from the
Kelvin–Helmholtz instability can be evidently resolved.

F. 2D isentropic vortex

To verify the order of accuracy of the upwind CESE scheme in
simulating two-dimensional flows, a test of the evolution of a 2D

FIG. 14. Results of the accuracy test for the 2D isentropic vortex problem. Left: L1 error; right: L1 error. Solid and dashed lines have slopes of 1 and 2 in logarithmic coordi-
nates, respectively.
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isentropic vortex60 is conducted. The gas dynamics are governed by
the compressible Euler equation (c¼ 1.4) on the domain [�5, 5]
� [�5, 5]. The background flow is characterized by the following
parameters: q¼ 1, p¼ 1, u¼ 1, and v¼ 1. Initially, an isentropic

vortex is superimposed upon the background flow. It is generated by
perturbations in velocity (u, v) and temperature T¼ p/q while main-
taining a constant entropy S¼ p/qc. These perturbations can be
expressed as follows:

FIG. 15. Numerical schlieren of the strong
shock–vortex interaction problem at
t¼ 0.7.
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ðdu; dvÞ ¼ v
2p

e0:5ð1�r2Þð�y; xÞ;

dT ¼ �ðc� 1Þv2
8cp2

e1�r2 ;

dS ¼ 0;

(66)

where r¼ (x2 þ y2)1/2 represents the radial distance from the origin,
and v ¼ 5 denotes the vortex strength. Periodic boundary conditions
are enforced at all boundaries.

The exact solution for the above problem is the passive convection
of the vortex at the background flow velocity. To assess the order of
accuracy of the upwind CESE scheme, five different uniform Cartesian
meshes with mesh cell sizes of Dh¼ 1, 1/2, 1/4, 1/8, and 1/16 are used in
the computations. Comparisons are made between the numerical results
and the exact solution at time t¼ 2.0. The L1 and L1 errors, calculated
in terms of the density field q, are plotted against the cell size Dh in
Fig. 14. The results indicate that, in this case, the upwind CESE scheme
demonstrates slightly higher than second-order accuracy.

G. Shock–vortex interaction

In this subsection, the strong interaction between a vortex and a
shock wave61–65 is studied. This interaction involves a combination of
smooth flow structures and multiple discontinuities. This particular case
has also been analyzed in the context of aeroacoustic noise.62 The dynam-
ics are assumed to be governed by the compressible Euler equation for a
perfect gas, with a specific heat ratio of c¼ 1.4. The rectangular computa-
tional domain spans [0, 2] in the x-direction and [0, 1] in the y-direction.

Initially, a stationary shock wave with a Mach numberMs¼ 1.5 is
located at x¼ 0.5. The flow properties on the left side of the shock are
defined as q1¼ 1, u1¼ ffiffiffi

c
p

Ms, v1¼ 0, and p1¼ 1. The initial condi-
tions on the right side of the shock are calculated using the Rankine–
Hugoniot relations. Additionally, a vortex is positioned with its center
at (0.25, 0.50), which rotates counterclockwise with the tangential
velocity (vh) given by

vh ¼

vm
r
a
; if r � a;

vm
a

a2 � b2
r � b2

r

� �
; if a < r � b;

0; if r > b;

8>>>>><
>>>>>:

(67)

where vm represents the maximum tangential velocity, and r indicates
the distance from the vortex center. The geometrical parameters are
a¼ 0.075 and b¼ 0.175. The strength of the vortex, characterized as
Mv ¼ vm=

ffiffiffi
c

p
, is set to be 0.9. The density and pressure fields follow

the isentropic relations:

q ¼ q1 T=T1ð Þ 1
c�1; p ¼ p1 T=T1ð Þ c

c�1: (68)

Substituting Eq. (68) into the radial momentum equation results in a
differential equation for temperature

dT
dr

¼ c� 1
c

v2h
r
: (69)

Equations (67)–(69) can be used to calculate the pressure and density
distributions. The velocity field is determined by the superposition of
the tangential velocity and the pre-shock velocity as follows:

ðu; vÞ ¼ ðu1; v1Þ þ vhð�sin h; cos hÞ: (70)

A supersonic inlet condition is applied to the left boundary, while
a subsonic outlet condition is applied to the right boundary. The upper
and lower boundaries are assumed to be reflective. The computations
are carried out using three different mesh resolutions: 1000� 500 cells,
2000� 1000 cells, and 4000� 2000 cells. The output time for all com-
putations is t¼ 0.7.

In this strong shock–vortex interaction, the circular vortex under-
goes compression by the shock wave, resulting in the formation of
elliptical structures. The schlieren images in Fig. 15 clearly illustrate
the phenomenon of vortex splitting. It is evident that even the coarsest
mesh can effectively capture the complex flow structures. As the reso-
lution is further increased, finer features (e.g., Kelvin–Helmholtz insta-
bilities near the slip line connected to the vortex) become more
pronounced. The density profiles along y¼ 0.4001 (passing through
the vortex center) are shown in Fig. 16, along with reference data61

computed by the finite volume method using 8100� 3000 cells. The
results show that the current scheme provides accurate results without
visible numerical oscillations, and it reaches a good agreement with the
reference data. In the computation using 2000� 1000 cells, the solu-
tion closely overlaps with that of the computation using the finest
mesh. This case highlights the ability of the upwind CESE scheme in
simulating complex phenomena involving both discontinuous and
smooth flow structures.

H. Shock–bubble interaction

The interaction of a moving planar shock wave and a cylindrical
bubble is a fundamental case in the study of shock propagation and
interfacial instability. Due to recent advancements in experimental
techniques, various phenomena in shock–bubble interactions have
been reported, as documented in high-quality experimental images
and data. In this subsection, the upwind CESE scheme is used to
numerically reproduce an experiment conducted by Ding et al.,66

which investigated the interaction of an air shock and a cylindrical
bubble filled with heavy gas. Comparisons between the numerical and

FIG. 16. Density profiles extracted at y¼ 0.4001 and t¼ 0.7 in the strong shock–
vortex interaction problem. Lines: numerical results of the upwind CESE computa-
tions with different meshes. Symbols: reference data from Ref. 61.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 126150 (2024); doi: 10.1063/5.0246463 36, 126150-15

Published under an exclusive license by AIP Publishing

 09 January 2026 03:30:06

pubs.aip.org/aip/phf


FIG. 17. Flow fields at different times in the shock–bubble interaction. Colors: pressure. Black lines: contour lines (nine equally spaced levels from 0.1 to 0.9) of the volume frac-
tion of the first fluid (ambient air) in the two-fluid model.
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experimental results can effectively assess the performance of the
upwind CESE scheme in simulating compressible multi-fluid flows.

Based on the settings in the experiment, the problem is defined
on a 2D domain [�50mm, 150mm]� [�70mm, 70mm]. The upper
and lower boundaries represent the walls of the shock tube, which are
assumed to be inviscid in the numerical simulation. The left and right
sides of the domain are treated as nonreflecting boundaries. At the ini-
tial time, an incident shock moving from left to right at a Mach num-
ber ofMs¼ 1.2 is set up according to the Rankine–Hugoniot relations.
The fluids in front of the shock wave are stationary, with an ambient
pressure of 101 325Pa. A heavy gas bubble, with a diameter of 35mm
and center coordinates (x¼ 0, y¼ 0), is embedded in the pre-shock
air. Before the passage of the shock, the densities of the air and the
bubble content are q1¼ 1.205 and qb¼ 4.859 kg/m3, respectively. Both
fluids follow the perfect-gas equation of state with constant specific
heat ratios of c1¼ 1.4 and cb¼ 1.117, respectively. The physical mod-
els, governing equations, and the corresponding upwind CESE scheme
have been described in Sec. IIC and the references therein.

The numerical simulation employs a uniform Cartesian mesh with
a cell size of Dx¼Dy¼ 0.2mm, resulting in a total of 1000� 700 cells.
The time-dependent solution is advanced using a time step size deter-
mined by a CFL number of 0.3 and stops at t¼ 1300 ls. In Fig. 17, a
series of snapshots showing the pressure field and the interface morphol-
ogy are displayed. Note that the time t is calibrated so that the definition
of t¼ 0 is consistent with that of the experiment,66 i.e., t¼ 0 is the very
instant that the incident shock first contacts the bubble. As the system
evolves, the reflection, refraction, diffraction, and focusing of shock waves
are captured properly in the numerical results. The movement and defor-
mation of the interface are also captured sharply. Fine structures, such as
the penetrating jet at the rear of the bubble, a pair of main vortices, and
numerous small-scale vortices, are resolved in Fig. 17. Good agreement is
achieved between Fig. 17 and the experimental images in Ref. 66.

For the purpose of quantitatively assessing the CESE simulation,
the width of the bubble (the span in the y-direction) is tracked as it
evolves over time. The history of the bubble width is compared with
the measurements based on the experimental data. As the incident
shock wave passes through, the bubble shrinks because of the high
post-shock pressure, causing the width to decrease before t¼ 145 ls.
Subsequently, the evolution of the bubble is dominated by the forma-
tion and growth of vortices, leading to a gradual increase in the width.
As shown in Fig. 18, the numerical results closely match the experi-
mental data, highlighting the effectiveness of the upwind CESE scheme
in simulating compressible multi-fluid flows.

V. CONCLUDING REMARKS

A relatively novel numerical framework for hyperbolic conserva-
tion laws, called the upwind CESE scheme, is analyzed to elucidate its
numerical properties. The underlying modified equation of the upwind
CESE scheme for a one-dimensional linear scalar advection equation (ut
þ aux¼ 0) is derived using Taylor expansions and an elimination pro-
cedure. The leading error term (aDx2/48)(1��2)uxxx verifies the second-
order accuracy of the upwind CESE scheme. This leading error term dif-
fers from that of the Lax–Wendroff scheme only by a constant factor of
(�1/8), which indicates a relatively low level of error in the upwind
CESE scheme. Additionally, the spectral properties of the upwind CESE
scheme are revealed by analyzing the propagation of all Fourier modes
supported on the computational mesh. As the number of time steps
approaches infinity, the dispersion and dissipation errors of the scheme

in wavenumber space can be conveniently presented through the
modified-wavenumber analysis. The modified wavenumber U and thus
the dispersion and dissipation characteristics of the upwind CESE
scheme are expressed as functions of the CFL number �¼ aDt/Dx and
the reduced wavenumber u¼ kDx. The upwind CESE scheme demon-
strates a satisfactory resolution for a wide range of wavenumbers.

To support the findings of the analysis, benchmark tests and
applications to typical compressible flows are performed. The results
obtained using the upwind CESE scheme agree well with reference sol-
utions, including exact solutions, numerical results obtained using
other methods, and experimental data. The upwind CESE scheme cap-
tures discontinuities sharply with good robustness while preserving
small-scale flow features with high resolution.
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APPENDIX: OPERATIONS TO DERIVE THE MODIFIED
EQUATION

From Eq. (47), it can be inferred that g(x, t) and its derivatives
are O(Dt, Dx). Moreover, the following expressions can be obtained:

Dx3gxxx ¼ OðDt4;Dx4Þ; (A1)

Dx2gxx ¼ 1
4
Dx3uxxx þ OðDt4;Dx4Þ; (A2)

DtDxgtx ¼ 1
4
DtDx2utxx þ OðDt4;Dx4Þ; (A3)

Dxgx ¼ 1
4
Dx2uxx þ ð�2 þ � þ 4Þ

48�
Dx3uxxx � 2�2 þ 2� � 1

12�ð1� �Þ DtDxgtx

þ ð� � 2Þð2�2 � � þ 2Þ
12�ð1� �Þ Dx2gxx þ OðDt4;Dx4Þ: (A4)

Substituting Eqs. (A2) and (A3) into Eq. (A4) leads to

Dxgx ¼ 1
4
Dx2uxx þ �2 � 5� þ 1

48ð1� �Þ Dx3uxxx

� 2�2 þ 2� � 1
48�ð1� �Þ DtDx2utxx þ OðDt4;Dx4Þ: (A5)

Using Eqs. (A1), (A2), and (A5), gx, gxx, and gxxx in Eq. (46) can be
eliminated. Thus, Eq. (46) can be simplified as

Dtut þ �Dxux ¼ ð� þ 1Þð2�4 � 5�3 þ 6�2 þ 10� � 4Þ
144�

Dx3uxxx

þ ð� þ 1Þð�2 � 2� þ 4Þð2�2 þ 2� � 1Þ
144�2

DtDx2utxx

þ OðDt4;Dx4Þ: (A6)

To eliminate the temporal derivative utxx in Eq. (A6), Eq. (A6) itself
is used to show that

DtDx2utxx ¼ ��Dx3uxxx þ OðDt5;Dx5Þ: (A7)

Hence, Eq. (A6) can be further simplified as

Dtut þ �Dxux ¼ �ð1þ �Þð1� �Þ
48

Dx3uxxx þ OðDt4;Dx4Þ: (A8)

Finally, by dividing both sides of Eq. (A8) by Dt and using �¼ aDt/Dx,
the resulting equation is Eq. (48) in Sec. III B.
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