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ABSTRACT

In actual wave fields, short-crested behavior is typically observed due to the superposition of wave components with varying wave frequencies
and directional distributions. However, most of previous studies have simplified these as two-dimensional waves, neglecting the impact of
directional distribution and leading to an incomplete understanding of its influence on nonlinear characteristics. This study investigates
multi-directional focused waves with a single frequency in a laboratory setting. The comparison reveals that, unlike wave frequency, the verti-
cal asymmetry factor influenced by directional distribution is linked to the variation in the period from zero-upcrossing to the crest. In multi-
directional waves, the wave steepness defined for unidirectional waves is inadequate for measuring nonlinearity. There can be instances where
the ratio of the subsequent envelope height at half the characteristic period to the preceding one exceeds 1, indicating a configuration highly
prone to extreme events, especially with wider directional distributions. Furthermore, the deviation of the higher-order energy ratio from the
theoretical solution increases with wave steepness (defined for the corresponding unidirectional waves) when the directional distribution is
relatively concentrated, but no clear conclusion is reached at the directional distribution with hmax¼ 60�. This suggests that multi-directional
waves, particularly with hmax greater than 45�, warrant more attention as a critical inflection point. These findings provide a reference for
future research on multi-directional, multi-frequency wave components.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0249786

I. INTRODUCTION

Surface gravity waves are the most prevalent type of waves in the
ocean and serve as real-time manifestations of oceanic wave activity.
These waves enhance ocean dynamics by inducing movement varia-
tions between the surface and particles, playing a crucial role in the
transmission of ocean energy. In natural sea states, oceanic waves con-
sist of components with varying frequencies and directional distribu-
tions.1 However, in certain laboratory experiments, the wave field is
often simplified to a two-dimensional model, and a simplification is
also applied in small-scale field studies or during individual wave-
breaking events. This approach overlooks the role of directional distri-
bution,2 which has been shown to significantly affect linear focusing

effects and nonlinear wave–wave interactions3,4 leading to notable
changes in geometric characteristics. Focused waves are particularly
valuable for investigating extreme wave characteristics in laboratory
settings due to their easily controllable conditions. Therefore, examin-
ing the influence of directional distribution in focused waves is essen-
tial for a deeper understanding of wave propagation and evolution in
the ocean, and for accurately predicting wave loads on marine engi-
neering structures.

An extreme wave, often termed a catastrophic wave in the ocean,5,6

is characterized by an unexpectedly large individual wave7 and has
attracted significant attention from scholars.8 This type of wave is distin-
guished by concentrated energy,9,10 strong nonlinearity,11,12 and sudden
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appearance,13,14 posing a substantial threat to the safety of marine struc-
tures and ocean engineering.15,16 The generation mechanisms are attrib-
uted to various factors, including modulation instability,17,18 dispersive
focusing,14,19 abrupt topography,20,21 wave–current interactions,22,23 and
crossing bimodal systems.24,25 Among these, focusing is considered a
primary method for addressing external influences such as wind, cur-
rent, and topography, and is frequently employed in experimental labo-
ratories.26–30 Consequently, three-dimensional focused waves are central
to ocean engineering and fluid dynamics research.

Significant progress has been made in understanding the nonlin-
ear characteristics of oceanic waves. Under the ideal linear assumption,
wave height is twice the amplitude, with symmetrical crests and
troughs.31 However, in reality, nonlinear interactions between waves
during propagation result in energy transfer,32,33 leading to nonlinear
behavior34–36 that manifests as asymmetry in the vertical and horizon-
tal profiles, deviating from linear predictions. This includes a steeper
crest and flatter trough.26 To quantify these asymmetries, Myrhaug
and Kjeldsen37 introduced the vertical asymmetry factor to measure
the ratio between the period from zero-upcrossing to the crest and the
period from the crest to zero-downcrossing, reflecting the compression
of waves in the temporal domain; the horizontal asymmetry parameter
was proposed to describe the ratio of the envelope height at half the
characteristic period to the envelope maximum,4,35 reflecting the pres-
sure difference caused by the sheltering effect on the preceding and fol-
lowing sides of the wave crests.31 Additionally, the trough-to-crest
ratio38 was used to assess asymmetry between wave crests and troughs,
resulting from the higher-order effects.31 For a larger wave (character-
ized by greater wave amplitude), the vertical asymmetry parameter
typically exceeded 1, indicating that the period of the following crest is
longer than that of the preceding crest.39 As wave amplitude increased,
the vertical asymmetry parameter tended to increase,31 enhancing the
asymmetry between wave crests and troughs. This effect was attributed
to the second-order bound waves,40 which slightly steepened the pre-
ceding side of the wave crest and flattened the following side.41 When
a wave approached the critical state or reached breaking, the trough-
to-crest ratio was asymptoted to 2.0, demonstrating that the crest was
nearly twice the trough’s height, with the crest tilting forward.38,42 The
crest steepness, defined as the ratio of the crest value to the length it
spans, exhibited oscillatory growth before reaching a maximum value.
This geometry of the crest is closely related to strong nonlinear charac-
teristics.43 In some cases, the preceding envelope height at half of the
characteristic period was significantly less than the following envelope
height.4,35 Additionally, frequency is another crucial factor in oceanic
waves.30 Configurations with narrower spectral bandwidth were more
likely to produce larger waves,44 due to enhanced nonlinearity,26 such
as the triggering of higher-order harmonics and the activation of reso-
nance effects.32 In wave focusing, linear dispersion concentrated
energy among various wave components, transforming the wave pro-
file from a forward-leaning state to a symmetric form.45 While, reso-
nant nonlinearity, caused by the redistribution of the underlying
spectrum, could result in wave profiles that were significantly higher
and steeper than those predicted by linear and second-order theoreti-
cal models.32

Most of the studies above primarily focus on two-dimensional
wave states and often overlook the impact of directional distribution,
one of the controlling variables concerning the real sea state, which has
been shown to influence nonlinearity significantly,46 and alter local

dynamics.47 Generally, researchers have found that a wider directional
distribution of waves tends to result in reduced nonlinearity,48–50

thereby decreasing the probability of large wave events.51,52 Recently, it
has been observed that an increase in directional distribution can
weaken spectral evolution and limit energy transfer.53 However, some
research has suggested that specific directional distributions can pro-
duce varying outcomes. Onorato et al.54 discovered that the crossing
angles between 10� and 30� are particularly susceptible to freak waves
in crossing sea areas. Some nonlinear statistical parameters have been
noted to increase in sea states with crossing angles between 40� and
60�.47,55 Petrova and Guedes Soares,56 demonstrated that spectral
broadening in the high-frequency range for crossing sea areas with a
90� angle deviates from the trends observed at other angles. Sabatino
and Serio57 showed that crossing sea states can induce extreme waves,
which are a significant cause of maritime accidents in severe weather.
Furthermore, experimental findings by McAllister et al.58 indicated
that crossing sea areas with angles between 60� and 120� can generate
waves as steep as or steeper than the Draupner wave (whose wave was
25.6m high, with an 18.5m crest in a significant wave height sea of
almost 12m recorded at Draupner platform in North Sea on 1 January
199559).

Although numerous studies have examined the influence of wave
amplitude and frequency on geometric characteristics of wave profiles,
the impact of the most critical variable of three-dimensional waves—
the directional distribution—remains the least understood. To address
this gap, the dedicated multi-directional focused waves are simulated
in the laboratory in this study. Our work brings two novel contribu-
tions. First, several asymmetric parameters of the wave profile influ-
enced by the directional distribution independently are compared to
that by wave frequency, covering the vertical asymmetry factor, the
horizontal asymmetry parameter, and the trough-to-crest ratio.
Second, the ratio of higher-order harmonic energy is analyzed to
explain the variation of the asymmetric parameters.

The structure of this paper is as follows: Sec. II introduces the
experimental setup and the analyzed parameters. Section III describes
three asymmetric parameters of the wave profile influenced by direc-
tional distributions and wave frequencies. Section IV analyzes the spec-
tral energy in different configurations. Finally, the conclusions are
summarized in Sec. V.

II. EXPERIMENTAL SETUP AND ANALYTICAL
PARAMETERS
A. Experimental arrangement

In this study, uni-frequency and multi-directional waves were
experimentally focused in the multifunctional wave basin at the State
Key Laboratory of Coastal and Offshore Engineering, Dalian
University of Technology, as depicted in Fig. 1. The wave basin mea-
sures 55.0 m in length and 34.0 m in width. It has a working water
depth of 0.5 m. A wavemaker, composed of a series of wave plates, is
positioned on the left side of the basin to generate the specified multi-
directional waves. An absorption zone is located at the end of the basin
and along the upper and lower sides to reduce the wave reflections.
The absorption coefficient reaches up to 90% for waves generated by
the wavemaker. Consequently, a series of similar multi-directional
waves have been successfully simulated in this tank with minimal or
no influence from reflection.60,61 As illustrated in Fig. 1, five gauges
were installed to record the wave surface elevation, with gauge
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1 positioned at the focused point (xb, yb)¼ (9.0 m, 14.0m). Each gauge
has an accuracy of 61mm. For the forthcoming experiments, a sam-
pling frequency of 100Hz was employed.

It is well known that due to nonlinear interactions during
wave propagation, the actual focused position can deviate from the
assumed one,26,62 with the extent of this deviation being unknown.
To compare different nonlinear characteristics across various wave
groups at the same location, we adjusted the wavemaker input
parameters to focus waves from multiple directions at the same
position irrespective of the wave configuration in this study. The
defined or assumed focused position coincides with the actual
focused position, specifically at gauge 1 (xb, yb)¼ (9.0 m, 14.0m).
Given that the end side of the wave basin is away from the focused
position, we cease wave generation once the wave passes by the
focused position and a sufficient number of samples have been col-
lected. This approach shortens the time required for the water sur-
face to flatten and reduces the interference from reflected waves.
To ensure the accuracy and repeatability of the test results, 2–3
repeated wave generation processes are conducted once the cor-
rected input parameters are established.

B. Wave configuration

The multi-directional waves with a uni-frequency are tested
to be focused at a fixed position (xb, yb)¼ (9.0 m, 14.0m). Detailed
parameters are listed in Table I, where f denotes the wave fre-
quency and A represents the focused amplitude. A total of 100
component waves are uniformly distributed from hmin to hmax. To
investigate the influence of directional distribution on nonlinear
characteristics, Cases 1, 3, and 5 are compared. Additionally, Cases
2, 3, and 4 are analyzed to examine the impact of wave frequency.
The detailed input parameters for different directional distribu-
tions are illustrated in Fig. 2.

C. Analytical parameters

1. Asymmetric parameters of the wave profile

Figure 3 presents the wave surface elevation over the time series.
To quantify different aspects of the nonlinearity of the wave profile,
three asymmetric parameters are employed: the vertical asymmetry

factor k, the horizontal asymmetry parameter b, and the trough-to-
crest ratio.

a. Vertical asymmetry factor k. The vertical asymmetry factor k,
proposed by Myrhaug and Kjeldsen,37 has also been successfully uti-
lized by Wu and Nepf63 and Guedes Soares et al.31 It is defined as

k ¼ tcf
tcp

; (1)

where tcp represents the period from the zero-upcrossing to the crest,
and tcf denotes the period from the crest to the zero-downcrossing.
Ideally, the wave profiles of the regular waves are vertically symmetric,
meaning that tcp equals tcf, resulting in k being equal to 1. As nonline-
arity increases, the shapes of the crests and troughs change, leading to
a divergence between tcp and tcf, which causes k to deviate from 1.
When k exceeds 1, the unfocused time is greater than the focused

FIG. 1. Top view of the wave basin and
pre-set experimental arrangement (unit: m).

TABLE I. Detailed configuration of the multi-directional waves with uni-frequency
focusing (h¼ 0.5 m).

Case [hmin, hmax] (�) f (Hz) A (m)

Case 1_1

[�30, 30] 1.0

0.08
Case 1_2 0.12
Case 1_3 0.14
Case 2_1

[�45, 45] 0.9

0.08
Case 2_2 0.12
Case 2_3 0.14
Case 3_1

[�45, 45] 1.0

0.08
Case 3_2 0.12
Case 3_3 0.14
Case 4_1

[�45, 45] 1.2

0.08
Case 4_2 0.12
Case 4_3 0.14
Case 5_1

[�60, 60] 1.0

0.08
Case 5_2 0.12
Case 5_3 0.14
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time. Conversely, when k is less than 1, the focused time is greater
than the unfocused time.

b. Horizontal asymmetry parameter b. The horizontal asymmetry
parameter b is defined as the ratio of the envelope height at half char-
acteristic period (Bp or Bf) to the envelope maximum (gc).

4,35,64 It is
expressed as

bp ¼
jBpj
jgcj

; bf ¼
jBf j
jgcj

; (2)

where the subscripts p and f represent the preceding and the following,
respectively.

The horizontal asymmetry, resulting from a sheltering effect
that creates a pressure difference between the preceding and fol-
lowing sides of the crests,41 has been shown to correlate strongly
with front steepness.31,40 The largest waves typically exhibit asym-
metry with forward-leaning crests,65 a characteristic feature of
each crest in naturally occurring, unsteadily evolving dispersive
nonlinear water wave groups.66

c. Trough-to-crest ratio. The trough-to-crest ratio, such as
jgtp/gcj and jgtf/gcj, measures the asymmetry between the trough
and the crest. For linear waves, the ratio is valued at 1. As wave
nonlinearity increases, higher-order harmonics causes the crest
steepened and the trough flattened, resulting in a trough-to-crest
ratio of less than 1.

2. Theoretical solutions

Well known, the surface elevation of uni-frequency waves at the
position (x, y) based on linear theory can be expressed as

gðx; y; tÞ ¼ A0 cos h; (3)

where A0 is the wave amplitude, h (¼kx � xt) is the phase, x is the
angular frequency, and k is the wave number obtained from the disper-
sion relation.

For the second-order theoretical solution in a working depth h,
the expression can be written as67

gðx; y; tÞ ¼ A0 cos hþ A0k
4

coshkh cosh2khþ 2ð Þ
sinh3kh

cos 2h

� �
: (4)

The normalized theoretical solutions of regular waves as shown
in Fig. 4 include the wave surface elevations and the corresponding
energy spectra. T represents the wave period, and norf is the frequency
normalized by the basic wave frequency. When considering the
second-order terms, the total energy E can be separated into two com-
ponents: the energy of linear part E1 and the energy of second-order
part E2. Therefore, the variation of the ratio E2/E (where E¼ E1 þ E2)
can be used to measure the changes in nonlinearity caused by different
directional distributions or wave frequencies.

III. ASYMMETRICAL FEATURES AT THE FOCUSED
POSITION
A. Wave profile

Wave surface elevation is a fundamental metric for investigating
the characteristics of wave profiles. Figure 5 compares the wave surface
elevation across various directional distributions and wave frequencies.
In this figure, the horizontal axis represents the number of wave peri-
ods from the focused time, while the vertical axis denotes the wave sur-
face elevation normalized by the maximum wave-crest height at the
defined focused location (also the actual focused location in this
study).

On the left panel, the differences caused by varying directional
distributions and their variations with wave amplitude are illustrated.
For smaller wave amplitude [Fig. 5(a-1)], as the wave directional distri-
bution broadens from [�30�, 30�] (solid line) to [�60�, 60�] (dotted
line), indicating a decrease in spreading concentration, the trough
trends to become more symmetrical with the crest. Concurrently, the

FIG. 2. Illustration of the normalized input spectra considering different directional distributions. (a) Case 1_1 (hmax¼ 30�), (b) Case 3_1 (hmax¼ 45�), and (c) Cases 5_1
(hmax¼ 60�).

FIG. 3. Illustration of the wave profile for Case 1_3 listed in Table I (hmax¼30�,
f¼ 1.0 Hz, and A¼ 0.14 m).
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asymmetry of the envelope height on the preceding and following sides
of the wave crest changes, affecting the durations between zero-
upcrossing or zero-downcrossing and the crest. As the focused ampli-
tude increases [Fig. 5(a-2)], the troughs become flatter with minimal
differences in their peaks, even though their appearances are delayed
with widening directional distributions. The peak of the crest moves
forward slightly, which will trigger some asymmetry of the wave pro-
file. For even steeper waves [Fig. 5(a-3)], the trough-to-crest ratios can
reach up to 0.6, accompanied by a prominent effect of directional dis-
tribution. This manifests as a greater delay in the appearance time of

the trough peak and increased asymmetry in durations between zero-
upcrossing or zero-downcrossing to the crest.

Regarding the effect of wave frequency [Fig. 5(b)], the directional
distribution is fixed at [�45�, 45�]. For smaller focused amplitude
[Fig. 5(b-1)], as the wave frequency increases from 0.9 to 1.2Hz (i.e.,
the wavelength becomes shorter), the trough gradually becomes
flatter and its value decreases. As the focused amplitude increases
[Fig. 5(b-2)], the wave profile exhibits a steeper crest and flatter trough
compared to the smaller focused amplitude. A slight difference in
the peak of the trough can be observed with varying wave frequencies.

FIG. 4. The normalized theoretical solutions for the regular wave in the condition with f¼ 1.0 Hz and A¼ 0.12 m (that is, unidirectional wave corresponding to Cases 1_2, 3_2,
and 5_2). (a) Wave surface elevations and (b) energy spectra.

FIG. 5. Comparison of the normalized wave surface elevations at defined focused location (also actual focused location in this study), i.e., at gauge 1 (xb, yb)¼ (9.0 m,
14.0 m). (a) With various directional distributions (with fixed frequency f¼ 1.0 Hz) and (b) with various frequencies (with fixed directional distribution hmax¼ 45�).
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For larger focused amplitude [Fig. 5(b-3)], the appearance time of the
trough peak is minimally influenced by changes in wave frequency,
which contrasts with the effect of directional distributions. Moreover,
as the wavelength becomes shorter, the wave profile gradually exhibits
forward leaning, which is considered a precursor to extreme wave
events.

In summary, both directional distribution and wave frequency
significantly impact the wave profile. These effects manifest as differ-
ences in asymmetrical durations between zero-upcrossing or zero-
downcrossing to the crest (i.e., vertical asymmetry), wave forward
leaning or backward leaning (i.e., horizontal asymmetry), and trough-
to-crest ratio, which will be analyzed in Secs. III B–IIID.

B. Vertical asymmetry factor

Figure 6 compares the variation of the preceding period from the
zero-upcrossing to the crest tcp and the following from the crest to the
zero-downcrossing tcf. On the left panel, for smaller focused amplitude
[Fig. 6(a-1)], tcp remains relatively consistent across different direc-
tional distributions, while the following period tcf varies, with a larger
value observed at hmax¼ 60�. This results in tcp being slightly larger
than tcf for the other two directional distributions, indicating that a
more concentrated directional distribution increases the likelihood of
tcp exceeding tcf. For moderate focused amplitude [Fig. 6(a-2)], as the
directional distribution broadens, tcp decreases and then stabilizes,

while tcf exhibits an opposite trend, with tcp consistently remaining
above tcf. For larger focused amplitude [Fig. 6(a-3)], tcp decreases sig-
nificantly with increasing directional distribution, with tcp falling below
tcf at hmax 2 [�60�, 60�]. Generally, the larger the focused amplitude,
the greater the decrease in tcp with increasing directional distribution,
whereas the variation in tcf remains stable, despite a slight decline in
the corresponding values. This phenomenon is attributed to the reason
that as the directional distribution increases, the wave energy concen-
tration weakens, resulting in the crest speed decreasing due to the
nonlinearity-dependent changes in dispersion.45,62 Consequently, it
leads to a significant reduction in the preceding period from the zero-
upcrossing to the crest. Different phenomena are observed on the right
panel. There is no uniform variation pattern of tcf across various
focused amplitudes with increasing wave frequency, with values mostly
fluctuating around 0.23. Fascinating variations occur in tcp. For smaller
focused amplitude [Fig. 6(b-1)], tcp first decreases slightly and then
increases, consistently remaining above tcf. As focused amplitudes
increase [Fig. 6(b-2)], the trend gradually reverses, with tcp initially
increasing and then decreasing as the wave frequency increases. For
larger focused amplitude [Fig. 6(b-3)], tcp in a longer-wave condition
(i.e., f¼ 0.9Hz) is less than the corresponding tcf, while in a shorter-
wave condition (i.e., f¼ 1.2Hz), these two periods are equivalent.

Figure 7 presents the variations in vertical asymmetry k (the ratio
of tcf to tcp) influenced by directional distributions and wave frequen-
cies. The purple dashed line represents the symmetry predicted by

FIG. 6. Variation of the periods from zero-upcrossing to the crest and that from the zero-downcrossing to the crest. (a) With various directional distributions (with fixed frequency
f¼ 1.0 Hz) and (b) with various frequencies (with fixed directional distribution hmax¼ 45�).
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linear theory for reference. In Fig. 7(a), for a smaller focused amplitude
(represented by the black), k gradually increases from less than 1.0 to
approximately 1.0 as the directional distribution broadens. With
increasing focused wave amplitude, k continues to exhibit an increas-
ing trend, but the magnitude of this increase varies. Specifically, k
exceeds 1.0 for A¼ 0.14 m, while it remains below 1.0 for A¼ 0.12 m.
This indicates that the influence of focused amplitude on the variation
of k is related to the directional distribution. For the narrower direc-
tional distribution (i.e., more concentrated energy), k gradually
decreases with increasing focused amplitude but remains less than 1.0.
This is attributed to an increase in tcp despite a slight increase in tcf. As
the directional distribution widens, k stabilizes at 0.91 across various
focused amplitudes due to the stable corresponding tcf and tcp (Fig. 6).
Beyond this point, no clear variation pattern is observed.

In Fig. 7(b), for a smaller focused amplitude, k gradually
decreases as the wave frequency increases. While for a larger focused
amplitude, as the frequency increases, k initially decreases and then
increases. For longer waves (i.e., f¼ 0.9Hz), k remains nearly almost
unchanged below 1 in configurations with small focused amplitudes
(A¼ 0.08 m and A¼ 0.12 m). This is because, although both tcf and
tcp decrease [Figs. 6(b-1) and 6(b-2)], the magnitude of their decrease
is consistent. For shorter waves (i.e., f¼ 1.2Hz), k gradually increases
to around 1 as the focused amplitude increases, indicating that the
crest profile transforms from asymmetric to symmetric. The decline in
tcp meaning the shortened preceding period, driven by enhanced non-
linear effects, dominates the behavior, while tcf remains constant
[Fig. 6(b)]. This contrasts with the variations seen in unidirectional
waves, where steeper waves display stronger nonlinearity and more
pronounced nonlinear characteristics. In wave configurations with a
fixed directional distribution at hmax¼ 45�, unique phenomena are
observed.

As pointed out by She et al.,68 the vertical asymmetry decreases
with the increase in the directional distribution, and the variation is
reversed when the directional distribution reaches up to hmax¼ 60�.
This is consistent with the findings in multi-directional multi-fre-
quency waves that the nonlinear effect can be weakened by the given
directional distribution.49 A more interesting conclusion is that the
directional distribution and wave frequency are suggested to influence
the variation of vertical asymmetry factor k through different mecha-
nisms. Under the influence of directional distribution, the variation in
k is primarily determined by changes in tcp. While considering wave
frequency, the variation in k shows little dependence on the tcp in the
configuration with longer waves at hmax¼ 45�. Compared to these

observation in the temporal domain, Perlin et al.69 summarized similar
conclusions in the spatial domain. As wave steepness increases, wave
exhibits fore-aft asymmetry because of wave-crest front-face steepen-
ing.69 The crest’s geometric parameters are pointed to be more suitable
for describing the local crest geometry and are of great significance for
predicting extreme waves.69 Although further research suggested that
larger waves have larger coefficients of front steepness compared to
back steepness, and larger coefficients of down-crossing steepness
compared to up-crossing steepness,31,40 it appears that up-crossing
parameter has some correlation with front steepness. Yao and Wu70

demonstrated that the limiting steepness and geometric parameters of
the crest in extreme waves, determined from spatial surface profiles
and temporal surface-elevation measurements, differ significantly.
Therefore, spatial characteristics are not fully equivalent. Additionally,
the wave configuration with a fixed directional distribution at
hmax¼ 45� presents unexpected results. While wave steepness predom-
inantly governs nonlinearity, this specific directional distribution also
exerts a significant impact.

C. Horizontal asymmetry parameter

Figure 8 compares the variation of the preceding horizontal
asymmetry parameter bp and the following horizontal asymmetry
parameter bf. In Fig. 8(a-1), for a smaller focused amplitude, both bp
and bf increase as the directional distribution broadens, with bp always
below bf. For a larger focused amplitude [Fig. 8(a-2)], bp continues to
increase, albeit at a reduced growth rate, while bf exhibits a different
trend, initially decreasing and then increasing. This results in the con-
vergence of bp and bf at hmax¼ 60�. When the focused amplitude
reaches 0.14m, both bp and bf decrease with the increasing directional
distribution, indicating more energy concentrated around the crest on
both the preceding and following sides. From the analysis of field mea-
surement conducted by Tang et al.,35 bp is pointed out to be less than
bf in extreme events. Additionally, the half-period before the crest is
shorter than that after the crest, indicating the presence of nonlinear
contraction of the wave group.35

Concerning the effect of wave frequency, as shown in Fig. 8(b),
for a smaller focused amplitude, the crest tends to have a steeper pro-
file in the following compared to the preceding. As wave frequency
increases, bp maintains a growth trend, while bf decreases slightly,
with bp approaching bf at 1.2Hz. For larger focused amplitudes, the
variation in bp and bf are not uniform. Notably, in the configuration
with the frequency f¼ 1.2Hz, these two values are quite close to each
other, and the larger the focused amplitude, the smaller the value,

FIG. 7. Variation of the vertical asymmetry. (a) With various directional distributions (with fixed frequency f ¼1.0 Hz) and (b) with various frequencies (with fixed directional distri-
bution hmax¼ 45�).
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suggesting the wave crest increasingly compressed. Consequently, the
compressed wave crest increases the crest steepness, resulting in more
energy concentrated around wave crest on both preceding and follow-
ing sides and the emergence of extreme wave characteristics.

Figure 9(a) explores the effect of the directional distributions on
the ratio of the preceding to the following horizontal asymmetry
parameters. For a smaller focused amplitude, this ratio remains rela-
tively stable around 1.1, indicating a forward-leaning state, despite a
decline in both bp and bf along the directional distribution [Fig. 8(a-1)].
This behavior is attributed to the higher energy concentration on the
preceding side, resulting in greater pressure on the following side. As
the focused amplitude increases, the ratio falls below 1.0 when hmax is

45� and 60�, indicating a transition to a backward leaning wave crest
due to more energy being concentrated on the following side. When
the focused amplitude reaches 0.14m, the ratio at hmax¼ 60� returns to
a value greater than 1.0. These observations challenge the conventional
understanding that a wider directional distribution, which disperses
energy more broadly, is less prone to extreme events. In specific config-
uration, the energy concentration on the following profile can exceed
that of the preceding, thereby increasing the likelihood of extreme
events.

Figure 9(b) illustrates the corresponding effect of the wave fre-
quencies. The variation at hmax¼ 45� does not follow the traditional
trend where nonlinearity increases monotonically with wave steepness.

FIG. 8. Variation of the preceding and following horizontal asymmetry parameters. (a) With various directional distributions (with fixed frequency f¼ 1.0 Hz) and (b) with various
frequencies (with fixed directional distribution hmax¼ 45�).

FIG. 9. Variation of the ratio of the preceding and following horizontal asymmetry parameters. (a) With various directional distributions (with fixed frequency f¼ 1.0 Hz) and (b)
with various frequencies (with fixed directional distribution hmax¼ 45�).
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Even for small focused amplitudes (e.g., A¼ 0.08m), there is a poten-
tial for extreme events, as indicated by a ratio greater than 1.0 and a
forward-leaning crest, regardless of wavelength. Surprisingly, for rela-
tively longer waves (e.g., f¼ 0.9Hz), steeper waves exhibit a smaller
ratio, contrary to the behavior observed in unidirectional waves. This
is primarily due to the rapid decrease in bf, causing the crest transitions
from forward leaning to backward leaning as nonlinearity increases
with a fixed directional distribution of hmax¼ 45�.

Therefore, it is essential to consider the impact of multi-
directional waves or even crossing waves on oceanic devices or equip-
ment during oceanic activities, such as analyzing field measurements,
predicting wave evolution, and assessing the load of the marine
structure.

D. Trough-to-crest ratio

The trough-to-crest ratio is another parameter used to measure
asymmetry, as illustrated in Fig. 10. In all four panels, the preceding
and following troughs consistently coincident. This can be attributed
to the fact that, despite being composed of wave components with
varying directional distributions or frequencies, the wave maintains
regularity with symmetrical troughs. However, the effects of directional
distribution and wave frequency differ significantly. For smaller
focused amplitude (indicated by the black markers), a narrower direc-
tional distribution (i.e., more concentrated energy) and a shorter wave-
length (i.e., higher wave frequency) result in a smaller trough-to-crest
ratio. This occurs because, in such configurations, higher-order har-
monics due to enhanced nonlinearity can cause the crest to steepen
and the trough to flatten.31 This trend is consistent with observations
in unidirectional waves. When the amplitude is moderate (i.e.,
A¼ 0.12 m), the trough-to-crest ratio decreases as the directional dis-
tribution increases, eventually approaching nearly equal values. For
larger amplitude (i.e., A¼ 0.14 m), the trough-to-crest ratio decreases
along the directional distribution, likely due to the effect of bound har-
monics,53 which result in steeper crests and flatter troughs. This find-
ing also supports the assertion by McAllister et al.58 that larger waves,

such as Draupner wave, can also be generated in a crossing state with
crossing angles between 60� and 120�.

However, as wave steepness increases, the anticipated enhance-
ment (i.e., a decrease in the ratio) is not observed. Notably, for longer
wave configurations [i.e., f¼ 0.9Hz in Fig. 10(b)], the relation between
increasing wave steepness and a decreasing ratio, which could indicate
stronger nonlinearity, is stratified. As the frequency increases, unlike
unidirectional waves, the trough-to-crest ratio does not show enhanced
asymmetry between crests and troughs following nonlinear enhance-
ment. This suggests that in real wave fields, which exhibit short-crested
behavior and account for both wave frequencies and directional distri-
butions, the effects of these factors are not a simple linear superposi-
tion. Therefore, in practical engineering applications, wave fields
should not be simplified to unidirectional or even uni-frequency unidi-
rectional waves when evaluating wave loads and other related effects.

IV. ANALYSIS OF HARMONIC ENERGY

Energy transfer is the essence of wave evolution. As nonlinear
waves propagate, the nonlinear interactions between various wave
components, such as wave–wave interactions, are excited.62 This exci-
tation results in higher-order harmonics that influence the spectral fre-
quency30 and lead to energy transfer.71 Consequently, the dispersion
relation is altered.32 This process influences the deformations in the
wave profile, including various asymmetries. To reveal the underlying
physics, we will analyze harmonic energy ratios to explain on how the
wave profile varies with different directional distributions and wave
frequencies.

A. Energy spectra

Figure 11 compares the normalized energy spectra in various sepa-
rated orders influenced by the directional distribution and wave
frequency, including the linear components (the left column), second-
order components (the middle column), and third-order components
(the right column). A common phenomenon observed is the appearance
of higher-order harmonics, including second- and even third-order

FIG. 10. Variation of the preceding and following trough-to-crest ratio. (a) With various directional distributions (with fixed frequency f¼ 1.0 Hz) and (b) with various frequencies
(with fixed directional distribution hmax¼ 45�).
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harmonics. However, the effects of these two variables on the spectral
peak and the corresponding frequency are quite different.

Regarding the impact of the directional distribution [Fig. 11(a)],
for smaller focused amplitude [Fig. 11(a-1)], the proportion of the sec-
ond- and third-order energy is greater for more concentrated direc-
tional distributions compared to moderately concentrated and
least concentrated distributions. As the focused amplitude increases
[Fig. 11(a-2)], the proportion of second- and third-order energy also

increases. At hmax¼ 30� and hmax¼ 45�, both ratios are nearly equal
and higher than at hmax¼ 60�. This explains the variation of the
trough-to-crest ratio [Fig. 10(a)], indicating that the relation between
the trough-to-crest ratio and higher-order harmonics in unidirectional
waves also applies to multi-directional waves in such condition. When
the focused amplitude reaches 0.14m [Fig. 11(a-3)], the second- and
third-order energy ratios at hmax¼ 60� surpass those at hmax¼ 45�

and at hmax¼ 30�. The increase in harmonic energy leads to nonlinear
enhancement, resulting in a decrease in the trough–crest asymmetry,
which is manifested as a smaller value of trough-to-crest ratio
[Fig. 10(a)].

Under the influence of wave frequency [Fig. 11(b)], although the
proportion of second- and third-order energy increases with the
focused wave amplitude, wave frequency appears to have lesser effect
on these proportions compared to the impact effect of directional dis-
tribution. For smaller focused amplitude [Fig. 11(b-1)], the energy
ratio of the second-order harmonic is lower for relatively lower-
frequency waves than for higher-frequency waves (e.g., f¼ 1.0 and
1.2Hz). As the frequency increases, the proportion of second-order
energy rises, consistent with the unidirectional waves. Additionally, the
third-order energy remains close to zero across all frequencies. As the
focused wave amplitude increases [Fig. 11(b-2)], both second- and
third-order energy ratios show a noticeable increase. However, these
ratios do not exhibit significant changes with increasing frequency,
indicating that frequency has a minor impact on higher-order energy
ratios for waves with moderate amplitudes. When the focused ampli-
tude reaches A¼ 0.14 m [Fig. 11(b-3)], both second- and third-order
energy ratios increase. While the second-order energy ratio remains
relatively unchanged with frequency, the third-order energy shows a
slight increase, although this increase is not substantial.

The results indicate that the mechanism by which directional dis-
tribution and frequency affect the ratio of higher-order energy differ.
For large amplitudes, unlike unidirectional waves, an increase in direc-
tional distribution leads to a significant rise in bound wave energy
resulting in a shallower trough. Conversely, as frequency increases, the
harmonic energy ratio remains nearly constant, which contradicts the
expected nonlinear relationship between two-dimensional waves and
harmonic energy growth. This discrepancy may be because the results
in Fig. 11(b) are based on an analysis at hmax¼ 45�. These differing
variation patterns suggest that the impact mechanism driven by vari-
ous directional distributions is complex and non-monotonic for both
second- and third-order energy, contrasting with the relatively
straightforward influence of wave frequencies.

B. Ratio of higher-order harmonic energy

The energy changes caused by the continuous directional distri-
bution are not monotonic. To investigate this expansion of this phe-
nomenon, we introduce the theoretical solution of unidirectional
waves that we are familiar with as a comparison. The variation of the
energy ratio of second-order terms is shown in Fig. 12. The crosses
represent the theoretical values, and the hollows represent the experi-
mental data. Different colors denote different configurations. First,
compared to the results of unidirectional waves, the proportion of
second-order energy in multi-directional waves has sharply reduced,
irrespective of the directional distribution or wave frequency. This
reflects that directional distribution does indeed weaken energy

FIG. 11. Local magnification of normalized energy spectrum in various separated
orders. (a) With various directional distributions (with fixed frequency f ¼1.0 Hz)
and (b) with various frequencies (with fixed directional distribution hmax¼ 45�).
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concentrations to a certain extent in our given configuration than uni-
directional waves.

In Fig. 12(a-1), as the focused amplitude increases, the nonlinear-
ity of unidirectional waves is enhanced, manifested as a rapid increase
in the proportion of second-order energy in the theoretical solution.
For smaller focused amplitude (represented by the black), as the direc-
tional distribution broadens, the deviation from the theoretical predic-
tion becomes larger, indicating that the second-order energy rapidly
reduces. When the focused amplitude equals 0.12m (represented by
the blue), the deviation increases quickly and becomes larger with the
widening of the directional distribution. A different phenomenon hap-
pens when the focused amplitude reaches up to 0.14m (represented by
the red)—the more concentrated the directional distribution, the
greater the energy ratio offset. As the directional distribution becomes
wider, the energy ratio shift becomes smaller and smaller [also can be
observed in Fig. 12(a-2)], which is inconsistent with our conventional
hypothesis. If this phenomenon could be explained as wave breaking,
at least the energy ratio at hmax¼ 30� should be lower than that with a
smaller focused amplitude, while here the ratio at hmax¼ 60� is much
smaller. Moreover, McAllister et al.1 recently also pointed out that the
steepness of the three-dimensional waves before breaking may be twice
that of traditional two-dimensional waves. Hence, it should be attrib-
uted to the unusual role of the directional distribution. That is, the
impact of the directional distribution is not monotonic, which is
related to the focused amplitude (i.e., the steepness of the unidirec-
tional waves). Concerning the influence of the wave frequency
[Fig. 12(b)], although the second-order energy ratio first increases and

then decreases with increasing frequency (i.e., shortened waves), com-
pared to the theoretical difference [Fig. 12(b-2)], it monotonically
increases with increasing frequency. The case with larger focused wave
amplitudes always stays above that with smaller amplitudes. This vari-
ation does not conflict with that observed in Fig. 12(a), as it is fixed
under the configuration of hmax¼ 45�.

Additionally, the variation of the third-order energy ratio is given
in Fig. 13. Generally, the energy ratio of the third-order harmonics is
one order of magnitude smaller than that of second-order harmonics.
This can also be found from Fig. 11, where the vertical axes of the sec-
ond- and third-order energy ratio differ significantly. Moreover, irre-
spective of the influence of directional distributions or wave
frequencies, the trend of the energy ratio of third-order harmonic
under different local wave amplitudes is quite similar. It should be
noted that, in a multi-directional configuration, the third-order har-
monic is influenced not only by amplitude and frequency but also by
directional distribution, unlike the second-order harmonic.
Additionally, the third-order harmonic can cause a frequency shift,
which does not occur in the second-order solution. Even with a theo-
retical solution for the third-order harmonic, it is challenging to iden-
tify the dominant factors. Therefore, theoretical values are not
provided for comparison in this study.

From Fig. 13, the variation of the higher-order energy ratio rela-
tive to the theoretical solution increases with the enhancement of
the wave steepness corresponding to unidirectional waves when the
directional distribution is relatively concentrated (i.e., hmax¼ 30� and
hmax¼ 45� in this given configuration). Still, there is no clear

FIG. 12. Variation of the energy ratio of second-order terms. (a) With various directional distributions (with fixed frequency f ¼1.0 Hz) and (b) with various frequencies (with
fixed directional distribution hmax¼ 45�). The hollows and crosses denote the experimental and theoretical results, respectively. (A¼ 0.08 m: black color; A¼ 0.12 m: blue
color; and A¼ 0.14 m: red color).
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conclusion at hmax¼ 60�. This suggests that waves in actual sea condi-
tions cannot be simplified as two-dimensional waves. That is to say,
when considering the directional distribution, specific situations need
to be handled on a case-by-case basis. It cannot be simply assumed
that multi-directional waves are necessarily nonlinearly weakened
compared to unidirectional waves.

For multi-directional waves, the impact of the directional distri-
bution on geometric asymmetry does not follow the variation patterns
observed in unidirectional waves. For larger focused amplitude (e.g.,
A¼ 0.14 m), as the directional distribution broadens, the period from
the zero-upcrossing to the crest tcp, the preceding horizontal asymme-
try parameter bp, and the trough-to-crest ratio exhibit a declining
trend, while the vertical asymmetry factor k show a significant
increase. This indicates that the wider directional distribution in such
configurations causes the wave profile to concentrate more energy on
the preceding side of the wave crest, leading to a forward-leaning state
with a rapidly growing crest and a much shallower trough, which sig-
nifies strong nonlinearity. Further analysis of harmonic energy sup-
ports this observation. In addition to the established relation between
the trough-to-crest ratio and higher-order harmonics in unidirectional
waves, tcp appears to show greater more dependence on higher-order
harmonics under the influence of directional distribution. Moreover,
extending beyond previous research that suggested horizontal asym-
metry is closely related to bound harmonics, bp is shown to be more
sensitive to the higher-order harmonics compared to bf. Therefore, bp
can be identified as an indicator for evaluating the strength of higher-
order nonlinearity.

In a summary, our research verifies the significant impact of
directional distribution on the nonlinear characteristics of waves,
as also noted by Johannessen and Swan.62 Building on their work,
we further investigated the dominant factors contributing to signif-
icant deformations in the preceding and following crest in
multi-directional waves, identifying that the role of tcp is more pro-
nounced compared to tcf. In addition, at the position of the largest
wave crest (i.e., the actual focused position), the crest height on
either side of the maximum are asymmetric, with the largest crest
shifting toward the front of the wave group. This phenomenon is
reflected in the variation of bp (corresponding to the preceding
wave-group envelop) in our study, confirming that the rate of dis-
persion is more rapid after the global maximum than it was before.
Although we did not conduct an extremely detailed analysis in the
spectral domain, we explained the impact of higher-order harmon-
ics on larger waves influenced by directional distribution in a

configuration with a uni-frequency wave component transitioning
from multi-directional to be focused.

V. CONCLUSIONS

The multi-directional waves with uni-frequency which is missing
in practical engineering are experimentally focused in the multifunc-
tional wave basin. The influence of the directional distribution is ana-
lyzed and compared to that of the wave frequency. The main
conclusions are summarized as follows:

(1) Different from the effect of the wave frequency, vertical asym-
metry factor k influenced by the directional distribution is asso-
ciated with the variation of the period from the zero-upcrossing
to the crest tcp. Moreover, irrespective of the influence of the
directional distribution or the wave frequency, hmax¼ 45� is a
special inflection point, for the different variations of k on both
sides.

(2) For wider directional distribution, there may still be a situation
where the ratio of the following envelope height at half charac-
teristic period bf to the preceding bp is greater than 1, known as
a configuration highly prone to extreme events. More surpris-
ingly, for relatively longer waves (i.e., f¼ 0.9Hz) at hmax¼ 45�,
the steeper the waves, the smaller the ratio bf/bp, which is con-
trary to the behavior observed in unidirectional waves. All these
suggest that the nonlinearity of multi-directional waves is not
necessarily weaker than that of unidirectional waves.

(3) Wave steepness defined in unidirectional waves is not available
to measure the nonlinearity in multi-directional waves. It mani-
fests as that in the configuration with hmax¼ 45�, the trough-to-
crest ratio does increase with the increase of wave steepness in
the corresponding unidirectional waves but exhibits non-
monotonic characteristics.

(4) For multi-directional waves, particularly when the directional
distribution hmax exceeds 45�, the impact of the directional dis-
tribution and wave frequency on geometric asymmetry do not
follow the variation patterns observed in unidirectional waves.
When the focused amplitude reaches 0.14 m, the second- and
third-order energy ratios at hmax¼ 60� surpass those at
hmax¼ 45� and at hmax¼ 30�. The increase in harmonic energy
leads to nonlinear enhancement, resulting in a decrease in the
trough–crest asymmetry, manifested as a smaller value of
trough-to-crest ratio. Contrary to conventional understanding,
an increase in directional distribution is likely to lead to a
decrease in wave nonlinearity.

FIG. 13. Variation of the energy ratio of third-order terms. (a) With various directional distributions (with fixed frequency f ¼1.0 Hz) and (b) with various frequencies (with fixed
directional distribution hmax¼ 45�).
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The findings presented are based on the isolated impact of direc-
tional distribution and wave frequency, providing a reference for future
research on the focusing of multi-directional multi-frequency wave
components. This study also lays the groundwork for subsequent
investigations, particularly concerning the asymmetric transformation
between the temporal and spatial domains. Since wave nonlinearity
encompasses not only the initial wave steepness but also the nonlinear
interactions during wave propagation and evolution, it is preferable to
examine information across more continuous locations rather than
relying on simple or even nonlinear conversions between these two
domains in the coming work.
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APPENDIX: EXPERIMENTAL REPEATABILITY
VERIFICATION

To ensure the reproducibility of the experimental results and
bolster confidence in the study’s conclusions, it is essential to con-
duct repeatability and error verification. Figure 14 illustrates the
comparison of water surface elevation at the defined focused posi-
tion (also the actual focused position) using Case 1_1 from Table I
as an example. The strong agreement between the time series from
the first and second trials demonstrates the high repeatability of the
laboratory experiments. Additionally, the relative error between the

two experiments is statistics as 4.1%, which falls within the accept-
able range of experimental errors, thereby ensuring the accuracy
and reliability of the experimental data.
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