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ABSTRACT

This paper addresses the asynchronous leader-following consensus problem for networked double-integrator systems. In practical
engineering contexts, there are three key factors that must be considered significantly: (1) asynchronous hybrid event- and time-triggered
control, where asynchrony affects event detection, event-triggered processes, and controller updates; (2) heterogeneous networks, wherein
position and velocity information are governed by distinct, independent graphs; and (3) communication time delays arising from limited
bandwidth and long-distance transmission. Due to the independence of these heterogeneous networks, edge events related to position and
velocity information are defined separately. When an event occurs on an edge, the connected agents sample the corresponding relative state
information (position or velocity) and update their controllers accordingly. The paper proposes a control protocol based on these event rules
and employs Lyapunov methods to address the leader-following consensus problem. Numerical simulations are provided to validate and
illustrate the theoretical findings.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0239417

In multi-agent system control, the interaction between agents and
data sampling is fundamental and central to ongoing research.
Unlike traditional approaches with continuous communications
and periodic sampling, event-triggered control offers a more effi-
cient alternative that has attracted significant attention from
researchers and engineers due to its potential to reduce energy
consumption. To design an effective event-triggered control
mechanism, it is crucial to accurately characterize operational
demands posed by real-world systems. Specifically, this paper
focuses on the complexities of asynchronous hybrid event- and
time-triggered control, where asynchrony impacts event detec-
tion, triggering processes, and controller updates; the use of het-
erogeneous networks, where position and velocity information
are governed by distinct, independent communication graphs;
and the challenges of communication delays resulting from band-
width limitations and long-distance transmission. Within this
framework, we propose an innovative edge-based event-triggered

approach that introduces two new event-detecting rules, leading
to a novel control scheme that ensures leader-following consensus
despite these practical constraints.

I. INTRODUCTION

The study of multi-agent systems (MAS) has emerged as a
cornerstone of modern control theory, driven by its applications
across various fields such as autonomous vehicles,1,2 distributed
robotics,3,4 and smart grids.5,6 At the heart of this research lies the
consensus problem, which seeks to align the states or actions of
individual agents in a decentralized system.7–15 Among the numer-
ous paradigms within this domain, the leader-following consensus
problem has gained prominence.16–25 In this framework, a desig-
nated leader dictates a reference trajectory, while the followers,
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through carefully designed control laws, synchronize their behavior
to converge toward the leader’s state.

Recent advances in control strategies have highlighted
the importance of communication-efficient methods, as tradi-
tional continuous-time control schemes often suffer from exces-
sive resource demands, particularly in bandwidth-constrained
environments.26–29 Event-triggered control has established itself as
a powerful alternative, allowing communications and controller
updates to occur only when certain predefined conditions are met,
significantly reducing redundant communications, and offering a
balance between system performance and resource optimization,
compared to standard periodic sampling methods.30–34 Pioneering
works, such as those in Ref. 37, introduced both centralized and
distributed event-triggered control frameworks, addressing consen-
sus problems of multi-agent systems. Further extensions in Ref. 38
explored the challenges of quantized data transmission and asyn-
chronous information updates, reinforcing the versatility of event-
triggered schemes in complex MAS environments. Differing from
Refs. 37–44, a novel event-triggered framework based on edge events
was proposed in Ref. 45. Instead of each agent independently moni-
toring its state, events are triggered when a specific condition involv-
ing the state difference between two adjacent agents is satisfied.
Once an event is activated, the connected agents sample their relative
state information and update their control actions simultaneously
based on this newly acquired data.

Unlike homogeneous networks, where agents share the same
communication structure, heterogeneous networks involve multiple
types of interactions through different sensors or communication
channels, leading to a more complex consensus behavior. While
homogeneous MAS have been extensively studied, particularly in
systems governed by double-integrator dynamics, the behavior of
heterogeneous systems largely remains underexplored. Previous
works such as Refs. 35 and 36 have addressed consensus in double-
integrator networks under various assumptions regarding velocity
measurement and network connectivity, in which continuous-time
sampling played a critical role in achieving consensus; but such
approaches can be resource-intensive in practice. To address these
limitations, we propose a novel edge-event-triggered control mecha-
nism tailored to leader-following consensus in heterogeneous multi-
agent systems. Moreover, it is crucial to accurately characterize the
entire event-triggering process to ensure effective system perfor-
mance and control. Traditional approaches often assume that all
agents detect event conditions simultaneously,45–47 but this assump-
tion is both strong and unrealistic. In practice, due to factors like
time jitter48 and network latencies,49 event detections across agents
are inherently asynchronous, leading to asynchronous event trig-
gering and controller updates. Furthermore, limitations in commu-
nication network bandwidth and the effects of long-distance data
transmission exacerbate the challenge, as agents receive and use the
latest state information from their neighbors with delays.14,16,21 These
issues significantly impact system performance and stability. Con-
sequently, there is a critical need to investigate control strategies
that can handle these asynchronous dynamics and communication
delays.

In this paper, we address the asynchronous leader-following
consensus problem for double-integrator networks with commu-
nication delays, using hybrid periodic edge-event-triggered control.

The proposed approach involves each pair of adjacent agents detect-
ing event conditions asynchronously and independently. In the
context of double-integrator networks, we define event conditions
separately for position and velocity information. Even if there are
connections between two adjacent agents in both the position and
velocity information networks, events related to different types of
information remain independent. When an event is triggered, the
agents involved update only the relevant information (position or
velocity) in their controllers. We introduce a protocol with specif-
ically designed event-detecting rules to achieve leader-following
consensus in heterogeneous double-integrator networked systems
with time delays. Additionally, we derive sufficient conditions for
leader-following consensus by employing Lyapunov methods.

The rest of this paper is organized as follows. In Sec. II, we out-
line the key concepts of algebraic graph theory and introduce the
specific model along with the edge-event rules. In Sec. III, we pro-
vide the main results in detail. In Sec. IV, we provide a simulation
to demonstrate the effectiveness of our approach. In Sec. V, we con-
clude with a summary of our findings and discuss potential future
research directions.

Notations: n denotes the set {1, 2, . . . , n} and n/1 denotes {2,
3, . . . , n}. 0 is a zero vector with the appropriate dimensions. In

denotes an n × n identity matrix. λ2(A) denotes the second small-
est eigenvalue of matrix A. For matrices A, B, A > B means A − B is
positive definite.

II. PRELIMINARIES

In this paper, we study the multi-agent system with n + 1
double-integrator individuals, labeled from 1 to n + 1, where the
agent 1 is assigned as the leader, and the others as followers. The
communication networks based on position information and veloc-
ity information are usually treated as the same. Here, we assume
that the position information network and the velocity information
network are modeled by different graphs Gp and Gv, respectively.
In Gp and Gv, the information flow among the followers is undi-
rected, but the information flow from the leader to its followers
is unidirectional, i.e., the leader cannot receive information from
the followers. Denote the common vertex set of Gp and Gv as
V = {V1, V2, . . . , Vn+1}. Assume that there are mp and mv edges
in Gp and Gv, and the corresponding edge sets are denoted by

Ep =
{

e
p
1, e

p
2, . . . , e

p
mp

}

and Ev =
{

ev
1, e

v
2, . . . , ev

mv

}

, respectively, where

e
p
q = (Vi1 , Vj1) [resp. ev

q = (Vi2 , Vj2)] means agent i1 (resp. i2) and

agent j1 (resp. j2) are connected by edge e
p
q (resp. ev

q) in Gp (resp. Gv).

Agent j is a neighbor of agent i, if agent i can receive the information
of agent j, that is, (Vj, Vi) ∈ Ep or Ev. The sets of neighbors of agent

i in Gp and Gv are denoted by N
p
i and Nv

i , respectively. Edge weight

matrices of Gp and Gv are denoted by Wp = diag
(

w
p
1, w

p
2, . . . , w

p
mp

)

and Wv =diag(wv
1, w

v
2, . . . , wv

mv
), where w

p
q1 and wv

q2
are the weights

of edges e
p
q1 and ev

q2
, respectively. Based on graphs Gp and Gv,

we construct virtual undirected graphs G̃p = (V , Ẽp, Wp) and G̃v

= (V , Ẽv, Wv), where Ẽp = Ep ∪ {(Vi, V1)|(V1, Vi) ∈ Ep, i ∈ n + 1/1}
and Ẽv = Ev ∪ {(Vi, V1)|(V1, Vi) ∈ Ev, i ∈ n + 1/1}. In this paper, we
assume that there exists a path from the leader through each fol-
lower. That is to say, all followers are reachable from the leader, i.e.,
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the network is leader–follower reachable. Therefore, G̃p and G̃v are

both connected. Afterward, define Laplacian matrix Lp = [l
p
ij] of Gp

as follows:

l
p
ij =

{

−a
p
ij, if i 6= j,

∑

k∈N
p
i

a
p

ik, if i = j,

where a
p
ij > 0, if (Vj, Vi) ∈ Ep, otherwise, a

p
ij = 0. For the edges

between followers, assign an arbitrary orientation and define the
incidence matrix Dp = [d

p
ij ] of Gp as follows:

d
p
ij =











−1, if Vi is the tail of the jth oriented edge in Gp,

1, if Vi is the head of the jth oriented edge in Gp,

0, otherwise.

Analogously, by introducing av
ij, we can define the Laplacian matrix

Lv and the incidence matrix Dv of Gv, as well as the Laplacian
matrix L̃p (resp. L̃v) of G̃p (resp. G̃v). Obviously, L̃p = DT

p WpDp and

L̃v = DT
v WvDv hold.

This paper considers the asynchronous event detection. Let

t
p(q)

k or t
p(ij)

k , k = 0, 1, 2, . . . denote the event-detecting times of the

edge e
p
q = (Vi, Vj) with t

p(q)

k+1 = t
p(q)

k + h or t
p(ij)

k+1 = t
p(ij)

k + h, where h is
the event-detecting period. Similarly, introduce the event-detecting

times of the edge ev
q = (Vi, Vj) in Gv as t

v(q)

k or t
v(ij)

k , k = 0, 1, 2, . . .

with t
v(q)

k+1 = t
v(q)

k + h or t
v(ij)

k+1 = t
v(ij)

k + h.
At event-detecting times, followers connected by the edge

detect the corresponding event conditions. If the conditions are
satisfied, the followers sample the corresponding relative state infor-
mation on the edge and update their controllers. Note that the leader
cannot receive information from its followers, and its controller
remains unchanged. Therefore, if the edge connects the leader and
a follower, only the follower performs event detection and updates
its controller. Due to the independence of the position information
network and the velocity information network, event detection and
controller updates based on position information and velocity infor-

mation are mutually independent. For example, at time t
p(ij)

k , agent
j checks the event conditions of the edge (Vi, Vj) in the network Gp.
If the event occurs, agent j samples the relative position data and
updates position information of its controller. In the process, agent
j whether or not to update velocity information of its controller
depends not only on whether there exists an edge connecting agent

j in network Gvwhose event-detecting time also occurs at t
p(ij)

k , but
also on whether the event occurs.

For the sake of simplicity, let t
p(q)

kp(q)(t)
or t

p(ij)

kp(ij)(t)
and t

p(q)

kp(q)(t)
or

t
p(ij)

kp(ij)(t)
denote the recent edge-event time and the recent event-

detecting time for edge e
p
q = (Vi, Vj) in Gp before or at time t,

respectively. For example, in Fig. 1, we assume there are three agents
and three edges in Gp. From the vertical, if there exist a line between
two agents at some time, it is the event-detecting time of the edge.
Furthermore, if the line is red, it indicates event of the edge occurs;
otherwise, the event is not triggered. For the edge connecting agents
1 and 3, the corresponding event occurs at the recent detecting time
before t. For the edge connecting agents 1 and 2, there are three
event-detecting times, in which only at the second one, the event

occurs. Therefore, t
p(12)

kp(12)(t)
corresponds to the second event-detecting

FIG. 1. Asynchronous edge-event detections.

time. For the meanings of t
p(12)

kp(12)(t)
, t

p(13)

kp(13)(t)
, and t

p(23)

kp(23)(t)
, they are clear

in Fig. 1.

Likewise, let t
v(q)

kv(q)(t)
or t

v(ij)

kv(ij)(t)
and t

v(q)

kv(q)(t)
or t

v(ij)

kv(ij)(t)
denote the

recent edge-event time and the recent event-detecting time for edge
ev

q = (Vi, Vj) in Gv before or at time t, respectively. Mathematically,

kp(q)(t) = max{k|tp(q)

k ≤ t, an edge event of e
p
q occurs at t

p(q)

k }; kp(q)(t)

= max{k|tp(q)

k ≤ t}; kv(q)(t) = max{k|tv(q)

k ≤ t, an edge event of ev
q

occurs at t
p(q)

k }; kv(q)(t) = max{k|tv(q)

k ≤ t}.

A. Model

Consider leader–follower multi-agent systems as follows:

• Leader:
{

ẋ1(t) = v1(t),

v̇1(t) = 0,
(1)

• Followers:
{

ẋi(t) = vi(t),

v̇i(t) = ui(t),
i ∈ n + 1/1 (2)

where xi(t) and vi(t) are the position and velocity of agent i, respec-
tively. The protocol ui(t) takes the following form:

ui(t) =
∑

j∈N
p
i

a
p
ij

(

xj

(

t
p(ij)

kp(ij)(t−τ)

)

− xi

(

t
p(ij)

kp(ij)(t−τ)

))

+ k
∑

j∈Nv
i

av
ij

(

vj

(

t
v(ij)

kv(ij)(t−τ)

)

− vi

(

t
v(ij)

kv(ij)(t−τ)

))

, (3)

where k > 0 is a parameter to be designed later and τ is the commu-
nication time delay with τ < h. In many physical systems, delays
(such as sensor response time and signal transmission delay) are
typically much smaller than the sampling period, as the sampling
period is usually set as part of the system’s response time to ensure
adequate feedback and control accuracy. Therefore, assuming that
the time delay is smaller than the sampling period aligns with the
response characteristics and control requirements of practical phys-
ical systems. Therefore, from (3), relative state information used by
agent i is sampled at the most recent corresponding edge-event times
before or at t − τ . In additions, based on the definition of the recent
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edge-event time t
p(ij)

kp(ij)(t−τ)

(

or t
v(ij)

kv(ij)(t−τ)

)

, it can be observed that the

controller of agent i relies on the position (or velocity) informa-
tion of neighbor j, which is derived from data sampled at the recent
event-triggered time before or at time t − τ , rather than the latest
sampled data before or at the current time t. Within the interval
(t − τ , t], events may occur on the corresponding edge, according
to the event rules. Consequently, communication delays inevitably
affect the state update rate, further influencing the correspond-
ing event-triggering times and frequencies. Systems (1) and (2) are
said to achieve leader-following consensus, if limt→∞ xi(t) − x1(t)
= 0, limt→∞ vi(t) − v1(t) = 0, i ∈ n + 1/1.

Introduce variables y(t) = DT
p x(t) and z(t) = DT

v v(t), where

y(t) = [y1(t)y2(t) . . . ymp(t)]
T, z(t) = [z1(t)z2(t) . . . zmv(t)]

T, x(t)

= [x1(t)x2(t) . . . xn+1(t)]
T, and v(t) = [v1(t)v2(t) . . . vn+1(t)]

T.
According to the definition of incidence matrix Dp, for any
yq1(t), q1 ∈ mp, there exist a pair of xi1(t), xj1(t), such that yq1(t)

= xi1(t) − xj1(t) with d
p
i1q1

= 1 and d
p
j1q1

= −1. Apparently, the vari-
able yq1(t) denotes the relative position information of the adja-

cent agents i1, j1 connected by e
p
q1 at time t. Similarly, the variable

zq2(t), q2 ∈ mv denotes the relative velocity information of a pair
of adjacent agents connected by ev

q2
in Gv at time t. Furthermore,

let ŷq1(t) = xi1

(

t
p(i1 j1)

kp(i1 j1)(t)

)

− xj1

(

t
p(i1 j1)

kp(i1 j1)(t)

)

with e
p
q1 = (Vi1 , Vj1) and

ẑq2(t) = vi2

(

t
v(i2 j2)

kv(i2 j2)(t)

)

− vj2

(

t
v(i2 j2)

kv(i2 j2)(t)

)

with ev
q2

= (Vi2 , Vj2). From

t
p(i1 j1)

kp(i1 j1)(t)
and t

v(i2 j2)

kv(i2 j2)(t)
, variables ŷq1(t) and ẑq2(t) denote the recent

sampled position information on e
p
q1 and the recent sampled velocity

information on ev
q2

, respectively.

Then, systems (1) and (2) with protocol (3) can be compactly
expressed as follows:

{

ẋ(t) = v(t),

v̇(t) = −I0DpWpŷ(t − τ) − kI0DvWvẑ(t − τ),
(4)

where I0 =
[

0 0
0 In

]

, ŷ(t) = [ŷ1(t)ŷ2(t) . . . ŷmp(t)]
T

and ẑ(t) = [ẑ1(t)

ẑ2(t) . . . ẑmv(t)]
T.

B. Edge-event-detecting rules

Here, we present the following edge-event-detecting rules:
Rule A:

(A-I) At edge-event-detecting time t
p(i1 j1)

k of edge e
p
q1 = (Vi1 , Vj1) in

Gp, agent j1 checks the following inequalities. If any of them is not
satisfied, agent j1 samples their relative position data with agent i1
and update its controller accordingly. If agent i1 does not play the
role of the leader, it performs the role of agent j1:

(I-1) if ŷq1

(

t
p(i1 j1)

k−1

)

≥ 0,

aŷq1

(

t
p(i1 j1)

k−1

)

< yq1

(

t
p(i1 j1)

k

)

< bŷq1

(

t
p(i1 j1)

k−1

)

,

(I-2) if ŷq1

(

t
p(i1 j1)

k−1

)

< 0,

bŷq1

(

t
p(i1 j1)

k−1

)

< yq1

(

t
p(i1 j1)

k

)

< aŷq1

(

t
p(i1 j1)

k−1

)

,

(A-II) at edge-event-detecting time t
v(i2 j2)

k of edge ev
q2

= (Vi2 , Vj2) in

Gv, agent j2 checks the following inequalities. If any of them is not
satisfied, agent j2 samples their relative velocity data with agent i2
and update its controller accordingly. If agent i2 does not play the
role of the leader, it performs the role of agent j2:

(II-1) if ẑq2

(

t
v(i2 j2)

k−1

)

≥ 0,

cẑq2

(

t
v(i2 j2)

k−1

)

< zq2

(

t
v(i2 j2)

k

)

< dẑq2

(

t
v(i2 j2)

k−1

)

,

(II-2) if ẑq2

(

t
v(i2 j2)

k−1

)

< 0,

dẑq2

(

t
v(i2 j2)

k−1

)

< zq2

(

t
v(i2 j2)

k

)

< cẑq2

(

t
v(i2 j2)

k−1

)

,

where 0 < a, c ≤ 1 and b, d ≥ 1.
Rule B:

(B-I) At edge-event-detecting time t
p(i1 j1)

k of edge e
p
q1 = (Vi1 ,Vj1)

in Gp with ŷq1(t) = xi1

(

t
p(i1 j1)

kp(i1 j1)(t)

)

− xj1

(

t
p(i1 j1)

kp(i1 j1)(t)

)

, agent j1 checks

the following inequalities. If any of them is not satisfied, agent j1
samples their relative position data with agent i1 and update its con-
troller accordingly. If agent i1 does not play the role of the leader, it
performs the role of agent j1:

(I-1) if ŷq1

(

t
p(i1 j1)

k−1

)

≥ 0,

−1 − a

2
ŷq1

(

t
p(i1 j1)

k−1

)

< xi1

(

t
p(i1 j1)

k

)

− xi1

(

t
p(i1 j1)

kp(i1 j1)
(

t
p(i1 j1)

k−1

)

)

<
b − 1

2
ŷq1

(

t
p(i1 j1)

k−1

)

,

(I-2) if ŷq1

(

t
p(i1 j1)

k−1

)

< 0,

b − 1

2
ŷq1

(

t
p(i1 j1)

k−1

)

< xi1

(

t
p(i1 j1)

k

)

− xi1

(

t
p(i1 j1)

kp(i1 j1)
(

t
p(i1 j1)

k−1

)

)

< −1 − a

2
ŷq1

(

t
p(i1 j1)

k−1

)

,

(B-II) At edge-event-detecting time t
v(i2 j2)

k of edge ev
q2

= (Vi2 , Vj2)

in Gv with ẑq2(t) = vi2

(

t
v(i2 j2)

kv(i2 j2)(t)

)

− vj2

(

t
v(i2 j2)

kv(i2 j2)(t)

)

, agent j2 checks

the following inequalities. If any of them is not satisfied, agent j2
samples their relative velocity data with agent i2 and update its con-
troller accordingly. If agent i2 does not play the role of the leader, it
performs the role of agent j2:

(II-1) if ẑq2

(

t
v(i2 j2)

k−1

)

≥ 0,

−1 − c

2
ẑq2

(

t
v(i2 j2)

k−1

)

< vi2

(

t
v(i2 j2)

k

)

− vi2

(

t
v(i2 j2)

kv(i2 j2)
(

t
v(i2 j2)

k−1

)

)

<
d − 1

2
ẑq2

(

t
v(i2 j2)

k−1

)

,

(II-2) if ẑq2

(

t
v(i2 j2)

k−1

)

< 0,

d − 1

2
ẑq2

(

t
v(i2 j2)

k−1

)

< vi2

(

t
v(i2 j2)

k

)

− vi2

(

t
v(i2 j2)

kv(i2 j2)
(

t
v(i2 j2)

k−1

)

)

< −1 − c

2
ẑq2

(

t
v(i2 j2)

k−1

)

.
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FIG. 2. Edge-event-triggered control under heterogeneous networks.

From rule A and rule B, it is clear that the event conditions
based on position data and velocity data are unrelated and indepen-
dent of each other. Therefore, events based on position information
and velocity occur independently of each other, even if e

p
q1 and ev

q2

connect the same pair of agents. Furthermore, the position informa-
tion and velocity information of the controller for the same agent
are updated asynchronously. More details are presented in Fig. 2.
Moreover, we reveal the differences between rule A and rule B
using the position information network Gp as an example. At edge-

event-detecting time t
p(i1 j1)

k of edge e
p
q1 = (Vi1 , Vj1), agents Vi1 and

Vj1 should know the current relative states yq1(t
p(i1 j1)

k ) and the latest

sampled states ŷq1(t
p(i1 j1)

k−1 ), to evaluate the event condition in rule A.
That is, rule A relies on the current relative state, whereas rule B does
not. Instead, in rule B, the agents only require the own latest states

xi1(t
p(i1 j1)

k ) and the latest sampled data xi1

(

t
p(i1 j1)

kp(i1 j1)(t
p(i1 j1)

k−1
)

)

. However,

this comes a higher probability of event triggering and more mem-
ory costs. Mathematically, the inequality (I-1) or (I-2) in rule A is
more likely to be satisfied compared to the corresponding inequality
in rule B, thereby reducing the frequency of event triggers.

III. MAIN RESULTS

In this paper, we investigate the leader-following consen-
sus of the multi-agent system described by Eqs. (1) and (2). We
introduce variables δi(t) = xi(t) − x1(t) and σi(t) = vi(t) − v1(t) for
i ∈ n + 1. Note that δ1(t) = σ1(t) = 0 are introduced solely for the
convenience of subsequent analysis. Systems (1) and (2) achieve
leader-following consensus if δi(t) → 0 and σi(t) → 0, as t → ∞.

Construct a Lyapunov function candidate as follows:

V(t) = [δT(t) σ T(t)]
T







βL̃p + kαλ2(L̃v)

2
In+1

α

2
In+1

α

2
In+1 βIn+1







[

δ(t)

σ (t)

]

,

(5)

where α > 0, β > 0 are parameters, to be designed later,
δ(t) = [δ1(t) δ2(t) . . . δn+1]

T and σ(t) = [σ1(t) σ2(t) . . . σn+1(t)]
T.

Lemma 1 The Lyapunov function candidate (5) is positive
definite, if α and β satisfy

2kβλ2(L̃v) > α. (6)

In addition, V(t) = 0 if and only if δ(t) = σ(t) = 0.

Proof. Let γ = kαλ2(L̃v)

2
and

P =







βL̃p + γ In+1

α

2
In+1

α

2
In+1 βIn+1






.

Since the Laplacian matrix L̃p is positive semi-definite, βL̃p + γ In+1

is invertible with α, β > 0.
Let

Q =





In+1 −α

2
(βL̃p + γ In+1)

−1

0 In+1



 .

Then

QTPQ =





βL̃p + γ In+1 0

0 βIn+1 − α2

4
(βL̃p + γ In+1)

−1



 .

Obviously, V(t) is positive definite, if βIn+1 − α2

4
(βL̃p + γ In+1)

−1
is

positive definite. Furthermore, βIn+1 > α2

4
(βL̃p + γ In+1)

−1
holds, if

β > α2

4γ
. Therefore, the condition (6) guarantees the positive def-

initeness of V(t). In addition, δ(t) = σ(t) = 0 means systems (1)
and (2) achieve the leader-following consensus. �

To simplify the following theorem, we introduce two constants,

M = −λmin(Wp)aκϕ′
3 + ρ1λ

Wp
n + ρ2hλd1

n + ρ3λ
d3
n

+ ρ4λ
F1
n + ρ5λ

F3
n + ρ6||Wp|| + ρ7||Wv|| ||F1||, (7)

with
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









































































































































κ = α − 2γ + kαλn(L̃v)

2λ2(L̃p)
,

ι = 2kβ − kα

2
− α + γ

λ2(L̃v)

ρ1 = h(1/2 + h/2(k + 1))((a − κ)b2 + κϕ2
3) + ϕ2

1(kh2/2 + 3(k + 1)/4 + h(h + 1)),

ρ2 = (2β + κ)h/4(1 + θ 2
1 ) + (α − κ)((1 + θ 2

1 )(h/2 + h2/2) + (k + 1)θ 2
1 (h3/2 + 3h/2) + h3/2 + kh3 + 3h/2(k + 1)),

ρ3 = α + γ

λ2(L̃v)
(1 + θ 2

1 )(5h + 2h2(k + 1) + 4kh) +
(

hι

2
+ khα

4

)

(1 + θ 2
1 ),

ρ4 = α + γ

λ2(L̃v)

(

2ξ 2
1 + 2ξ 2

2

)

((k + 1)(h + 2) + h + kh + 2k + 5/2),

ρ5 = (α − κ)(ξ 2
3 + 2ξ 2

4 )(h/2 + kh2 + h2 + 3k/4 + 1),

ρ6 = β||Dp||ϕ1 +
(

β||Dp|| + κϕ3 + b(α − κ)

2

)

||F3||(ξ3 + 2ξ4) + kκϕ3 + kb(α − κ)

4
||F4||(µ3 + 2µ4) + bϕ1(α − κ),

ρ7 = (2ξ1 + 2ξ2)

(

d(α + γ )

λ2(2L̃v)
+ kαϕ4

4
+ ιϕ4

2

)

and

N = −λmin(Wv)cιϕ
′
4 + φ1λ

Wv
n + φ2λ

d2
n + φ3λ

d4
n + φ4λ

F2
n + φ5λ

F4
n + φ6||Wv|| + φ7||Dp|| ||F4||, (8)

with


























































































































φ1 =
(

ι + kα

2

)

ϕ2
4(k + 1)h + (α + γ )(k + 1)

λ2(L̃v)

(

hd2 + (h + 2)ϕ2
2

)

,

φ2 = kh2

4
(1 + θ 2

2 )(2β + κ + (α − κ)(3 + 2h + 2h2)) + (α − κ)

(

θ 2
2

(

k2h2

4
+ 3kh2(k + 1)

2

)

+ 2k2h4 + 3kh2(k + 1)

4

)

,

φ3 = (α + γ )(1 + θ 2
2 )

λ2(L̃v)
kh

(

(k + 1)(h + 2) + 5

2
+ h + kh + 2k

)

+
(

ι + kα

2

)

kh(1 + θ 2
2 )

2
,

φ4 = α + γ

λ2(L̃v)
(2µ2

1 + 2µ2
2)

(

(k + 1)(kh + 2k) + k

(

5

2
+ h + kh + 2k

))

,

φ5 = (α − κ)(µ2
3 + 2µ4)

(

kh

2
+ kh2 + k2h2

2
+ 3k2

4
+ k

)

φ6 =
(

α + γ

λ2(L̃v)

d

2
+ (kα + 2ι)ϕ4

4

)

||F1||(2ξ1 + 2ξ2) +
(

(α + γ )d

λ2(L̃v)
+ (kα + 2ι)ϕ4

2

)

k||F2||(2µ1 + 2µ2) + kα

2
ϕ2ϕ4 + α + γ

λ2(L̃v)
dϕ2,

φ7 = (µ3 + 2µ4)

(

kβ

2
||Dp|| + kκϕ3

4
+ kb(α − κ)

4

)

,

where r1 = max{1 − a, b − 1}; r2 = max{1 − c, d − 1}; θ1 = max{1
− a/b, b/a − 1}; θ2 = max{1 − c/d, d/c − 1}; ϕ1 = r1 + θ1; ϕ2 = r2

+ θ2; ϕ3 = 1 + θ1, ϕ
′
3 = max{1, |θ1 − 1|}; ϕ4 = 1 + θ2, ϕ

′
4 = max{1,

|θ2 − 1|}, ξ1 = √
mvh

b
a
θ1; ξ2 =√

mvhθ1, µ1 =√
mvh

d
c
θ2; µ2 = √

mv

hθ2, ξ3 = √
mph

3θ1; ξ4 = √
mph

3 b
a
θ1, µ3 = √

mph
3θ2; µ4 = √

mph
3

d
c
θ2, λ

Wp
n , λWv

n ; λ
d1
n , λ

d2
n , λ

d3
n , λ

d4
n ; λ

F1
n , λ

F2
n , λ

F3
n , and λ

F4
n are

the maximum eigenvalues of Wp, Wv, WpD
T
p I0DpWpD

T
PI0DpWp,

WvD
T
v I0DpWpD

T
PI0DvWv, WpD

T
p I0DvWvD

T
v I0DpWp, WvD

T
v I0DvWv

DT
v I0DvWv, FT

1 WvF1, FT
2 WvF2, FT

3 WpF3, and FT
4 WpF4, respectively.

Theorem 1 Assume that the position information network Gp

and the velocity information network Gv are both leader–follower
reachable. For a given event-detecting period h, communication time
delay τ , and parameter k, if there exist constants α, β , a, b, c, d with
0 < a, c ≤ 1 and b, d ≥ 1 in rules A or B, such that











κ > 0,

ι > 0,

M, N < 0,

(9)
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then systems (1) and (2) achieve asynchronous leader-following con-
sensus under protocol (3) under event-detecting rule A or rule B.

Proof. With δ(t), σ(t), we can derive the equivalent form of
system (4) as follows:

[

δ̇(t)
σ̇ (t)

]

=
[

0 In+1

0 0

] [

δ(t)
σ (t)

]

−
[

0 0
I0DpWp kI0DvWv

] [

ŷ(t − τ)

ẑ(t − τ)

]

.

(10)

Then, we consider the derivative of V(t) along the trajectory of (10),

V̇(t) = 2[δT(t) σ T(t)]
T







βL̃p + γ In+1

α

2
In+1

α

2
In+1 βIn+1







[

δ̇(t)
σ̇ (t)

]

= 2βδT(t)L̃pσ(t) + 2γ δTσ + ασ Tσ

− αδTI0DpWpŷ(t − τ) − 2βσ TI0DpWpŷ(t − τ)

− kαδTI0DvWvẑ(t − τ) − 2kβσ TI0DvWvẑ(t − τ).

Due to δ1(t) = σ1(t) = 0, δT(t)I0 = δT(t), and σ T(t)I0 = σ T(t)
hold. Furthermore, by 2xTy ≤ xTx + yTy and L̃p = DT

p WpDp,

L̃v = DT
v WvDv with δTδ ≤ 1

λ2(L̃p)
δTL̃pδ and σ Tσ ≤ 1

λ2(L̃v)
σ TL̃vσ ,46 we

have

V̇(t) = 2βδT(t)DpWpD
T
p σ(t) + 2γ δTσ + ασ Tσ

− αδTDpWpŷ(t − τ) − 2βσ TDpWpŷ(t − τ)

− kαδTDvWvẑ(t − τ) − 2kβσ TDvWvẑ(t − τ)

≤ 2βσ TDpWp(y(t) − ŷ(t − τ))

+ 2γ + kαλn(L̃v)

2λ2(L̃p)
yTWp(y − ŷ(t − τ))

−
(

α − 2γ + kαλn(L̃v)

2λ2(L̃p)

)

yTWpŷ(t − τ)

− kα

2
(zT − ẑT(t − τ))Wvẑ(t − τ)

+ γ + α

λ2(L̃v)
zTWv(z − ẑ(t − τ))

−
(

2kβ − kα

2
− γ + α

λ2(L̃v)

)

zTWvẑ(t − τ).

Next, we will specify the forms of y(t) and z(t). Given
that z(t) = DT

v v(t), we have ż(t) = DT
v v̇(t) = −DT

v I0DpWpŷ(t − τ)

− kDT
v I0DvWvẑ(t − τ). Denote S1 = DT

v I0Dp = [s1ij] ∈ Rmv×mp and
S2 = DT

v I0Dv = [s2ij] ∈ Rmv×mv . Then, we can derive that

żi(t) = −
mp
∑

j=1

s1ijw
p
j ŷj(t − τ) − k

mv
∑

j=1

s2ijw
v
j ẑj(t − τ), i ∈ mv. (11)

For any t ∈ [tv(i)
kv(i)(t)

, tv(i)
kv(i)(t)+1), the solution of (11) is

zi(t) = zi

(

tv(i)
kv(i)(t)

)

−
mp
∑

j=1

s1ijw
p
j

∫ t

t
v(i)
kv(i)(t)

ŷj(s − τ) ds

− k

mv
∑

j=1

s2ijw
v
j

∫ t

t
v(i)
kv(i)(t)

ẑj(s − τ) ds, i ∈ mv. (12)

For
∫ t

t
v(i)
kv(i)(t)

ŷj(s − τ) ds, we proceed with the analysis as follows:

Case 1A: for some j, s ∈
[

t
p(j)

kp(j)(t)
, t

p(j)

kp(j)(t)
+ τ

)

, we have

(1A-i) if tv(i)
kv(i)(t)

∈
[

t
p(j)

kp(j)(t)
, t
)

,

∫ t

t
v(i)
kv(i)(t)

ŷj(s − τ) ds =
(

t − tv(i)
kv(i)(t)

)

ŷj

(

t
p(j)

kp(j)(t)−1

)

=
(

t − tv(i)
kv(i)(t)

)

ŷj

(

tv(i)
kv(i)(t)−1

)

,

(1A-ii) if tv(i)
kv(i)(t)

∈
[

t
p(j)

kp(j)(t)−1 + τ , t
p(j)

kp(j)(t)

)

,

∫ t

t
v(i)
kv(i)(t)

ŷj(s − τ) ds =
(

t − tv(i)
kv(i)(t)

)

ŷj

(

t
p(j)

kp(j)(t)−1

)

=
(

t − tv(i)
kv(i)(t)

)

ŷj

(

tv(i)
kv(i)(t)

)

,

(1A-iii) if tv(i)
kv(i)(t)

∈
[

t
p(j)

kp(j)(t)−1, t
p(j)

kp(j)(t)−1 + τ
)

,

∫ t

t
v(i)
kv(i)(t)

ŷj(s − τ) ds =
(

t − t
p(j)

kp(j)(t)−1 − τ
)

ŷj

(

t
p(j)

kp(j)(t)−1

)

+
(

t
p(j)

kp(j)(t)−1 + τ − tv(i)
kv(i)(t)

)

ŷj

(

tv(i)
kv(i)(t)−1

)

.

Therefore, the comprehensive expression for the above three
situations is

∫ t

t
v(i)
kv(i)(t)

ŷj(s − τ) ds

=
(

t − t
p(j)

kp(j)(t)−1 − τ
)

ŷj

(

t
p(j)

kp(j)(t)−1

)

+
(

t
p(j)

kp(j)(t)−1 + τ − tv(i)
kv(i)(t)

)

ŷj

(

tv(i)
kv(i)(t)−1

)

+ η
(

t
p(j)

kp(j)(t)
− tv(i)

kv(i)(t)

)

η
(

tv(i)
kv(i)(t)

− t
p(j)

kp(j)(t)−1 − τ
)

×
(

t
p(j)

kp(j)(t)−1 + τ − tv(i)
kv(i)(t)

) (

ŷj

(

tv(i)
kv(i)(t)

)

− ŷj

(

tv(i)
kv(i)(t)−1

))

,

(13)

where η(x) =
{

1, x > 0,

0, x ≤ 0.
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Case 2A: for other j, s ∈ [t
p(j)

kp(j)(t)
+ τ , t

p(j)

kp(j)(t)+1), we have

(2A-i) if tv(i)
kv(i)(t)

∈ [t
p(j)

kp(j)(t)
+ τ , t),

∫ t

t
v(i)
kv(i)(t)

ŷj(s − τ) ds =
(

t − tv(i)
kv(i)(t)

)

ŷj

(

tv(i)
kv(i)(t)

)

,

(2A-ii) if tv(i)
kv(i)(t)

∈
[

t
p(j)

kp(j)(t)
, t

p(j)

kp(j)(t)
+ τ

)

,

∫ t

t
v(i)
kv(i)(t)

ŷj(s − τ) ds =
(

t − t
p(j)

kp(j)(t)
− τ

)

ŷj

(

tv(i)
kv(i)(t)

)

+
(

t
p(j)

kp(j)(t)
+ τ − tv(i)

kv(i)(t)

)

ŷj

(

tv(i)
kv(i)(t)−1

)

,

(2A-iii) if tv(i)
kv(i)(t)

∈
[

t
p(j)

kp(j)(t)−1 + τ , t
p(j)

kp(j)(t)

)

,

∫ t

t
v(i)
kv(i)(t)

ŷj(s − τ) ds =
(

t − t
p(j)

kp(j)(t)
− τ

)

ŷj

(

t
p(j)

kp(j)(t)

)

+
(

t
p(j)

kp(j)(t)
+ τ − tv(i)

kv(i)(t)

)

ŷj

(

tv(i)
kv(i)(t)

)

.

Therefore, the comprehensive expression of the above three
situations is

∫ t

t
v(i)
kv(i)(t)

ŷj(s − τ) ds

=
(

t − t
p(j)

kp(j)(t)
− τ

)

ŷj

(

t
p(j)

kp(j)(t)

)

+
(

t
p(j)

kp(j)(t)
+ τ − tv(i)

kv(i)(t)

)

ŷj

(

tv(i)
kv(i)(t)

)

+ η
(

tv(i)
kv(i)(t)

− t
p(j)

kp(j)(t)

)

η
(

t
p(j)

kp(j)(t)
+ τ − tv(i)

kv(i)(t)

) (

t
p(j)

kp(j)(t)

+ τ − tv(i)
kv(i)(t)

) (

ŷj

(

tv(i)
kv(i)(t)−1

)

− ŷj

(

tv(i)
kv(i)(t)

))

. (14)

For
∫ t

t
v(i)
kv(i)(t)

ẑ(s − τ)ds, we proceed with the analysis as follows:

Case 3A: for some j, s ∈ [t
v(j)

kv(j)(t)
, t

v(j)

kv(j)(t)
+ τ), we have

(3A-i) if tv(i)
kv(i)(t)

∈
[

t
v(j)

kv(j)(t)
, t
)

,

∫ t

t
v(i)
kv(i)(t)

ẑj(s − τ) ds =
(

t − tv(i)
kv(i)(t)

)

ẑj

(

tv(i)
kv(i)(t)−1

)

,

(3A-ii) if tv(i)
kv(i)(t)

∈
[

t
v(j)

kv(j)(t)−1 + τ , t
v(j)

kv(j)(t)

)

,

∫ t

t
v(i)
kv(i)(t)

ẑj(s − τ) ds =
(

t − tv(i)
kv(i)(t)

)

ẑj

(

tv(i)
kv(i)(t)

)

,

(3A-iii) if tv(i)
kv(i)(t)

∈
[

t
v(j)

kv(j)(t)−1, t
v(j)

kv(j)(t)−1 + τ
)

,

∫ t

t
v(i)
kv(i)(t)

ẑj(s − τ) ds =
(

t − t
v(j)

kv(j)(t)−1 − τ
)

ẑj

(

t
v(j)

kv(j)(t)−1

)

+
(

t
v(j)

kv(j)(t)−1 + τ − tv(i)
kv(i)(t)

)

ẑj

(

tv(i)
kv(i)(t)−1

)

.

Therefore, the comprehensive expression of the above three
situations is

∫ t

t
v(i)
kv(i)(t)

ẑj(s − τ) ds

=
(

t − t
v(j)

kv(j)(t)−1 − τ
)

ẑj

(

t
v(j)

kv(j)(t)−1

)

+
(

t
v(j)

kv(j)(t)−1 + τ − tv(i)
kv(i)(t)

)

ẑj

(

tv(i)
kv(i)(t)−1

)

+ η
(

t
v(j)

kv(j)(t)
− tv(i)

kv(i)(t)

)

η
(

tv(i)
kv(i)(t)

− t
v(j)

kv(j)(t)−1 − τ
) (

t
v(j)

kv(j)(t)−1

+ τ − tv(i)
kv(i)(t)

) (

ẑj

(

tv(i)
kv(i)(t)

)

− ẑj

(

tv(i)
kv(i)(t)−1

))

. (15)

Case 4A: for other j, s ∈
[

t
v(j)

kv(j)(t)
+ τ , t

v(j)

kv(j)(t)+1

)

, we have

(4A-i) if tv(i)
kv(i)(t)

∈
[

t
v(j)

kv(j)(t)
+ τ , t

)

,

∫ t

t
v(i)
kv(i)(t)

ẑj(s − τ) ds =
(

t − tv(i)
kv(i)(t)

)

ẑj

(

tv(i)
kv(i)(t)

)

,

(4A-ii) if tv(i)
kv(i)(t)

∈
[

t
v(j)

kv(j)(t)
, t

v(j)

kv(j)(t)
+ τ

)

,

∫ t

t
v(i)
kv(i)(t)

ẑj(s − τ) ds =
(

t − t
v(j)

kv(j)(t)
− τ

)

ẑj

(

tv(i)
kv(i)(t)

)

+
(

t
v(j)

kv(j)(t)
+ τ − tv(i)

kv(i)(t)

)

ẑj

(

tv(i)
kv(i)(t)−1

)

,

(4A-iii) if tv(i)
kv(i)(t)

∈
[

t
v(j)

kv(j)(t)−1 + τ , t
v(j)

kv(j)(t)

)

,

∫ t

t
v(i)
kv(i)(t)

ẑj(s − τ) ds =
(

t − t
v(j)

kv(j)(t)
− τ

)

ẑj

(

t
v(j)

kv(j)(t)

)

+
(

t
v(j)

kv(j)(t)
+ τ − tv(i)

kv(i)(t)

)

ẑj

(

tv(i)
kv(i)(t)

)

.

Therefore, the comprehensive expression of the above three situa-
tions is

∫ t

t
v(i)
kv(i)(t)

ẑj(s − τ) ds

=
(

t − t
v(j)

kv(j)(t)
− τ

)

ẑj

(

t
v(j)

kv(j)(t)

)

+
(

t
v(j)

kv(j)(t)
+ τ − tv(i)

kv(i)(t)

)

ẑj

(

tv(i)
kv(i)(t)

)

+ η
(

tv(i)
kv(i)(t)

− t
v(j)

kv(j)(t)

)

η
(

t
v(j)

kv(j)(t)
+ τ − tv(i)

kv(i)(t)

) (

t
v(j)

kv(j)(t)

+ τ − tv(i)
kv(i)(t)

) (

ẑj(t
v(i)
kv(i)(t)−1) − ẑj

(

tv(i)
kv(i)(t)

))

. (16)
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Due to page limitations, the specific form of zi(t) is provided in
Appendix A. Furthermore, we can derive the compact form of z(t),

z(t) = z̃(t) − 3vD
T
v I0DpWp21(t)ŷ0(t) − 3vD

T
v I0DpWp22(t)ŷ(t)

− k3vD
T
v I0DvWv23(t)ẑ0(t) − k3vD

T
v I0DvWv24(t)ẑ(t)

+ F1(21(t) ⊗ Imv)Y1 + F1(22(t) ⊗ Imv)Y2

+ F1(21(t) ⊗ Imv)Y3 + F1(22(t) ⊗ Imv)Y4

+ kF2(23(t) ⊗ Imv)Z1 + kF2(24(t) ⊗ Imv)Z2

+ kF2(23(t) ⊗ Imv)Z3 + kF2(24(t) ⊗ Imv)Z4, (17)

where 3v =diag
(

t − tv(1)
kv(1)(t)

, t − tv(2)
kv(2)(t)

, . . . , t − tv(mv)

kv(mv)(t)

)

, ŷ0(t)

=
[

ŷ1

(

t
p(1)

kp(1)(t)−1)

)

ŷ2

(

t
p(2)

kp(2)(t)−1)

)

. . . ŷmp

(

t
p(mp)

kp(mp)(t)−1)

)]T

, 21(t)

= (111(t), 112(t), . . . , 11mp(t)), where 11j(t) = 1, if jth edge in
Gp belongs to case 1 at time t; otherwise, 11j(t) = 0. Sim-
ilarly, matrices 22(t), 23(t), and 24(t) are diagonal matrices
under cases 2, 3, and 4, respectively, with 21(t) + 22(t) = I

and 23(t) + 24(t) = I. In matrix F1 =











F11

F12

. . .

F1mv











,

F1i is the ith row vector of DT
v I0DpWp. Y1 = [YT

11Y
T
12 . . . Y1mv ]

T
,

Y2 = [YT
21Y

T
22 . . . Y2mv ]

T
, Y3 = [YT

31 YT
32 . . . Y3mv ]

T
, Y4 = [YT

41Y
T
42 . . .

Y4mv ]
T (the specific forms of Y1i, Y2i, Y3i, and Y4i are provided

in Appendix B). In matrix F2 =











F21

F22

. . .

F2mv











, F2i is

the ith row vector of DT
v I0DvWv. Z1 = [ZT

11 ZT
12 . . . Z1mv ]

T
, Z2

= [ZT
21 ZT

22 . . . Z2mv ]
T
, Z3 = [ZT

31 ZT
32 . . . Z3mv ]

T
, Z4 = [ZT

41 ZT
42 . . .

Z4mv ]
T (the specific forms of Z1i, Z2i, Z3i, and Z4i are provided in

Appendix C).
Subsequently, we will proceed with an analysis of y(t).
Due to ẏ(t) = DT

p ẋ(t), we have that

ẏi(t) =
n
∑

j=1

d
p
ji vj(t). (18)

Then for t ∈
[

t
p(i)

kp(i)(t)
, t

p(i)

kp(i)(t)+1

)

, the solution of (18) is

yi(t) = yi

(

t
p(i)

kp(i)(t)

)

+
n
∑

j=1

d
p
ji

∫ t

t
p(i)
kp(i)(t)

vj(s) ds. (19)

From v̇(t) = −I0DpWpŷ(t − τ) − kI0DvWvẑ(t − τ), we have

v̇j(t) = −
mp
∑

s=1

(I0DpWp)js
ŷs(t − τ) − k

mv
∑

s=1

(I0DvWv)jsẑs(t − τ).

(20)

Then for t ∈ [t
p(i)

kp(i)(t)
, t

p(i)

kp(i)(t)+1), the solution of (20) is

vj(t) = vj

(

t
p(i)

kp(i)(t)

)

−
mp
∑

s=1

(

I0DpWp

)

js

∫ t

t
p(i)
kp(i)(t)

ŷs(τ1 − τ) dτ1

− k

mv
∑

s=1

(I0DvWv)js

∫ t

t
p(i)
kp(i)(t)

ẑs(τ1 − τ) dτ1. (21)

Substituting (21) into (19), we derive that

yi(t) = yi

(

t
p(i)

kp(i)(t)

)

+
n
∑

j=1

d
p
ji

∫ t

t
p(i)
kp(i)(t)

vj

(

t
p(i)

kp(i)(s)

)

ds

−
n
∑

j=1

d
p
ji

mp
∑

s=1

(I0DpWp)js

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ŷs(τ1 − τ) dτ1 dτ2

− k

n
∑

j=1

d
p
ji

mv
∑

s=1

(I0DvWv)js

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ẑs(τ1 − τ) dτ1 dτ2.

(22)

For
∫ t

t
p(i)
kp(i)(t)

vj

(

t
p(i)

kp(i)(s)

)

ds, the term vj

(

t
p(i)

kp(i)(s)

)

is a constant, if

s ∈
[

t
p(i)

kp(i)(t)
, t
)

. Then, we have

∫ t

t
p(i)
kp(i)(t)

vj

(

t
p(i)

kp(i)(s)

)

ds =
(

t − t
p(i)

kp(i)(t)

)

vj

(

t
p(i)

kp(i)(t)

)

. (23)

For
∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ŷs(τ1 − τ) dτ1 dτ2, we proceed with the

analysis as follows:

Case 1B: for some s, t ∈ [t
p(s)

kp(s)(t)
, t

p(s)

kp(s)(t)
+ τ), we have

(1B-i) if t
p(i)

kp(i)(t)
∈
[

t
p(s)

kp(s)(t)
, t
)

,

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ŷs(τ1 − τ) dτ1 dτ2

=
∫ t

t
p(i)
kp(i)(t)

(

τ2 − t
p(i)

kp(i)(τ2)

)

ŷs

(

t
p(i)

kp(i)(τ2)−1

)

dτ2

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ŷs

(

t
p(i)

kp(i)(t)−1

)

,
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(1B-ii) if t
p(i)

kp(i)(t)
∈
[

t
p(s)

kp(s)(t)−1 + τ , t
p(s)

kp(s)(t)

)

,

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ŷs(τ1 − τ) dτ1 dτ2

=
∫ t

t
p(i)
kp(i)(t)

(

τ2 − t
p(i)

kp(i)(τ2)

)

ŷs

(

t
p(i)

kp(i)(τ2)

)

dτ2

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ŷs

(

t
p(i)

kp(i)(t)

)

,

(1B-iii) if t
p(i)

kp(i)(t)
∈
[

t
p(s)

kp(s)(t)−1, t
p(s)

kp(s)(t)−1 + τ
)

,

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ŷs(τ1 − τ) dτ1 dτ2

=
∫ t

p(s)
kp(s)(t)−1

+τ

t
p(i)
kp(i)(t)

(

τ2 − t
p(i)

kp(i)(τ2)

)

ŷs

(

t
p(i)

kp(i)(τ2)−1

)

dτ2

+
∫ t

t
p(s)
kp(s)(t)−1

+τ

(

τ2 − t
p(s)

kp(s)(τ2)−1 − τ
)

ŷs

(

t
p(s)

kp(s)(τ2)−1

)

+
(

t
p(s)

kp(s)(τ2)−1 + τ − t
p(i)

kp(i)(τ2)

)

ŷs

(

t
p(i)

kp(i)(τ2)−1

)

dτ2

= 1

2

(

t
p(s)

kp(s)(t)−1 + τ − t
p(i)

kp(i)(t)

)2

ŷs

(

t
p(i)

kp(i)(t)−1

)

+
(

t − t
p(s)

kp(s)(t)−1 − τ
) (

t
p(s)

kp(s)(t)−1 + τ − t
p(i)

kp(i)(t)

)

ŷs

(

t
p(i)

kp(i)(t)−1

)

+ 1

2

(

t − t
p(s)

kp(s)(t)−1 − τ
)2

ŷs

(

t
p(s)

kp(s)(t)−1

)

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ŷs

(

t
p(s)

kp(s)(t)−1

)

+ 1

2

(

(

t − t
p(i)

kp(i)(t)

)2

−
(

t − t
p(s)

kp(s)(t)−1 − τ
)2
)

(

ŷs

(

t
p(s)

kp(s)(t)−1

)

− ŷs

(

t
p(i)

kp(i)(t)−1

))

.

Then, we derive the unified form for (1B-i), (1B-ii), and (1B-iii),

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ŷs(τ1 − τ) dτ1 dτ2

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ŷs

(

t
p(s)

kp(s)(t)−1

)

+ η
(

t
p(s)

kp(s)(t)−1 + τ − t
p(i)

kp(i)(t)

)

η
(

t
p(i)

kp(i)(t)
− t

p(s)

kp(s)(t)−1

)

× 1

2

(

(

t − t
p(i)

kp(i)(t)

)2

−
(

t − t
p(s)

kp(s)(t)−1 − τ
)2
)

×
(

ŷs

(

t
p(s)

kp(s)(t)−1

)

− ŷs

(

t
p(i)

kp(i)(t)−1

))

.

Case 2B: at time t, for other s, t ∈ [t
p(s)

kp(s)(t)
+ τ , t

p(s)

kp(s)(t)+1), we have

(2B-i) if t
p(i)

kp(i)(t)
∈ [t

p(s)

kp(s)(t)
+ τ , t),

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ŷs(τ1 − τ) dτ1 dτ2

=
∫ t

t
p(i)
kp(i)(t)

(

τ2 − t
p(i)

kp(i)(τ2)

)

ŷs

(

t
p(i)

kp(i)(τ2)

)

dτ2

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ŷs

(

t
p(i)

kp(i)(t)

)

,

(2B-ii) if t
p(i)

kp(i)(t)
∈
[

t
p(s)

kp(s)(t)
, t

p(s)

kp(s)(t)
+ τ

)

,

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ŷs(τ1 − τ) dτ1 dτ2

=
∫ t

t
p(i)
kp(i)(t)

(

τ2 − t
p(s)

kp(s)(τ2)
− τ

)

ŷs

(

t
p(s)

kp(s)(τ2)

)

+
(

t
p(s)

kp(s)(τ2)
+ τ − t

p(i)

kp(i)(τ2)

)

ŷs

(

t
p(s)

kp(s)(τ2)−1

)

dτ2

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ŷs

(

t
p(s)

kp(s)(t)−1

)

+ 1

2

(

t − t
p(s)

kp(s)(t)
− τ

)2 (

ŷs

(

t
p(s)

kp(s)(t)

)

− ŷs

(

t
p(s)

kp(s)(t)−1

))

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ŷs

(

t
p(s)

kp(s)(t)

)

+ 1

2

(

(

t − t
p(s)

kp(s)(t)
− τ

)2

−
(

t − t
p(i)

kp(i)(t)

)2
)

(

ŷs

(

t
p(s)

kp(s)(t)

)

− ŷs

(

t
p(i)

kp(i)(t)−1

))

,

(2B-iii) if t
p(i)

kp(i)(t)
∈
[

t
p(s)

kp(s)(t)−1 + τ , t
p(s)

kp(s)(t)

)

,

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ŷs(τ1 − τ) dτ1 dτ2

=
∫ t

t
p(i)
kp(i)(t)

(

τ2 − t
p(s)

kp(s)(τ2)
− τ

)

ŷs

(

t
p(s)

kp(s)(τ2)

)

+
(

t
p(s)

kp(s)(τ2)
+ τ − t

p(i)

kp(i)(τ2)

)

ŷs

(

t
p(s)

kp(s)(τ2)−1

)

dτ2

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ŷs

(

t
p(i)

kp(i)(t)

)

+ 1

2

(

t − t
p(s)

kp(s)(t)
− τ

)2 (

ŷs

(

t
p(s)

kp(s)(t)

)

− ŷs

(

t
p(i)

kp(i)(t)

))

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ŷs

(

t
p(s)

kp(s)(t)

)

+ 1

2

(

(

t − t
p(s)

kp(s)(t)
− τ

)2

−
(

t − t
p(i)

kp(i)(t)

)2
)

(

ŷs

(

t
p(s)

kp(s)(t)

)

− ŷs

(

t
p(i)

kp(i)(t)

))

.
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Under case 2B, we can derive

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ŷs(τ1 − τ) dτ1 dτ2

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ŷs

(

t
p(s)

kp(s)(t)

)

+ 1

2

(

(

t − t
p(s)

kp(s)(t)
− τ

)2

−
(

t − t
p(i)

kp(i)(t)

)2
)

(

ŷs

(

t
p(s)

kp(s)(t)

)

− ŷs

(

t
p(i)

kp(i)(t)

))

+ η
(

t
p(s)

kp(s)(t)
+ τ − t

p(i)

kp(i)(t)

)

η
(

t
p(i)

kp(i)(t)
− t

p(s)

kp(s)(t)

)

× 1

2

(

(

t − t
p(s)

kp(s)(t)
− τ

)2

−
(

t − t
p(i)

kp(i)(t)

)2
)

×
(

ŷs

(

t
p(i)

kp(i)(t)

)

− ŷs

(

t
p(i)

kp(i)(t)−1

))

.

For
∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ẑs(τ1 − τ) dτ1 dτ2, we proceed with the

analysis as follows:

Case 3B: for some s, t ∈
[

tv(s)
kv(s)(t)

, tv(s)
kv(s)(t)

+ τ
)

, we have

(3B-i) if t
p(i)

kp(i)(t)
∈
[

tv(s)
kv(s)(t)

, t
)

,

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ẑs(τ1 − τ) dτ1 dτ2

=
∫ t

t
p(i)
kp(i)(t)

(

τ2 − t
p(i)

kp(i)(τ2)

)

ẑs

(

t
p(i)

kp(i)(τ2)−1

)

dτ2

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ẑs

(

t
p(i)

kp(i)(t)−1

)

,

(3B-ii) if t
p(i)

kp(i)(t)
∈
[

tv(s)
kv(s)(t)−1 + τ , tv(s)

kv(s)(t)

)

,

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ẑs(τ1 − τ) dτ1 dτ2

=
∫ t

t
p(i)
kp(i)(t)

(

τ2 − t
p(i)

kp(i)(τ2)

)

ẑs

(

t
p(i)

kp(i)(τ2)

)

dτ2

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ẑs

(

t
p(i)

kp(i)(t)

)

,

(3B-iii) if t
p(i)

kp(i)(t)
∈
[

tv(s)
kv(s)(t)−1, t

v(s)
kv(s)(t)−1 + τ

)

,

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ẑs(τ1 − τ) dτ1 dτ2

=
∫ t

t
p(i)
kp(i)(t)

(

τ2 − tv(s)
kv(s)(τ2)−1 − τ

)

ẑs

(

tv(s)
kv(s)(τ2)−1

)

+
(

tv(s)
kv(s)(τ2)−1 + τ − t

p(i)

kp(i)(τ2)

)

ẑs

(

t
p(i)

kp(i)(τ2)−1

)

dτ2

= 1

2

(

tv(s)
kv(s)(t)−1 + τ − t

p(i)

kp(i)(t)

)2

ẑs

(

t
p(i)

kp(i)(t)−1

)

+
(

t − tv(s)
kv(s)(t)−1 − τ

) (

tv(s)
kv(s)(t)−1 + τ − t

p(i)

kp(i)(t)

)

ẑs

(

t
p(i)

kp(i)(t)−1

)

+ 1

2

(

t − tv(s)
kv(s)(t)−1 − τ

)2

ẑs

(

tv(s)
kv(s)(t)−1

)

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ẑs

(

tv(s)
kv(s)(t)−1

)

+ 1

2

(

(

t − t
p(i)

kp(i)(t)

)2

−
(

t − tv(s)
kv(s)(t)−1 − τ

)2
)

(

ẑs

(

tv(s)
kv(s)(t)−1

)

− ẑs

(

t
p(i)

kp(i)(t)−1

))

.

Then, we derive the unified form for (3B-i), (3B-ii), and (3B-iii),

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ẑs(τ1 − τ) dτ1 dτ2

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ẑs

(

tv(s)
kv(s)(t)−1

)

+ η
(

tv(s)
kv(s)(t)−1 + τ − t

p(i)

kp(i)(t)

)

η
(

t
p(i)

kp(i)(t)
− tv(s)

kv(s)(t)−1

)

× 1

2

(

(

t − t
p(i)

kp(i)(t)

)2

−
(

t − tv(s)
kv(s)(t)−1 − τ

)2
)

×
(

ẑs

(

tv(s)
kv(s)(t)−1

)

− ẑs

(

t
p(i)

kp(i)(t)−1

))

.

Case 4B: at time t, for other s, t ∈
[

tv(s)
kv(s)(t)

+ τ , tv(s)
kv(s)(t)+1

)

, we

have (4B-i) if t
p(i)

kp(i)(t)
∈
[

tv(s)
kv(s)(t)

+ τ , t
)

,

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ẑs(τ1 − τ) dτ1 dτ2

=
∫ t

t
p(i)
kp(i)(t)

(

τ2 − t
p(i)

kp(i)(τ2)

)

ẑs

(

t
p(i)

kp(i)(τ2)

)

dτ2

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ẑs

(

t
p(i)

kp(i)(t)

)

,
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(4B-ii) if t
p(i)

kp(i)(t)
∈
[

tv(s)
kv(s)(t)

, tv(s)
kv(s)(t)

+ τ
)

,

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ẑs(τ1 − τ) dτ1 dτ2

=
∫ t

t
p(i)
kp(i)(t)

(

τ2 − tv(s)
kv(s)(τ2)

− τ
)

ẑs

(

tv(s)
kv(s)(τ2)

)

+
(

tv(s)
kv(s)(τ2)

+ τ − t
p(i)

kp(i)(τ2)

)

ẑs

(

tv(s)
kv(s)(τ2)−1

)

dτ2

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ẑs

(

tv(s)
kv(s)(t)−1

)

+ 1

2

(

t − tv(s)
kv(s)(t)

− τ
)2 (

ẑs

(

tv(s)
kv(s)(t)

)

− ẑs

(

tv(s)
kv(s)(t)−1

))

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ẑs

(

tv(s)
kv(s)(t)

)

+ 1

2

(

(

t − tv(s)
kv(s)(t)

− τ
)2

−
(

t − t
p(i)

kp(i)(t)

)2
)

(

ẑs

(

tv(s)
kv(s)(t)

)

− ẑs

(

t
p(i)

kp(i)(t)−1

))

,

(4B-iii) if t
p(i)

kp(i)(t)
∈
[

tv(s)
kv(s)(t)−1 + τ , tv(s)

kv(s)(t)

)

,

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ẑs(τ1 − τ) dτ1 dτ2

=
∫ t

t
p(i)
kp(i)(t)

(

τ2 − tv(s)
kv(s)(τ2)

− τ
)

ẑs

(

tv(s)
kv(s)(τ2)

)

+
(

tv(s)
kv(s)(τ2)

+ τ − t
p(i)

kp(i)(τ2)

)

ẑs

(

tv(s)
kv(s)(τ2)−1

)

dτ2

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ẑs

(

tv(s)
kv(s)(t)−1

)

+ 1

2

(

t − tv(s)
kv(s)(t)

− τ
)2 (

ẑs

(

tv(s)
kv(s)(t)

)

− ẑs

(

tv(s)
kv(s)(t)−1

))

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ẑs

(

tv(s)
kv(s)(t)

)

+ 1

2

(

(

t − tv(s)
kv(s)(t)

− τ
)2

−
(

t − t
p(i)

kp(i)(t)

)2
)

(

ẑs

(

tv(s)
kv(s)(t)

)

− ẑs

(

t
p(i)

kp(i)(t)

))

.

Under case 4B, we can derive

∫ t

t
p(i)
kp(i)(t)

∫ τ2

t
p(i)
kp(i)(τ2)

ẑs(τ1 − τ) dτ1 dτ2

= 1

2

(

t − t
p(i)

kp(i)(t)

)2

ẑs

(

tv(s)
kv(s)(t)

)

+ 1

2

(

(

t − tv(s)
kv(s)(t)

− τ
)2

−
(

t − t
p(i)

kp(i)(t)

)2
)

(

ẑs

(

tv(s)
kv(s)(t)

)

− ẑs

(

t
p(i)

kp(i)(t)

))

+ η
(

tv(s)
kv(s)(t)

+ τ − t
p(i)

kp(i)(t)

)

η
(

t
p(i)

kp(i)(t)
− tv(s)

kv(s)(t)

)

× 1

2

(

(

t − tv(s)
kv(s)(t)

− τ
)2

−
(

t − t
p(i)

kp(i)(t)

)2
)

×
(

ẑs

(

t
p(i)

kp(i)(t)

)

− ẑs

(

t
p(i)

kp(i)(t)−1

))

.

Therefore, we can derive the specific forms of yi(t) (referred to
Appendix D) and y(t) as follows:

y(t) = ỹ(t) + 3pD1ṽ − 1

2
32

pD
T
p I0DpWp21(t)ŷ0(t)

− 1

2
32

pD
T
p I0DpWp22(t)ŷ(t) − k

2
32

pD
T
p I0DvWv23(t)ẑ0(t)

− k

2
32

pD
T
p I0DvWv24(t)ẑ(t)

+ 1

2
F3(22(t) ⊗ Imp)Y5 + k

2
F4(24(t) ⊗ Imp)Z5

+ 1

2
F3(21(t) ⊗ Imp)Y6 + 1

2
F3(22(t) ⊗ Imp)Y7

+ k

2
F4(23(t) ⊗ Imp)Z6 + k

2
F4(24(t) ⊗ Imp)Z7, (24)

where ỹ(t) =
[

y1

(

t
p(1)

kp(1)(t)

)

y2

(

t
p(2)

kp(2)(t)

)

. . . ymp

(

t
p(mp)

kp(mp)(t)

)]T

, 3p

= diag
(

t − t
p(1)

kp(1)(t)
, t − t

p(2)

kp(2)(t)
, . . . , t − t

p(mp)

kp(mp)(t)

)

, ṽT =
[

vT
(

t
p(1)

kp(1)(t)

)

vT
(

t
p(2)

kp(2)(t)

)

. . . vT
(

t
p(mp)

kp(mp)(t)

)]T

, D1 =











D11

D12

. . .

D1mp











with

D1i being the ith row vector of DT
p , F3 =











F31

F32

. . .

F3mp











with F3i being the ith row vector of DT
p I0DpWp, Y5 = [YT

51Y
T
52 . . .

YT
5mp

]T, Z5 = [ZT
51Z

T
52 . . . ZT

5mp
]
T
, Y6 = [YT

61Y
T
62 . . . YT

6mp
]
T
, Z6 = [ZT

61

ZT
62 . . . ZT

6mp
]T, Y7 = [YT

71Y
T
72 . . . YT

7mp
]T, Z7 = [ZT

71Z
T
72 . . . ZT

7mp
]
T
. Spe-

cific forms of Y5i, Z5i, Y6i, Z6i, Y7i, and Z7i are provided in
Appendix E.

Furthermore, by introducing variables ey(t) = ŷ0(t) − ŷ(t) and
ez(t) = ẑ0(t) − ẑ(t), we can derive

z(t) = z̃(t) − 3vD
T
v I0DpWp21(t)ey(t) − 3vD

T
v I0DpWpŷ(t)

− k3vD
T
v I0DvWv23(t)ez(t) − k3vD

T
v I0DvWvẑ(t)

+ F1(21(t) ⊗ Imv)Y1 + F1(22(t) ⊗ Imv)Y2

+ F1(21(t) ⊗ Imv)Y3 + F1(22(t) ⊗ Imv)Y4

+ kF2(23(t) ⊗ Imv)Z1 + kF2(24(t) ⊗ Imv)Z2

+ kF2(23(t) ⊗ Imv)Z3 + kF2(24(t) ⊗ Imv)Z4, (25)
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y(t) = ỹ(t) + 3pD1ṽ − 1

2
32

pD
T
p I0DpWp21(t)ey(t)

− 1

2
32

pD
T
p I0DpWpŷ(t)

− k

2
32

pD
T
p I0DvWv23(t)ez(t) − k

2
32

pD
T
p I0DvWvẑ(t)

+ 1

2
F3(22(t) ⊗ Imp)Y5 + k

2
F4(24(t) ⊗ Imp)Z5

+ 1

2
F3(21(t) ⊗ Imp)Y6 + 1

2
F3(22(t) ⊗ Imp)Y7

+ k

2
F4(23(t) ⊗ Imp)Z6 + k

2
F4(24(t) ⊗ Imp)Z7, (26)

where σ̃ T =
[

σ T
(

t
p(1)

kp(1)(t)

)

σ T
(

t
p(2)

kp(2)(t)

)

. . . σ T
(

t
p(mp)

kp(mp)(t)

)]T

.

In Subsection II B, we have the following inequalities from rule
A or rule B:



































a
∣

∣

∣
ŷq

(

t
p(q)

k

)
∣

∣

∣
≤
∣

∣

∣
yq

(

t
p(q)

k

)
∣

∣

∣
≤ b

∣

∣

∣
ŷq

(

t
p(q)

k

)
∣

∣

∣

and yq

(

t
p(q)

k

)

ŷq

(

t
p(q)

k

)

> 0, q ∈ mp,

c
∣

∣

∣
ẑq

(

t
v(q)

k

)
∣

∣

∣
≤
∣

∣

∣
zq

(

t
v(q)

k

)
∣

∣

∣
≤ d

∣

∣

∣
ẑq

(

t
v(q)

k

)
∣

∣

∣

and zq

(

t
v(q)

k

)

ẑq

(

t
v(q)

k

)

> 0, q ∈ mv.

(27)

Furthermore, we have that

{

0 ≤
∣

∣|ỹ(t) − ŷ(t)
∣

∣ | ≤ r1||ŷ(t)||,
0 ≤

∣

∣|z̃(t) − ẑ(t)
∣

∣ | ≤ r2||ẑ(t)||,
(28)

where r1 = max{1 − a, b − 1} and r2 = max{1 − c, d − 1}. In addi-
tion, we have that







|ŷq

(

t
q

kq(t)−1

)

− ŷq

(

t
q

kq(t)

)

| ≤ θ1|ŷq

(

t
q

kq(t)

)

|,

|ẑq

(

t
q

kq(t)−1

)

− ẑq

(

t
q

kq(t)

)

| ≤ θ2|ẑq

(

t
q

kq(t)

)

|,
(29)







|ŷq

(

t
p(q)

k−1

)

| ≤ b
a
|ŷq

(

t
p(q)

k

)

|,

|ẑq

(

t
v(q)

k−1

)

| ≤ d
c
|ẑq

(

t
v(q)

k

)

|,
(30)

where θ1 = max{1 − a/b, b/a − 1} and θ2 = max{1 − c/d,
d/c − 1}. Based on the previous analysis and the definitions of
ŷ0(t), ŷ(t), ẑ0(t), ẑ(t), we have that

{

ŷ(t − τ) = 21(t)ŷ0(t) + 22(t)ŷ(t),

ẑ(t − τ) = 23(t)ẑ0(t) + 24(t)ẑ(t).
(31)

By (28), (29), and (31), we can derive that

||ỹ(t) − ŷ(t − τ)|| ≤ ||ỹ(t) − ŷ(t)|| + ||21(t)ey(t)||
≤ (r1 + θ1||21(t)||)||ŷ(t)||
= ϕ1||ŷ(t)||, (32)

||z̃(t) − ẑ(t − τ)|| ≤ ||z̃(t) − ẑ(t)|| + ||23(t)ez(t)||
≤ (r2 + θ2||23(t)||)||ẑ(t)||
= ϕ2||ẑ(t)||. (33)

For ||ŷ(t − τ)|| with (29) and (31), we have that

||ŷ(t − τ)|| = ||21(t)ŷ0(t) + 22(t)ŷ(t)||
≤ (1 + θ1)||ŷ(t)||. (34)

On the other hand, we have that

||ŷ(t − τ)|| ≥ |θ1‖21(t)‖ − 1| ||ŷ(t)||. (35)

Furthermore, from (35) we can derive

||ŷ(t − τ)|| ≥ max{1, |θ1 − 1|}||ŷ(t)||. (36)

Combining (34) with (36), we have

ϕ′
3ŷ(t) ≤ ||ŷ(t − τ)|| ≤ ϕ3ŷ(t), (37)

where ϕ3 = 1 + θ1 and ϕ′
3 = max{1, |θ1 − 1|}. Analogously, for

‖ẑ(t − τ)‖, we have

ϕ′
4ẑ(t) ≤ ||ẑ(t − τ)|| ≤ ϕ4ẑ(t), (38)

where ϕ4 = 1 + θ2 and ϕ′
4 = max{1, |θ2 − 1|}.

For σ̃ T(t)σ̃ (t), there exists some j, such that

σ̃ T(t)σ̃ (t) ≤ mpσ
T
(

t
p(j)

kp(j)(t)

)

σ
(

t
p(j)

kp(j)(t)

)

. (39)

With the limitation of integrator interval,
for cases 1A and 1B:







t
p(j)

kp(j)(t)−1 + τ − tv(i)
kv(i)(t)

< h,

t
p(j)

kp(j)(t)−1 + τ − t
p(i)

kp(i)(t)
< h,

(40)

for cases 2A and 2B:






t
p(j)

kp(j)(t)
+ τ − tv(i)

kv(i)(t)
< h,

t
p(j)

kp(j)(t)
+ τ − t

p(i)

kp(i)(t)
< h,

(41)

for cases 3A and 3B:






t
v(j)

kv(j)(t)−1 + τ − tv(i)
kv(i)(t)

< h,

t
v(j)

kv(j)(t)−1 + τ − t
p(i)

kp(i)(t)
< h,

(42)

for cases 4A and 4B:






t
v(j)

kv(j)(t)
+ τ − tv(i)

kv(i)(t)
< h,

t
v(j)

kv(j)(t)
+ τ − t

p(i)

kp(i)(t)
< h.

(43)

Furthermore, we have that


























YT
1 Y1, Y

T
3 Y3 ≤ mvh

2 b2

a2 θ 2
1 ŷT(t)ŷ(t) = ξ 2

1 ŷT(t)ŷ(t),

YT
2 Y2, Y

T
4 Y4 ≤ mvh

2θ 2
1 ŷT(t)ŷ(t) = ξ 2

2 ŷT(t)ŷ(t),

ZT
1 Z1, Z

T
3 Z3 ≤ mvh

2 d2

c2
θ 2

2 ẑT(t)ẑ(t) = mu2
1ẑ

T(t)ẑ(t),

ZT
2 Z2, Z

T
4 Z4 ≤ mvh

2θ 2
2 ẑT(t)ẑ(t) = mu2

2ẑ
T(t)ẑ(t).

(44)
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FIG. 3. Communication topology.

In addition, in YT
5 Y5, we have

(

t − t
p(j)

kp(j)(t)
− τ

)2

−
(

t − t
p(i)

kp(i)(t)

)2

=
(

t − t
p(j)

kp(j)(t)
− τ + t − t

p(i)

kp(i)(t)

)

×
(

t − t
p(j)

kp(j)(t)
− τ − t + t

p(i)

kp(i)(t)

)

≤ h3. (45)

FIG. 4. State trajectory under rule A.

FIG. 5. Edge-event times under rule A.

Analogously, we can further derive



































YT
5 Y5 ≤ mph

6θ 2
1 ŷT(t)ŷ(t) = ξ 2

3 ŷT(t)ŷ(t),

YT
6 Y6, Y

T
7 Y7 ≤ mph

6θ 2
1

b2

a2
ŷT(t)ŷ(t) = ξ 2

4 ŷT(t)ŷ(t),

ZT
5 Z5 ≤ mph

6θ 2
2 ẑT(t)ẑ(t) = µ2

3ẑ
T(t)ẑ(t),

ZT
6 Z6, Z

T
7 Z7 ≤ mph

6θ 2
2

d2

c2
ẑT(t)ẑ(t) = µ2

4ẑ
T(t)ẑ(t).

(46)

FIG. 6. The numbers of events every 0.2 s under rule A.
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FIG. 7. State trajectory under rule B.

Finally, by applying the Hölder inequality, the inequality
2xTy ≤ xTx + yTy, and various other techniques with inequalities
(27)–(46), we obtain

V̇(t) ≤ MŷT(t)ŷ(t) + NẑT(t)ẑ(t),

where M and N are given in (7) and (8), respectively. With

γ = kαλ2(L̃v)

2
, ι > 0 can guarantee the condition (6), which is the

sufficient condition of positive definiteness of V(t). Furthermore,
in (9), we know M, N < 0. Then, V̇(t) = 0 holds if and only if
ŷ(t) = 0 and ẑ(t) = 0, which imply δ(t) = σ(t) = 0. Therefore, the
leader-following consensus of system (1) and (2) is achieved. �

FIG. 8. Edge-event times under rule B.

Remark 1 Due to the complexity of symbols (7) and (8), we
need to explain the existence of M and N as (7) and (8). Assume
parameters a = b = c = d = 1, which result in r1 = r2 = θ1 = θ2

= 0 as well as ϕ1 = ϕ2 = ξ1 = ξ2 = ξ3 = ξ4 = µ1 = µ2 = µ3

= µ4 = 0 and ϕ3 = ϕ′
3 = ϕ4 = ϕ′

4 = 1. If h = 0, then it is clear
that M = λmin(Wp)κ < 0 and N = −λmin(Wv)ι < 0. Furthermore,
M and N are monotone increase functions of h. Therefore, there exist
hmax and the proper parameters such that M, N < 0 for h ∈ (0, hmax).

IV. SIMULATION

In this section, to verify the validity of the proposed theoretical
results, we present a numerical example. For systems (1) and (2) with
protocol (3), heterogeneous networks are illustrated in Fig. 3, which
are clearly leader–follower reachable. Assume the weights of edges
in Gp and Gv are 3, 1, 2, 1, 3 and 3, 5, 4, 5, respectively. The system
parameters are set as h = 0.002, τ = 0.001, and k = 4. For the event-
triggered mechanism, initial edge-event times in Gp and Gv are set to
0, 0.0005, 0.0009, 0.001, 0.0012, 0.0013, 0.0015, 0.0017, and 0.0019,
respectively. The parameters are a = 0.9, b = 1.1, c = 0.85, and
d = 1.15. The initial states of the system are x(0) = [035 − 1 − 6]T

and v(0) = [132 − 12]T.
Through numerical calculations, the corresponding results are

presented in Figs. 4–9. Figures 4 and 7 show the state trajectories
of systems (1) and (2) under rule A and rule B, respectively, demon-
strating that leader-following consensus is ultimately achieved. Each
edge of Gp and Gv performs approximately 7000 event detections in
total under both rule A and rule B. The corresponding event times
are depicted in Figs. 5 and 8. Additionally, the number of events for
all edges in Gp and Gv under rule A are 89, 28, 152, 139, 47, 78, 42,
162, and 56, while under rule B, they are 682, 316, 479, 336, 2173,
220, 164, 216, and 379, respectively. Furthermore, the number of
events per 0.2 s for each edge is presented in Figs. 6 and 9. Clearly,
the number of events is significantly lower than the number of event
detections, indicating that the event-triggered control mechanisms
we proposed greatly reduce communication and controller-update
costs for multi-agent systems.

FIG. 9. The numbers of events every 0.2 s under rule B.
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V. CONCLUSION

In conclusion, this paper presented a comprehensive approach
to addressing the asynchronous leader-following consensus problem
in networked double-integrator systems. By considering three criti-
cal factors, namely, asynchronous hybrid event- and time-triggered
control, heterogeneous networks with distinct position and velocity
graphs, and communication time delays, our proposed control pro-
tocol effectively tackled the challenges of multi-agent coordination
in practical engineering scenarios. Through the use of separately
defined edge events for position and velocity information, agents
were able to update their controllers asynchronously based on sam-
pled relative state information. The theoretical results, supported by
Lyapunov-based analysis, were validated through numerical sim-
ulations, demonstrating the efficacy of the proposed approach in
achieving consensus. Future work will continue to relax the assump-
tion τ < h to widen more generalized frameworks and refine the
event-triggering mechanisms and explore broader applications in
more complex networked systems.
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APPENDIX A: SPECIFIC FORM OF zi (t)

zi(t) = zi

(

tv(i)
kv(i)(t)

)

−
mp
∑

j=1

s1ijw
p
j

∫ t

t
v(i)
kv(i)(t)

ŷj(s − τ)ds − k

mv
∑

j=1

s2ijw
v
j

∫ t

t
v(i)
kv(i)(t)

ẑj(s − τ) ds

= zi

(

tv(i)
kv(i)(t)

)

−
mp
∑

j=1

s1ijw
p
j 11j(t)

((

t − t
p(j)

kp(j)(t)−1 − τ
)

ŷj

(

t
p(j)

kp(j)(t)−1

)

+
(

t
p(j)

kp(j)(t)−1 + τ − tv(i)
kv(i)(t)

)

ŷj

(

tv(i)
kv(i)(t)−1

)

+ η
(

t
p(j)

kp(j)(t)
− tv(i)

kv(i)(t)

)

η
(

tv(i)
kv(i)(t)

− t
p(j)

kp(j)(t)−1 − τ
) (

t
p(j)

kp(j)(t)−1 + τ − tv(i)
kv(i)(t)

) (

ŷj

(

tv(i)
kv(i)(t)

)

− ŷj

(

tv(i)
kv(i)(t)−1

)))

−
mp
∑

j=1

s1ijw
p
j 12j(t)

((

t − t
p(j)

kp(j)(t)
− τ

)

ŷj

(

t
p(j)

kp(j)(t)

)

+
(

t
p(j)

kp(j)(t)
+ τ − tv(i)

kv(i)(t)

)

ŷj

(

tv(i)
kv(i)(t)

)

+ η
(

tv(i)
kv(i)(t)

− t
p(j)

kp(j)(t)

)

η
(

t
p(j)

kp(j)(t)
+ τ − tv(i)

kv(i)(t)

) (

t
p(j)

kp(j)(t)
+ τ − tv(i)

kv(i)(t)

) (

ŷj

(

tv(i)
kv(i)(t)−1

)

− ŷj

(

tv(i)
kv(i)(t)

)))

− k

mv
∑

j=1

s2ijw
v
j 13j(t)

((

t − t
v(j)

kv(j)(t)−1 − τ
)

ẑj

(

t
v(j)

kv(j)(t)−1

)

+
(

t
v(j)

kv(j)(t)−1 + τ − tv(i)
kv(i)(t)

)

ẑj

(

tv(i)
kv(i)(t)−1

)

+ η
(

t
v(j)

kv(j)(t)
− tv(i)

kv(i)(t)

)

η
(

tv(i)
kv(i)(t)

− t
v(j)

kv(j)(t)−1 − τ
) (

t
v(j)

kv(j)(t)−1 + τ − tv(i)
kv(i)(t)

) (

ẑj

(

tv(i)
kv(i)(t)

)

− ẑj

(

tv(i)
kv(i)(t)−1

)))

− k

mv
∑

j=1

s2ijw
v
j 14j(t)

((

t − t
v(j)

kv(j)(t)
− τ

)

ẑj

(

t
v(j)

kv(j)(t)

)

+
(

t
v(j)

kv(j)(t)
+ τ − tv(i)

kv(i)(t)

)

ẑj

(

tv(i)
kv(i)(t)

)

+ η
(

tv(i)
kv(i)(t)

− t
v(j)

kv(j)(t)

)

η
(

t
v(j)

kv(j)(t)
+ τ − tv(i)

kv(i)(t)

) (

t
v(j)

kv(j)(t)
+ τ − tv(i)

kv(i)(t)

) (

ẑj

(

tv(i)
kv(i)(t)−1

)

− ẑj

(

tv(i)
kv(i)(t)

)))

.
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APPENDIX B: SPECIFIC FORMS OF Y1i ,Y2i ,Y3i , AND Y4i

Y1i =





















(

t
p(1)

kp(1)(t)−1 + τ − tv(i)
kv(i)(t)

) (

ŷ1

(

t
p(j)

kp(1)(t)−1

)

− ŷ1

(

tv(i)
kv(i)(t)−1

))

(

t
p(2)

kp(2)(t)−1 + τ − tv(i)
kv(i)(t)

) (

ŷ2

(

t
p(j)

kp(2)(t)−1

)

− ŷ2

(

tv(i)
kv(i)(t)−1

))

...
(

t
p(mp)

kp(mp)(t)−1 + τ − tv(i)
kv(i)(t)

) (

ŷmp

(

t
p(mp)

kp(mp)(t)−1

)

− ŷmp

(

tv(i)
kv(i)(t)−1

))





















,

Y2i =





















(

t
p(1)

kp(1)(t)
+ τ − tv(i)

kv(i)(t)

) (

ŷ1

(

t
p(j)

kp(1)(t)

)

− ŷ1

(

tv(i)
kv(i)(t)

))

(

t
p(2)

kp(2)(t)
+ τ − tv(i)

kv(i)(t)

) (

ŷ2

(

t
p(j)

kp(2)(t)

)

− ŷ2

(

tv(i)
kv(i)(t)

))
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(

t
p(mp)

kp(mp)(t)
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kv(i)(t)

) (

ŷmp

(

t
p(mp)

kp(mp)(t)

)

− ŷmp

(

tv(i)
kv(i)(t)

))





















,
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


















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












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






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
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
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ẑ1

(

tv(i)
kv(i)(t)−1

)

− ẑ1
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− ẑs

(

t
p(i)

kp(i)(t)−1

))

)

− k

n
∑

j=1

d
p
ji

mv
∑

s=1

(I0DvWv)js14j(t)

×
(

1

2

(

t − t
p(i)

kp(i)(t)

)2

ẑs
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APPENDIX E: SPECIFIC FORMS OF Y5i ,Z5i ,Y6i ,Z6i ,Y7i , AND Z7i
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