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1. Introduction Consider the following conic feasibility problem:
find ze(L+a)NK, (Feas)

where I is a closed convex cone contained in a finite dimensional Euclidean space £, LC € is a
subspace and a € €. Here, we would like to tightly estimate the distance from x to (£L+a)NK using
the individual distances between x and £+ a and between x and K. This is an error bound question
and is a classical topic in the optimization literature [12, 17, 26, 29, 38].

In this paper, we focus on the case where K = ng“, the p-cone for p € (1,00), which is defined as

Kyt i={z = (z0,2) eR™ [0 > |||}, (1.1)

where ||Z||, denotes the p-norm of Z. The cases p=1 or p = oo are well-understood since they
correspond to polyhedral cones and, therefore, Lipschitzian error bounds hold by Hoffman’s lemma
[12].
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The case p = 2 corresponds to the second-order cones and their error bounds are also well-
understood: Luo and Sturm proved that if K is a direct product of second order cones then (Feas)
satisfies a Holderian error bound with exponent (1/2)* and « depends on the level of regularity of
the problem [25, Theorems 7.4.1 and 7.4.2] which, in this case, is upper bounded by the number of
cones. In particular, if =5 then the exponent is 1/2.

The case p € (1,00), p # 2 is quite peculiar. Although not as well-known as the 2-cones, it
has applications in facility location problems, regularization of least squares problems and others
[16, 32, 35, 38, 39]. The p-cone also appears in the recent push towards efficient algorithms and
solvers for nonsymmetric cones [6, 15, 27, 30, 32].

There are significant differences between the cases p =2 and p # 2, however. The former is a
symmetric cone and, thus, enjoys a number of benefits that come with the Jordan algebraic structure
that can be attached to it [9, 10] such as closed form expressions for projections. The other p-cones
are not symmetric and do not typically have closed form expressions for their projections. See
[13, 14] for a discussion on the extent to which they fail to be symmetric.

Despite the differences between general p-cones and 2-cones, they still have quite a few similarities,
so one might be tempted to guess that if I = IC;;Jrl then (Feas) satisfies a Holderian error bound
with exponent 1/p as it was conjectured in [21, Section 5]. It turns out that this conjecture is wrong,
and the true answer is far more interesting.

In this paper, our main contribution is to show for the first time that explicit Holderian error
bounds hold for all the p-cones and to determine the optimal exponents. As we will see in Theorem 4.3,
for a fixed p-cone, there are situations where the exponent is 1/2 and others where the exponent
becomes 1/p. It turns out that the correct exponent depends on the number of zeros that a certain
vector exposing the feasible region of (Feas) has. Furthermore, there is one special case that only
happens when p € (1,2). We also compute Holderian error bounds for direct products of p-cones
in Theorem 4.4. As an application of our results, we compute the KL exponent of the function
associated to least squares problems with p-norm regularization; see section 5.1. Previously, an
explicit exponent was only known when p € [1,2] U {oo}; see [38, 39]. We also provide new “easy’
proofs of some results about self-duality and homogeneity of p-cones; see section 5.2.

An important feature of our main p-cones error bound result is that the bound is optimal in a

?

strong sense that implies, for example, that the exponents we found cannot be improved. It also
precludes the existence of better error bounds beyond Hoélderian ones; see Theorem 4.3 for the
details.

Our results are obtained under the facial residual function (FRF) framework developed in [19, 21]
which allows computation of error bounds for (Feas) without assuming constraint qualifications.
Another major contribution in this work is that we expand the general framework in [19] to allow
verification of the tightness of the error bound. In particular, when the facial residual function
satisfies a certain optimality criterion and the problem can be regularized in a single facial reduction
step, the obtained error bound must be optimal; see Theorem 3.2 and Corollary 3.1. We believe this
expansion, and the new associated criterion will be useful for analysing other cones. For example,
they easily verify the optimality of the FRF's constructed for the nontrivial exposed faces of the
exponential cone in [19], while requiring no additional effort beyond what the authors used to
merely show the FRFs were admissible; see Remark 3.2.

This paper is organized as follows. In section 2, we review preliminary materials including some
essential tools developed in [19] for computing FRFs. In section 3, we build the tightness framework
and establish the optimality criterion for certifying tight error bounds. In section 4, we derive
explicit error bounds for (Feas) with I = ICZ“ and certify their tightness. Finally, we discuss
applications of our results in section 5.
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2. Preliminaries In this paper, we will follow the notation and definitions used in [19], where
we explained in more details some of the background behind the techniques we used. Here we will
be terser and simply refer to the explanations contained in [19] as needed. We strongly recommend
that a reader unfamiliar with our techniques takes at least a quick look at the main results in [19].

As a reminder, we assume throughout this paper that £ is a finite dimensional Euclidean space £.
The inner product of £ will be denoted by (-, -) and the induced norm by || - ||. With that, for z € £ and
a closed convex set C'C &, we denote the distance between x and C' by dist(x,C) :=inf,cc ||z — y||-
We denote the projection of z onto C' by Po(x) so that Po(z) =argmin, . ||z —yl||. We will also
write C* for the orthogonal complement of C. We use R, and R, , to denote the set of nonnegative
and positive real numbers, respectively. We also write B(n) := {z | ||z|| <n} for any n > 0.

Next, let IC be a closed convex cone contained in £. We denote the boundary, relative interior,
linear span, dual cone and dimension of K by 9K, ri/C, spankC, K* and dim /I, respectively. A cone
is said to be pointed if KN —K ={0}. Related to that, we note the following well-known fact for
further reference

zerikK*=Kn{z}* =KN-K, (2.1)

see, for example, [23, items (i) and (iv) of Lemma 2.2 applied to the dual cone.

If F CK is a face of K we write F <. We say that a face F is proper if F # K and nontrivial if
F#KN—-K and F#K. If F=KnN{z}* for some z € K*, then F is said to be ezposed. A face of
dimension one is called an extreme ray. By convention, we only consider nonempty faces.

A finite collection of faces of K satisfying F, C --- C F; is called a chain of faces and its length is
defined to be ¢. Then, the distance to polyhedrality of IC, denoted by 01, (K), is the length minus
one of the longest chain of faces of K such that only the final face F, is polyhedral.

Next, we recall some basic definitions and results related to error bounds.

DEFINITION 2.1 (LIPSCHITZIAN AND HOLDERIAN ERROR BOUNDS). Let C;,Cy C € be closed
convex sets with C; N Cy # (). We say that Cy,C, satisfy a uniform Holderian error bound with
exponent € (0,1] if for every bounded set B C £ there exists a constant xz > 0 such that

dist(z,C; N Cy) < kp max{dist(z,C}),dist(z, Cs)}7, Vx € B.

If v=1, then the error bound is said to be Lipschitzian.

In what follows we say that (Feas) satisfies the partial-polyhedral Slater (PPS) condition (see
[22]) if one of the following three conditions holds: (i) K is polyhedral; (i7) (£+a)N (riK) # 0
(Slater’s condition holds); (7i7) K can be written as K = K! x K? where K! is polyhedral and
(L+a)N (K x (riK?)) # 0.

From [2, Corollary 3] it follows that if (Feas) satisfies the PPS condition, then a Lipschitzian
error bound holds; see [19, Section 2.2] for details. We register this below.

ProOPOSITION 2.1 (Error bound under the PPS condition). If (Feas) satisfies the PPS
condition, then a Lipschitzian error bound holds.

Next, we will quickly review some ideas from facial reduction [5, 31, 34] and the FRA-poly
algorithm of [22]; see also [19, Section 3]. The next proposition follows from the correctness of the
FRA-Poly algorithm [22, Proposition 8] and ensures that it is always possible to find a face of K
that contains the feasible region of (Feas) and satisfies the PPS condition.

PROPOSITION 2.2 ([19, Proposition 3.2]). Let K=K'x--- x K*, where each K7 is a closed
convex cone. Suppose (Feas) is feasible. Then there is a chain of faces

FeG-CHh =K (2.2)

of length ¢ and vectors {z1,...,z_1} satisfying the following properties.
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(1) £=1<37" Lpoy(K7) <dim K.
(i9) For allie{l,...,£—1}, we have

meFNLEN{a} and Fio=Fn{z}

(7it) FonN(L+a)=KN(L+a) and {F,, L+ a} satisfies the PPS condition.

If (Feas) is feasible, we define the distance to the PPS condition dpps(KC,L + a) as the length
minus one of the smallest chain of faces satisfying Proposition 2.2. We discuss briefly how to upper
bound dpps(KC, L+ a). First, we observe that if z; belongs to the span of the {z1,...,2;_1} we would
have F;.; = F;. So in order for the containments in (2.2) to be strict, the vectors in {z,...,2, 1}
must be linearly independent. From this observation and item (¢) of Proposition 2.2, we obtain

dpps(K, £+ a) < min {z;; Coory (K9, dim (£ N {a}L)} . (2.3)

Furthermore, from the correctness of the FRA-Poly algorithm in [22], it follows that there exists at
least one chain of faces as in Proposition 2.2, see [22, Proposition 8, item (7)].

Before we proceed, let us briefly recall the intuition behind the strategy in [19], which is based
on the following points.

e We would like to obtain error bounds between K and £+ a as in (Feas). If it were the case
that the system in (Feas) satisfied some constraint qualification (e.g., Slater’s condition), then a
Lipschitzian error bound would hold by Proposition 2.1.

e Unfortunately, in general, (Feas) does not satisfy a constraint qualification. However, through
facial reduction, one may find a chain of faces as in (2.2) starting at K and ending at a face F,
that does satisfy a constraint qualification, see item (iii) in Proposition 2.2.

e Therefore, by Proposition 2.1, a Lipschitzian error bound holds between £+ a and F,. In order
to get an error bound between £+ a and K (which is what we actually want), we need to
estimate the distance to F, using other available information. This is accomplished through
facial residual functions, as described in the Section 2.1. They help to keep track of the distance
to the faces F; in the chain as we do facial reduction.

e Once the facial residual functions are computed, the error bounds can be obtained by composing
them in a special manner, as described in Theorem 2.1.

2.1. Facial residual functions and error bounds We recall the definition of one-step facial
residual function (1-FRF) [19, Definition 3.4].

DEFINITION 2.2 (ONE-STEP FACIAL RESIDUAL FUNCTION (1-FRF)). Let K be a closed con-
vex cone and z € K*. A function ¢, : Ry x Ry — R, is called a one-step facial residual function
(1-FRF) for K and z if it satisfies the following properties:

(i) vk . is nonnegative, nondecreasing in each argument and ¢ .(0,t) =0 for every t € R.
(ii) The following implication holds for every x € span K and every € > 0:

dist(z,K) <e, (z,2)<e = dist(z,KN{z}") <wr.(e|z]).

1-FRFs are a less general version of the notion of facial residual functions developed in [21] but
they are still enough for error bound purposes.

Next, we state the error bound based on 1-FRFs proved in [19]. In what follows, for functions
Ry xR, R, and g: R, xR, — R, we define the diamond composition f<{g to be the function
satisfying

(f<>g)(l%b):f(a+g(aab)7b)7 Va,beR,. (24)

The diamond composition makes it possible to relate the distance functions dist(-, K), dist(-, £ + a)
to the distance functions to the faces F; that appear during facial reduction, see, for example,
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[19, Lemma 3.7]. The intuitive idea is that we estimate the distances to the faces Fa, Fs3,..., Fy
recursively and, for a given x, we use dist(x,F;_;) to estimate dist(z, F;), which requires some sort
of function composition of the 1-FRFs. The diamond composition was designed in such a way as to
make this strategy succeed and to allow the (upper) estimation of the distance to the final face F;
appearing in Proposition 2.2. .

Also if 1 is a facial residual function, we say that v is a positively rescaled shift of ¢ if there are
positive constants M;, My, M3 and a nonnegative constant M, such that

b(e,t) = Myhr,.(Mye, Mot) + Mie. (2.5)

If My=0in (2.5), we say that 1& is a positive rescaling of 1.
THEOREM 2.1 ([19, Theorem 3.8]). Suppose (Feas) is feasible and let

FC---CF =K

be a chain of faces of K together with z; € Ff N L-N{a}*+ such that {Fe, L+ a} satisfies the PPS
condition and F; 1 = F;N{z;}* for everyi. Fori=1,....£—1, let 1; be a 1-FRF for F; and z;."

Then, there is a suitable positively rescaled shift of the v; (still denoted as 1; by an abuse of
notation) such that for any bounded set B there is a positive constant kg (depending on B, L, a,F;)
such that

rxe B, dist(z,K)<e, dist(z,L+a)<e = dist(z,(L+a)NK)<kg(e+p(e,M)),

where M =sup,p |||, ¢ =1 Ohr, if £>2. If L =1, we let ¢ be a function satisfying
w(e, M) =¢€ for all e > 0.

Theorem 2.1 is a more general version of an analogous result for the so-called amenable cones, see
[21, Theorem 23| and [24].

To finish this subsection, we prove an auxiliary lemma that will be helpful to analyze Holderian
error bounds.

LEMMA 2.1. let IC, L, a and ; be as in Theorem 2.1. Consider the following additional
assumption on the ;:
(1) there exist a; € (0,1] and nonnegative, nondecreasing functions p;, p; such that ¥;(e,n) =
pi(n)e+ pi(n)e*i for every e >0 and n > 0.
Then K and L+ a satisfy a uniform Holderian error bound with exponent Hf;i a; if £>2 or
exponent 1 if £=1.

Proof. If £ =1, then Theorem 2.1 implies that a Lipschitzian error bound holds, so the result is
true. So suppose that £ > 2, let B C £ be an arbitrary bounded set and define d as the function
satisfying d(z) := max{dist(z, K),dist(z, L+ a)}. Theorem 2.1 implies that there exists kg > 0 such
that

dist (z, (L4 a) NK) < kp(d(x) + p(d(x),n)), Vx € B, (2.6)

where n=sup,.z||z]l, ¢ = (Ve_1 (- - O (¥2041))) and the ¢; might have been positively rescaled
with shifts. Note however, that if 1); is positively rescaled and shifted, then, adjusting p; and p; if
necessary, ¥;(e,n) = pi(n)e+ p;(n)e“ still holds with the same «;.

In what follows we make extensive use of the following principle: if 8; < s, then, for a fixed
bounded set B, we can find a constant x such that d(z)”? < kd(z)? for all x € B. Indeed,

yeb

d(x)P? = d(x) >~ Prd(x)" < <supd(y)ﬂ2_ﬂ1> d(x)"1, Va e B, (2.7)

! By convention, when ¢ =1, no v; will be defined.
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where the sup is finite because the closure of B is a compact set contained in the domain of the
continuous function d(-) and > — 51 > 0.
First, we will prove by induction that there exists x,_; > 0 such that

o(d(x),n) < /{g,ld(x)&‘ffl, Vx € B, (2.8)

where q,_; := Hf;i a;. If £ =2, then ¢ =1;. From (2.7) and the assumption on the format of i,

we can find a constant x > 0 so that

pr(md(x) + pr(n)d(x)** < (kpr(n) + pr(n))d(x)*, Vo B.

This implies that (2.8) holds when ¢ = 2. Suppose that (2.8) holds for some ¢ > 2, and we will
show that it holds for ¢+ 1 (when a chain of faces of length /+1 exists). In this case, we have
0 =1;0p; 4, where p;  =1; O(--- O (¥2011)). Now, the induction hypothesis (applied to ¢;_,),
the monotonicity of FRFs, and the observation in (2.7) together imply that for some constants
Kj_1, k;_, we have for all x € B,

(d(x),n) = i(d(z) + @;_, (d(x),n),n) < Ys(d(x) + ry_yd(x)*1,7)
<tpp(Rg_yd(z)* =1, m). (2.9)

Because of the assumption on the format of 1;, we have that w@(/%l;_ld(a:)affl,n) can be written as
a1d(z)* -1 4 ayd(z)*E%-1, for some constants ay,ay which do not depend on d(z). Since o € (0, 1],
we have a; = oy, < @;_,. Therefore, the observation in (2.7) together with (2.9) imply the
existence of k; > 0 such that

p(d(x),n) < g(Re_yd(2)"1,1) < rpd(x)*, Vze B, (2.10)

which concludes the induction proof. We have thus established that (2.8) holds. Plugging (2.8) into
(2.6) and applying the observation (2.7) yet again, we conclude that there exists a constant x>0
such that

dist (z, (£ +a) NK) < kd(x)-1, Vr e B.

0

2.2. Computing 1-FRFs It is clear from Theorem 2.1 that the key to obtaining error bounds
for (Feas) is the computation of 1-FRFSs, so in this final subsection we recall a few tools that will
be helpful in this task.

First, we take care of the case when z € ri K*. In this case, if K is pointed, then X N {z}+ = {0}
by (2.1).

LEMMA 2.2 (1-FRF for the zero face). Suppose K is a pointed closed convex cone and let
z €1iK*. Then, there exists k >0 such that Vi . defined by i ,(€,t) == ke is a 1-FRF for K and z.

Proof. Because z € riK* and K is pointed, there exists x > 0 such that y € K implies that
llyl| < K(y, z); see for example [21, Lemma 26]. Next, suppose that = € span KC satisfies dist(z, ) <e
and (z,z) <e. Then, there exists h satisfying ||h|| < e such that z +h € K. From (2.1) and the
pointedness of I, we have

dist(z, KN {z}1) = ||lz|| < |z + k|| + ||h]| < 6{x + h, 2) + € < ke + ke 2] + e

Therefore, Vi .(€,t) = (k+ k||z]| + 1)e is a T-FRF for K and =. O
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3

° o
u=Prw w=Pp v q=Ppy1p

FIGURE 1. The framework of Lemma 2.3, Theorem 2.2, and Lemma 2.4 is illustrated. The right image shows a 2D
slice of the left image, where the slice is in the plane given by span{v,w,u}.

The next several results are based on the idea of establishing local error bounds for K and {z}+
and using them to recover the corresponding 1-FRF for K and z. This will be the main approach
we will use for computing the 1-FRF's of IC;“rl and its faces. We first provide some of the intuition
in Remark 2.1 and illustrate in Figure 1. See [19, Section 3.1] for more detailed explanations.

REMARK 2.1 (GEOMETRIC INTUITION FOR FINDING SUITABLE 1-FRF). We will next intro-
duce the framework we use to find facial residual functions and then use those facial residual
functions to recover error bounds. Let us first explain geometrically what the following results allow
us to do. See Figure 1 for an intuitive illustration of the relative positions of the points that arise.
1. First, Lemma 2.3 will show that we may replace the problem of computing 1-FRFs with a

simpler error bound problem that only considers points ¢ that are constrained to the exposing
hyperplane {z}+.

2. Second, Theorem 2.2 will show that we can replace the problem involving ¢ with an equivalent
problem involving v € K and w = Pp,y1v and u = Prw. At this point the need to have an
explicit projection onto I vanish, because the error bound problem is cast in terms of points v
that move along the boundary of K.

3. Third, Lemma 2.4 provides us a path to solve the problem of v,w,u. Critically, as we shall see
in Section 4, when applied to IC;}“, the projections involved in solving this problem (P,,. and
Pz) are piecewise-linear maps that can be described explicitly.

This reformulation is an improvement over the original problems involving p or ¢, because those

problems would seem to require an explicit form of the projection Py, while only an implicit form

is available.

The next lemma shows how to recover from such an error bound the facial residual function for
IC and z.

LEMMA 2.3 ([19, Lemma 3.9]). Suppose that K is a closed convex cone and let z € K* be
such that F ={z}* NK is a proper face of K. Let g: R, — R, be nondecreasing with g(0) =0, and
let k. s be a finite nondecreasing nonnegative function in s € Ry such that

dist(q, F) < k¢ 8(dist(q,K)) whenever g€ {z}". (2.11)
Define the function i . : Ry x Ry =Ry by

Ui z(5,t) = max{s,s/||z]|} + 528 (s + max{s, s/||z[|}) .
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Then we have

dist(p, F) <vx.(e, |lpll)  whenever dist(p,K) <e and (p,z) <e. (2.12)

Moreover, i . is a 1-FRF for K and z.

Next, we recall a result on how to compute error bounds suitable to be used in conjunction with
Lemma 2.3.

THEOREM 2.2 ([19, Theorem 3.10]). Suppose that K is a closed convexr cone and let z € K*
be such that F = {z}*NK is a nontrivial exposed face of K. Let n>0, a € (0,1] and let g: R, — R,
be nondecreasing with g(0) =0 and g>|-|*. Define

{g(Hw—vH)

:=inf
T =0 w — ]

v

veIKNBm\F, w= P 1v, u= Pruw, w#u} (2.13)

(i) If v.., € (0,00], then it holds that
dist(q, F) < k. ,g(dist(q,K)) whenever q € {z}*+ N B(n), (2.14)

where k., :=max {2n'~*, 2y} } < 0.
(i) On the other hand, if there exists kp € (0,00) so that

dist(q, F) < kpg(dist(q,K)) wheneverq € {z}* N B(n),

then .., € (0, 00].

Note that 7. ¢ =o00. Given K,z and F as in Theorem 2.2 and 1 > 0, we typically prove that ~. ,
in (2.13) is nonzero by contradiction. The next lemma aids in this task.

LEMMA 2.4 ([19, Lemma 3.12]). Suppose that K is a closed conver cone and let z € K* be
such that F ={z}*NK is a nontrivial exposed face of K. Let n >0, a € (0,1] and let g: R, — R,
be nondecreasing with g(0) =0 and g > |-|*. Let ., be defined as in (2.13). If v, =0, then there
exist 0 € F and a sequence {v*} C K N B(n)\F such that

k_ ok
limv* = limw" =% and lim g(fJw" —v*ll)
k—so0 k—so0 k—o00 ||wk _ uk H

=0,
where w* = Py10", u* = Prw" and w* # u".
The next result will be helpful in the analysis of one-dimensional faces (i.e., extreme rays).

LEMMA 2.5. Let K be a pointed closed convex cone and let z € OK*\{0} be such that F :=
{z}*NK is a one-dimensional proper face of K. Let f € K\ {0} be such that

F={tf|t>0}.

Let 1> 0 and v € OKNBn)\F, w= P 1v and u= Prw with uw# w. Then it holds that (f,z) =0
and we have

[(2,0)]
Izl

17112

v— A otherwise.

v—{ethz— | it (f0) 20,
Jo—wl| =

Moreover, when (f,v) >0 (or, equivalently, (f,w) >0), we have u= P.,onrw. On the other hand, if
(f,v) <0, we have u=0.
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Proof. The fact that (f,z) =0 follows from f € .7-" C {z}*. The formula for ||v — w| holds

because the projection of v onto {z}* is w=v — ‘<| 2 Fmally, notice that u is obtained as t* f,

where t* = argmin, ., {||w —tf[|} . Then t* is given by ‘v \|f|\2 if (w, f) >0 (in this case, we have
U= Popanrw), and is zero otherwise. The desired formulas now follow immediately by noting that
(w, f) = <U_H H2Zf> (v, f). [

We conclude this subsection with a result on the direct product of cones. In essence, 1-FRFs of
direct products are positively rescaling of sums of the 1-FRFs for each individual block.

PROPOSITION 2.3 ([19, Proposition 3.13]). Let K' C £ be closed convexr cones for every
ie{l,...om} and let C=K"x---x K™. Let F AK, z € F* and suppose that F =F"' X - x F™
with F' <K for every i € {1,...,m}. Write z=(21,...,2y) with z; € (F')*.

For every i, let Vi .. be a 1-FRF for Ft and z;. Then, there exists a k>0 such that the function
Yr . satisfying

Vr.(€,t) Z@ZJP (ke,t)

1s a 1-FRF for F and z.

We end this section with a remark on the definition of 1-FRF.

REMARK 2.2. As suggested by one of the referees, it is possible to consider facial residual
functions that are valid over the unit ball and use them to construct 1-FRF as in Definition 2.2.
For example, suppose that ¢ : R, — R, is a nondecreasing function satisfying ¥ .(0) = 0 and such
that the following implication holds for every x € span K with ||z|| =1 and every € > 0:

dist(x,K) <e, (z,2)<e = dist(x,KN{z}") <Yx..(e). (2.15)

Since dist(az, K) = adist(x, K) for a > 0, we obtain the following implication for every z € span kC\
{0} and € > 0:

dist(z,K) <e, (z,2)<e = dist(z/|z]|,K) <e/llzll, (z/[lx],z) </,

which, in view of (2.15), implies dist(x, KN {z}*) < ||z|vx.-(e/||z]]). Let ¢ : Ry x Ry — R, be
such that ¥k .(a,b) = bk .(a/b) (if b>0) and k. (a,b) =0 (otherwise). In this way, if ¥ .(a,-)
happens to be monotone? for every a > 0, then ¢y . would be a 1-FRF as in Definition 2.2.
Conversely, if ¢, is as in Definition 2.2, we can specialize it to the unit ball by fixing the second
argument to 1.

Because of these relations, it is plausible that one could rebuild the abstract theory of error
bounds (or at least part of it) described in [19, 21] using only 1-FRFs that are restricted to the unit
ball. By doing so, one would hope that some expressions could get simpler. However, it is not clear
to us what the concrete mathematical benefit in following this path would be. Even from a purely
notational point of view, keeping track of the norm term (i.e., the second argument in 1-FRFs) has
advantages, since for the final error bound in Theorem 2.1 we cannot freely rescale elements in the
underlying affine space £+ a. To be fair, in the end, it could be just a matter of taste.

We remark that the core difficulty in this and in our previous works is the actual computation of
1-FRFs for a given K. This is where the inevitable particularities and complexities of each cone
come into play. Whether this is done over the unit ball or over a ball of radius 7 (as in Theorem 4.1),
our assessment is that the difficulty is essentially the same.

2 Note that this is not true for a general function f:R; — Ry. The function f(a):= a4 a® is monotone nondecreasing
for a >0, but bf(1/b) is not monotone nondecreasing for b > 0. If, however, f is of the form f(a)=ra+ ka® (as in
the case associated to Holderian error bounds) for some « € (0,1] and a constant > 0, then bf(a/b) is monotone
nondecreasing as a function of b for fixed a.
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3. Best error bounds In this section, we will present some results that will help us identify
when certain error bounds are the “best” possible. The error bounds discussed in this paper come
from Theorem 2.1, which uses 1-FRFs. The 1-FRFs themselves are constructed from Lemma 2.3,
and most of the properties are inherited from the function g appearing in (2.11). We will show
in this section that, under some assumptions, the criterion described in Definition 3.1 below will
be enough to show optimality of the underlying error bound induced by g. In order to keep the
notation compact, we will use w, instead of w(e).

REMARK 3.1 (GEOMETRIC INTUITION FOR OPTIMALITY). Let us preface Definition 3.1 and
the next few results with an informal discussion of the geometric intuition that motivates them.
Let v: (0,1] = OK\F be a continuous function such that w, := P(,,1 (v.) and u, == Pr(w.) satisfy
we # U, following the illustrations of v, w and w in Figure 1. As v, approaches some v € F as €] 0,
we have w, — 0 = Py, (7) and u. — ¥ as well, since F = KN {z}*. Nevertheless, the distances

|ve — w.|| and ||w. — u || are not necessarily of the same order asymptotically.

(i) By Theorem 2.2, a suitable g—“suitable” in the sense that ~, , is greater than zero—ensures
that g(|lw. —v.||) does not go to zero with a faster rate than ||w, — u.|| for any choice of v;

(ii) A suitable g being optimal in the sense of Definition 3.1 would satisfy that g(dist(w., X)) and
||lwe — uc|| are asymptotically of the same order as € ] 0 for some choice of w in the following

sense: ) .
(dist(w,, K)) and limsupg(dlst(we,lC))

O<liminfg < 00,
€l0 ||w€—u6|] el0 Hwe_ueH

where the first inequality comes from Theorem 2.2 since ||w. — u.|| = dist(w,, F).

(iii) Under this setting, we have w. — v € F as € ] 0, so dist(w,, K) — 0 and dist(w,, F) — 0. Naturally,
if we were to take this same choice of w, and choose any better g(¢)—better meaning that
lim; o g(¢)/g(t) = 0—then we would have that:

 a(dist(w,, ) g(dist(w,, k)

.. .0 .
liminf 8N ) i ing
Y T dist(w, F) o g(dist(we, K))  dist(we, F)

—0asel0 bounded

=0.

Since w is continuous, w, € {z}+ N B(n) holds for sufficiently small € and sufficiently large 7.
Therefore, for such 7, no kg > 0 will satisfy

dist(q, F) < kpg(dist(q,K)) whenever g € {z}* N B(n).

In view of Theorem 2.2(i) & (ii), the non-existence of such a kg for g is equivalent to v, , =0
for g, which means that g is not suitable.

(iv) Finally, we prove in Theorem 3.1 below, that up to a multiplicative constant and some techni-
calities related to the parameters, any valid 1-FRF is lower bounded by a 1-FRF built from an
optimal g. In particular, this implies that, when the second-parameter is fixed, no valid 1-FRF
can go to zero at a faster rate than a 1-FRF built from an optimal g.

DEFINITION 3.1 (AN OPTIMALITY CRITERION FOR g). Let g:R, — R, be nondecreasing with
g(0) =0. Let K be a closed convex cone and z € K* be such that F = {z}*+NK is a proper face of
K. If there exist v € F\ {0} and a continuous function w: (0,1] = {z}* Nspan K \ F satisfying

limw.=v and limsup —g(dlst(we, K)

= L 1
el0 o dist(w,, F) 8 =% (G1)

then we say that g satisfies the asymptotic optimality criterion for K and z.?

3With an abuse of terminology, we will simply say “(G1) holds” when this happens.
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We will next show that any 1-FRF's built from a concave g satisfying (G1) is optimal in the sense
that, up to a constant, it must be better than any other possible 1-FRF's for the same sets. First,
we need some preliminary lemmas.

LEMMA 3.1. Let g:R, =R, be concave with g(0) =0. Then g((1+N)s) < (14 N)g(s) for all

positive numbers \ and s.

Proof. Note that

1 A
=——(1+ X\ —Q20.
SE AU TR0
Hence, g(s) 2 g((1+A)s)/(1+ A1)+ (A/(1+2))g(0) = a((1+A)s)/(1+ A). O

In the following, w. may be intuitively thought of as the usual w in Figure 1. In Theorem 3.1, we
will find it useful to “pin” the norm of this w, term by replacing it with 7.w. where 7, is a scalar
chosen to force ||7.w.|| to be constant for all e. We will need the following lemma.

LEMMA 3.2. Let g: R, — Ry be nondecreasing with g(0) =0. Let K be a closed convex cone
and z € K* be such that F = {z}* N K is a proper face of K. Suppose that (G1) holds and let
7:(0,1] = Ry satisfy lim. o 7. =7 € Ry . Suppose further that the following partial sub-homogeneity
holds:*

35 >0 such that s €[0,S] and 7> 1 together imply g(7s) < 7g(s). (SH)
Then (dist( ) I
. glAISt( T We, g

1 < —, L, ¢ 3.1

m:foup dist(rewe, F) max{ T’ g} (3:1)

Proof. Since w, — U € F as € goes to 0, for all sufficiently small €, we have dist(w,, K) < S. For
those ¢, if 7. > 1, we have

g(dist(rew,, K)) (z) T.g(dist(w,, K))  g(dist(w,K))
dist(rewe, F) ~ 7o dist(w,,F)  dist(w,F) ’

where (a) follows by (SH) and the fact that dist(aw., K) = adist(w,, K) holds for every convex cone
K and nonnegative scalar a. If 7. <1, we have

g(dist(r.w,, K)) (2) g(dist(w,, K))
dist(rewe, F)  — 7edist(we, F)’

where (a) follows from the monotonicity of g. Overall, we conclude that for sufficiently small €, we

have
g(dist(rcw,, K)) < max g(dist(w,, K)) g(dist(we, K))
dist(Tewe, F)  — dist(w., F) 7o dist(w., F) |
The desired conclusion now follows immediately upon invoking (G1). O

THEOREM 3.1 (Optimality of 1-FRFs satisfying (G1)). Let K be a closed convez cone,
z € K* with ||z|| =1 and let F:=KN{z}* be a nontrivial exposed face of K. Let g, ., and k., be
as in Theorem 2.2 such that 7., € (0,00] for every n>0. Let

Uz (5,1) = s+ K2,.9(25), (3.2)

so that V¥x .(s,t) is a 1-FRF for K and z (see Lemma 2.3). Suppose further that (SH) and (G1)
hold.

*In view of Lemma 3.1, (SH) automatically holds for any S > 0 when g is concave.
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Consider any 1> 0 and define M : R, — R, as follows:

0= rm (o120} )] -

where v and Ly are as in (G1). Let ¥, be an arbitrary 1-FRF for K and z. Then, for any 1, € (0,7,
there exists sy > 0 such that

M(ﬁo)wn,z(& b) < wz*c,z(57770)7 V(S, b) € [07 30] X [0777] : (34)
Proof. Let w, and v be as in (G1). Let 7 be the function defined as follows:
= “,Z’Z“ ?f c€ (0.1, (3.5)
H”?O” ife=0.

As a reminder, we are using 7, as a shorthand for 7(e).
Note that dist(r.w.,F) # 0 because w, ¢ F by assumption. Using this and the definition of ¢ ,
in (3.2), we have for all € € (0,1] that

Vi, (dist(rewe, K), 1) dist(rew,, K) n k.50 (2dist(rew,, K))
dist(rew,, F)  dist(row,, F) dist(r.w,, F)
<14 k.78 (2dist(rew,, K))
- dist(r.w,, F) ’

(3.6)

where the inequality holds because F C K, which implies that dist(r.w., K) < dist(r.w., F) for all
€€ (0,1].
Next, notice that lim, o dist(r.w,, ) = 0. Using this and (SH), we see that for all sufficiently

small €,
K.n8 (2dist(r.we, K)) < k. 72¢ (dist(rew,, K))

3.7
dist(rew,, F) - dist(Tew,, F) (3.7)
Combining (3.7) with Lemma 3.2 and recalling again that (G1) and (SH) hold, we deduce further
that
. K. q8 (2dist(T.w,, K)) 1
1 . <K -2 1L,— oL . :
1n61lsoup dist (7w, F) <K.j max< 1, [ Lo <00 (3.8)

Now, combining (3.6) and (3.8), we have that

) Y. (dist (Tewe, K), 1) 1
1 : <1 72 1,—( L . .
m:isoup dist(r.w., F) <14k,;-2|max<1, Lo <00 (3.9)

Consequently, there must exist ¢ € (0, 1] such that

,(/}K: z(diSt(T€w67 ]C), ﬁ) 1 1 R
7 <2 72 L—rLy )=~ . 1
dist(rowe, F) trege 2|\ max) Lo by | = 0 ) Ve € (0,€] (3.10)

On the other hand, since ¢k  is a 1-FRF and w, € span KN {z}*\ F, we have from [19, Remark 3.5]
that for all € € (0,1],

1< @ZJI*C,z(diSt(Tewalc)a ||T6we||)
- dist(r.w,, F)
Combining (3.10) with (3.11), we deduce that for all € € (0, €],

(3.11)

M (7o), - (dist(Tewe, K), 1) < (dist(rewe, K), || Tewe]|).- (3.12)
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Since vk . is monotone, we further obtain that for all € € (0, €] and b € [0, 7],

M (7o) tbx, . (dist(rew,, KC), b) < M (7o )b, (dist(rew,, K), 77)
< i, (dist(rewe, K), [[rew ) = ¢ . (dist (Tewe, ), 7o)

Since € — dist(r.w,, K) is continuous with lim, o dist(7.w,,K) =0 but is positive on (0, €] (since
w, € {2z} \ F, hence w, € K), its image contains some interval of the form (0, sq], where sq ==
dist(7.we, K). Therefore, (3.13) shows that for every s € (0, sq] and for every b € [0,7] we have

M (10)k.=(5,0) < i (8,70)-

The proof is now complete upon noting that the above relation holds trivially when s =0 because
both sides of the inequality become zero when s =0, according to the definition of facial residual
function. g

We now move on to an application of Theorem 3.1. The next result says that if (Feas) only
requires a single facial reduction step and the 1-FRF is as in Theorem 3.1, then the obtained error
bound must be optimal. This will be discussed in the framework of consistent error bound functions
developed in [20], which we now recall.

DEFINITION 3.2 (CONSISTENT ERROR BOUND FUNCTIONS). Let Cy,...,C,, C & be closed con-
vex sets with C':=("", C; # 0. A function ®: R, x R, — R, is said to be a consistent error bound
function for Cy,...,C,, if:

(7) the following error bound condition is satisfied:

(3.13)

dist(z, C) < ® <1g1_a<x dist(z, C}), ||a:|]> , Yze&; (3.14)

(74) for any fixed b > 0, the function ®(-, b) is nondecreasing on R, right-continuous at 0 and satisfies
(0, b) =0;
(737) for any fixed a > 0, the function ®(a, -) is nondecreasing on R.
We say that (3.14) is the consistent error bound associated to ®.

Consistent error bound functions were defined in such a way as to provide a broad framework
for the study of general error bounds and facilitate the study of convergence properties of certain
algorithms. Holderian error bounds, the error bounds developed under the theory of amenable
cones and the error bounds found in the study of the exponential cone can all be expressed through
the framework of consistent error bound functions; see [20]. Furthermore, they are “universal” in
the sense that whenever finitely many closed convex sets intersect, there is always a least one
consistent error bound function describing the error bound associated to their intersection, see [20,
Proposition 3.3]. For applications to convergence analysis, see [20, Sections 4, 5 and 6].

With that, we can now state the main result of this section.

THEOREM 3.2 (Best error bounds). Suppose (Feas) is feasible and consider the following
three assumptions.
(i) There exist z € K*N L N{a}r and F:=KN{z}* such that F is a nontrivial exposed face and
{F,L+a} satisfies the PPS condition.
(13) The function v is a 1-FRF for K and z as in Lemma 2.3, for some g and k., as in Theorem 2.2
so that the 7y, ,, in (2.13) satisfies 7., € (0,00] for every n> 0.
(#i7) The function g from (ii) also satisfies (SH) and (G1) holds.
Then, the following hold. R
(a) There is a positively rescaled shift of the ¢ denoted by v such that for any bounded set B, there
is a positive constant kg (depending on B, L,a,F ) such that for every x € B and € >0 we have
the following implication

dist(z,K) < e and dist(z,L+a)<e = dist(z,(L+a)NK)<rg(e+1(e,7), (3.15)

where 7= sup,c s ||,
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(b) The error bound in (3.15) is optimal in the following sense. Suppose we also assume that
lzll=1, L={z}", and a=0. (1v)

Then for any consistent error bound function ® for IC,L and any n >0, there are constants
k>0 and sq >0 such that

s+d(s,7) < wD(Rs,7),  Vse [0, s0].

Proof. Item (a) follows directly from Theorem 2.1 with ¢ =2. )
We move on to item (b). Suppose that ® is a consistent error bound function for £ = {z}+ and K.
First, we will show that ® is a 1-FRF for I and z. Let

d(z) = max{dist(z, ), dist(z, {z})},

so that
dist(z,Kﬂ{z}L):dist(x,}') < ®(d(x),||z]), Vref. (3.16)

Suppose that z is such that dist(x, ) <€, (z, z) <e. Then, there exists u with ||u|| <e such that
r +u € K, Therefore

0<(z+wu,z) and hence —e<(—u,z)<{((x+u)—u,z) =z, z2) <e

That is |(z, 2)| = dist(z, {z}*) <€ and thus d(z) <e. Then, (3.16) implies that ® is a 1-FRF for K
and z.
By assumption, the conditions of Theorem 3.1 are satisfied. Hence, for any 7 > 0, there exists
5o > 0 such that
M(ﬁW(&b) < (I)(Saﬁ)v V(Sa b) S [07 50] X [077?] ) (317)

where M is as in (3.3). In addition, by the definition of positive rescaling with a shift, there are
positive constants M, M,, M3 and a nonnegative constant M, such that (s, t) = My (Mas, Mst) +
M,ys. We have:

s+ (s, M) = (L + My)s + My (Mas, M)
= (1+M4)S+M1(M25+K‘/Z’M3ﬁg(2M25))
= S(M1M2 + M4 + 1) + MllQZ,M:sﬁg(QMQS)
<rks+kKg(2ks),

where k= max{M; My + M, + 1, M1k, prp5, Mo} and the last inequality holds because of the
monotonicity and nonnegativity of g. Continuing, note that since 7 > 0, we have v, ; € (0, cc] and
hence k, 5 = max{27'~, 27;}]} > 0. Thus,

7 Kz

s+1(s,n) < ks + kg(2kS) = ks + k—=9(2kKs)
Rzq
K K N
Smax{l, }(ms—l—nz’ﬁg@ns)) :max{l, }w(ns,n).
Rz Rz

Therefore, if s € [0, s0/k], we have from (3.17) and the above display that

§ } M)~ ®(rs, ) < AP(Rs, )

s+1(s,7) < max {1,
Kzq
where £ := max {m, max i\l, KL} M (ﬁ)*l} and the second inequality follows from the monotonicity

of ® in the first entry. This completes the proof. O
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COROLLARY 3.1 (Best Holderian bounds). Suppose (Feas) is feasible and suppose items (i),
(ii) and (iit) in Theorem 3.2 hold for some g=|-|* with a € (0,1). Then, the following items hold.
(a) K and L+ a satisfy a uniform Hélderian error bound with exponent c.

(b) Suppose the display relation (iv) in Theorem 3.2 also holds. Then for any consistent error bound
function ® for IC, L and any 1) > 0, there are constants k>0 and so >0 such that

s <RP(ks,n), Vs €0, sg].

In particular, K and L do not satisfy a uniform Hélderian error bound with exponent & where
a<a&<l.

Proof. First, we prove item (a). Noting that z/||z|| € K*N LY N{a}t and {z/|z|}* = {z}*, we
assume (without loss of generality) that ||z|| = 1. By assumption, we have g =|-|%, so that the facial
residual function ¥ from Lemma 2.3 satisfies

P(s,t) =s+rK.:(29)°, (3.18)

where £, ; is as in Theorem 2.2 and is nonnegative nondecreasing in ¢. Applying Lemma 2.1 with
£ =2 gives a uniform Hoélderian error bound with exponent «.

Next, we move on to item (b). By item (b) of Theorem 3.2, for any 7 > 0, there are constants
k>0 and sy > 0 such that for every s € [0, so] we have

s+1(s, 1) < ~h®(ks, 1), (3.19)

where 1) is a positively rescaled shift of ¢ in (3.18). The left-hand-side of (3.19), as a function of s,
now has the form a;s 4 ays® for some constants a; > 0,ay > 0. Therefore, adjusting & if necessary,
we have

s* <kRP(ks,n), Vs € [0, so]. (3.20)

For the sake of obtaining a contradiction, suppose that a uniform Hélderian error bound holds
for K and £ with exponent & for some & € (a, 1]. Then, there exists a nonnegative nondecreasing
function p such that ® given by ®(s,t) = p(t)s® is a consistent error bound function for K and L;
see [20] or this footnote®.

By what have been shown so far and in view of (3.20), there are constants & >0 and s¢ > 0 such
that for every s € [0, so] we have

s < k(i) (s)"™. (3.21)
Dividing both sides by s* and letting s | 0, we get a contradiction: the left-hand-side blows up to
infinity, while the right-hand-side is constant. U

REMARK 3.2 (ON THE EXPONENTIAL CONE). The exponential cone in R? is
Kexp :={(2,y,2) |y >0,2> ye””/y} UF noy Fovo:={(2,0,2)|2<0,2>0}.
Its nontrivial exposed faces are the 2-D face F_,,, infinitely many 1-D faces of form
Fs={(y—By.y,e'"y) |y >0}
for § € R, and the exceptional 1-D face

Foo :=4(2,0,0) | x <0};

® For any positive integer 7, there is a constant «, > 0 such that Definition 2.1 holds for B equal to the ball centered
at the origin with radius r. Adjusting the constants if necessary, we have x, < k,+ if 7 <1’, so we can let p(b) be the
K such that r is the smallest integer larger than b.
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see [19, Section 4.1]. For t sufficiently near 0, the g corresponding to their (worst case) 1-FRFs
simplify to g_oo(t) = —tIn(t), gs(t) = vt and go.(t) = —1/In(t), respectively; see Corollaries 4.4, 4.7
and 4.11 in [19].

Once admissibility of these g is established, the condition (G1) may be verified by letting
w. = (—1,¢,0) for Fo, we = (—€ln(e),0,1) for F_, and we = P 1 (1 — B +¢,1,e' 7<) for Fy
when (€ R: Indeed, the arguments in [19, Remark 4.14] demonstrate that L, <1, L, _ <1 and
Ly, €(0,00) (note that Ly, is what the authors labeled as Ls in [19]). Thus, our framework can be
used to show that the error bounds for the exponential cone are also tight in the sense of item (b)
of Theorem 3.2.

4. Error bounds for p-cones In this section, we will compute the facial residual functions
for the p-cones, obtain error bounds and prove their optimality. First, we recall that for p € (1, 00),
z €R", n>2, the p-norm of T and the p-cone are given by

Izl = @l + -+ [zalr, K= {a = (20, 7) €R™ 2o > |12, )5 (4.1)

here, given a vector x € R"*!| we use x, to denote its first (0th) entry and Z to denote the subvector
obtained from x by deletlng xo. Here, we ﬁX (-,-) the usual Euclidean inner product so that the
dual cone of K7 is the g-cone, where - + =1

Kyt ={2=(2,2) ER™ | 20 > || 2]}
We recall that IC;}“ is a pointed full-dimensional cone. In what follows, we will be chiefly concerned

with the case p € (1,00) and n > 2. We will also make extensive use of the following lemma.

LEMMA 4.1. Let p,q € (1,00) be such that }%+ % =1 and let (€ R" (n>1) satisfy ||C]|, =1.
Define B
¢:=—sgn(¢)o[¢]",

where o is the Hadamard product, and sgn, absolute value and the ¢ —1 power are taken component-
wise. Then ||C||, =1. Moreover, there exist C >0 and € >0 so that

>C’Z|wZ P+ Z|wllf’ whenever |lw—(||<e and |w|,=1, (4.2)

i€l 'L¢I

where I ={i: ¢; #0}. Furthermore, for any w satisfying ||lwl|, <1, it holds that (¢,w) > —1, with
the equality holdmg if and only if w=_.

_ Proof. Tt is easy to check that I¢|l, = 1. Next, for each i € I, by considering the Taylor series at
¢, of the function ¢ — |t|?, we see that

jwi[P=IC, [P + psgn(CIC, P (wi — ¢,) + ZE52 (G172 (wi — §)? + Olwi — CP) as w; — ¢,
In particular, there exist ¢; > 0 and ¢; > 0 so that
jwil? > 17+ psgn(C)IC; [P wi = ;) +ei(wi — ¢,)* whenever [w; — (| <. (4.3)

Let € :=min,cs¢;. Then for any w € R™ satisfying ||w — (|| <€ and ||w||, =1, we have

1= ol = 3 el + 3 b
it 1 i€l

>Z\wz|p+z |Gl +psgn(C)I¢, [P wi — G) +eilwi — G,)°)]

i1 i€l



Lindstrom, Lourengo and Pong: Error bounds for p-cones and beyond
Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS 17

=Y fwil?+ > 16+ psgn(C)IC P wi = pIC I + eilws — )7

g1 i€l

S D lwilP + ) 1617 = pGiws — pIC I + ciwi — )]
i¢l i€l

DSl +1-p(Cw) —p+ Y alw,
¢l i€l

where (a) follows from (4.3), (b) holds since sgn(¢;)|¢;[P~" = —sgn(¢)[¢| VD = —sgn(¢)|¢] =
—(;, (c) holds because >icr 1GiIP = [[¢][2 = 1. Rearranging terms in the above display, we see that
(4.2) holds with C' = ; min;eg ¢;.

Finally, we see from the Hélder inequality and the fact [|(]|, =1 that (¢,w) > —1 whenever
|lwl|l, < 1. We now discuss the equality case. It is clear that if w = (, then (¢,w) = —1. Conversely,
suppose that ((,w) =—1 and |Jw||, <1. Then we have

L= Gl < lclallwly = llwll, < 1.

Thus, the Holder’s inequality holds as an equality and we have ||w||, = 1. This means that there
exists ¢ > 0 so that |w;|" = ¢|¢;|? for all 7. Summing both sides of this equality for all ¢ and invoking
lwll, =I¢]l; =1, we see immediately that ¢ =1 and hence |w;|? =(;|? for all i. Consequently,

w; = sgn(w,)|G|? = sgn(w;)|¢G |7 (4.4)

Plugging the above relation into ((,w) = —1 yields

—1=) Gui= Y sen(@)GlGIT > =) |Gl = -

Thus, we must indeed have sgn(w;) = —sgn({;) whenever (; # 0.° Combining this with (4.4), we
conclude that w = . This completes the proof. ]

4.1. Facial structure of X' for n>2 and p € (1,00) The p-cones K'*" for p € (1,00) are
strictly convez, i.e., all faces are either {0}, K7*' or extreme rays (one-dimensional faces). In this
subsection, we characterize all the faces of IC;“rl in terms of the corresponding exposing hyperplanes.

Let z € KJ*, so K2t N {z}* is a face of K and, because K is facially exposed, all faces
arise in this fashion. If z € rikC}*! or z =0 we have that K" N {z}* is {0} (see (2.1)) or K2 F,
respectively.

Next, suppose that z € OK!*'\{0}. Then z = (2, %) with z = [|Z]|; > 0. Now, z € {z}* if and
only if

Zozo + (Z,Z) =0.
Suppose also that x € K2\ {0}. Then x, >0 and the above display is equivalent to
1+ {z5'z,25'z) =0.

Notice that HZO_IZHQ =1 and ngla_ch < 1. An application of Lemma 4.1 with ¢ = z; 'z then shows
that
x5z =—sgn (z5'2) 0|7 z‘ :—sgn(2)0|z0_12|q_1,

where the last equality holds as zy > 0. Thus, it follows from the above displays that

Foim {2} 0K = {tf [£2 0}, where fi= R (4.5)

—sgn(Z)olzy 'z

6 Since |G| = |wi| for all 4, ¢; # 0 is the same as w; # 0.
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4.2. One-step facial residual functions for the faces of X*! when n>2 and p € (1,00)
We recall that our goal is to compute error bounds through Theorem 2.1. In order to do so, we
need to compute the 1-FRFs for the faces of IC;‘“. Let F SK2*! be a face and z € F*. First, we
take care of some trivial cases.

o If 7 ={0}, then, from Definition 2.2, ¥z ,(¢,t) :=€ is a 1-FRF for F and z.

e If F is an extreme ray, then F N {z}* is either F or {0}. The latter happens if and only if
zeriF* (see (2.1)), so that Lemma 2.2 is applicable to F and z. Therefore, in both cases there
exists k > 0 such that ¢¥# (e, t) := ke is a 1-FRF for F and z.

o If F=K7*" and z €ri )™, then we also have re as a 1-FRF, by Lemma 2.2.

This section is focused on the remaining nontrivial case where F = K and K N {z}* is an extreme
ray, which happens if and only if z € 9K, *"\{0}. With that in mind, we define

if |J,| =n,
if |J.]=1and p<2, (4.6)

min { %, l} otherwise,
P

SRR ST

J,:={i|z#0} and a,:=

where |J.| is the number of elements of J,. Then we have the following result.

THEOREM 4.1. Let n>2 and p,q € (1,00) be such that %4— % =1. Let z € OK}*"\{0} and let
Foi={z} Nt Let n>0, o, be as in (4.6), and define

(ol
”*”"“f{ T —w]

v e KT N B(n)\F., w=Pg 10, u=Pr,w, u;éw}. (4.7)

Then it holds that ., € (0,00] and that
dist(z, F.) < max{2n'~**,2y_ 1} - dist(z, K} ") whenever x € {z}- N B(n).

Proof. If ., =0, in view of Lemma 2.4, there exist ¥ € F. and a sequence {v*} C IKI T NB(n)\F.

such that

[

lim v* = lim w* =% and lim =
k—o0 k—o0 k—o0 Hwk _ ukH

0, (4.8)

where w” = Py.10", uf = Prw* and u* # w”. Since v* ¢ F. and v* € 9K, we must have
vk =|v*||, > 0. By passing to a further subsequence if necessary, we may then assume that

(o)1 ¢ (49)
for some ¢ satisfying ||¢]|, = 1. Next, applying Lemma 4.1 with ¢ := 2, 'z, we have
Ci=—sgn(z'2) olzy 2" = —sgn(2) o |z, 2", |ICll, =1,

and there exist C'> 0 and € > 0 so that (4.2) holds. Moreover, one can see that the .J, in (4.6) equals
the I in Lemma 4.1. We consider two cases.
I) £€=¢;
(II) £#¢. - o
(I): Suppose that £ =(. Then kli_g}((v(’)‘”“)*lﬁk, ¢)=|I<||* > 0. Thus, for all sufficiently large k, we
have, upon using the definition of f in (4.5), that

()% ) = < {(vg)l_lvk} ’ [sgn(z) 01|Z012|q_1] > =1+{(vp)'", )= 1+ ”2”2.
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Consequently, we have (v*, f) > 0 for sufficiently large k. Thus, if we let

ozt ST
[E2 (V[

then using Lemma 2.5 (with f as in (4.5)), we deduce that for all sufficiently large k,

lu® —w*|| = [|Qu*|| = w5 ||Q [(vg)l-lvk} Q[(vg) ] HH (4.10)

< l(vg) "0 = Cll,

Q:=

@

T
where (a) holds because f = [1 ZT] and @ f = 0. Moreover, if it happens that |J.| =1, say, J, = {io},

then 2o = |2;,| # 0 and fo=|fi,| #0, and we have z; = f; =0 for all i # i, and 2z, = —f;,. Then a
direct computation shows that @ is diagonal with Q= Q;,i, =0, and Q);; =1 otherwise. Thus, we
have the following refined estimate on ||u* —w*|| for all sufficiently large k£ when |J.|=1:

Qh%;%J S| (eh) 1. (4.11)

igJ,
Next, in view of (4.2) and (4.9) and recalling that ||(v§)~*v*||, = 1, we have for all sufficiently
large k that

lu” — w"| = Qv = vg

L (G (o) 710" 2 O 1(wf) 1o =GP + Z|Uo S (4.12)

i€l 1¢I
If |J.] #1 or p>2, then we see from (4.9) and (4.12) that for all sufficiently large k

117k>
(@) _ e
>mln <Z| _Cill/a2+z‘(vg) 1’011?‘1/ Z> (4 13)
i€l i¢I )
1/az Qz
—mm{ |@® E_Te > o)t - T e,

where (a) follows from the definition of «, and the observation that J, = I, and the last inequality
follows from the equivalence of norms in finite-dimensional Euclidean spaces, and (' is a constant
that depends only on C, p, a, and the dimension n. Thus, combining (4.13) with Lemma 2.5 and
recalling that ¢ = z, 'z, we see that for all sufficiently large k,

ok < b+ Tzl (€ )19
E 2] 114
> S8 gyt e > SO e e o

where the last inequality follows from (4.10).
On the other hand, if |J,|=1 and p < 2, we have a, = 1/p. We can deduce from (4.12) and
Lemma 2.5 that for all sufficiently large k,

15k

k k‘|_207}0’1+< ¢ (v ) ”>’>ZOU0’Z’( k)—l—kp

Izl pl=|

k —
(a) 20”0 Z‘ Uo 1,Uk‘2 _ ZO(UO)l Lo Huk . wkHl/az7
p||2|| pll=|l

[

(4.15)
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where (a) holds because p < 2 so that p-norm majorizes 2-norm, and we used (4.11) and the fact
that a, = 1/p for the last equality.
Combining (4.14) and (4.15), we see that there exists Cy > 0 such that for all sufficiently large k,

luf —w*| < Co - ()~ [[v* —w* ]| < Com' = [0 —wh|*,

where the last inequality holds because v* € B(n). This contradicts (4.8) and hence case (I) cannot
happen.

(I): In this case, £ # (. Since €], =1, we see from Lemma 4.1 that 1+ (¢,&) > 0. Thus, in view
of (4.9), there exists £ > 0 such that

14+, (vE)"*0") > £ >0 for all large k.

Using this together with Lemma 2.5 and the fact that ¢ = z; 'z, we deduce that for these k,

Hvk _wkH — ‘ZOU(]; + <2’ 6k>’ — ZO’US‘]_ + <<7 (Ug)_lﬁkﬂ
2] 2]
zovf — C20[|0M]], @ Lzo][v* ][, © Calzol|v*|| © Cslz ub — w"|
— =l 21— 2=l = 2= T 2ell

where (a) follows from the triangle inequality and the fact that v§ = ||%||,,, (b) holds for some constant
C5 > 0 that only depends on n and p, (c) follows from the fact that ||u* — w*|| = dist(w", F,) <
|wk]] <||v*|| (which holds because of the properties of projections). The above display contradicts
(4.8) and hence case (II) also cannot happen.
Thus, we have v, , € (0,00]; the desired error bound follows from Theorem 2.2. O
Using Theorem 4.1 together with Lemma 2.3 and recalling that an upper bound to a 1-FRF is
also a 1-FRF, we obtain the following facial residual function for IC;}“.

COROLLARY 4.1. Letn>2 and p,q € (1,00) be such that % + % =1. Let z € OK?T\{0} and let
F.:={z} Nt Let a. be as in (4.6) and let ., be as in (4.7).7 Let k =max{1,1/||z||}. Then
the function Vi, : Ry xRy =Ry given by

Vi (€,t) == ke + max{2t' "7 27;2}(14 +1)%e**

is a 1-FRF residual function for IC;}H and z.

Next, we will prove that the optimality criterion (G1) is satisfied for p-cones when g=|-|*, with
o, as in (4.6). For that, we need two lemmas that assert the existence of functions € — w, having
certain desirable properties.

LEMMA 4.2 (A w, of order i when |J.|<n). Letn>2 andp,q€ (1,00) be such that %4—% =
1. Let z € OKIT\{0} be such that J. #{1,2,...,n}, where J. is as in (4.6). Let F.:={z}- N
and f € F.\{0} be defined as in (4.5). Then there exists a continuous function w: (0,1] — {z}+\F.
such that

] ) dist(wé,lq}“)%
limw,=f and limsup < 00.

10 cl0 dist(w, F.,)
Proof. Fix any j € {1,2,...,n}\J, and define

C:=—sen(z)ol|ztz|9t.
¢ g() ‘0 ’

“We set Yz,0 = 00.
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_ _ T
Then |||, =1 and ¢; # 0 if and only if ¢ € J,. Moreover, we have f = [1 ZT} . Define the (bounded)
continuous function w: (0,1] — R"*! by

(we)i:{fi if i)

e ifi=j

Then (z,w.) =0 for every e € (0,1] and w, — f € F.\{0}. Now, observe from |[(||, =1 that the
image of the function y: (0,1] — R"*! defined by

1
(ye)0:(1+6p)57 Ye = We.
is entirely contained in IC;‘“. Hence, we have

1
diSt(wéaK;H_l) S Hwe - ye” = (1 +€p)% -1 S ];ep,

where the last inequality follows from the concavity of ¢ — tv and the supgradient inequality. In
addition, we can also deduce from (4.5) and the definition of ¢ that dist(w.,F,) =€ > 0. Thus

1 1
. dist(we,lcg+l)17 1\ P
hmisoup Tt F <z - ]
€

LeEMMA 4.3 (A w, of order ; when |J,|>2). Letn>2 andp,q € (1,00) be such that ;+

1. Let z € OK*"\{0} be such that |J.| > 2, where J. is as in (4.6). Let F. :={z}* ﬁ/C’“rl and
fe€F.\{0} be defined as in (4.5). Then there exists a continuous function w: (0,1] — {Z}J‘\]:

such that )
I f 41 dist(we, Kpt)2
muw, = an 1imsu - < 00.
el0 €10 P dist(w,, F.,)
Proof. Without loss of generality, we assume that n € J, so that z, # 0; by symmetry, we will
assume that z, < 0. Define

(= —sgn(z)olz 27"
T

Then ||{|l,=1, ¢, >0and f= {1 ZT} . Define the (bounded) continuous function w : (0, min{|Zz,| -
C,y20}) = R by
1—ezy! ifi=0
(w)i=<¢, +ez;t ifi=n
¢; otherwise.

Then (z,w.) =0 and w. — f € F.\{0}. Now, observe that the image of the function y: (0, min{|z,|-
Coy201) — R defined by

=

ye 0= [Z|< |p C +6__1) ] ) Ye = We

is contained in /CZ“. Hence, we have

Sl

dist(we, K7 < [Jwe — ye|| = [Z!C P+ (C, +ez, )P ] —1+4ez!
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n—1 D
= [Z ClP+C 4+ pec 2+ 0()| —1+ezg?
. i=1 » )
;“1—|—p6Ci 5;14-0(62)]17—14-620_1
= ‘1 + 6?:;712;1 —1+4ezy' +0()| = O0(?) as €l 0, (4.16)

where (a) holds because ||(]|, =1, and the last equality holds because

o
as (,, >0 and z, < 0. We next estimate dist(w,,F,). Since w, — f, we must have (w,, f) >0 for all
sufficiently small e. Thus, from the definition of F, and Lemma 2.5, we see that for these ¢,

(w,f) ((w, £))?
e i

= |2 2l IO = |55 2 = — 252

dist(w,, F.)* = ‘ w

= [lwe]l* -

Now, a direct computation shows that

1= (1—ez) +Z|cy2 (€, +ez.b)?
n—1

—1—|—Z|C ]2—1—( +26(2,'C, — 20 )+ €27 + €20

[we

= |!f|!2+2e(“1< o+ + 27,

where the last equality follows from the definition of f in (4.5). In addition, we have

n—1 2
((we, f)) = (1—%1+Z!Cil2+ci+ezn1<n>

i=1
1= —13\12 __ 1= _ __1= _
=[P+ ez "G =2 D] = A+ 26l 12201 — 20 ) +€4(2,1C — 20 )™
Thus, it holds that for all sufficiently small e,

17132
dist(w,, F,)? = € 2,:2—1—252——(2” CH”szZO ) )

_5—1r —1\2
2 62 2’;2_}_20—2 o ( Zn an;zo ) . (417)
L+¢,

Since |J.| >2 and ||{||, = 1, we must have ¢, < 1. Then the Cauchy-Schwarz inequality gives
-2 _
25+ 27 G > (220 G ),

and the inequality is strict because

=[C, |77 <1.

Consequently, we see from (4.17) that there exists ¢ > 0 such that dist(w,, F,) > ce for all sufficiently
1
dist(we, K212

T — < o0o. To conclude, we observe
ist(we,Fz) )

small e. Combining this with (4.16), we have lim sup
el0

that we can perform a change of variable é = ae for some a > 0 so that w, is defined for ¢ € (0, 1]
with we ¢ F, for all €€ (0,1]. O
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We now have all the tools to prove the following theorem.

THEOREM 4.2 (The optimality criterion (G1) is satisfied for p-cones). Suppose thatn >
2 and p,q € (1,00) are such that % - % =1. Let z€ OK*"\{0} and let F. :={z} NK}*'. Let o, be
as in (4.6). Then the function g=|-|** satisfies the asymptotic optimality criterion (G1) for K+!
and z.

Proof. Let J, be as in (4.6). We split the proof in a few cases:
(I) J,={1,2,...,n}. In this case a, = 1/2. Since n > 2, we have |.J,| > 2 so we can invoke Lemma 4.3,
which gives the required function w satisfying (G1) with 7= f in (4.5).
(IT) |J.]=1 and p < 2. In this case, o, = 1/p. Since n > 2, we have J, # {1,...,n}, so that we can
invoke Lemma 4.2, which gives the required function w satisfying (G1) with 7= f in (4.5).
(III) |J.] =1 and p > 2. In this case, a, = 1/p. Similarly to the previous item, it follows from
Lemma 4.2.
(IV) 2<|J.| <n. In this case, o, = min{1/2,1/p}. Similarly to the previous items, it follows from
either Lemma 4.2 or Lemma 4.3.
O
Theorem 4.2 shows an interesting property of p-cones: namely, in 3 dimensions, n =2, so that the
cases |J.| =n and |J.| # 1 exactly coincide, thereby eliminating the min{Z, %} case in the definition
of o, when p < 2. Thus, p-cones of dimension 4 and higher exhibit a greater complexity in their
optimal 1-FRFs than those in R3. This difference will be discussed in the next subsection.

4.2.1. How p-cones of dimension 3 differ from those of dimension 4 The following
Examples 4.1 and 4.2 will, taken together, illustrate how p-cones of dimension 3 differ from those
of dimension 4 geometrically. Examples 4.1 also shows another curiosity: that faces defined very
similarly can have different error bounds, depending on the dimension. As the main goal of this
subsection is to provide geometric intuition and we will not prove new results, the style here will be
more informal. Although we hope this will be offset by a gain in intuition.

EXAMPLE 4.1 (p=3 CONES IN 3 AND 4 DIMENSIONS). We consider the example in Figure 2.
In order to visualize the 4-dimensional cone K3'', we will depict 3-dimensional slices of it (in
columns 2 and 3). Those slices are obtained by intersecting the cone with hyperplanes and plotting
the intersection of the cone with those hyperplanes. To aid the reader when interpreting this method
of visualization, we also depict (in column 1) the 3-dimensional cone K3 ™' using the same approach:
we intersect the cone with hyperplanes and plot the intersection of the cone with those hyperplanes.
In addition, we uniquely color® each of the hyperplanes, so that the reader can also see how the
various slices mutually intersect one another.

For the 3-dimensional cone 31", we consider the face given by 7' = K3 ' N{z, > 0}N{x |z, =25},
and for the 4-dimensional cone K3, we consider the face defined very similarly by F = K3t N {z; >
0}n{x|zi =z} N{z |23 =0}.

When F is viewed from the perspective of the 3-dimensional slice K3 N {z | 25 = 0}, the situation
seems quite analogous to the face of the 3-dimensional cone K3 given by F' =3 N {x |z, >
0} N{x |z, = x2}. Indeed, the geometry depicted in these two images is identical, because the
natural embedding ¢ of 3™ into R* yields ¢: K3 — K3t N {z |23 =0} and ¢ : F' — F. However,
the appearances are deceptive. For ' = {z’'}* N K3™", it holds that the best possible exponent is
o, = % However, in contradistinction, for F = {2} NK3"", the best possible exponent is o, = %
The need for this smaller exponent is more apparent when we view F from the perspective of the
3-dimensional slice K37 N {x |z, = x,}. Viewed from this perspective, the cone appears to have less
curvature—or “more flatness”—at the site of the face, which would indicate that K3*' intersects

8 with apologies to color-blind readers, who may instead make use of the axis labels.



Lindstrom, Lourengo and Pong: Error bounds for p-cones and beyond
24 Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS

with the exposing hyperplane {z}* “more sharply” than it would appear to when viewed from the
perspective of the slice K3 N {z |23 =0}.

What we have observed here is that the slice in which we view the face can change what exponent
appears to be suitable, because it changes how curved the cone K3 ™' appears to be locally at the
face F. We can better understand the reason for this if we consider the slice K3 N {z | 7, =1}.

If we further intersect K3 N {z |z = 1} with the hyperplane {x | x5 =0}, then {z}* appears
to intersect K3 ™' with the more rounded local curvature of the top image in column 3. However,
if we instead intersect 3™ N {x | 7, = 1} with the hyperplane {x |z, =z}, then {z}* appears to
intersect K5t with the flatter local curvature of the middle image in column 3.

Let us describe what we have just observed in a slightly different way. If we take a continuous
function w: (0,1] = {z | 23 =0} N{z} N{x | zo = 1}\F with lim .o w, = f, then we will not obtain
a counterexample to the claim that

o dist(w,, K)

On the other hand, if we take a properly constructed continuous function w: (0,1] — {z | z; =
o b Nz} N{z | 2o = 1}\F with lim.ow. = f, then we will obtain such a counterexample.

Using the slice K3 N {z |2, =1}, we can see that the (exposed) 1-dimensional faces that require
exponent a, = £ are exactly those that are contained in any of the slices K3 N {z |z, =0} or
K3t n{z |z, =0} or Ki™' N {x|x5=0}. For all other (exposed) 1-dimensional faces, we will have
that a, =1 will be a suitable exponent. This is consistent with what we know from (4.6), because
such faces will have exposing vectors z that satisfy |J,| =n.

By comparing and contrasting the case p =3 from Example 4.1 with the case p=3/2 from the
following Example 4.2, we will see how the complexity of the error bounds changes as dimension
increases from n < 3 to n > 3.

EXAMPLE 4.2 (p=3/2 CONES IN 3 AND 4 DIMENSIONS). We next consider the case of K37,
This example is illustrated in Figure 3. Most faces have best exponent o, = % On the set ICg;FQ N
{z | 2o =1} the 6 “corners”—i.e. the 6 points on the visible surface with exactly 1 nonzero coordinate
(other than the Oth coordinate)—belong to the 6 exceptional faces that satisfy |J,| = 1. For these
exceptional faces, a, = % This is in contradistinction with the example p =3 that we considered
in Example 4.1. In that example, most faces of the 4D cone Kj*" still have o, = . However, the
exceptional faces, those that have a, = 3, are the faces that intersect Kittn{z|zo=1} in the set
{o |z, =0 U{x |2, =0}U{z |23 =0}. Notice that there are infinitely many of them. For K3, all
of the additional exceptional faces (those not shared in common with K31") have exponents that
fall under the “otherwise” case in (4.6). For n <3, it can never hold that 1 < |J,| <n, and so an
analogous difference in the number of exceptional faces does not occur in the lower dimensional
n =2 cases. For both cones K3*' and ICg;’Ql, the exceptional faces—those without a, = —are
exactly the 4 faces where the cones intersect with {z |z, =0} or {z |2, =0}.

Now we turn our attention to the face F similarly defined as /cg/gl N{z |z = z5}. Another
difference between the p =3 case and p = 3/2 case is as follows. For the case p =3/2, the need
for the smaller exponent (now «, = %) is more apparent when we view F from the perspective
of the 3-dimensional slice IC;’;’; N{xz |23 =0}. Viewed from this perspective, the cone appears to
have less curvature—or “more flatness”—at the site of the face, which would indicate that IC:33721
intersects with the exposing hyperplane {z}* “more sharply” than it would appear to when viewed
from the perspective of the slice Kg;r; N{x |z, =x>}. In the case p =3, the role of the slices
Kit'n{x |23 =0} and K3 N{z |2z, =25} was exactly the reverse of this, in the sense that the
former deceptively suggested more curvature at the face and the latter revealed the true situation.
This role reversal for p=3/2 is similarly apparent in the slices {2 |23 =0} N{z}*N{z|xo=1} and
{z |z =2y N{z} N{x | xo=1}, where the need for the smaller exponent (now 1/2 instead of 2/3)
is now apparent in the former instead of the latter.
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For the 3-dimensional cone K31

A
4-dimensional object Z'= [21 with c=2"3
cannot be plotted T2e

1 1
{z’}*:span{ |:2c:| , |:c:| }
K3+1 L 0 c
3 1
F’:span{ c:|}

z=| 2% | withc=273
XTo 02(:
1 1 1
241 _ L 2c 0 c
K™ n{z |2 =0} {3 =span¢ 150 |0 o0 |0 | ¢
0 0 1

1
c

F =span . =:f
0

Kt n x|z, =0}

3-dimensional object
does not have
coordinate s

K2 N {z |25 =0} K5t n{z|z; =0} (|23 =0YN {2} N{x|zo=1}

x1

f
x3
line 1 = 22
KNz |z, == Kz |z, =2 .
o0 Nzl =} st Niwlm =) {w]z =2} N {2} N{z|z=1}
T1
x1
1
T 2o
Kt n{z|zo=1} Kt n{z|zo=1} {z}n{z|zo=1}

FIGURE 2. Example 4.1 is illustrated.
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§721 N{z |z, =0}

Ky n{z |z, =0}

3-dimensional object
does not have
coordinate x5

K3 N{z |23 =0}

line 1 = 22

Kily n{z |z = x5}

T2

gjzlﬂ{mlxo— 1}

4-dimensional object
cannot be plotted

3+1
’C3/2

Ksfy N{a |2 =0}

Ksfs n{z |z, =0}

K32 N{z |23 =0}

Ksjy N{x |2y = 5}

T

L4

K3 N {z |z =1}

For the 3-dimensional cone IC;;';

1
z'= |:2lc with c:27%

o o0 =

F =span

X2
—————

)

{z|zs=0n{z}tn{z|zo=1}

/—\
f

T2

{z|zy =z }n{z}N{x| 2o =1}

x1

{3 {2 =1}

FIGURE 3. Example 4.2 is illustrated.
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4.3. Error bounds In this subsection, we gather all the results we have proved so far and
prove a tight error bound for problems involving a single p-cone.

THEOREM 4.3 (Error bounds for the p-cone and their optimality). Let n>2 and p €
(1,00). Let LR be a subspace and a € R™* such that (L +a) VK3 £ 0. Then the following
items hold.

(i) If (C+a)NKitt ={0} or (L+a)N(rikC)Hh) #0, then K2t and L+ a satisfy a Lipschitzian
error bound.
(i) Otherwise, /C;j“ and L+ a satisfy a uniform Holderian error bound with exponent o, > min{%, % ,
where o is as in (4.6) and z € K™ N LN {a}" with z#0 and 1/q+1/p=1.
Furthermore, the error bound in (ii) is optimal in the following sense. If L={z}*, a=0, then for
any consistent error bound function ® for IC;”r1 and {z}* and any 7) >0, there are constants k>0
and sg >0 such that
5% < k®(ks,n), Vs € [0, s0].

In particular, IC;,}+1 and {z}* do not satisfy a uniform Holderian error bound with exponent &
satisfying a, < & <1.

Proof. If (L4 a) N (rik3*") # 0 then Proposition 2.1 implies that a Lipschitzian error bound
holds. If we have ;™' N (£ 4+ a) = {0}, a Lipschitzian error bound holds by [21, Proposition 27].
This concludes the proof of item (7).

Next, we move on to item (77). In this case we have (£L+a)N(ri2*) =0 and K2 N (L+a) # {0}
The p-cone for p € (1,00) only has faces of dimension 0, 1 or n + 1. As such, its distance to
polyhedrality £, (K F') =1 (see Section 2).

By (2.3), we have dpps (K7™, L+a) < 1. Since (L+a) N (11 KpH) =0, we have dpps (K, L4a) =
1. Therefore, there exists a chain of faces 7, C K" satisfying items (i) and (iii) of Proposition 2.2
together with z € K™ N LY N{a}*" with 1/¢g+1/p=1, such that 7, = K3 N {z}*.

Since (£+a) N (xikC2+") =0, we have z # 0. Since ' N (L +a) # {0}, we have F, # {0} (recall
that 7, contains 7' N (L +a)) so that z rikC)*" by (2.1). We conclude that z € 9K\ {0} and

‘/—'.2:]:27

where F, is as in (4.5). Let g =|-|** and let ¢ be the 1-FRF given by Corollary 4.1. By Theorem 4.1,
we have v, , € (0, 00] for every n >0, so that g satisfies Theorem 2.2. Furthermore, by Theorem 4.2,
g satisfies the asymptotic optimality criterion (G1) for £ and z besides satisfying (SH) (since g
is concave, see Lemma 3.1).

Now, all assumptions of Theorem 3.2 are satisfied. In particular, Corollary 3.1 (a) tells us that
K and £+ a satisfy a uniform Hélderian error bound with exponent o, as in (4.6). By definition,
o, >min{3, ;} which concludes the proof of item (i7).

The optimality statement follows directly from item (b) of Corollary 3.1 by noting that z can be
scaled so that [|z]| =1. O

The optimal error bound in Theorem 4.3 inherits its properties, in essence, from those of the
optimal 1-FRFs from Theorem 4.2. This highlights the importance of the framework we built in
Section 3. Worthy of additional note is that the optimal error bounds also differ dramatically from
the hypothesized form in [21, Section 5].

We conclude this subsection with a result on the direct product of nonpolyhedral p-cones.

THEOREM 4.4 (Direct products of p-cones). Let K=K17! x--- x K=t where n; > 2 and
pi € (1,00) fori=1,...,s.

Let L be a subspace and a be such that (L+a)NK #0. Then the following hold.
(i) dpps(K,L+a) <min{s,dim(LN{a}*)}.
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(i4) Let o=min{3, L o p%} and d=dpps(IC, L+a). Then, K and L+ a satisfy a uniform Holderian
error bound with exponemf al.

Proof. Fach /C"”r1 has only three types of faces: {0}, IC”ZJrl and extreme rays as in (4.5). Therefore,
the distance to polyhedrahty satisfies £por, (K7it1) =1 for every i. With that, (7) follows from (2.3).

We move on to item (ii). We invoke Theorem 2.1 and let F, C--- C F; = IC be a chain of faces of
K with £ =dpps(IC, L+ a) + 1. At least one such chain exists; see Proposition 2.2 and the subsequent
discussion.

First, we need to determine the 1-FRFs for the faces of K. Let F < IC, then

F=F'x-xF*

and each F' is a face of KJit!. Also, let z € F*, so that z = (21,...,2,) where z; € (F')* for
every i. By Proposition 2.3, ]l FRFs for F and z can be obtained by posmvely rescaling the sum
Yr1 L, 4+ Fs ., where each ¢z . is a 1-FRF for F* and z;. By the discussion in Section 4.2,
these 1-FRFs are of the form p;(t)e + p;(t)e* where p;, p; are nonnegative nondecreasing functions
and q; is either 1 (see the beginning of Section 4.2) or «,, as in Corollary 4.1. Since o < «;, adjusting
pi; and p; if necessary, p;(t)e + p;(t)e™ is also a one-step facial residual function for F* and z;.°
Finally, summing s functions of the form p;(¢)e + p;(t)e* and positively rescaled shifts still lead to a
function of the same form p;(t)e+ p;(t)e*

We conclude that all the 1-FRF's for K and its faces can be taken to be of the form p(t)e+ p(t)e*
for some nonnegative nondecreasing functions p and p. The result then follows from Lemma 2.1. [

5. Applications Using our framework for certifying optimal 1-FRFs, we have built optimal
error bounds for the p-cones. In this final section, we showcase two applications of these results.

5.1. Least squares with p-norm regularization In this subsection we consider the following
least squares problem with (sum of) p-norm regularization:

6=min,exn  g(x) = 1| Az — b2 + S0, Al (5.1)

where A is an m x n matrix, b € R™, A; > 0 for each ¢, and z is partitioned in s blocks so that
x=(x1,...,x,) with x; € R" for some n; >2,i=1,...,s. When p=2, problem (5.1) corresponds
to the group LASSO model in statistics for inducing group sparsity [37]. The same model can also
be used in compressed sensing when the original signal is known to belong to a union of subspaces;
see [8].

Instances of (5.1) are usually presented in large scale and are solved via various first-order
methods such as the proximal gradient algorithm. Here, we are interested in local convergence
properties of these methods. Nowadays, it is known that local convergence properties of first-order
methods are closely related to the Kurdyka-Lojasiewicz (KL) property (see [1, Definition 3.1]) and
the associated exponents (see [18, Definition 2.3]) of the underlying optimization models; see, for
example, [1, 3, 18]. Specifically, if g in (5.1) is a KL function with exponent %, then the sequence
generated by the proximal gradient algorithm converges locally linearly to a global minimizer; on

the other hand, a KL exponent greater than % can only guarantee a sublinear convergence rate.

9 Specifically, if p;(t)e 4 pi(t)e*t is an FRF of F*, z; with respect to ICZ;'H, since a < a; <1, we have

e [Pt e e 0,1,

Then (p;(t) + pi(t))e+ pi(t)e” is also an FRF.
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For the convenience of the readers, we recall the definitions of KL functions and exponents below.
We start by introducing some necessary notations. We say that an extended real valued function
h:R™ — [—00,00] is proper if domh:={z | h(z) < oo} # 0 and h(z) > —oo for all z € R", and such
a function is said to be closed if it is lower semi-continuous. For a proper convex function h, its
set of subdifferential at x € R" is defined as 0h(x) :={u | h(y) — h(z) > (u,y —z) Yy € R"}, and we
define dom Oh := {z | Oh(x) # 0}. We are now ready to present the definitions of KL functions and
exponents as follows.

DEFINITION 5.1 ([36, DEFINITION 2.1]). We say that a proper closed convex function h: R™ —
[—00, 00| satisfies the KL property at an & € dom Oh if there exist a € (0,00], € >0 and a continuous
concave function ¢ :[0,a) — [0,00) such that
(i) ¥(0) =0 and 9 is continuously differentiable on (0,a) with positive derivatives;

(ii) It holds that
Y'(h(z) — h(Z))dist(0,0h(z)) > 1 (5.2)

whenever h(Z) < h(z) <h(Z)+a and ||z —Z| <e.
If h satisfies the KL property at & € dom dh and the ¢ (¢) in (5.2) can be chosen as ct'~* for some
c¢>0and a€0,1), then h is said to satisfy the KL property at £ with exponent .

A proper closed convex function h is said to be a KL function if it satisfies the KL property at
every x € domOh, and is said to be a KL function with exponent « € [0,1) if it satisfies the KL
property with exponent a at every x € dom dh.

When p € [1,2] or p=o0 in (5.1), it has been shown in [38, 39] that a certain first-order error
bound condition holds for the g in (5.1). This first-order error bound condition for g turns out to
be equivalent to the fact that g is a KL function with exponent $; see [7, Corollary 3.6] and [4,
Theorem 5]. Consequently, we know that the g in (5.1) is a KL function with exponent i when
pe€[1,2]U{oo}.

On the other hand, in view of [39, Example 4], it is known that the ¢ in (5.1) is in general not
a KL function with exponent % when p € (2,00). Indeed, it is not even clear whether ¢ is a KL
function, not to mention whether it has a KL exponent. Here, leveraging our error bound results
in Section 4.3 on direct products of p-cones, we will compute explicitly a KL exponent for g in
(5.1) when p € (2,00). The KL exponent can then be used to estimate the convergence rate of the
sequence generated when, for example, proximal gradient algorithm is applied to (5.1) with these p
values.

Our analysis starts by observing that (5.1), for any p € (1,00), can be equivalently reformulated
as a conic linear program. For that, it will be convenient to consider the rotated second order cone
which is defined as

QM2 ={(t,u,x) ERXxRxR™|tu>|z|?, ¢t>0, u>0}.

Let T : R™? — R™*2 be the bijective linear map such that T'(¢,u,z) = (t + u,t — u,2x). Then,
TOM2 =Kt ie., QM2 and K5 are linearly isomorphic cones. By [21, Proposition 17], linearly
isomorphic cones have the same facial residual functions up to positive rescaling. This implies that
Theorem 4.4 is still valid if a cone K7i*! with p; =2 is replaced by Qi+!.

With that, we can write (5.1) as

t,au,w,y,T
st. Ar—w=0b, u=1, (5.3)
(t,u,w) € QP F2, (ysas) €LpHY, =1,

The optimal values of (5.1) and (5.3) are the same (i.e., both are #) and an optimal solution to
the former can be readily used to construct an optimal solution to the latter and vice-versa. For
notational convenience, in what follows we write

v =(t,u,w, (Y1,21), -, (Ys, Ts))- (5.4)
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Then, the optimal set of (5.3) can be written as the intersection of the affine space
V={v |05t+>_  ANyi=0,u=1 Az —w =10} (5.5)
with the cone
K=Qrx Kt x o x Knett, (5.6)
The feasible region of (5.3) will be denoted by D, so that

D={v|u=1,Az—w=>b,veK}.

We can then apply Theorem 4.4, since, as remarked previously, Q72 and K3 are linearly
isomorphic. Therefore, there exists o € (0, 1] such that for every bounded set B there exists kg >0
such that

dist(v, KNV) < kpmax(dist(v, K),dist(v,V))?, Vv € B, (5.7)

and we will discuss the value of « later. Because V is an affine set, it follows from Hoffman’s lemma
[12] that there exists a constant xy > 0 such that if v (as in (5.4)) satisfies u =1 and Az —w =,
we have

dist(v, V) < ky 0.5+ >0 Niyi — 0.

Plugging this in (5.7), we obtain
dist(v,KNV) <k (0.5t + >0 Ny — 0|7, Vv eBND, (5.8)
for some constant x> 0. Next, denoting by dp the indicator function of D, we define
G(v):=05t+> 7 Ny, — 0+ 0p(v),

so that G is a proper convex lower semicontinuous function satisfying inf, G(v) =0. Then (5.8)
implies the following error bound condition: if v* € argmin G and B is any ball centered at v*, then
there exists £ > 0 such that

dist(v,argmin G) < kG(v)?, VveBND. (5.9)
By [4, Theorem 5], this means that G satisfies the KL property at v* with exponent 1 — a. Now,
recalling the definition of v in (5.4) and writing z = (z1,...,2s) and z = (t,u,w,y1,...,Ys), We can
see that

g(z)—0= irzlfG(V),

where g is defined in (5.1). Let Z(x) := argmin, G(v). Then, Z(z) is nonempty and if z € Z(x), it
must be the case that z = (t,u,w,y,...,ys) satisfies t = [|[Az —b||*, u=1, t > ||w||* and y; = ||zi,-
This shows that Z(z) is compact.

We have thus fulfilled all the conditions necessary to invoke [36, Corollary 3.3] which says that
the KL exponent of G gets transferred to g. Therefore, if z* is an optimal solution to (5.1), then g
satisfies the KL property with exponent 1 — « at z*.

The final piece we need is a discussion on the value of . By Theorem 4.4, « can be chosen as
min{0.5,1/p}?, where d = dpps(K,V) and d < s+ 1. So let us take a look at a situation under which
we have d < 1. By selecting b, ¢ and A appropriately, we can write (5.1) and its dual as

min{(c,v) | Av=b,v e}, max{(b,y) |c— A"y € K*}. (5.10)
v y

Because of the format of (5.3), Slater’s condition is satisfied, since one can take y; and t large
enough so that v is feasible and v € ri K. Therefore, the corresponding dual problem has an optimal
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solution y* attaining the same optimal value 6. Let s* = c — ATy*, so that s* € K* N V! holds
because y* is dual optimal. Then (v*,s*) = (c,v*) — (Av*,y*) = 0 whenever v* is a primal optimal
solution. Thus, F := K N{s*}* defines a face of K containing the optimal set of (5.3). In particular,
if the following strict complementarity-like condition holds for some optimal solution v*,

vieri(Kn{s*}t), (5.11)

then VN F =V NK and VN (riF) # 0 holds, so that dpps(K,V) < 1. We have thus proved the
following result.

THEOREM 5.1.  Let x* be an optimal solution to (5.1). Then g satisfies the KL property at z*
with exponent 1 — o, where o =min{0.5,1/p}? and d = dpps(K,V), with V and K given in (5.5)
and (5.6) respectively. Furthermore, d < s+ 1, and if (5.3) satisfies strict complementarity (see
(5.11)), then d <1.

5.2. Self-duality and homogeneity of p-cones The second-order cone Ky is quite special
since it is symmetric, that is self-dual and homogeneous. Self-duality means that (Ky*)* = K5
and homogeneity means that for every z,y € ri K5, there exists a linear map A such that Az =1y
and AKST = K2, Symmetric cones have many nice properties coming from the theory of Jordan
algebras [9, 10].

A basic question then is the following: are all p-cones symmetric? At first glance, the answer
might seem obviously no; however, this is a subtle question, and the path to its solution is rife with
tempting pitfalls. For example, a common source of confusion is as follows: in order to disprove
that a cone is symmetric, it is not enough to show that * # K. The reason is that the self-duality
requirement, in the Jordan algebra context, can be met by arbitrary inner products, and X* changes
if (-,-) varies. An interesting discussion on symmetrizing a cone by changing the inner product can
be seen in [28]. In fact, the existence of an inner product making a cone K self-dual is equivalent to
the existence of a positive definite symmetric matrix ) such that QX = KC*, where K* is the dual
cone obtained under the usual Euclidean inner product.

In what follows, we let p € (1,00), p# 2, n>2 and ¢ be such that 1/p+1/¢=1. In order to
prove that a p-cone is not a symmetric cone via the self-duality route, what is actually required is
to show that QK" = K2 never holds for any positive definite symmetric matrix Q. It might be
fair to say that this is harder than merely showing that K7+ 7 IC?**. One might then try to focus
on the homogeneity requirement instead, but this is also a nontrivial task. In fact, the homogeneity
of general p-cones was one of the open questions mentioned by Gowda and Trott in [11].

These issues were later settled in [13, 14] using techniques such as T-algebras [33] and tools
borrowed from differential geometry. In this final subsection, we show “easy” proofs for the questions
above based on our error bound results. The only preliminary fact we need is that if A is a matrix,
then AKX} =Kyt if and only if

A=a [é g} (5.12)

for some « > 0 and generalized permutation matrix D (i.e., =1 are allowed in the entries of D); see
[11, Theorem 7]. Here, K7 := {(z0,z) € R"* | 2o > || 7], }.

THEOREM 5.2 ([14, Theorem 11, Corollaries 13 and 14]). Suppose that p € (1,00) and
n > 2. Then, the following items hold.
(i) If p>p, then there is no matriz A such that AK+" = /Cg“.
ii) If 2 and AKX = K™ holds for some matriz A, then AK! = K", in particular, the
( ) p P P ’ 1 1 ’ p )
matriz A must be as in (5.12).
11) If p#2, then K™ is neither self-dual nor homogeneous.
(1) , 9
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Proof. Before we proceed we make some general observations. Suppose that p > p. and there is a
matrix A such that AP = K2 Let z € (K2)* be such that Fy := K2+ N {z}* is an arbitrary
extreme ray. Since A is invertible, AF; must be an an extreme ray of IC;;H satisfying

AF, =K n {2,

where Z:= A~"(z). Therefore, if ¢ is a 1-FRF for K}*! and z, then A must map F; onto a face
AFy 9K such that a positive rescaling of ¢ is a 1-FRF for K™ and 2 = A~"(z); see [21,
Proposition 17]. Conversely, since A~ IC"Jrl /C”“, if 1) is a one- step facial residual function for
K2+ and A= (z), then a positive rescahng of ¢ is a 1-FRF for }*" and 2.

The 1-FRFs for IC;}“ and z we constructed are built from functions that satisfy the optimality
criterion (G1); see Theorem 4.2. This means the exponents appearing in Corollary 4.1 are the
largest possible, which follows from Theorem 3.1 and an argument similar to the proof of item (b)
of Corollary 3.1. So, in what follows, we will refer to those exponents appearing in a 1-FRF for
K+t and z constructed from Corollary 4.1 as the best exponent of Fi.

Since positive rescaling does not alter the exponents, the argument we just outlined implies that
A must map an extreme ray of ICLLH with best exponent o to an extreme ray of ICZH having the
same best exponent.

With that in mind, first, we prove item (7). As discussed above, the only possibility of having
AR = IC”Jrl is if IC”Jrl and IC”Jrl have extreme rays with the same best exponents.

By assumptlon we have p>p. If p=2, then all the extreme rays of K5 have best exponent
1/2. Since this is not true for IC"+1 this case cannot happen. The case p € (1,2) is also impossible
because the largest best exponent appearing in an extreme ray of IC”+1 is max{1/2,1/p} and
1/p>max{1/2,1/p}.

Finally, suppose that p > 2. Then, there is an extreme ray F; < IC;“rl with best exponent 1/p.
However, the best exponents for the extreme rays of ICZ“ are 1/p and 1/2, so this case cannot
happen. This concludes the proof of item (7).

Next, we move on to item (ii). Suppose first that p € (1,2). Let &; denote the i-th unit vector
in R™. Then, the two half-lines generated by the vectors (1,€;) and (1,—¢;) are extreme rays of
Kyt with best exponent 1/p, by Corollary 4.1. Observing (4.6), we see that those are the only
extreme rays of K’ having best exponent 1/p, and there are 2n of them. Since A+ =K+t
and A must map a face to another face having an identical best exponent, we conclude that A
permutes this set of 2n extreme rays. However, they are also all the extreme rays of the 1-cone
Kttt so AKPH = Kt In view of the discussion around (5.12), there exists positive a >0 and a
generalized permutation matrix D such that

10
A=« [O D} .
This concludes the case p € (1,2). Next, suppose that p € (2,00), then taking duals we have
ATTEH = KCptt, where 1/ + l/p =1, so that ¢ € (1,2). Applying what we have shown in the first
part for g € (1,2), we know that A=7 must be a matrix as in (5.12). Then, A is another matrix
having the same format and AKX = K"+, This completes the proof of item (7).

Let p # 2. As discussed previously, self-duality implies the existence of a positive definite symmetric
matrix ) such that QIC;;+1 = IC;L“, which is impossible by item (7). Next, we disprove homogeneity.
Notice that ri 't is properly contained in ri IC;}“ but they do not coincide since K"t # IC"“.
So let x:=(1,0,...,0) and y be a point in (ri/p™)\ Ly*. If AKIH = K2+ then AIC’“rl IC”+1
by item (ii). Since z € ri 7!, we have Ax # y for all A satisfying AIC”Jrl Cp+t. This shows that
ICpt! is not homogeneous. O
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