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Abstract. We consider a class of ¢;-regularized optimization problems and the associated
smooth “overparameterized” optimization problems built upon the Hadamard parametrization, or
equivalently, the Hadamard difference parametrization (HDP). We characterize the set of second-
order stationary points of the HDP-based model and show that they correspond to some stationary
points of the corresponding ¢;-regularized model. More importantly, we show that the Kurdyka—
Lojasiewicz (KL) exponent of the HDP-based model at a second-order stationary point can be inferred
from that of the corresponding #;-regularized model under suitable assumptions. Our assumptions
are general enough to cover a wide variety of loss functions commonly used in ¢1-regularized models,
such as the least squares loss function and the logistic loss function. Since the KL exponents of many
l1-regularized models are explicitly known in the literature, our results allow us to leverage these
known exponents to deduce the KL exponents at second-order stationary points of the corresponding
HDP-based models, which were previously unknown. Finally, we demonstrate how these explicit KL
exponents at second-order stationary points can be applied to deducing the explicit local convergence
rate of a standard gradient descent method for minimizing the HDP-based model.
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1. Introduction. The idea of introducing redundant or an extra number of vari-
ables to reformulate an optimization problem has received much attention recently
[22, 30, 39, 53]. This technique of overparametrization, though counterintuitive at
first glance, can lead to potential advantages including smoothness of the objective
of the overparameterized model [30, 32, 45], better generalization [1, 42, 51], and im-
plicit regularization [22, 36, 53, 57]. These benefits have been witnessed and analyzed
in various machine learning models including deep neural networks, kernel methods,
and linear models [7, 8, 20, 25], and there has been tremendous recent interest and
progress in developing a theory of overparameterized machine learning that estab-
lishes foundational mathematical principles underlying these phenomena; see, e.g.,
[28, 37, 38, 48].
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In this paper, we focus on a specific type of overparametrization for a class of
{1-regularized optimization problems. Specifically, we consider
(1.1) min f(2) == h(z) + ],

z€ER™

where h € C?(R™) and u > 0. This class of problems arises naturally in applications
such as compressed sensing [16, 17] and variable selections [52], where h is usually
introduced for data fidelity and can be convex or nonconvex depending on the noise
model of the data. The associated overparameterized model we consider is

(1.2) min G(u,v) = h(uov)+g(||u||2+ [v]1?),
where u o v is the Hadamard (entrywise) product between u and v, and || - || denotes

the Euclidean norm. Notice that we have G(u,v) > f(uow) for all (u,v) € R" x R”
and inf f = inf G thanks to the AM-GM inequality. Problem (1.2) was referred to
as the Hadamard parametrization of (1.1) in the recent works [30, 45]. Hadamard
parametrization can also be viewed as a formulation of a two-layer diagonal linear
network; see the related works [9, 43, 53].

Interestingly, the function G in (1.2) is smooth, which has been exploited to design
efficient algorithms for solving (1.2); see, e.g., [30, 32, 45]. On the other hand, while
(1.1) is nonsmooth, it is known to have some desirable structural properties for the
design of efficient algorithms. Two notable features are the following:

(81) (No spurious local minimizers) When h is convex, so is f. Consequently,
any optimization methods that return stationary points of f will minimize f
when h is convex.

(F1I) (Explicitly known KL exponents) For a large variety of h, the function
f is known to satisfy the Kurdyka—FLojasiewicz (KL) property with exponent
%; see, e.g., [35, 58]. The KL property is crucial for the convergence analysis
of first-order methods [3, 4, 14]. Roughly speaking, a KL exponent of ;
at stationary points indicates that first-order methods such as the proximal
gradient algorithm applied to (1.1) is locally linearly convergent; see, e.g.,
[2, 14, 35].
It is not clear whether features (§FI) and (FII) are inherited by G in (1.2). Indeed,
for (FI), one can easily observe that G may not be convex even when h is convex.
Fortunately, the loss of convexity in G is innocuous when h is a convex quadratic func-
tion because, in this case, it can be shown that G satisfies the so-called strict saddle
property (see [44, Appendix C]), and the gradient method with random initialization
can provably avoid strict saddle points [34, 45] and converge to second-order station-
ary points (which are global minimizers of f when h is convex quadratic; see, again,
[44, Appendix C]) under mild additional assumptions such as coercivity. However, it
is not known whether the strict saddle property holds for G for other convex h. As for
(F1II), to the best of our knowledge, compared with the many instances of f in (1.1)
with explicitly known KL exponents, it is not obvious how an explicit KL exponent of
G can be obtained except when h is a polynomial. Moreover, it is also unclear whether
one can estimate explicitly the KL exponent of G based on that of f to leverage the
many scenarios of f with known KL exponents. Since KL exponents are closely re-
lated to convergence rate of first-order methods, intuitively, this also suggests that
even when the local convergence rate of standard first-order methods applied to (1.1)
is known, we do not readily know the local convergence rate of first-order methods
applied to (1.2). In this paper, we study variational properties of G in (1.2) to address
the above questions concerning strict saddle property and KL exponents.
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To facilitate our discussions, we first describe an equivalent formulation of (1.2)
that can be analyzed more readily. Specifically, we apply the following invertible linear
transformation to (1.2):
o= u+v b— uU—v '

(1.3) —, >

It is easy to verify that aoa —bob = wuowv. This kind of parametrization is known
as Hadamard difference parametrization (HDP) and was studied in [32, 54, 56, 55].
Using HDP, we can reformulate (1.2) equivalently as

min F(a,b) := h(a® — b?) + a? +b?
Ly R F@Y=hE )Y+ )

=h(a® = %) + plla® — b1 + 2/l min{a®, b} |1,

where the notation a?, b2, and min{a?,b*} all denote componentwise operation. Since
the invertible linear transformation (1.3) does not change the variational properties
that we will study in this paper, from now on, we will focus our discussions on F' in
(1.4) instead of G in (1.2).

The specific variational properties of F in (1.4) that we study in this paper include
second-order stationarity and its KL exponent at second-order stationary points. Our
contributions can be summarized as follows:

e We show that for every second-order stationary point (a*,b*) of F, the point
s*:=(a*)? — (b*)? is a stationary point of f in (1.1). Based on this, we also
provide a proof of the strict saddle property of F' when h is convex, which
extends the result in [44] that studied convex quadratic h.

e Under a certain strict complementarity condition, we show that if f in (1.1)
satisfies the KL property with an exponent « € (0,1) at s*, then F in (1.4)
satisfies the KL property with an exponent max{c, %} at (a*,b*).

e When the strict complementarity condition fails, by assuming convexity of
h and an additional Hélderian error bound condition with exponent v €
(0,1], we show that if f in (1.1) satisfies the KL property with an exponent
a € (0,1) at s*, then F in (1.4) satisfies the KL property with an exponent
(14 8)/2 at (a*,b*), where f=1—~(1 —a) € (0,1). Examples are provided
to demonstrate the tightness of the exponent 1"5/3 when (v,a) € {1} x [1,1)
or (v,a) € (0,4] x (3,1).

For commonly encountered convex h:R"™ — R such as the least squares loss function
(ie., h(z) = %||Az —y||? for some A € R™*" and y € R™) and the logistic loss function
(e, h(z)=21>", log(14-e{¥-2)) for some y; € R™, i =1,...,m), the aforementioned
Holderian error bound condition holds with exponent v =1 and the KL exponent of
the corresponding f in (1.1) is % (see, e.g., [35, Corollary 5.1]). In these cases, we can
deduce that the KL exponent of the corresponding F' in (1.4) at (a*,b*) is either 1/2
or 3/4, depending on whether the strict complementarity condition holds.

The rest of the paper is organized as follows. In section 2, we present notation
and discuss some simple properties of F' in (1.4). Our studies of the second-order
stationary points of F' and its strict saddle property are presented in subsection 3.1.
Results concerning the KL exponents of F' at its second-order stationary points are
presented in subsection 3.2. Finally, we demonstrate in section 4 how our results in
section 3 can be used to analyze the convergence rate of a standard gradient descent
method for solving (1.4).
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2. Notation and preliminaries.

2.1. Notation. In this paper, we use R” to denote the n-dimensional Euclidean
space, equipped with the standard inner product (-,-) and the induced norm || - ||.
We denote the nonnegative orthant by R’ . The closed ball centered at x € R™ with
radius r is denoted by B(z,r), and the closed ball centered at the origin with radius
r is denoted by B,. We say that a set S C Q CR"™ has full measure on @ if @\ S has
zero Lebesgue measure. If Q) =R", then we simply say that S has full measure.

For an x € R", we use ||z||1 to denote its ¢; norm and x? to denote the vector
whose ith entry is #2. Moreover, diag(z) is the diagonal matrix with z as the diagonal
vector. For  and y € R"™, we use zoy and min{x,y} to denote their entrywise product
and minimum, respectively. Let [n]:={1,...,n}. For an I C [n] and an z € R, zy is
the subvector of x indexed by I, and we define II;(z) € R™ as

z;, ifie I,
21) L (@) = {0 otherwise.
For a matrix A € R"*™ and an I C [n], we use A; to denote the submatrix obtained
by extracting the rows and columns of A indexed by I. Finally, the n X n identity
matrix is denoted by I,.
For a (nonempty) closed set D CR", its indicator function and support function
are respectively defined as

LD(I)—{O 1f:v€D., and op(z)=sup{(z,y):y € D}.
oo otherwise,
In addition, we denote the distance from an z € R" to D by dist(z, D) =inf,cp ||z—y|,
and the convex hull of D is denoted by conv(D). For a (nonempty) closed convex set
C CR", we write riC' to represent its relative interior. We also use Px(z) to denote
the projection of z onto C', which exists and is unique since C is nonempty, closed,
and convex. The tangent cone T (z) for C' at an = € C is defined as the closure of
Usso 72, while the normal cone N (z) is defined as No(z) :={¢ €R™: ({,y —z) <
0 VyeC}. Recall that No(z) is the polar set of Te(x). Finally, for a closed convex
cone K, we use lin(K) := K N —K to denote the linearity space of K.

For an extended-real-valued function g : R® — R := R U {400}, we denote its
epigraph and domain respectively by

epig={(z,a) eER" xR:g(z) <a} and domg={zeR":g(x)< co}.

We call g a proper function if dom g # () and g(x) > —oo for all z € R". The function
g is said to be lower semicontinuous if epig is closed; we will also say that such a
function is closed. The function ¢ is said to be polyhedral if epig is a polyhedral
set. We also use the notation g € C*¥(R™) to indicate that g has continuous kth order
partial derivatives on R™. We next recall the definitions of regular subdifferential
0dg(z) and (limiting) subdifferential dg(zx) of a proper function g at an x € dom g:

gg(x) = {§ € R™: liminf 9(#) —g@) = (T~ ) > 0} ,

T—x,T#T Hi‘ — JI”

dg(z)={£eR™: Fz* L x and ¢F € 59(16’“) with € — €},
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where y % z means both y — 2 and g(y) — g(z); we also set dg(z) = dg(z) = 0 when
x ¢ domg. For a proper convex function g, the above dg coincides with the classical
notion of convex subdifferential, i.e., for each x € R™, we have

Og(z) ={E€R":g(y) > g(z) + (§,y —x) VyeR"}
see [47, Proposition 8.12]. Finally, for a set-valued mapping S : R™” = R™, we write
gphS={(z,u) eR" xR™:ueS(zx)} and domS={xeR":S(x)+#0}

for the graph and the domain of .S, respectively.

2.2. The Kurdyka—Lojasiewicz property. We next recall the definition of
the KL property.

DEFINITION 2.1 (Kurdyka—Lojasiewicz property and exponent). We say that a
proper closed function g : R" — R U {oo} satisfies the KL property at T € domdg
if there are a € (0,00], a neighborhood V' of T, and a continuous concave function
¢ :[0,a) = [0,00) with ©(0) =0 such that

(i) ¢ is continuously differentiable on (0,a) with ¢’ >0 on (0,a);

(i) for any x € V with 0 < g(x) — ¢(T) < a, it holds that

(2.2) ¢'(g9(x) — g(2))dist(0,g(x)) = 1.

If g satisfies the KL property at T € domdg and the ¢(s) in (2.2) can be chosen as
es'= for some ¢>0 and a €[0,1), then we say that g satisfies the KL property at T
with exponent .

The KL property plays a key role in the convergence analysis of first-order meth-
ods (see [3, 4, 14]), and the exponent is closely related to the local convergence rates
of these methods (see [2]). The KL property is known to be satisfied by a large variety
of functions [3]. In particular, it is known that proper closed semialgebraic functions
satisfy the KL property with some exponent « € [0,1); see [12].

Our next remark concerns an observation on the neighborhood in Definition 2.1(ii)
and will be used in our arguments for establishing the KL property later.

11—«

Remark 2.2 (on the neighborhood requirements for (2.2)). Assume ¢(s) = és
for some ¢>0 and a € (0,1). Then (2.2) can be equivalently written as

(2.3) c(1 - a)dist(0,9g(z)) = (9(x) — g(7))".

Notice that if there exist a neighborhood V' of  and a > 0 such that (2.3) holds
for all x € V with dist(0,0¢g(x)) < a and 0 < g(z) — g(T) < a, then, by setting
c=max{¢,a*1/(1 - a)} and ¢(s) = cs' =, we know that (2.2) holds for all z € V/
with 0 < g(z) — g(Z) < a.! Therefore, to verify that g satisfies the KL property
at T with exponent a € (0,1), it suffices to show that there exist ¢, a > 0 and a
neighborhood V' of Z such that (2.3) holds for x € V satisfying 0 < g(z) — g(Z) < a
and dist(0,9¢g(x)) < a.

The next proposition connects the KL property with a local error bound condition
and is a direct consequence of “(iii)=-(i)” in [5, Theorem 2.1]. We refer readers to
[13, 24, 27] and references therein for related studies.

Mndeed, for those z € V satisfying dist(0,dg(x)) > a and 0 < g(x) — g(Z) < a, the choice of ¢
readily gives ¢(1 — a)dist(0,0g(z)) > c(1—a)-a>[a®*" /(1 —-a)]- (1 —a)-a=a® > (g(z) — g(Z))*.
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PROPOSITION 2.3 ([5, Theorem 2.1]). Let g:R"™ — R be a proper closed function,
and let Z be a local minimizer of g. Let ) := {x € R™: g(z) = g(Z)}. Suppose g
satisfies the KL property at T with exponent « € [0,1); then there exist a neighborhood
U of T and o > 0 such that g(x) — g(Z) > odistT== (z,Q) for all z € U.

2.3. Hadamard difference parametrization of f. In this subsection, we
collect some useful facts concerning F in (1.4). First, we note that the gradient and
Hessian of F' are given respectively by

(2.4) VF(a,b) = [Egboovvh fﬁg‘j;_bzszg /fb} :
vira =1 | S8 v [d;;;gg(g)}

25) [dlag (Vh(a® —b2)) + ul,

—diag(Vh(a® — %)) + pl,
This calculation directly yields the next characterization of stationary points of F'.

PROPOSITION 2.4. Let F' and h be defined in (1.4) and (1.1), respectively. The
point (a,b) is a stationary point of F if and only if for each i € [n] at least one of the
following is true:

(1) a; = bz =0.

(i) a; =0, Vh(a b)) =p.

(iii) b; =0, Vh(a® —b%); = —p.

We note that the equivalence between the local minima of (1.1) and (1.4) in the
sense of [32, Definition 2.2] was studied thoroughly in [32]. The next proposition
characterizes the local minimizers of (1.4) and can be derived from [39, Theorem 2]
by using the transformation in (1.3).

PROPOSITION 2.5 (local minimizers of f and F). For (a,b) € R*", the following
statements are equivalent:

(i) The point a®> — b2 is a local minimizer of f in (1.1), and min{a?,b*} = 0.

(i) The point (a,b) is a local minimizer of F in (1.4).

We end this subsection with the following remark, where we describe in item (ii)
below an important yet simple observation (a reduction technique) that will allow us
to largely simplify our subsequent analysis.

Remark 2.6.

(i) We deduce from Proposition 2.4 that min{a?,b*} = 0 at any stationary point
(@,b) of F in (1.4); see also [39, Theorem 2].

(ii) (Reduction technique). When establishing additional properties of station-
ary points that are invariant under invertible linear transformations, such as
second-order stationarity, local optimality, and the KL exponent, we will of-
ten introduce a special linear transformation to simplify the argument. We
now describe how such a linear transformation is constructed.

Let (a,b) be a stationary point of F in (1.4) and set 5= a> — b? for notational
simplicity. Define the following index sets:

I'={icn]: a;>0yu{ic[n]: aj=b;=0,Vh(3); # u},
IP={icn]: ;>0 u{ic(n]: a;= izo,wz(g)i:u},
P={ien]:a <0}, I*={icn]:
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Observe from Proposition 2.4 (see also (2.4)) that {I',I% I3 ,I*} forms a
partition of [n]. Next, define the following invertible linear mappings:

a;,b;) ifiell

bi,a;) ifiel?,

—a;,b;) ifiel?
(—bi,a;) ifiel?,

si  ifiel'UIs,

—s; ifielPUl*

(
H(a,b) =(c,d), where (¢;,d;) = E

P(s)=t, where t; = {

Observe that P = P~!. For any (a,b) € R" xR", upon setting (c,d) = H(a,b),
s=a%—b? and t = P(s), we have from direct computation that t = ¢*> — d>
and

f(s)=f(PoP(s)) =ho P(t) + |ty = f(¢),
F(a,b)=F(H o H(a,b)) =ho P(c? — d?) + pllc||® + pl|d||*> =: F(c,d),

which means that F can be viewed as an HDP of f .

Let (¢,d) = H(a,b) and t = P(5). We see that ¢>0, d=0, and V(ho P)(f); =
P(Vh(5))i = —p whenever ; =0 and V(ho P)(f); € {—pu, pu}.> By replacmg !

by f and F' by Fif necessary, we could assume a>0and b= 0 when (a,b) is

a stationary point of F, and if further 5 =a? — b? is also a stationary point of

f, we could assume Vh(5); = —u whenever 3; =0 and Vh(5); € {—p,pu}. We

will state explicitly whether we make such assumptions in our proofs below.

3. Variational properties of F' from f. In this section, we analyze some
variational properties of F' in (1.4). Specifically, we characterize the second-order
stationary points of F' and relate them to some stationary points of f in (1.1). We
also study how the KL exponent of F' at those points can be inferred from the KL
exponent of f. Since second-order stationarity and KL exponents are invariant under
invertible linear transformations, we also obtain a characterization of the second-order
stationary points of G in (1.2) and the KL exponent of G at these points.

3.1. Second-order stationary points of F'. We first relate the second-order
stationary points of F in (1.4) to some stationary points of f in (1.1).

PROPOSITION 3.1 (second-order stationary points of F'). Let f and F be defined
n (1.1) and (1.4), respectively. Then for all (a,b) € R™ xR"™, the following statements
are equivalent:
(i) The point s := a® — b is a stationary point of f, min{a?b*} = 0, and
V2h(s)rr =0, where I ={i € [n]: s; #0}.
(ii) The point (a,b) is a second-order stationary point of F.

Proof. Before proving the equivalence, we first note that an £ € R™ being a
stationary point of f means that —Vh(Z) € ud||Z||1, which can be expressed as follows:

3.1) Vh(z); = —p-sgn(z;) ifz; #0,
Vh(z)i € [~ 1.4 iz, = 0.
2Indeed, ; = 0 implies a = b2 which together with item (i) shows that @; = b; = 0. This
implies that i € I' U I2. Now, if V(h o P)(t); € {—u,u}, since V(ho P)(t); = P(Vh(3));, we must

have Vh(3); € {—u,u} as well. This together with ¢ € I' U I? and the definition of P shows that
P(Vh(5)); = —p as claimed.
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(i)=(ii): We can deduce VF(a,b) = 0 from (2.4), (3.1) and the assumption
min{a?,b?} = 0. We next show that V2F(a,b) = 0. Since VF(a,b) = 0, according to
Remark 2.6(ii), we may assume without loss of generality that a >0 and b=0.

In this case, we see that I = {i € [n] : a; >0}. Due to the positive semidefiniteness
of V2h(s);; and since we assumed that b =0, we can deduce that

u] " diag(a) V2h(s) diag(a) T T
v —diag(b) - diag(b) v
=(uoa)' V2h(s)(uoa)=(uroar)  V?h(s)rr(uroar) >0 V(u,v) €R™ x R™.
Furthermore, since p > 0, we have from (3.1) that
+diag(Vh(s)) + pl, = 0.

The above two displays together with (2.5) show that V?F(a,b) = 0. This completes
the proof of (i)=>(ii).

(i))=(i): From Remark 2.6(i), we know that min{a?,5?} = 0. In view of Remark
2.6(i1), we assume without loss of generality that b =0 and a >0, and then I := {i €
[n]: a; >0}. From (2.4) and VF(a,b) =0, we have

(3.2) Vh(s)i=—pn Viel.

Thus, to show that s is a stationary point of (1.1), it suffices to prove that Vh(s); €
[—u,p] for all i ¢ I. To this end, we note from V2F(a,b) =0 that

[u” v |V?F(a,b) m >0 V(u,v) €R™ x R™.

Recall that b= 0. The above display and (2.5) imply that for all (u,v) € R™ x R",

n

(3.3) 2 Z [(w+ Vh(s);)u? + (1 — Vh(s);)v}] +4(uoa) VZh(s)(uoa) > 0.

i=1

By setting uy = 0 in (3.3) so that uwoa =0, we deduce that Vh(s); € [—u, u] for all
i ¢ I. This together with (3.2) shows that s is a stationary point of f.

Finally, by setting v =0 and u; =0 for all i ¢ I in (3.3), and recalling (3.2) and
a; >0 for all i € I, we see further that V2h(s);; is positive semidefinite. 0

Next, we analyze the set of minimizers of convex composite functions. A similar
result was established in [58, Proposition 1] by assuming that h is the sum of a
composition of a locally strongly convex and Lipschitz differentiable function with a
linear mapping. The proof strategy is inspired by [41, Theorem 2.1.5]. The proof of
Lemma 3.2 can be found in Appendix A.

LEMMA 3.2. Assume that v = g+ with g, p being proper closed convex functions,
g€ C?(R"), and X := Argminy # (). Then, for any x,y € X, we have Vg(z) = Vg(y).
Moreover, if we let v=Vg(x) for some x € X, then X =Vg~1(v) Ndp~1(—v).

We next present the strict saddle property of F' in (1.4). If the strict saddle
property holds, then all stationary points are either local minimizers or strict saddle
points. Additionally, it has been shown that a gradient method with random initial-
ization can provably avoid strict saddle points [34, 45] and converge to second-order
stationary points under mild additional assumptions (and hence to local minimizers
when the strict saddle property holds).

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/22/25 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

70 W. OUYANG, Y. LIU, T. K. PONG, AND H. WANG

When h is convex quadratic, the function (u,v) — h(uov) was shown to have
the strict saddle property in [57, Lemma 1], and F can be shown to have the strict
saddle property based on arguments in [44, Appendix C]. Our result here covers all
convex h.

PROPOSITION 3.3 (strict saddle property). Let f and F be defined in (1.1) and
(1.4), respectively, and suppose that h in (1.1) is convex. Then there exists § >0 such
that for all (a,b) € R™ x R™, the following statements are equivalent:

(i) The point (a,b) is a stationary point of F and Apin(V2F(a,b)) > —§.

(ii) The point a* — b* solves (1.1), and min{a?,b?} = 0.

(iii) The point (a,b) solves (1.4).

(iv) The point (a,b) is a second-order stationary point of F.

Remark 3.4. The ¢ in Proposition 3.3(i) can be chosen as in (3.5), which does not
depend on the choice of (a,b). Proposition 3.3 shows that any stationary point of F' in
(1.4) is either a global minimizer or a strict saddle point with the smallest eigenvalue
of the Hessian being uniformly bounded away from 0; this uniformity was also utilized
to prove the complexity of certain perturbed gradient methods in [23, 31].

Proof. For each I C [n], we define a new function as follows:

(34) f1(x) = f(z) + pllzrlh = k() + pllzl + pllerl)

By applying Lemma 3.2, we obtain that for all € Qr := Argmin,cpn fr(z), the gra-
dient Vh(z) remains the same. Specifically, we denote v! = Vh(z) if Q; is nonempty
for some x € ;. Additionally, we set

. s T ny . . 2e
(3.5) e =min{dist(v"', [—p,p]"): T €T} and §=min {2u, \/ﬁ} ,
where J:={I C[n]: Q #0, dist(v!, [—p, u]™) > 0}.
(i)=(ii): The condition min{a?,b*} =0 follows from Remark 2.6(i). Let us define
s =a% —b2. Since h is convex, to show that s solves (1.1), it suffices to show that
—Vh(s) € pd||s1.

To this end, we first consider the indices with s; # 0 and proceed with the following

two cases:

(1) s; > 0. The conditions a? — b7 > 0 and min{a?,b?} = 0 imply that a; # 0
and b; =0. From (2.4) and VF(a,b) =0, we have 2a;(Vh(s); + 1) =0, which
leads to the conclusion that —Vh(s); = p € pd|s;|.

(2) s; <0. The proof is similar to case (1).

In summary, we have shown that for all ¢ € [n] with s; # 0, we have —Vh(s); € ud|s;|.

Now it remains to consider indices i € [n] with s; = 0. Note that s; = 0 is

equivalent to a; = b; =0, as min{a?,b?} = 0. Next, define

(3.6) I={i€n]: a;=b;=0, Vh(s); ¢ [, p]}.

If I =0, then we can conclude that s solves (1.1). Thus, let’s assume to the contrary
that I # (). We will consider the following two cases:
(1) Suppose that there exists some i € I such that [Vh(s)|; > 2u. We first consider
the case where Vh(s); < —2u. We define a(t); = a; and b(t); = b; for j #1,
and a(t); =t and b(t); = b; = 0. Then, we have a(t)? —b(t)? — (a® — b?) = t3e;,
where e; € R" is the vector whose ith entry is 1 and is 0 otherwise, and for
all £ > 0, the following holds:
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F(a(t),b(t)) — F(a,b) = h(a(t)* — b(t)*) — h(a® — b*) + put?
= (Vh(a® = b*),a(t)® — b(t)*> — a® + b°) + O(t*) + put®
=12(Vh(a® = b%); + p) + O(t*) < —put? + O(t*).
Since VF(a,b) = 0, this implies 1 [¢; 0] V2F(a,b)[§] < —pu, and conse-
quently, we have Ayin(V2F(a,b)) < —2u < —§. This contradicts the assump-
tion that Apmin(V2F(a,b)) > —4.
The case where Vh(s); > 2u can be proved similarly by defining a(t); = a;
and b(t); =b; for j#1i, and a(t); =a; =0 and b(t); =
(2) For all i € I, it holds that |Vh(s)|; < 2u. In this case, we can verify that s
minimizes the f; (i.e., the fr in (3.4) with I = I) by examining the first-order
optimality conditions. Furthermore, we know that dist(Vh(s), [—u, u]™) >0
due to the assumption that I # (). Hence, by the definition of €, we obtain
that

e < dist(Vh(s),[— Z [Vh(s)i| —u)2 <+v/n (max|Vh( )i _M) )

iel

Let us select i € argmax; . |Vh(s);|. By employing a similar argument as in
case (1), we can show that Awin(VZF(a,b)) < —2(|Vh(s):| — p) < -4, which
contradicts the assumption that A\yin(V2F(a,b)) > —4.
Therefore, the I in (3.6) is empty and we must have that a? — b% solves (1.1). This
proves (i)=(ii). Next, by a similar argument in the proof of [39, Theorem 2], we also
have (ii)=-(iii). Finally, the implication (iii)=-(iv)=-(i) is clear. ad

3.2. KL exponent of F' at second-order stationary points. In this subsec-
tion, we study the KL exponent of F' in (1.4) at second-order stationary points. Note
that these are global minimizers when h is convex according to Proposition 3.3. We
will discuss the implications of these exponents on convergence rate in section 4.

We start with an auxiliary result that characterizes the KL exponent of a class of
functions that can be represented as a sum of a C'! function and a polyhedral function.
The proof of Theorem 3.5 can be found in Appendix B.

THEOREM 3.5 (KL exponent via critical cone). Assume that g € C1(R™) and
v : R" - RU{oo} is a proper polyhedral function. Let T be a stationary point of
Y=g+ ¢ and define

K = Nop(a)(=V9(@)), $():=g()~(Vg(@)," — 7) + (-~ T),

),
Q= {z e R": 9(2)=9(@)}, Q:={zecR": ¥(z) = d(@)}.

Then the following statements hold.

(i) There exists a neighborhood U of (z,0) such that U Ngphdy =U N gph &,
and for each (z,v) € UNgphdy = U Ngph O, it holds that Y(x) —P(T) =
P(x) —¥(T).

(ii) The function v satisfies the KL property at T with exponent o € (0,1) if and
only if ¢ satisfies the KL property at T with exponent « € (0,1).

(iii) If T is a local minimizer of ¥, then T is also a local minimizer of 1[), and the
set Q locally coincides with the set Q.

3Specifically, we define a(t); = a; and b(t); = b; for j # i, and set a(t); =t and b(t); = 0 if
Vh(s); <0 and set a(t); =0 and b(t); =t otherwise.
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Remark 3.6 (on the set K). The set K in Theorem 3.5 is actually the critical
cone of ¢ at T [15, equation (3.220)]; indeed, it can be alternatively written as

(®)

K © Noy()(0) € {0 € R™ - 095y (0) =0} € (v e R" : d(z) (1) =0},

where (a) follows from the fact that 0¥ = Vg + d¢ (see [47, Exercise 8.8(c)]; in
particular, Oy(Z) is a closed convex set), (b) follows from [47, Example 11.4], (c)
follows from [47, Theorem 8.30] and the regularity of ¢ deduced from [47, Corol-
lary 8.19, Exercise 8.20Eb), and Proposition 8.21], and the notation dy)(Z)(w) :=
liminfy o -0 w denotes the subderivative of ¢ at T for w. Therefore,
roughly speaking, accordlng to Theorem 3.5, to calculate the KL, exponent of 1, we

only need to check its behavior on the critical cone.

Before presenting our results on KL exponents concerning f and F' in, respectively,
(1.1) and (1.4), we first derive some useful reformulations of F and ||V F||. Specifically,
let s* be a stationary point of f in (1.1), and define h(-) = h(-) — (Vh(s*),- — s™).
Then, for any (a,b) € R" x R™, we can rewrite F' in (1.4) as

F(a,b) =h(a® = b*) +py_(a} +b7)
=1

=h(a® = b*) — (Vh(s*),a® = b?) +§n: [(p+ Vh(s*):)a? + (n— Vh(s*);)b7]
i=1

(87)  =h(a>—b%) = (Vh(s"),s") + 3 [(u+ Vh(s"),)a? + (1 — Vh(s):)b2]

i=1

Next, let s =a? — b? and compute VF(a,b) based on (3.7); we see that if we define

[ aiVh(s)i + (u+ Vh(s*)i)a; .
38) vi= [—bivfwsn I Vh<s*>z->bz} vieln]

then the first and second entries of 2v; correspond to the ith and (n + i)th entries of

VF(a,b) (ie., % and g—li), respectively. Also, we have |[VF(a,b)||? =431, [lvi]|%

from which we deduce the existence of dy >0 (one can choose 6y =2//n) such that

n
(3.9) IVF(a,b)[ =60 ) [loill
i=1
3.2.1. KL exponent under strict complementarity. The following lemma is
an immediate corollary of Theorem 3.5. Here, we assume that —Vh(z) € ri(pd||Z||1),
which is typically referred to as the strict complementarity condition for the f in (1.1)
at the stationary point Z.

LEMMA 3.7. Let f be defined in (1.1), a € (0,1), and T be a stationary point of f
with —Vh(z) € ri(ud||z]|1). Let h(-) =h(-) — (VA(Z), - — ) and I ={i € [n]: &; #0}.
Then f satisfies the KL property at T with exponent o if and only if there exist ¢,r >0
such that for all x with ||z —Z|| <7, 0 < h(x) — h(Z) <r and xc = T1e, it holds that
IVh(@) 1|l > e(h(z) — h(z))".

Proof. Let o(-) = pf| - ||1- We deduce from —Vh(Z) € ri(ud||Z||1) =ri(dp(Z)) that

K := Nay(z)(—Vh(z)) = [aff (0p(Z) + VA(Z))]" = {v ER™ 1 v;e = 0}.
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By Theorem 3.5, f satisfies the KL property at r with exponent « if and only if

h(-) + tx (- — ) does so. The rest of the statement is just the definition for the KL
property of h(-) + tx (- — &) at T with exponent «. d

We are now ready to present our main result in this subsection.

THEOREM 3.8 (KL exponent of F' under strict complementarity condition). Let
(a*,b%) be a second-order stationary point of F in (1.4), and let s* = (a*)? — (b*)2.
Assume that the function f in (1.1) satisfies the KL property at s* with exponent

€(0,1). If —=Vh(s*) eri(ud|s*|l1), then F satisfies the KL property at (a*,b*) with
exponent max{a, }.

Proof. We first describe the main proof idea. To prove the KL property of F' at
(a*,b*) means we need to connect |[VF(a,b)| and F(a,b) — F(a*,b*) for appropriate
(a,b). In view of (3.9), we calculate the lower bound of each ||v;|| for i € [n] to
give a lower bound of ||VF(a,b)| in (3.13). Then, we provide an upper bound of
F(a,b) — F(a*,b*) as in (3.15). Finally, we use the KL property of f and Lemma 3.7
to connect the lower bound of ||[VF(a,b)| and the upper bound of F(a,b) — F(a*,b*).

We now start our proof. Since (a*,b*) is a second-order stationary point of F', by
Proposition 3.1 we know that s* is a stationary point of (1.1) with min{(a*)?, (b*)%}
= 0. Following Remark 2.6(ii), we assume without loss of generality that a* >0 and
b* =0, and observe that the condition —Vh(s*) € ri(ud||s*||1) is preserved thanks to
the definition of P in Remark 2.6(ii).

Now, we proceed to define the index set [ :={i € [n]: af > 0}. Since —Vh(s*) €
ri(pd||s*||1), we know that for each i ¢ I, it holds that Vh(s*); € (—u, u). Furthermore,
let h(-) = h(-) — (Vh(s*),- — s*) for notational simplicity.

From Lemma 3.7 and the KL assumptions on f, we know there exists ¢,r > 0
such that for all z with ||z — s*[| <7, 0 <h(x) — h(s*) <r and z;c = s}. it holds that

(3.10) IVh(@) 1]l > e(h(x) — h(s*))*.

In addition, since a} > 0, aj. =0, b* = 0 and Vh(s*); € (—p,p) for all i ¢ I, by
continuity, we can find a bounded neighborhood U of (a*,b*) to ensure that there
exists § > 0 such that for all (a,b) € U, the following conditions hold:

(3.11a) mi}lai — |bi| >4,
1€
(3.11b) min{pu + Vh(s")i,jp = Vh(s")i} = [VA(a® = 0)i[ >,
(3.11¢) ([ (a)]*) = A(s™) <7, (@) —s*| <7,
(3.11d) lazelloe <1, [Blloo <1, [VF(a,b)] <1,

where II;(-) is defined in (2.1). We also let L > 0 denote a Lipschitz continuity
modulus for & and VA on the bounded set conv{a® — b, [II;(a)]?: (a,b) € U}.
Next, we derive a lower bound for >, ||v;|| (see (3.8)), which will then be used
to give a lower bound for |V F(a,b)|| on U via (3.9). To this end, we fix any (a,b) € U
and let s =a? — b%. We consider two cases.
(i) i € I. Since I = {i € [n]: af > 0} and b* = 0, we have s = (a})? > 0.
Furthermore, since —Vh(s*); € ud|sf|, we have Vh(s*); = —u. We can then
rewrite v; in (3.8) in the form

o aEVfL(s)Z
B —bth(s)i-i-Zubi ’

U;
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where s =a? — b2. Thus,
2/|vi|| > |a; Vh(s)s| + | — b:;Vh(s); + 2ub;| > ai| Vh(s)i| — bi||VA(s)s] + 24b;]
- (a) -
= (ai = [bi|)|Vh(s)i| +2pulbs| > 0|V h(s)il 4 2u|bil,

where (a) follows from (3.11a).
(ii) ¢ € I°. Notice that I° ={i € [n]: af =0, Vh(s*); € (—p,t)}. We then see
from (3.11b) that

2l[vill >[ail[VA(s)i + p+Vh(s")il + [bil| = VA(s)i + (i = Vh(s")i)| >8(|ai] + [bi]).

Summing up the displays from the above two cases for all i € [n], we have

(3.12) 22||m||>51 <Z|Vh |+Z|az|+2|b |>

iel iele

where 61 = min{d,2u} > 0. Furthermore, combining (3.9) with (3.12), we see that

(3.13) Vmenz%Z]mu&<§]Wi|+§]m+§ﬂw)

i=1 el i€le

where 0y = %5051 and s =a? — b2.
Now, we will provide an upper bound for F(a,b) — F(a*,b*). Fix any (a,b) € U
with F(a,b) > F(a*,b*) and let s =a? — b%. Let 5§ =[II;(a)]?>. Then we have

_ —b? ifiel,
S; — 8; =
- ificle

This implies that
(3.14) Is =3l <ls—58li=>_[b2[+ > laZ -0} <> a +Zb2

i€l icle iele
Recall the representation of F' in (3.7) and recall that b* =0, we have

F(a,b) — F(a*,b")

n

h(s) —h(s*) + Z(u +Vh(s*)i) (af = (a7)%) + Y (u— VA(s*))b}

i=1

—~

a

= h(s) — h(3) + h(3) = h(s") + Y _ (u+ Vh(s"):)a? +Z# Vh(s*);)b?
iele

=

n

C Lls— 8 1A — A+ 3 (Va2 + 3 (u — Vh(s*))B

icle i=1

Qi) = h(s") + S (u+ Vh(s*); + L)a? + f:(u — Vh(s*); + L)b?

iele i=1

(3.15) < < h(3) — h(s*) + 33 <Za +Zb2> % — h(s*) + 84|V F(a,b)| %,

iele
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where (a) holds because when a; >0 (i.e., i € I), we have p+ Vh(s*); =0, (b) follows
from the Lipschitz continuity of A with modulus L, (c) follows from (3.14), in (d) we
set 03 = max;ep {p+ VA(s*)i + L, p— Vh(s*); + L}, and (e) follows from (3.13) and
we set 84 = d3/02. If h(3) — h(s*) <0, we see immediately from (3.15) that

(3.16) F(a,b) — F(a*,b*) < 84|V F(a,b)|%

On the other hand, if 0 < h(3) — h(s*), then we must have 0 < h(3) — h(s*) < r and
II5 — s*|| < r thanks to (3.11c). Since we clearly have 57 = 0 = s}., we can invoke
(3.10) to show that

h(3) = h(s*) < ¢ ||Vh(3),||7 <& (uvh(snu +VA(s); — VR@E)])*

(a) 1 ~
2 % (VR + Lils — 8l (w i+ S df +Zb )

i€lc

o (nw 1|1+Z“1+Zb>a_55<z'w~‘ Hzaﬁzl)y

IS i€l i€lC

- (d) 1
55<ZVh |+Z|az|+Z|b|> < 86|V F(a,b)] 7,

el iele

where (a) follows from the Lipschitz continuity of VA with modulus L, (b) follows
from (3.14) with d5 = (c_lmax{L,l})l/a, (c) follows from (3.11d), and (d) follows
from (3.13) with d¢ = 5;1/0‘55. Combining (3.15) with (3.17), we conclude that

Pla,b) — F(@b) < 8 VF (@) + 8 TF (@ )| £ (61 + )| VF(a, ) niE 2,

where in (a) we have used the fact that |[VF(a,b)|| <1 (see (3.11d)). This together
with (3.16) proves the KL property of F' at (a*,b*) with exponent max{c, %} 0

Note that F' may not satisfy the KL property at (a*,b*) with exponent max{«, %}
if strict complementarity fails and o € [%7 1), as illustrated by the following example.

Ezample 3.9. Let z € R, and h(x) = (1 — a)|m|ﬁ —z, a€[i,1)and p=1
n (1.1). Then h € C%*(R) is convex. Clearly, 0 is a global minimizer of f(-) :=
h(-) +-|. Therefore, by Proposition 3.3, we know 0 is also a global minimizer of the
corresponding F' in (1.4). By Theorem 3.5, we know that the KL exponent of f at 0
coincides with the KL exponent of f:=h + tx at 0, where h(z) = (1 — a)|z|™= and
K = Nyjo|(=Vh(0)) =R,. By direct calculation, we can see the KL exponent of f at
0 is a. On the other hand, we have

F(a,b) = h(a®> —b?) +a® + b* = (1 — a)|a® — B*| 7= + 2b°.

Take t > 0. Then we have VF(t,0) = [ %;': o] and F(t,0) = (1 — a)t%. This
1+

implies that |[VF(t,0)|| =2(;2-F(¢,0)) =", which shows that the KL exponent of F
at 0 is no less than 1%,

3.2.2. KL exponent in the absence of strict complementarity. In this
subsection, by imposing additional assumptions on 4 in (1.1), we investigate how the
KL exponent of F in (1.4) at its second-order stationary points can be inferred from
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the KL exponent of f in (1.1) when the strict complementarity condition fails. Our
main tool is the following technical lemma. The proof of Lemma 3.10 can be found
in Appendix C.

LEMMA 3.10. Suppose that g € C*(R™) is conver and T € R™. Define 9(-) =
9(-) + tx(- — ), where K is a nonempty closed conver set, and assume that T is a
global minimizer of . Let Q := Argminty. Fiz a partition Jyi,Ja,J3 of [n]. Assume
that

(i) there exist a neighborhood U of T and constants ¢ >0, v € (0,1] such that for

all p € R, it holds that

(3.18) dist(z,2NS,) < cmax{dist(z,Q?),dist(z,S,)}” VeeUnN(z+K),

where S, :={z €R" : |x; — ;| < p; Vi€ Js3};
(ii) for allx €z + K and i€ Jy, it holds that x; = T;.
Suppose that v satisfies the KL property at T with exponent o € (0,1). Then, by
shrinking U if necessary, there is a constant o >0 such that

S IVe@)il + Yz — 7l Vg()i? > o(g(x) — g(2)? VreUn (z+K),
i€J2 i€J3

where B=1—~(1—a) € (0,1).

Before presenting the main result in this subsection, we first introduce some no-
tation. Let s* be a stationary point of (1.1). We define the following index sets:

{icn]: st=0, Vh(s*); € (—p,p)},
{ieln]: st #0, Vh(s*); € {—p,pu}},
(3.19) Jsp={i€[n]: s =0, Vh(s"); = —p},
J32:{7;€[ ] ;k 7 Vh(S*) /.L}
J3=J31UJ32
{0}, ieJh
. R, i€Js,
(3.20) K = Nygjjs=, (=Vh(s")) = H Ki, where K; = Ry, i€ Js1,
i€[n] 7
R_, i€Jsa.

One can check readily that for all x € s* + K, we have x; = s for i € J;. Next, we
present the result concerning the KL exponent F' in (1.4) based on the KL exponent
of f by assuming the convexity of h in (1.1) and an additional error bound condition
(3.21).

THEOREM 3.11 (KL exponent of F' in the absence of strict complementarity). Let
(a*,b*) be a second-order stationary point of F' in (1.4) and assume that h in (1.1) is
convez. Define s* = (a*)?— (b*)? and Q= {x e R": f(x)= f(s*)}, where f is defined

n (1.1). Let Jy,Ja,J5, and K be defined in (3.19) and (3.20), respectively. Suppose
that there exist a neighborhood V' of s* and constants ¢ >0, v € (0,1] such that for all
p€R’3, it holds that

(3.21) dist(z, Q2N S,) < emax{dist(x,),dist(z,S,)}” VexeVn(s"+ K),
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where S, :={x € R" : |x; — s| < p; Vie J3}. Suppose also that f satisfies the KL
property at s* with exponent o € (0,1). Then F satisfies the KL property at (a*,b*)
with exponent %, where f=1—~(1—«)€(0,1).

Remark 3.12 (comments on (3.21)). Notice that s* € QN S, for all p € Rf,
which implies that QN .S, # (. By the Hoffman’s error bound, condition (3.21) holds
with v =1 if  is polyhedral; see [26, Lemma 3.2.3]. Since s* € Argminf (thanks to
Proposition 3.3 and the assumptions that h is convex and (a*,b*) is a second-order
stationary point), we know that 2 (= Argminf) is polyhedral if h(x) = g(Az)+ (¢, z),
where g : R”™ — R is a Lipschitz differentiable locally strongly convex function, ¢ € R™
and A € R™*™; see [58, section 4.2]. This covers the commonly used least squares loss
function (i.e., h(z) = 1||Az — y||? for some A € R™*" and y € R™) and logistic loss
function (i.e., h(z) = =37 log(1+ e¥®)) for some y; €R™, i=1,...,m).

Proof. The overall proof strategy is similar to that of Theorem 3.8. Instead of
using Lemma 3.7, here, we use Lemma 3.10 to connect the lower bound of ||V F (a,bd)||
and the upper bound of F(a,b) — F(a*,b*).

We now start the proof. Since (a*,b*) is a second-order stationary point of F
and h is convex, we have from Proposition 3.3 that s* is a global minimizer of (1.1),
min{(a*)?, (b*)2} = 0, and —Vh(s*) € pd||s*||;. In view of Remark 2.6(ii), we may
assume without loss of generality that «* > 0, b* = 0, and Vh(s*); = —pu whenever
st =0 and Vh(s*); € {—p,u} (hence, J3 5 =10). We can then rewrite the index sets
in (3.19) as follows:

Ji={i€[n]: af =0, Vh(s"); € (—p, 1)},
(3.22) Jo={i€n]: a; >0, Vh(s*); =—p},

Js={i€[n]: af =0, Vh(s"); = —u},
and observe that (3.21) holds for the above index sets and the K in (3.20) (with
J32=10) thanks to the definition of P in Remark 2.6(ii).
 Next, let h(-) = h(-) — (Vh(s*),- — s*). According to Theorem 3.5, we know that
J():==h(-)+ i (-—s*) satisfies the KL property at s* with exponent «, and €2 locally
agrees with Argminf. This together with (3.21) shows that condition (i) in Lemma
3.10 holds with ¢ = f and Ji, Jo, and Js as in (3.22). In addition, condition (ii) in
Lemma 3.10 follows from (3.22) and the definition of K; in (3.20) (with J32 = 0).
We can now apply Lemma 3.10 with (¢, g) = (f, ﬁ) and Ji, Jo, J3, and K defined in
(3.22) and (3.20) (with J5 2 = (), respectively, to deduce the existence of a constant
o >0 and a bounded neighborhood V; of s* such that

(3.23)
S AVA@)? + Y Jai — 57| V)i * > o (h(x) — h(s*)'TP Yz e Vin (s* + K).
i€Ja i€Js

Now, in view of (3.22) and utilizing continuity, we can take a sufficiently small
neighborhood U of (a*,b*) to ensure that there exists § > 0 such that for all (a,b) € U,
the following holds:

(3.24a) min{p + Vh(s")i, p = Vh(s")i} — [Vh(a® = b%)] > 6,
(3.24b) mina; — |b;| >4,

i€J2
(3.24c) min 24 — |Vh(a? — %) >0,

1€J3
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(3.24e) [y (a))® € Vi, a® —b* € V4,

(3.24d) lasglloc <1, [Ib]loc <1,

where I1je is defined as in (2.1).

We now consider three cases, i € Ji, i € J3, and i € J3, to provide a lower bound
for 31 | ||vs|| over U, where v; is given in (3.8). To this end, fix any (a,b) € U and
let s =a? — b%. We then proceed with the three cases.

(i) i€ J;. We see from (3.24a) and (3.8) that

2/|vill > |asl|VR(s)i + g+ Vh(s*)i| + |bi]| — VR(s); + (1 — VR(s*);)]
> 0(|ai| + [bs]).

(ii) i € Jo. From (3.22), we see that sf = (af)? > 0 and Vh(s*); = —u. We can
then rewrite v; in (3.8) as

o — CLZ;ViL(S)i .
P70, VA(s); + 2ub;
Thus,
Sljerl| > [acVR(s)il + | — bTA(S): + 2ubil > il Th(s)i] — bil[F(s)i] + 2plb
— (s — aDIVs)i] + 20bil S 61 (s)i] + 20t

where (a) follows from (3.24b).
(iii) ¢ € J3. We have from (3.24c) and (3.8) that

20jvill > sl [Vh(s)al + [b:] (2 = [VI(8)i]) > |as][VA(s)s] + 6]bi]-
Summing up the displays from the above three cases for all i € [n], we have
n N _ n
(3.25) 2> [loill =6 (Z Jail + Y [VA()il + > laal[VA(s)i| + > bi|> ,
i=1 i€Jy 1€ Jo icJs i=1

where §; = min{9, 1,2u}. Now, combining (3.9) with (3.25), we readily derive a lower
bound for ||[VF(a,b)| as follows:

IVE(a,b) =60 [|uil

i=1

(a) - - -
> 5 (Z @il + D IVA()il + 3 lail VA(s)il + 3 bi|>

ey i€ Jo i€Js

(3.26) =02, | > lail?+ D [VA(s)il2 + ) faif2|Vh(s)il? + Y |bif?
i=1

i€y i€Jo i€J3

(b) - - n
(327) >80, | D 1@l + S (VAN + D laiP[VA(s)l2 + Y [bi20+0),
=1

ey 1€ Js i€Js

where (a) holds with d, = £801, and (b) follows from (3.24d).
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Next, we will derive an upper bound for F(a,b) — F(a*,b*). Fix any (a,b) € U
with F(a,b) > F(a*,b*). Define s = a® —b? and § = [I1;¢(a)]?, where ITs¢(-) is defined
as in (2.1). Then we have

a? — b2 i€ Jq
(3.28) s —§ =14 TV s — 3% = a? — b?)? bl
—biz, ZGJQUJ?,, 162J1 ZE;J?,

This implies that

(3.29) ls =3l <lls=3li=>laf =07l + > |-b|<) o +Zb2

ey i€Jo2UJs i€y

Let L denote the Lipschitz continuity modulus of both VA and k on the bounded
neighborhood conv(V}), where V] is defined as in (3.23). Using the representation of
F in (3.7) (and recalling that b* =0), we have

F(a,b) — F(a*,b")

n n

= (s) = h(s") + D0+ VR(s")) (aF = (@)?) + D (= VA(s"). )b

@ hi(s) = h(3) + h(3) = hls™) + 3 (u+ Vh(s™))a2 + 3 (1 — Vh(s*),)b2
=1 i=1

L his) = h(3) +h(3) = h(s7) + 3 (n+ Vh(s?))a? + 3 (1 — Vh(s*),)b?
1€Jq1 i=1

() - - n
< Lls— 3|+ h(3) — h(s*) + Y (u+ Vh(s*)i)ai + > _(n— Vh(s*):)b?
i€Jy i=1

(3.30) (%) h(3) = h(s*) + Y (u+ Vh(s*); + L)a] + zn:(u — Vh(s*); + L)b?

i€J1 i=1
(3.31) < h(3) — h(s*) + 03| VF(a,b)|?,
where (a) holds because a; > 0 implies 1+ Vh(s*); =0 (see (3.22)), (b) holds because
p+ Vh(s*); =0 except when i € Jy, (c¢) follows from the Lipschitz continuity of h on
conv(V7) with modulus L and (3.24e) (so that s and § € V7), (d) follows from (3.29),

(e) follows from (3.26), and we set 03 = 552 ‘maxX;epp {p+Vh(s*)i+L, u—Vh(s*);+L}.
Now, if h(8) — h(s*) <0, we see from (3.31) that

(3.32) F(a,b) — F(a*,b") < 8|V F(a, b)|%

Otherwise, using the Lipschitz continuity of VA on conv(V;), (3.23), (3.24¢) (so that
s and § € V;) and noting that 5 € s* + K, we have

o (h(s) - fz(s*))w < STV + Y 15 - stIVAGE)I?

i€z i€Js
WS V() - Vi(s) + Va(s)i? + S a2[VA(3): — Vh(s); + Vh(s) |
i€J2 i€J3
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(%)QZOV?L(S)HQ—I—|Vf~l(8)¢—Vil(§)¢‘2)+22a§(|V}~l(S)i|2+|v}~l(S)i_Vil(g)iﬁ)

1€J2 i€J3

(¢) - -

D03 [Vh(a), 2 eI Vh() F+2L25 s, = 5P 2L2 el — i
€2 i€Js i€ Js i€Js

(d) - _
<2 |Vh(s)il>+2Y _ a}|Vh(s)i|* +2L7||s — 3|

i€Js i€J3
o) - N
(3.33) <2 |Vh(s)il>+2 > af|Vh(s)i|* + 4L (Z af + Zb‘*)
i€ Js i€J3 i€Jy

where (a) follows from §; — s¥ = a? for i € J3, (b) holds because of the fact that
(x +y)? < 222 + 22 for all 2,y € R, (c) follows from the Lipschitz continuity of
Vh, (d) follows from (3.24d) (so that |a;| < 1 for i € JS), and (e) follows from the
second relation in (3.28) and we have used the inequality (z + )2 < 222 + 2y? again.
Consequently, using the convexity of | - |'*# and (3.30), we deduce that there is a
d4 > 0 which is independent of (a,b) € U such that

(F(wb)—F(a*,b*))Hﬁg@((ﬁ() h(s* ) +Z|a \2<1+ﬁ>+2|b |2<1+ﬁ>>

i€y

(%) (ZWh 24> a2 |Vh(s)+Y_ af +Zb4+2|a |2 1+ﬂ)+2|b |2<1+ﬁ>

€2 1€J3 i€y i€Jr

(b) -
<255<Zail2“*5>+2|w )i+ a?|Vh(s); +Z|b|“+5)<66w<ab>||2

i€Jy i€Ja i€J3 i=1

where (a) follows from (3.33) and we set J5 = 6, max{1,0~ ! max{2,4L?}}, (b) follows
from (3.24d), and (c) follows from (3.27) by setting s = 20, 205. This together with
(3.32) implies that F satisfies the KL property at (a*,b*) with exponent 1+'B |

Remark 3.13 (tightness of the exponent %ﬂ in Theorem 3.11). When v = 1,
the constant 3 given in Theorem 3.11 becomes «. Therefore, under the settings of
Theorem 3.11, the function F satisfies the KL property at the second-order stationary
point with exponent 1 & which happens to be the exponent given in Example 3.9.
Moreover, the set of mlmmizers in Example 3.9 is a singleton, so the error bound
condition (3.21) holds with v =1 by Remark 3.12. Consequently, the exponent given
in Theorem 3.11 is tight when v =1 and a € [2, ). A more complex example, which
shows that this exponent is tight when o € (3,1) and v € (0,1], can be found in
Appendix D.

Remark 3.14 (explicit KL exponent). When h is the least squares loss function
or the logistic loss function as described in Remark 3.12, the KL exponent of the
corresponding f in (1.1) is 1 (see [35, Corollary 5.1]). In these cases, by Theorem
3.8, Theorem 3.11, and Remark 3.12, we can deduce that the KL exponent of the
corresponding F' in (1.4) at a second-order stationary point (a*,b*) is either 1/2 or

3/4, depending on whether —Vh(s*) € ri(ud||s*||1), where s* = (a*)? — (b*)2.
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Algorithm 4.1 Gradient descent with backtracking linesearch.
Require: Initial (a®,°) € R" x R", initial stepsize 6, € (0,00), & € (0,1).
0 =20
for k=0,1,... do
(aF+1 b L) = (aF bF) — OV F(a, bF)
while F(a"+1,b5+1) > F(ak, bF) — ||V F(a¥, b¥)|2 do
0+ K0
(ak+l,bk+1) — (ak’ bk) _ HVF(ak,bk)
end while
end for

4. Convergence analysis of a first-order method. To highlight the conse-
quences of our results in section 3, we analyze the convergence rate of a standard
first-order method applied to minimizing F' in (1.4), where we incorporate a stan-
dard linesearch scheme to adaptively estimate the “local” Lipschitz constant of VF,
see Algorithm 4.1. We will argue that, under some reasonable assumptions, with
almost every initial point and initial stepsize, the sequence generated by Algorithm
4.1 converges to a second-order stationary point and the convergence rate can then
be deduced based on the KL exponent of f in (1.1), according to Theorems 3.8 and
3.11. The reduction to the KL exponents of f is important because the explicit KL
exponents of functions of the form f have been identified for a large variety of convex
h that arise in contemporary applications (see, e.g., [58, 13, 24, 35]), while not much
is known concerning the explicit KL exponents of the corresponding F'.

We first present our assumption. (Al) is inspired by [19, Assumption 2.1].

Assumption 4.1. Let F be defined in (1.4) and consider Algorithm 4.1. Let
I'={k*0y: k € N}, and define Gy(a,b) := (a,b) — OV F(a,b). We assume that
(A1) for each @ €T, there exists an open set Uy C R?", whose complement has zero
Lebesgue measure, and det(DGy) is nonzero on Up;*
(A2) the function F' is level bounded;
(A3) the function F' satisfies the KL property at each of its stationary point.

Under the above assumption, we will show that Algorithm 4.1 can converge to
a second-order stationary point of F' in some almost sure sense. Let us first justify
these assumptions. We note that (A2) holds if h is lower bounded, in which case F is
the sum of a level bounded function and a lower bounded function, and hence is level
bounded. (A3) is a standard assumption in the convergence analysis of the first-order
method; see, e.g., [3, 4, 14]. For (A1), we will show it holds if F is subanalytic: this
covers the cases when h is the least squares loss function or the logistic loss function
as described in Remark 3.12, and most other practical loss functions. The definition
of subanalytic sets and functions is taken from [49, p. 40] and is equivalent to the
projection definition of semianalytic sets due to [29]; see, e.g., [10, Proposition 3.13].

DEFINITION 4.2. A set X CR" is said to be subanalytic if for each x € R™, there
ezists a neighborhood U of x such that the set UNX can be written as finite union of
sets in the form Im(f1) —Im(f2),> where f1 and fo are topologically proper (i.e., the
preimage of a compact set is compact), and real analytic from real analytic manifolds
to R™. A mapping ¢ : R™ = R™ is said to be subanalytic if gph(v) is subanalytic.

4Here, DGy is the Jacobian of Gg.
5Here, Im(f) is the image of the function f.
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The proof of the next proposition is inspired by [19, Lemma 5.2].

PROPOSITION 4.3. Suppose that F in (1.4) is a subanalytic function. Then, there
exists a full measure set © CRy on Ry such that if 0y € ©, then (Al) holds.

Proof. Define H : R® x R x R — R as H(a,b,0) := det(l, — 0V2F(a,b)) =
det(DGg(a,b)). Now, we identify R™ x R™ x R as R?"™! with the usual Lebesgue
measure and Euclidean topology. Since F' is subanalytic and F' € C?(R"), we know
each component of V2F is subanalytic by [49, (1.2.1.13)], and hence H is subanalytic
by [49, (1.2.1.9)] and the product form of determinant. Therefore, the set Z := H {0}
is closed by the continuity of H and also subanalytic by [49, (1.2.1.4)]. Applying [49,
Lemma 1.2.2], we see that Z can be represented as disjoint union of C? submanifolds®
{X;}ics of R* T where J is an index set, and {X;};c is locally finite at each z € Z
in the sense that there is a neighborhood U of x such that only finitely many sets
in {UN X,;}ics are nonempty. Since R?"*! is second countable, we know J is at
most countable. Next, we note that for each (a,b) € R™ x R", only finitely many
0 € R satisfy that H(a,b,0) = 0. This means that Z does not contain any open set
in R?2"*1 and hence for all i € J it holds that dim(X;) < 2n + 1; see [33, Theorem
1.21]. According to [33, Proposition 1.38], we know each X; with ¢ € J has measure
zero in R?"*1 and hence Z = U;c 7 X; has measure zero in R?"+1. By [50, Chapter 2,
Corollary 3.3], we know that there exists a full measure set @ C R such that for each
0 € Q, the set Zg:={(a,b) e R" xR": (a,b,0) € Z} has zero measure and is closed as
a slice of the closed set Z. Therefore, it suffices to take © = (N7, Q/k*) NRyy. O

THEOREM 4.4. Suppose that Assumption 4.1 holds. Then there exists a subset
V C R?", whose complement has zero Lebesgue measure, such that if (a°,b°) € V,
then the sequence {(a*,b%)} generated by Algorithm 4.1 converges to a second-order
stationary point (a*,b*) of F in (1.4). Moreover, in this case, denote s* = (a*)?—(b*)?
and assume in addition that f in (1.1) satisfies the KL property at s* with exponent
a € (0,1). Then the following statements hold. .
(i) If ~Vh(a") € ri(udl]s* 1), then [l(a5,b5) — (a*,b°) | = O(k~3) if e (3,1),
and ||(a¥,b%) — (a*,b*)|| = O(c*) for some c€ (0,1) if a € (0,3].
(ii) If h is convex and the conditions in Theorem 3.11 are all satisfied, then it holds
that ||(a®,b%) — (a*,b")| = O(k_%), where B is defined in Theorem 3.11.

Proof. Since F is level bounded and {F(a*,b¥)} is nonincreasing, we see that
{(a*,b*)} lies in the bounded set {(a,b) € R™ x R": F(a,b) < F(a®,b°)}. Therefore,
the stepsize 6 in Algorithm 4.1 would remain constant eventually; see the proof of
[18, Proposition A.1(ii)]. The result about the global convergence to a stationary
point now follows from (A3) of Assumption 4.1 and standard arguments as in [4]. In
addition, the convergence rate result will follow (from, e.g., [2]) once (a*,b*) is shown
to be a second-order stationary point so that the KL exponent of F' at (a*,b*) can be
inferred from that of f at s* according to subsections 3.2 and 3.2.2. In other words,
now it suffices to argue for the existence of the set V.

To this end, let A be defined as the set of all the strict saddle points of F.
For each § € T' defined in Assumption 4.1, we define the set By := {(a,b) € R*" :

6We apply this lemma with 4, = R??*! to obtain a Whitney stratification {X;};cs of Z; see
[49, p. 4] for the definition of Whitney stratification.
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limy,_o0 G5 ((a,b)) € A}. Applying [19, Proposition 2.5],” we know By has measure
zero for each @ € I'. Therefore, the set B :=Upecr By also has measure zero. Let @ be
the set consisting of all finite sequences of elements in I'. According to the argument in
[21, Theorem 2.1-1], we know @ is also countable. Since the stepsize 6 in Algorithm 4.1
would only change finitely many times, we have

{(ao,bo) (ak,bk)eA}g U Gyl o+ 0G, (B),

: lim
k—o0
where the right-hand side has measure zero as countable union of measure zero
sets: sets of the form ge—ll 0---0 ge_rl(B) have zero Lebesgue measures thanks to
(A1) and [19, Lemma 2.4]. Therefore, it suffices to take V = [U,  41c0 % ©-
oG, ' (B)]°.

COROLLARY 4.5. Assume that h in (1.1) is subanalytic and lower bounded, and
the initial stepsize 0y and the initial point (a°,b°) in Algorithm 4.1 are chosen indepen-
dently according to distributions whose cumulative distribution functions (regarded as
probability measures) are absolutely continuous with respect to the Lebesgue measures
on Ry and R™ x R™, respectively. Then, with probability 1, the sequence {(a*,b*)}
generated by Algorithm 4.1 converges to a second-order stationary point (a*,b*) of F
in (1.4). Moreover, in this case, denote s* = (a*)? — (b*)? and assume in addition
that f in (1.1) satisfies the KL property at s* with exponent o € (0,1). Then the
convergence rate of {(a*,b*)} follows the rate given in Theorem 4.4.

Proof. In view of Proposition 4.3, Theorem 4.4, and [11], it suffices to verify that
F' is subanalytic, which follows from [49, (1.2.1.9) and (I1.2.1.10)]. d

Appendix A. Proof of Lemma 3.2.

Proof. Fix any z,y € X. Since g € C?>(R"), we can assume that Vg is Lipschitz
continuous with a modulus of L’ on a bounded open convex neighborhood of the line
segment [z,y]. We choose L > L’ to be sufficiently large so that this neighborhood
contains y — +(Vg(y) — Vg(z)).

Let ¢(z) = g(z) — (Vg(x),z). By the first-order optimality condition, we know
that z € Argmin, g ¢(2). In particular, ¢(z) < ¢(y— %V(b(y)) Applying the descent
lemma, we deduce that ¢(z) < ¢(y) — 57 || Vé(y)||*. Since ¢(z) = g(z) — (Vg(z), z), we
obtain immediately that

(A1) o= IV 9(@) ~ Vo) + g(x) + (Vo(w),y — 2) < ()

Next, since « € X, the first-order optimality condition says that —Vg(z) € dp(x), to
which we can apply the convexity of ¢ to deduce

(A.2) o(r) + (=Vg(z),y —z) < p(y).

"Specifically, we apply [19, Proposition 2.5] to the mapping Gg. Notice that [19, Proposition 2.5]
requires the function f : R4 — R< there to have locally Lipschitz Jacobian, but this condition was
only used to show the next statement: “for any fixed z € R", given any € > 0, there exists r > 0
such that R(z):= f(z) — 2z — Df(z)(x — z) is e-Lipschitz on B(z,7¢).” We point out here that merely
requiring f there to be continuously differentiable would suffice. Indeed, we can choose r. > 0 such
that supy1 2z ) IDf(y') — Df(y?)||2 < e, where || - ||2 denotes the spectral norm. Then, taking
arbitrary 2!, 22 € B(z,7¢), by calculus we have | R(z!) — R(22)|| = || f(z') — f(22) = D f(2)(z! —22)|| =
| Jo.(Df (22 + t(z' —a?)) = Df(2))(a! = a?)dtl| < [ IDf (22 + t(z' —a?)) = Df (2)|2]le? — 22||dt <
€|zt — 2|, which proves that R is e-Lipschitz continuous on B(z,7¢). Since our Gy is continuously
differentiable because h € C?(R™), [19, Proposition 2.5] is applicable.
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Summing (A.1) and (A.2), we see further that v (z) + 5-||Vg(z) — Vg(y)||* < ¥(y).
Notice that ¥ (z) = 1(y) due to z,y € X. Hence, we have 3| Vg(z) — Vg(y)||* <0,
which implies that Vg(z) = Vg(y). Consequently, Vg is constant on the set X', and
X C Vg Hv)Ndp~t(—v). The converse inclusion follows from the first-order sufficient
condition for convex optimization problems and the fact that 0¥ = Vg + 0. ]

Appendix B. Proof of Theorem 3.5.

Proof. From [47, Exercise 8.8(c)], we have 0y = Vg+ 0p. Hence, the stationarity
of T implies that —Vg(Z) € dp(Z). Without loss of generality, we assume T = 0, and
replace g,¢ by g(-) —(Vg(0),-) and ¢(-) + (Vg(0), -), respectively. Then we have

(B.1) —Vg(0) =0€dp(0),0 =g+ k.

Before proving items (i)—(iii), we first establish two auxiliary facts. Our first goal is
to demonstrate the existence of a neighborhood V' of (0,0) such that

VNgphdp=V Ngphdik.

According to [26, equation (4.2.7)] (see also [40, Example 5.3.17]), since ¢ is polyhedral
with 0 € dom ¢, there exists a neighborhood V; of 0 such that

p(x) =p(z) +¢(0) VYzeVi, where p(z):=¢'(0;2).
This equation also establishes that
(B.2) p is proper, closed, and convex, and dp(x) = dp(z) Vx € V4.

Hence, by [47, Theorem 11.1] we have p*™* = p, where p* is the convex conjugate of p.
Applying [6, Proposition 17.17], it follows that

(B.3) P=0" = (Lap0))" = Tap(0)-

Letting C' = d¢(0), we know that C is a polyhedral set, as stated in [47, Proposition
10.21]. Moreover, we have —Vg(0) =0 € dp(0) = dp(0) = C. By utilizing [47, Exercise
6.47], we know that there exists an open neighborhood V5 of 0 such that

Te(0)NVa=C N Va.

Consequently, for each y € V3, we have dur, o) (y) = Otc(y), as the subgradient can
be defined locally. This implies that

(Vo x R™) Ngphdig, 0y = (V2 x R™) Ngphdic.
From [46, Theorem 23.5], we see further that

(R™ x V2) Ngphdor,, o) = (R™ x V2) Ngphdoc.
Notice that o7, (0) = tne(0) = ti; by (B.2) and (B.3) we conclude that
(B.4) VNgphoig =V Ngphdp,

where V =17 x V.
The second goal is to show that

(B.5) ox) —p(0) =1k (x) —tx(0) VY(z,v) €V Ngphdp=V Ngphdik.
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Taking (z,v) € VNgphdp = V Ngphdik, we know z € domdig = domg. Since
Otg = Ng and V =V; x V5 with V5 being a neighborhood of 0, this implies that

(z,0) € VNgphdixg =V Ngphdy,

where we have used (B.4) for the equality. The above display implies 0 € dp(x).
Using this together with 0 € 0p(0) (see (B.1)) and the convexity of ¢, we see that
p(x) = ¢(0), which means that ¢(z) — p(0) =0=1x(z) — tx(0).

We are now ready to prove (i)—(iii). We start with (i). Since Vg is continuous
and Vg(0) =0 (see (B.1)), we can choose a sufficiently small ¢ > 0 such that

(BG) (]Baa _VQ(Ba) + Ba) g V.
Take U =B, x B,. Suppose (x,v) € U Ngphdy; then it holds that

(a) (b) ()
(x,v—Vg(x)) € gphdy, (r,v—Vg(x)) € (Bs,—Vyg(B,)+B,) CV,

where (a) holds because 91 = Vg+ 0y, (b) holds as z, v € B,, and (c) is due to (B.6).
Consequently, we know that

(B.7) (z,v—Vg(z)) € VNngphdy =V Ngphoiuxk,

where we have used (B.4). Then, we know (z,v) € U N gph 94 since 9 = Vg + Ou.
This proves U Ngphdy C U Ngph d1. A similar argument shows that U Ngphdy 2
U N gph &y, which proves that U N gphdy = U N gph ).

Next, notice that for all (z,v) € U Ngphdy = U Ngph oY, we can deduce (B.7)
as argued above. This together with (B.5) shows that

0(a) = 9(0) = (9(2) = 2(0)) = $(2) — (0) = (exc(2) = 1 (0)) =0,

This proves (i). Part (ii) follows from (i) and Remark 2.2.

Finally, for part (iii), assume that 0 is a local minimizer of %; then we may
take a sufficiently small neighborhood U; of 0 such that for all x € Uy, we have
Y(x) > 1(0), (2,0) € U, and (x,Vg(x)) € U, where U is given in item (i). Then, for
all € Uy Ndom), noticing that Vg(z) +0 € Vg(z) + Ovk (x) = 0 (x), we have

Sy ®

(2, Vg(x)) € U Ngphdd € U N gphdw, and hence 1(x) — $(0) L (x) — 1(0) >0,

where we have used item (i) for (a) and (b). This means that 0 is a local minimizer of
. Moreover, if z € U; N, then by the first-order optimality condition, we see that
(2,0) eUNgphoy =U ﬂgph(?w, and hence 9 (z) — ¥ (0) = ¢(z) — ¥(0) = 0 by item
(i). This shows that U3 N C Q. A similar argument shows that Uy N QCU;NQ and
proves that Q locally agrees with Q. ]

Appendix C. Proof of Lemma 3.10.

Proof. There is no loss of generality if we assume z =0. Then ¢g(0) =(0) = inf 1.
In view of the KL assumption and Proposition 2.3, by shrinking the U in (3.18) further
if necessary, we can deduce that there exists ¢; > 0 such that

(C.1) g(x) —g(0) > cl_mdistﬁ(x,fl) VeeUNK.
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Shrink U further if necessary such that

(C.2) g(x) —g(0)<1 VxeUNK.
Fix any z € U N K with g(z) > g(0). We define
(C.3) Li={i€ Jys |nil < calgle) - 9(0)) =},

where ¢o = cc], with ¢; defined in (C.1) and ¢ and ~ defined in (3.18). We define
pE Rf as p; = |a;| for all i € J3. Then, by (3.18) and noticing that « € S,, we see
that

dist(z,2NS,) < ecmax{dist(z,S,),dist(x,Q)}" = cdist” (z, )
(&)
< ecf (g(x) = 9(0)"" 7 = ea(g(w) — 9(0)) 7,

where (a) follows from (C.1). Additionally, let # = Pong,(z), and we know that
|z — z|| = dist(xz, 2N S,). We further define the following three index sets:

(05) Ill:{iEIZpi:O},IQI:I\Il,Ig,Z:JzJ,\I.

(C.4)

Then for ¢ € I;UI5 we have |z;| > 0 due to p; = |z,| for i € J3 and (C.3), and moreover,

(a)
Vi€, & =pi=0, |[r; — & = |z:] < ca(g(@) — 9(0)7 7,

1 D 4 © )
(C.6) V1612,| |\Iz zil” < z ||$i| = 4|zi| < dea(g(x) — 9(0)) ;

@ 2(g(z) — g(0)271=2) (e) .
i‘Q < 2912) |x(|>) SCQ(g(x)—g(O))'Y(l )7

Vi e I3,

ol
where in (a) and (¢) we have used the fact that I;,I> C I in (C.5) and the definition
of I in (C.3), (b) follows from the facts that & € S, and that for all y € S,, i € J3 it
holds that |x; — y;| < |x;| + |yi| < 2|z;], (d) holds because of the relation |z; — &;| <
|z — z|| = dist(z,22N S,) and the bound in (C.4), and (e) follows from the definition
of I3 in (C.5) and that of I in (C.3). Therefore, by using the convexity of g, we can
deduce that

g(x) = g(0) = p(x) — ¥(0) = (x) — (&) = g(x) — g(2)
<Z\Vg i —& Y ST [ Vg@)lla — &

i€ JaUJ3

°>Z|Vg Jlles =i+ 3 Vgtaliad Hailts 3 [Vg@nlVinl——
1€ Js i€l i€laUl3

> Vgtel + 3 il Va2, | Yl - a2+ Yl + Y |T

|$z‘ — &

€2 i€J3 i€Ja i€l 1€l2Ul3
y(A—a)
D IVg@)P+ > il Vg(ai)? - (g(x) — g(0) 7,
1€J2 1€J3

where (a) follows from the convexity of g, which implies that g(z) — g(2) < (Vg(z),
x — &), (b) follows from condition (ii), which implies z; = &; for all i € J1,® (c)

8Recall that we assumed Z = 0. Then both z and & € 0 + K, which means z; = &; for i € J;
according to condition (ii).
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follows from the definition of the index sets I, I, and I3 in (C.5), (d) follows from
the Cauchy-Schwarz inequality, (e) follows from the facts that >, ; |z — ]2 <
|z — &% < Z(g(x) — g(0)*1=) < 2(g(z) — ¢(0))" =) (which follows from (C.4)
and (C.2)), (C.6), and we set ¢4 = 2y/nmax{cy, /c2}. Rearranging this inequality
and noticing that S =1 — (1 — «), we obtain

S g(@) — g0 < 3 [Vg(@)2 + 3 il V(i) 2 .

C
4 i€y i€Js

Appendix D. Example for Remark 3.12.

1

Ezample D.1. Let z € R? and h(z) = (1 — a)(\xl\% —29)} % — @1 — x2 for
x = (x1,22) € R? with d :=max{d,0} for deR,0<y< i, a€(5,1), and p=1. We
would like to show that the KL exponent of the corresponding f in (1.1) is « at 0.
Clearly, h € C%(R?) and is convex. Moreover, 0 is a global minimizer of f. Therefore,
we know 0 is also a global minimizer of F' in (1.4) by Proposition 3.3. By Theorem
3.5, we know the KL exponent of f at Olcoincides with the KL exponent of f:=h+ux
at 0, where h(z) = (1 —a)(|z1]|7 —22) T and K = Nojof, (=Vh(0)) =R3. Take x to
be sufficiently close to 0 with x € K; then x1,z2 >0 and we have

a

dist(0, 07 (2)) = dist(~Vh(x), N () > dist((a] —22) ", Ne, (22)
@ (o] —an) 1 = (h(@) = ) /(1= )",

where in (a) we have used 0 € Ng, (x2) C R_. Therefore, the KL exponent of f at 0
is a. This exponent is tight since for all z € K with z; <1 we have

1
1,771

dist(0,0F(x)) < Vi) = || | 7™ grcf—:cnga
(D.1) ist(0,0f («)) < V()| R

<VI/P? 4 1(h(x) = h(0)* /(1 — @)™

Next, let a = (a1, az),b = (b1,b2) € R%, Q(a,b) := (|a? — b%\% —a?+ bg)ﬁ, and
T(a,b):= %sgn(a% —b3)]a? — b%\%fl, where

o ify#0,

Then we know F in (1.2) and VF can be written as
F(a,b) =h(a® =) + [la]|* + [|b]|?
\ o
=(1—a)(laf =037 — a3 +b3) 1" + 2b] + 2b3,
a1T(a,b)Q(a,b)
_QQQQ(avb)

4bl - blT(aab)Q(av b)
4b2 + 2b2Q(a, b)

VF(a,b)=

Let us evaluate the gradient VF((¢,0),0) and function value F((¢,0),0) with ¢ > 0:

2 T 2
VF((t,O),O): %tw(l—a)—l 0 0 O:| ; F((t70)’0):(1_a)tm
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Clearly, we have [VF((t,0),0)] = 2(F((t,0),0) = F(0,0))"%" /(1 - a) 57,
which shows that the KL exponent of F' at 0 is no less than # with f=1—7(1—a).

We next verif}ll the error bound condition (3.21). Notice that Q := Argminf =
{zeR? : 2y > ]} = Argminf. Taking arbitrary z € K with z; < 1 and defining
y:= Pqo(z), we have

F(a) = F(0) = () — F() © (Vi(a),z —y) < [Vh(z)|dist(z,2)

Y VTRE T () — F(0)) dist (2, 2)/(1 — )",

where in (a) we have used the convexity of f and Vh(z) € 8f(x), and in (b) we have
used the second inequality in (D.1) and the fact f(z) — f(0) = h(x) — h(0) due to
z € K. Rearranging terms in the above inequality, we see that for all z € K with
x1 <1 it holds that

(D.2) odist(2,9) > (2] —wa),, where 0 = /172 + 1/(1 — ).

Now, for an arbitrary p € Ri, we define the set Q,:=QNS,, where S, :={z € R2:
|zs| < p;i Vi=1,2}. For any x € K with max{z;, 22} <1/2, define z:= Ps, (x). Then
it can be verified that z € RY and max{z1, 22} < max{z1,z2} <1/2 since z € R3. We
further define p € €2, in the following manner and calculate z — p:

(D.3) p=(min{z3,21},22), z—p=(max{z —z5,0},0).

Then we have

(a) 1 (b)
(D.4) |z — pl| =max{z — 27,0} < (27 —22)] < o”dist”(2,9),

where (a) clearly holds if z; < 2], while when 2; > 23, we deduce (a) from z; — 2] =
1 1

(7)Y — 29 < (27 —22)7, and (b) follows from (D.2) thanks to z € K and 2z < 1.
Therefore, we have any x € K with max{z;,2r2} <1/2 and z:= Ps,(x) that

(2)
dist(z,9Q,) < ||l — z|| + dist(2,Q,) < dist(x,S,) + ||z — p||
(b)
< dist(z,S,) + o7dist? (z,Q) <dist(z, S,) + o7 (dist(z, Q) + ||z — 2||)”
(c) (d)
< dist(z, S,) + o7 (dist” (x, ) + dist"(z,S,)) < emax{dist(z,S,),dist(z,Q)}7,

where (a) holds in view of z = Ps, () and the p € Q, constructed in (D.3), (b) holds
because of (D.4), in (c) we have used z = Ps, () and the inequality (c+d)” <" +d”
for any ¢, d > 0 (see footnote 9), and in (d) we have used max{zy,22} < 1/2 and
0€ S, to show that dist(x,S,) <|/z|| <1 and set c=1420". Consequently, we know
the condition (3.21) holds, and by Theorem 3.11 we know the KL exponent of F is
# with S =1—~(1 — ), which is tight by the previous argument.

9The second inequality follows from the fact that (c + d)Y < ¢¥ +d¥ for all ¢, d > 0; this last
inequality clearly holds if c=0 or d =0, and when ¢ > 0 and d > 0 it holds because 1 = ?Cd + ‘:J;id <

(Z5)7 + (C_%d)'y, thanks to v € (0, %]

c
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