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Abstract. We propose a novel iterative framework for minimizing a proper lower semicontin-
uous Kurdyka--\Lojasiewicz (KL) function \Phi . It comprises a Zhang--Hager (ZH-type) nonmonotone
decrease condition and a relative error condition. Hence, the sequence generated by the ZH-type
nonmonotone descent methods will fall within this framework. Any sequence conforming to this
framework is proved to converge to a critical point of \Phi . If in addition \Phi has the KL property of
exponent \theta \in (0,1) at the critical point, the convergence has a linear rate for \theta \in (0,1/2] and a sub-
linear rate of exponent 1 - \theta 

1 - 2\theta 
for \theta \in (1/2,1). To the best of our knowledge, this is the first work to

establish the full convergence of the iterate sequence generated by a ZH-type nonmonotone descent
method for nonconvex and nonsmooth optimization problems. The obtained results are also applied
to achieve the full convergence of the iterate sequences produced by the proximal gradient method
and Riemannian gradient method with the ZH-type nonmonotone line-search.

Key words. ZH-type nonmonotone descent method, full convergence, KL property, nonconvex
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1. Introduction. For a descent method for nonconvex and nonsmooth opti-
mization problems, it has become a common task to establish the full convergence
of its iterate sequence under the Kurdyka--\Lojasiewicz (KL) property of objective
functions. This task has been strongly supported and motivated by the work [1] for
gradient-related methods, [2] for proximal point algorithms, [4] for forward-backward
algorithms, [3, 5] for proximal alternating minimization algorithms, and [28] for block
coordinate descent algorithms, to name just a few of the representative papers in
this research direction. The convergence analysis of all these works is based on the
(sufficiently) monotone decrease of objective value sequences. Although the (suffi-
ciently) monotone decrease is crucial to achieve the full convergence, it also leads to
relatively short step sizes. To overcome this drawback, nonmonotone variants of the
sufficient decrease are often considered. In the context of line-search methods, Grippo,
Lampariello, and Lucidi [11] first proposed a nonmonotone line-search procedure
by monitoring the maximum objective value attained by the latest iterates (referred
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1090 YITIAN QIAN, TING TAO, SHAOHUA PAN, AND HOUDUO QI

to as GLL-type in this paper); Zhang and Hager [29] later proposed a different strat-
egy of nonmonotone line-search (referred to as the ZH-type in this paper) by taking a
weighted average of the current objective value and those of the past iterates. These
two types of nonmonotone line-search procedures are received as the most popular
choices although they can be cast into the general framework proposed in [23]. In
the past decade, they have also been aligned with algorithms for nonconvex and non-
smooth optimization problems, such as composite optimization problems of minimiz-
ing the sum of a smooth function and a nonsmooth one [13, 17, 14, 25], Riemannian
manifold optimization problems [27, 18], and DC programs [8, 16].

On the one hand, nonmonotone line-search procedures bring well-recognized nu-
merical benefits such as increasing the possibility of seeking better critical points, and
potentially accelerating the convergence of algorithms [26]. On the other hand, the
nonmonotone decrease of objective value sequences brings a great challenge for the
full convergence analysis of the iterate sequence of the concerned algorithms. Re-
cently, Qian and Pan [19] investigated the full convergence of the iterate sequence
conforming to an iterative framework proposed by the GLL-type decreasing condition
for KL optimization problems and achieved its full convergence under a condition that
is shown to be sufficient and necessary if objective functions are weakly convex on a
neighborhood of the set of critical points. We notice that the ZH-type nonmonotone
line-search procedure has been widely applied to nonconvex and nonsmooth optimiza-
tion problems (see, e.g., [17, 27, 25, 18, 14]), but as far as we know, there is no work
to study the full convergence of its iterate sequence even for smooth optimization
problems [29, 10, 23]. This paper aims at resolving this open problem via a novel
iterative framework.

In the following, we first describe the novel procedure, then explain the main
results of the paper. To this end, consider the nonconvex and nonsmooth problem

min
x\in \BbbX 

\Phi (x),(1.1)

where \BbbX represents a finite-dimensional real vector space endowed with the inner
product \langle \cdot , \cdot \rangle and its induced norm \| \cdot \| , and \Phi : \BbbX \rightarrow \BbbR := ( - \infty ,\infty ] is a proper lower
semicontinuous (lsc) function that is bounded below on its domain dom \Phi . We are
interested in nonmonotone descent methods for (1.1) to produce an iterate sequence
\{ xk\} k\in \BbbN \subset dom \Phi complying with the following conditions:

H1. For each k\in \BbbN , \Phi (xk) + ak\| xk  - xk - 1\| 2\leq Ck - 1, where ak \geq a for some a>0,
and Ck = (1 - \tau k)Ck - 1+ \tau k\Phi (xk) with C0 = \Phi (x0) and \tau k\in [\tau ,1] for a \tau \in (0,1].

H2. There exists a nonnegative integer k1 such that for each k\geq k1,

dist(0, \partial \Phi (xk))\leq 1

bk

k+k1\sum 
i=k - k1

\| xi - xi - 1\| + \varepsilon k

with bk > 0 and \varepsilon k \geq 0, where \partial \Phi (xk) is the (limiting) subdifferential of \Phi at
xk.

H3. There exists a convergent subsequence \{ xkj\} j\in \BbbN with limj\rightarrow \infty xkj = x\in dom \Phi 
such that lim supj\rightarrow \infty \Phi (xkj )\leq \Phi (x).

Unless otherwise stated, the above \{ ak\} k\in \BbbN ,\{ bk\} k\in \BbbN , and \{ \varepsilon k\} k\in \BbbN are assumed to
satisfy

\infty \sum 
k=1

bk =\infty , B := sup
\BbbN \ni k\geq k1

1

bk

k+k1\sum 
i=k - k1

1
\surd 
ai

<\infty , and

\infty \sum 
k=1

\varepsilon k <\infty .(1.2)
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CONVERGENCE OF ZH-TYPE NONMONOTONE DESCENT METHOD 1091

Here, ``:="" means ``define."" The recursion relation of \{ Ck\} k\in \BbbN in H1 comes from the
ZH-type nonmonotone line-search procedure, and when Ck takes \Phi (xk) or \tau k \equiv 1,
condition H1 degenerates to the sufficiently monotone descent condition. In condition
H2, the introduction of a nonnegative integer k1 aims to bound dist(0, \partial \Phi (xk)) from
above by 2k1 +1 successive iterate errors. As will be shown in section 4.2, this plays a
crucial role in the convergence analysis of nonmonotone Riemannian gradient descent
methods. When \Phi is a Lipschitz smooth function on \BbbX = \BbbR n, the iterate sequence
\{ xk\} k\in \BbbN generated by the nonmonotone line-search algorithms in the style of ZH-type
[29, 10, 23] under the direction assumption there falls within the above framework with
\varepsilon k \equiv 0. We include a proof in the appendix.

The main contribution of this work is to resolve the aforementioned open problem
by establishing the full convergence of any sequence \{ xk\} k\in \BbbN conforming to conditions
H1--H3 under the KL property of \Phi , and its R-linear convergence rate under the KL
property of \Phi with exponent 1/2. The difficulty in achieving this goal is how to divide
an iterate sequence \{ xk\} k\in \BbbN obeying conditions H1--H3 into appropriate subsequences
with the help of the objective values. Different from the iterative framework proposed
in [19] for the GLL-type nonmonotone decrease condition, the nonmonotone decrease
condition in H1 does not provide any hint on the division. To overcome the diffi-
culty, we make full use of the recursion formula on Ck to skillfully divide \{ xk\} k\in \BbbN 
into two subsequences, and then establish a recursion relation of the auxiliary se-
quence \{ \Xi k\} k\in \BbbN in Lemma 3.1. Due to the remarkable difference between these two
nonmonotone decrease conditions as showcased in the example [29, (1.3)], the con-
vergence analysis here is also completely different from the one developed in [19].
A technical comparison on the sequence splitting scheme proposed in this paper and
that of [19] can be found in Remark 3.2.

As discussed in [3, 12], there are a large number of nonconvex and nonsmooth op-
timization problems involving the KL functions. Furthermore, by [21, Proposition 1]
and [15, Proposition 2(i) and Remark 1(b)], the piecewise linear-quadratic KL func-
tions with the composite structure of [15] necessarily satisfy the KL property of
exponent 1/2. Thus, the obtained convergence results will have a wide range of
applications. As a demonstration, section 4 achieves the full convergence of the iter-
ate sequences produced by two existing algorithms: the proximal gradient method of
[17] for composite optimization and the Riemannian gradient method of [27, 18] for
Riemannian optimization. This result is new and enhances the existing convergence
results for the two methods. Section 5 concludes the paper.

2. Notation and preliminary results. The quantities and notation for de-
scribing H1 to H3 will be reserved for use throughout the paper and they are \{ ak\} ,
\{ bk\} , \{ Ck\} , \{ \tau k\} , \{ \varepsilon k\} , B, a, \tau , and k1. We also use other (global) notations. Let m
be the smallest positive integer such that

\surd 
\tau (m - k1 - 1) \geq (1+

\surd 
1 - \tau )(2k1+1)

\surd 
m.

Obviously, such m exists and m>k1+1. For each k \in \BbbN , write \ell (k) := k +m - 1 and
\Xi k - 1 :=

\sqrt{} 
Ck - 1 - Ck (we will prove in Lemma 2.3(i) that \{ Ck\} is a nonincreasing se-

quence and hence \Xi k is well defined). For a real number t, the floor operator \lfloor t\rfloor is the
largest integer not greater than t and t+ := max\{ 0, t\} (the nonnegative part of t). For
a proper h : \BbbX \rightarrow \BbbR , denote by \partial h(x) the (limiting) subdifferential of h at x \in domh,
and for any  - \infty <\eta 1 <\eta 2 <\infty , write [\eta 1 < h < \eta 2] := \{ x \in \BbbX | \eta 1 < h(x) < \eta 2\} . The
point x at which 0 \in \partial h(x) is called a critical point of h, and the set of all critical
points of h is denoted by crith.

Now we introduce the formal definition of the KL property (with exponent \theta \in 
[0,1)).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1092 YITIAN QIAN, TING TAO, SHAOHUA PAN, AND HOUDUO QI

Definition 2.1 (see [3, Definition 3.1]). For a given \eta \in (0,\infty ], denote by \Upsilon \eta 

the family of continuous concave \varphi : [0, \eta )\rightarrow \BbbR + that is continuously differentiable on
(0, \eta ) with \varphi \prime (s) > 0 for all s \in (0, \eta ) and \varphi (0) = 0. A proper function h : \BbbX \rightarrow \BbbR is
said to have the KL property at x \in dom\partial h if there exist \eta \in (0,\infty ], a neighborhood
\scrU of x, and a function \varphi \in \Upsilon \eta such that for all x\in \scrU \cap 

\bigl[ 
h(x) <h<h(x) + \eta 

\bigr] 
,

\varphi \prime (h(x) - h(x))dist(0, \partial h(x))\geq 1.

If \varphi can be chosen as \varphi (t) = ct1 - \theta with \theta \in [0,1) for some c > 0, then h is said to
have the KL property of exponent \theta at x. If h has the KL property (of exponent \theta ) at
every point of dom\partial h, then it is called a KL function (of exponent \theta ).

Next we present two technical lemmas used for the subsequent analysis. The first
one, proved in [19], says that if a nonnegative and nonincreasing sequence is bounded
by a mixture of two special sequences related to the indices of the sequence, then the
sequence itself can be bounded by one particular sequence related to its indices.

Lemma 2.2 (see [19, Lemma 2.7]). Let \{ \beta l\} l\in \BbbN \subset \BbbR + be a nonincreasing sequence

with \beta l \leq \mu 0 max
\bigl\{ 
l

1 - \varsigma 
1 - 2\varsigma , (\beta l - m1  - \beta l)

1 - \varsigma 
\varsigma 

\bigr\} 
for all l\geq max\{ l,m1\} , where l and m1 are

the nonnegative integers, and \mu 0 > 0 and \varsigma \in ( 1
2 ,1) are the constants. Then, there

exists \widehat \mu > 0 such that for all l\geq l, \beta l \leq max
\bigl\{ 
\mu 0, \widehat \mu 1 - \varsigma 

1 - 2\varsigma 
\bigr\} 
\lfloor l - l
m1+1\rfloor 

1 - \varsigma 
1 - 2\varsigma .

The second one provides the desirable properties of \{ Ck\} k\in \BbbN and \{ \Phi (xk)\} k\in \BbbN .

Lemma 2.3. Let \{ xk\} k\in \BbbN be a sequence obeying condition H1. Then, the following
claims hold.

(i) For each k \in \BbbN , \Phi (xk)\leq Ck \leq Ck - 1, so the sequence \{ Ck\} k\in \BbbN is convergent.
(ii) The sequence \{ \Phi (xk)\} k\in \BbbN is convergent and has the same limit as \{ Ck\} k\in \BbbN .

(iii) limk\rightarrow \infty (xk+1 - xk) = 0.
(iv) If in addition \{ xk\} k\in \BbbN complies with conditions H2--H3, then the sequences

\{ Ck\} k\in \BbbN and \{ \Phi (xk)\} k\in \BbbN both converge to \Phi (x) with 0\in \partial \Phi (x).

Proof. (i)--(iii) For each k \in \BbbN , from condition H1, it immediately follows that

Ck = (1 - \tau k)Ck - 1 + \tau k\Phi (xk)\leq Ck - 1  - ak\tau k\| xk  - xk - 1\| 2(2.1)

\leq Ck - 1  - a\tau \| xk  - xk - 1\| 2,(2.2)

which implies Ck \leq Ck - 1 and \Phi (xk) \leq Ck - 1. The latter, along with \Phi (xk) = (1  - 
\tau k)(\Phi (xk)  - Ck - 1) + Ck, leads to \Phi (xk) \leq Ck. Recall that \Phi is bounded below on
dom \Phi and \{ xk\} k\in \BbbN \subset dom \Phi . The recursion relation of Ck in condition H1 implies
that \{ Ck\} k\in \BbbN is lower bounded, so its convergence follows the nonincreasing. Note
that \Phi (xk) - Ck - 1 = 1

\tau k
(Ck - Ck - 1) and \tau k \in [\tau ,1] for each k \in \BbbN . Then, the sequence

\{ \Phi (xk)\} k\in \BbbN is convergent and has the same limit as \{ Ck\} k\in \BbbN . From inequality (2.2)
and the convergence of \{ Ck\} k\in \BbbN , it is immediate to obtain limk\rightarrow \infty (xk+1 - xk) = 0.

(iv) Combining H3 with the lower semicontinuity of \Phi yields that limj\rightarrow \infty \Phi (xkj ) =
\Phi (x). Along with part (ii), we have limk\rightarrow \infty Ck = limk\rightarrow \infty \Phi (xk) = \Phi (x), so that

lim
k\rightarrow \infty 

k+k1\sum 
i=k - k1

\Xi i - 1 = lim
k\rightarrow \infty 

k+k1\sum 
i=k - k1

\sqrt{} 
Ci - 1  - Ci = 0.(2.3)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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CONVERGENCE OF ZH-TYPE NONMONOTONE DESCENT METHOD 1093

From condition H2, for each k\geq k1, there exists wk \in \partial \Phi (xk) satisfying the relations

\| wk\| \leq 1

bk

k+k1\sum 
i=k - k1

\| xi - xi - 1\| + \varepsilon k
(2.1)

\leq 1\surd 
\tau bk

k+k1\sum 
i=k - k1

1
\surd 
ai

\Xi i - 1 + \varepsilon k

\leq 

\Biggl( 
1\surd 
\tau bk

k+k1\sum 
i=k - k1

1
\surd 
ai

\Biggr) 
k+k1\sum 

i=k - k1

\Xi i - 1 + \varepsilon k
(1.2)

\leq B\surd 
\tau 

k+k1\sum 
i=k - k1

\Xi i - 1 + \varepsilon k.(2.4)

Passing the limit k\rightarrow \infty to the above inequality and using (2.3) lead to limk\rightarrow \infty wk=0.
Recall that \partial \Phi is outer semicontinuous at x with respect to \Phi -attentive convergence
x  - \rightarrow 

\Phi 
x (i.e., x \rightarrow x and \Phi (x) \rightarrow \Phi (x)) by [22, Proposition 8.7]. Together with

limk\rightarrow \infty \Phi (xk) = \Phi (x) and limj\rightarrow \infty xkj = x, we obtain 0\in \partial \Phi (x).

The inequality (2.2) has a useful implication when there are many terms. For any
given indices k and k\prime with k\prime \geq k, it holds that

k\prime \sum 
i=k

\| xi  - xi - 1\| \leq 1
\surd 
a\tau 

k\prime \sum 
i=k

\sqrt{} 
Ci - 1  - Ci =

1
\surd 
a\tau 

k\prime \sum 
i=k

\Xi i - 1.(2.5)

This inequality will often be used in the convergence analysis of the next section.

3. Main results. In this section, we report two results for the iterate sequence
satisfying H1--H3. The first one is about its full convergence and the second is about
its local convergence rate. We report them in two subsections. For convenience, in
the rest of this paper, let \{ xk\} k\in \BbbN be a sequence satisfying conditions H1--H3.

3.1. Full convergence. In Lemma 2.3(iii), we have proved that the two con-
secutive terms of \{ xk\} k\in \BbbN get arbitrarily close as k increases. If we further assume
that \Phi has the KL property, the sequence becomes a Cauchy sequence. We achieve
this by establishing

\sum \infty 
i=0 \Xi i<\infty . The result

\sum \infty 
i=0 \| xi+1 - xi\| <\infty then follows (2.5).

We first establish an iterative bound for the sums of \Xi i. To this end, we define

\scrK 1 :=
\bigl\{ 
k \in \BbbN | \Phi (xk)\leq Ck+m

\bigr\} 
and \scrK 2 :=

\bigl\{ 
k \in \BbbN | \Phi (xk) >Ck+m

\bigr\} 
.

When \Phi is assumed to have the KL property at x, by Definition 2.1, there exist
\delta > 0, \eta > 0, and \varphi \in \Upsilon \eta such that for all x\in \BbbB (x, \delta )\cap [\Phi (x) < \Phi < \Phi (x) + \eta ],

\varphi \prime (\Phi (x) - \Phi (x))dist(0, \partial \Phi (x))\geq 1.(3.1)

Recall that Ck \geq \Phi (x) for each k \in \BbbN by Lemma 2.3(i) and (iv). Hence,

\Gamma k,k+m := \varphi 
\bigl( 
\Phi (xk) - \Phi (x)

\bigr) 
 - \varphi 

\bigl( 
Ck+m  - \Phi (x)

\bigr) 
for k \in \scrK 2

is well defined. Now we are ready to state the bound on some partial sums of \Xi i.

Lemma 3.1. Suppose that \Phi has the KL property at x. Let \delta > 0, \eta > 0, and \varphi \in \Upsilon \eta 

be chosen to satisfy (3.1). Pick any \rho \in (0, \delta ). Then, for each k \in \BbbN with xk \in \BbbB (x,\rho )
and \Phi (xk) < \Phi (x) + \eta , the following inequality holds with \widehat c := 1

2

\bigl( 
B/
\surd 
\tau + 1

\bigr) 
:

\surd 
\tau \surd 
m

\ell (k)\sum 
i=k

\Xi i \leq 

\left\{   
\surd 

1 - \tau \Xi k - 1 if k \in \scrK 1,\Bigl( 1

2
+
\surd 

1 - \tau 
\Bigr) k+k1\sum 

i=k - k1

\Xi i - 1 + \varepsilon k + \widehat c\Gamma k,k+m if k \in \scrK 2.
(3.2)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1094 YITIAN QIAN, TING TAO, SHAOHUA PAN, AND HOUDUO QI

Proof. We will frequently use the following bound for every k \in \BbbN :

1

m

\ell (k)\sum 
i=k

\Xi i =
1

m

\ell (k)\sum 
i=k

\sqrt{} 
Ci  - Ci+1 \leq 

\sqrt{}    \ell (k)\sum 
i=k

1

m
(Ci  - Ci+1) =

1\surd 
m

\sqrt{} 
Ck  - Ck+m,(3.3)

where the inequality is due to the concavity of the function \BbbR + \ni t \mapsto \rightarrow 
\surd 
t. Fix any

k\in \BbbN with xk\in \BbbB (x,\rho ) and \Phi (xk)<\Phi (x)+\eta . We proceed with the arguments by two
cases.

Case 1: k \in \scrK 1. In this case, \Phi (xk) \leq Ck+m. By the equality in (2.1) and
\tau k \in [\tau ,1],

Ck  - Ck+m = (1 - \tau k)Ck - 1 + \tau k\Phi (xk) - Ck+m \leq (1 - \tau k)Ck - 1 + (\tau k  - 1)Ck+m

= (1 - \tau k)(Ck - 1  - Ck+m)\leq (1 - \tau )(Ck - 1  - Ck + Ck  - Ck+m)

= (1 - \tau )(\Xi 2
k - 1 + Ck  - Ck+m),

which implies that
\sqrt{} 

\tau (Ck  - Ck+m) \leq 
\surd 

1 - \tau \Xi k - 1. Combining this inequality with
the above (3.3), we obtain the inequality (3.2) for k \in \scrK 1.

Case 2: k \in \scrK 2. Now \Phi (x)\leq Ck+m < \Phi (xk) < \Phi (x) + \eta . Using (3.1) with x = xk

yields that \varphi \prime (\Phi (xk) - \Phi (x))dist(0, \partial \Phi (xk))\geq 1, which by condition H2 implies that

\Biggl( 
1

bk

k+k1\sum 
i=k - k1

\| xi - xi - 1\| + \varepsilon k

\Biggr) 
\varphi \prime \bigl( \Phi (xk) - \Phi (x)

\bigr) 
\geq 1.(3.4)

From the definition of \Gamma k,k+m and the concavity of \varphi on [0, \eta ), we have \Gamma k,k+m \geq 
\varphi \prime \bigl( \Phi (xk) - \Phi (x)

\bigr) \bigl( 
\Phi (xk) - Ck+m

\bigr) 
. This along with (3.4) leads to the inequalities

\Phi (xk) - Ck+m \leq 

\Biggl( 
1

bk

k+k1\sum 
i=k - k1

\| xi - xi - 1\| + \varepsilon k

\Biggr) 
\Gamma k,k+m

(2.4)

\leq 

\Biggl( 
B\surd 
\tau 

k+k1\sum 
i=k - k1

\Xi i - 1 + \varepsilon k

\Biggr) 
\Gamma k,k+m.

In addition, by the equality in (2.1), \Phi (xk) - Ck+m = Ck - Ck+m - 1 - \tau k
\tau k

(Ck - 1 - Ck).

Along with the above inequality, the definition of B in (1.2), and 0 < \tau k \leq 1, we have

\tau k(Ck - Ck+m)\leq (1 - \tau k)(Ck - 1  - Ck)+

\Biggl( 
B\surd 
\tau 

k+k1\sum 
i=k - k1

\Xi i - 1 + \varepsilon k

\Biggr) 
\Gamma k,k+m.

By the definition of \widehat c, we have B/
\surd 
\tau = 2\widehat c  - 1. With this in mind, recalling that

\Xi 2
k - 1 = Ck - 1  - Ck, we continue to bound the term

\sqrt{} 
\tau k(Ck  - Ck+m):
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CONVERGENCE OF ZH-TYPE NONMONOTONE DESCENT METHOD 1095

\sqrt{} 
\tau k(Ck - Ck+m)\leq 

\sqrt{}    (1 - \tau k)\Xi 2
k - 1 +

\Biggl( 
(2\widehat c - 1)

k+k1\sum 
i=k - k1

\Xi i - 1 + \varepsilon k

\Biggr) 
\Gamma k,k+m

\leq 
\surd 

1 - \tau k\Xi k - 1+

\sqrt{}    (2\widehat c - 1)

k+k1\sum 
i=k - k1

\Xi i - 1\Gamma k,k+m+
\sqrt{} 
\varepsilon k\Gamma k,k+m

=
\surd 

1 - \tau k\Xi k - 1+ 2

\sqrt{}    \Bigl( (\widehat c - 1/2)\Gamma k,k+m

\Bigr) \Biggl( 1

2

k+k1\sum 
i=k - k1

\Xi i - 1

\Biggr) 

+ 2
\sqrt{} 

(\varepsilon k/2)(\Gamma k,k+m/2)

\leq 
\surd 

1 - \tau k\Xi k - 1+
1

2

k+k1\sum 
i=k - k1

\Xi i - 1+
1

2
\varepsilon k+\widehat c\Gamma k,k+m

\leq 
\Bigl( 1

2
+
\surd 

1 - \tau 
\Bigr) k+k1\sum 

i=k - k1

\Xi i - 1 + \varepsilon k + \widehat c\Gamma k,k+m,

where the first inequality is by the definition of \widehat c, and the second is due to
\surd 
\alpha +\beta \leq \surd 

\alpha +
\surd 
\beta for \alpha ,\beta \geq 0. The penultimate inequality is due to twice using the fact

2
\surd 
\alpha \beta \leq \alpha +\beta for \alpha ,\beta \geq 0. Using (3.3) again yields the inequality (3.2) for k \in \scrK 2.

Remark 3.2. To fully appreciate the innovative role that the sequence splitting in
\scrK 1 and \scrK 2 plays in Lemma 3.1 and also in future results, we like to make a technical
note to highlight its difference from the splitting scheme used in [19] for the GLL-type
nonmonotone line-search. We recall the search criterion at xk of GLL-type is

\Phi (xk+1) + a\| xk+1  - xk\| 2 \leq max
j=[k - m0]+,...,k

\Phi (xj),

where m0 \geq 0 is a given integer and a > 0 is a constant. Let \widetilde \ell (k) be the maximum
index in arg maxj=[k - m0]+,...,k \Phi (xj). Apparently, we have

\Phi (xk+1)\leq \Phi (x
\widetilde \ell (k)) - a\| xk+1  - xk\| 2.

The quality of \Phi (xk+1) is further measured against the value of \Phi (x
\widetilde \ell (k+1)). Hence,

we define

\widetilde \scrK 1 :=
\Bigl\{ 
k \in \BbbN | \Phi (xk+1)\leq \Phi (x

\widetilde \ell (k+1)) - a

2
\| xk+1  - xk\| 2

\Bigr\} 
.

This sequence was naturally suggested by the GLL-type search rule and was used in
[19] to derive convergence properties on the sequence \widetilde \scrK 1. In contrast, the search in
H1 uses a weighted average of functional values contained in Ck. There is no obvious
way to refer to particular functional values \{ \Phi (xk)\} as they are averaged. Instead,
we collect in \scrK 1 all indices k with \Phi (xk) \leq Ck+m. Note that m \geq 2 in our setting.
This means that the value Ck+m contains iterate information up to xk+m (the future
iterates xk+2, . . . , xk+m were involved). In contrast, \widetilde \scrK 1 only used the information up
to xk+1, which was already calculated at xk. The future versus the present information
being involved in the sequence splitting requires a completely different set of analysis
to derive the respective convergence result. Further difference between our results
and those from [19] is discussed in Remark 3.7.
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1096 YITIAN QIAN, TING TAO, SHAOHUA PAN, AND HOUDUO QI

Theorem 3.3. If \Phi has the KL property at x, then
\sum \infty 

k=0 \| xk+1 - xk\| <\infty , and
consequently the sequence \{ xk\} k\in \BbbN converges to x that is a critical point of \Phi .

Proof. From limk\rightarrow \infty \Phi (xk)=\Phi (x), there exists \BbbN \ni \widehat k>k1 such that for all k\geq \widehat k,
\Phi (xk) < \Phi (x) + \eta . Recall that limk\rightarrow \infty Ck =\Phi (x) and limk\rightarrow \infty (xk+1 - xk)=0. Along
with condition H3,

\sum \infty 
k=1 \varepsilon k <\infty , and the continuity of \varphi on [0, \eta ), if necessary by

increasing \widehat k, we have

\| x\widehat k  - x\| +
4(2k1+1)
\surd 
a\tau 

\ell (\widehat k)\sum 
j=\widehat k - k1

\Xi j - 1 +
2\widehat c
\surd 
a\tau 

\ell (\widehat k)\sum 
j=\widehat k

\varphi 
\bigl( 
Cj  - \Phi (x)

\bigr) 
+

2
\surd 
a\tau 

\infty \sum 
j=\widehat k

\varepsilon j <\rho ,(3.5)

where \rho is the same as in Lemma 3.1. Thus, by Lemma 3.1, inequality (3.2) holds for
k = \widehat k. We claim that the desired conclusion holds if for each \nu \geq \ell (\widehat k),\left\{               

x\nu \in \BbbB (x,\rho ),
\surd 
\tau m

\nu \sum 
j=\ell (\widehat k)\Xi j \leq 

\Bigl( 1

2
+
\surd 

1 - \tau 
\Bigr) 

(2k1+1)
\nu +1\sum 

j=\widehat k - k1

\Xi j - 1 +
\nu \sum 

j=\widehat k \varepsilon j
+\widehat c \ell (\widehat k)\sum 

j=\widehat k\varphi 
\bigl( 
Cj - \Phi (x)

\bigr) 
.

(3.6)

Indeed, by the definition of m,
\surd 
m\tau \geq 

\surd 
\tau (m - k1 - 1)\surd 

m
\geq (1+

\surd 
1 - \tau )(2k1+1), so that

\widehat c1 :=
\surd 
m\tau  - 

\Bigl( 1

2
+
\surd 

1 - \tau 
\Bigr) 

(2k1+1)\geq 2k1 + 1

2
\geq 1

2
.

According to this inequality, the inequality in (3.6) implies that

\widehat c1 \nu \sum 
j=\ell (\widehat k)

\Xi j\leq 
(1+2

\surd 
1 - \tau )(2k1+1)

2

\ell (\widehat k)\sum 
j=\widehat k - k1

\Xi j - 1+ \widehat c \ell (\widehat k)\sum 
j=\widehat k

\varphi 
\bigl( 
Cj - \Phi (x)

\bigr) 
+

\nu \sum 
j=\widehat k

\varepsilon j .(3.7)

Passing the limit \nu \rightarrow \infty to both sides of (3.7) leads to
\sum \infty 

k=1 \Xi k <\infty , which by (2.5)
implies that

\sum \infty 
k=0 \| xk+1 - xk\| <\infty . By condition H3, \{ xk\} k\in \BbbN converges to x.

Next we prove by induction that the claim (3.6) holds for every \nu \geq \ell (\widehat k). Indeed,

the above (3.5) implies that \| x\widehat k  - x\| <\rho . For any \widehat k + 1\leq \nu \leq \ell (\widehat k), using \| x\nu  - x\| \leq 
\| x\widehat k  - x\| + \| x\nu  - x

\widehat k\| and the previous (2.5) and (3.5) leads to

\| x\nu  - x\| \leq \| x\widehat k  - x\| +

\nu \sum 
j=\widehat k+1

\| xj  - xj - 1\| 
(2.5)

\leq \| x\widehat k  - x\| +
1
\surd 
a\tau 

\nu \sum 
j=\widehat k+1

\Xi j - 1

(3.5)
< \rho .

Thus, we have x\nu \in \BbbB (x,\rho ) for \widehat k \leq \nu \leq \ell (\widehat k). Together with \Phi (xk) < \Phi (x)+\eta for

all k \geq \widehat k, invoking Lemma 3.1 shows that inequality (3.2) holds for x
\widehat k, . . ., x\ell (\widehat k).

Summing inequality (3.2) from \widehat k to \ell (\widehat k) and using the nonnegativity of \varphi leads to

\surd 
\tau \surd 
m

\ell (\widehat k)\sum 
j=\widehat k

\ell (j)\sum 
i=j

\Xi i

\underbrace{}  \underbrace{}  
:=\Delta 1

\leq 
\biggl( 

1

2
+
\surd 

1 - \tau 
\biggr) \ell (\widehat k)\sum 

j=\widehat k
j+k1\sum 

i=j - k1

\Xi i - 1 +

\ell (\widehat k)\sum 
j=\widehat k

\varepsilon j + \widehat c \ell (\widehat k)\sum 
\scrK 2\ni j=\widehat k

\varphi 
\bigl( 
\Phi (xj) - \Phi (x)

\bigr) 

\leq 
\biggl( 

1

2
+
\surd 

1 - \tau 
\biggr) \ell (\widehat k)\sum 

j=\widehat k
j+k1\sum 

i=j - k1

\Xi i - 1

\underbrace{}  \underbrace{}  
:=\Delta 2

+

\ell (\widehat k)\sum 
j=\widehat k

\varepsilon j + \widehat c \ell (\widehat k)\sum 
j=\widehat k

\varphi 
\bigl( 
Cj - \Phi (x)

\bigr) 
,(3.8)
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CONVERGENCE OF ZH-TYPE NONMONOTONE DESCENT METHOD 1097

where the second inequality is due to \Phi (xj)\leq Cj by Lemma 2.3(i) and the increasing
of \varphi . Both \Delta 1 and \Delta 2 contain many terms. We simplify them. Recall that m>k1+1
by the definition of m and \ell (\widehat k) = \widehat k + m - 1. For \Delta 1, there are at least as many as
m terms of \Xi \ell (\widehat k). For each j \in \{ \widehat k,\widehat k + 1, . . . , \ell (\widehat k)\} , we consider the terms in the

sum
\sum \ell (j)

i=j \Xi i that have indices higher than \ell (\widehat k). Note that \ell (j)\geq \ell (\widehat k)+k1 +1 for

j=\widehat k+k1+1, . . . ,\widehat k+m - 1. We have
\sum \ell (j)

i=j \Xi i \geq 
\sum \ell (\widehat k)+k1+1

i=\widehat k+m
\Xi i, and consequently,

\Delta 1 \geq m\Xi \ell (\widehat k) + (m - k1 - 1)

\ell (\widehat k)+k1+1\sum 
i=\widehat k+m

\Xi i.

For \Delta 2, we consider the lowest and the highest index for i and they are i = \widehat k  - k1
and i = \ell (\widehat k) + k1. Therefore, it holds that

\Delta 2 \leq (2k1 + 1)

\ell (\widehat k)+k1\sum 
i=\widehat k - k1

\Xi i - 1.

Substitute those bounds back to (3.8) and obtain the following inequalities:

\surd 
\tau m\Xi \ell (\widehat k) +

\surd 
\tau (m - k1 - 1)\surd 

m

\ell (\widehat k)+k1+1\sum 
j=\widehat k+m

\Xi j

\leq 
\biggl( 

1

2
+
\surd 

1 - \tau 
\biggr) 

(2k1+1)

\ell (\widehat k)+k1\sum 
j=\widehat k - k1

\Xi j - 1 +

\ell (\widehat k)\sum 
j=\widehat k

\varepsilon j + \widehat c \ell (\widehat k)\sum 
j=\widehat k

\varphi 
\bigl( 
Cj - \Phi (x)

\bigr) 

\leq 
\biggl( 

1

2
+
\surd 

1 - \tau 
\biggr) 

(2k1+1)

\left[  \ell (\widehat k)+1\sum 
j=\widehat k - k1

\Xi j - 1 +

\ell (\widehat k)+k1+2\sum 
j=\ell (\widehat k)+2

\Xi j - 1

\right]  
+

\ell (\widehat k)\sum 
j=\widehat k

\varepsilon j + \widehat c \ell (\widehat k)\sum 
j=\widehat k

\varphi 
\bigl( 
Cj - \Phi (x)

\bigr) 
.(3.9)

Recall that \ell (\widehat k) + 1 = \widehat k + m and
\surd 
\tau (m - k1 - 1)\surd 

m
\geq (1 +

\surd 
1 - \tau )(2k1 + 1). The above

inequality implies that the inequality in (3.6) holds for \nu = \ell (\widehat k), so the claimed (3.6)
holds for \nu = \ell (\widehat k). Now assume that the claimed (3.6) holds for some \nu \geq \ell (\widehat k). We
argue that it holds for \nu + 1. From the triangle inequality and (2.5), it holds that

\| x\nu +1 - x\| \leq \| x\widehat k - x\| +

\nu \sum 
j=\widehat k
\| xj+1 - xj\| \leq \| x\widehat k  - x\| +

1
\surd 
a\tau 

\left[  \ell (\widehat k) - 1\sum 
j=\widehat k

\Xi j +

\nu \sum 
j=\ell (\widehat k)

\Xi j

\right]  .
Note that (3.7) holds for this \nu . Together with the above inequality, it follows that

\| x\nu +1  - x\| \leq \| x\widehat k  - x\| +
1
\surd 
a\tau 

\ell (\widehat k) - 1\sum 
j=\widehat k

\Xi j+
(1 + 2

\surd 
1 - \tau )(2k1+1)
\surd 
a\tau 

\ell (\widehat k)\sum 
j=\widehat k - k1

\Xi j - 1

+
2
\surd 
a\tau 

\nu \sum 
j=\widehat k

\varepsilon j +
2\widehat c
\surd 
a\tau 

\ell (\widehat k)\sum 
j=\widehat k

\varphi 
\bigl( 
Cj - \Phi (x)

\bigr) 
(also used \widehat c1 \geq 1/2).
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1098 YITIAN QIAN, TING TAO, SHAOHUA PAN, AND HOUDUO QI

Recall that \tau \in (0,1], so 1+2
\surd 

1 - \tau < 3. Then, we have

\| x\nu +1  - x\| \leq \| x\widehat k  - x\| + 4(2k1+1)
\surd 
a\tau 

\ell (\widehat k)\sum 
j=\widehat k - k1

\Xi j - 1+
2
\surd 
a\tau 

\nu \sum 
j=\widehat k

\varepsilon j

+
2\widehat c
\surd 
a\tau 

\ell (\widehat k)\sum 
j=\widehat k

\varphi 
\bigl( 
Cj - \Phi (x)

\bigr) (3.5)
< \rho .

This shows x\nu +1 \in \BbbB (x,\rho ), so the rest only proves the inequality in (3.6) for \nu + 1.

Note that Lemma 3.1 holds for x
\widehat k up to x\nu +1. Summing (3.2) from \widehat k to \nu + 1 yields

\surd 
\tau \surd 
m

\nu +1\sum 
j=\widehat k

\ell (j)\sum 
i=j

\Xi i \leq 
\Bigl( 1

2
+
\surd 

1 - \tau 
\Bigr) \nu +1\sum 

j=\widehat k
j+k1\sum 

i=j - k1

\Xi i - 1 +

\nu +1\sum 
j=\widehat k

\varepsilon j

+ \widehat c \nu +1\sum 
\scrK 2\ni j=\widehat k

\bigl[ 
\varphi 
\bigl( 
\Phi (xj) - \Phi (x)

\bigr) 
 - \varphi 

\bigl( 
Cj+m - \Phi (x)

\bigr) \bigr] 
.

As \Phi (xj)\leq Cj for each j \in \BbbN by Lemma 2.3(i), the increasing and nonnegativity of \varphi 
implies that

\nu +1\sum 
\scrK 2\ni j=\widehat k

\bigl[ 
\varphi 
\bigl( 
\Phi (xj) - \Phi (x)

\bigr) 
 - \varphi 

\bigl( 
Cj+m - \Phi (x)

\bigr) \bigr] 
\leq 

\ell (\widehat k)\sum 
j=\widehat k

\varphi (Cj  - \Phi (x)).

From the above two inequalities, it immediately follows that

\surd 
\tau \surd 
m

\nu +1\sum 
j=\widehat k

\ell (j)\sum 
i=j

\Xi i

\underbrace{}  \underbrace{}  
:=\Delta 3

\leq 
\Bigl( 1

2
+
\surd 

1 - \tau 
\Bigr) \nu +1\sum 

j=\widehat k
j+k1\sum 

i=j - k1

\Xi i - 1

\underbrace{}  \underbrace{}  
:=\Delta 4

+

\nu +1\sum 
j=\widehat k

\varepsilon j + \widehat c \ell (\widehat k)\sum 
j=\widehat k

\varphi (Cj  - \Phi (x)).(3.10)

For \Delta 3, there are at least as many as m terms of
\sum \nu +1

i=\ell (\widehat k) \Xi i. For each j \in \{ \widehat k, . . . , \nu +1\} ,
we consider the terms in the sum

\sum \ell (j)
i=j \Xi i that have indices higher than \nu + 1. Note

that \ell (j)\geq \nu +k1+2 for j = \nu +k1 - m+3, . . . , \nu +1. We have
\sum \ell (j)

i=j \Xi i \geq 
\sum \nu +k1+2

i=\nu +2 \Xi i,
and consequently,

\Delta 3 \geq m

\nu +1\sum 
i=\ell (\widehat k)

\Xi i + (m - k1  - 1)

\nu +k1+2\sum 
i=\nu +2

\Xi i.

For \Delta 4, we consider the lowest and the highest index for i and they are i = \widehat k  - k1
and i = \nu + k1 + 1. Therefore, it holds that

\Delta 4 \leq (2k1 + 1)

\nu +k1+1\sum 
i=\widehat k - k1

\Xi i - 1.
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CONVERGENCE OF ZH-TYPE NONMONOTONE DESCENT METHOD 1099

Substitute those bounds back to (3.10) and get the following:

\surd 
\tau m

\nu +1\sum 
j=\ell (\widehat k)

\Xi j +

\surd 
\tau (m - k1 - 1)\surd 

m

\nu +k1+2\sum 
j=\nu +2

\Xi j

\leq 
\Bigl( 1

2
+
\surd 

1 - \tau 
\Bigr) 

(2k1+1)

\nu +k1+1\sum 
j=\widehat k - k1

\Xi j - 1 +

\nu +1\sum 
j=\widehat k

\varepsilon j + \widehat c \ell (\widehat k)\sum 
j=\widehat k

\varphi (Cj  - \Phi (x)).

This, along with
\surd 
\tau (m - k1 - 1)\surd 

m
\geq (1 +

\surd 
1 - \tau )(2k1 + 1), implies that the inequality in

(3.6) holds for \nu + 1. Thus, we complete the induction proof.

Remark 3.4. By the convergence analysis of this section, when H2 is relaxed to
H2\prime . there exist k1 \in \BbbN and \delta > 0 such that for all k \geq k1 and xk \in \BbbB (x, \delta ),

dist(0, \partial \Phi (xk))\leq 1
bk

\sum k+k1

i=k - k1
\| xi - xi - 1\| + \varepsilon k with bk>0 and \varepsilon k\geq 0,

any sequence \{ xk\} k\in \BbbN satisfying H1, H2\prime , and H3 still has the full convergence.

3.2. Convergence rate. Next we establish the convergence rate of \{ xk\} k\in \BbbN 
under the KL property of \Phi with exponent \theta \in (0,1) by Theorem 3.3 and Lemma 2.2.
We will require the relative error \varepsilon k in condition H2 to be eventually controlled by a
sequence related to the exponent. This requirement is certainly satisfied if we simply
set \varepsilon k = 0. For this purpose, we first establish the convergence rate of \{ Ck\} k\in \BbbN .

Lemma 3.5. Suppose that \Phi has the KL property of exponent \theta \in (0,1) at x. If
there exist \widetilde k0 \in \BbbN ,\widetilde \gamma > 0, and \widetilde \varrho \in (0,1) such that for all k\geq \widetilde k0,

\varepsilon k \leq 
\biggl\{ \widetilde \gamma \widetilde \varrho k if \theta \in (0,1/2],\widetilde \gamma k \theta 

1 - 2\theta if \theta \in (1/2,1),
(3.11)

then there exist \gamma > 0 and \varrho \in (0,1) such that for sufficiently large k,

\widetilde \Lambda k := Ck  - \Phi (x)\leq 
\biggl\{ 

\gamma \varrho k if \theta \in (0,1/2],

\gamma k
1

1 - 2\theta if \theta \in (1/2,1).
(3.12)

Proof. Since \Phi has the KL property of exponent \theta \in (0,1) at x, for any x \in 
\BbbB (x, \delta ) \cap [\Phi (x) < \Phi < \Phi (x) + \eta ], the inequality (3.1) holds with \varphi (t) = ct1 - \theta for
some c > 0. Along with limk\rightarrow \infty xk = x by Theorem 3.3, limk\rightarrow \infty \Phi (xk) = \Phi (x), and
condition H2, there is \widetilde k\geq max\{ \ell (\widehat k),\widetilde k0\} such that for all k\geq \widetilde k with \Phi (xk) > \Phi (x),

(\Phi (xk) - \Phi (x))\theta \leq c(1 - \theta )

\Biggl( 
1

bk

k+k1\sum 
i=k - k1

\| xi - xi - 1\| +\varepsilon k

\Biggr) 
(2.4)

\leq c(1 - \theta )

\Biggl( 
B\surd 
\tau 

k+k1\sum 
i=k - k1

\Xi i - 1+\varepsilon k

\Biggr) 

\leq c(1 - \theta ) max
\bigl\{ 

1, (2\widehat c - 1)
\bigr\} \Biggl[ k+k1\sum 

i=k - k1

\Xi i - 1+\varepsilon k

\Biggr] 
,(3.13)

where the third inequality is by the definition of \widehat c appearing in Lemma 3.1. By letting\widehat c2(\theta ) := (c(1 - \theta ) max
\bigl\{ 

1, (2\widehat c - 1)
\bigr\} 

)
1
\theta , for all k\geq \widetilde k with \Phi (xk) > \Phi (x), we have

\Phi (xk) - \Phi (x)\leq \widehat c2(\theta )

\Biggl[ 
k+k1\sum 

i=k - k1

\Xi i - 1+\varepsilon k

\Biggr] 1
\theta 

,
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1100 YITIAN QIAN, TING TAO, SHAOHUA PAN, AND HOUDUO QI

which, together with the equality in (2.1) and \tau k \geq \tau , implies that

\widetilde \Lambda k = Ck  - \Phi (x) = (1 - \tau k)(Ck - 1  - \Phi (x)) + \tau k(\Phi (xk) - \Phi (x))

\leq (1 - \tau )\widetilde \Lambda k - 1 + \tau \widehat c2(\theta )

\Biggl[ 
k+k1\sum 

i=k - k1

\Xi i - 1+\varepsilon k

\Biggr] 1
\theta 

,(3.14)

while for all k\geq \widetilde k with \Phi (xk)\leq \Phi (x), from the equality in (2.1) and \tau k \geq \tau , we have

\widetilde \Lambda k = (1 - \tau k)(Ck - 1  - \Phi (x)) + \tau k(\Phi (xk) - \Phi (x))\leq (1 - \tau )\widetilde \Lambda k - 1.

Thus, the inequality (3.14) holds for all k \geq \widetilde k. We proceed with the proof by two
cases.

Case 1: \theta \in (0, 12 ]. Note that limk\rightarrow \infty 
\sum k+k1

i=k - k1
\Xi i = 0 and limk\rightarrow \infty \varepsilon k = 0. Hence,\sum k+k1

i=k - k1
\Xi i+ \varepsilon k<0.5 for all k\geq \widetilde k (if necessary by increasing \widetilde k). For any k\geq \widetilde k, using

the above inequality (3.14), the convexity of \BbbR \ni t \mapsto \rightarrow t2 and \varepsilon k \leq \widetilde \gamma \widetilde \varrho k leads to

\widetilde \Lambda k+k1
\leq \widetilde \Lambda k \leq (1 - \tau )\widetilde \Lambda k - 1 + \tau \widehat c2(\theta )

\Biggl[ 
k+k1\sum 

i=k - k1

\Xi i - 1+\varepsilon k

\Biggr] 2

\leq (1 - \tau )\widetilde \Lambda k - 1 + \tau (2k1+2)\widehat c2(\theta )

\Biggl[ 
k+k1\sum 

i=k - k1

\Xi 2
i - 1+\varepsilon 2k

\Biggr] 
\leq (1 - \tau )\widetilde \Lambda k - k1 - 1 + \tau (2k1+2)\widehat c2(\theta )

\Bigl[ \widetilde \Lambda k - k1 - 1  - \widetilde \Lambda k+k1 +\widetilde \gamma 2\widetilde \varrho 2k\Bigr] ,
which, by setting \varrho 1 := 1 - \tau +\tau (2k1+2)\widehat c2(\theta )

1+\tau (2k1+2)\widehat c2(\theta ) , implies that

\widetilde \Lambda k+k1
\leq \varrho 1

\Bigl( \widetilde \Lambda k - k1 - 1 + \widetilde \gamma 2\widetilde \varrho 2k\Bigr) = \varrho 1\Lambda k - k1 - 1 + \varrho 1\widetilde \gamma 2\widetilde \varrho 2k.(3.15)

Consequently, for any k\geq \widetilde k+k1, it holds that

\widetilde \Lambda k \leq \varrho 1\widetilde \Lambda k - 2k1 - 1 + \varrho 1\widetilde \gamma 2\widetilde \varrho 2k - 2k1 \leq \varrho 1\widetilde \Lambda k - 2k1 - 1 + \varrho 1\widetilde \gamma 2\widetilde \varrho k - 2k1 - 1,

where the second inequality is due to \widetilde \varrho < 1. Using the above recursive relation and

letting k :=\lfloor k - \widetilde k - k1

2k1+1 \rfloor and \beta := \varrho 1\widetilde \gamma 2, we have

\widetilde \Lambda k \leq \varrho k1
\widetilde \Lambda k - k(2k1+1) + \beta \widetilde \varrho k - 2k1 - 1

\Bigl[ 
1 +

\varrho 1\widetilde \varrho 2k1+1
+ \cdot \cdot \cdot +

\Bigl( \varrho 1\widetilde \varrho 2k1+1

\Bigr) k - 1\Bigr] 
.

After a simple calculation for \varrho 1\widetilde \varrho 2k1+1 > 1, \varrho 1\widetilde \varrho 2k1+1 = 1, and \varrho 1\widetilde \varrho 2k1+1 < 1, respectively, there

exist \gamma > 0 and \varrho \in (0,1) such that \widetilde \Lambda k \leq \gamma \varrho k for sufficiently large k.
Case 2: \theta \in ( 1

2 ,1). Since
\sum k+k1

i=k - k1
\Xi 2
i + \varepsilon 2k < 0.5 for all k \geq \widetilde k (if necessary by

increasing \widetilde k), invoking inequality (3.14) yields that for any k\geq \widetilde k,

\widetilde \Lambda k+k1
\leq \widetilde \Lambda k \leq (1 - \tau )\widetilde \Lambda k - 1 + \tau (2k1 + 2)

1
2\theta \widehat c2(\theta )

\Biggl[ 
k+k1\sum 

i=k - k1

\Xi 2
i - 1+\varepsilon 2k

\Biggr] 1
2\theta 

\leq (1 - \tau )\widetilde \Lambda k - k1 - 1 + \tau (2k1 + 2)
1
2\theta \widehat c2(\theta )

\Bigl[ \widetilde \Lambda k - k1 - 1  - \widetilde \Lambda k+k1
+\varepsilon 2k

\Bigr] 1
2\theta 

.
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CONVERGENCE OF ZH-TYPE NONMONOTONE DESCENT METHOD 1101

By dividing the above inequality by \tau , after a suitable rearrangement, for any k\geq \widetilde k,

\widetilde \Lambda k+k1
\leq (1 - \tau )

\tau 
[\widetilde \Lambda k - k1 - 1  - \widetilde \Lambda k+k1

] + (2k1 + 2)
1
2\theta \widehat c2(\theta )

\Bigl[ \widetilde \Lambda k - k1 - 1  - \widetilde \Lambda k+k1
+\varepsilon 2k

\Bigr] 1
2\theta 

\leq \tau  - 1[1 - \tau + \tau (2k1 + 2)
1
2\theta \widehat c2(\theta )]

\Bigl( 
(\widetilde \Lambda k - k1 - 1  - \widetilde \Lambda k+k1)+\widetilde \gamma 2k

2\theta 
1 - 2\theta 

\Bigr) 1
2\theta 

.

Note that k
k+k1

\geq 0.5 for all k\geq \widetilde k (if necessary by increasing \widetilde k). Then, for any k\geq \widetilde k,

\widetilde \Lambda k+k1 \leq \tau  - 1[1 - \tau + \tau (2k1+2)
1
2\theta \widehat c2(\theta )]

\Bigl( 
(\widetilde \Lambda k - k1 - 1 - \widetilde \Lambda k+k1

)+2
2\theta 

2\theta  - 1 \widetilde \gamma 2(k + k1)
2\theta 

1 - 2\theta 

\Bigr) 1
2\theta 

\leq M1 max
\bigl\{ 

(\widetilde \Lambda k - k1 - 1  - \widetilde \Lambda k+k1)
1
2\theta , (k + k1)

1
1 - 2\theta 

\bigr\} 
with M1 := \tau  - 1(1+2

1
2\theta  - 1 \widetilde \gamma 1

\theta )[1 - \tau +\tau (2k1+2)
1
2\theta \widehat c2(\theta )]. Thus, for all k\geq \widetilde k+k1, we have\widetilde \Lambda k\leq M1max

\bigl\{ 
(\widetilde \Lambda k - 2k1 - 1 - \widetilde \Lambda k)

1
2\theta , k

1
1 - 2\theta 

\bigr\} 
. Invoking Lemma 2.2 leads to the result.

Now we are in a position to achieve the main conclusion of this section.

Theorem 3.6. Suppose that \Phi has the KL property of exponent \theta \in (0,1) at x. If
there exist \widetilde k0 \in \BbbN ,\widetilde \gamma > 0 and \widetilde \varrho \in (0,1) such that inequality (3.11) holds for all k\geq \widetilde k0,
then there exist \gamma > 0 and \varrho \in (0,1) such that for sufficiently large k,

\| xk  - x\| \leq \Delta k :=

\infty \sum 
j=k

\| xj+1 - xj\| \leq 
\biggl\{ 

\gamma \varrho k if \theta \in (0,1/2],

\gamma k
1 - \theta 
1 - 2\theta if \theta \in (1/2,1).

(3.16)

Proof. By the definition of \Delta k and the triangle inequality, it holds that \| xk - x\| \leq 
\Delta k. For each k \in \BbbN , write \Lambda k :=

\sum \infty 
j=k \Xi j . From (2.5) and \ell (k) = k + m - 1, to prove

the second inequality in (3.16), it suffices to argue the existence of \gamma > 0 and \varrho \in (0,1)
such that for sufficiently large k,

\Lambda \ell (k) \leq 
\biggl\{ 

\gamma \varrho k if \theta \in (0,1/2],

\gamma k
1 - \theta 
1 - 2\theta if \theta \in (1/2,1).

(3.17)

Let \widetilde k be the same as before. Invoking the previous (3.7) with \widehat k replaced by any k\geq \widetilde k
and \varphi (t) = ct1 - \theta for some c > 0 and passing the limit \nu \rightarrow \infty results in

\Lambda \ell (k) =

\infty \sum 
j=\ell (k)

\Xi j \leq 
(1+2

\surd 
1 - \tau )(2k1+1)

2\widehat c1
\ell (k)\sum 

j=k - k1

\Xi j - 1+
c\widehat c\widehat c1

\ell (k)\sum 
j=k

\bigl( 
Cj - \Phi (x)

\bigr) 1 - \theta 
+

1\widehat c1
\infty \sum 
j=k

\varepsilon j

\leq (1+2
\surd 

1 - \tau )(2k1+1)

2\widehat c1
\ell (k)\sum 

j=k - k1

\widetilde \Lambda 1
2
j - 1+

c\widehat c\widehat c1
\ell (k)\sum 
j=k

\widetilde \Lambda 1 - \theta 
j +

1\widehat c1
\infty \sum 
j=k

\varepsilon j

\leq \widetilde c1\widetilde \Lambda 1
2

k - k1 - 1+\widetilde c2\widetilde \Lambda 1 - \theta 
k +

1\widehat c1
\infty \sum 
j=k

\varepsilon j(3.18)

with \widetilde c1 := (1+2
\surd 
1 - \tau )(2k1+1)(m+k1)

2\widehat c1 and \widetilde c2 := c\widehat cm\widehat c1 , where the third inequality is due to
the nonincreasing of the sequence \{ Ck\} k\in \BbbN . We proceed with the proof by two cases.

Case 1: \theta \in (0, 12 ]. Note that limk\rightarrow \infty \widetilde \Lambda k = 0, so \widetilde \Lambda k - k1 - 1 <0.5 for all k \geq \widetilde k (if

necessary by increasing \widetilde k). From (3.11), for any k\geq \widetilde k,
\sum \infty 

j=k \varepsilon j \leq \widetilde \gamma \sum \infty 
j=k \widetilde \varrho k \leq \widetilde \gamma \widetilde \varrho k

1 - \widetilde \varrho .

Thus, together with 1 - \theta \geq 1/2 and inequality (3.18), for any k\geq \widetilde k, it holds that

\Lambda \ell (k) \leq [\widetilde c1 + \widetilde c2 + \widehat c - 1
1 ]
\Bigl[ \widetilde \Lambda 1

2

k - k1 - 1 +
\widetilde \gamma \widetilde \varrho k

1 - \widetilde \varrho \Bigr] .

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

05
/2

0/
25

 to
 1

58
.1

32
.1

61
.1

80
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



1102 YITIAN QIAN, TING TAO, SHAOHUA PAN, AND HOUDUO QI

By Lemma 3.5, there exist \widehat \gamma > 0 and \widehat \varrho \in (0,1) such that \widetilde \Lambda k \leq \widehat \gamma \widehat \varrho k for sufficiently
large k. Then, for all k\geq \widetilde k (if necessary by increasing \widetilde k),

\Lambda \ell (k) \leq [\widetilde c1 + \widetilde c2 + \widehat c - 1
1 ]
\Bigl( \widehat \gamma 1

2 \widehat \varrho k - k1 - 1
2 +

\widetilde \gamma \widetilde \varrho k

1 - \widetilde \varrho \Bigr) .
Set \widetilde c3 :=(\widetilde c1 +\widetilde c2 +\widehat c - 1

1 )(\gamma 
1
2 \widehat \varrho  - k1+1

2 + \widetilde \gamma 
1 - \widetilde \varrho ) and \varrho 1 := max\{ \widehat \varrho 1

2 , \widetilde \varrho \} . The above inequality

implies \Lambda \ell (k) \leq \widetilde c3\varrho k1 for all k\geq \widetilde k.

Case 2: \theta \in ( 1
2 ,1). Since \widetilde \Lambda k - k1 - 1 < 0.5 for all k \geq \widetilde k (if necessary by increasing\widetilde k), from inequality (3.18), it follows that for any k\geq \widetilde k,

\Lambda \ell (k) \leq [\widetilde c1 + \widetilde c2 + \widehat c - 1
1 ]

\Biggl[ \widetilde \Lambda 1 - \theta 
k - k1 - 1 +

\infty \sum 
j=k

\varepsilon j

\Biggr] 
.(3.19)

By Lemma 3.5, there exists \widehat \gamma > 0 such that \widetilde \Lambda k \leq \widehat \gamma k 1
1 - 2\theta for sufficiently large k, so\widetilde \Lambda k - k1 - 1 \leq \widehat \gamma (k  - k1  - 1)

1
1 - 2\theta for all k \geq \widetilde k (if necessary by enlarging \widetilde k). Note that

k - k1 - 1
k > 0.5 for any k \geq \widetilde k (if necessary by enlarging \widetilde k). Then, for any k \geq \widetilde k,\widetilde \Lambda k - k1 - 1 \leq 2

1
2\theta  - 1 \widehat \gamma k 1

1 - 2\theta . In addition, from \varepsilon k \leq \widetilde \gamma k \theta 
1 - 2\theta , it is not hard to get

\infty \sum 
j=k

\varepsilon j \leq \widetilde \gamma \infty \sum 
j=k

k
\theta 

1 - 2\theta \leq \widetilde \gamma \int \infty 

k

t
\theta 

1 - 2\theta dt =
\widetilde \gamma (2\theta  - 1)

1 - \theta 
k

1 - \theta 
1 - 2\theta .

Together with \widetilde \Lambda k - k1 - 1 \leq 2
1

2\theta  - 1 \widehat \gamma k 1
1 - 2\theta and inequality (3.19), for any k \geq \widetilde k, it holds

that

\Lambda \ell (k) \leq [\widetilde c1 + \widetilde c2 + \widehat c - 1
1 ]
\Bigl( 

2
1 - \theta 
2\theta  - 1 \widehat \gamma 1 - \theta k

1 - \theta 
1 - 2\theta +

\widetilde \gamma (2\theta  - 1)

1 - \theta 
k

1 - \theta 
1 - 2\theta 

\Bigr) 
.

Set \widetilde c4 :=(\widetilde c1+ \widetilde c2 + \widehat c - 1
1 )(2

1 - \theta 
2\theta  - 1 \widehat \gamma 1 - \theta + \widetilde \gamma (2\theta  - 1)

1 - \theta ). We get \Lambda \ell (k) \leq \widetilde c4k 1 - \theta 
1 - 2\theta for all k\geq \widetilde k.

Remark 3.7. Theorems 3.3 and 3.6 extend the convergence results obtained in
[2, 4, 9] for a monotone iterative framework to a nonmonotone case. Compared with
the nonmonotone iterative framework proposed in [19] by a GLL-type nonmonotone
line-search procedure, the ZH-type iterative framework has better convergence, i.e.,
the full convergence (local convergence rate) of its iterate sequence does not require
additional restriction on \Phi except its KL property (KL property of exponent \theta \in 
(0,1)). In contrast, to obtain the global convergence, the paper [19] requires an
assumption on the growth of an objective value subsequence, which is shown to hold
automatically if \Phi is also \rho -weakly convex on a neighborhood of the set of critical
points. We also note that the favorable properties of the sequence \{ Ck\} k\in \BbbN plays a
crucial role in the convergence proof of the iterate sequence \{ xk\} k\in \BbbN .

To close this section, we would like to make an important point that the proofs
of this section still hold if we modify condition H1. Those variants of H1 were used
in some existing research. Therefore, the obtained results may be used to derive new
convergence results for some existing algorithms not covered by H1--H3. We briefly
discuss two variants of H1 below. The first variant of H1 is the following one:

H1a. For each k \in \BbbN , \Phi (xk) + ak\| xk - xk - 1\| 2 \leq \Phi (xk - 1) + \nu k - 1, where 0 \leq \nu k \leq 
(1 - \tau k)[\Phi (xk - 1) +\nu k - 1 - \Phi (xk)] with \nu 0 = 0 and \tau k \in [\tau ,1] for some \tau \in (0,1].
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CONVERGENCE OF ZH-TYPE NONMONOTONE DESCENT METHOD 1103

By letting Ck - 1:=\Phi (xk - 1)+\nu k - 1 and using \nu k \leq (1 - \tau k)[\Phi (xk - 1)+\nu k - 1 - \Phi (xk)], it
holds that Ck \leq (1 - \tau k)Ck - 1+\tau k\Phi (xk). Then, using the same arguments as before
we can prove that any sequence satisfying conditions H1a and H2--H3 also has the
convergence results of Theorems 3.3 and 3.6. One can check that the iterate sequence
of [10, Algorithm 1] satisfies conditions H1a and H2--H3 under Assumptions A1--A3
there.

The second variant of condition H1 is replaced by the following procedure:
H1b. For each k\in \BbbN , \Phi (xk)+ak\| xk - xk - 1\| 2\leq Ck - 1+\eta 2k - 1 where ak\geq a for some a>0

and Ck = (1 - \tau k)Ck - 1 +\tau k\Phi (xk) with C0=\Phi (x0) and \tau k\in [\tau ,1] for a \tau \in (0,1].
Sun [24] achieved the convergence of the iterate sequence satisfying conditions H1b
with \tau k \equiv 1 and H2--H3, by assuming that \Phi is a KL function and \{ \eta k\} k\in \BbbN satisfies

\{ \eta k\} k\in \BbbN \subset \BbbR + with

\infty \sum 
k=1

\eta k <\infty and

\infty \sum 
k=1

\Biggl( \infty \sum 
l=k

\eta 2l

\Biggr) \varsigma  - 1
\varsigma 

<\infty for some \varsigma > 1.(3.20)

In fact, for any sequence \{ xk\} k\in \BbbN obeying conditions H1b and H2--H3, by introducing
the potential function \Psi (z) := \Phi (x) + \varsigma  - 1t\varsigma for z = (x, t) \in \BbbX \times \BbbR ++ and following
arguments similar to those for Theorem 3.3, we can obtain the same convergence
result under the assumption that \Phi is a KL function and \{ \eta k\} k\in \BbbN satisfies (3.20).

4. Applications of the iterative framework. This section demonstrates that
the novel iterative framework encompasses some existing algorithms. We focus on
two particular examples: the proximal gradient method (PGM) and the Riemannian
gradient method (RGM). We first show that the iterate sequence of a PGM with the
ZH-type nonmonotone line-search for nonconvex and nonsmooth composite problems
complies with conditions H1--H3. We then apply the conclusions of Theorems 3.3
and 3.6 to provide its full convergence certificate under the KL property of objective
functions. To the best of our knowledge, this convergence result is new.

4.1. Convergence of PGM with ZH-type nonmonotone line-search. Con-
sider the following nonconvex and nonsmooth composite optimization problem:

min
x\in \BbbX 

\Theta (x) := f(x) + g(x),(4.1)

where f : \BbbX \rightarrow \BbbR and g : \BbbX \rightarrow \BbbR satisfy the following basic assumption.

Assumption 1.
(i) g is a proper, lsc, and prox-bounded function with domg \not = \emptyset (for the prox-

boundedness, the reader may refer to [22, Definition 1.23]).
(ii) f is differentiable on an open set \scrO \supset domg with \nabla f strictly continuous on
\scrO .

(iii) the function \Theta is lower bounded, i.e., infx\in \BbbX \Theta (x) > - \infty .

Recently, Marchi [17] proposed a PGM with the ZH-type nonmonotone line-search
strategy for solving (4.1), and its iteration steps are described as follows, where

Prox\gamma g(z) := arg min
x\in \BbbX 

\biggl\{ 
1

2\gamma 
\| x - z\| 2 + g(x)

\biggr\} 
is the proximal mapping of the function g associated with the parameter \gamma > 0.

From [17, Lemma 4.1], Algorithm 4.1 is well defined, and for its iterate sequence,
Marchi [17] only achieved the subsequence convergence. Next we prove that the iterate
sequence of Algorithm 4.1 meets conditions H1--H3. Consequently, its full convergence
and local convergence rate naturally follows the convergence results of section 3.
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1104 YITIAN QIAN, TING TAO, SHAOHUA PAN, AND HOUDUO QI

Algorithm 4.1 (nonmonotone line-search PGM).

Initialization: Select 0 <\gamma min \leq \gamma max <\infty , \alpha ,\beta \in (0,1), pmin \in (0,1]. Choose
x0 \in domg. Set C0 = \Theta (x0) and k := 0.
while the termination condition is not satisfied do

1: Choose \gamma k,0 \in [\gamma min, \gamma max].

2: For l = 0,1,2, . . . do
3: Let \gamma k = \gamma k,0\beta 

l and compute xk+1 \in Prox\gamma kg(xk - \gamma k\nabla f(xk)).
4: If \Theta (xk+1)\leq Ck  - \alpha 

2\gamma k
\| xk+1  - xk\| 2, then go to step 6.

5: end for
6: Choose pk \in [pmin,1], and set Ck+1 = (1 - pk)Ck + pk\Theta (xk+1).
7: Set k\leftarrow k + 1 and go to step 1.

end (while)

Theorem 4.1. Suppose the sequence \{ xk\} k\in \BbbN of Algorithm 4.1 is bounded. Then,
(i) when \Theta is a KL function,

\sum \infty 
k=0 \| xk - xk - 1\| <\infty and \{ xk\} k\in \BbbN is convergent;

(ii) when \Theta is a KL function of exponent \theta \in (0,1), \{ xk\} k\in \BbbN converges to a point\widetilde x\in crit\Theta and there exist k \in \BbbN , \gamma > 0, and \varrho \in (0,1) such that

\| xk  - \widetilde x\| \leq \infty \sum 
j=k

\| xj+1 - xj\| \leq 
\biggl\{ 

\gamma \varrho k if \theta \in (0,1/2];

\gamma k
1 - \theta 
1 - 2\theta if \theta \in (1/2,1)

for all k\geq k.

Proof. From the proof of [17, Lemma 4.1], it follows that for every k \in \BbbN ,

\Theta (xk+1)\leq Ck  - 
\alpha 

2\gamma k
\| xk+1  - xk\| 2.(4.2)

In addition, from the boundedness of \{ xk\} k\in \BbbN and [17, Corollary 4.5], the argument
by contradiction shows that there exists \gamma > 0 such that \gamma max \geq \gamma k \geq \gamma for all
k \in \BbbN . Thus, the sequence \{ xk\} k\in \BbbN satisfies condition H1 with ak \equiv \alpha 

2\gamma \mathrm{m}\mathrm{a}\mathrm{x}
. From

Lemma 2.3(iii), limk\rightarrow \infty (xk  - xk - 1) = 0. As the sequence \{ xk\} k\in \BbbN is bounded, there
exists a convergent subsequence \{ xkj\} j\in \BbbN with the limit, say, x, i.e., limj\rightarrow \infty xkj = x.
Together with limk\rightarrow \infty (xk  - xk - 1) = 0, we obtain limk\rightarrow \infty xkj - 1 = x. We next argue
that lim supj\rightarrow \infty \Theta (xkj )\leq \Theta (x). From the definition of xk+1, for each j \in \BbbN ,

\langle \nabla f(xkj - 1), xkj  - xkj - 1\rangle + 1

2\gamma kj - 1
\| xkj  - xkj - 1\| 2 + \Theta (xkj )

\leq \langle \nabla f(xkj - 1), x - xkj - 1\rangle + 1

2\gamma kj - 1
\| x - xkj - 1\| 2 + \Theta (x) + f(xkj ) - f(x).

Passing the limit j \rightarrow \infty and using limj\rightarrow \infty xkj = x = limj\rightarrow \infty xkj - 1 and \gamma kj - 1 \geq \gamma ,
we conclude that lim supj\rightarrow \infty \Theta (xkj )\leq \Theta (x), so condition H3 also holds.

Denote \omega (x0) by the set of accumulation points of \{ xk\} k\in \BbbN . We next prove that
condition H2 holds. For each k \in \BbbN , from the definition of xk+1 in step 3,

0\in \nabla f(xk) +
1

\gamma k
(xk+1 - xk) + \partial g(xk+1),

which together with the expression of \Theta implies that for each k \in \BbbN ,

\partial \Theta (xk+1)\ni wk+1 :=\nabla f(xk+1) - \nabla f(xk) - 1

\gamma k

\bigl( 
xk+1  - xk

\bigr) 
.(4.3)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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CONVERGENCE OF ZH-TYPE NONMONOTONE DESCENT METHOD 1105

We claim that there exists L> 0 such that for all k \in \scrK := \{ k \in \BbbN | xk+1 \not = xk\} ,

lim sup
\scrK \in k\rightarrow \infty 

\| \nabla f(xk+1) - \nabla f(xk)\| 
\| xk+1 - xk\| 

\leq L.(4.4)

If not, there must exist an index set \widehat \scrK \subset \scrK such that

lim\widehat \scrK \ni k\rightarrow \infty 

\| \nabla f(xk+1) - \nabla f(xk)\| 
\| xk+1 - xk\| 

=\infty .(4.5)

We assume that lim\widehat \scrK \ni k\rightarrow \infty xk = \widehat x\ast (if necessary by taking a subsequence of \{ xk\} k\in \widehat \scrK ).
Clearly, \widehat x\ast \in \omega (x0). By Lemma 2.3(iii), lim\widehat \scrK \ni k\rightarrow \infty 

\bigl[ 
xk + (xk+1 - xk)

\bigr] 
= \widehat x\ast . Since \nabla f

is strictly continuous at \widehat x\ast , there exists \widehat L> 0 such that for all k \in \widehat \scrK large enough,

\| \nabla f(xk+1) - \nabla f(xk)\| \leq \widehat L\| xk+1  - xk\| ,

which is a contradiction to (4.5). Consequently, the claimed inequality (4.4) holds.
Thus, for all k \in \scrK , \| \nabla f(xk+1) - \nabla f(xk)\| \leq L\| xk+1 - xk\| . Together with the definition
of wk+1, it follows that \| wk+1\| \leq ( 1

\gamma k
+L)\| xk+1  - xk\| for all k \in \scrK . Recall that for

each k \in \BbbN , wk+1\in \partial \Theta (xk+1) and \gamma k \geq \gamma , so \| wk+1\| \leq b\| xk+1  - xk\| for each k \in \BbbN 
with b = \gamma  - 1 + L > 0. This shows that condition H2 holds. The desired conclusions
follow Theorems 3.3 and 3.6 with \widetilde x = x\in (\partial \Phi ) - 1(0).

4.2. Convergence of RGM with ZH-type nonmonotone line-search. Let
\scrM be an embedded submanifold of the finite-dimensional vector space \BbbX . Consider

min
x\in \BbbX 

F (x) := f(x) + \delta \scrM (x),(4.6)

where f : \scrO \supset \scrM \rightarrow \BbbR is an Lf -smooth function and \scrO is an open set of \BbbX , and \delta \scrM 
denotes the indicator function of \scrM , i.e., \delta \scrM (x) = 0 if x \in \scrM , and \infty otherwise.
Assume that the function F is lower bounded, which automatically holds if \scrM is
compact. For this problem, Wen and Yin [27] and Oviedo [18] proposed the following
RGM with the ZH-type nonmonotone line-search strategy, where gradf(xk) denotes
the Riemannian gradient of f at xk, Txk\scrM is the tangent space of\scrM at xk, and Rxk(\cdot )
denotes the retraction mapping at xk from the tangent bundle to\scrM (see [6, Definition
2.1]).

For Algorithm 4.2, as far as we know, only the gradient sequence \{ gradf(xk)\} k\in \BbbN 
is proved to converge to zero under the following condition with c1 > 0 and c2 > 0:

\langle gradf(xk), zk\rangle \leq  - c1\| gradf(xk)\| 2 and \| zk\| \leq c2\| gradf(xk)\| for all k \in \BbbN .(4.7)

Next we establish the full convergence and local convergence rate of the iterate se-
quence by arguing that it conforms to conditions H1--H3. Consequently, the conver-
gence results in section 3 are applicable to it.

Theorem 4.2. Suppose that the submanifold \scrM is compact and that F is a KL
function. Then, for the sequence \{ xk\} k\in \BbbN generated by Algorithm 4.2, it holds that\sum \infty 

k=0 \| xk - xk - 1\| <\infty . If in addition F is a KL function of exponent \theta \in (0,1), then
it converges to some \widetilde x\in critF and there exist k \in \BbbN , \gamma > 0 and \varrho \in (0,1) such that

\| xk  - \widetilde x\| \leq \infty \sum 
j=k

\| xj+1 - xj\| \leq 
\biggl\{ 

\gamma \varrho k if \theta \in (0,1/2],

\gamma k
1 - \theta 
1 - 2\theta if \theta \in (1/2,1)

for all k\geq k.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1106 YITIAN QIAN, TING TAO, SHAOHUA PAN, AND HOUDUO QI

Algorithm 4.2 (nonmonotone line-search RGM).

Initialization: Select 0 <\alpha m \leq \alpha M <\infty , \rho 1 \in (0,1), \rho 2\in [0,1), \beta \in (0,1), and
pmin \in (0,1]. Choose x0 \in \scrM and z0 \in Tx0\scrM satisfying (4.7). Set C0 = F (x0) and
k := 0.
while the termination condition is not satisfied do

1: Choose \alpha k,0 \in [\alpha m, \alpha M ].

2: For l = 0,1,2, . . . do
3: Set \alpha k = \beta l\alpha k,0.
4: If f(Rxk(\alpha kz

k))\leq Ck + \rho 1\alpha k\langle gradf(xk), zk\rangle  - \rho 2\alpha 
2
k\| zk\| 2, go to step 6.

5: end for
6: Let xk+1 = Rxk(\alpha kz

k) and select a direction zk+1 \in Txk+1\scrM satisfying (4.7).
7: Choose pk \in [pmin,1], and set Ck+1 = (1 - pk)Ck + pkf(xk+1).
8: Set k\leftarrow k + 1 and go to step 1.

end (while)

Proof. Since \{ xk\} k\in \BbbN \subset \scrM , the compactness of \scrM implies the boundedness of
\{ xk\} k\in \BbbN . Then, there exists a subsequence \{ xkj\} j\in \BbbN with limj\rightarrow \infty xkj = x \in \scrM such
that limj\rightarrow \infty F (xkj ) = F (x), and condition H3 holds. By combining [6, equation
(B.3)] with xk+1 = Rxk(\alpha kz

k), there exists a constant \widetilde \alpha > 0 such that for each k\in \BbbN ,
\| xk+1 - xk\| 2\leq \widetilde \alpha 2\alpha 2

M\| zk\| 2. From step 4 of Algorithm 4.2 and (4.7), for each k\in \BbbN ,

F (xk+1)=f(xk+1)\leq Ck - \rho 1c1\alpha k\| gradf(xk)\| 2 - \rho 2\alpha 2
k\| zk\| 2\leq Ck - 

\rho 1c1
c2

\alpha k\| zk\| 2.

In addition, from [18, Lemma 2], there exist k0 \in \BbbN and \alpha > 0 such that \alpha k \geq \alpha 
for all k \geq k0. These two facts show that condition H1 holds. The remaining part
is to show that condition H2 holds. By Lemma 2.3(i)--(ii), the sequences \{ Ck\} k\in \BbbN 
and \{ F (xk)\} k\in \BbbN converge to the same limit. Together with step 4 of Algorithm 4.2,
we have limk\rightarrow \infty \alpha k\| zk\| 2 = 0, which along with \alpha k \geq \alpha for all k \in \BbbN implies
that limk\rightarrow \infty \| zk\| = 0. From \alpha k \leq \alpha M for all k and [6, equation (B.4)], we have
\| Rxk(\alpha kz

k) - (xk+\alpha kz
k)\| =o(\| \alpha kz

k\| ). If necessary by increasing k0, for each k\geq k0,

\| xk+1 - xk\| \geq \alpha k\| zk\|  - \| Rxk(\alpha kz
k) - (xk+\alpha kz

k)\| \geq 1

2
\alpha \| zk\| \geq 1

2
\alpha c1\| gradf(xk)\| ,

(4.8)

where the third inequality is obtained by using the first inequality in (4.7). Note that
\partial F (xk) =\nabla f(xk) + Nxk\scrM for each k \in \BbbN , where Nxk\scrM denotes the normal space of
\scrM at xk. Then, we have for each k \in \BbbN ,

dist(0, \partial F (xk)) = \| ProjT
xk\scrM (\nabla f(xk))\| = \| gradf(xk)\| \leq 2/(\alpha c1)\| xk+1  - xk\| ,

where the inequality is due to (4.8). This shows that condition H2 holds with k1 = 1
and \varepsilon k = 0 for all k\geq k0. Now the desired conclusions follow Theorems 3.3 and 3.6.

From [20, Lemma 2.10], the KL property of F at x\in \scrM in terms of Definition 2.1
is equivalent to the KL property of f | \scrM , the restriction of f on\scrM , at x\in \scrM in terms
of [7, Definition 3.5].

5. Conclusion. In this paper, we proposed a novel nonmonotone descent iter-
ative framework consisting of the ZH-type nonmonotone decrease condition and a

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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CONVERGENCE OF ZH-TYPE NONMONOTONE DESCENT METHOD 1107

relative error condition. We proved that any iterative sequence complying with this
framework enjoys full convergence when \Phi is a KL function, and the convergence is
linear if \Phi is a KL function of exponent 1/2. This answers the question whether a
descent method with ZH-type nonmonotone line-search strategy converges. We also
demonstrated the cases of existing algorithms that fall into the proposed framework.
As a result, new convergence results are readily available for those algorithms as a
consequence of our obtained results. Furthermore, the proofs of the main results may
be adapted to modified frameworks that include more existing algorithms as special
instances. This shows the potential of the proposed framework to obtain new con-
vergence results for existing algorithms. Compared with the nonmonotone iterative
framework [19], the new one possesses the full convergence (local convergence rate)
without additional restriction on \Phi except its KL property (KL property of exponent
\theta \in (0,1)). We hope to explore more applications of the proposed framework in our
next research project.

Appendix A. ZH-type nonmonotone line search scheme satisfies (H1)--
(H3). We first recall the nonmonotone line-search algorithm (NLSA) proposed in
[29]. Let \Phi = f , which is a continuously differentiable function and is bounded from
below on \BbbX = \BbbR n. We follow the notation used in [29]. In particular, NLSA uses xk

with subscript k for its iterates. Furthermore, it uses gk :=\nabla f(xk) (gradient of f at
xk) and dk for the search direction at xk. The direction assumption used is [29, (2.4),
(2.5)]

g\top 
k dk \leq  - c1\| gk\| 2 and \| dk\| \leq c2\| gk\| (A.1)

for some positive constants c1 and c2. NLSA uses nonmonotone Wolfe conditions or
nonmonotone Armijo conditions to select its steplength \alpha k. To simplify our validation,
we use the latter for the demonstration. The Armijo search inequality on \alpha k is [29,
(1.4)],

f(xk + \alpha kdk)\leq Ck + \delta \alpha kg\top 
k dk and \alpha k \leq \mu ,(A.2)

where 0 < \delta < 1, \mu > 0, and Ck is updated as follows [29, (1.6)]:

Qk+1 = \eta kQk + 1, Ck+1 = (\eta kQkCk + f(xk+1))/Qk+1, C0 = f(x0), and Q0 = 1.
(A.3)

Here, \eta k \in [\eta min, \eta max] with 0 \leq \eta min \leq \eta max \leq 1. The update on the iterate is
xk+1 = xk + \alpha kdk.

With the above setting, [29, Lemma 2.1] shows that there exists \alpha > 0 such
that \alpha k \geq \alpha . We now prove all three conditions in (H1)--(H3) are satisfied with the
sequence \{ xk\} .

On H1. It follows from [29, (2.8)] that for some \beta > 0

f(xk+1)\leq Ck  - \beta \| gk\| 2 (by [29, (2.8)])

\leq Ck  - 
\beta 

c22
\| dk\| 2 (by (A.1))

= Ck  - 
\beta 

\alpha 2
kc

2
2

\| xk+1  - xk\| 2.

Referring to (A.3), H1 holds with the following choices of ak and \tau k. Let

ak := \beta /(\alpha 2
k - 1c

2
2)

(A.2)

\geq \beta /(\mu 2c22) =: a> 0

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1108 YITIAN QIAN, TING TAO, SHAOHUA PAN, AND HOUDUO QI

and

\tau k :=
1

\eta k - 1Qk - 1+ 1
\geq 1 - \eta max := \tau > 0,

where the third inequality used the fact Qk \leq 1/(1 - \eta max) established in [29, (2.15)]
when \eta max < 1.

On H2. According to the direction assumption (A.1), for sufficiently large k,

\| gk\| 2 \leq  - c - 1
1 g\top k dk \leq c - 1

1 \| gk\| \| dk\| = (\alpha kc1) - 1\| gk\| \| xk+1  - xk\| ,

which implies that condition H2 holds with k1 = 1, bk = c1\alpha k for sufficiently large k
and \varepsilon k \equiv 0. Since \alpha k \geq \alpha , we must have

\sum \infty 
k=1 bk =\infty .

On H3. Note that f(xk+1) \leq Ck \leq Ck - 1 \leq \cdot \cdot \cdot \leq C0 = f(x0), the sequence
\{ xk\} k\in \BbbN generated by the NLSA is contained in the level set \{ x\in \BbbR n | f(x)\leq f(x0)\} .
Hence, whenever the level set is bounded, the sequence \{ xk\} k\in \BbbN is bounded and there
exists subsequence \{ xkj

\} j\in \BbbN with limj\rightarrow \infty xkj
= x such that limj\rightarrow \infty f(xkj

) = f(x), so
condition H3 holds. Moreover, with the choices ak and bk above, we have

B = sup
\BbbN \ni k\geq k1

1

bk

k+k1\sum 
i=k - k1

1
\surd 
ai

= sup
\BbbN \ni k\geq k1

1

c1\alpha k

k+k1\sum 
i=k - k1

c2\alpha i - 1\surd 
\beta 
\leq (2k1 + 1)

c2\mu 

c1
\surd 
\beta \alpha 

<\infty ,

where the inequality used the fact \alpha \leq \alpha k \leq \mu . Therefore, the assumption (1.2) is also
satisfied. Thus, the NLSA of [29] with \eta max < 1 falls within our iterative framework
for \varepsilon k \equiv 0 whenever the level set \{ x\in \BbbR n | f(x)\leq f(x0)\} is bounded.

Similarly, the iterate sequence \{ xk\} k\in \BbbN generated by the NLSAs [10, 23] under
the direction assumption there also falls within our iterative framework with \varepsilon k \equiv 0.
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