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Abstract. We propose a novel iterative framework for minimizing a proper lower semicontin-
uous Kurdyka—-Lojasiewicz (KL) function ®. It comprises a Zhang-Hager (ZH-type) nonmonotone
decrease condition and a relative error condition. Hence, the sequence generated by the ZH-type
nonmonotone descent methods will fall within this framework. Any sequence conforming to this
framework is proved to converge to a critical point of ®. If in addition ® has the KL property of
exponent € (0,1) at the critical point, the convergence has a linear rate for 6 € (0,1/2] and a sub-
linear rate of exponent 11%289 for § € (1/2,1). To the best of our knowledge, this is the first work to
establish the full convergence of the iterate sequence generated by a ZH-type nonmonotone descent
method for nonconvex and nonsmooth optimization problems. The obtained results are also applied
to achieve the full convergence of the iterate sequences produced by the proximal gradient method

and Riemannian gradient method with the ZH-type nonmonotone line-search.
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1. Introduction. For a descent method for nonconvex and nonsmooth opti-
mization problems, it has become a common task to establish the full convergence
of its iterate sequence under the Kurdyka-Lojasiewicz (KL) property of objective
functions. This task has been strongly supported and motivated by the work [1] for
gradient-related methods, [2] for proximal point algorithms, [4] for forward-backward
algorithms, [3, 5] for proximal alternating minimization algorithms, and [28] for block
coordinate descent algorithms, to name just a few of the representative papers in
this research direction. The convergence analysis of all these works is based on the
(sufficiently) monotone decrease of objective value sequences. Although the (suffi-
ciently) monotone decrease is crucial to achieve the full convergence, it also leads to
relatively short step sizes. To overcome this drawback, nonmonotone variants of the
sufficient decrease are often considered. In the context of line-search methods, Grippo,
Lampariello, and Lucidi [11] first proposed a nonmonotone line-search procedure
by monitoring the maximum objective value attained by the latest iterates (referred
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to as GLL-type in this paper); Zhang and Hager [29] later proposed a different strat-
egy of nonmonotone line-search (referred to as the ZH-type in this paper) by taking a
weighted average of the current objective value and those of the past iterates. These
two types of nonmonotone line-search procedures are received as the most popular
choices although they can be cast into the general framework proposed in [23]. In
the past decade, they have also been aligned with algorithms for nonconvex and non-
smooth optimization problems, such as composite optimization problems of minimiz-
ing the sum of a smooth function and a nonsmooth one [13, 17, 14, 25|, Riemannian
manifold optimization problems [27, 18], and DC programs [8, 16].

On the one hand, nonmonotone line-search procedures bring well-recognized nu-
merical benefits such as increasing the possibility of seeking better critical points, and
potentially accelerating the convergence of algorithms [26]. On the other hand, the
nonmonotone decrease of objective value sequences brings a great challenge for the
full convergence analysis of the iterate sequence of the concerned algorithms. Re-
cently, Qian and Pan [19] investigated the full convergence of the iterate sequence
conforming to an iterative framework proposed by the GLL-type decreasing condition
for KL optimization problems and achieved its full convergence under a condition that
is shown to be sufficient and necessary if objective functions are weakly convex on a
neighborhood of the set of critical points. We notice that the ZH-type nonmonotone
line-search procedure has been widely applied to nonconvex and nonsmooth optimiza-
tion problems (see, e.g., [17, 27, 25, 18, 14]), but as far as we know, there is no work
to study the full convergence of its iterate sequence even for smooth optimization
problems [29, 10, 23]. This paper aims at resolving this open problem via a novel
iterative framework.

In the following, we first describe the novel procedure, then explain the main
results of the paper. To this end, consider the nonconvex and nonsmooth problem

(L.1) min &(),
where X represents a finite-dimensional real vector space endowed with the inner
product (-,-) and its induced norm || - ||, and ®: X — R := (—o0, o0 is a proper lower
semicontinuous (Isc) function that is bounded below on its domain dom ®. We are
interested in nonmonotone descent methods for (1.1) to produce an iterate sequence
{z*} ey C dom @ complying with the following conditions:
H1. For each k€N, ®(2*) + ag||z* — 2%~ 1||2<Ck_1, where aj, > a for some a>0),
and C = (1—74)Cr_1 + T ®(2%) with Cy = ®(2°) and 7 €[, 1] for a 7€(0, 1].
H2. There exists a nonnegative integer k; such that for each k > kq,

1 k+k1 ) )
dist (0,0 (")) < ™ St =2t ek

i= k*k)l

with by >0 and e > 0, where ®(z*) is the (limiting) subdifferential of ® at
k
x®.
H3. There exists a convergent subsequence {z*i }ien with lim; o 2% =7 € dom ®
such that limsup;_, O(zFi) < (7).
Unless otherwise stated, the above {ax}ren, {bk tren, and {e}ren are assumed to
satisfy

oo k+kq oo
(1.2) Zbk:oo, B:= sup Z
k=1 N9k>k1 bk imh— k1 k=1
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Here, “:=” means “define.” The recursion relation of {Cj}ren in H1 comes from the
ZH-type nonmonotone line-search procedure, and when Cj, takes ®(z*) or 7, = 1,
condition H1 degenerates to the sufficiently monotone descent condition. In condition
H2, the introduction of a nonnegative integer k1 aims to bound dist(0,®(z*)) from
above by 2k; + 1 successive iterate errors. As will be shown in section 4.2, this plays a
crucial role in the convergence analysis of nonmonotone Riemannian gradient descent
methods. When & is a Lipschitz smooth function on X = R"”, the iterate sequence
{2*} ke generated by the nonmonotone line-search algorithms in the style of ZH-type
[29, 10, 23] under the direction assumption there falls within the above framework with
e =0. We include a proof in the appendix.

The main contribution of this work is to resolve the aforementioned open problem
by establishing the full convergence of any sequence {z*};cn conforming to conditions
H1-H3 under the KL property of @, and its R-linear convergence rate under the KL
property of ® with exponent 1/2. The difficulty in achieving this goal is how to divide
an iterate sequence {z*},cn obeying conditions H1-H3 into appropriate subsequences
with the help of the objective values. Different from the iterative framework proposed
in [19] for the GLL-type nonmonotone decrease condition, the nonmonotone decrease
condition in H1 does not provide any hint on the division. To overcome the diffi-
culty, we make full use of the recursion formula on Cy to skillfully divide {z*}ren
into two subsequences, and then establish a recursion relation of the auxiliary se-
quence {Zj}ren in Lemma 3.1. Due to the remarkable difference between these two
nonmonotone decrease conditions as showcased in the example [29, (1.3)], the con-
vergence analysis here is also completely different from the one developed in [19].
A technical comparison on the sequence splitting scheme proposed in this paper and
that of [19] can be found in Remark 3.2.

As discussed in [3, 12], there are a large number of nonconvex and nonsmooth op-
timization problems involving the KL functions. Furthermore, by [21, Proposition 1]
and [15, Proposition 2(i) and Remark 1(b)], the piecewise linear-quadratic KL func-
tions with the composite structure of [15] necessarily satisfy the KL property of
exponent 1/2. Thus, the obtained convergence results will have a wide range of
applications. As a demonstration, section 4 achieves the full convergence of the iter-
ate sequences produced by two existing algorithms: the proximal gradient method of
[17] for composite optimization and the Riemannian gradient method of [27, 18] for
Riemannian optimization. This result is new and enhances the existing convergence
results for the two methods. Section 5 concludes the paper.

2. Notation and preliminary results. The quantities and notation for de-
scribing H1 to H3 will be reserved for use throughout the paper and they are {ay},
{b}, {Ck}, {7}, {ex}, B, a, 7, and k1. We also use other (global) notations. Let m
be the smallest positive integer such that /7(m—Fk;—1) > (1+v1—7)(2k1 +1)/m.
Obviously, such m exists and m > k1 +1. For each k € N, write ¢(k) :=k+m — 1 and
Er—1:=+/Ck—1—C} (we will prove in Lemma 2.3(i) that {C)} is a nonincreasing se-
quence and hence Zj, is well defined). For a real number ¢, the floor operator [¢] is the
largest integer not greater than ¢ and ¢4 := max{0,t} (the nonnegative part of t). For
a proper h: X— R, denote by 0h(Z) the (limiting) subdifferential of h at T € dom h,
and for any —oo <ny <1y <oo, write [ < h < ng]:= {x € X[ < h(x) <n2}. The
point T at which 0 € Oh(ZT) is called a critical point of h, and the set of all critical
points of h is denoted by crit h.

Now we introduce the formal definition of the KL property (with exponent 6 €

[0,1)).
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DEFINITION 2.1 (see [3, Definition 3.1]). For a given n € (0,00], denote by Y,
the family of continuous concave p: [0,n) = Ry that is continuously differentiable on
(0,m) with ¢'(s) > 0 for all s € (0,n) and p(0) =0. A proper function h: X — R is
said to have the KL property at T € domOh if there exist n € (0,00], a neighborhood
U of T, and a function p € Y, such that for all x €U N [h(T) < h < h(T) + 1],

¢ (h(x)—h(z))dist(0,0h(z)) > 1.

If ¢ can be chosen as p(t) = ct' =% with § € [0,1) for some ¢ > 0, then h is said to
have the KL property of exponent 0 at T. If h has the KL property (of exponent 0) at
every point of domOh, then it is called a KL function (of exponent 0).

Next we present two technical lemmas used for the subsequent analysis. The first
one, proved in [19], says that if a nonnegative and nonincreasing sequence is bounded
by a mixture of two special sequences related to the indices of the sequence, then the
sequence itself can be bounded by one particular sequence related to its indices.

LEMMA 2.2 (see [19, Lemma 2.7]). Let {5;}1en C Ry be a nonincreasing sequence

1—¢ 1—¢ - —
with By < o max{l1—2< s (Bi—m, — Bl)T} for all I > max{l,m1}, where | and my are
the nonnegative integers, and pg > 0 and ¢ € (%, 1) are the constants. Then, there

1—¢

exists 11> 0 such that for all 1 >1, B < max{uo,ﬁ%}tmll;f_lj 125,

The second one provides the desirable properties of {Cj }ren and {®(z*)}ren.

LEMMA 2.3. Let {x"}ren be a sequence obeying condition H1. Then, the following
claims hold.
(i) For each k €N, ®(2*) < Cy, < Ci_1, so the sequence {Cy, }ren is convergent.
ii) The sequence {®(x*)}ren is convergent and has the same limit as {Cy, }ren-
(iii) limp_yoo (zF Tt —2%) = 0.
(iv) If in addition {x*}ren complies with conditions H2-H3, then the sequences
{Cx}ren and {®(xF)}ken both converge to ®(T) with 0 € OP(T).

Proof. (i)—(iii) For each k € N, from condition H1, it immediately follows that

(2.1) Cr = (1= 7)Ch1 + 7 ®(a") < Cp1 — apmyla* — 212

(2.2) <Cpo1 —ar|a® — "2,

which implies Cj, < Cj_; and ®(x*) < Cj_1. The latter, along with ®(z*) = (1 —
%) (®(2%) — C_1) + Cp, leads to ®(z*) < Cj. Recall that @ is bounded below on
dom® and {2*},cny € dom®. The recursion relation of Cj, in condition H1 implies
that {Ck}ren is lower bounded, so its convergence follows the nonincreasing. Note
that ®(2%) - Cj_1 = %(Ck —Cy—1) and 73, € [1, 1] for each k € N. Then, the sequence
{®(2*)}ren is convergent and has the same limit as {Cy }ren. From inequality (2.2)
and the convergence of {C}, }ren, it is immediate to obtain limy_, o (¥ —2%) =0.
(iv) Combining H3 with the lower semicontinuity of ® yields that lim;_,., ®(z*/) =
®(7). Along with part (ii), we have limy_,o, Ck = limy_, o, ®(2¥) = ®(T), so that

k+kq k+kq
(23) k;li)m E Ei—l == kll)m E Ci—l - Cz =0.
o) o]
i=k—ky i=k—ky
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From condition H2, for each k > ki, there exists w* € 0®(x*) satisfying the relations

k+k1 1) k+k1

1 o (2. 1 1

k| <« — i =1 < =i
D N e e D SRR
= 1 i=

k+k1 k+k1 - kt+ki

1 1 (12) B

(2.4) < ( E ) E Ei1ter < — E Zi—1+ €k

Vb imh—ky V) il ﬁi:kfkl

Passing the limit & — oo to the above inequality and using (2.3) lead to limy,_; o, w* =0.
Recall that 0® is outer semicontinuous at T with respect to ®-attentive convergence
T T (i.e., x = T and ®(z) — ®(Z)) by [22, Proposition 8.7]. Together with

limg 00 ®(2%) = ®(T) and lim;_, 2% =7, we obtain 0 € 9P(T). ad

The inequality (2.2) has a useful implication when there are many terms. For any
given indices k and k' with k' > k, it holds that

% %
) ) 1 1
2.5 E gttt <7§ VO, 1 —Ci=——=) = .
(2.5) 2 |28 — 2t < o 2 i—1 = i—1

= i=k
This inequality will often be used in the convergence analysis of the next section.

3. Main results. In this section, we report two results for the iterate sequence
satisfying H1-H3. The first one is about its full convergence and the second is about
its local convergence rate. We report them in two subsections. For convenience, in
the rest of this paper, let {z*}rcn be a sequence satisfying conditions H1-H3.

3.1. Full convergence. In Lemma 2.3(iii), we have proved that the two con-
secutive terms of {x*}ren get arbitrarily close as k increases. If we further assume
that ® has the KL property, the sequence becomes a Cauchy sequence. We achieve
this by establishing Y o, Z;<oo. The result Y o/ [|z*T! — 2’| <occ then follows (2.5).

We first establish an iterative bound for the sums of Z;. To this end, we define

Ki:={keN|®(a") < Clim} and Ko:={k eN|®(z") > Cyym }.

When ¢ is assumed to have the KL property at T, by Definition 2.1, there exist
§>0,7>0, and ¢ € T, such that for all z € B(Z,0) N [®(T) < ® < ®(T) + 7],

(3.1) ' (®(x) — ®(T))dist(0,00(x)) > 1.
Recall that Cy > ®(Z) for each k € N by Lemma 2.3(i) and (iv). Hence,
Lyktm = @(‘I)(xk) — ‘I)(f)) - @(Cker — ‘I)(f)) fork € Ky

is well defined. Now we are ready to state the bound on some partial sums of =;.

LEMMA 3.1. Suppose that ® has the KL property atT. Let § >0,71>0, and ¢ €Y,
be chosen to satisfy (3.1). Pick any p € (0,6). Then, for each k € N with zF € B(z, p)
and ®(z*) < ®(Z) +1, the following inequality holds with ¢:= 1 (B/\/T +1):

k) 1-7Ek1 ifk €Ky,
(3 2) ﬁ E = < 1 k+kq
' me T <§+\/ﬁ) S iyt en+lhpnm  ifk € Ka.
= i=k—ky

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.
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Proof. We will frequently use the following bound for every k € N:

2(k) 2(k) L(k)
LI P — LI -
(3.3) %;Hifm;\/a Ciy1 < ;m(a Ciy1) = m\/ok Chtm,

where the inequality is due to the concavity of the function Ry > t +— /t. Fix any
keN with 2% €B(7, p) and ®(2*) < ®(T)+n. We proceed with the arguments by two
cases.

Case 1: k€K;. In this case, ®(2*) < Crim. By the equality in (2.1) and
T € [1, 1],

Cr — Chpm = (1= 7)Cr—1 + 7 ®(2") — Chpn < (1 — 7)Cr—1 + (76 — 1)Chim,
=1 —7)(Ck-1 — Chm) < (1=7)(Ct—1 — Cr + Cr — Crm)
=(1-7)Ei_1 + Ck — Cipm),

which implies that \/7(Cy — Ctm) <+1—7Zk_1. Combining this inequality with
the above (3.3), we obtain the inequality (3.2) for k € KC;.

Case 2: k € Ka. Now ®(Z) < Cppm < ®(2%) < ®() + 7. Using (3.1) with z = 2*
yields that ¢’ (®(x*) — ®(7))dist(0,0®(x*)) > 1, which by condition H2 implies that

1 k+k1 , )
(3.4) (bk Z |zt =2t + 5k> @’(q)(xk) - ®(7)) > 1.
i=k—ky

From the definition of I'y 4., and the concavity of ¢ on [0,7), we have Ty gy >
¢ (®(2%)—@(z)) (®(2*) — Cljm). This along with (3.4) leads to the inequalities

O (2%) — Cpym < ( ot =2 + 5k> Lk kgpm < < Eio1+ 5k> | RS-
bi i=k—ky ﬁi:kfkl

In addition, by the equality in (2.1), ®(z*) — Crym = Ck —Chim — L=7k (Cr—1—Cp).

Tk

Along with the above inequality, the definition of B in (1.2), and 0 < 7, < 1, we have

= kth
B
Ti(Ck—Chgm) < (1 —71)(Cr—1 — C)+ (ﬁ E Zic1 +5k> T ktm-
i—h—ky

By the definition of ¢, we have B/\/7 = 2¢ — 1. With this in mind, recalling that
g2, =Ck_1 — Cy, we continue to bound the term /74 (Cx — Ctm):

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Ktk
VTE(Cl=Clam) < | A1—71)Z3_, + ((25—1) Z i1 +€k>rk,k+m

i=k—k1
k+kq
<V1-T3Ep_1+,| (2c—1) Z i1 Dk ktm+vVERDE k+m
i=k—k1
1 k+k1q
=V1-TZp_1+2 ((C—l/Q)FkJCJFm) (2 4 Z Ei1>
lzk—kl
+2,/(e8/2) (Thesm /2)
1 k+k1 1
S\/l—TkEk—l—Fi | Z Ei—1+§5k+grk,k+m
’L:k*kl
1 k+k1
< (5-1-\/1—7') ' ;k Zic1+er+ Tk ktm,
1=K—Fk1

where the first inequality is by the definition of ¢, and the second is due to v/a+5<
Va++/B for a,8>0. The penultimate inequality is due to twice using the fact
2v/aB < a+p for a,8 >0. Using (3.3) again yields the inequality (3.2) for k€ Ko. O

Remark 3.2. To fully appreciate the innovative role that the sequence splitting in
K1 and Ko plays in Lemma 3.1 and also in future results, we like to make a technical
note to highlight its difference from the splitting scheme used in [19] for the GLL-type
nonmonotone line-search. We recall the search criterion at 2* of GLL-type is

(") 4 a2 — 2|2 < max (),
j:[k7m0]+ 1111 k

where mo > 0 is a given integer and a > 0 is a constant. Let Z(k‘) be the maximum
index in argmax;—_(x—m], ...k ®(2’). Apparently, we have

(I)(karl) < (I)(xZ(k)) _ a”karl _ ka2
The quality of ®(z¥*!) is further measured against the value of @(xz(k“)). Hence,
we define

Ki:= {k EN|D(zF) < B(2 D)) — gl\rf’“+1 — :v’“llz} :

This sequence was naturally suggested by the GLL-type search rule and was used in
[19] to derive convergence properties on the sequence K;. In contrast, the search in
H1 uses a weighted average of functional values contained in Cj. There is no obvious
way to refer to particular functional values {®(z*)} as they are averaged. Instead,
we collect in Ky all indices k with ®(2*) < Cyim. Note that m > 2 in our setting.
This means that the value Cy. ., contains iterate information up to ghtm (the future
iterates z5t2, ..., 2F+™ were involved). In contrast, /C; only used the information up
to zF*1, which was already calculated at 2*. The future versus the present information
being involved in the sequence splitting requires a completely different set of analysis
to derive the respective convergence result. Further difference between our results
and those from [19] is discussed in Remark 3.7.
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THEOREM 3.3. If ® has the KL property at T, then > p ||z*+1 —a*|| < oo, and
consequently the sequence {x¥}ren converges to T that is a critical point of ®.

Proof. From limy,_,, ®(z*)=®(7), there exists N> k>k, such that for all k> k,
®(z*) < ®(F) + 1. Recall that limy,_, Cr=®(Z) and limy_, o (¥ —2%)=0. Along
with condition H3, Y77, e; < 0o, and the continuity of ¢ on [0,7), if necessary by
increasing /15, we have

o(k) o(k)
T 4(2k1+1) 2c
(35) It =g+ === 3 Eia+ =3 #(C; - 2@ +—Zsj<p,
ar j=k—k1 j=k

where p is the same as in Lemma 3.1. Thus, by Lemma 3.1, inequality (3 2) holds for
k =k. We claim that the desired conclusion holds if for each v>0(k),

z” €B(z, p),
v _ 1 v+1 _ v
Vm Y & g(§+ﬁ_7)(2k1+1) > ity e
(3.6) j=t(k) j=h—k1 j=Fk
o(k)
+c Z@(Cj—q)(f)).
j=k

Indeed, by the definition of m, \/m7 > % > (14++/1—7)(2k1+1), so that

1 2k 1 1
G = v (54 V177 )2k + 1) 2 12+ >
According to this inequality, the inequality in (3.6) implies that

v L(k) v
a1 oY 5<i2vIzEh D Z 540w (C—0@)+ ;.
j=t(k) =k—k1 = =

Passing the limit v — co to both sides of (3 7) leads to Zk 1 2 < 00, which by (2.5)
implies that > p-  [[#"T! —2*|| < co. By condition H3, {z*};en converges to T.

Next we prove by induction that the claim (3.6) holds for every v > ¢ (k:) Indeed,
the above (3.5) implies that Hx —7Z|| < p. For any k+l1<v< é(k‘) using |lz¥ — || <
||x —Z|| + ||z — x’“|| and the previous (2.5) and (3.5) leads to

d (3.5)

. =~ ul ) @5 s 1 _
2" =2 <|lz* =z + Y [o? =27} < |o* -7 + > Ei1 < op
= VAT =
j=k+1 Jj=k+1
Thus, we have 2 € B(Z, p) for k < v < £(k). Together with ®(z*) < &(x)+n for
all k > k, invoking Lemma 3.1 shows that inequality (3.2) holds for xk, ztk),
Summing inequality (3.2) from k to £(k) and using the nonnegativity of ¢ leads to

(k) j+ky o(k) o(k)

\FZZH_ (}m)z > Ei- 1+Zaj+c > p(ea’)-o(@))
j=k 1=J —k1=j—k1 K22j=Fk
\_::\Zl_/
1 (k) otk (k) (k)
(3.8) < (2+m>z =S 1+ZEJ+CZ¢ (C;— o
j=ki=i—k1
=As
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where the second inequality is due to ®(z7) < C; by Lemma 2.3(i) and the increasing
of p. Both A; and Ay contain many terms. We 51mphfy them. Recall that m > ky+1
by the definition of m and E(k) =k+m-—1 ForAAl, there are at least as many as
m terms of Z,5,. For each j € {k,k +1,....4(k)}, we consider the terms in the

sum ZZ@ =; that have indices higher than E( ). Note that £(j) > €(k)+ki+1 for

j:/k\:Jrlirl, k+m 1. We have Z O = P> Zf(kk)i':iﬂ =, and consequently,

f(k)+k1+1
A12m3€(2)+(m71€171) Z El
i:E—&-m

For A, we consider the lowest and the highest index for ¢ and they are i = k- k1
and i = E(k) + k1. Therefore, it holds that

(k) +k
Ay <(2ki+1) Y Zia

’L:E—k’l
Substitute those bounds back to (3.8) and obtain the following inequalities:

1 L(k)+k1+1

— VT(m—ki—1) —
Tmze@) + T Z :.]
j=k+m
1 (k) +kr ¢(k) £(k)
< (2+V1—T> (2k1+1) Z Ejil—i_Z\gj +/C\ZQO(CJ—(I)(E))
j=k—k1 =k =k
1 £(k)+1 £(k)+k1+2
<(2+\/1—T> (2k1+1) Z Ej71+ Z
j=F—k j=e(k)+2
(k) 2(k)

(3.9) +§:q+c§:¢67 —o(@

Recall that E(E) +1= % + m and % > (1++1—7)(2k1+1). The above
inequality implies that the inequality in (3.6) holds for v = E(/l;), so the claimed (3.6)
holds for v = £(k). Now assume that the claimed (3.6) holds for some v > £(k). We
argue that it holds for v + 1. From the triangle inequality and (2.5), it holds that

¢(k)—1

v v
7 ; ; % 1
e R e e R I DI DI
i=k j=k j=t(k)

Note that (3.7) holds for this v. Together with the above inequality, it follows that

2(k)—1 )
> 1 1+ 21— 2k 1
lett -z < Jof -7 4 = 3 5, LRV DERED §
\ar = \ar =
i=k i=k-
o5 )
Z € +—= Zg@ (Ci—@(z (also used ¢; >1/2).

aT
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Recall that T € (0,1], so 1424/1—7 < 3. Then, we have

o(k)
2k1+1)
o+~ < o :||+—( - oLt

Var

v

2
var =

j=k

(k)

ngC’ —o(z

2¢ (3 5)

This shows 21 € B(z, p), so the rest only proves the inequality in (3.6) for v + 1.
Note that Lemma 3.1 holds for 2* up to 2!, Summing (3.2) from k to v + 1 yields

V+1£(J) v+l jtky v+l
ZZW( VI Y = 1+ZE]
J k= Jj= % i=j—k1
v+1
+2 Y [e(®@)-9(@) - (Cjrm—2(@)]-
K23j=k

As ®(27) < Cj for each j € N by Lemma 2.3(i), the increasing and nonnegativity of ¢
implies that

v+1 E(E)
> [p(@@)-2@)) - o(Cipm—2(@)] <D (C; — (7))
K22j=k j=k

From the above two inequalities, it immediately follows that

V+1 £(4) 1 v+1 j+k1 v+1
(3.10) ZZ:Z-§<§+\/1—T>Z Y = 1+Z€]+CZ<,0C — o
j =k =7 j= —ki=j—Fk1
i=Ag =Ay

For As, there are at least as many as m terms of pr(k) E;. For each j 6{7@'\ sy U1}
we consider the terms in the sum 21’(3 =Z; that have indices higher than v+ 1. Note
that £(j) > v+ki+2 for j =v+k;—m+3,...,v+1. We have Zf(:]]) = > Z;’tkj_;? =,

and consequently,

v+1 v+ki1+42
AmeZEz—i—(m—kl—l) Z Ez
i:é(E) i=v+42

For A4, we consider the lowest and the highest index for ¢ and they are i = k- k1
and i =v + k1 + 1. Therefore, it holds that

v+ki+1
Ay<(2ki+1) ) Eia
i=k—ky
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Substitute those bounds back to (3.10) and get the following;:

v+1 v+ki+2
_ T(m—k;1—1 _
P SR

j=0(k) \/m j=v+2
1 v+ki+1 v+1 £(k)
< (5+VI=7) @ki+1) > = ﬁZsﬁcngC oz
j=k—k1

This, along with % > (1++/1—7)(2k; + 1), implies that the inequality in
(3.6) holds for v+ 1. Thus, we complete the induction proof. |

Remark 3.4. By the convergence analysis of this section, when H2 is relaxed to
H2'. there exist k; € N and § > 0 such that for all £ > k; and 2* € B(z,9),
dist (0,0 (2%)) <2 STV ot =271 + ep with by >0 and &, >0,
any sequence {2*} ey satisfying H1, H2', and H3 still has the full convergence.

3.2. Convergence rate. Next we establish the convergence rate of {x*}en
under the KL property of ® with exponent 6 € (0,1) by Theorem 3.3 and Lemma 2.2.
We will require the relative error € in condition H2 to be eventually controlled by a
sequence related to the exponent. This requirement is certainly satisfied if we simply
set e, = 0. For this purpose, we first establish the convergence rate of {Cf}ren.

LEMMA 3.5. Suppose that ® has the KL property of exponent 6 € (0,1) at T. If
there exist ko €N,57 >0, and g € (0,1) such that for all k > ko,

e { T8¢ ifoe(0.1/2),

(3.11) kT if6 e (1/2,1),

then there exist v >0 and o € (0,1) such that for sufficiently large k,

k .
< _ ve"  if0€(0,1/2],
3.12 Ap:=Cr—®(xT) < 1
(3.12) b=k = 2(®) —{ VETTiff e (1/2,1).
Proof. Since ® has the KL property of exponent 6 € (0,1) at Z, for any = €
B(Z,0) N [®(Z) < ® < ®(T) + 7], the inequality (3.1) holds with gp( ) = ct'=Y for
some ¢ > 0. Along with limy_, xk =7 by Theorem 3.3, limj_,oc ®(z¥) = ®(7), and

condition H2, there is k > max{¢(k), ko} such that for all k> k with ®(z*) > ®(z),

k+k1 - k+k1
(@(xk)*@(f))egc(l 0 (1 Z ||:L’ i 1+€k> <)C(1 9 (\[ Z Si— 1+€k>

i=k—kq1 i=k—k1
k+kq
(3.13) gc(l—e)max{l,(fc\—l)}[ > Eiater|,
i=k—kq

where the third inequality is by the deﬁn1t1on of ¢ appearmg in Lemma 3.1. By letting
() := (c(1—0) max {1, (2c — 1)}) for all k> k with ®(z*) > ®(z), we have

6

)

Ktk
D(2")—®(x) <C(0) [ Z Hic1te€k
imk—ky
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which, together with the equality in (2.1) and 75 > 7, implies that

Ap=C —®@) = (1 — %) (Ch—1 — B(T)) + 7 (B(2*) — B(T))

=

k+kq
(3.14) g(1T)Ak_1+T@(9)[ > Eiatex|
i=k—k1

while for all k> k with ®(z¥) < ®(z), from the equality in (2.1) and 75, > 7, we have
Ap=(1—7)(Cry — B(T)) + 1(®(2*) — ®(T)) < (1 — 7)Ap_s.

Thus, the inequality (3.14) holds for all k& > k. We proceed with the proof by two
cases.

Case 1: 6 € (0, ] Note that limy_ oo Zk+k1 k, =i =0 and limg o £ = 0. Hence,
Zer,fl g, Siter<0.5 for all k> k (if necessary by increasing k) For any k > k7 using
the above inequality (3.14), the convexity of R > ¢+ ¢? and e <70* leads to

2

k+kq
Apgey SN <(1—7)Ag—1 +762(0) Z Ei1tex
i=k—k1
" k+kq
< (1= 7)Aot + 7(2k1 +2)22(0) l > =P +e
i=k—k1

<(1=7)Ap_p, 1+ 7(2k1+2)E(6) [Kk—kl—l — Apiiy +§2@Qk} ,

1—r47(2k1+2)E2(6)

T (2 12)52(0) implies that

which, by setting p:=
(3.15) Aer <01 (kaklfl + 725%) = 01Mk—k,—1 + 017°0°
Consequently, for any k > E—{—k‘h it holds that

A < 01Mk—ok—1 4+ 0172072 < 01 Ap—op, -1 + 017207,

where the second inequality is due to ¢ < 1. Using the above recursive relation and

letting k:= k% ~1+] and B:= 0172, we have

ke—2ky —1 01 o1 \F1
Ak<Q1Ak k(2k1+1 +5Q 1 [1+W++(W) i|

After a simple calculation for # >1, ?Eﬁ =1, and ?Eﬁ < 1, respectively, there
exist v >0 and g € (0,1) such that Ay < ~vo* for sufficiently large k.

Case 2: € (3,1). Since > ;) Rtk 4 Zf +en < 0.5 for all k> k (if necessary by
increasing E), invoking inequality (3.14) ylelds that for any k‘Zk,

1
k+k1 26
Ak+k1 S Ak (1 — T)Ak 1 + T(2k1 + 2)%/6\ (9) [ Z 5?71 +€i

i=k—k1

1

(1—T)Ak ki— 1—|—T(2k‘1+2)% (9)[Ak ki— I_Ak—&-kl'f’gk} *
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By dividing the above inequality by 7, after a suitable rearrangement, for any sz,

(1-7) 59

Apiry < [Ak—ty—1 — Apira] + (2k1 +2)20(0) | Ay —1 _Ak+k1+5k}

<7 UL =7 4 7(2k1 +2) 206 (6)] ((/N\k—kl—l - /~\k+k1)+52k%> .

Note that >0.5 for all k> k (if necessary by increasing k‘) Then, for any sz

k+k

g

Ay ST HL—7+7(2ky +2) %7€ (9)]((Kk*klfl_xk+k1)+2292317 (k+ k1) =20 29)
< Mymax { (A, -1 = Agyn, )27, (b + ) 79

with My:= 71 (14221 w1h )[1— T+T(2k1+2) 20¢5(6)]. Thus, for all k > k+ky, we have
Ak< Mlmax{ Ak 2k —1 —Ak) 20 L k120 = } Invoking Lemma 2.2 leads to the result. 0O

Now we are in a position to achieve the main conclusion of this section.

THEOREM 3.6. Suppose that ® has the KL property of exponent 6 € (0,1) at 7. _If
there exist ko € N,y >0 and g € (0,1) such that inequality (3.11) holds for all k > ky,
then there exist v >0 and o € (0,1) such that for sufficiently large k,

S . Fooifge(0,1/2]
3.16 k_ 7z < Ap = It _ 20 < 7?7 Zf , 7
(3.16) 2% — || < Ag ;Hx dl —{ NI if0 € (1/2,1).

Proof. By the definition of Ay and the triangle inequality, it holds that ||z* —Z| <
Ay. For each k € N, write Ak::Z;ik =;. From (2.5) and ¢(k) =k +m — 1, to prove
the second inequality in (3.16), it suffices to argue the existence of v >0 and g € (0, 1)
such that for sufficiently large k&,

vok  iffe(0,1/2],

3.17 Agiiy < =
(3.17) ok) = { 'ykﬁ if6e(1/2,1).

Let k be the same as before. Invoking the previous (3.7) with % replaced by any k > k
and @(t) = ct'~? for some ¢ >0 and passing the limit v — oo results in

£(k) f(k)

= (12 1-7)(2k1 +1)
DI RIE S 3 CR TR S0
j= j=k—k1
o(k) _o(k)
(1+2y/1—7)(2k1+1) ~1 cc 1
s YL Bt » 0 o8
J:k*kl
(3.18) <GAZ ey — Y t= Zsj
j k
with ¢ ;= H2VI= T)(%IH)("LH“) and ¢ cg‘—:”, where the third inequality is due to

the nonincreasing of the sequence {Cy} ken. We proceed with the proof by two cases.

Case 1: 8 € (0 é] Note that hmkﬂooAk =0, so Ak k—1 <0.5 for all k > k (if
necessary by increasing k). From (3.11), for any k > k, Z;}ik g; < %Z;’ik ok < 7%

Thus, together with 1 — 6 >1/2 and inequality (3.18), for any k& > k, it holds that

Ay <[+ +e; ][Aﬁ o — 1+79 }

1-0
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By Lemma 3.5, there exist 7 > 0 and g € (0,1) such that A < 79" for sufficiently
large k. Then, for all k > k (if necessary by increasing k)

~k
4 {1 k—k—1 Yo
Ag(k) S[Cl—l—CQ—l—Cl 1] (729 3 +f§)

k141

7 4 %5) and g1 := max{p2,9}. The above inequality

Set Gy:=(&1+ &2 +6 ' )(750~
implies Ay < c3ob for all k ZNE. N

Case 2: 0 € (%, 1). Since Ag_k,—1 < 0.5 for all k> k (if necessary by increasing
k), from inequality (3.18), it follows that for any k > k,

Allc ki—1 ‘*‘Z%]

(3.19) Ay <[+ +

By Lemma 3.5, there ex1sts 7 > 0 such that Ay < Yk 129 2 for sufficiently large k, so
Ap—gy—1 <Ak =k — 1)7-20 2 for all k > k (if necessary by enlarging k:) Note that
k_lzl_l > 0.5 for any k> k (if necessary by enlarglng k). Then, for any k > k,

Ao k-1 < 991 Tk 120 2. In addition, from e, <7ykT-29 = , it is not hard to get

> ~ = 0 ~ e 0 §(29 - 1) 1-6

- < k=20 < ti—20(t = —~— 2 T-20,
E :547—72 _V/k 1_9¢
Jj=k j=k

Together with Kk,kl,l < 2ﬁﬁkﬁ and inequality (3.19), for any k > k, it holds
that

~ |~ 20 —1) 1-0
Aoy <ler + 2 +ep ](229 Ty %e)kl—29>.

Set ¢y:=(C1+ ¢ +¢1 )(226 171 o+ 7(20 1)) We get Ag(k)<C4]€1 =3 for all k> k. O

Remark 3.7. Theorems 3.3 and 3.6 extend the convergence results obtained in
[2, 4, 9] for a monotone iterative framework to a nonmonotone case. Compared with
the nonmonotone iterative framework proposed in [19] by a GLL-type nonmonotone
line-search procedure, the ZH-type iterative framework has better convergence, i.e.,
the full convergence (local convergence rate) of its iterate sequence does not require
additional restriction on ® except its KL property (KL property of exponent 6 €
(0,1)). In contrast, to obtain the global convergence, the paper [19] requires an
assumption on the growth of an objective value subsequence, which is shown to hold
automatically if ® is also p-weakly convex on a neighborhood of the set of critical
points. We also note that the favorable properties of the sequence {C*}ren plays a
crucial role in the convergence proof of the iterate sequence {z*}xen.

To close this section, we would like to make an important point that the proofs
of this section still hold if we modify condition H1. Those variants of H1 were used
in some existing research. Therefore, the obtained results may be used to derive new
convergence results for some existing algorithms not covered by H1-H3. We briefly
discuss two variants of H1 below. The first variant of H1 is the following one:

Hla. For each k € N, ®(2F) + ay ||z — 2%~ 1|2 < ®(2F~1) + 14—y, where 0 < 1y <
(1—7)[®(z*~1) + gy — ®(2F)] with vy =0 and 74 € [7, 1] for some T € (0,1].
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By letting Cy_1:=®(z* 1) +v5_1 and using vg, < (1—73)[@(z* 1) +rp_1 — ®(2F)], it
holds that Cj, < (1—7)Clr_1+7®(2*). Then, using the same arguments as before
we can prove that any sequence satisfying conditions Hla and H2-H3 also has the
convergence results of Theorems 3.3 and 3.6. One can check that the iterate sequence
of [10, Algorithm 1] satisfies conditions Hla and H2-H3 under Assumptions A1-A3
there.
The second variant of condition H1 is replaced by the following procedure:
H1b. For each k€N, ®(a*)+ay|a*—21|2< Ch1+n2_, where ai>a for some a>0
and Oy = (1—73)Cr_1 +7:®(2*) with Co=®(2°) and 7, €[r, 1] for a 7€(0,1].
Sun [24] achieved the convergence of the iterate sequence satisfying conditions H1b
with 7, =1 and H2-H3, by assuming that ® is a KL function and {n }ren satisfies

s—1

(3.20)  {nk}ren C Ry with an < oo and Z (an) < oo for some ¢ > 1.
k=1 k=1 \ =k

In fact, for any sequence {2*},cn obeying conditions H1b and H2-H3, by introducing
the potential function ¥(z) := ®(z) + ¢~ 1t for z = (z,t) € X x Ry and following
arguments similar to those for Theorem 3.3, we can obtain the same convergence
result under the assumption that ® is a KL function and {n}ren satisfies (3.20).

4. Applications of the iterative framework. This section demonstrates that
the novel iterative framework encompasses some existing algorithms. We focus on
two particular examples: the proximal gradient method (PGM) and the Riemannian
gradient method (RGM). We first show that the iterate sequence of a PGM with the
ZH-type nonmonotone line-search for nonconvex and nonsmooth composite problems
complies with conditions HI-H3. We then apply the conclusions of Theorems 3.3
and 3.6 to provide its full convergence certificate under the KL property of objective
functions. To the best of our knowledge, this convergence result is new.

4.1. Convergence of PGM with ZH-type nonmonotone line-search. Con-
sider the following nonconvex and nonsmooth composite optimization problem:

(4.1) min 8(x) := f(z) + g(2),

where f: X — R and g: X — R satisfy the following basic assumption.

Assumption 1.

(i) g is a proper, lsc, and prox-bounded function with domg # ) (for the prox-
boundedness, the reader may refer to [22, Definition 1.23]).

(ii) f is differentiable on an open set O D domg with Vf strictly continuous on
0.

(iii) the function O is lower bounded, i.e., inf ex O(x) > —o0.

Recently, Marchi [17] proposed a PGM with the ZH-type nonmonotone line-search
strategy for solving (4.1), and its iteration steps are described as follows, where

1
Prox,4(z) := arg min { —lz— 2>+ 9(33)}
reX 2’7

is the proximal mapping of the function g associated with the parameter v > 0.
From [17, Lemma 4.1], Algorithm 4.1 is well defined, and for its iterate sequence,
Marchi [17] only achieved the subsequence convergence. Next we prove that the iterate
sequence of Algorithm 4.1 meets conditions HI-H3. Consequently, its full convergence
and local convergence rate naturally follows the convergence results of section 3.
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Algorithm 4.1 (nonmonotone line-search PGM).

Initialization: Select 0 <Ymin <Ymax < 00, &, S € (0,1), Pmin € (0,1]. Choose
2% € domg. Set Cyp=0O(2°) and k:=0.

while the termination condition is not satisfied do

: Choose Vk,0 € [Ymin, Ymax]-

2: For [=0,1,2,... do

3t Let 4, =v,08" and compute z*+1 € Prox,, ,(z* — v, Vf(2*)).

4:  If Oz <Oy — ﬁ”mk‘*l — 2%||?, then go to step 6.
5

6

—_

: end for
: Choose p € [Pmin, 1], and set Cry1 = (1 — pi)Ch + pp©O(zF+1).
7: Set k+ k+1 and go to step 1.
end (while)

THEOREM 4.1. Suppose the sequence {x*}.en of Algorithm 4.1 is bounded. Then,

(i) when © is a KL function, > pe [|[2"—2F 71| < 0o and {a*}ren is convergent;

(ii) when © is a KL function of exponent 6 € (0,1), {x*}ren converges to a point
T € crit® and there exist k € N,y >0, and o € (0,1) such that

N : kooifge(0,1/2]; _
k_ =< JH_ 0| < ’Yéfi if ) ; k>T
I =33l {1, TS o aks

Proof. From the proof of [17, Lemma 4.1], it follows that for every k € N,

[0
(4.2) O(z" 1) < O — ﬁnxkﬂ — 2F||2.

In addition, from the boundedness of {z*}1en and [17, Corollary 4.5], the argument
by contradiction shows that there exists v > 0 such that ymax > v > ~ for all
k € N. Thus, the sequence {z*}ey satisfies condition H1 with a;, = 2,73&:. From
Lemma 2.3(iii), limy_, o0 (2% — 2%71) = 0. As the sequence {2*}rcn is bounded, there
exists a convergent subsequence {z%s }jen with the limit, say, Z, i.e., lim;_, ki =7
Together with limy,_, oo (2% — 2%~1) = 0, we obtain limy_,o, 2% =1 =Z. We next argue
that limsup,_, ., O(z*) < O(7). From the definition of z¥*1, for each j € N,

(Vb 1), ah — 2 h) o — b 4 O(at)
29,1
< (VH@H )7 =257+ o= a7+ 0(0) + £l - (D)

Passing the limit j — oo and using lim;_, ki =7 = im0 2Fi—1 and Ve;—1 =7,
we conclude that limsup;_,, ©(2*) < O(Z), so condition H3 also holds.

Denote w(x®) by the set of accumulation points of {z*}1ecn. We next prove that
condition H2 holds. For each k € N, from the definition of ¥+ in step 3,

1
0€ Vf(z") + 7(x’“+1 —z®) + 9g(2™ 1),
k
which together with the expression of © implies that for each k € N,
1
(4.3) 90 (xF 1) 5 wh =V (2" ) — Vf(2F) — — (2F — 2P).
Tk
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We claim that there exists L > 0 such that for all k € K := {k € N |21 #£ z*}

IVf (@) = Vf (M)

4.4 limsu <L.

(44 e P e B

If not, there must exist an index set K C K such that
k+1y_ k

Rokoo  [la*Fh—at]]

We assume that limg_, , 2 = Z* (if necessary by taking a subsequence of {z¥}, _¢).
Clearly, Z* € w(2°). By Lemma 2.3(iii), limg_, , [2% 4+ (2*T1 —2*)] =2*. Since Vf

is strictly continuous at T*, there exists L > 0 such that for all k € K large enough,
IVf (1) = Vf ()| < Lfja* T = 2%,

which is a contradiction to (4.5). Consequently, the claimed inequality (4.4) holds.
Thus, for all k € K, || Vf(2FT1)—Vf(2%)|| < L||z*+1—2*||. Together with the definition
of wh !, it follows that [|w"*!|| < (o-+L)[ja*+! —2*| for all k € K. Recall that for
each k € N, w**tl € 90(2%*1) and v > v, so [[wh*!|| < blja**+! — 2¥|| for each k € N
with b =~"1 4+ L > 0. This shows that condition H2 holds. The desired conclusions
follow Theorems 3.3 and 3.6 with T =7 € (9®)~*(0). ad

4.2. Convergence of RGM with ZH-type nonmonotone line-search. Let
M be an embedded submanifold of the finite-dimensional vector space X. Consider

(4.6) iy F(r) = () + Ga(2),
where f: O D M — R is an Ly-smooth function and O is an open set of X, and dq
denotes the indicator function of M, i.e., dp(x) = 0 if z € M, and oo otherwise.
Assume that the function F' is lower bounded, which automatically holds if M is
compact. For this problem, Wen and Yin [27] and Oviedo [18] proposed the following
RGM with the ZH-type nonmonotone line-search strategy, where gradf(z*) denotes
the Riemannian gradient of f at 2*, T« M is the tangent space of M at z*, and R (+)
denotes the retraction mapping at #* from the tangent bundle to M (see [6, Definition
2.1]).

For Algorithm 4.2, as far as we know, only the gradient sequence {gradf(z*)}ren
is proved to converge to zero under the following condition with ¢; > 0 and ¢co > O:

(4.7) (gradf(z"),2") < —c1|lgrad f(z*)||*> and ||2"|| < co||gradf(z*)|| for all k € N.

Next we establish the full convergence and local convergence rate of the iterate se-
quence by arguing that it conforms to conditions H1-H3. Consequently, the conver-
gence results in section 3 are applicable to it.

THEOREM 4.2. Suppose that the submanifold M is compact and that F is a KL
function. Then, for the sequence {x*}ren generated by Algorithm 4.2, it holds that
S reo llzF =271 < co. If in addition F is a KL function of exponent 6 € (0,1), then
it converges to some I € critF' and there exist k € N,y >0 and p € (0,1) such that

{ ok if0e€(0,1/2],

2 k> k.
vk ifoe(1/2,1) ToT k2

o0
b —Z <> a2 <
=k
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Algorithm 4.2 (nonmonotone line-search RGM).
Initialization: Select 0 <a,, < ap <oo, p1 €(0,1),p2€[0,1),8 € (0,1), and
Pmin € (0,1]. Choose 2° € M and z° € T oM satisfying (4.7). Set Cp = F(2°) and
:=0.
while the termination condition is not satisfied do
1: Choose a0 € [m, ]
2: For [=0,1,2,... do
3: Set ap= Bloz;%o.
4: If f(Ryr(ar2®)) < Ok + prau(grad f(a®), 2%) — paa? | 2*|12, go to step 6.
5: end for
6: Let 2"T1 =R (ay2¥) and select a direction 2**! € T k11 M satisfying (4.7).
7: Choose py, € [Pmin, 1], and set Cpy1 = (1 — pp)Cr, + pi.f(xFH1).
8: Set k< k41 and go to step 1.
end (while)

Proof. Since {z*}ren C€ M, the compactness of M implies the boundedness of
{@*}ren. Then, there exists a subsequence {2%} ey with lim;j_,o 2% =7 € M such
that lim;_,o. F(2%) = F(Z), and condition H3 holds. By combining [6, equation
(B.3)] with 2%+ = R« (ax2*), there exists a constant & > 0 such that for each k€N,
|[z*+ — 2|2 <a2a2,||2%||?. From step 4 of Algorithm 4.2 and (4.7), for each k€N,

c
F(ka):f(mkH)SCk—plclakngadf(xk)HQ—PQO‘illzkHQSC’C_%O‘knzkHZ
2

In addition, from [18, Lemma 2], there exist kg € N and « > 0 such that ay > «
for all k& > ky. These two facts show that condition H1 holds. The remaining part
is to show that condition H2 holds. By Lemma 2.3(i)—(ii), the sequences {Cf}ren
and {F(2*)}ren converge to the same limit. Together with step 4 of Algorithm 4.2,
we have limy_ oo ax||2¥||? = 0, which along with ar > « for all k¥ € N implies
that limg_o ||2¥|| = 0. From a3, < ajps for all k and [6, equation (B.4)], we have

Rz (e 2%) — (2% +arz®) | =o(||ax z¥]). If necessary by increasing ko, for each k > ko,
(4.8)
1 1
2457 =28 = an[l2* || = IR (an2®) = (¥ + 2™ |2 5all2* ]| > Saenlgrad f ()],
where the third inequality is obtained by using the first inequality in (4.7). Note that

OF (z*) =V f(2*) + Ny« M for each k € N, where N, » M denotes the normal space of
M at z*. Then, we have for each k €N,

dist(0, 9F (%)) = [|Projr , o (VS (2"))|| = llgrad f («*)[| < 2/(acr) [« — 2*],
where the inequality is due to (4.8). This shows that condition H2 holds with k; =1
and g, =0 for all £ > ky. Now the desired conclusions follow Theorems 3.3 and 3.6. O

From [20, Lemma 2.10], the KL property of F' at € M in terms of Definition 2.1
is equivalent to the KL property of f|q, the restriction of f on M, at € M in terms
of [7, Definition 3.5].

5. Conclusion. In this paper, we proposed a novel nonmonotone descent iter-
ative framework consisting of the ZH-type nonmonotone decrease condition and a
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relative error condition. We proved that any iterative sequence complying with this
framework enjoys full convergence when ® is a KL function, and the convergence is
linear if ® is a KL function of exponent 1/2. This answers the question whether a
descent method with ZH-type nonmonotone line-search strategy converges. We also
demonstrated the cases of existing algorithms that fall into the proposed framework.
As a result, new convergence results are readily available for those algorithms as a
consequence of our obtained results. Furthermore, the proofs of the main results may
be adapted to modified frameworks that include more existing algorithms as special
instances. This shows the potential of the proposed framework to obtain new con-
vergence results for existing algorithms. Compared with the nonmonotone iterative
framework [19], the new one possesses the full convergence (local convergence rate)
without additional restriction on ® except its KL property (KL property of exponent
6 € (0,1)). We hope to explore more applications of the proposed framework in our
next research project.

Appendix A. ZH-type nonmonotone line search scheme satisfies (H1)—
(H3). We first recall the nonmonotone line-search algorithm (NLSA) proposed in
[29]. Let ® = f, which is a continuously differentiable function and is bounded from
below on X = R™. We follow the notation used in [29]. In particular, NLSA uses z;
with subscript k for its iterates. Furthermore, it uses g, := Vf(zy) (gradient of f at
xy) and dy, for the search direction at x. The direction assumption used is [29, (2.4),

(2.5)]
(A.1) grdi < —ciflgil” and [kl < collgy |

for some positive constants ¢; and ¢. NLSA uses nonmonotone Wolfe conditions or
nonmonotone Armijo conditions to select its steplength ay. To simplify our validation,
we use the latter for the demonstration. The Armijo search inequality on «y, is [29,

(L4)],
(A.2) flag + apdy) <Cr + 5akg2dk and ag < p,
where 0 <d < 1, u >0, and C}, is updated as follows [29, (1.6)]:

(A.3)
Qi1 =mQk + 1, Cry1 = (MQrCr + f(Tr11))/Qr+1, Co = f(w0), and Qo = 1.

Here, nr € [Mmins Mmax) With 0 < min < Pmax < 1. The update on the iterate is
Thy1 =T + apdy.

With the above setting, [29, Lemma 2.1] shows that there exists @ > 0 such
that o > a. We now prove all three conditions in (H1)-(H3) are satisfied with the
sequence {xy}.

On H1. It follows from [29, (2.8)] that for some 8> 0

Fleran) < Ce— Blgel®  (by 29, (2.8)
<c —f%ndm (by (A1)

B 2
=0 — %HMH — x|
Referring to (A.3), H1 holds with the following choices of aj, and 7. Let

a _ﬁ/(2 2(A>'2) 2.2\ .,
ki=pB/(a_163) = B/(p"cz)=1a>0
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and

1
Tpi=———————2>1—Npax =7 >0,
Qa1
where the third inequality used the fact Qr < 1/(1 — 9max) established in [29, (2.15)]
when Npax < 1.
On H2. According to the direction assumption (A.1), for sufficiently large k,

lgkll® < —cr ' gi di < o1 lgelllldill = (awer) ™ lgnlllzesr — 2,

which implies that condition H2 holds with k; = 1,b; = c1ay for sufficiently large k
and e =0. Since ay > «, we must have ZZO:1 by, = oo.

On H3. Note that f(zr41) < Cp < Croq < -+ < Cy = f(xg), the sequence
{zk}ren generated by the NLSA is contained in the level set {x € R"| f(z) < f(z0)}-
Hence, whenever the level set is bounded, the sequence {z }xen is bounded and there
exists subsequence {xy, } jen with lim;_, o 2, =T such that lim;_, f(xx,) = f(Z), so
condition H3 holds. Moreover, with the choices a; and by above, we have

k+k
_ 1 !

cal,
B= sup — Z ﬁ: su Z 2 (2k1+1)01\fa

Nok>ky bk - N3k>k1 aay

where the inequality used the fact o < oy < p. Therefore, the assumption (1.2) is also
satisfied. Thus, the NLSA of [29] with nyax < 1 falls within our iterative framework
for e, =0 whenever the level set {x € R™| f(x) < f(x0)} is bounded.

Similarly, the iterate sequence {x*}ren generated by the NLSAs [10, 23] under
the direction assumption there also falls within our iterative framework with e = 0.
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