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Abstract

Faultdetectionis crucial to ensure the reliability of localization systems. However,
conventional fault detection methods usually assume that noises in the system
have a Gaussian distribution, limiting their effectiveness in real-world applica-
tions. This study proposes a fault detection algorithm for an extended Kalman
filter (EKF)-based localization system by modeling non-Gaussian noises as a
Gaussian mixture model (GMM). The relationship between GMM-distributed
noises and the measurement residual is rigorously established through error
propagation, which is utilized to construct the test statistic for a chi-squared
test. The proposed method is applied to an EKF-based two-dimensional light
detection and ranging/inertial measurement unit integrated localization sys-
tem. Experimental results in a simulated urban environment show that the pro-
posed method exhibits a 30% improvement in the detection rate and a 17%-23%
reduction in the detection delay, compared with the conventional method with
Gaussian noise modeling.

Keywords
2D lidar/IMU-based localization, chi-squared test, EKF, fault detection,
Gaussian mixture model, non-Gaussian noise

1 | INTRODUCTION

Gaussian noise modeling is not sufficient for developing fault detection methods:

Fault detection is essential for localization and navigation systems in some
safety-critical applications (Joerger & Pervan, 2016; Osechas et al., 2012;
Pervan et al., 1998; Wang et al., 2016), for detecting the occurrence of faults in a
system and determining the time at which faults occur (Gao et al., 2015). Fault
detection methods can be primarily classified into model-based, knowledge-based,
and signal-based methods (Gao et al., 2015). Among these methods, model-based
methods, particularly statistical analysis of residuals, appear to be the most pop-
ular approach for detecting faults in localization and navigation systems (Angus,
2006; Gao et al., 2020; Puchalski & Giernacki, 2022; Yang et al., 2013), as system
models are usually well established and known to designers in these applications
(Gao et al., 2015). However, conventional model-based methods often assume
that the noises in the system have a Gaussian distribution (Hsu et al., 2017;
Joerger et al., 2014; Osechas et al., 2012; Pervan et al., 1998; Walter & Enge, 1995).
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For example, Walter and Enge (1995) constructed a test statistic by using the sum
of the squares of the range residual errors, which was utilized in a chi-squared
test to detect potential faults in pseudorange measurements. The measurement
noise was assumed to have a multivariate Gaussian distribution for normal condi-
tions in which satellites have no malfunctions. Wang et al. (2016) designed a fault
detection method for a navigation system based on the chi-squared test and the
sequential probability ratio test. In their work, all system process noise and mea-
surement noise were modeled as zero-mean Gaussian distributions. Unfortunately,
noises in the real world usually have non-Gaussian properties. Examples can
be found in global navigation satellite systems (GNSSs) (Rife & Pervan, 2012),
micro-electromechanical system (MEMS) inertial sensors (Hou & El-Sheimy,
2003; Lethander & Taylor, 2023), and light detection and ranging (lidar) sensors
(Xu et al., 2018). Thus, unrealistic Gaussian assumptions can result in increased
false alarm rates (FARSs) or degraded fault detection rates (FDRs) in real-world
applications, limiting the reliability and effectiveness of methods aiming to pre-
vent systems from faults.

The Gaussian mixture model (GMM) is promising but remains under-explored
in fault detection research: The modeling of non-Gaussian noise has received
increasing attention, and its application in the field of localization and naviga-
tion, including multi-sensor fusion, robust localization, and integrity monitoring,
has been extensively explored (Davis & Blair, 2015; Langel et al., 2020; Rife, 2018;
Wen et al., 2021). One of the most popular approaches is to model noises as a
GMM, which represents a probability distribution as a weighted combination of
multiple Gaussian distributions. Examples include works by Ali-Loytty and Sirola
(2007), who proposed a Gaussian sum filter (GSF) method for hybrid positioning
with non-Gaussian noises by approximating the prior density of the state as a
Gaussian mixture, Pfeifer and Protzel (2019), who proposed a robust sensor fusion
algorithm by adaptively tuning the GMM parameters of the noise distribution,
and Blanch et al. (2008), Gao et al. (2022), and Yun et al. (2008), who developed
over-bounding algorithms and derived protection levels for integrity monitoring by
modeling measurement noises as a GMM. Nevertheless, few studies have consid-
ered non-Gaussian noises in fault detection. One example is the work by Yun et al.
(2008), who developed a fault detection method using a GSF. In particular, the
measurement noise was modeled as a GMM, and several parallel Kalman filters
were developed to handle each Gaussian component. The fault detection process
was realized by comparing the one-sided tail probability of the residual from the
GSF with a predefined threshold. Wang et al. (2022) developed a similar algorithm,
except that their approach involved summing the residual of each filter according
to the mixture weight and subsequently taking the summation for a chi-squared
test to identify potential faults. Numerical experiments have shown that these
approaches exhibit improved detection performance compared with conventional
Gaussian methods. However, the improvement can be attributed to at least two
factors: 1) the difference between the GSF-based detection method and the conven-
tional detection method based on the chi-squared test; 2) the difference between
GMM-based noise modeling and Gaussian-based noise modeling. It is challeng-
ing to differentiate whether these improvements stem from the differences in the
detection methods themselves or from the differences in noise modeling.

Contributions of this paper: Recently, Hashemi and Ruths (2019) proposed a fault
detection method for a linear time-invariant control system with non-Gaussian
noise. In their work, the residual of the observer in the linear time-invariant sys-
tem is modeled as a GMM and used to construct the test statistics for a chi-squared
test. This architecture is consistent with the conventional Gaussian method based
on the chi-squared test, providing valuable insights for fairly comparing the effects
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of non-Gaussian noise modeling on fault detection problems. Inspired by their
work, this study aims to extend the idea to fault detection problems in localiza-
tion systems with non-Gaussian noises. Specifically, we establish the relationship
between the GMM-distributed noises and the residual in an extended Kalman fil-
ter (EKF)-based localization system. Then, we transform the residual to a variable
whose distribution approaches a standard multivariate normal (MVN) distribu-
tion. The Mahalanobis distance from the transformed variable to a standard MVN
distribution is taken as the test statistic for a chi-squared test to detect faults in the
measurements. The proposed method is then applied to a localization system con-
structed by integrating lidar measurements and inertial measurement unit (IMU)
measurements via the EKF. For a fair comparison of different detection algorithms,
a simulated urban environment is constructed based on the three-dimensional
(3D) simulator CARLA (Dosovitskiy et al., 2017), making it possible to simulate
GMM-distributed noises and ensuring reproducibility of the experiments. Finally,
we compare the proposed method with the conventional Gaussian method in the
simulated environment, evaluating their performance for two types of measure-
ment failures. The contributions of our study are two-fold:

1. A fault detection algorithm designed for GMM noises. This study presents
a fault detection algorithm for localization systems with Gaussian mixture
noises, including a comprehensive analysis of the relationship between noises
and residuals, a transformation process for the residual based on the law
of total covariance, and a chi-squared test. We prove that the measurement
residual is a linear combination of the measurement and process noises
and also exhibits a GMM distribution. In addition, the proposed method
shares the same methodology as the conventional Gaussian method. Thus,
the substantial difference in fault detection performance between these two
methods is attributed to the difference in noise modeling, making it possible
to fairly evaluate the effects of different noise modeling approaches on fault
detection tasks in localization systems.

2. A simulated platform for a fair comparison of fault detection algorithms. This
study establishes a simulated urban environment based on the 3D simulator
CARLA, which provides a fault-free environment for lidar-based localization
systems, guaranteeing a fair comparison for different fault detection
algorithms. In addition, this platform enables fault injection at specified time
periods, providing a valuable tool for evaluating the detection performance for
different types of failure in different scenarios.

The remainder of this paper is organized as follows. Section 2 presents the fault
detection method for a localization system with GMM noises. We first establish the
relationship between residuals of the EKF and the multivariate GMM-distributed
noises (Section 2.1), providing a theoretical basis for developing a transformation
method based on GMM assumptions (Section 2.2). A fault detection algorithm
based on the chi-squared test is then developed in Section 2.3. In Section 3, we
apply the proposed fault detection method to an EKF-based lidar/IMU integrated
localization system, which primarily includes the construction of the sensor plat-
form, an IMU motion model (Section 3.1), and a two-dimensional (2D) lidar mea-
surement model (Section 3.2). In Section 4, a simulated environment is constructed
for fairly comparing the performance of fault detection algorithms, and the fault
detection performance of the proposed method is examined in this simulated envi-
ronment for two types of measurement failures. Finally, Section 5 presents a sum-
mary of this work.
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2 | FAULT DETECTION WITH GMM NOISE MODELING

In this section, we present a fault detection algorithm for EKF-based localization
systems with noises characterized by a GMM. We first establish the relationship
between noises in the system and the measurement residual in the EKF through
error propagation. We prove that the measurement residual is a linear combination
of the measurement and process noises through error propagation and that its dis-
tribution is also a GMM. A transformation method is then constructed to transform
the residual to a variable whose distribution approaches a standard MVN distribu-
tion. Finally, we calculate the Mahalanobis distance from the transformed variable
to a standard MVN distribution, which is taken as the test statistic for a chi-squared
test to detect faults in the measurements.

2.1 | Residual Analysis in the EKF
2.1.1 | Relationship Between the Residual and Noises

A statistical analysis of residuals is vital in model-based fault detection meth-
ods for localization and navigation systems (Angus, 2006; Joerger & Pervan, 2016;
Puchalski & Giernacki, 2022; Rife, 2013). A general measurement model in a local-
ization system can be written as follows:

Vi =h(x,)+n; (1)

where x, is the system state at time k, y, and n, are the measurement and noise
vectors at time k, respectively, and h(-) is the measurement function. A general
state propagation model can be written as follows:

X :f(xk—l’uk—l’ qu) (2

where f() is the state propagation function, u,_, is the external input at time
k-1, and v,_, is the process noise at time k—1. In an EKF-based localization
system, the propagation equations are given by the following:

% = (X1 w,1,0) (32)
P = Fk—lpk—leT—l + Gk—le—1G£—1 (3b)

where &Z—l is the estimated state at time k—1, f{; is the predicted state at time k,
P, is the covariance matrix of the estimated state given by the EKF at time k-1,
P, is the predicted covariance matrix of the estimated state at time k, F,_, is the
state transition matrix, G,_, is the noise Jacobian matrix with respectto v, ,, and
Q,_, is the covariance matrix of v, ;. If the EKF receives measurements y, at
time k, the Kalman gain K, is obtained by the following equation (Daum, 2005):

-1
K, =P H] (H,P,H] +R,) 4

where R, is the covariance matrix of 77, . The estimated state at time k is obtained
as follows:

X; =X} +Kk(yk —h(f(; )) (5)
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where H, is the Jacobian matrix of h(x k ) The covariance of the estimated state
is given by the following:

P =(I-K,H, )P, (6)
The residual corresponding to the measurements at time k is as follows:
r =y, —h(%;) (7)
By substituting Equation (1) into Equation (7) and taking the first-order Taylor
expansion at f(;, we can obtain the following:
r, =H, (Xk _’A‘E)Jr’?k (®)

where H, is the Jacobian matrix of h(-) defined with respect to x, . By substitut-
ing Equations (2) and (3) into Equation (8) and applying a first-order Taylor expan-
sion at the point (f(;_l, u,_, 0), we obtain the following:

r, =H, (qu (kal —Xi ) +G Vi ) 1 )

where F,_, is the Jacobian matrix of f(-) defined with respect to x,_, and G,_;
is the Jacobian matrix of f(-) defined with respect to v, ;. In Equation (9), X;_;
can be obtained by either state propagation or a measurement update, as dis-
cussed below.

(1) x;_, is obtained by state propagation.

In this condition, the EKF does not receive external measurements (such as lidar
measurements). The estimated state is given by the predicted state, i.e., &271 = ’A‘Eq-
Therefore, we have the following:

X~ X =X — X (10)

By substituting Equations (2) and (3) into Equation (10) and taking a first-order
Taylor expansion at (&;_2, u,_,, 0), we obtain the following:

X~ X, =F_, (kaz X, ) +G Vi, 11

Repeating the operation in Equations (9)-(11) yields the following:

i—

1
HFk— iGreiVisi ¥ G Vi J 1 (12)
j=1

M=

m
r, =H; (HFk—i (Xk—m X ) +
i=1

i
S

where m is the discrete time interval between the last measurement and the cur-
rent measurement. To simplify the expression, we set the higher-order terms inside
the parentheses (i.e., terms with more than two matrix multiplications) to zero and
obtain the following:

r,=H,F_,G_,v, , +tH,G, v, +m (13)
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(2) X}_, is obtained by a measurement update.

In this case, we obtain the following expression by substituting Equation (5) into
Equation (9):

e (&2—1 +Ky (yk—l - h(&E—1 ))) (14)

By substituting Equation (1) into Equation (14) and taking the first-order Taylor
expansion at X;_;, we have the following:

X —Xp, = (I -K, H, )(Xk—l -Xi, ) Ky ime (15)

Therefore, we have the following relationship:

r, =HF_, (I -K,H, )(Xk—l -X, ) (16)
-HE_ K tH G v+
If we initialize the Kalman filter at t =k —1, we have E[X, ,]=x,_,. X, , isthe
unbiased estimator of x, ;, and its distribution can be represented by a Gaussian
distribution N(x,_;,7,), where 7, is the covariance matrix of %X;_,. We then
apply the following definition:

€1 =X~ X 17)

with e, ; ~ N (0,7,). Equation (16) can then be written as follows:

r, =H,F_, (I -K, H, )ek—l (18)
-H.E_ K ne T H G v+

As can be seen, r, is a linear combination of n,, 71,_;, Vi and e,_;.
Assuming that the covariance of the initial state, i.e., Ty, 18 considerably small,
we have e,_, =0. Then, Hka—l(I_Kk—lHk—l)ek—l has only a limited impact
on Equation (18). If we know the ground truth of x, ; (which is possible in a
simulation environment, as shown in Section 4), we can initialize the Kalman
filter at t=k—1 with X;_, =x, ;. Then, r, approaches a linear combination of

N> Mp_q> and Vi !
r, =n.-HE_ K _n_, +HG_ v, (19)

This perfect initialization can be approximately regarded as the setting of
E[X;_,1=x%,_, with a very small z,,.

If we do not initialize the Kalman filter at t=k—1, we can iteratively apply
Equations (7)—(19) until the first initialization of the EKF:

E[x;]=x, (20)

We will find that r, approaches a linear combination of v, ,,...,v;
and n,,n,_;,...n; and that their coefficients are related to H,,H, ,,...H

F._,,..F,G_,,.G, and K, ,,.K,.
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2.1.2 | Distribution of the Residual

To focus on the development of the fault detection algorithm, we simply take
the case that X}, is obtained by state propagation for further analysis and set the
higher-order terms (> 2) to zero. Then, Equation (13) is the final expression of the
residual at time k. We use the following relationships:

V., =H,G (21)

and:
N, =HF_,G, (22)
Then, Equation (13) can be written as follows:
6=V Vi ¥ N Vi, +1 (23)
In this study, v, ,, v,_,, and 7, are assumed to be non-Gaussian noises, and
we use the multivariate GMM to model them. Assuming that v, ; and v,_, are

independent and identically distributed (i.i.d.), we can obtain the probability den-
sity functions (PDFs) of n and v as follows:

m,
f,(0)= le;?/v(x w7 ) (242)
j=
m,
fu®)= _Z;p;N (x| up.7?) (24b)
J:
my m,
where > p;.’ =1, X pj=1 m and m, are the number of Gaussian modes for n
j=1 j=1

and v, respectively; p;.’ and p; are the mixture weights (i.e., the prior probability

of each Gaussian mode); N (-lu;?,n;.’) and NV (-l ,u}’,fr}.’) are the PDFs of each

Gaussian mode; ,uj’.’ eR™ and u; eR™ are the means of each Gaussian mode;
n;? e R"*™ and n}’ e R™*™ are the covariance matrices of each Gaussian mode;
n, is the dimension of the measurement noise; and n, is the dimension of the pro-
cess noise. Inspired by the work of Hashemi and Ruths (2019), one can prove that
r, has a multivariate GMM distribution by applying the convolution theorem to
the characteristic function of each component of the residual (refer to Appendix B
for details):

m, m, m
fl'k (X):Z Zzpach(X|”abc’ﬂabc) (25)
a=1 b=1c=1
where:
Pabe = PaPpD? (26a)
Fape = Vierlg + Ny + 41 (26b)
Tape = Via®a Vi + N mpNL | + 7] (26¢)
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2.2 | Transformation Methods

2.2.1 | Transformation Based on GMM Assumptions

Section 2.1 showed that the residual is a multivariate GMM-distributed random
variable. To align with the architecture of the chi-squared detector, we transform
the residual to a new random variable by subtracting its total mean and subse-
quently pre-multiplying by the principal square root matrix of the total covariance
(Hashemi & Ruths, 2019):

T, =272 (x, —p) 27)
where p is the total mean and £-/2 is the principal square root matrix of the total

covariance (X) of the residual, respectively. According to the law of total covari-
ance (Weiss et al., 2006), u and X are given by the following:

m, m, m

K= Z Z Z Pape Habe (283)
a=1b=1c=1
m, m, nm T
2::Z:bz‘tzpabcﬂabc +('u_'uabc)(u_uabc) (28b)
a=1 b=1 c=1

In Appendix C, we demonstrate that the transformed variable has a distribution
that approaches the standard MVN distribution when each Gaussian component in
the GMM-distributed residual has a small difference in the covariance. Therefore,
we limit the proposed transformation method to specific applications in which the
measurement error can be modeled by a GMM and the covariance of each compo-
nent is similar. By setting the number of Gaussian components in the GMM to one,
the above transformation formulation can be easily extended to situations in which
the residual is formulated as a Gaussian distribution (Da, 1994; Liu et al., 2017).

2.2.2 | Transformation Based on Gaussian Assumptions

To evaluate the impact of GMM noise modeling on fault detection performance,
we also establish a baseline transformation method that utilizes Gaussian assump-
tions for the noises. Specifically, the measurement noise 1 and the process noise
v9 at time k are modeled as zero-mean Gaussian noises as follows:

ne ~ N (0, n;;) (292)

v ~ N (0, ng) (29b)

where ng e R and nf e R™*™ are the covariance matrices and can be

obtained by calculating the variance of samples generated from the noise distribu-
tion in Equation (24) through a Monte Carlo simulation. Following the derivation
in Section 2.1, the measurement residual at time k is given by the following:

=V Vi +N v, +m (30)
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Transformation based on GMM assumptions
Measurement - N ]
e — Modeled as Residual 1, Transformation
noises Y - > ) - > i
GMM EKF | (GMMdist.) |[Lawoftotal” | T =X (rk — ll)
>< variance g
Z i 0 Standardi- - .
Process noises &3 Modeled as zero- | Residual 1, zation | Transformation
mean Gaussian |BKF | (Gaussian dist.) - T; = Z‘,(‘)”zro
k
Non-Gaussian Transformation based on Gaussian assumptions

FIGURE 1 Transformation methodsbased on GMM assumptions and Gaussian assumptions

Let 2, =V, _ 7V +N,_ 7N]  + nf;; then, the distribution of the measure-
ment residual is given as follows:

fo () =N(x]0,252) (31)

which is a zero-mean Gaussian distribution. Similar to Equation (27), r? can be
transformed to a standard MVN-distributed random variable as follows:

T) =2;'°r (32)

Figure 1 plots the transformation process of the residual based on the two dif-
ferent assumptions. Obviously, the substantial difference between the two trans-
formation methods lies in the method for modeling noise. This important feature
enables us to develop a fault detection method with GMM noise modeling that
shares the same methodology as the conventional Gaussian method, providing a
way to fairly evaluate the effects of different noise modeling approaches on fault
detection tasks in a localization system.

2.3 | Fault Detection Based on the Chi-Squared Test
The two transformations in Section 2.2, although different, yield a standardized

measurement residual that is assumed to have a standard MVN distribution. The
n, x1vector T, can be written as follows:

Ty =[ Ty Ty Ty | (33)
where Tg 1 Tg 25 eees Tg , are assumed to be mutually independent, standard nor-
’ ’ >

mal random variables. We can construct the following test statistic ¢,

_Tp 72 2 2
t, =T, T, =T5 +Tg, +...+ Tg’n1 (34)
Because Tg’l, Tg,2’ e Tg’n1 are mutually independent, tg follows the

chi-squared distribution with n, degrees of freedom (DOFs). From another per-
spective, Equation (34) represents the square of the Mahalanobis distance of T,
from the standard MVN distribution, which is known to have the same chi-squared
distribution. Similarly, we can construct the test statistic tg in the context of the
Gaussian assumption as follows:

0 =T§TT§ (35)
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Before performing the hypothesis test with the constructed test statistic, we give
a brief introduction to the chi-squared distribution. Its cumulative distribution
function is given by the following:

)

v (%,
r(%

where y(-) is the lower incomplete gamma function, I'(:) is the gamma function,
and k is the DOF. For a certain value of TD € R, the probability of the chi-squared
statistic being less than TD is given by P(x <TD)=F(TD;k), and the associ-
ated p-value is given by 1-F(TD;k). The value of TD and the corresponding
p-value are interrelated, and their association can be determined from tables of
the chi-squared distribution (Fisher & Yates, 1953). The chi-squared test for fault
detection associated with the test statistic t, ata given significance level « is as
follows:

N[

F(x; k)= (36)

~——

H,:t,>TD, (37a)
H,:t,<TD, (37b)

where TD, is determined by the following:
P(t,>TD, |H,) =« (38)

A similar hypothesis test can be conducted with the test statistic tfg), which is
defined by the similar formulations in Equations (37)—(38) and is omitted for the
sake of clarity. For convenience, we denote the fault detection method based on tg
as the total Gaussian-GMM method, and we denote the method based on tg as
the Gaussian method.

In Equation (38), the significance level a can also be interpreted as the desired
FAR in the context of fault detection when the assumption that T, has a standard
MVN distribution is valid. However, this assumption is unrealistic in real-world
applications. For example, the GMM cannot perfectly model the non-Gaussian
noises in lidar measurements. Furthermore, the elements in the residual vector
could be correlated, which violates the assumption and eventually results in deg-
radation of the fault detection performance. Therefore, some criteria must be met
to examine the real performance of the fault detection results. In this study, two
criteria, the FAR and FDR in a period, are formulated as follows:

n
FAR=—1"F (39a)
Npp + gy
Nrp
FDR=—""1__ (39b)
Nrp + ey

where n,, is the number of faulty events that are classified as faulty (true pos-
itive), n;y is the number of fault-free events that are classified as normal (true
negative), ny, is the number of fault-free events that are classified as faulty (false
positive), and ny, is the number of faulty events that are classified as normal (false
negative).
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3 | APPLICATION IN AN IMU/LIDAR INTEGRATED
LOCALIZATION SYSTEM

This section presents the application of the proposed fault detection in an IMU/
lidar integrated system. The architecture of the fault detection process in the local-
ization system is illustrated in Figure 2. A lidar/IMU integrated localization system
is constructed by utilizing EKFs (Daum, 2005), where the state propagation equa-
tion is constructed from the kinematic model of the IMU motion and the measure-
ment function is constructed by matching the extracted line features from seven 2D
lidar points to the plane in the prior map. Notably, 2D lidars possess fewer moving
parts and components, making them more reliable and easier to maintain in com-
parison to 3D lidars. This characteristic not only helps to prevent hardware faults
but also simplifies the development and evaluation of fault detection methods.
In addition, 2D lidars are low-cost but can only provide limited ranging measure-
ments. As a result, it is of great importance to reliably detect faulty measurements
from 2D lidars. In this EKF-based localization system, the process and measure-
ment noises are modeled as a multivariate GMM. In Section 2, the nominal resid-
ual (defined as the residual of a fault-free system) was proven to be a multivariate
GMM. Therefore, we leverage the law of total covariance to transform the resid-
ual into a variable whose distribution approaches a standard MVN distribution.
Finally, we calculate the Mahalanobis distance from the transformed variable to a
standard MVN distribution, which is taken as the test statistic for a chi-squared test
to detect faults in the measurements.
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Controllable noise
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FIGURE 2 (a) Architecture of fault detection in the lidar/IMU integrated localization
system; (b) sensor platform of the localization system; Ele: elevation angle
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The sensor platform of the localization system is shown in Figure 2(b), where
an IMU is placed at the chassis and seven 2D lidars are distributed around the
vehicle. The center location and the elevation angle of each lidar in the IMU frame
({I}) are given in the embedded table. Instead of defining seven lidar frames for
each 2D lidar, for clarity, we only define a single lidar frame ({L}) that is fixed at
the center of the fourth lidar. Because the seven 2D lidars have similar measure-
ment models, such a definition can more clearly illustrate the main idea without
a loss of generality. Following this definition, we denote Lp, as the translation
from {I} to {L} and Lq, as the rotation (the rotation matrix is R) from {I} to
{L}. Tp, and I R are extrinsic calibration parameters calibrated in the setup stage
of the system. Note that the extrinsic calibration parameters for each 2D lidar are
different and are affected by the center location and the elevation angle of the 2D
lidar plane.

The state vector x of the system is defined as follows:

T
x=[Opl,ovT, 1L, b], b! | (40)

where “p, and ®v, are the position and velocity vectors of the IMU frame ({I})
in the world frame ({G}), respectively, 'q, = [qw, qy» qy,qu denotes the rota-
tion from {G} to {I} in terms of quaternions, and bl and bg are biases of the
accelerometer and gyroscope measurements, respectively. In addition, the rota-
tion matrix associated with /q, is denoted by LR. The world frame is fixed at the
center of the pre-built point cloud map in the east-north-up coordinate system.
For clarity, all symbols used in this chapter are listed in Appendix A. The follow-
ing sections briefly introduce the motion model and the measurement model of
the IMU/lidar integrated system and, more importantly, determine the exact form
of F, G, and H, which are used to construct the test statistic for the fault detec-
tion process.

3.1 | Motion Model

The kinematic model of the IMU motion in {G} is adopted to propagate the vehi-
cle state (Lefferts et al., 1982). The discrete-time state propagation equation is given
by the following:

Xy :f(xk—l’ uk—l’vk—l)
G G 1{GR G 2]
Priat VAt +5(1 R, (am,k—l -b,,,—n, ) + g)At
G GR G
Vi1t ( IR (am,k—l —by, -1, ) + g)At

- exp(%g[w -1 bg k-1 g])l g k-1 (“41)

; ; i d- G G I
where At is a short time period; Pris “Vier 9ogors ba,k_l, and bgk 1

system states at the discrete time k-1; a,, , and w,_, , are the acceleratlon
and gyroscope measurements, respectively; n, and n g are the noises of the accel-
eration and gyroscope measurements, respectively; n, and n,, are zero-mean

T
T T . .
Gaussian white noise; v, [n ng nwa,nwgJ is the process noise vector at
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time k—1; ?IA{kfl represents the estimation of the vehicle orientation at time k —1;
and Q[] is a 4x4 skew symmetric matrix:

(42)

O[w]= {—[w]X w }

-wl 0

where [-], denotes the standard vector cross-product.
By linearizing Equation (41) with respect to x, ; and v,_;, we can obtain the
state transition matrix F,_;, and the noise Jacobian matrix G,_, as follows:

I, LAt 0 ~10R, A 0
0 I 0 YR, At 0
Fk—l =l o 0 Bg(l‘iG,k—l’wm,k—l) 0 ag(l‘iG,k—l’wm,k—l) (43a)
tol P OW G 1
0 0 0 I 0
0 0 0 0 I,
_IGR Ap 0 o o |
21 k-1
~GR, At 0 0 0
Gk—l = 0 6g(lqavk*1’wmvk*1) 0 0 (43b)
BwGI,kfl
0 0 LAt 0
0 0 0 LAt

ag(I(]Gk—l’wmk—l) ag(Iqu—l’wmk—l)
’ — and : ’
Wik

where are derived in Appendix E.2.

I e

3.2 | Measurement Model

The laser scan plane of a 2D lidar intersects with several planes. The intersection
is called a line segment, which is fitted by a set of 2D lidar points, as shown in
Figure 3(a). We adopt the method of Pfister et al. (2003) to extract line segments
from raw 2D lidar measurements and find their associated planes. Details are pro-
vided in Appendix D.2. The 2D lidar measurement model is constructed by find-
ing the shortest vector in the laser scan plane from the origin of {G} to the plane
(Hesch et al., 2010; Zhao & Farrell, 2013), as illustrated in Figure 3(b). Assuming
that the laser scan plane is intersected by plane II, at line L&' in {L}, we can
find the shortest vector x; = p,“€; in the lidar scan plane from the origin of {L}
to IT,, where L&, is the unit vector, p; is the length of Lx;, and the point M
is the intersection of Ix, and L&!. The laser beam Lx; in the scan laser plane
can be represented by ranging and bearing parameters (p;,¢,) in the polar coor-
dinate system, as shown in Figure 3(c). Alternatively, Lx; can also be written as
Lx, =[ p; Cos¢; p, sing; O}T in {L}. The shortest vector from the origin of {G} to

plane IT; is denoted by d°x; and is intersected by I, at point N, where ©z; is the
normal of the plane in {G} and d; is the length of dz,. The vector from M to N in
{G} is denoted by “t,. The measurement model can be written as follows:

i
1

¢ =hi(x)+¢, :arctan[sgn(Ldi)i}rqgi (44a)
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|“d
pr =h(X)+ p, = ————+, (44b)
i 2 i aiz +a£2 i
d =d, -zl (°p,+¢ R'p, ) (44c)
. . .aT
‘a, =LRm, =] a}.d}.d} | (44d)

where the i-th measurement y, = [d)i, p; ]T gives the ranging and bearing parame-
ters associated with the shortest vector in the laser plane intersected by I1;, ¢, and
p; are measurement noises, and sgn(-) is the sign function. Details are provided
in Appendix D.1.

Let h (xk):[h{ (x, )1 (xk)T be the measurement function of the i-th mea-

. o~ 77 . .
surement at time k, 7, :[¢ik pl.kJ be the associated measurement noise,

PO )
X = |:Gf,;T ’ GV;T 1 (jg;T b7, bg] be the predicted state, and Hj be the Jacobian

matrix of h'(x,) defined with respect to x, and evaluated at X;:

ohl (X
Hi - om (%) (45)
Xy
As proven in Appendix E.3, H} is given by the following:
1 ~_T * A_
0, 0,3 — A 1RT, (I Qg x> 7 ) 0,6
H;c — Hik
" G”iT A Gn'iT. n_ I N * A
—sgn( b ) ﬂ,k 05 —sgn(L diy ) \/Fk Jq (I A0 Py, ) + ‘L di,k""gk TRI (I Qg O ) 016
i ik
(46)
where:
~_ i 2 i_2 _T T AP A
Ap=ai” +ay ", Ay :sgn(Ldi’k)[—al2 ,a ,0] @)

2 . T
o _ g gic 0l Ta- — LRIR-Gr  —|gi- gi- gi-
Kix =Mk [a1 & ’O]’ a; = ReR "7 _|:a1 14y 503 ]
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FIGURE 3 (a) A demonstration of extracting line segments from 2D lidar points; (b) a
schematic for constructing the 2D lidar measurement model by finding the shortest vector in the
laser scan plane from the origin of {L} to plane IT;; (c) laser plane with the polar coordinate system
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T
For multiple measurements y, :[y{k, y{k, ysz at time k, the measure-
ment function is written as follows:

Vi =h(x)+n, (48)
where:
T
h(x)=[ R (x, )T k2 ()T, " (x )T | (492)
_ T T T T
M = [’71,1{’ Mok,> s Mk J (49b)

and n is the total number of measurements at time k. Then, the Jacobian matrix of
h(x, ) can be written as follows:

H! =[H{,H§T,...HQT]T (50)

It is worth noting that the linearization process presented here differs from that
of Hesch et al. (2010) and Zhao and Farrell (2013). In this work, we linearize the
measurement function at the nominal state in terms of the position vector and
quaternion, as shown in Equations (E27) and (E41) in Appendix E.3, which is
more direct and intuitive than the approach in which linearization is performed in
the error state (Hesch et al., 2010; Zhao & Farrell, 2013). In addition, linearization
at the nominal state is beneficial for establishing clear relationships between the
measurement noise and the state and between the measurement noise and the
residual, both of which are shown in Section 2.1.

4 | NUMERICAL EXPERIMENTS
4.1 | Construction of the Simulation Platform

In this study, we build a simulated urban environment based on the 3D simulator
CARLA (Dosovitskiy et al., 2017). Through automatic and manual checking, we
can create a fault-free scenario in the simulated environment and inject specified
faults at a specified time. The main reasons for constructing the simulation plat-
form are listed below:

1. The measurementnoise of lidarsis uncontrollable in the real world. To simulate
GMM-distributed noises and ensure reproducibility of the experiments, it is
crucial to have a fully controllable environment to examine the performance
of the proposed method.

2. Faults in real data sets are unpredictable. To the best of our knowledge, no
method can always detect all faults. To control the fault types and the time
at which faults occur, it is essential to use a simulation tool to intentionally
generate faults of interest at a given time.

Snapshots of the constructed simulation platform are shown in Figure 4. The
simulated vehicle is equipped with seven 2D lidars and a simulated IMU sensor,
as shown in Figure 4(b). The measurements of 2D lidars are simulated by ray-cast
technology, which can accurately reflect the real position of the point hit by each
laser beam. Users can include additional noise in the 2D lidar measurements.
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FIGURE 4 Simulated platform

(a) The simulated urban environment is constructed based on CARLA, where the designed track
of the ground vehicle is marked as the red line. (b) The simulated vehicle moves along the road by
manual control or programmed control. (c) All faces of 3D objects in the simulated environment
can be extracted and accurately represented by Blender with semi-automatic checking.

The simulated sensors can directly output readings of physical parameters (such
as angular velocity and acceleration) of the vehicle through CARLA. Additional
noises are incorporated into the readings with customized configurations, eventu-
ally simulating the IMU sensor. In the experiment, the noise from 2D lidar measure-
ments and IMU measurements is configured to be multivariate GMM-distributed.
The detailed configuration will be described in Section 4.2. Recall from Section 3.2
that the 2D lidar measurement model requires pre-stored plane information. In
the simulated platform, it is much easier to extract this information without intro-
ducing additional errors. We accomplish this by exporting the 3D objects in the
simulated environment to Blender (Blender Optimization Community, 2018), an
open-source 3D modeling and rendering software, to extract the faces of all objects
of interest, such as buildings, walls, and roads. As shown in Figure 4(c), the face
(plane) information, including the normal, center, and vertices, can be accurately
extracted by automatic operation and manual checking in Blender.

4.2 | Experimental Setup

Based on the constructed simulation platform, a ground vehicle is programmed
to move along the track in Figure 4(a) at a constant speed of 30 km/h. The oper-
ation time is 57 s, and the length of the trajectory is 314.3 m. Figure 4(a) presents
the simulated trajectory. In the experiment, the output frequency of the lidars is
10 Hz, and lidar measurement noises are configured to have a multivariate GMM
distribution. To set the covariance of the 2D lidar measurement noises, we refer
to the research conducted by the team from Nagoya University (Carballo et al.,
2020), which evaluated the performance of mainstream lidar products. They found
that the root-mean-square error of the ranging measurements varies roughly from
0.01 m to 0.08 m within a measured distance of 100 m. Because the bearing mea-
surements can be directly obtained by referring to the rotation frequency of the
lidar, we assume that the noise of the bearing measurements is relatively small.
In this study, we use the GMM to set the distribution of the measurement noise
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n, = [‘51 P ]T. The PDF of the noise 1, in each 2D lidar measurement is given by
the following:

O=p N 0 0.00032 0 N 0 0.00032 0 (1)
f'li )=D; " ) 0 512 +D, 1, > 0 522

where the bearing noise is set as zero-mean Gaussian with a standard deviation
of 0.0003 rad and the range noise is determined by p=[p,,p,], p=[y,,u,], and
0 =[6,,6,]. In this experiment, we evaluate four settings for p, u, and &, as
shown in Table 1. Taking the noise setting N1 as a baseline, we explore scenarios
in which the difference between mixture weights is reduced (N2), the separation
between components is decreased (N3), and the disparity between the variance of
the components is reduced (N4). The PDFs of the range noises in the four settings
are displayed in Figure 5. In addition, a degraded case for which the range noise is
generated from a Gaussian distribution is also evaluated, as presented in Table 1.

In this study, we assume that each lidar measurement is mutually independent.
Therefore, for n lidar measurements, the PDF of the noise can be expressed as
follows:

LO=pN||: ot e N o e (52)
M

0 cee 1 0 0 cee 5
2nx1 2nx1

where M, and M, are the covariance matrix of each Gaussian component in the
single-measurement case, as shown in Equation (51). In contrast, the PDF of the

TABLE 1
Settings for Range Noises of Lidar Measurements

Noise Setting Mixture p Mean g (m) Std. 6 (m)
N1 [0.9,0.1] [-0.01, 0.03] [0.02, 0.06]
N2 [0.8,0.2] [-0.01, 0.03] [0.02, 0.06]
N3 [0.9, 0.1] [0.00, 0.03] [0.02, 0.06]
N4 [0.9,0.1] [-0.01, 0.03] [0.03, 0.04]
Gaussian - 0 0.03

| ''''''' Component | === Component 2 GMM ‘

20 Setting N1 20 Setting N2 20 Setting N3 20 Setting N4
15 15
10 10

5 5

0 ‘ - 0 . ‘

-0.1  -0.05 0 0.05 0.1 -0.1 -0.05 0 -0.1  -0.05 0 0.05 0.1 -0.1 -0.05

Range noise (m) Range noise (m) Range noise (m) Range noise (m)

FIGURE 5 Distribution of range noises for 2D lidar measurements in four GMM settings
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TABLE 2
IMU Parameters

Sensor Parameter Value
Bias 2°h
Gyroscope .
Noise 0.15 °/<h
Bias 3.6 ug
Accelerometer .
Noise 0.012 m/s/h
TABLE 3
Lidar Range Measurement Failure Coefficients
Failure Type Group Coefficient Value Failure Time
Al Amplitude 0.1 m
Step failure 4-20s
A2 Amplitude 0.25m
B1 Rate 0.05m/s
Slope failure 34-44 s
B2 Rate 0.1 m/s

process noise v=[n§,n£,naa,n{vg JT eR!? is set as a zero-mean multivariate
Gaussian distribution with the parameters shown in Table 2, which are simulated
based on a MEMS-based IMU (Analog Devices, 2018). The output frequency of the
simulated IMU is 100 Hz.

In the EKF setting, we use a perfect initial pose to initialize the EKF. In other
words, the EKF is assumed to be converged at the initialization and will con-
tinue being converged in the following time steps if fault-free measurements are
received. Although this is a strong assumption, it is applicable in the simulated
environment. By making such an assumption, we can focus on the analysis of the
residual instead of the convergence of the localization solution. In this study, the
standard deviation of the estimated position is set to be 0.05 m, and the estimated
orientation represented by quaternions is set as 0.02 at time k. To set R and Q, we
calculate the total covariance of n and v and set their non-diagonal elements
to zero.

In this study, we conducted simulations for two types of single-measurement
failure, step failure and slope failure, to examine the fault detection performance
across varied scenarios. The coefficients relating to these failures are listed in
Table 3. In particular, the slope failure denotes a fault characterized by an escalat-
ing magnitude over time (Wang et al., 2016).

4.3 | Localization Performance

In the fault-free simulated environment, we examine the localization perfor-
mance of the proposed lidar/IMU integrated localization system. Figure 6 presents
the absolute translation error of the positioning results under five different settings
of measurement noise. It is obvious that the localization performance remains rel-
atively consistent across all noise settings. Throughout most epochs, the absolute
translation error is below 0.1 m. In addition, the mean absolute translation error is
approximately 0.06 m throughout the entire period. However, the absolute trans-
lation error shows an increase during the periods of 23-30 s and 45-48 s, coincid-
ing with the vehicle’s significant turns, which are depicted in the thumbnail of
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FIGURE 6 Absolute translation error of the positioning results in the fault-free simulated
environment

Figure 6. This occurrence can be attributed to the lack of features at the turning
locations, resulting in an insufficient number of measurements and, thus, poor
observability (Joseph & Murthy, 2019; Sanandaji et al., 2014). Additional sensors,
such as cameras and radars, can be employed to capture environmental informa-
tion to improve the localization performance at these locations. However, such
enhancements fall beyond the scope of this work.

4.4 | Fault Detection Performance

In the experiment, we evaluate the fault detection performance of the proposed
method with five settings of measurement noise: four settings are generated from
a multivariate GMM distribution, and one setting represents a degraded case in
which the measurement noise is generated from a Gaussian distribution.

4.4.1 | Step Failure Detection Analysis

Table 4 shows the fault detection results for a step failure when the desired
FAR o« is set as 0.05. In group A2, the FDR of the proposed total Gaussian-GMM
method for each noise setting exceeds 85%, which is significantly larger than that
of the Gaussian method. In particular, for the N2 noise setting, the FDR of the total
Gaussian-GMM method surpasses that of the Gaussian method by 30%, showing
the most substantial improvement among all noise configurations. As shown in
Section 4.2, N2 represents the scenario in which the difference between mixture
weights is reduced compared with the baseline setting N1, suggesting that the
influence of the Gaussian component with a large variance on the noise distribu-
tion is amplified. Compared with the Gaussian method, the total Gaussian-GMM
method can effectively capture such changes in the characteristics of the noise dis-
tribution, thereby exhibiting better detection performance. Nevertheless, the pre-
eminence of the total Gaussian-GMM method in terms of the FDR is accompanied
by the concession of an ascending FAR. In all noise settings, the FAR of the total
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TABLE 4
Statistical Results of FAR and FDR for a Step Failure (o= 0.05)

Failure Total Gaussian-GMM Method Gaussian Method

Range Noise Setting

Group  FAR (%) FDR (%) FAR (%) FDR (%)

Al 21.88 20.00
N1 7.26 5.03

A2 94.38 78.13

Al 23.13 17.50
N2 6.70 3.63

A2 85.00 65.63

Al 21.25 20.63
N3 5.87 5.59

A2 96.25 92.50

Al 20.00 15.00
N4 2.79 2.51

A2 85.00 73.75

Al 18.75 18.75
Gaussian (0, 0.032) 3.07 3.07

A2 93.13 93.13

Gaussian-GMM method increases slightly but is still comparable to the desired
FAR (a =0.05). Because reducing the missed detection rate is typically prioritized
over false positives for multi-sensor navigation systems, it may be acceptable to
sacrifice the FAR to a certain extent.

In group Al, both methods yield a substantially lower FDR compared with that
in group A2. This result occurs because the amplitude of the injected faults in group
Al is notably smaller than that in group A2, thereby hindering the ability of both
methods to detect a fault. Despite this challenge, the total Gaussian-GMM method
still exhibits a distinct advantage in detecting faults, showing a much higher FDR
than the Gaussian method. This resultimplies that the total Gaussian-GMM method
has greater sensitivity to small faults. For the degraded case in which the measure-
ment noise is generated from a Gaussian distribution, the total Gaussian-GMM
method exhibits the same performance as the Gaussian method, as anticipated.
The detection results for & =0.01 and a =0.001 are listed in Appendix F; both sets
of results concur with the findings outlined in Table 4.

Figure 7 displays statistic curves and diagnosis results for the two methods with
the N1 noise setting for step failure (group A2). The number of valid line mea-
surements from the lidars is also plotted in the figures, and the chi-squared test is
only applied when the number of line measurements is no less than 12. As can be
seen, the chi-squared statistics of the total Gaussian-GMM method substantially
exceed those of the Gaussian method over the failure period of 4-20 s. In addi-
tion, the diagnosis results show that the total Gaussian-GMM method switches less
frequently between fault and normal states within the failure period, suggesting
that the total Gaussian-GMM method is more stable in fault detection tasks with
step failures.

4.4.2 | Slope Failure Detection Analysis

The detection results for a slope failure are listed in Table 5, where the delayed
time refers to the interval between the commencement of the fault injection
and the first stable detected epoch (i.e., the subsequent diagnosis consistently
declares a fault throughout the remaining injection period). In group B1, the total
Gaussian-GMM method demonstrates a greater sensitivity to slope failure than the
Gaussian method. For the N1, N2, and N4 noise settings, the detection delay for
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FIGURE 7 Fault detection results for (a) the total Gaussian-GMM method and (b) the
Gaussian method with the N1 noise setting for a step failure (group A2)

In the diagnosis result plot, “1” indicates a fault, and “0” indicates normal. The failure period is
4-20 s, which is marked by the shaded area.

TABLE 5
Delayed Time of Fault Detection for a Slope Failure (o= 0.05)

Total Gaussian-

Range Noise Setting Failure Group Gaussian Method

GMM Method

Bl 35s 468
N1

B2 1.8s 19s

Bl 4.2s 5.3s
N2

B2 2.1s 2.6

Bl 3.3s 3.3s
N3

B2 1.7s 1.7s

Bl 43s 528
N4

B2 2.2s 2.8s

B1 5.3s 5.3s
Gaussian A (0, 0.032)

B2 1.8s 1.8s

the total Gaussian-GMM method is reduced by 17%-23% compared with that of
the Gaussian method. Note that the delayed times for the two methods are the
same for the N3 noise setting, in which there is a small separation between com-
ponents. Recalling the transformation method based on the law of total covariance
in Section 2.2.1, it is obvious that the second term of the total covariance tends
to be zero if all components have a similar mean. In such cases, the total cova-
riance of the GMM distribution approaches the variance of the fitted Gaussian
distribution; consequently, the two fault detection methods will exhibit similar
performance. This phenomenon is also verified in the step failure experiments
under the same noise setting (N3), where the total Gaussian-GMM method exhib-
its only a 3% and 4% increase in FDR compared with the Gaussian method for
groups Al and A2, respectively. Similar observations are made for group B2, with
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FIGURE 8 Fault detection results for (a) the total Gaussian-GMM method and (b) the
Gaussian method with the N1 noise setting for a slope failure (group B1)

In the diagnosis result plot, “1” indicates a fault, and “0” indicates normal. The failure period is
34-44 s, which is marked by the shaded area.

the total Gaussian-GMM method generally exhibiting a shorter delayed time than
the Gaussian method. For the Gaussian noise setting, the total Gaussian-GMM
method degrades to the Gaussian method, yielding the same delayed time.

The statistic curve and diagnosis result for the N1 noise setting with slope failure
(group B1) are depicted in Figure 8. It can be observed that the chi-squared statis-
tics of both methods consistently rise during the failure period at 34-44 s because
the magnitude of the fault increases with time. One distinct difference between the
two methods can be observed in the diagnosis curve: the diagnosis state of the total
Gaussian-GMM method switches more frequently during the unstable period than
that of the Gaussian method, indicating that the total Gaussian-GMM method is
more sensitive to small faults. However, such sensitivity will lead to an increase in
false detection epochs during the normal period.

5 | CONCLUSION

This study proposes a fault detection method for an EKF-based localization sys-
tem with GMM noises. The measurement and process noises are modeled as a
multivariate GMM distribution, and the residual of the EKF is derived as a linear
combination of these noises, which is shown to be multivariate GMM-distributed.
Based on the law of total covariance, the residual is transformed into a variable
whose distribution approximates a standard MVN distribution. The Mahalanobis
distance from the transformed variable to a standard MVN distribution is calcu-
lated and taken as the test statistic for a chi-squared test to detect potential faults.
The proposed fault detection method is then applied to a lidar/IMU integrated
localization system based on the EKF, where the measurement function is con-
structed by fitting line measurements from seven 2D lidar points to the plane and
state propagation is achieved by a kinematic model of IMU motion.
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In a simulated urban environment constructed via the 3D simulator CARLA,
we examined the detection performance of the proposed method for two types of
measurement failures, assessing each under four types of GMM noise settings. In
the step failure experiment, the FDR of the proposed total Gaussian-GMM method
surpassed that of the conventional Gaussian method by up to 30%, demonstrating
the effectiveness of the proposed method in detecting small faults. In addition,
the detection delay for the total Gaussian-GMM method was reduced by 17%-23%
compared with the Gaussian method for three of the four noise settings in the slope
failure experiment, demonstrating the greater sensitivity of the proposed method
to a gradually changing failure. Because the total Gaussian-GMM method shares
the same fault detection methodology as the Gaussian method, the difference in
detection performance between the two methods is attributed to the difference
in noise modeling. Therefore, the experimental results suggest that GMM-based
noise modeling is beneficial for fault detection tasks in localization systems with
non-Gaussian noises, motivating further research in this direction.

This study has several limitations, which also point out future research direc-
tions. In deriving the relationship between the residual and noises, we ignored
higher-order terms to reduce the computation load. However, this approximation
underestimates the uncertainty of the residual, thereby increasing the probabil-
ity of false detection events in the fault detection task. For integrity applications,
some integrity and continuity budgets should be allocated to risks associated with
ignoring higher-order terms. A possible solution is to determine the bounding rela-
tionship between higher-order terms and to then scale the lower-order terms to
compensate for the effects of higher-order terms on the uncertainty of the residual.
In addition, we assume that the transformation method based on the law of total
covariance can transform the GMM-distributed residual to a variable whose distri-
bution approaches a standard MVN distribution. However, this assumption holds
only when each Gaussian component in the GMM-distributed residual has a small
difference in the covariance. This constraint is satisfied in the lidar/IMU integrated
system. However, when the measurement noise exhibits significantly heavy tails,
the transformation method cannot guarantee similarity, thereby hindering the
performance of the proposed fault detection algorithm. Further efforts should be
made to develop an advanced transformation method to ensure similarity between
the transformed distribution and the standard MVN distribution, widening the
application of non-Gaussian fault detection algorithms in other localization sys-
tems, such as GNSS/IMU integrated systems. Moreover, this study focuses on the
detection of single-measurement failure. Future work can extend the proposed
fault detection algorithm to multiple-fault detection problems by adopting exhaus-
tive search or greedy search algorithms as reported by Blanch et al. (2015). Last but
not least, this study gives little concern to the effects of the geometrical configura-
tion of 2D lidars on state estimation and fault detection performance. For practical
purposes, future research could investigate the optimal geometrical configuration
based on the simulated platform constructed in this study.

REFERENCES

Ali-Loytty, S., & Sirola, N. (2007). Gaussian mixture filters and hybrid positioning. Proc. of the
20th International Technical Meeting of the Satellite Division of the Institute of Navigation
(ION GNSS 2007), Fort Worth, TX, 562-570. https://www.ion.org/publications/abstract.
cfm?articleID=7554

Analog Devices. (2018). ADIS16465: Precision MEMS IMU module data sheet (Rev. C). https://
www.analog.com/media/en/technicaldocumentation/data-sheets/adis16465.pdf

Angus, J. E. (2006). RAIM with multiple faults. NAVIGATION, 53(4), 249-257. https://doi.
0rg/10.1002/j.2161-4296.2006.tb00387.x


https://www.ion.org/publications/abstract.cfm?articleID=7554
https://www.ion.org/publications/abstract.cfm?articleID=7554
https://www.analog.com/media/en/technicaldocumentation/data-sheets/adis16465.pdf
https://www.analog.com/media/en/technicaldocumentation/data-sheets/adis16465.pdf
https://doi.org/10.1002/j.2161-4296.2006.tb00387.x
https://doi.org/10.1002/j.2161-4296.2006.tb00387.x

. YAN ET AL.
E€BION

Blanch, J., Walker, T., & Enge, P. (2015). Fast multiple fault exclusion with a large number of
measurements. Proc. of the 2015 International Technical Meeting of the Institute of Navigation,
Dana Point, CA, 696-701. https://www.ion.org/publications/abstract.cfm?articleID=12662

Blanch, J., Walter, T., & Enge, P. (2008). Position error bound calculation for GNSS using
measurement residuals. IEEE Transactions on Aerospace and Electronic Systems, 44(3), 977-
984. https://doi.org/10.1109/TAES.2008.4655357

Blender Optimization Community. (2018). Blender - a 3D modelling and rendering package.
Blender Foundation. Stichting Blender Foundation, Amsterdam. http://www.blender.org

Carballo, A., Lambert, J., Monrroy, A., Wong, D., Narksri, P., Kitsukawa, Y., Takeuchi, E.,
Kato, S., & Takeda, K. (2020). LIBRE: The multiple 3D lidar dataset. Proc. of the 2020 IEEE
Intelligent Vehicles Symposium (IV), Las Vegas, NV, 1094-1101. https://doi.org/10.1109/
1V47402.2020.9304681

Cline, R. E., & Plemmons, R. J. (1976). L2-solutions to underdetermined linear systems. SIAM
Review, 18(1), 92-106. https://doi.org/10.1137/1018004

Da, R. (1994). Failure detection of dynamical systems with the state chi-square test. Journal of
Guidance, Control, and Dynamics, 17(2), 271-277. https://doi.org/10.2514/3.21193

Daum, F. (2005). Nonlinear filters: Beyond the Kalman filter. IEEE Aerospace and Electronic
Systems Magazine, 20(8), 57-69. https://doi.org/10.1109/MAES.2005.1499276

Davis, B., & Blair, W. D. (2015). Gaussian mixture approach to long range radar tracking with high
range resolution. Proc. of the 2015 IEEE Aerospace Conference, Big Sky, MT, 1-9. https://doi.
org/10.1109/AER0.2015.7119222

Dosovitskiy, A., Ros, G., Codevilla, F., Lopez, A., & Koltun, V. (2017). CARLA: An open urban
driving simulator. Proc. of the 1st Conference on Robot Learning (CoRL), Mountain View, CA,
1-16. ArXiv. https://doi.org/10.48550/arXiv.1711.03938

Fisher, R. A., & Yates, F. (1953). Statistical tables for biological, agricultural and medical research.
Hafner Publishing Company. https://books.google.com/books/about/Statistical Tables_for
Biological_Agricu.html?id=qfw9AAAAYAAJ

Gao, G., Gao, S., Hong, G., Peng, X., & Yu, T. (2020). A robust INS/SRS/CNS integrated navigation
system with the chi-square test-based robust Kalman filter. Sensors, 20(20), 5909. https://doi.
0rg/10.3390/520205909

Gao, Z., Ding, S. X., & Cecati, C. (2015). Real-time fault diagnosis and fault-tolerant control.
IEEE Transactions on Industrial Electronics, 62(6), 3752-3756. https://doi.org/10.1109/
TIE.2015.2417511

Gao, Z., Fang, K., Wang, Z., Guo, K., & Liu, Y. (2022). An error overbounding method based on
a Gaussian mixture model with uncertainty estimation for a dual-frequency ground-based
augmentation system. Remote Sensing, 14(5), 1111. https://doi.org/10.3390/rs14051111

Hashemi, N., & Ruths, J. (2019). Generalized chi-squared detector for LTI systems with non-
Gaussian noise. Proc. of the 2019 American Control Conference (ACC), Philadelpha, PA, 404-
410. https://doi.org/10.23919/ACC.2019.8815139

Hesch, J. A., Mirzaei, F. M., Mariottini, G. L., & Roumeliotis, S. I. (2010). A laser-aided inertial
navigation system (L-INS) for human localization in unknown indoor environments. Proc. of
the 2010 IEEE International Conference on Robotics and Automation, Anchorage, AK, 5376-
5382. https://doi.org/10.1109/ROBOT.2010.5509693

Hou, H., & El-Sheimy, N. (2003). Inertial sensors errors modeling using Allan variance. Proc. of
the 16th International Technical Meeting of the Satellite Division of the Institute of Navigation
(ION GPS/GNSS 2003), Portland, OR, 2860-2867. https://www.ion.org/publications/abstract.
cfm?articleID=5475

Hsu, L. T., Tokura, H., Kubo, N., Gu, Y., & Kamijo, S. (2017). Multiple faulty GNSS measurement
exclusion based on consistency check in urban canyons. IEEE Sensors Journal, 17(6), 1909-
1917. https://doi.org/10.1109/JSEN.2017.2654359

Joerger, M., Chan, F.-C., & Pervan, B. (2014). Solution separation versus residual-based RAIM.
NAVIGATION, 61(4), 273-291. https://doi.org/10.1002/navi.71

Joerger, M., & Pervan, B. (2016). Fault detection and exclusion using solution separation and
chi-squared ARAIM. IEEE Transactions on Aerospace and Electronic Systems, 52(2), 726-742.
https://doi.org/10.1109/TAES.2015.140589

Joseph, G., & Murthy, C. R. (2019). Measurement bounds for observability of linear dynamical
systems under sparsity constraints. I[EEE Transactions on Signal Processing, 67(8), 1992-2006.
https://doi.org/10.1109/TSP.2019.2899812

Langel, S., Crespillo, O. G., & Joerger, M. (2020). Overbounding sequential estimation errors
due to non-Gaussian correlated noise. Proc. of the 33rd International Technical Meeting of
the Satellite Division of the Institute of Navigation (ION GNSS+ 2020), 1054-1067. https://doi.
0rg/10.33012/2020.17576

Lefferts, E., Markley, F., & Shuster, M. (1982). Kalman filtering for spacecraft attitude estimation.
Journal of Guidance, Control, and Dynamics, 5(5), 417-429. https://doi.org/10.2514/3.56190

Lethander, K. A., & Taylor, C. N. (2023). Conservative estimation of inertial sensor errors using
Allan variance data. NAVIGATION, 70(3). https://doi.org/10.33012/navi.563


https://www.ion.org/publications/abstract.cfm?articleID=12662
https://doi.org/10.1109/TAES.2008.4655357
http://www.blender.org
https://doi.org/10.1109/IV47402.2020.9304681
https://doi.org/10.1109/IV47402.2020.9304681
https://doi.org/10.1137/1018004
https://doi.org/10.2514/3.21193
https://doi.org/10.1109/MAES.2005.1499276
https://doi.org/10.1109/AERO.2015.7119222
https://doi.org/10.1109/AERO.2015.7119222
https://doi.org/10.48550/arXiv.1711.03938
https://books.google.com/books/about/Statistical_Tables_for_Biological_Agricu.html?id=qfw9AAAAYAAJ
https://books.google.com/books/about/Statistical_Tables_for_Biological_Agricu.html?id=qfw9AAAAYAAJ
https://doi.org/10.3390/s20205909
https://doi.org/10.3390/s20205909
https://doi.org/10.1109/TIE.2015.2417511
https://doi.org/10.1109/TIE.2015.2417511
https://doi.org/10.3390/rs14051111
https://doi.org/10.23919/ACC.2019.8815139
https://doi.org/10.1109/ROBOT.2010.5509693
https://www.ion.org/publications/abstract.cfm?articleID=5475
https://www.ion.org/publications/abstract.cfm?articleID=5475
https://doi.org/10.1109/JSEN.2017.2654359
https://doi.org/10.1002/navi.71 
https://doi.org/10.1109/TAES.2015.140589
https://doi.org/10.1109/TSP.2019.2899812
https://doi.org/10.33012/2020.17576
https://doi.org/10.33012/2020.17576
https://doi.org/10.2514/3.56190
https://doi.org/10.33012/navi.563

YAN ET AL. .
E€DION

Li, M., & Schwartzman, A. (2018). Standardization of multivariate Gaussian mixture models and
background adjustment of PET images in brain oncology. The Annals of Applied Statistics,
12(4), 2197-2227. https://doi.org/10.1214/18-A0AS1149

Liu, C., Wang, H., Li, N., & Yu, Y. (2017). Sensor fault diagnosis of GPS/INS tightly coupled
navigation system based on state chi-square test and improved simplified fuzzy ARTMAP
neural network. Proc. of the 2017 IEEE International Conference on Robotics and Biomimetics
(ROBIO), Macau, Macao, 2527-2532. https://doi.org/10.1109/ROBI0.2017.8324800

MacKay, D. J. (2003). Information theory, inference and learning algorithms. Cambridge University
Press. https://www.cambridge.org/us/universitypress/subjects/computer-science/pattern-
recognition-and-machine-learning/information-theory-inference-and-learning-algorithms?fo
rmat=HB&isbn=9780521642989

Manning, C., & Schutze, H. (1999). Foundations of statistical natural language processing. MIT
Press. https://mitpress.mit.edu/9780262133609/foundations-of-statistical-natural-language-
processing/

Osechas, O., Misra, P., & Rife, J. (2012). Carrier-phase acceleration RAIM for GNSS satellite clock
fault detection. NAVIGATION, 59(3), 221-235. https://doi.org/10.1002/navi.17

Pervan, B. S., Pullen, S. P.,, & Christie, J. R. (1998). A multiple hypothesis approach to satellite
navigation integrity. NAVIGATION, 45(1), 61-71. https://doi.org/10.1002/j.2161-4296.1998.
tb02372.x

Pfeifer, T., & Protzel, P. (2019). Expectation-maximization for adaptive mixture models in graph
optimization. 2019 International Conference on Robotics and Automation (ICRA), 3151-3157.
https://doi.org/10.1109/ICRA.2019.8793601

Pfister, S., Roumeliotis, S., & Burdick, J. (2003). Weighted line fitting algorithms for mobile robot
map building and efficient data representation. Proc. of the 2003 IEEE International Conference
on Robotics and Automation (Cat. No.03CH37422), Taipei, Taiwan, 1304-1311. https://doi.
0rg/10.1109/ROBOT.2003.1241772

Puchalski, R., & Giernacki, W. (2022). UAV fault detection methods, state-of-the-art. Drones,
6(11), 330. https://doi.org/10.3390/drones6110330

Rife, J., & Pervan, B. (2012). Overbounding revisited: Discrete error-distribution modeling for
safety-critical GPS navigation. IEEE Transactions on Aerospace and Electronic Systems, 48(2),
1537-1551. https://doi.org/10.1109/TAES.2012.6178077

Rife, J. H. (2013). The effect of uncertain covariance on a chi-square integrity monitor.
NAVIGATION, 60(4), 291-303. https://doi.org/10.1002/navi.45

Rife, J. H. (2018). Overbounding risk for quadratic monitors with arbitrary noise distributions.
IEEE Transactions on Aerospace and Electronic Systems, 54(4), 1618-1627. https://doi.
0rg/10.1109/TAES.2018.2798258

Sanandaji, B. M., Wakin, M. B., & Vincent, T. L. (2014). Observability with random observations.
IEEE Transactions on Automatic Control, 59(11), 3002-3007. https://doi.org/10.1109/
TAC.2014.2351693

Toschi, I., Rodriguez-Gonzélvez, P., Remondino, F., Minto, S., Orlandini, S., & Fuller, A. (2015).
Accuracy evaluation of a mobile mapping system with advanced statistical methods. The
International Archives of the Photogrammetry, Remote Sensing and Spatial Information Sciences,
40, 245-253. https://doi.org/10.5194/isprsarchives-XL-5-W4-245-2015

Walter, T., & Enge, P. (1995). Weighted RAIM for precision approach. Proc. of the 8th International
Technical Meeting of the Satellite Division of the Institute of Navigation (ION GPS 1995), Palm
Springs, CA, 1995-2004. https://www.ion.org/publications/abstract.cfm?articleID=2524

Wang, J., Xu, C., Shi, M., & Lu, Z. (2022). Protection level for precise point positioning based
on Gaussian mixture model. Proc. of the China Satellite Navigation Conference (CSNC 2022),
Beijing, China, 45-55. https://doi.org/10.1007/978-981-19-2580-1_4

Wang, R., Xiong, Z., Liu, J., Xu, J., & Shi, L. (2016). Chi-square and SPRT combined fault detection
for multisensor navigation. IEEE Transactions on Aerospace and Electronic Systems, 52(3),
1352-1365. https://doi.org/10.1109/TAES.2016.140860

Weiss, N., Holmes, P., & Hardy, M. (2006). A course in probability. Pearson Addison Wesley.
https://books.google.com.hk/books?id=BedfJTwAACAAJ

Wen, W., Pfeifer, T., Bai, X., & Hsu, L. T. (2021). Factor graph optimization for GNSS/INS
integration: A comparison with the extended Kalman filter. NAVIGATION, 68(2), 315-331.
https://doi.org/10.1002/navi.421

Xu, F., Wang, J., Zhu, D., & Tu, Q. (2018). Speckle noise reduction technique for lidar echo signal
based on self-adaptive pulse-matching independent component analysis. Optics and Lasers in
Engineering, 103, 92-99. https://doi.org/10.1016/j.optlaseng.2017.12.002

Yang, L., Knight, N. L., Li, Y., & Rizos, C. (2013). Optimal fault detection and exclusion applied
in GNSS positioning. The Journal of Navigation, 66(5), 683-700. https://doi.org/10.1017/
S0373463313000155

Yun, Y., Yun, H., Kim, D., & Kee, C. (2008). A Gaussian sum filter approach for DGNSS
integrity monitoring. The Journal of Navigation, 61(4), 687-703. https://doi.org/10.1017/
S0373463308004906


https://doi.org/10.1214/18-AOAS1149
https://doi.org/10.1109/ROBIO.2017.8324800
https://www.cambridge.org/us/universitypress/subjects/computer-science/pattern-recognition-and-machine-learning/information-theory-inference-and-learning-algorithms?format=HB&isbn=9780521642989
https://www.cambridge.org/us/universitypress/subjects/computer-science/pattern-recognition-and-machine-learning/information-theory-inference-and-learning-algorithms?format=HB&isbn=9780521642989
https://www.cambridge.org/us/universitypress/subjects/computer-science/pattern-recognition-and-machine-learning/information-theory-inference-and-learning-algorithms?format=HB&isbn=9780521642989
https://mitpress.mit.edu/9780262133609/foundations-of-statistical-natural-language-processing/
https://mitpress.mit.edu/9780262133609/foundations-of-statistical-natural-language-processing/
https://doi.org/10.1002/navi.17
https://doi.org/10.1002/j.2161-4296.1998.tb02372.x
https://doi.org/10.1002/j.2161-4296.1998.tb02372.x
https://doi.org/10.1109/ICRA.2019.8793601
https://doi.org/10.1109/ROBOT.2003.1241772
https://doi.org/10.1109/ROBOT.2003.1241772
https://doi.org/10.3390/drones6110330
https://doi.org/10.1109/TAES.2012.6178077
https://doi.org/10.1002/navi.45
https://doi.org/10.1109/TAES.2018.2798258
https://doi.org/10.1109/TAES.2018.2798258
https://doi.org/10.1109/TAC.2014.2351693
https://doi.org/10.1109/TAC.2014.2351693
https://doi.org/10.5194/isprsarchives-XL-5-W4-245-2015
https://www.ion.org/publications/abstract.cfm?articleID=2524
https://doi.org/10.1007/978-981-19-2580-1_4
https://doi.org/10.1109/TAES.2016.140860
https://books.google.com.hk/books?id=Be9fJwAACAAJ
https://doi.org/10.1002/navi.421
https://doi.org/10.1016/j.optlaseng.2017.12.002
https://doi.org/10.1017/S0373463313000155
https://doi.org/10.1017/S0373463313000155
https://doi.org/10.1017/S0373463308004906
https://doi.org/10.1017/S0373463308004906

YAN ET AL.

E€BION

Zhao, S., & Farrell,J. A. (2013). 2D LIDAR aided INS for vehicle positioning in urban environments.
Proc. of the 2013 IEEE International Conference on Control Applications (CCA), Hyderabad,
India, 376-381. https://doi.org/10.1109/CCA.2013.6662778

How to cite this article: Yan, P., Li, Z., Huang, F., Wen, W., and Hsu, L. -T.
(2025). Fault detection algorithm for Gaussian mixture noises: An appli-
cation in lidar/IMU integrated localization systems. NAVIGATION, 72(1).
https://doi.org/10.33012/navi.684

APPENDIX A | NOTATION
TABLE Al
Description of Symbols and Operators
Sym.! Description Sym. Description
Symbols in sensor platform and motion model
“p, Translation vector from {I} to {G} R Rotation matrix from {I} to {G}
%v, Velocity of {I} frame in {G} frame Lp, Translation vector from {I} to {L}
9, Rotatior.l from {G} to {I} in Lq, Rotatiot? from {I} to {L} in
quaternions quaternions
b, Accelerometer measurement bias LR Rotation matrix from {I} to {L}
b, Gyroscope measurement bias a, Accelerator measurement
ag Acceleration vector of {I} w.r.t.2 {G} w,, Gyroscope measurement
W, Angular velocity of {G} w.r.t. {I} z, Covariance of n,
n, Accelerometer measurement noise z g Covariance of n "
n, Gyroscope measurement noise Z Covariance of n,
n Noise related to b, 2 Covariance of n,,,
n,, Noise related to bg
Symbols in lidar processing
I, i-th plane Lx, ?:)(::?LS; :jclt—ir in scan plane
ox Normal of plane I, in {G} q Shortest distance from {G}
to plane IT,
Lz, Normal of the lidar scan plane Lg, Unit direction vector of Lx,
Ld, Ldi:di—Gn'iT(GP1+?RIpL) p; Length of "x,
La, fa; = (RO, = [a{, aj, a; JT ¢ ?(;llzgllrea;:de W e
Symbols in EKF-based localization
X State vector at discrete time k A\ Process noise at time k
X} Predicted state at discrete time k u, Measurement from IMU at time k
. . . . Predicted covariance of estimated
X; Estimated state at discrete time k P, state by EKF at time k
n Number of measurements Q, Covariance of v
P, Covariar.lce of estimated state by K, Kalman gain at time k
EKF at time k
F, State transition matrix at time k G, Noise Jacobian matrix at time k

(Continued)
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TABLE A1 (Continued)

Sym.! Description Sym. Description
Yik i-th measurement at time k Mk Noise of i-th measurement at time k
Y Measurements at time k I Measurement noise at time k

. Measurement function associated . )
h'(x,) . Hj, Jacobian matrix of h'(x,)
with x, and y;,

Measurement function

h(x,) associated with x, H, Jacobian matrix of h(x,)
Symbols in residual analysis and fault detection

T, Residual w.r.t. measurements at k fn 0] PDF of the measurement noise n

m; Number of Gaussian modes in n f,()  PDF of the system noise v

m, Number of Gaussian modes in v frk () PDF of the residual r,

T Transformation of r, based on ; Test statistic of 1, based on GMM
g GMM assumptions g assumptions

To Transformation of r, based on 0 Test statistic of , based on
8 Gaussian assumptions g Gaussian assumptions

Operators
[, Standard vector cross-product X Standard vector cross-product
Vector dot product * Convolution operator

1 Sym: Symbol
2 w.r.t.: with respect to

APPENDIX B | DISTRIBUTION OF THE RESIDUAL
Equation (23) shows that r, is a linear combination of independent random

variables V, ,v,_,, N, ,v,_,, and n,. Therefore, the PDF of r, is the convolu-
tion of the PDF of these random variables, which can be written as follows:

=R v In v hy (B1)

where * is the convolution operator. Because v,_, and v, , are assumed to be
i.i.d., we drop the time index in the above equation. The characteristic functions of
r,, 1, and v are given as follows:

0 (@)= £, (e dx (B2a)

¢, (@)= f;fn (x)el*"xdx = Zl:py _[jo/\/'(x |u), ] )ei“’Tde (B2b)
=

. U] . n o’y —1lo'ro
=D oy (@)= pJe” H1 2"
j=1

=1
0 il T 1,7
o, (0)= _[_mfv (X)ei“’Tde _ ZP;E"" w-to"zlo (B2c)
j=1

where ¢, (w) is the characteristic function of a multi-normal variable. Let
y = Ax + b be the linear transformation of the random vector x, where A isa con-
stant matrix and b is a constant vector. The characteristic function of y is given
by the following:

¢y (0) =g (ATo) (B3)
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Therefore, we have the following relationship:

m, )
) =0 (NT .0)= pre® Net 20 Nem N0 B4a
PN,_v Py k-1 J
k-1
Jj=1
VT e v 0TV, p-1oTV,_ VI o B4b
Oy, v (@) =0, (VI @) =3 pje Yk 2 Vi (B4b)
-1
J=1

According to the convolution theorem, we have the following:

¢, (@)=0,(VI,0) -0, (NI 0) ¢, (@) (BS)

where - indicates point-wise multiplication. Substituting Equations (B2b) and (B4)
into Equation (B5), we can obtain the following:

m, m, m

ioT _1,T
(prk ((J)) = Z Z Z pabcelw Habe 73" Tape® (B6)
a=1b=1c=1
where:
Pape = PZPEP? (B7a)
Mape = Vi g Ny iy + 1] (B7b)
Tape = Vi 1T Vi + N mf N + 7] (B7¢)

Performing the inverse operation shown in Equation (B2b) yields the following:

m, m, m o .
(prk ((0) = Z bz Z Pape J:OON(X | Habeo T ape )elede (BS)
a=1 b=1c=1

Therefore, we obtain the following:

m, m, nm

frk (X)zz Zzpabc/\/(x|'uabc’”abc)dx (BQ)

a=1b=1c=1

which indicates that r, has a multivariate GMM distribution.

APPENDIX C | SIMILARITY TO A STANDARD MVN
DISTRIBUTION

To evaluate the similarity between the transformed distribution and the stan-
dard MVN distribution, we calculate the discretized Jensen—Shannon divergence
between the two distributions (MacKay, 2003). Let P(x) and Q(x) be the probabil-
ity mass functions of distributions P and Q, respectively. The discretized Jensen—
Shannon divergence (Djs) between P and Q defined on an identical sample space
is given as follows:

D,S(PHQ)=§DKL<P||M)+§DKL<Q||M)

(&] v

Dy, (P]|Q) =Y P(x)log o)

xeS
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where M :%(P+Q) and D, is the Kullback-Leibler divergence (relative
entropy). The minimum value (0) of D,, indicates that the two distributions
are the same, whereas the maximum value (1) indicates that the two distri-
butions are completely different (MacKay, 2003; Manning & Schutze, 1999).
In our work, P refers to the transformed distribution from a bivariate GMM
(BGMM) and Q refers to the standard MVN distribution. To comprehensively
evaluate the similarity between the transformed distribution and the standard
MVN distribution, we first consider the 2D case and then extend our findings to
higher-dimensional cases.

(1) Transformation of 2D BGMM

The PDF of a 2D BGMM can be formalized as follows:

F&=p fy&p,Z)+A-p)fy(xp,,%,) (C2)

where f(x;u,,2) and fy(x;u,,%,) are the PDFs of the first and second
Gaussian components, u, and u, are the corresponding mean values, %, and
2, are the corresponding standard deviations, and p, and 1-p, are the mix-
ing weights of the two Gaussian components. Equation (C2) is determined by
thirteen parameters, i.e., p;, two elements in yu,, two elements in pu,, four
elements in X;, and four elements in %,, which span a thirteen-dimensional
parameter space. It is difficult to determine the parameter combinations in this
thirteen-dimensional parameter space such that the transformed distribution
resembles the standard MVN distribution. Therefore, we use a reparameteriza-
tion method to reduce the dimension of the parameter space (Li & Schwartzman,
2018). Specifically, we use four parameters, k,, k,, p, and p,, to define a 2D
BGMM, as shown in Table C1. Figure C1 shows 50% density contours of the repa-
rameterized BGMM with p =0.5 and p, =0.5. Ascan be seen, p; determines the

TABLE C1
Reparameterization of the 2D BGMM

Mixture Weight Mean Variance
0 10
Component 1 121 b= 0 Z = 0 1
1 k. 1 S —k2 1 p
Component 2 -P Hy =K, 1 s = K5 o 1
A
ky p
ky/1+p
V2K
/‘

X
%

FIGURE C1 50% density contours of the reparameterized BGMM with p=0.5 and p, =0.5
The purple ellipse represents the density contour of component 1, whereas the red ellipse
represents the density contour of component 2.
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weight of the two Gaussian components, k, determines the distances between
the centers of the two ellipses, k, controls the scale of the ellipse of the second
Gaussian component, and p determines the ellipse eccentricity of the second
Gaussian component.

Based on the reparameterized BGMM, we conduct a Monte Carlo simulation to
evaluate the similarity between the transformed distribution from a BGMM and
the standard MVN distribution. Specifically, for each setting of (p,,k;,k,, p), we
randomly generate N samples {X,,X,,--, X, } from the 2D BGMM, where N is
setto 10° in our experiments. Then, we apply the proposed transformation method
to each sample:

T,, =S V2(x, — ) (C3)

where p is the total mean and X~V/2 is the principal square root matrix of the total
covariance (X) of the BGMM. According to the law of total covariance (Weiss et al.,
2006), pu and X are given by the following:

p=pp +Q-p)n, (C4a)

2
Z=P121+(1_p1)22+2(#—#]~)(#—#]~)T (C4b)
=1

The transformed sample distribution is denoted by {TL & T27g, e TN’ g }. Then, we
randomly generate N samples {y,,y,,:-,yy} from a standard 2D MVN dis-
tribution. Let P={T, ,,T, .-, Ty} and Q={y,,y,, -, yy}. We can employ
Equation (C1) to calculate the overall similarity between P and Q. Because D is
defined for a one-dimensional distribution, we will show the similarity between P
and Q in each dimension in the following paragraphs.

Figure C2 shows the D s between the first dimension of the transformed distri-
bution and the standard 2D MVN distribution. The results are presented in the form
of heatmaps with p €{0,0.5,1} and k, €{0.01,0.1,1,10}, where p, and k, vary
continuously. Interestingly, the lowest D, is centered in the region of k, €[1, 3]
(except for the case of p =1,k =10), where the two Gaussian components have
a similar covariance. In this region, the total covariance in Equation (C4b) is sim-
ilar to the covariance of each component, thereby accurately characterizing the
uncertainty of the BGMM. Similar results are shown in Figure C3, which presents
the D, between the second dimension of the transformed distribution and the
standard 2D MVN distribution.

(2) Transformation of Higher-Dimensional BGMM

We further examine the similarity between the transformed distribution from a
K-dimensional (K >2) BGMM and the standard MVN distribution. Because it is
impossible to conduct experiments with all values of K (which are infinite), we
choose K to be 27, which is the average number of 2D lidar measurements in the
simulated experiments in Section 4. We reparameterize the 27-dimensional (27D)
BGMM using three parameters, p,, k;, and k,, as shown in Table C2. Similar to
the 2D BGMM experiments, we conduct a Monte Carlo simulation to obtain the
transformed sample distribution for different settings of p,, k;, and k,. To follow
the analysis procedure utilized in the 2D BGMM experiments, we must calculate
the D, between the transformed distribution and the standard MVN distribu-
tion for each dimension, yielding 27 heatmaps. As can be anticipated, this process
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FIGURE C2 Dy between the first dimension of the transformed distribution and the
standard MVN distribution

TABLE C2
Reparameterization of the 27D BGMM
Mixture Weight Mean Variance
r 1
Component 1 P, = [O. . .len 2, =1,
r 2
Component 2 1-p, u, =k [1 .. .llxﬂ 2, =kI,,

1 I,, isa27 x 27 identity matrix.

would complicate the analysis. Therefore, we use an alternative approach to eval-
uate the similarity between the transformed distribution and the standard MVN
distribution.

Let the transform sample distribution be P = {TL . Tz, g TN, g }. For each sam-
ple Tl.,g in P, we calculate its inner product with itself, i.e., Ti,TgT},g- Then, we
obtain the distribution P, :{TE ngyg,TzT, (Do ---,TIE,gTN’g }. If the distribution P
approaches the standard MVN distribution, the distribution P, should approach
a chi-squared distribution with 27 DOFs. Therefore, we can evaluate the similar-
ity between the distribution P, and the chi-squared distribution with 27 DOFs.
Figure C4 shows the D, between the distribution P, and the chi-squared dis-
tribution with 27 DOFs in the form of heatmaps with k, €{0.01,0.1,1,10}, where

p, and k, vary continuously. Similar to the trends in the 2D BGMM experiments,

0.05

0.04

0.03

0.02

0.01

0.05

0.04

0.03

0.02

0.01

0.05

0.04

0.03

0.02

0.01



(p=0)p,

(p=0.5)p,

(p=1)p,

YAN ET AL.

(k,=10)

FIGURE C3 Dy between the second dimension of the transformed distribution and the
standard MVN distribution

(k,=0.01) (k,=0.1)

FIGURE C4 Djgbetween the distribution P, and the chi-squared distribution with 27 DOFs

the lowest D, is centered in the region of k, €[1,3]. Therefore, the P, distribu-
tion is similar to the chi-squared distribution with 27 DOFs in this region, sug-
gesting that the transformed distribution from a 27D BGMM is similar to the 27D
MVN distribution.

Through the analysisin the 2D and 27D BGMM experiments, we find that the sim-
ilarity assumption holds when each Gaussian component in the GMM-distributed
residual has a small difference in the covariance. This constraint is satisfied in
the lidar/IMU integrated system because the lidar measurement error is slightly
heavy-tailed (Toschi et al., 2015), indicating that the difference in the covariance
between the two Gaussian components is insignificant.
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APPENDIX D | LIDAR PROCESSING

Appendix D.1 | Least-Norm Solution for Lidar
Measurement Models

Following the notation in Figure 3(b) and corresponding definitions in
Section 3.2, we assume that the extrinsic calibration parameters (I P iR) and
the vehicle pose (G P ?R) are known, that the plane I1; associated with the cur-

rent lidar scan plan is found based on the vehicle pose (Gp I IGR) by a matching
algorithm, and that d; and ©z; are known. We have the following constraints:

(1) Plane constraint (Zhao & Farrell, 2013)

Lxl. is a laser beam; Tthus, it must be in the lidar scan plane (Zhao & Farrell,
2013). Let Lz ;= [0 0 11 be the normal of the lidar scan plane; then, we have the
following:

LzTlx, =0 (D1)

(2) Distance constraint (Hesch et al., 2010)

As can be seen in Figure 3(b), the vector from {G} to point M can be obtained by
either of the following:

°p; + ?R(IPL + iRLXi) (D2)

or:
dlm; + Ct, (D3)
both of which are equivalent. Therefore, we have the following:
Op,+R("p, + [RIx, ) =dCm, + O, (D4)
By projecting Equation (D4) onto “z[, we obtain the following:
Ol (GpI + ?R(IpL +IRx, )) =C0nldSn, +°nlCt, (D5)
Because ¢ b 16 t, and G 7, isaunitvector, we can write the following expression:

Crl¢RIx; =d,— Oz (°p, + R'p, ) (D6)

By combining Equations (D1) and (D6), we have the following:

Alx. =b (D7)
where:
Az B | O (DS)
- GrlOR s a Ldl. -

Ld =d,—Sxl(°p,+Rp, ) (DY)

1
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Because Ix; = [ p; €os¢; p; sing, 0]T is the shortest vector in the lidar scan plane
from the origin of {L} to IT;, we can solve the following optimization problem to
estimate the values of p, and ¢;:

HR— oo
st. Alx,=b

where Lx; is the least-norm solution of the linear equation Alx;,=b (Cline &
Plemmons, 1976). The solution is as follows:

. -1
L&zA%AAﬂ b (D11)
We take the following:
. . .aT
La,=LROn, =[a{,a’2,aﬂ (D12)

which is a unit vector. We can rewrite Equation (D8) as follows:

{0 0 1}
A=| (D13)

i i i
a a4 a

Therefore, we obtain the following:

~dlal d}
—aya; @
_ 1-ai2 0
1
AT(qu) _ > (D14)
1—ai2
3

- . . .
Because ‘a, = [ai, al, a;] is a unit vector, ai? +a}? +al? =1. Thus, we have the
following relationship:

gl i i
1 4% 4 Q| d
Lx;‘ =———| -a\a, a, =lad | ——— (D15)
ai2 +qi2 L ai2 +qi2
1 2 i2 ] 1 2
1-a> 0 0
a
. /aiz 1 qi2
cos¢; a; 1 2
Lq a Lg
p* Sin¢* _ ai i _ 2 i (D16)
i i | 2 i2 i2 N N N -
a;“+a i2 i2 i2 i2
0 o |4 2 \/a1 +a) \/al +al
0
Therefore, the least-norm solution can be obtained as follows:
L
.4
(D17a)

p; = ST
1 1
Jai2 +al

i

1

¢ = arctan(sgn(Ldi )a—Zj (D17b)
a

1
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Appendix D.2 | Line Extraction and Feature Association

(1) Extracting line segments from 2D lidar points

To extract line segments from raw 2D lidar measurements, we adopt the method
of Pfister et al. (2003), which is summarized as follows. A line segment L, is rep-
resented by three parameters, p;, ¢, and S;, where (pi,(pi) gives the ranging and
bearing parameters associated with the vector perpendicular to L, in the polar
coordinate system and S; is the distance from the line perpendicular to the line
segment’s center, as shown in Figure 3(a). For the j-th 2D lidar point, we denote the
distance from the line segmentas & j’.’ and its distance from the center of the line seg-
ment projected on the line segment as o JS The best-fitted line segment is found by
minimizing & jf’ and o ]S of all lidar points by the maximum likelihood estimation.

(2) Associating line segments with planes

As discussed in Section 3.2, the laser scan plane intersects with several planes,
and these intersections are the line segments. The parameters of these line seg-
ments can be predicted according to the current pose of the vehicle, as shown
in Equation (44). Therefore, the association of line segments and planes can be
achieved by examining the closeness between the predicted line segment and
the extracted line segment. For the r-th plane IT,, the line segment predicted by

Equation (44) is parameterized by ¥, :[¢r, o, JT. The extracted line segment
can also be parameterized by y;, —[(/;l, p; JT in the polar coordinate system. The
Mahalanobis distance from ¥, to y, is given by ||yr yl” , where P is the
covariance matrix of the extracted line segment. The best-fit piane can be found by
minimizing ||yr y; || . Assuming that the extracted line segment has zero-mean
Gaussian noise, we ﬁnd that the Mahalanobis distance follows a chi-squared dis-
tribution with two DOFs. If the r-th plane fails to satisfy ||yr yl” <0,, the r-th

plane is excluded from the association process. If none of the planes satisfy this
condition, the extracted line segment y; is excluded when the final set of measure-
ments is constructed. The threshold &, is determined by a given significance level,
which is set as 0.05 (Pfister et al., 2003).

APPENDIX E | LINEARIZATION OF AN EKF-BASED
LIDAR/IMU INTEGRATED SYSTEM
Appendix E.1 | Derivative of the Rotation Matrix

T T T )
Let g:[gx,gy, gZJ , q =[qw, qu] ,and q, =[qx,qy, qz] ; then, the rotation
matrix corresponding to q is as follows:

“2(q+a2) 2(aq, qqu) 2(q.4, + 4.9, )
Rig}=| 2(q,q, +9,q.) 1-2(@2+a) 2(q,9,~q.9) (E1)
2(q,9, -0,9,) 2(9,9,+qu4:) 1- (qx+qy)
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The derivative of RT{q}g with respect to q can be solved by performing an
element-wise derivation:

oR"{q}g _

oq Z[ug [ug +qwgl +(qv 'g)I3 -gq; } (E2)

where:
u =gxq,=[g] q, (E3)

Because R{q}=RT{q*}, where q* is the conjugate of q, we can obtain the deriv-
ative of R{q}g with respect to q:

where:
oq” _|ea ot oqr  oqt | _ o
aq - |: %, aq, qu oq, - dlag[l’ 19 1, 1:| (Es)

Therefore, we have the following:

T *
oR{qlg _OR"{q"}g diag[1,-1,-1,-1] (E6)
oq oq*

For convenience, we introduce two symbols:

]q (q, g) = w (E7a)
oq

I(q 8- Ridle (E7H)
oq

Appendix E.2 | Linearization of the Rotation Part of the
State Propagation Equation

The rotation part in the state propagation equation in Equation (41) is given by
the following:

"G 1 = g( "G Weri ) = eXP[%Q[WGI,k ]j "9, (E8a)

Werk = Wik — bg,k —-n, (E8b)

where exp(-) is a matrix function defined by the following:

M}'l
n!

exp(M) =) (E9)
i=0

Therefore, Equation (E8a) can be expanded as follows:

g( "9, Wer i ) = (14 + %Q[Wcz,k ]At + O((Q[Wcuc ])2 D g6, (E10)
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By keeping the first-order term and neglecting the higher-order terms in the
above equations, we have the following:

1 1

L - EAt[WGI,k ]X AW Iq

1 T G.k
_EAMGLk 1

g(IqG,k’ Wark ) :£I4 +%Q|:WGI,k]Atj "ag :{

(E11)

Let 1q4, :[Qw’k, Elx,k,[;y’k,dz,kJ be the estimated vehicle orientation in terms
of quaternions at time k; then, the Jacobian matrix of g(I qG’k,wGI,k) with
respect to 'q;, can be obtained by taking the first-order Taylor expansion at
the point (Iﬁa’k,wm’k ):

14 1 1
ag( qG,k,wm,k) _ I, ‘gAt[Wcz,k L EAthLk (E12)
1
d'qg, —%Atwg],k 1

Similarly, the Jacobian matrix of g(’ qG,k,WGLk) evaluated at (1 ﬁG,k,wm’k)
with respect to w;, can be obtained as follows:

ag(IqG,k’wm,k)_ ag(IqG,k’wm,k) ag(IqG,k’wm,k) ag<IqG,k’wm,k)
ow

El 5

oW i ow, ow

y:k z.k
qz,k _Qy,k qx,k
S8 Dk ek Tk (E13)
2| "k Qwr ek
_qw,k _qx,k _qy,k
Appendix E.3 | Linearization of the Measurement

Function

As defined in Section 3.2, hi(x, ) consists of two parts: h{(x) and hi(x). We will
ohi(%;) ohl (%)

k

derive and separately. To simplify our notation, we omit the indices

; i G I s~ 1= Ig= ik ik ik ;
iand k in x, P Yok Xp» Popo Aok 4 45 and a;* during the
following derivation without a loss of generality.

(1) First part of the Jacobian matrix

The first part of the Jacobian matrix H} defined in Equation (45) can be written
as follows:

ohi(%7) | ohi(x) Ohy (X7)
O _|: aGpI ’01><3’ a[qG ’01><6:| (E14)

where:

hi(x)= arctan(sgn(L diy )a—2J (E15)

a,
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x, “p,, and 'q, are defined in Equation (40), La,, =R, :[al, a,,a, ]T is
the discrete form of “a; defined in Equation (D12), and Ldi,k is the discrete form
of Ld; defined in Equation (D9). Applying the chain rule yields the following:

Ohi() _ Ohi() oay

I T AL I (E16)
o'q;, Oora;, 0qg

By substituting Equation (E15) into Equation (E16), the first term of
Equation (E16) can be written as follows:

() aarctan(SgH(Ldz,k )%) (E17)
aLal’k aLal’k

where sgn(-) is the sign function and ds%(x) =26(x). Now, Equation (E17) can be
reduced as follows:

a

. -1 X
KO (1,8 a1 G nig (e
ota,, :(1+— 25( di’k)aLai,k .Z+sgn( di,k)aLai‘k (E18)

According to Equations (D6) and (D9), we have the following:
b =d) - °nfy (GPI +7RIp, ) = n L IRIX, (E19)

where YREx], represents the shortest vector from the origin of {L} to plane IT; in
{G} at time k, which cannot be zero. In addition, Gni,k is the normal of the planar
surface, which cannot be zero. Therefore, £ dl.,k #0, and thus, & ( L di,k ) =0. Then,
Equation (E18) is simplified as follows:

; ) -1
ohi(- 0= 2
i:sgn(Ldik)i 1+a_2 (E20)
aLal.)k “ota,, a?
where:
% 5H 5% 5%

azzaiaiai:_a_zio (E21)
aLai,k oa, ’ da, ’ oa, a} ’ al’

Therefore, Equation (E20) has the following expression:

6hi () — L)‘T (E22)
6L i,k
A Hik

where:

My =0 +a3, (E23a)
A% =sgn(*d, )| -aya,,0] (E23b)
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The second term in Equation (E16) is given as follows:

L LRG IRTG
aai,k_aGR Tk OcR"m;

i = i = IR i (E24)
0'q5 0'qg 0'q,

The above equation contains the partial derivative of the rotation matrix with
respect to the quaternion, which can be solved by taking the derivative of the rota-
tion matrix in an element-wise manner, as shown in Appendix E.1. Therefore,
Equation (E24) can be derived by using the conclusion in Appendix E.1:

L
07a

Ta, = IRV, ("G, Omyy ) (E25)

where:
Ii(Tag Omy )=, (' a5, Oy ) diag1,-1,-1,-1] (E26a)
1,("ap.my)=2[u, [u, +a,0m, ] +(q, Om )1, - Om a7 | (E26b)
u, =%n,xq,=[°n, | q, (E26¢)
‘ag=[a,.a] ] =[a,-a09,q,] (E26d)

Substituting Equations (E22) and (E25) into Equation (E16) yields the following:

ohi() 1
2~ aTIRJ*(!qg, Ox, (E27)
anG ‘ui,k ikl q ( G k )

Similarly, according to the chain rule, we have the following:

M) M) Py

= E28
o“p, Oo'a, p, (29

Because “a;;, = (R, which indicates that “a,, is only related to the rota-

tion part of the state, Equation (E28) has the following expression:

ohi(-)
°p, =0

(E29)

By substituting Equations (E27) and (E29) into Equation (E14), we obtain the
final expression of the first part of the Jacobian matrix:

ohi(%x7) 1 7 wl 1A
x Opgr Mk %R‘Iq(IqG’Gﬂi,k)’Olm (E30)
Hik

where f‘{ . is defined in Equation (E23a) and i; . is defined in Equation (E23b),
both of which are evaluated at x~.

(2) Second part of the Jacobian matrix
The second part of the Jacobian matrix H can be written as follows:

ohi(X™) | ki (R") ohy(X7)
ox - aGpI » M1x3? anG » Y1x6

(E31)
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hi(x)= M (E32)

, 2 2
a;y +a;

We first consider the derivative with respect to the rotation part:

w01l ol
81% \/a1+a2 o'qg l o'qg

(E33)

In the first part of Equation (E33), we have the following:

(E34)

Substituting Equation (D9) into Equation (E34) yields the following:

o|td,
o

ol oo (o0, 1R0p, )
olq,

(E35)

According to Appendix E.1, we have the following relationship:

a?R}pL::aéRIIpL:;I(Iq 'p.) (E36)
anG anG q G> FL

By substituting Equation (E36) into Equation (E35), we obtain the following:

6|Ldik|
dlq,

= sgn(Ld )anqu(qu,IpL) (E37)

In the second part of Equation (E33), the chain rule is applied:

1 1

o(at+az)* o(at+a3)” ola,

L
= : : (E38)
d'q, ora, d'qg
By expanding La,; into its element-wise form, we obtain the following:
o(at+a3)’ |o(at+a3)* o(a}+a3)” o(af+a})” s
= ’ ) =_(a12+a22) 2[a1,a2,0]
ora, oa, oa, da,
(E39)

We then substitute Equations (E25) and (E39) into Equation (E38) as follows:

1

G(af +a;3 )7

alq __(a12 +a22 )7% [al,az,o] %RJ;(IqG,Gﬂi’k) (E40)
G
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By substituting Equations (E37) and (E40) into Equation (E33), the final expres-
sion of Equation (E33) is written as follows:

ah;(')=—sgn(Ldik)ﬁ] ("a6: "Pe )+ di| <RI (g, Oy ) (B4D)
d'qg ’ \/a ! o ’ ,

lk - 'ul k [al’ a4, O:I (E42)

Similarly, we have the following:

_1
me)_ 1 9ty B |a(a12+a§)2 (E43)
p,  Ja2+az Fp, | O,
In the first part of Equation (E43), we have the following:
0| d,,| otd,,
— =sgn(td,, e (E44)
aGpI ( t ) GpI

We substitute Equation (D9) into Equation (E44) as follows:

0(d =l (°pi + {R', )

—:sgn(Ldi,k) p.

= —sgn( Ld;, ) “nl,  (E45)

T
In the second part of Equation (E43), because Lal . = LRO T = [a a,,a ] ,
a, and a, are only related to the rotation part of the state. Therefore we have the
following:

1

o(at+a2)?

. =0 (E46)

Substituting Equations (E44) and (E46) into Equation (E43) yields the following:

(E47)

oh; () L Orly
=-sgn( “d, 2
op, ( * ) VHik

By substituting Equations (E41) and (E47) into Equation (E31), we obtain the
final expression of the second part of the Jacobian matrix:

ohL(Xx7)
Oox
7 -~ 97l N
= —sgn(Ldlk) Zl_k 501x3’_sgn(Ldﬂk)%]q(Iq5’IPL)""Ldik‘Ksz%RJ*( q;, °my )les
ik ik
(E48)

where kfk is defined in Equation (E42) and evaluated at X~.
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By re-arranging Equations (E30) and (E48), the Jacobian matrix of hi(x,)
defined with respect to x, and evaluated at X; can be written as follows:

il R (g Oy ) 0
Hig

~ G T A G T A
—sgn(Ld{k)# 013 _Sgn(Ldijk)%Jq(Iqé’IPL)""LdiTk"eiTk%R‘I;(IQE;’G”i,k) 016

(E49)

APPENDIXF | ADDITIONAL RESULTS FOR FAULT
DETECTION

TABLE F1
Statistical Results of FAR and FDR for a Step Failure (o= 0.01)

Failure Total Gaussian-GMM Method Gaussian Method

Range Noise Setting

Group  FAR (%) FDR (%) FAR (%) FDR (%)

Al 18.75 14.38
N1 4.47 2.79

A2 85.00 71.88

Al 18.13 12.50
N2 3.07 1.40

A2 72.50 52.50

Al 14.38 15.00
N3 4.47 3.35

A2 91.25 88.75

Al 11.88 9.38
N4 1.68 1.40

A2 71.88 60.63

Al 11.88 11.88
Gaussian A (0, 0.032) 2.23 2.23

A2 68.75 68.75

TABLE F2

Statistical Results of FAR and FDR for a Step Failure (o= 0.001)

Failure Total Gaussian-GMM Method Gaussian Method

Range Noise Setting

Group  FAR (%) FDR (%) FAR (%) FDR (%)

Al 14.38 8.75
N1 2.23 1.96

A2 73.75 62.50

Al 10.00 6.88
N2 1.11 0.84

A2 58.13 37.50

Al 9.38 8.13
N3 1.68 1.68

A2 81.88 76.20

Al 5.63 3.13
N4 1.40 0.84

A2 55.63 47.50

Al 6.88 6.88
Gaussian A\ (0, 0.03?) 0.56 0.56

A2 68.13 68.13



	Fault Detection Algorithm for Gaussian Mixture Noises: An Application in Lidar/IMU Integrated Locali
	Abstract
	Keywords
	1  Introduction
	2  FAULT DETECTION WITH GMM NOISE MODELING
	2.1  Residual Analysis in the EKF
	2.1.1  Relationship Between the Residual and Noises
	2.1.2  Distribution of the Residual

	2.2  Transformation Methods
	2.2.1  Transformation Based on GMM Assumptions
	2.2.2  Transformation Based on Gaussian Assumptions

	2.3  Fault Detection Based on the Chi-Squared Test

	3  APPLICATION IN AN IMU/LIDAR INTEGRATED LOCALIZATION SYSTEM
	3.1  Motion Model
	3.2  Measurement Model

	4  NUMERICAL EXPERIMENTS
	4.1  Construction of the Simulation Platform
	4.2  Experimental Setup
	4.3  Localization Performance
	4.4  Fault Detection Performance
	4.4.1  Step Failure Detection Analysis
	4.4.2  Slope Failure Detection Analysis


	5  CONCLUSION
	References
	Appendix A  Notation
	Appendix B  DISTRIBUTION OF THE RESIDUAL
	Appendix C  SIMILARITY TO A STANDARD MVN DISTRIBUTION
	Appendix D  LIDAR PROCESSING
	Appendix D.1  Least-Norm Solution for Lidar Measurement Models
	Appendix D.2  Line Extraction and Feature Association

	Appendix E  LINEARIZATION OF AN EKF-BASED LIDAR/IMU INTEGRATED SYSTEM
	Appendix E.1  Derivative of the Rotation Matrix
	Appendix E.2  Linearization of the Rotation Term of the State Propagation Equation
	Appendix E.3  Linearization of the Measurement Function

	Appendix F  ADDITIONAL RESULTS FOR FAULT DETECTION


