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Topology-optimized phoxonic crystals with simultaneous acoustic and photonic helical edge states
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Sonic and photonic topological insulators that host topological edge states offer promising potentials for the
resilient control of acoustic and electromagnetic waves, respectively. Despite the great progress on sonic or
photonic topological insulators, the research of their integration, i.e., the phoxonic topological insulator, is less
explored. In this work, we propose a phoxonic topological insulator that hosts acoustic and dual-polarization
photonic helical edge states simultaneously. In specific, we first design a glide-symmetric phoxonic crystal
with concurrent sonic and dual-polarization photonic bandgaps via the topology optimization method. Then
by choosing two different unit cells from the optimized phoxonic crystal and assembling them to create a
domain-wall interface, a phoxonic topological insulator that supports two pairs of gapless helical edge states
within both the sonic and photonic bandgaps is constructed. Pseudospin-locked unidirectional transmissions and
robust manipulations of helical edge states are demonstrated for acoustic and dual-polarization electromagnetic
waves simultaneously in the proposed phoxonic topological insulator. The designed phoxonic topological
insulator opens new avenues for developing topological photoacoustic devices, enabling the reliable management
of both acoustic and electromagnetic waves, as well as the investigation of their interplay.
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I. INTRODUCTION

The discovery of topological insulators (TIs), which host
topologically protected edge states that are immune to impuri-
ties and defects, has opened a new chapter in condensed state
physics [1,2]. As the key concepts of topology are based on
band theory, which also applies to classical wave systems,
TIs have been extended to photonic and sonic crystals. In-
spired by TIs in electronic systems, a kaleidoscopic range
of photonic and sonic TIs have been developed [3–9]. The
initial versions of photonic and sonic TIs are realized by
incorporating either external magnetic fields or circulating
fluids to break the time-reversal symmetry, thereby emulating
the well-known quantum Hall effect [10–14]. However, the
complexity to implement time-reversal symmetry breaking
components makes these systems incompatible with inte-
grated photonic and acoustic devices. In order to tackle this
limitation, photonic and sonic TIs made of purely passive
structures, which fully utilize the crystalline symmetry, have
been developed. For example, by breaking the spatial symme-
try of C3-symmetric lattices to lift the degeneracy at the Dirac
points, photonic and sonic TIs that host valley kink states
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have been constructed [15–18]. Meanwhile, by expanding
and shrinking C6v-symmetric lattices to gap out the double
Dirac cone to open trivial and nontrivial bandgaps, photonic
and sonic TIs that host pseudospin-dependent helical edge
states have been achieved [19–23]. In addition, nonsymmor-
phic symmetry, which includes glide and screw symmetries,
has also been demonstrated as an effective method to create
sonic and photonic TIs that feature helical edge states [24–26].
Moreover, by engineering crystalline structures with distinct
topological indexes, higher-order photonic and sonic TIs that
host multidimensional edge and corner states have been fur-
ther proposed [27–32].

Despite the fruitful achievements in photonic and sonic
TIs, the research on their integration into phoxonic TIs (PTIs),
which can be used for manipulating both electromagnetic and
acoustic waves as well as their interaction, remains nascent.
For example, Xia et al. designed a PTI in honeycomb lat-
tice that simultaneously exhibits the topologically protected
edge propagation of sound and light [33] whereas Hu et al.
created a PTI with topological pseudospin-dependent edge
states for both sound and light in honeycomb lattice with
triangular rods [34]. However, these works are achieved based
on hexagonal lattices, having limitations in engineering 90-
degree sharp bend topological waveguides. Moreover, the
pseudospin-dependent edge states hosted by these systems
only form one single pair and are all gapped, limiting their
robustness and multiband communication applications.

As crystalline symmetry crucially determines the physical
mechanism and performance of PTIs, it is highly desirable to
explore PTIs in other symmetric lattices. In this work, we de-
sign a PTI made of topology-optimized phoxonic crystals with
glide symmetry in square lattice, which exhibits a number of
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FIG. 1. (a) The designed PTI based on topology-optimized phox-
onic crystal made of all-dielectric materials of silicon (yellow
regions) in air. Two unit cells (UC1 and UC2) with different topologi-
cal properties are selected from the phoxonic crystal for constructing
waveguiding domain-wall interfaces. [(b)–(d)] The band structures
of the phoxonic crystal for the (b) sonic, (c) TE, and (d) TM modes,
respectively. The colorful circles mark the two pairs of degenerate
bands at the M point below the bandgaps, whose eigenmode profiles
are used to demonstrate the distinct topological properties between
UC1 and UC2.

features not present in previous works. In particular, our de-
signed PTI supports two pairs of gapless helical edge states for
sonic, transverse electric (TE) and transverse magnetic (TM)
modes simultaneously. Pseudospin dependent one-way prop-
agations are achieved for both acoustic and dual-polarization
electromagnetic waves. Robust transmissions of edge states
passing through a 90-degree sharp bend channel for both sonic
and photonic modes are successfully demonstrated. Moreover,
experimental results to validate the topological sonic edge
modes are also provided. Our work suggests a new route for
engineering PTIs, which have promising potential for applica-
tions in constructing topological photoacoustic devices.

II. RESULTS AND DISCUSSIONS

Due to the nontrivial nature of designing a phoxonic crystal
with simultaneous sonic, TE and TM bandgaps, we employ
the inverse design method based on topology optimization,
which has been shown to be advantageous for designing both
topological photonic and phononic crystals [35]. The materi-
als of the phoxonic crystal are considered to be made of silicon
and air for manipulating acoustic and electromagnetic waves
simultaneously. For controlling the electromagnetic waves,
silicon with permittivity of ε = 12 is chosen, which can be
taken as sound hard boundary for steering acoustic waves.
As crystalline symmetry crucially determines the topologi-
cal properties of sonic and photonic TIs, in this work, we
constrain the unit cell (UC) with glide and mirror symme-
tries, which play a key role in realizing sonic and photonic
TIs for hosting helical edge states [24,36], and then use
the inverse design method (for details, see the Appendix) to
open sonic and dual-polarization bandgaps simultaneously.
The optimized phoxonic crystal and its band structures for

FIG. 2. Parities of the eigenmode profiles at M point of the two
pairs of degenerate bands below the bandgap [marked by the colorful
circles in Figs. 1(b)–1(d)] for UC1 and UC2 corresponding to the
(a) sonic modes, (b) TE modes, and (c) TM modes, respectively,
which show that for both pairs of degenerate bands and for all the
sonic, TE, and TM modes, the two unit cells always possess opposite
parities, a crucial condition for the design of the PTI.

the sonic, TE and TM modes are presented in Fig. 1(a) and
Figs. 1(b)–1(d), respectively. From the band structures shown
in Figs. 1(b)–1(d), one can see that the designed phoxonic
crystal hosts bandgaps for both the acoustic and electromag-
netic waves, i.e., the 8th-order bandgap for the sonic modes,
and the 12th-order bandgap for the TE and TM modes. For the
sake of simplicity, we normalize the frequency of sonic mode
and photonic mode as �s = ωa/2πca and �p = ωa/2πcEM ,
respectively, where a denotes the lattice constant, ca the veloc-
ity of acoustic waves in air and cEM the velocity of EM waves
in vacuum, respectively. The normalized frequency window
of the bandgap for the sonic, TE, and TM modes is (1.0706,
1.7969), (1.0482, 1.1707), and (0.7739, 0.8325), respectively.

To construct waveguiding domain-wall interfaces, we se-
lect two different UCs from the designed phoxonic crystal:
the primitive UC (UC1) and another UC (UC2) obtained by
horizontally shifting UC1 by a/2 [see Fig. 1(a)], which is
a common way to select unit cells with distinct topological
properties [37]. We would like to note that though UC1 and
UC2 are chosen from the same phoxonic crystal and thus
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FIG. 3. Schematic of the supercell with (a) vertical and (b) hor-
izontal interface between two domains made of UC1s and UC2s for
studying the emergent topological edge states along the domain-wall
interface.

exhibit identical band diagrams, their eigenmode profiles at
high symmetry points may differ, which can lead to distinct
topological properties between them. Importantly, from the
band structures presented in Figs. 1(b)–1(d), one can observe
that the imposed glide symmetry on the designed phoxonic
crystal leads to a double degeneracy of all the bands along the
MX boundary line of the Brillouin zone.

Figures 2(a)–2(c) show the parity distributions of the
eigenmode profiles at M point of the two pairs of degener-
ate bands below the bandgap [labeled by the colorful circles
in Figs. 1(b)–1(d)] for the two unit cells corresponding to
the sonic, TE, and TM modes, respectively. Note that while
monopolar and quadrupolar modes have a positive parity,
dipolar modes have a negative parity and as such, it can be

seen that the two unit cells always possess opposite parities for
each pair of degenerate bands for all the sonic, TE, and TM
modes, which are crucial for the design of PTIs. According
to the Jackiw-Rebbi theory [38], if a domain-wall interface
is created between two domains constructed using UC1 and
UC2, topological edge states will emerge within the bandgap
due to the different parities of UC1 and UC2. An interesting
feature of our designed phoxonic crystal is that as there are
two pairs of degenerate bands with parity-inversions below
the bandgaps, two pairs of topological helical edge states in
principle should emerge within the corresponding bandgaps,
which will be demonstrated below.

To verify the emergence of topological edge states along a
domain-wall interface between two domains made of UC1s
and UC2s, we build two supercells consisting of 6 UC1s
and 6 UC2s, separated by a vertical and horizontal interface,
respectively [see Figs. 3(a) and 3(b)]. Note that as the UCs of
the phoxonic crystal do not have C4 symmetry, it is necessary
to distinguish two different interfaces along the vertical and
horizontal directions.

The band structures of the supercell for the sonic, TE,
and TM modes with vertical and horizontal interface, are
presented in Figs. 4(a)–4(c) and Figs. 4(d)–4(f), respectively.
From the figures, we can see that for all the sonic, TE,
and TM modes, two pairs of helical edge states with each
pair consisting of two bands with opposite group velocities
intersecting at ky(x) = π/a emerge within the correspond-
ing bandgap. The degeneracy of the helical edge states at
ky(x) = π/a arises from the synergy between the space group
symmetry of the supercell and its periodicity along the glide

FIG. 4. [(a)–(c)] Band structures of the supercell with vertical interface for the (a) sonic, (b) TE, and (c) TM modes, respectively. [(d)–(f)]
Band structures of the supercell with horizontal interface for the (f) sonic, (e) TE, and (f) TM modes, respectively. Each bandgap hosts two pairs
of gapless helical edge states (blue and red) whereas the grey regions indicate the bulk states. Two edge states at ky or kx = 0.9π/a, 1.1π/a
are marked by the colored dots whose mode properties are presented in Fig. 5.

043166-3



CHEN, AN, LAN, AN, AND SU PHYSICAL REVIEW RESEARCH 6, 043166 (2024)

FIG. 5. [(a)–(c)] Eigenmode profiles and energy flux distributions for the edge states marked by the colored dots in Figs. 4(a)–4(c) hosted
by the vertical interface for the (a) sonic modes, (b) TE modes, and (c) TM modes, respectively. [(d)–(f)] Eigenmode profiles and energy flux
distributions for the edge states marked by the colored dots in Figs. 4(d)–4(f) hosted by the horizontal interface for the (d) sonic modes, (e) TE
modes, and (f) TM modes, respectively.

dislocation [24,36]. For the vertical interface, the frequency
windows of the two pairs of helical edge states for the sonic
modes are (1.0445, 1.1662) and (1.3726,1.4660) whereas they
are (1,0383, 1.0982) and (1.1028, 1.1625) for the TE modes,
as well as (0.7711, 0.7871) and (0.8152, 0.8265) for the TM
modes. On the other hand, for the horizontal interface, the
frequency windows of the two pairs of helical edge states
for the sonic modes are (1.0349, 1.1586) and (1.3583,1.5032)
whereas they are (1,0315, 1.0964) and (1.1019, 1.1624) for the
TE modes as well as (0.7714, 0.7815) and (0.8094, 0.8252)
for the TM modes. Note that though the two interfaces are
different, the emergent helical edge states within the corre-
sponding bandgaps show similar features. Moreover, some
parts of the bands of the helical edge states are imbedded
within the bulk states (grey regions) due to the fact that the
sizes of the bandgaps are not large enough. Most importantly,
compared with previous PTIs that host gapped helical edge
states [33,34] because of the broken C6v symmetry at the
domain-wall interface, the helical edge states in our designed
PTI are all gapless, which is crucial for the robustness to steer
acoustic and electromagnetic waves.

The eigenmode profiles and corresponding energy flux
distributions for the first pair of edge states marked by the
colored dots in Fig. 4 are presented in Fig. 5, from which one
can see that the fields are mainly distributed around both the
vertical and horizontal interfaces for all the sonic, TE and TM
modes, demonstrating their edge states nature. Furthermore,
from the energy flux distributions, we can observe that, for
all the sonic, TE and TM modes, the energies of the edge
states hosted by the vertical (horizontal) interface at ky(kx ) =
0.9π/a and ky(kx ) = 1.1π/a flow downward (leftward)
and upward (rightward), respectively. This special feature

indicates that these edge states possess chirality associated
with finite orbital angular momentum (OAM), which could
be exploited for pseudospin-locked one-way propagations.

To demonstrate that the helical edge states in the designed
PTI for all the sonic, TE and TM modes exhibit pseudospin-
locked unidirectional transmissions that are robust against
sharp bends, we construct two waveguide structures with a
straight and a bend channel as shown in Figs. 6(a) and 6(b),
respectively. First, to demonstrate the pseudospin-locked uni-
directional transmissions for all the sonic, TE and TM modes,
a chiral source consisting of four antennas is placed at the mid-
dle of the straight interface in Fig. 6(a) for launching acoustic
or electromagnetic waves. By configuring the phase winding
of the four antennas, the chiral source can excite a wave
either with positive OAM characterized by a counterclockwise

FIG. 6. Schematic waveguide structure with (a) straight and
(b) bend channel between two domains made of UC1s and UC2s
for studying pseudospin-locked unidirectional transmissions of the
helical edge states and robustness of the transmissions against
sharp bends.
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FIG. 7. Pseudospin-locked unidirectional transmissions of the
sonic, TE and TM modes. [(a), (b)] Leftward and rightward one-way
transmissions of acoustic waves possessing (a) negative and (b) pos-
itive OAM, respectively. [(c), (d)] Leftward and rightward one-way
transmissions of the TE electromagnetic waves carrying (c) negative
and (d) positive OAM, respectively. [(e), (f)] Leftward and rightward
one-way transmissions of the TM electromagnetic waves carrying (e)
negative and (f) positive OAM, respectively.

energy flow, or negative OAM with a clockwise energy flow.
Figure 7 shows the field distributions of the excited sonic and
electromagnetic waves when the source has a positive or neg-
ative OAM, demonstrating that waves of sonic, TE and TM
modes that carry negative OAM propagate leftward unidirec-
tionally [as shown in Figs. 7(a), 7(c) and 7(e)], whereas those
carrying positive OAM propagate rightward unidirectionally
[as shown in Figs. 7(b), 7(d) and 7(f)]. These results demon-
strate that pseudospin-locked unidirectional propagations can

FIG. 9. Photograph of the 3D-printed experimental sample,
where the vertical and horizontal interfaces are marked by the blue
and red dashed lines, respectively. (b) Snapshot of the experimental
setup for measuring the acoustic response.

be achieved for both the sonic modes and dual-polarization
electromagnetic modes in the designed PTI.

The propagations of the helical edge mode are robust
against bends. To demonstrate this, we build a waveguide
structure consisting of a channel with two 90-degree sharp
bends formed between two domains made of UC1s and UC2s
[see Fig. 6(b)]. A point source at the left end of the channel
is used to launch acoustic or electromagnetic waves. The
excitation frequency for the sonic mode, TE mode, and TM
mode is set as �s = 1.1386, �p = 1.08, and �p = 0.7793,
respectively. Figures 8(a)–8(c) show the field distributions
for the sonic mode, TE mode, and TM mode excited by the
point source, respectively. From the figures, we can observe
that waves of sonic and electromagnetic modes can all pass
through the two 90-degree sharp bends in the waveguiding
channel successfully, demonstrating the robustness of these
edge states for all the sonic, TE and TM modes in the
designed PTI.

Finally, we experimentally validate the edge states for
the sonic modes while leaving the verification of the pho-
tonic modes for future works. As the dielectric materials
act as hard sound boundaries for acoustic waves in the de-
signed PTI, we use photosensitive resin, which plays the
same role as silicon, for the ease of fabrication. We man-
ufacture an experimental sample via 3D printing, as shown
in Fig. 9(a), which consists of 6 × 6 UC1s surrounded by
four layers of UC2s with the size and height of the unit
cell being 60mm and 20mm, respectively. In the sample,
two orthogonal interfaces are formed between the two do-
mains made of UC1s and UC2s, indicated by the blue and
red dashed lines in Fig. 9(a), respectively. To facilitate the
two-dimensional waveguide assessments, an acrylic layer is

FIG. 8. Field distributions of waves passing through the bend channel for the (a) sonic mode, (b) TE mode, and (c) TM mode. The waves
are launched from the left end of the channel by a source indicated by the red star shown in Fig. 6(b).
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FIG. 10. Experimentally measured acoustic transmission spec-
trum for the (a) vertical and (b) horizontal interface, respectively. The
two frequency windows indicated by the dashed lines correspond to
the frequency ranges of the two pairs of helical edge states of the
sonic modes in Figs. 4(a) and 4(d).

affixed atop, featuring three strategically placed apertures.
These openings, typically sealed when not in use, allow for
the insertion of either acoustic detection or emission devices
as needed. Figure 9(b) illustrates the configuration of the
experimental testing apparatus. A lock-in amplifier (Zurich
Instrument HF2LI) serves dual purposes: it generates sig-
nals and also handles data acquisition. A loudspeaker, which
is linked to the lock-in amplifier, is strategically placed at
the intersection of the two orthogonal interfaces, whose role
is to produce acoustic waves to excite the edge states. To
capture the acoustic response, a 1/4-inch microphone (Brüel
& Kjaer, Type 4935) is positioned within a designated hole
that locates at either the horizontal or the vertical interface.
The detected signal is then conveyed to the lock-in ampli-
fier through a signal-conditional (Brüel & Kjaer, 64 NEXUS
Type 2693A).

The experimentally measured acoustic transmission spec-
tra for the two orthogonal interfaces are presented in
Figs. 10(a) and 10(b), respectively. From the results, we can
see that within the theoretically calculated frequency windows
indicated by the dashed lines, which correspond to the fre-
quency ranges of the two pairs of helical edge states of the
sonic modes as shown in Figs. 4(a) and 4(d), enhanced acous-
tic responses can be observed (the tiny discrepancies mainly
come from the fabrication errors). We would like to note that
as part of the first pair of helical edge modes are imbedded
within the bulk states, the measured responses within the
lower frequency window are weaker than those corresponding
to the second pair of edge modes. Nonetheless, the experiment
measurements overall match well with the theoretical results
presented in Figs. 4(a) and 4(d).

III. CONCLUSIONS

In conclusion, we have designed a PTI that hosts gapless
helical edge states for sonic, TE, and TM photonic modes
simultaneously. Using the inverse design method based on
topology optimization, a glide-symmetric phoxonic crystal
that hosts sonic and dual-polarization photonic bandgaps is
designed first. Then by selecting two distinct unit cells from
the optimized phoxonic crystal and assembling them to build
a supercell with a domain-wall interface, the PTI that hosts
two pairs of gapless helical edge modes of sonic, TE and
TM photonic modes is created. One-way transmissions of the

edge modes locked by pseudospin are demonstrated for waves
of both sonic and electromagnetic modes in the same PTI
waveguide structure. Moreover, the robustness of acoustic and
photonic edge states is exhibited and experimental validation
of the sonic edge modes is also conducted. Our work suggests
a new approach to construct PTIs, having promising poten-
tials for applications in designing topological photoacoustic
devices.
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APPENDIX: TOPOLOGY OPTIMIZATION METHOD

Ph oxonic crystals have the capabilities for controlling
acoustic and electromagnetic waves simultaneously. For con-
trolling acoustic waves, the governing equation is

−∇ ·
(

1

ρ(r)
∇p(r, k)

)
+ 1

B(r)

∂2 p(r, k)

∂t2
= 0, (A1)

in which p(r, k), r(x, y), k = (kx, ky) are the acoustic pressure
field, position vector and Bloch wave vector, respectively.
ρ(r) = ρ(r + R) and B(r) = B(r + R) represent the density
and bulk modulus with R denoting the lattice translation
vector. For manipulating electromagnetic waves, which can
be decoupled into TM and TE modes in two-dimensional
photonic crystals [39], for which the governing equations are

T M : −∇ · (∇Ez(r, k)) + ε(r)
∂2Ez(r, k)

∂t2
= 0 (A2)

T E : −∇ ·
(

∇ 1

ε(r)
Hz(r, k)

)
+ ∂2Hz(r, k)

∂t2
= 0, (A3)

where Ez(r, k) and Hz(r, k) represent the electric and
magnetic fields, respectively. ε(r) = ε(r + R) means the di-
electric constant. According to the Floquet-Bloch theorem,
the acoustic, electric and magnetic fields, p(r, k), Ez(r, k),
Hz(r, k), can be formulated as p(r, k) = pk(r)ei(ωt+k·r),
Ez(r, k) = Ez,k(r)ei(ωt+k·r), Hz(r, k) = Hz,k(r)ei(ωt+k·r), re-
spectively, where pk(r), Ez,k(r) and Hz,k(r) denote the
periodic functions for acoustic, electric and magnetic fields,
respectively; ω denotes the angular frequency. Taking them
into Eqs. (A1)–(A3) and exploiting the finite element method,
Eqs. (A1)–(A3) can be written as

(K − ω2M)U = 0, (A4)

in which U represents the eigenvector, while K and M repre-
sent the global stiffness and mass matrices, respectively. The
detailed expressions of K and M for the sonic, TE and TM
modes can be referred to Ref. [39]. Via sweeping the wave
vectors along the boundary of the first Brillouin zone, we can
get the band diagram for the optimization design.

We denote the relative size of the nth-order bandgap for the
sonic modes, TE modes and TM modes as gs

n, gTE
n and gTM

n ,
respectively, which should be maximized simultaneously. For
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succinctness, gs
n, gTE

n and gTM
n are collectively named gn

herein, expressed by

gn = 2
mini=1,2···L,nk ωn+1(ki ) − maxi=1,2···L,nk ωn(ki )

mini=1,2···L,nk ωn+1(ki ) + maxi=1,2···L,nk ωn(ki )
,

(A5)

where nk represents the count of wave vectors used in the com-
putation of the band diagram. gn is further modified using the
strategy proposed in Ref. [39] to avoid numerical instabilities.
According to Eq. (A5), we can get the gradient of objective

function gn, ∂gn

∂xe
, upon getting ∂ωn(ki )

∂xe
, which can be obtained

via differentiating both sides of Eq. (A1),

∂ωn(ki )

∂xe
= 1

2ωn
uT

(
∂K
∂xe

− ω2
n(ki )

∂M
∂xe

)
u. (A6)

Upon getting the gradient of objective functions, we employ
the BESO approach [40] to iteratively update the unit cell to
maximize gs

n, gTE
n and gTM

n simultaneously. Note that we first
maximize gs

n herein and then adopt the optimized structure as
the initial configuration for the second-round optimization.
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