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Abstract. This paper proposes a proximal bundle algorithm based on the proximal point method
for solving generalized variational inequalities with inexact data. First, the explanation of
subgradient values and function inexactness is given. The algorithm's fundamental steps are then
presented. Ultimately, the algorithm's convergence is confirmed under specific circumstances.

1. Introduction
Variational inequality is a generalization and development of classical variational problems. It
originated in the 19th century and was developed to some extent under the influence of the Lagrange
multiplier method. Its theme can be simplified to construct a variational type so that it has the best
solution in meeting relevant conditions, constraints, and other main formulas that reflect the essence of
the problem. Therefore, it is widely used to solve optimization problems, such as equilibrium problems,
operational research problems, and urban traffic network modeling problems, so it is a very useful
analysis algorithm. As an important research direction in the field of mathematics, it has a wide
application background and rich historical development. Therefore, the study of variational inequalities
not only has theoretical value but also has extensive application prospects.

We are concerned with the general variational inequality problem!"! GVI(K,E) : x" e K and

@(x") e Z(x") are found, and subject for every x e K is:
a(x ), x—x Y+ f(x)= f(x) =0,
(@), x=x")+ f(0)-F(x) )

where E is a monotone multivalued operator which is defined on a real Hilbert space H equipped with
the inner product (.-}, f: H—> RU{+w} is a lower semi-continuous (L.s.c.) proper convex function and

the set K < H is a nonempty closed subset such that K < int(domyf’) . In addition, this problem has been

shown to have at least one solution.
The Generalized Variational Inequality Problem GVI(K,Z) is closely connected to many problems,
and is even equivalent to some of them. Later, we will introduce two classic examples!?'.
First, we show that the general convex optimization can be regarded as a general variational
inequality problem. The following questions are considered:
min f(x)

2
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It is worth noting that f: K — R is a differentiable convex function defined on K . Assuming that
the problem has an optimal solution x* , then using the optimal condition of convex optimization, we
know that the optimal solution of the problem is equivalent to that all feasible directions at x* are not
gradient descent directions. Then the feasible direction set and gradient descent set at point x € K are
defined as S, ={seR, |s=x"-x, x'eK} and S, ={s€R, |s'Vf(x)<0}. So we know that the optimal
solution x" = argmin, . f(x) for a convex optimization problem is equivalent to x" e K, S, NS, =,
that is for any x' e K .

VA (x'—x")=0. 3)

Next, the variational inequalities are also equivalent to a more general class of nonlinear

complementarity problems (NCP)®!, Specifically, the nonlinear complementarity problem is described
as:

x>0, f(x)=0, x" f(x) = 0, (4)
where 1= (f,.f,, ... f,)  :R" = R" is a continuously differentiable function. It is worth noting that if
taking K = R, then GVI(K,ZE) is equivalent to (NCP).

In recent years, the development of variational inequalities has attracted the interest of many scholars,
so both theoretical research and algorithm research have made great progress. This paper focuses on the
algorithm aspect, so there are many excellent research results only from the aspect of the algorithm, for
instance, the Projection method, Proximal point method, Splitting method, Auxiliary Principle, Bundle
method, and Alternating Direction Method of Multipliers (ADMM)!). All of them are important and
representative solutions for GVI(K,Z) . However, the research results of domestic research on
GVI(K,Z) are still relatively weak compared with other fields. Therefore, this paper hopes to explore
some new research directions of GVI(K,Z) algorithm on the basis of existing research.

This paper is organized as follows: Section 2 introduces novel inexact techniques and basic bundle

methods; Section 3 suggests an executable inexact proximal bundle method; Section 4 shows how the
algorithm converges; and Section 4 summarizes this paper and suggests further work.

2. Preliminary results

2.1. Inexact oracle
Throughout the following content, we make the following assumption*™: it is supposed that the
function f is a continuously differentiable and strongly convex function, a convex set K is the domain

of the function f, and there exists a parameter p >0 and for each x,ye K .
f+8@ =+ D= < f). )

It is assumed that /' =7(o(x)), where o(x): R" — R™ is continuously differentiable and =: R™ — R

convex, then we have of: = {i 6,Vo,| 8 ed(r(o(x)))} . Obviously, computing a subgradient g(x) € df(x)

i=1
is great costly great, then we try to find an inexact oracle to replace the exact value. Therefore, we
assume that we have an approximation Vo' of Vo satisfying [Vo'-Vo| < x(a) (typically x(a)—0

when a —0). Then we define the approximate subgradients as g(x): =Z§, Vo!(x), 6 edr(o(x),

i=1

hence,
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S+ (=2 = () + () =0 +[¢]-[Vo' (0 - Vo o[y -]
= 1) =2y =l +[el- ] |-+

1 2 2
< SO+ el @l (6)

: , namely, g(x)

From the above derivation, we obtain g(x)e€d,f(x) when g:%"f"z ()|
o

represents an ¢ -subgradients of f at x . At the same time, from the local boundedness of d(z(o(x)))
(which implies that

£| is bounded), we infer that ¢ is locally bounded. x remains in K, which is a

bounded subset of R", and a uniform bound ¢ >0 exists such that £ <6.
And then, for the given positive number 7, , at each given point x € K , we can find some f e R such

that f(x)= f(x)—7,, where 7., =77, {7,}.. v, 18 a non-increasing sequence and satisfies 0 <y, <1.

2.2. Bundle strategy
Correa and Lemarechal introduced the bundle method in the 20th century!'®’. The method's approach is
to use a piecewise linear convex function f that is generated step by step to approximate the function

at the most recent iteration. Iterations are only advanced when the approximation is sufficient.
The method yields two sequences: the first, denoted as a series of candidate points and represented
by {y,},., » where i is a non-empty index set, is made up of sample points that are used to define the

model. The second sequence, known as the stable center sequence and defined by {x is made up

e, »
of sample locations that is considerably lower the goal function f".
Assuming that x* is the stable center, we approximate f below by a polyhedral model f* defined
by:
fh= f(yf)+rglef;lx{(§(yf),x—yl-)—s}, (7
where I, ={0,1,...,k} represents the iterated internal indicator set. Then due to the instability of the

cutting-planes model, the model usually becomes coarser when farther away from x* . For this, the

proximal term ¢* is introduced, and appropriate adjustments will confine the model to the region where
it is a reliable approximation. Then (1.1) becomes:

GVI —s min{ FE)+(@ (), x—xt )+ 1[50 - s(x) = (Vs (), x =24 )1, (®)
with strongly convex functions s(x) and {},_, being positive sequences.
Here we offer several helpful components to ensure inexact optimality and limit the amount of
information in the bundle. It is n necessary to notice that there are multipliers {,},., , also known as

Lagrange multipliers, such that:

Gy =2 o8 ©)
daf=1af 22) (10)
a1/ ()= T1=0 (11)

The subgradient relation above gives us the aggregation linearization function 7* of f*, which is
denoted as:
TN = 70+ (G ), x - ), (12)

with the linearization error ¢': = /(x)— f(x").
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Hence, the stability is usually updated according to the following form!”:

v = FG =), (13)

We let f<€(0,1) be a parameter. If f(y,) < f(x*)- Bo*, then x**' =y, ; otherwise, x**' =x".

First of all, it is worth noting that the descent test is worthless because of the inexact oracle settings
in Sect. 2.1, which makes v* non-positive. As a result, the proximal parameter #* must be increased.
This is motivated by the following: Increasing ¢* reduces the weight of the quadratic terms, raises the
relative weight of f , and lowers the model value of the candidate points until v* is positive. (If v* is
not positive, then y, does not adequately minimize the model). After that, iteration continues in the same
manner as the basic bundle method. We refer to this procedure as Noise Attenuation!®l,

3. Main algorithm
Below we give the general steps of the Proximal Bundle Algorithm.
Proximal Bundle Algorithm with inexact data (PBAI).

Step 0. (Initialization) Stopping tolerances 4,4, 20, a descent parameter m < (0,1), a stepsize

t,2t>0, and @ €[1/2, 1); Choosing a starting point x’ € K, and calling the oracle to compute
f(x*), g(x*); Setting I, ={0}, k=0and na:=0.

Step 1. (Trial point calculation) Selecting a piecewise linear convex function f < f and
computing GVI-s to get the unique solution Vi Computing
2

T =" —y) /e, Pk::f(xk)—f(y,.) ,and ef: =P+ —¢¢ “Tk

Step 2. (Stopping criterion) If “Tk ”2 <u, and e* < u,, stopping.

Step 3. (lnaccuracy detection) Setting ¢ =10¢, na=k and proceeding to Step 1 if
2

p—

Step 4. (Descent test) Calling the inexact oracle to calculate (f(x*), g(x")); If the descent (13) is
met, then declaring the iterate to be serious, and setting x**' = y,, na := 0; Otherwise, declaring the

iterate to be null and setting x**' = x* .

Step 5. (Bundle Management) Choosing 1,,, D{iel }uik+1}.

Step 6. (Stepsize updating and loop) Choosing "' >t if the situation is deemed serious;
k+1

Otherwise, if the iterate is deemed null, either setting #**': =¢,, or choosing "' €[0.1z,, ¢,] such

that /"' >+ if na =0; Increasing k by 1 and going to Step 1.

Remark: In Step 1, the assumption of strong convexity of the function s(x) ensures that GV —s has
one and only one solution.

In Step 4, if the algorithm takes a null step, the simplest and most effective method is to add iteration
information at the candidate point y, to the model. The new model 7’ obtained has a better

approximation effect than f*, because it contains more information about the past iteration; otherwise,

the algorithm takes a serious step. We only update the stable center x**' and the piecewise linear model

A

7 (8]

4. Convergence Results

We go over three cases of algorithm convergence in this section.
® An infinite degree of noise attenuation is produced by the algorithm.
® An infinite number of null steps are produced by the algorithm.
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® An infinite number of null steps are produced by the algorithm.

The ensuing conclusions can be made in light of the findings and discussion above.

Theorem 3.1. (Infinite Loop of Noise Attenuation) It is suppose that the PBAI for GVI(K,Z) yields
k

x* in its final significant iteration, the algorithm proceeds indefinitely between Step 1 and Step 3, then
x* represents an approximate optimal solution to GVI(K,Z) .

Theorem 3.2. (Infinite Loop of Null Steps) It is supposed that the PBAI for GVI(K,Z) yields iteration

x* and k stays constant thereafter, namely, the algorithm only creates null steps, and then x*
represents an approximate optimal solution to GVI(K,Z) .

Theorem 3.3. (Infinite Loop of Serious Steps) It is supposed that the PBAI for GVI(K,Z) produces

an infinite series of serious steps {x then each accumulation point of {x represents an

k k
}kEN+ 4 }ka’\hr

approximately optimal solution to GVI(K,Z).

Theorem 3.3's result can be broadly broken down into three steps: first, it establishes the boundedness
of the infinite sequence that the algorithm generates; second, it establishes the existence of some
convergence points in the series; and third, it verifies that these convergence points are the solutions of
GVI(K,Z).

5. Conclusions and future work

For the general variational inequality problem with non-smooth and lower semi-continuous convex
function, an executable Proximal Bundle Algorithm with inexact data is proposed, which approximates
the original function by using a series of piecewise linear convex functions.

It is noted that in each iteration, the approximate model needs to meet certain conditions in order to
be considered suitable. At the same time, due to inexact data, the predicted descent is not positive,
triggering noise attenuation, so the parameters and errors should be updated according to specific criteria
until the predicted descent value is not negative. Finally, under appropriate conditions, it is theoretically
proved that the algorithm has good convergence.

To put it briefly, we present a new proximal bundle method that can be used to solve more non-
smooth general variational inequality issues. As a result, there is greater universality in the suggested
algorithm.

The convergence study demonstrates that the technique is capable of efficiently resolving the non-
smooth convex general variational inequality problem. However, there are still certain topics that require
more research:

¢ Can other classical problems be solved by using the proximal bundle algorithm of inexact data?
* How much of the algorithm's efficiency can be increased by selecting the appropriate parameters?
* Does this algorithm still hold true if the objective function is non-convex?

These issues still merit more investigation and study.
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