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a b s t r a c t

Numerical challenges, incorporating non-uniqueness, non-convexity, undefined gradients, and high
curvature, of the positive level sets of yield function F >0 are encountered in stress integration when
utilizing the return-mapping algorithm family. These phenomena are illustrated by an assessment of four
typical yield functions: modified spatially mobilized plane criterion, Lade criterion, Bigoni-Piccolroaz
criterion, and micromechanics-based upscaled Drucker-Prager criterion. One remedy to these issues,
named the "Hop-to-Hug" (H2H) algorithm, is proposed via a convexification enhancement upon the
classical cutting-plane algorithm (CPA). The improved robustness of the H2H algorithm is demonstrated
through a series of integration tests in one single material point. Furthermore, a constitutive model is
implemented with the H2H algorithm into the Abaqus/Standard finite-element platform. Element-level
and structure-level analyses are carried out to validate the effectiveness of the H2H algorithm in
convergence. All validation analyses manifest that the proposed H2H algorithm can offer enhanced
stability over the classical CPA method while maintaining the ease of implementation, in which evalu-
ations of the second-order derivatives of yield function and plastic potential function are circumvented.
© 2025 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Published by Elsevier B.V. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
1. Introduction

The plasticity theory (Hill, 1998) is one of the most critical
branches in solid mechanics to account for the nonlinear responses
incorporating the permanent (plastic) deformation and thermo-
dynamic dissipation. Constitutive models built in the framework of
plasticity theory often involve complex mathematical descriptions
(Hill, 1948; Gurson, 1977; Borja and Lee, 1990; Barlat et al., 2005;
Bryant and Sun, 2019; Cornejo et al., 2022), necessitating utilization
of the numerical integration methods to facilitate computational
simulations. The essence of numerical computation in elastoplastic
constitutive models lies in accurately evaluating the incremental
draulics and Mountain River
opower, Sichuan University,

ock and Soil Mechanics, Chi-

s, Chinese Academy of Sciences. Pu
plastic strain generated at each faced material point during every
sub-increment step. This process involves the mathematical dis-
cretization of concepts such as yield surface, plastic flow, and strain
hardening/softening within the realm of plasticity theory (Simo
and Hughes, 1998; Anandarajah, 2010). The numerical methods
for achieving such tasks are referred to as the stress integration (or
update) algorithms.

In general, the integration algorithms for plastic constitutive
modeling can be categorized into two types: explicit and implicit.
Explicit methods are characterized by utilization of the information
at the beginning of each integration time step without the need for
iteration. Classical explicit schemes include the modified Euler
method and the Runge-Kutta family (Sloan,1987; Sloan et al., 2001;
Lloret-Cabot et al., 2021). Due to the ease of implementation,
explicit methods are widely used in bounding surface models
(Dafalias and Manzari, 2004; Liu et al., 2022) and hypoplastic
models (Ding et al., 2015; Jiao et al., 2024). However, explicit al-
gorithms typically suffer from stress drift outside the yield surface,
leading to unsatisfactory of the plastic consistency condition.
blished by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
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Consequently, the sub-stepping technique is required to control the
progressively accumulated error, and appropriate treatment should
be adopted to address the yield surface intersection problem (Sloan
et al., 2001). Another widely adopted group is the implicit return-
mapping (RM) algorithm family. This family includes the fully im-
plicit closest point projection method (CPPM) (Simo and Ortiz,
1985; Simo and Taylor, 1985; Borja et al., 2001; Tamagnini et al.,
2002; Foster et al., 2005; Cardoso and Yoon, 2009; Lin and Li,
2015; Wei et al., 2021; Feng et al., 2024) based on the backward
Euler scheme, as well as the semi-implicit cutting-plane algorithm
(CPA) (Ortiz and Simo, 1986; Starman et al., 2014; Zhao et al., 2023).
The RM algorithms are also referred to as the elastic predictor-
plastic corrector methods. An elastic trial step is made at the
beginning to check the yield state, and the plastic correction is
implemented if the trial state lies outside the admissible domain
enclosed by the yield surface. The CPPM utilizes a Newton-Raphson
(NR) scheme to solve the fully implicit equations, thereby requiring
both the first- and second-order derivatives of the plastic potential
function. Accordingly, the implementation of CPPM could be chal-
lenging for complex models, but it offers the advantages of high
accuracy and unconditional stability. In recent applications (e.g. Lee
et al., 2021; Zhou et al., 2022), the line search method has been
employed to enhance the convergence of the CPPM. The CPA, on the
other hand, implicitly solves the plastic multiplier increments
through the NR method and updates the stress and stress-like
variables via a forward Euler scheme. This approach circumvents
the challenge of dealingwith second-order derivatives in the CPPM,
facilitating straightforward implementation while satisfying the
plastic consistency condition. Consequently, the cutting-plane al-
gorithm has been widely adopted for the numerical implementa-
tion of various constitutive models (Areias et al., 2012; Zhu et al.,
2016; Ren et al., 2022). For more details on the computational
schemes of the elastoplastic model, please refer to the work of
Scalet and Auricchio (2018).

It must be acknowledged that although an increasing number of
advanced constitutive models are proposed, their numerical
implementation on widely accepted computational platforms re-
mains relatively lacking, often preventing these advanced models
from penetrating frontline engineering applications. However, in
the field of geotechnical engineering, many sophisticated consti-
tutive formulations have been successfully implemented via some
plugin interfaces into the commercial finite element platforms like
Abaqus (e.g. Zhao et al., 2018; Wei et al., 2021; Zhou et al., 2022),
the open-source finite element framework like OpenSees (e.g.
Khosravifar et al., 2018; Liu et al., 2018, 2022), and commercial
Lagrangian finite-volume program like FLAC3D (e.g. Derbin et al.,
2018; Xiao et al., 2024), and among others. The requirement for
stability in engineering computations has driven continuous im-
provements in stress update algorithms to enhance their
robustness.

In RM algorithms, the plastic correction utilizes the information
provided by the trial state at which the yield function (denoted by
F ) is temporarily F >0. It is not difficult to demonstrate that many
yield functions, although capable of guaranteeing convexity
perfectly when F ¼ 0, often yield non-convexity and even possess
mathematically undefined regions in their positive-valued level
sets (F >0) (Coombs and Crouch, 2011; Panteghini and Lagioia,
2018; Golchin et al., 2021). To address these challenges,
numerous approaches have been attempted. Panteghini and Lagioia
(2018) presented a method to transform general yield functions
into quasiconvex ones and applied the convexification technique to
a Cam-clay type model with a fully implicit stress update scheme.
Golchin et al. (2021) proposed a yield function that is inherently
robust, serving as a substitute for the inadequate models as dis-
cussed in their paper. A framework called Convex Modular
2042
Modeling was established by Suryasentana et al. (2021), which
ensures convexity by combining existing convex function modules
with the convexity-preserving rules (Boyd and Vandenberghe,
2004).

The present study extends the convexification approach of
Panteghini and Lagioia (2018) to a more general form, and proposes
an improved semi-implicit stress integration scheme based on the
extension, which is named the "Hop-to-Hug" (H2H) algorithm. The
novel scheme exhibits enhanced robustness while inheriting the
ease of implementation characteristics of the CPA method, making
it versatile for application to most existing elastoplastic models.
Prior to presenting the H2H algorithm, the paper will first discuss
the numerical integration problem of the elastoplastic constitutive
model and illustrate the issues with the RMmethods through some
examples. Then a detailed demonstration of the H2H method with
the convexification method is introduced. Finally, a series of nu-
merical validations are conducted on several constitutive models
with the H2H algorithm to test its capability.

For clarity, notations and symbols adhere to the following rules.
The italic letters (e.g. g, F ), boldface symbols (e.g. s, e), and the
uppercase black board symbols denote, respectively, the scalars,
second-order tensors, and forth-order tensors. Unless otherwise
stated, the notations f � g and ½�� represent vector and matrix,
respectively. As for tensor operations, the tensor product is denoted
by ð� 5 �Þ, while ð� ,�Þ and ð� : �Þ stands for inner and double
contraction product, respectively. Some useful notations of Cauchy
stress are presented in Appendix A.
2. Problem statement

2.1. Basic equations

Consider an isotropic body U3Rndim
of elastoplastic continuum,

where 1 � ndim � 3 is the space dimension. The body U is assumed
open and bounded with smooth boundary vU. The boundary is
decomposed into a Dirichlet and a Neumann boundary, denoted
respectively vUu and vUt, such that

vUu∪vUt ¼ vU
vUu∩vUt ¼ ∅

�
(1)

where the overline denotes a closure. Let the time interval of in-
terest be given by ½0; T �3Rþ, then the displacement field of an
arbitrary material point with position x2U at time t2½0;T � can be
written as

uðx; tÞ : U� ½0;T �/Rndim
(2)

where

U¼U∪vU

The boundary conditions restricted by Eq. (1) are given by

u ¼ u on vUu � ½0;T �
s,n ¼ t on vUt � ½0;T �

�
(3)

where u and t are the displacement and surface traction field
prescribed to vUu and vUt, respectively. The initial conditions are
also supplied with

uðx;0Þ ¼ u0ðxÞ in U
_uðx;0Þ ¼ v0ðxÞ in U

�
(4)

where u0 and v0 are prescribed initial values of displacement and
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velocity field, respectively. The body deformation is measured by
the infinitesimal strain tensor e, defined by the symmetry part of
the gradient of u:

e¼ symðVuÞ (5)

The internal stress response caused by the prescribed boundary
conditions and body force fields is measured by the Cauchy stress
tensor s. Thus, the local form of conservation of momentum is
stated as

V ,sþ rb ¼ r €u in U� ½0;T � (6)

where r is themass density and b ¼ bðx; tÞ stands for the body force
per unit of mass. The term r€u vanishes when quasi-static loading is
considered.

The governing equations in global (weak) form are given by the
principle of virtual work expressed in the current configuration:ð
U

�
s : deþ r du, €u

�
dU ¼

ð
U

r du,b dUþ
ð
vU

du,t dðvUÞ (7)

where du and de ¼ sym ðVduÞ are the virtual displacement and
strain filed, respectively.

If a set of constitutive equations relate stress s to strain e are
meticulously devised, the partial differential equations Eq. (6),
alongside the initial conditions Eq. (4) and boundary conditions Eq.
(3), yields an initial boundary value problem (IBVP) for the
displacement field u (Simo and Hughes, 1998; Anandarajah, 2010;
de Borst et al., 2012). To solve the IBVPs, theweak form Eq. (7) could
be discretized by a variety of numerical methods, e.g. finite element
method (FEM), material point method (MPM), and smoothed par-
ticle hydrodynamics (SPH).

2.2. Elastoplastic constitutive equations

It is assumed that the strain tensor de conforms to an additive
decomposition such that we have

e¼ ee þ ep (8)

where ee and ep are the elastic (reversible) strain and plastic
(irreversible) strain components, respectively.

The elastic response is described by the generalized Hooke's law
as follows:

s¼C : ee ¼C : ðe� epÞ (9)

Classical rate-independent plasticity recognizes the plastic flow
as an irreversible process, which depends on the history of the total
strain e, the plastic strain ep, and a set of strain-like internal vari-
ables x. The variables x are often known as hardening parameters,
which can be scalars and/or higher-order tensors. Without loss of
generality, the hardening parameters x are defined as a vector of
scalar variables in the present study. The stress s and a set of stress-
like internal variables c thermodynamically conjugate to ep and x,
respectively. The admissible region of the state (s;c) is defined by a
convex set as

Es ¼fðs;cÞ : F ðs;cÞ�0g (10)

where F ¼ F ðs;cÞ is a convex scalar function, which is termed as
the yield function. The interior of Es denoted by

intðEsÞ¼ fðs;cÞ : F ðs;cÞ < 0g (11)

Eq. (11) is called the elastic region, insidewhich the state ðs;cÞ is
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purely elastic. It is identified as a plastic behavior when the state
ðs;cÞ lies on the boundary of Es, which is indicated by

vEs ¼fðs;cÞ : F ðs;cÞ¼0g (12)

The set vEs defined by F ðs;cÞ ¼ 0 is also termed the yield
surface. It is worth noting that the components of c are typically
material quantities, and their evolution will be constrained within
reasonable bounds, with no impact on the convexity of the elastic
regime. In theory, the complement of set Es is non-admissible.
However, it shall be expounded on in later sections that the trial
stress state and the intermediate state in the iteration process often
temporarily violate this theoretical definition whilst the elastic
predictor-plastic corrector numerical stress integration strategy is
adopted.

The plastic flow rule and hardening law are assumed as

_ep ¼ _g
vG
vs

¼ _grðs;cÞ
_c ¼ � _ghðs;cÞ

9>=
>; (13)

where G ¼ G ðs;cÞ is the scalar-valued convex plastic potential,
and r and h indicate the plastic flow direction and generalized
hardening moduli, respectively. It is noted that non-smooth po-
tential functions can also be treated with the smoothing approxi-
mation or the rule of Koiter's generalization (de Borst et al., 2012;
Karaoulanis, 2013). The algorithms introduced in the following can
be readily extended to non-smooth models by these techniques.
Therefore, this work will primarily focus on the smooth case. The
plasticity is referred to as associative if the plastic potential G
aligns with the yield criterion F . Otherwise, it is known as the non-
associative plasticity. The non-negative scalar function _g is the
plastic consistency parameter, which satisfies the Karush-Kuhn-
Tucker (KKT) complementarity conditions:

_g � 0
F ðs;cÞ � 0
_gF ¼ 0

9=
; (14)

and the consistency requirement:

_g _F ¼0 (15)

For further interpretation of the KKTand consistency conditions,
readers can find the work of Simo and Hughes (1998).
2.3. Numerical stress integration

Numerical analysis of structures formed by nonlinear materials
often requires an implicit iterative scheme at the global (structure)
level through Newton's method (or its variants). The goal of
forming the global stiffness matrix then necessitates the stress
integration at the local level (e.g. Gauss point in the finite element
method) to evaluate the local consistent tangent matrix.

Remark 1. The additive operator split method can be introduced
for elastoplastic problems:

Total ≡ Elastic predictor þ Plastic corrector
_e ¼ symðV _uÞ _e ¼ symðV _uÞ _e ¼ 0
_ep ¼ _grðs;cÞ _ep ¼ 0 _ep ¼ _grðs;cÞ
_c ¼ � _ghðs;cÞ _c ¼ 0 _c ¼ � _ghðs;cÞ

9>>=
>>;
(16)

According to the Lie-Trotter product formula (Hall, 2015), the
splitting can lead to the elastic predictor-plastic corrector
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methodology. The elastic predictor "freezes" the plastic flow and
hardening evolution and presumes that the strain rate is purely
elastic. Subsequently, the plastic corrector utilizes the elastic pre-
dictor as the initial condition andmaps the inadmissible stress state
back to the updated yield surface. Consider a local material point at
the converged global computational step n. The state of the point is
characterized by en, e

p
n , sn, and cn, which satisfies F ðsn;cnÞ � 0 as

well. The commencement of the integration is a prescribed incre-
mental strain De¼ sym ðVðDuÞÞ driving the calculation for the so-
lution of state in the step nþ 1. The elastic predictor, which is also
termed as trial stress state, is obtained by elastically integrating
over De:
dsðDgÞ
dDg

¼ �ℂðDgÞ : rðsðDgÞ;cðDgÞ Þ

dcðDgÞ
dDg

¼ �hðsðDgÞ;cðDgÞ Þ

9>>>=
>>>; s:t: fsðDgÞ;cðDgÞ g

�����
Dg¼0

¼
n
stri;cn

o
(22)
stri ¼C :
�
enþ1 � e

p
n
�

(17)

where the superscript "tri" stands for trial state and enþ1 ¼ en þ
De. The trial stress stri and the "frozen" internal variables cn are
used to check whether the current step is elastic or inelastic
through

F
�
stri;cn

�
� 0 ⟹ Elastic step

F
�
stri;cn

�
>0 ⟹ Elastoplastic step

)
(18)

If the current step is confirmed elastic, then the trial state is
accepted for step nþ 1:

snþ1 ¼ stri

e
p
nþ1 ¼ e

p
n

cnþ1 ¼ cn

9>>=
>>; (19)

Yet for the elastoplastic step, the state (stri;cn) lies outside the
admissible region and violates the KKT and consistency conditions.
Consequently, the plastic corrector problem in incremental form is
raised as follows:

snþ1 ¼ enþ1 � e
p
nþ1

e
p
nþ1 ¼ e

p
n þ Dgrðsnþ1;cnþ1Þ

cnþ1 ¼ cn � Dghðsnþ1;cnþ1Þ
F ðsnþ1;cnþ1Þ ¼ 0

9>>>>>>=
>>>>>>;

(20)

Eq. (20) with unknowns snþ1, e
p
nþ1, cnþ1, and Dg is solved by

numerical iterative method, which makes the stress state "return"
to the yield surface and restores the required conditions. As dis-
cussed previously, CPPM and CPA are two commonly used algo-
rithms for solving plastic correction problems, due to their
generally good performance (Borja and Lee, 1990; Zhu et al., 2016).
Both techniques rely on the NR method for iterative solution;
consequently, the initial state (i.e. the trial state), acting as the
starting point for the NR iterations, will directly influence the
proper operation of the stress update program. Specifically, the
2044
existence and convexity of the surfaces corresponding to Eq. (21)
play a critical role in determining the convergence of the RM
algorithms.

F ðiÞ
nþ1 ¼ F

�
s
ðiÞ
nþ1;c

ðiÞ
nþ1

�
>0

G ðiÞ
nþ1 ¼ G

�
s
ðiÞ
nþ1;c

ðiÞ
nþ1

�
>0

9=
; (21)

where the superscript ðiÞ denotes the state corresponding to the i th
iteration in the plastic corrector procedure, and i ¼ 0 corresponds
to the trial stress state.

Remark 2. In the spirit of CPA, the plastic corrector problem is
rephrased as a system of ODEs:
where

sðDgÞ¼CðDgÞ : �enþ1 � e
p
nþ1ðDgÞ

�
The solution is a function with D3Rþ:

Y : Dg2D/fsðDgÞ;cðDgÞg (23)

Then, the KKT and consistency conditions are enforced by
finding the root Dg*2D, such that we have

F *¼F ½sðDg*Þ;cðDg*Þ� ¼0 (24)

By performing the Taylor expansion to F around the state of i th
iteration, one arrives at

F *¼F ðiÞ þ �VDgF
�ðiÞhDg* � D gðiÞ

i
þ O

h
ðDgÞ2

i
(25)

where the gradient term takes advantage of the linearized segment
of Y and is given by

VDgF ≡
dF
dDg

¼ �
	
vF
vs



: C : r �

	
vF
vc



,h (26)

Dropping terms of order higher than linear in the right-hand
side of Eq. (25), it leads to a newly approximated value:

Dgðiþ1Þ ¼DgðiÞ � F ðiÞ�
VDgF

�ðiÞ (27)

The iterative Eq. (27) is in the form of the acclaimed NRmethod.
Thereby, Eq. (27) can expeditiously furnish an adequately precise
result, provided that the following conditions are at least satisfied:

(1) ðVDgF Þ�1 exists and is bounded
���ðVDgF Þ�1

��� � b<∞ for
Dg2D, where b is a real number; and

(2) The first guess Dgð0Þ ¼ 0 is sufficiently close to the solution
Dg*.

As pointed out above, the yield surface F ðs;cÞ ¼ 0 is generally



Fig. 1. Level sets of (a) MSMP yield function with fc ¼ 30+ and aS ¼ 10; (b) Lade yield function with h1 ¼ 30, mL ¼ 0:75, and aL ¼ 10; (c) BP yield function with M ¼ 0:5, pc ¼ 10
MPa, c ¼ 1 MPa, aBP ¼ 0:2, mBP ¼ 2:5, bBP ¼ 1:5, and gBP ¼ 0:75; (d) UDP yield function with a ¼ 0:3, f ¼ 0:2. Notes: The red point in (d) indicates a singular point. The ab-
breviations "TXC" and "TXE" denote respectively the triaxial-compression and triaxial-extension side.
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convex, not to mention its existence in mathematics. However, it is
usually not the case for the non-zero level set F > 0. To provide a
more intuitive illustration of the matter at hand, the positive-
valued level sets of some yield functions are plotted in the
Table 1
Mathematical formulation and model parameters of the analyzed yield functions.

Yield
function

Mathematical formulation Model parameters

MSMP F ¼ I1I2 � kSI3;s ¼ s� aSpatmd
aS reflects the cohesio

Lade
F ¼ I

3
1 � I3

�
27 þ h1

� I1
patm


�mL 

;s ¼ s� aLpatmd

aL reflects the cohesio

BP F ¼ f ðpÞ þ q
gðqÞ f ðpÞ ¼(

�Mpc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðF� FmBP Þð2ð1� aBPÞFþ aBPÞ

q
ðif F2½0;1�Þ

þ∞ðif F;½0;1�Þ
gðqÞ ¼ 1=cos

h
bBP

p

6
� 1

3
arccosðgBP cos 3qÞ



F ¼ pþ c

pc þ c

M>0; pc >0; c � 0; 0<|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflffl
defining f

M reflects the pressur

tension, respectively;

UDP
F ¼ q2

s20
�
�
1þ 3a

p
s0

�2 þ 2f
�
1 þ

3a
p
s0



cosh

1
2a

ln
	
1 þ 3a

p
s0



� f2

a, s0 are the material

Note: The MSMP and Lade yield functions have been rewritten from their original expres
and I3 are the stress invariants evaluated from the shifted stress s. The second-order tenso
a reference pressure. The definition of the stress invariants is given in Appendix A. Please
parameters mentioned above.
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meridian plane as shown in Fig. 1. These investigated yield func-
tions include the modified spatially mobilized plane (MSMP) cri-
terion (Matsuoka, 1974; Matsuoka and Nakai, 1985), Lade criterion
(Lade,1977), Bigoni-Piccolroaz (BP) criterion (Bigoni and Piccolroaz,
n; kS ¼ 9� sin2
fc

1� sin2
fc

, fc is the Mohr-Coulomb friction angle

n; h1 and mL control the nonlinear pressure dependence

aBP <2;mBP >1;fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðpÞ

0 � bBP � 2;0 � gBP <1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
defining gðqÞ

e dependence; pc and c are the yield strengths under isotropic compression and

aBP, bBP, mBP , and gBP control the shape of yield surface

parameters of the solid media, f is the porosity

sions to steer clear of the singularities arising from the fractional form. Herein, I1, I2,
r d is the Kronecker delta. The atmospheric pressure patm ¼ �101:3 kPa is adopted as
refer to as the literature for a detailed understanding of the significance of the model



Fig. 2. Schematic diagram of the homothetic transformation. The reference point O is
picked as the homothetic center. The grey pictures are transformed from the surface
F ¼ 0 with scaling ratios z ¼ 1=2 and z ¼ 2, respectively. The transformation main-
tains the shape of the original surface, such that OB=OC ¼ OE=OF ¼ OH=OI ¼ 1=2 and
OD=OC ¼ OG=OF ¼ OJ=OI ¼ 2.
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2004), and a micromechanics-based upscaled Drucker-Prager
(UDP) criterion (Durban et al., 2010). The mathematical expres-
sions and their associated parameters are summarized in Table 1.

By inspection of the level set contours in Fig. 1a and b, the non-
uniqueness and non-convexity of both the MSMP and Lade yield
functions can be recognized. The zero-level set F ¼ 0 contains
more than one branch,which also divides the elastic domain (where
F <0) into several parts. However, only the branches that embrace
the elastic domain inwhichp>0 shouldbe regarded as the real yield
surface. Unfortunately, the negative gradients of the yield function
in the regions F >0 could direct to the undesired yield surfaces,
which could lead the return-mapping step towards these undesired
directions. As shown in Fig. 1c, though the level sets of the BP yield
function avoid being non-unique and non-convex, the gradients are
undefined where p>pc and p< c since the F value is defined
infinite in these domains. For the UDP yield function illustrated in
Fig. 1d, the existence of a logarithmic function in the mathematical
expression gives rise to a semi-infinite invalid domain and a singular
point. Apart from that, the curvature of the contours becomes
increasingly pronounced as they approach the invalid region.

Upon analyzing the level sets of yield functions presented above
and considering the convergence conditions mentioned in Remark
2, it is possible to deduce a multitude of probable complications
that might arise concerning the convergence of the CPA method as
follows:

(1) Non-uniqueness. Multiple branches of yield surfaces lead to
multiple elastic domains, which may cause the return-
mapping corrected stress state located at the undesired
surface branch.

(2) Non-convexity. Negative gradients at the trial state and the
intermediate states may not well direct the exact yield sur-
face. This could slow down the convergence rate (due to
more iterations) and may even lead the updated state to the
undesired yield surface.

(3) Gradient undefined. The trial state or the intermediate states
positioned in the domainwhere gradients are undefined will
immediately lead to an utter collapse of the CPA.

(4) High curvature. The return-mapping step in the high-
curvature region may slow down the convergence (Zhao
et al., 2023).

In computational procedures in practice, challenges are often
circumvented by either diminishing the computation step size or
leveraging sub-stepping techniques. A sufficiently small step size
may effectively confine the trial stress state within a "safe" region
where the convergence conditions of the CPA method hold. How-
ever, such a scheme would evidently increase the computational
costs. Nevertheless, the small step size is not a cure-all for all nu-
merical issues. For instance, if a loading path of hydrostatic
compression starts from p ¼ 10 and q ¼ 0 in Fig. 1c is considered.
This path will invariably culminate in a collapse of the plastic
corrector procedure. Additionally, Panteghini and Lagioia (2018)
identified another common phenomenon in the IBVPs. Specif-
ically, in models such as the Cam-clay model (Roscoe and Burland,
1968; Schofield and Wroth, 1968), the initial yield surface's
magnitude is regulated by the consolidation stress, which in turn is
determined by the geostatic stress. Near the surface of the foun-
dation, the consolidation stress in the soil is relatively low, resulting
in a smaller initial yield surface. In such cases, even minuscule in-
crements of applied load can lead to a trial stress state that is far
away from the initial elastic domain and therefore may not satisfy
the convergence conditions of the CPA method.

In order to address the diverse boundary conditions encoun-
tered in numerical computation, it is crucial for computer programs
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to possess a high level of robustness and reliability, enabling them
to effectively handle numerical challenges. Therefore, the objective
of this study is to introduce a robust and efficient numerical inte-
gration algorithm, which can be considered as an enhanced version
of the CPA method. The proposed methodology, built upon the
convexification of the yield function, possesses the aptitude to
tackle the above-mentioned convergence problems. In addition, it
boasts a straightforward implementation, facilitating its seamless
integration into existing numerical simulation methods.

3. Hop to hug: A robust cutting-plane algorithm

This section proposes a robust cutting-plane algorithm H2H to
tackle irritating convergence issues based on the so-called con-
vexification technique. The consistent tangent operator for H2H is
proposed as well.

3.1. Convexification technique

The convexification technique is a method to construct a quasi-
convex yield function f against the original non-quasi-convex yield
function F (Panteghini and Lagioia, 2018). First of all, a reference
point, denoted by sref , is selected on the main diagonal of the
HaigheWestergaard (HW) stress space (Hill, 1998), which must
always remain within the elastic region bounded by the yield sur-
face. The original yield surface F ðs;cÞ ¼ 0 is then subjected to a
homothetic transformation where the reference point sref is the
homothetic center and z2R is the scaling ratio (Coxeter, 1969;
Meserve, 2014). The transformation is expressed as

s
� ¼ sref þ z

�
s� sref

�
s ¼ sref þ 1

z

�
s
� � sref

�
9>>=
>>; (28)

where the tilde symbol ~� indicates the quantity is transformed
from the original yield surface. It is also noted that sref ¼ 2refd

where 2ref ¼ trðsref =3Þ and d is the Kronecker delta. Thereby, a
group of homothetic surfaces is obtained by substituting the second
equation in Eq. (28) into the original yield surface:

~F ¼ ~F ð~s;c; zÞ¼0 (29)
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A schematic diagram of geometry is illustrated in Fig. 2. Several
crucial insights can be gleaned from this homothety. For instance,
the homothety preserves the shape of the original yield surface.
Moreover, the homothety with the scaling ratio z ¼ 1 is the identity
transformation, while the one with a z<0 (or z> 0) indicates a
surface inside (or outside) the original yield surface. More impor-
tantly, when given a state c that determines the shape of surface
F ðs;cÞ ¼ 0 and a chosen reference point, every specific z2 R and
zs0 determines a transformed surface. This indicates that the
implicit function z ¼ zð~s;cÞ represents the homothety. Hence, it is
sufficient to deduce that a new yield function f can be defined by
taking advantage of the implicit function z ¼ zð~s;cÞ:

f ¼ f ð~s;cÞ≡zð~s;cÞ � 1 (30)

The newly proposed yield function f is quasi-convex (Bigoni and
Piccolroaz, 2004). This is substantiated by the observation that each
of its level sets, La ¼ ð~s;cÞ : f ð~s;cÞ � a, maintains convexity for a2
R and as� 1. Furthermore, the yield function, f , delineates sur-
faces that bear resemblance to the original surface. In particular, f ¼
0 coincides with the original yield surface F ¼ 0. And f resides
either within or beyond the original yield surface, contingent on
the ðf <0Þ/ ðf >0Þ value. It is noteworthy that deriving an explicit
expression for the yield function f is not invariably feasible,
particularly for the original yield functions of intricate forms.
Nevertheless, in practical applications, it proves adequate to resort
to numerical methods for determining the value of function f , even
in the absence of its explicit expression. The first-order derivatives
of f can be evaluated from Eq. (29):

vf
v~s

¼ �
v ~F
v~s
v ~F
vz

¼
z
v ~F
vs

v ~F
vs

:
�
~s� sref

�

vf
vc

¼ �
v ~F
vc

v ~F
vz

¼
z2
v ~F
vc

v ~F
vs

:
�
~s� sref

�

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

(31)

The methodology of determining a new quasi-convex yield
function via a homothety of the original yield surface is referred to
as the convexification technique. The convexification technique can
be applied in practical scenarios by the transformation in principal
stress space:

~sA ¼ 2ref þ z
�
sA � 2ref

�
cA¼1;2;3 (32)

Owing to its conciseness and versatility, the convexification
technique is also adept at handling plastic potential functions. For a
non-associated elastoplastic model, the convexification technique
should be applied concurrently to both the yield function and the
plastic potential function. Following the convexification technique
above, it requires minimal effort to obtain a homothetic surface
group ~G ð~s;c; z0Þ and a quasi-convex plastic potential gð~s;cÞ ¼
z0ð~s;cÞ � 1 from the original plastic potential G ðs; cÞ, given a
reference point and the scaling factor z0. A primary interest lies in
the first-order derivatives of gð~s;cÞ by
2047
vg
v~s

¼ �
v ~G
v~s
v ~G
vz

¼
z0
v ~G
vs

v ~G
vs

:
�
~s� sref

�

vg
vc

¼ �
v ~G
vc

v ~G
vz

¼
z02

v ~G
vc

v ~G
vs

:
�
~s� sref

�

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

(33)

The quasi-convex functions then serve as a stepping stone to
overcome the convergence issue of numerical integration
mentioned in Section 2.3. Based on the quasi-convex yield function,
the improved CPA named the H2H algorithm is proposed below.

3.2. Hop-to-Hug algorithm

Let us return to the plastic corrector problem in Section 2.3,
where a trial stress state ðstri;cnÞ that falls outside the yield surface
F ðs;cnÞ needs to be corrected to obtain a convergent result ðsnþ1;

cnþ1Þ that satisfies F ðsnþ1;cnþ1Þ ¼ 0. By virtue of the homothety
Eq. (29), it is always possible to obtain a surface passing through an
arbitrary point (excluding the reference point) in the stress space,
along with its corresponding z and f values. Therefore, the plastic
corrector problem can be reformulated as starting from the trial
stress state located on ~F ðstri; cn; f ¼ f tri >0Þ ¼ 0, to seek a
convergent solution ðsnþ1;cnþ1Þ that satisfies ~F ðstri;cn; f ¼ 0Þ ¼
0.

According to Remark 2, a mapping Y as expressed in Eq. (23)
exists for a plastic corrector problem. As such, the desired solu-
tion can be acquired by finding the root Dg*2D3Rþ:

f * ¼ f ½sðDg*Þ;cðDg*Þ�¼0 (34)

By employing operations analogous to those in Eqs. (25)e(27), an
iterative scheme based on the quasi-convex yield function f can be
constructed:

Dgðiþ1Þ ¼DgðiÞ � f ðiÞ�
VDgf

�ðiÞ (35)

where the derivation of the gradient term VDgf also avails itself of
the linearized segment of Eq. (23). The gradient VDgf is given by

VDgf ¼ � vf
vs

: C : r � vf
vc

,h (36)

where the plastic flow direction r and the plastic moduli h are now
characterized by

r ¼ vg
vs

h ¼ vc

vep
:
vg
vs

9>>=
>>; (37)

To propel the iteration Eq. (35), a numerical evaluation of f is
necessary, given that the explicit expression of f is generally absent.
The value of f is determined by the z value, which corresponds to
the scalar root of Eq. (29) when certain fixed s and c are provided.
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Further, the value of z can be bracketed in the interval ð0; zmaxÞ if
the stress state is located outside the yield surface, with zmax rep-
resenting the maximum value of scaling factor that a user can
specify. Under these circumstances, there is a range of root-finding
algorithms available, such as the fast but non-guaranteed NR
method, and the guaranteed Ridder's method and Brent's method
(Press et al., 2007; Virtanen et al., 2020). Here, we propose a
combined approach (see Fig. A1 in Appendix A) that offers both
guarantees and sufficient computational efficiency for root
approximation. In this study, the built-in optimize.brenth function
in SciPy (Virtanen et al., 2020) is employed as the guaranteed
Fig. 3. Flowchart of the Hop-
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module for a Python-based material point test (Harris et al., 2020).
Additionally, the implementation of Brent's method given by Press
(1996) is tailored for a user-defined subroutine (UMAT) in Abaqus/
Standard (Smith, 2009) for finite element tests. The following
parameter settings are employed when using the proposed root-
finding method. The algorithm is tasked with seeking a numerical
solution with an absolute error less than tolerance TOL ¼ 1 � 10�8,
provided that the iteration number is below the maximum limit of
50. The maximum value zmax ¼ 50 is assigned to zlast in the first
computation of the scaling ratio in a plastic_corrector step.

The same procedure is preemptively employed for the
to-Hug (H2H) algorithm.



Fig. 4. Geometric interpretation of the plastic_corrector procedure in the Hop-to-Hug algorithm. (a) The elastic trial step, and (b) the first correction step.
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evaluation of z0 value for the plastic potential. As such, the method
proposed here is summarized in Fig. 3. The core of this algorithm
lies in the enhancement of the plastic_corrector, which improves
the ability to deal with many potential hazards when the stress
state is beyond the yield surface, through the construction of the
quasiconvex yield function f. The notation Calg is the algorithmic
stiffness tensor for global iteration, which will be elaborated in the
subsequent section.

For the sake of understanding, Fig. 4 illustrates the plas-
tic_corrector procedure in stress space. It can be observed that, in
the H2H algorithm, stress states that have not yet converged (i.e.
outside the intermediate yielding surface F ½s;cðiÞ� ¼ 0 will form a
homothetic yield surface that passes through this stress point. After
a plastic correction step, the intermediate yield surface expands
outward (hops outward), while the homothetic yield surface con-
tracts inward (hops inward). Upon convergence of the plastic
correction algorithm, the two yielding surfaces will coincide (hug)
each other, and the stress state will be successfully corrected onto
the intended yield surface. That is why the algorithm is named
"Hop-to-Hug".
3.3. Consistent tangent operator

To address nonlinear IBVPs in solid mechanics using numerical
methods such as the finite element method, it is conventionally
necessary to apply external loads incrementally and obtain a new
equilibrium step by deploying implicit iterative techniques, e.g. the
Newton-Raphson method and the Broyden-Fletcher-Goldfarb-
Shanno (BFGS) algorithm (Liu and Nocedal, 1989). As usual, the
new equilibrium state denoted by step nþ 1 is characterized byn
FðsÞnþ1

o
¼
n
Fext�

nþ1 �
n
F intðsÞgnþ1 ¼

n
0
o

(38)

where fFextgnþ1 and fF intðsÞgnþ1 are respectively the external
force and internal force vector at the global level. For the strain-
driving method, the following linearized formulation is adopted
for the iterative process:

½K �ðiÞnþ1fdUgðiþ1Þ
nþ1 ¼ �

��
Fext�

nþ1 �
n
FintðsÞ

oðiÞ
nþ1



(39)

where fdUgðiþ1Þ
nþ1 denotes the correction to incremental displace-

ment vector at iteration iþ 1, and ½K �ðiÞnþ1 is the global tangent
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stiffness matrix given by

½K �ðiÞnþ1 ¼
�
vF
vs


ðiÞ
nþ1

�
vs

ve


ðiÞ
nþ1

�
ve

vU


ðiÞ
nþ1

(40)

The tangent stiffness matrix ½K �ðiÞnþ1 is assembled by combining
the local stiffness matrices which reflect the local constitutive law.

The local stiffness ½vs=ve�loc;inþ1 that maintains the consistent behavior
of Eq. (39) is referred to as the consistent tangent operator (CTO). It
is known that the CTO preserves the asymptotic rate of quadratic
convergence in NR iteration, in contrast to the continuum tangent
operator (CON) which only manages to deliver a slower conver-
gence rate. In general, deriving the CTO requires the second-order
derivatives of both the yield function and plastic potential, which
is quite laborious for complex models. Furthermore, the explicit
expression of CTO cannot be directly obtained from CPA results,
even though a convergent state has been clearly determined. It is
therefore that many constitutive models are willing to sacrifice a
certain degree of convergence rate and opt for the CON for nu-
merical computation. In order to complete the H2H algorithm, a
numerical method for determining CTO in principal stress space is
proposed. The method proposed here still inevitably requires the
computation of second-order derivatives.

The spectral form of the stress tensor after the plastic_corrector
process can be written as

s ¼
X3
A¼1

sAm
ðAÞ; mðAÞ ¼ nðAÞ5nðAÞ (41)

Therefore, the CTO by definition is given by

Calg ¼ vs

ve
¼
X3
A¼1

X3
B¼1

aABm
ðAÞ 5mðAÞ þ

X3
A¼1

sAu
ðAÞ (42)

where aAB ¼ vsA=veB originates from the constitutive response, and
uðAÞ ¼ vmðAÞ=ve indicates the rotation of principal directions. The
determination of uðAÞ is unrelated to the constitutive model
adopted, for which the calculation method in the work (Itskov,
2000) is adopted.

With the motive of obtaining the term ðvsA =veBÞ, a semi-
analytical iterative approach is proposed based on the method
covered by Starman et al. (2014). Considering the i th plas-
tic_corrector iteration in the H2H algorithm, it holds
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F1 ¼ jðiÞ þ vj

vfYg
ðiÞ
,
h
fYgðiþ1Þ � fYgðiÞ

i
¼ 0

fF2g ¼ fYgðiþ1Þ � fYgðiÞ þ dðDgÞðiÞfQgðiÞ ¼ f0g

9>>>=
>>>; (43)

where j ¼ F or f determined by the yield function being activated.
Assuming that c contains l parameters, the variable vector fYg and
its derivative vector fQg (also determined by the plastic potential G
or g being activated) are defined by

fYg ¼ fs1;s2; s3;c1;c2;/;clg

fQg ¼ vfYg
vðDgÞ

9>=
>; (44)

The variations of equations F1 and fF2g should be zero:

dF1¼
vj

vfYg
ðiÞ
,dfYgðiÞþ

(
v2j

vfYgvfYg
ðiÞh

fYgðiþ1Þ�fYgðiÞ
i)

,dfYgðiÞ

þ vj

vfYg
ðiÞ
,
h
dfYgðiþ1Þ�dfYgðiÞ

i
¼0

(45)

dfF2g ¼ dfYgðiþ1Þ � dfYgðiÞ þ fQgðiÞd
h
dðDgÞðiÞ

i
þ dðDgÞðiÞ

dfQgðiÞ ¼ f0g
(46)

Substituting Eq. (46) into Eq. (45) and taking advantage of

vj

vfYg
ðiþ1Þ

¼ vj

vfYg
ðiÞ

þ v2j

vfYgvfYg
ðiÞh

fYgðiþ1Þ � fYgðiÞ
i

(47)

One obtains that

d
h
dðDgÞðiÞ

i
¼
"

vj

vfYg
ðiÞ
,fQgðiÞ

#�1

$

"
vj

vfYg
ðiþ1Þ

,dfYgðiÞ � dðDgÞðiÞ vj

vfYg
ðiÞ
,dfQgðiÞ

# (48)

Taking the derivative of Eq. (48) with respect to the principal
strain increment of the current global step, fDeg ¼ fDe1;De2;De3g ,
it holds:

vdðDgÞ
vfDeg

ðiÞ
¼
"

vj

vfYg
ðiÞ
,fQgðiÞ

#�1

$

"
vj

vfYg
ðiþ1Þ

� dðDgÞðiÞ vj

vfYg
ðiÞvfQg
vfYg

ðiÞ # vfYg
vfDeg

ðiÞ (49)

With Eq. (49) at hand, an explicit iterative equation can be
extracted from Eq. (46):

vfYg
vfDeg

ðiþ1Þ
¼
(
½IY � � dðDgÞðiÞvfQg

vfYg
ðiÞ) vfYg

vfDeg
ðiÞ

� fQgðiÞ5vdðDgÞ
vfDeg

ðiÞ

(50)

where ½IY � is an identity matrix. The iterative equation starts from
initial value:
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vfYg
vfDeg

ð0Þ
¼

2
6666664

lþ 2m l l
l lþ 2m l
l l lþ 2m
0 0 0
« « «
0 0 0

3
7777775 (51)

where l and m are the Lam�e constants.
Updating Eqs. (49) and (50) during the iterative process of the

H2H method, the required term vsA=veB can be acquired from the
top 3� 3 section of Eq. (50) when the plastic_corrector process
converges. However, this iterative method inevitably involves
the need to compute the second-order derivatives within ðvfQg=
vfYgÞðiÞ. Therefore, the semi-analytical approach suggested by
Starman et al. (2014) is adopted here, which involves using the
forward finite difference method to approximate the term

ðvfQg=vfYgÞðiÞ:
 
vfQg
vfYg

ðiÞ!yth column

¼
fQgjfYgðiÞþyyfeyg�fQgjfYgðiÞ

yy
(52)

where yy¼ jYy

���, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
machine precision

p
with Yy is the y th component

of fYgðiÞ; feyg is the unit vector of the same shape of fYg, with its y
th component equal to 1 and all other components equal to 0.

It is worth noting that although Eqs. (49) and (50) may appear
complex, the components used in the equations, except for the
additional computation required by Eq. (52), can be obtained from
the H2H process and the equations themselves. This implies that
acquiring the CTO using this method does not necessitate signifi-
cant computational resources. Furthermore, this method elimi-
nates the need for second-order derivatives of the yield function or
plastic potential.

4. Numerical validation

The objective of this section is to illustrate the improved
robustness of the proposed H2H method by means of numerical
examples. Initially, a convergence analysis is conducted at a single
material point for two models. Subsequently, a constitutive model
with the H2H algorithm is implemented into the Abaqus/Standard
platform via a user interface. Following this, a range of element-
level tests and an analysis of a flexible strip footing analysis are
performed.

4.1. Convergence analysis at the material point

A comprehensive convergence analysis is conducted at a single
material point (integration point), for two classes of constitutive
models: the Lade model and a modified version of the UDP model,
because they collectively encompass the four types of numerical
problems mentioned above, and thus possess sufficient represen-
tativeness. The investigation proceeds in accordance with the
following procedure. Firstly, an initial yield surface is specified,
after which the trial stress points are uniformly dispersed within a
specific stress domain. Subsequently, the trial stress points are
subjected to the plastic corrector using the CPA method and the
H2H method, respectively. The number of iterations necessary for
each point to attain a state of convergence is documented. All of
these tasks are executed in the Python programming language,
harnessing the powerful NumPy (Harris et al., 2020) and SciPy
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(Virtanen et al., 2020) libraries.
4.1.1. Lade model
The Lademodel, convexified by selecting the origin of HW stress

space as the reference point, is subjected to two sets of convergence
tests, with one set employing the linearly elastic-perfectly plastic
model and the other utilizing a linearly elastic model with an
exponential hardening law. The strain-hardening model takes h1 as
a single hardening parameter, which evolves as follows:

h1 ¼hmeðhm � h0Þexpð�k1e
pÞ (53)

where ep denotes the equivalent plastic strain.
Both cases adopt parameters mL ¼ 0:75 and aL ¼ 10, while the

set without hardening takes constant h1 ¼ 30 and the set with
hardening takes h0 ¼ 30, hm ¼ 40, and k1 ¼ 20. Both analysis sets
are conducted in the trial stress space of ðptri;qtriÞ2ð� 2;8Þ� ð0;6Þ.
Lode angles q ¼ � p=6, 0, and p=6 are selected to show the in-
fluence of the third stress invariant. A total of 384,000 trial stress
points are explored for each case. The results are presented in
iteration-stress contour plots, as in Figs. 5 and 6 for models without
and with hardening, respectively. For both cases, an absolute
tolerance of jF j< TOL ¼ 1 � 10�8 for stress state returned to the
desired branch of yield surface is adopted as the flag of
convergence.

Both sets of analysis show that the H2H method outperforms
the non-convexified model with the CPA method in terms of
robustness, as the H2H method extends the range of convergence
region of trial stress states. Due to its non-uniqueness and non-
convexity, the Lade model exhibits significant non-convergence
regions when the CPA method is employed. The H2H method
overcomes the shortcomings of the Lade model and yields a greater
region of convergence. However, one can observe that a certain
region of non-convergence still exists when the H2H method is
used, which can be attributed to the discontinuity of the first-order
derivative at the apex in the Lade model.
4.1.2. Modified UDP model
In order to incorporate the effect of the Lode angle in the UDP
Fig. 5. Iteration-stress contour plots for linearly elastic-perfectly plastic Lade model. The upp
method, respectively. The left, middle, and right columns correspond to the cases with Lode
convergence or regions that lead to program crashes.
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model, this study introduces a shape function GðqÞ into the original
model to govern the shape of the yield surface on the p-plane.
Therefore, the yield function of the modified UDP (MUDP) model is
written as

F ¼
�
qGðqÞ
s0


2
�
	
1þ 3a

p
s0


2

þ2f
	
1þ 3a

p
s0



cosh

�
1
2a

ln
	
1þ 3a

p
s0




� f2

(54)

where GðqÞ transforms the shape of yield surface in p-plane into a
SMP style (Matsuoka, 1974) by

GðqÞ¼ b1 cos
�
1
3
arccosðb2 sin 3qÞ

�
(55)

where b1 ¼ 1=ð3aÞ and b2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ð3� 4a2Þ2

q
.

The determination of parameters b1 and b2 is inspired by Lagioia
and Panteghini (2016) and is also based on the micromechanics
meaning of frictional constant a (Thor�e et al., 2009; Durban et al.,
2010). A representative yield surface is depicted in Fig. 7. It is
worth noting that the modification of the original UDP model is
more like a phenomenological treatment. A truly comprehensive
consideration of the Lode angle effect on porous materials neces-
sitates the attainment of consistent homogenization results from
the Lode angle effect on the solid phase at the microscale, just as
the works of Anoukou et al. (2016), Brach et al. (2018), and Fan et al.
(2021). Nevertheless, these consistent products, characterized by
their intricate mathematical expression, present challenges when
attempting to conduct practical constitutivemodeling. This justifies
the simple modification given by Eqs. (54) and (55).

The MUDP model is also convexified by choosing the origin of
HW stress space as the reference point. Three sets of convergence
analysis tests are performed for the MUDP model: (1) a linearly
elastic-perfectly plastic model, (2) a linear hardening model, and
(3) a physical-based hardening model. The second model takes
porosity f as the single hardening parameter, which obeys the
following law:
er and lower rows represent the computational results of the CPA method and the H2H
angles q ¼ � p=6, 0, and p=6, respectively. The black area represents the region of non-



Fig. 6. Iteration-stress contour plots for the Lade model with linear elasticity and an exponential hardening law. The upper and lower rows represent the computational results of
the CPA method and the H2H method, respectively. The left, middle, and right columns correspond to the cases with Lode angles q ¼ � p=6, 0, and p=6, respectively. The black area
represents the region of non-convergence or regions that lead to program crashes.

Fig. 7. A representative yield surface of the MUDP model in principal stress space.
Parameters a ¼ 0:3, f ¼ 0:2, and s0 ¼ 10 MPa are adopted.
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f¼f0 � k2e
p (56)

where f0 is the initial porosity and k2 is a material constant. The
third model also takes f as the hardening parameter, with a
physical-based evolution law written as

f¼1� ð1� f0Þexp
�
3aes;p � e

p
v
�

(57)

where f0 is also the initial porosity, epv is the volumetric plastic
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strain of the porous material, and es;p is the equivalent plastic strain
of the solid phase of the porous material given by Gurson's energy
condition (Gurson, 1977):

es;p ¼ s : ep

ð1� fÞs0
(58)

All three cases adopt parameters a ¼ 0:3 and s0 ¼ 1 MPa. The
set without hardening takes constant porosity f ¼ 0:2, the set with
linear hardening takes f0 ¼ 0:2 and k2 ¼ 1, and the set with
physical-based hardening takes initial porosity f0 ¼ 0:2. A total of
400,000 trial stress states are explored in stress space
ðptri; qtriÞ2ð�5;15Þ � ð0;8Þ for each of the three selected Lode an-
gles q ¼ � p=6, 0, and p=6. All cases identify jF j< 1 � 10�8 as the
indicator to cease the plastic_corrector loop. Owing to its highly
nonlinear hardening law, the thirdmodel requiresmore iteration to
find the convergent solution than the first twomodels. The analysis
results are plotted in iteration-stress contour as shown in
Figs. 8e10.

As depicted by these contour plots, the incorporation of the H2H
method enables the attainment of the return-mapping process
even within the gradient-undefined region of the MUDP model.
Moreover, a crucial aspect lies in the fact that the MUDP model
exhibits a smooth yield surface (implying continuous first-order
derivatives), which renders the H2H method to eliminate the po-
tential for computational failure caused by trial stress increment
towards any direction. Overall, the H2H method does not increase
significantly the number of iterations in most regions in all three
tests. In certain regions, it even reduces the iteration count. For
some large incremental steps in tests of the linear hardening model
and physics-based hardening model, however, a significant in-
crease in iteration number can be observed in the results of the
H2H method due to extra nonlinearity.

4.1.3. Discussion
This part presents the results of single-point stress integration

tests for two Lade models and three MUDP models. Based on the
graphical representations in Figs. 6e10 and the statistical summary
presented in Table A1 in Appendix A, the following conclusions can



Fig. 8. Iteration-stress contour plots for linearly elastic-perfectly plastic MUDP model. The upper and lower rows represent the computational results of the CPA method and the
H2H method, respectively. The left, middle, and right columns correspond to the cases with Lode angles q ¼ � p=6, 0, and p=6, respectively. The black area represents the region of
non-convergence or regions that lead to program crashes.

Fig. 9. Iteration-stress contour plots for the MUDP model with linear elasticity and a linear hardening law. The upper and lower rows represent the computational results of the CPA
method and the H2H method, respectively. The left, middle, and right columns correspond to the cases with Lode angles q ¼ � p=6, 0, and p=6, respectively. The black area
represents the region of non-convergence or regions that lead to program crashes.
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be drawn:

(1) The H2H method expands the CPA method's convergence
region of trial stress space.

(2) The H2H method avoids the issue of incorrect return-
mapping results caused by the non-convexity of the yield
function and non-uniqueness of the elastic region.

(3) The H2H method makes the return-mapping (plas-
tic_corrector) process feasible even within tentatively
mathematically invalid trial stress regions.
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(4) Though the H2H method generally increases the computa-
tional time for the plastic_corrector step (for the evaluation
of z), the iteration number of the return-mapping process
does not increase in most trial stress regions.

(5) The plastic_corrector steps of the H2H method require more
computational time. The current Python-based analysis
shows that the plastic_corrector step duration is typically
2e3 times longer than the correction step duration in con-
ventional CPA methods. Nevertheless, the return-mapping
process from most trial stress regions does not require
more iterations compared to the CPA method, and the



Fig. 10. Iteration-stress contour plots for the MUDP model with linear elasticity and a physical-based hardening law. The upper and lower rows represent the computational results
of the CPA method and the H2H method, respectively. The left, middle, and right columns correspond to the cases with Lode angles q ¼ � p=6, 0, and p= 6, respectively. The black
area represents the region of non-convergence or regions that lead to program crashes.
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number of iterations is reduced in some trial stress regions.
Therefore, there is a trade-off involved where, based on
different requirements, one can choose a more robust but
slower method, or opt for a faster method that may not
necessarily be robust for even small incremental steps.

(6) It can be observed that the H2H method still exhibits local
increases in the number of iterations due to some large in-
cremental steps caused by the inherent instability of the
Newton-Raphson method within the RM algorithm (Golchin
et al., 2021). Certain measures that combine an accelerated
Newton-Raphson method (McDougall and Wotherspoon,
2014; McDougall et al., 2019) with line search and other
optimization techniques (Grippo et al., 1986; Nocedal and
Wright, 1999) might be a potential approach to further
address such issues.

In summary, the H2H algorithm, compared to the classical CPA
method, is capable of enhancing the robustness of the return-
mapping computations. Furthermore, one can observe that the
procedure in the H2H algorithm to evaluate the scaling factor z and
thereby form the quasi-convex yield function f is not necessary to
activate for every incremental step. In other words, by conducting a
more detailed analysis and classification of applied stress steps, the
H2H method can be activated for those steps requiring robustness
enhancement, while the classical CPA method can be employed for
the steps that do not require it. The stress update algorithm
formulated in this manner not only satisfies computational effi-
ciency but also significantly enhances computational robustness.
4.2. Convergence analysis in finite element method

The MUDP model with a physics-based hardening law is
implemented in a user-defined subroutine (UMAT) in Abaqus/
Standard for finite element tests. The following analyses were
conducted using the 8-node brick element (C3D8) in Abaqus/
Standard (Smith, 2009). The hardware platform used consists of an
Intel Core i7-9750H processor @ 2.60 GHz and 16 GB of RAM. The
computer operates on a 64-bit Windows 11 operating system.
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4.2.1. Tests on one element
In this example, the constitutive model MUDP with physical-

based hardening is adopted with elastic constants k ¼ 12:5 GPa
and m ¼ 11:5 GPa and parameters a ¼ 0:33, f0 ¼ 0:25, and s0 ¼ 15
MPa to describe some rock-like materials. One C3D8 cubic element
measuring 1 m � 1 m � 1 m, as shown in Fig. 11a, has the normal
displacements constrained on its three adjacent orthogonal faces.
Five monotonic displacement control loading paths are applied:

(1) A uniaxial tension test with the ultimate axial strain is set to
emax
11 ¼ 0:005.

(2) A biaxial tension test with equally proportional stretching in
1-direction and 2-direction is used until reaching the ulti-
mate strain state of e11 ¼ e22 ¼ 0:0025.

(3) A biaxial tension-compression test with equally proportional
stretching in 1-direction and compression in 2-direction is
used, resulting in the ultimate strain state of e11 ¼ � e22 ¼
0:0025.

(4) A single nodal loading is applied to the free node with
controlled compression in 2-direction, leading to an ultimate
absolute nodal displacement of Du ¼ 0:005 m in inverse 2-
direction.

(5) A single nodal loading is applied to the free node with
controlled tension in 2-direction, resulting in an ultimate
absolute nodal displacement of Du ¼ 0:005 m in 2-direction.
All five loading paths are subjected to two different
computation schemes: 100 incremental steps and 5 incre-
mental steps, respectively, for each loading path.

The calculated results are presented in Fig. 11b, c, and d as the
corresponding stress-strain curves, and in Fig. 11e and f as nodal
reaction force-nodal absolute displacement curves of the free node
in 2-direction. The solid blue line represents the results obtained
using 100 incremental steps, while the orange crosses depict the
results obtained using 5 incremental steps. The results of the large
increment step (5 steps) simulation are almost consistent with
those of the small increment step (100 steps). Compared to the
results of small incremental steps, the final absolute relative errors



Fig. 11. Element loading tests. (a) Illustration of the tested element with the prescribed boundary conditions before loading, (b) uniaxial tension test, (c) biaxial tension test, (d)
biaxial tension-compression test, (e) single nodal compression loading test, and (f) single nodal tension loading test.
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at the end of the loading stage in tests (1)e(5) (corresponding to
Fig. 11bef) are 1.22%, 0.05%,1.31%, 0.40%, and 1.92%, respectively, for
the large incremental step loading. This indicates that the H2H al-
gorithm has sufficient convergence dealing with large step loading
in the finite element method. Moreover, the stable performance of
the H2H algorithm in the uniaxial and biaxial tensile tests is
particularly encouraging. This is because large loading steps in the
tensile direction mean that the trial stresses will directly fall into
the mathematically invalid region of the MUDP model. If the
traditional RM algorithm were used, the computation would be
interrupted. During large-scale computational tasks, the simulation
may not be able to proceed merely because the trial stresses of a
few elements fall into the invalid region, which would be unac-
ceptable. As analyzed in the previous section, there may be other
types of numerical traps inherent in many complex and advanced,
yet not fully evaluated, constitutive models. While the common
choice to ensure the effective operation of the program is to select a
simple and robust constitutive model for large-scale simulations
(e.g. Sepehri et al., 2017), researchers and engineers may seek more
sophisticated constitutive models to obtain more accurate simu-
lation results, as long as the computation remains stable and other
conditions permit. Compared to the direct use of the RM algorithm,
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the robustness exhibited by the H2H algorithm provides new
possibilities for the implementation of more advanced constitutive
models.
4.2.2. Flexible strip footing analysis
The strip footing problem is a common benchmark problem for

the stress integration algorithm. In the strip footing problem, the
emergence of singularity at the footing edge and the rotation of
principal stresses provides a rigorous testing environment to check
the robustness and convergence of numerical integration schemes
in handling complex loading paths. To access the convergence
ability of the H2H algorithm, a simple flexible strip footing problem
is modeled with the MUDP model taking elastic constants k ¼ 5
MPa and m ¼ 1:875 MPa and parameters a ¼ 0:25, f0 ¼ 0:2, and
s0 ¼ 0:06 MPa to describe the mechanical behavior of the simu-
lated soil foundation. The weight of the soil is set to 20 kN/m3. The
symmetric footing model is created and meshed as illustrated in
Fig. 12. A total of 676 C3D8 elements with 1458 nodes are employed
to simulate the plane strain condition by constraining the dis-
placements in 3-direction. The model was subjected to loads in two
stages. Initially, the self-weight and uniformly distributed surface
loadw0 are applied with a single step. Then a uniformly distributed



Fig. 12. Geometric illustration of the symmetrical flexible strip footing: The deep grey area in (a) and the steel blue area in (b) represent the load-bearing regions of the foundation.
Points A and B are selected as analysis points for settlement assessment.

Fig. 13. (a) Comparisons between the modeling results of 50- and 100-step loading schemes utilizing the H2H algorithm, (b) displacement magnitude contour plot of 50-step
loading scheme, and (c) displacement magnitude contour plot of 100-step loading scheme. The deformations in (b) and (c) are both magnified by factor 2. uvA represents the
vertical displacement of point A, and uvB and uhB denote respectively the vertical and horizontal displacement of point B.

Table 2
Numerical solution of the displacements of points A and B with 50 and 100-step
loading schemes.

Location Displacement (m)

50 steps 100 steps

Vertical displacement of point A �0.39400 �0.39458
Vertical displacement of point B �0.31223 �0.31313
Horizontal displacement of point B 0.01649 0.01695
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load Dw generated by the flexible footing is incrementally imposed
on the 1 m � 1 m area with 50 equal increments and 100 equal
increments schemes, respectively (see Fig. 12).
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The displacement data of points A and B (as indicated in Fig. 12b)
and total settlement results are recorded and summarized in Fig.13.
The final settlement solutions in points A and B with two loading
schemes are presented in Table 2. Although the finite element mesh
used is relatively coarse, the displacement solutions for both 50
incremental steps and 100 incremental steps are nearly identical.
The computation durations in the present hardware platform for
the two schemes were recorded as 22 s and 43 s, respectively. As a
comparison, using the built-in elastic-perfectly plastic Mohr-
Coulomb model in Abaqus/Standard for the 100 incremental steps
simulation costs around 24 s. The analysis results indicate that the
H2H algorithm can handle complex loading conditions with
acceptable computational cost and provide sufficient accuracy in
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the finite element method.

5. Conclusions

This study aims to address the numerical challenges encoun-
tered when solving nonlinear initial boundary value problems
(IBVPs) with a particular focus on the stress integration or stress
update method. The following conclusions are drawn:

(1) We begin with an overview of the widely recognized return-
mapping algorithm family, also known as the elastic
predictor-plastic corrector method, with a specific emphasis
on the cutting-plane algorithm (CPA). Subsequently, we
delve into the numerical issues that arise due to the math-
ematical properties of the yield function when F > 0. These
numerical challenges, including non-uniqueness, non-con-
vexity, undefined gradients, and high curvature, are illus-
trated via examinations over four typical yield functions.

(2) To overcome these obstacles, we propose a robust stress
integration method called the Hop-to-Hug (H2H) algorithm.
The H2H algorithm is initially established based on the
convexification of the general yield function, followed by the
implementation of the elastic predictor-plastic corrector
method. Additionally, a semi-analytical consistent tangent
operator (CTO) for the H2H algorithm is proposed.

(3) A series of numerical experiments are conducted to validate
the effectiveness of the H2H algorithm. These experiments
encompass various levels of analysis, including a single
integration point, a single finite element, and a structural
IBVP. The results of the numerical validations demonstrate
the robustness and convergence capabilities of the H2H
algorithm.

Although the proposed method in this paper sustains a slightly
higher computational cost compared to the CPA method, it offers
enhanced stability in the implicit numerical process. Furthermore,
this approach can be readily extended to address most stress
integration computations related to plasticity. Future work will
focus on the extension to non-smooth models as well as elasto-
plastic damage models. Additionally, the accelerated Newton-
Raphson method combined with some optimization techniques
will be considered to enhance the stability and convergence rate of
current plastic correction computation. All in all, the H2H algorithm
presents an implementable and promising approach for enhancing
implicit stress integration algorithms.
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