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Abstract

For the inverse power law potential U(r) = r~7, the Boltzmann kernel has the
asymptotic behavior B(v — vy, o) ~ 22 |v — v,|V as the deviation angle tends to
0. Global well-posedness of the Boltzmann equation with such singular kernels has
been built in the parameter range y > —3,0 < s < 1 independently by Gressman and
Strain (J Am Math Soc 24:771-847, 2011), Alexandre et al. (J Funct Anal 262:915—
1010, 2012), triggering many other theoretical developments thereafter. In this work,
we consider stronger kinetic singularity and extend the global well-posedness theory
to the range y > —2s — 3,0 < s < 1. This range is optimal by recalling that the
dominant part of the Boltzmann operator behaves like the factional Laplace operator
(=A)* which allows a singularity with exponent —2s — 3 in 3-dimensional space.
Based on the global well-posedness result, we prove the grazing limit of the Boltzmann
equation to the Landau equation as s — 1~ from a new perspective for any y > —5
that includes the Coulomb potential y = —3. As a byproduct, the Landau equation is
globally well-posed for any y > —35.
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1 Introduction

The Boltzmann and Landau equations are the two most classical kinetic equations.
Regarding to the Cauchy problem, there has been extensive work in different frame-
works, e.g. [4, 5, 8,9, 13, 14, 17, 19-23, 26, 31-38]. In fact, the Landau equation
was derived by Landau in 1936 from the Boltzmann equation with cutoff Rutherford
cross section. Mathematical justification of the grazing collision limit has proved to be
successful since 1990s by adding a cutoff on the deviation angle together with suitable
scaling parameter to the Boltzmann cross-section, cf. [6, 7, 10-12, 16, 18, 24, 25, 27].

In this work, we first extend the global well-posedness results [4, 19] on the Boltz-
mann equation with non-cutoff kernels B(v — vy, o) ~ 0~2725 |y — v,|” to the wider
parameter range y > —2s — 3(allowing more kinetic singularity). We then justify the
grazing limit to the Landau equation as s — 1~ for any y > —5 only with a simple
scaling factor 1 — s(without introducing angular cutoff).
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On the Boltzmann equation with strong... 4913

1.1 A natural scaling

Consider the Cauchy problem of the Landau equation

#F +v-ViF=QV(F,F), t>0,xeT veR’, (L1)

Fli=o = Fo. '
Here the Landau operator Q{ (g, h) is defined by

07 (g, () ==V, { /R} a’ (v — ve)[g (Vi) Vyh(v) — Vv*g(v*)h(v)]dv*},
(1.2)
where the symmetric matrix aV is given by
z2Q7z
a’(z) := Alz|" P2 T(z), Ti(z) := <I3 - e ) (1.3)

Here, I3 is the 3 x 3 identity matrix and A is a constant.

We will show that the solution F { of (1.1) can be derived from that of the Boltzmann
equation with a natural scaling. Let Fg’y be the solution to the Boltzmann equation
with a scaled initial datum

% F +v-ViF = Q3" (F.F), Fli—o=(1—s)F, (1.4)

where Q7" is the Boltzmann operator defined by

03" (g, M) :=/ / B (v — vy, 0) (g — goh) dodv,.  (1.5)
R3 Js2

Here, B*Y is the angular non-cutoff kernel derived from inverse power law potentials,
given by

0 —2-2s
B*Y(v—vy,0) = (sin 5) v — vyl]?, (1.6)
where 0 is the deviation angle and cos 6 = ﬁ:ﬁi‘ - 0. The main result in this article is
to rigorously prove for y > —35,
Fpl'/(1—s)—> F], s— 1. (1.7)

It is commonly believed in the kinetic theory that the Boltzmann equation tends to the
Landau equation as the singularity parameter s tends 1. Our result (1.7) mathematically
validates this belief for any y > —5.
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4914 T.Yang, Y.-L. Zhou

Recall that (1.6) is derived from the inverse power law potential U (r) = r~? and
the parameters are determined through s = 1/p, y = 1 — 4s. The Coulomb potential
correspondsto p = s = 1, y = —3.To concentrate on the effects — 17, in the article
we will regard y as a fixed constant in the range y > —5 for the Landau equation and
y > —3 — 2s for the Boltzmann equation. In view of Coulomb potential as a special
case of the inverse power law, the result also holds for the case when y = 1 — 4s with
the limit s — 17 . This is because (1.7) holds for any y > —5 and it is uniform with
respect to y around —3.

Introducing an angular cutoff 6 > 6pnin > 0 in the Rutherford cross section from
the Coulomb potential s = 1, y = —3, Landau in 1936 derived the Landau operator
(1.2) from the Boltzmann operator (1.5) by using Taylor expansion and keeping the
terms up to the second order. On one hand, the cutoff gives rise to a finite momentum
transfer so that the Boltzmann operator is well defined. On the other hand, the cutoff
generates a physical constant In(1/6p,) (known as Coulomb logarithm) in the Landau
operator. The constant is closely related to the screen effect in an electrically neutral
plasma interacting through the Coulomb force among microscopic charged particles.

The Landau equation turns out to be an effective equation and has been widely used
as a fundamental model in plasma physics. But rigorous mathematical analysis on the
limit appeared much later until the 1990s. The first rigorous result was obtained by
Desvillettes. Roughly speaking, Desvillettes in [12] introduced a cutoff and scaling
procedure such that grazing collisions dominate. He then established the limit in the
operator level with error analysis and also for the linearized equation. The result in
[12] can be applied to the kernel (1.6) with y > —3,0 < s < 1 for the inverse power
law potentials. Precisely, when one applies this argument to the kernel (1.6), the cutoff
and scaling procedure yield

0 —2-2s
BESY (0 — vy, 0) = €2 g, (sin 5) v — vy (1.8)

The angular cutoff & < € keeps only grazing collisions in the limit, and the scaling
factor €22 increases the effect of such collisions to have a finite mean momentum
transfer. The result in [12] shows for any fixed y > —3,0 < s < 1 that

0% = 0V + 0(e). (1.9)

Here Q;’S’y is the Boltzmann operator associated to the kernel B€*7 .

As for Landau’s original derivation of the Landau operator from the Boltzmann
operator with cutoff 0 > 6y > 0 for the Coulomb potential, Degond and Lucquin-
Desreux [11] first proved the limit in L! space with a logarithmic error estimate.
Moreover, they interpreted the threshold 6nin as the “plasma parameter”. Precisely,
for the scaled kernel

9\ 4
BS(v —vy,0) = |In€e| M p=e (sin 5) v — ve] 2, (1.10)
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On the Boltzmann equation with strong... 4915

the result in [11] implies the following expansion in L' space,
0% =07+ 0(llnel™). (1.11)

Here QF is the Boltzmann operator associated to the kernel B€.

Later on, there have been fruitful results on the grazing limits on the two scaled
kernels (1.8) and (1.10) and other more general kernels of the same types. Moreover,
the limit was justified from operator level to equation level. In details, the grazing limits
have been established in different settings: homogeneous and inhomogeneous cases,
weak and classical solutions, cf. [6, 7, 16, 18, 24, 25,27, 38] and the references therein.
See also [10] from the gradient flow perspective. In particular, a general mathematical
framework for grazing limit was proposed in [38] which includes both (1.8) and (1.10).
We will come back to discuss the work [38] later.

Now let us compare the approach presented in this paper with (1.10) and (1.8).
Note that both the kernels (1.10) and (1.8) contain an angular cutoff together with a
suitable scaling factor. However, our approach relies only on a simple scaling without
introducing angular cutoff. Note that the scalings on initial datum (1.4) and on the
solution (1.7) are equivalent to that on the kernel by observing that the Boltzmann
operator is quadratic. To be clear, let F;” = Fy” /(1 —s). Then F" is the solution
to

WF +v-VoF = Q% (F,F), Fli—o=Fo. (1.12)
Here 0% is the Boltzmann operator with the kernel defined by
BV (v — vy, 0) = (1 —$)B*Y (v — vy, 0). (1.13)
In order to prove the limit (1.7), it is equivalent to show that
FpV' — F/, s— 1. (1.14)

The factor (1 — s) appears naturally in (1.13) that corresponds to the grazing limit.
We remark that the family (1.13) indexed by s also satisfies the general mathematical
framework proposed in [38].

For clear presentation, we summarize our method and the previous approaches for
the grazing limit in Fig. 1. The cutoff plus scaling method for general potentials (B<*-
in (1.8) with y > —3 with fixed 0 < s < 1) is listed in the left column in Fig. 1, where
one can replace B*Y by B€ (given in (1.10) with y = —3, s = 1 for the Coulomb
potential). The middle column shows that the Landau equation with initial datum Fy
yields a solution F' Z . Our approach corresponds to the right column in Fig. 1. That is,
firstly the Boltzmann equation with the scaled initial datum (1 — s) Fy gives a solution
Fg’y. Then the inverse scaling Fg’y /(1 —s) with limit s — 1~ gives the solution F Z
of the Landau equation. Note that the Boltzmann equation is associated to the physical
cross-section (1.6) with parameter s, y. We also remark that in the previous kernels
(1.10) and (1.8) for the grazing limit, the parameter s is fixed while the angular cutoff
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(7)) =g
0 - b)Fo
N7 scaling

B

scaling L.E. with a” B.E. with B*”?
and cutoff

S,y
B.E. with B%*7 @)
scaling back
e—0 1+ s

o )
o N — Y
grazing limit our method
with s being fixed with s as a variable

Fig.1 Grazing limit

parameter € plays a role in the limit. In this article, the limit of s to 1 also captures the
grazing limit of the Boltzmann equation to Landau equation.

In this work, we will investigate the above limit in the near-equilibrium framework
where unique global classical solution can be constructed. We first recall some relevant
results on the well-posedness theories in this framework. For the non-cutoff kernel
(1.6), Gressman-Strain in [19] established global well-posedness of the Boltzmann
equation in the following parameter range

y>-3 0<s<l. (1.15)

Independently, Alexandre-Morimoto—Ukai—Xu—Yang [4] proved the same result in
the range (1.15) with a constraint y + 25 > —% to obtain stronger estimates on
the nonlinear operators. In order to consider the grazing limit for Coulomb potential
y = —3, we need to obtain some uniform estimates for stronger kinetic singularity
y < —3.There are some discussions about this in several previous works. For instance,
weak solutions were constructed for y > —3 in the classical work [38] by Villani in
which a remark says that “one could take y > —4”. As for Landau equation, Guo [20]
firstly proved global well-posedness of for y > —3 and pointed out that “our theorem
is still valid for certain y even below —3”.

Motivated by the above studies, we will consider stronger kinetic singularity and
more negative y in this article. A new contribution to the Boltzmann equation is to
extend the parameters range for y and s to include the triangle 0 < s < 1, =3 —-2s <
y < =3, see the region formed by the three red dash lines in Fig.2. On one hand, we
justify the well-posedness of the Boltzmann equation in a region below y = —3.
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Boltzmann: v > —2s — 3 Landau: v > =5
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Fig.2 The parameter domain

On the other hand, more importantly, uniform estimates are obtained to the left of
the vertical line s = 1 so that the limit s — 1~ can be considered for any y > —5.
This then obviously includes the Coulomb potential y = —3 and the cases mentioned
in the previous literature. Hence, as a byproduct, we show that the Landau equation is
well-posed for =5 <y < —3.

Now let us explain why y = —2s — 3 is a critical value in three-dimensional space.
Actually, As shown in the papers [1-4, 19, 23, 26, 30, 32], it is now well known that the
Boltzmann operator Q;y(g, -) in (1.5) behaves like the fractional Laplace operator
—C4(—=A)*. Recall that —(—A)* in three dimensions can be defined by a singular
integral

f) — f(vs)

s ._ :

r—0% JR3\B(v,r)

dv,. (1.16)

This implies that y > —2s — 3 is necessary for suitably general function spaces.
Moreover, there exists a universal constant ¢ > 0 such that

. Cs
lim =c
s—>1-1—s

This is consistent with the scaling factor 1 — s appeared in (1.7) and (1.13). Then as
s = 17, —(—A)* — A which is the main part of the Landau operator (1.2).
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4918 T.Yang, Y.-L. Zhou

Now let us briefly discuss the relation of our approach with the general mathematical
framework for grazing limit proposed in [38]. According to [38], a family {b,},, of
angular collisions kernels concentrates on the grazing collisions if

0
/ by (cosB) sin’ Eda —>n—00 Moo € (0, +00),
s (1.17)
Y6y > 0, sup b,(cosbf) =, 000
6>6o

Note that this assumption is so general that it includes the three cases of kenerls
discussed above (1.8), (1.10) and (1.13), withn = 1/e orn = 1/(1 — s). Therefore,
one can directly apply [38] and [6] to obtain corresponding results in the spatially
homogeneous and inhomogeneous cases respectively in the limit s — 1~ for weak
solutions. However, for the inhomogeneous case the work [6] requires y > —3 and
how to study weak solution for y < —3 in the grazing limit remains unsolved. In
order to consider y < —3, we choose to work in the close-to-equilibrium framework
where some regularity of the solutions can be used to absorb the extra singularity in the
relative velocity near |v — v«| = 0. To consider larger range of negative y is not only
for a mathematical consistency with the fractional Laplace operator —(—A)* — A
but also for some physical applications. As pointed out in [5], cross-sections which
present non-integrable kinetic singularity but no angular singularity are also used by
physicists. Our results show that the index y of kinetic singularity can be below the
critical non-integrable value —3 until —3 — 2s at least in perturbative framework for
global classical solutions.

1.2 Main results
We will state the main results in this subsection. Consider the following Cauchy

problem of the Boltzmann equation

{a,F+v-vxF=Q‘§;V(F, F), t>0,xeT veR’ (L18)

Fli—o = Fp.

Here F (¢, x, v) > 0 is the density function of particles with velocity v € R3 at time
t > 0, position x € T .= [—m, n]3 . The Boltzmann operator is defined as

05 @ i= [ [ B0 =00 (gl guh)dods. (119)
s?2 JR3

Here, h = h(v), g« = g(vy), ' = h(v'), g, = g(v,) where v/, v/, are given by

e T Ul P L e P I )
2 2 2 2
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Recalling (1.6) and (1.13), from now on we take

0 —2-2s
BV (v — vy, 0) = (1 —5) (sin 5) lo<g<n2lv — vl (1.21)

That is, the angular function is

0 —2-2s
b“(@) =({-y) (sin E) 1059571/2. (1.22)

Note that the angle variable is restricted to 0 < 6 < m/2 by symmetry as in the
literature.
Thanks to the factor 1 — s, the mean moment transfer is finite, that is,

0
fs2 b*(0) sin? 5do =4m x 251, (1.23)

In accordance with (1.23), we take A = 7 in (1.3). In fact, we will show that
0y =207 + 01—,

and so Q;’V — QZ ass — 17. See (5.1) for details.

To construct the global-in-time classical solution in the spatially inhomogeneous
case, one usually considers the near equilibrium framework. Recall that solutions of
(1.1) and (1.18) conserve mass, momentum and energy. We assume Fj is a small

perturbation of the equilibrium p where p(v) = Qmr)~3/ 26=1/2_ et us recall the
linearized versions of (1.18) and (1.1). Set F =  + u'/? f, then (1.18) is reduced to

Wf+v-Vof + LY F=T5"(f, f), t>0,xeT’ velkR’,

1.24
fli=o = fo. (129

Here the linearized Boltzmann operator £3” and the nonlinear term I';” are defined
by

Fy" (8. h) = w207 (' Pg, 11 2h),
Ly'g =Ty W' 9 =T (g.n'?). (1.25)

With the same decomposition F' = u + w2 £, (1.1) becomes

Wf+v-Vof +LYfF=TV(f. ), t>0,xeT’ velkR’,

1.26
fli=o = fo. (1.20)

The linearized Landau operator ﬁz and the nonlinear term F)L/ are defined by
IV (g.h) = pu 20Y (u'?g, u'h),

@ Springer



4920 T.Yang, Y.-L. Zhou

L]g:=-T] (' & —T](g n'?. (1.27)

Note that the conservation laws imply that for all # > 0,

/ F(t,x,v)¢(v)dxdv
T3 xR3
é(v)

/ F(, x, v)¢(v)dxdv,
T xR3

L, v, j=1,2,3. (1.28)

Without loss of generality, we assume Fy and the equilibrium p have the same con-
served quantities so that the initial datum fy satisfies

. R}ﬁfgd)dxdv:O, o) =1,v;, v|*, j=1,2,3. (1.29)
X

Then forall t > 0,

/T3 Rsﬁf(t)¢dxdv:0, o) =L, v, j=123 (130

Physical solutions are non-negative and so we consider Fp = u + ,u% fo=0.

The case for hard potential with y +2s > 0 is relatively easy because the linearized
Boltzmann operator has a spectrum gap. This corresponds to the region above the blue
line in Fig. 2. Therefore, we only consider the soft potentials in this article when

O<s<l1, -3<y+2s=<0. (1.31)

Note that this corresponds to the region inside the parallelogram in Fig. 2. To overcome
the lack of spectrum gap, the following weighted Sobolev space was introduced by
Guo as energy space for global well-posedness

N
ENID =D N By (1.32)

) * Pt

If s = 1, we sometimes write 51’\’,1[(1‘) = 51{,’5(f) which is the energy space for the
Landau equation, cf. subsect. 1.3 for notations on function spaces.

There are three main results given in the following theorem. The first one is the
global well-posedness of the Boltzmann equation (1.24) in the parameter range (1.31).
The second one is the global well-posedness of the Landau equation (1.26) for —5 <
y < —2. The last one is about the grazing limit of the Boltzmann equation (1.24) to
the Landau equation (1.26) by proving a global-in-time asymptotic formula for the
limits — 17

Theorem 1.1 [Well-posedness of the Boltzmann equation] Let 0 < s < 1,-3 <
y+25 <0.Let N > 4,1 > —N(y +25). There is a constant §; , 1 > 0 such that,
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if
ENY (fo) < 8s.ynits (1.33)
then (1.24) admits a unique global solution {5V satisfying u + u%f”’ > 0and

sup EgL (T (1) < Zsy NaEN (S0), (1.34)

>0
for some constant Zg , N 1. Here 85, N = %niy’]\” where 1, N1 is given in The-
orem 4.1. See (4.8) for the definition of Zs , n,. For any fixed N,l, there are two
Sunctions §n 1, Zn 1 : (0, 1] x (0, 3] — (0, 00) satisfying
S5,y N1 =0ONi(s, ¥y +25+3), Zsyni=Znis,y+25+3), (1.35)

and

Sn.1(x1, x2) is non-decreasing w.r.t. each argument,
and vanishes as x; — 0% or xy — 07; (1.36)
Zy 1(x1, x2) is non-increasing w.r.t. each argument

and tends to infinity as x; — 0" orxy; — 0T, (1.37)

[Well-posedness of the Landau equation] Taking s = 1 in the above, the global well-

posedness of (1.26) holds true. We state this result in details for later discussion. Let

-3 <y+2<0.LetN >4,1 > —N(y+2).Letdy, ;s =81,y,N1» Zy. N1 = Z1,y,N,I-
If

Ex1(fo) < 8y, (1.38)

then (1.26) admits a unique global solution fV satisfying u + ,u% f¥Y > 0and

sup Ex ,(f7 (1)) < Zy naEx 1 (fo)- (1.39)

>0

[Asymptotic formula of the grazing limit] Fix —5 < y < —2. Let N > 4,1 >
—N(y +2). Let sy := %(1 — VTH). Assume

y
EN43 142N —3y+5(f0) = 85,y N43 142N -3y +5- (1.40)

Since for any s, <s <1,

X,]/ }/
ENGa1raN-3y+5(f0) = EN L3 pan 3y 45(f0)
=< s,y N43,042N =3y +5 = 85,9 N4+3,/42N—3y+5>
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4922 T.Yang, Y.-L. Zhou

then by the above well-posedness result, (1.24) has a unique solution f*" fors, < s <
1, and (1.26) has a unique solution fV. Moreover, the family of solutions { f*7 },<s<1
satisfies

sup EX L (fSV (1) — f7 (1)) < (1 —s)?exp
>0 ’

3 2oLy
<CNJZs*,}/,N,lCy€N+3,l+2N—3y+5(fO)) .

(1.41)

Here C, = (y +35 1

In the following we will give some remarks. First of all, we will keep track of
the dependence on the parameters s, y. This kind of dependence gives the precise
condition on the parameters for the global well-posedness theory of the Boltzmann
and Landau equation. In particular, we have the explicit relation between &, Z and
s,y in (1.35). On one hand, the region of parameters for the well-posedness of the
Boltzmann equation is non-empty as long as 0 < s < 1,y > —2s — 3. On the other
hand, according to (1.36), the region indicated by the “radius" 5 ,, x; > 0 may shrink
ass — 0T ory — (=25 —3)*.

Recently, the limit from inverse power law to hard sphere model was established
in [29] for the homogeneous Boltzmann equation in the context of weak solutions.
Notably, the authors start directly from the kernel derived from inverse power law and
then study the limit s — 0. The kernel considered in [29] is |v — vy I=dsp (0) where
the angular function by is very complicated and can only be given in an implicit way.

The estimate (1.41) implies that

Fpl = F/ + (1 —s)Fg”, (1.42)

where F ;’V and F Z are solutions to (1.18) and (1.1) respectively. Here the error term
F ;,y is uniformly bounded in some function space. The asymptotic formula validates
our approach shown in Fig. 1.

A few more remarks are given as follows.

Remark 1.1 For the potential function U (r) ~ r~?, the above theorem justifies the
natural limit p — 17 from the Boltzmann equation with inverse power law to the
Landau equation with the Coulomb potential.

Remark 1.2 Ifs and y are regarded as two independent parameters, the well-posedness
of the Boltzmann equation holds when y > —3 — 2s and 0 < s < 1. In fact, the
angular singularity s — 17 is the essential reason of possible ill-posedness for inverse
power law potentials.

Remark 1.3 Global well-posedness in some lower regularity function spaces, such as
the one introduced in [17], may be obtained for the parameters y, s in the optimal
range 0 < s < 1,y > —3 — 2s5. We may also further consider time decay rates as
in [17, 33, 34]. For brevity and to focus on the key points, we will not pursue these
analyses in this work.
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On the Boltzmann equation with strong... 4923

Remark 1.4 In the previous studies, the condition y > —3 is needed due to the fol-
lowing estimate. For any v € R?,

A{}M(v*)lv—v*l”dv* < Cy(v), (1.43)

where C,, is a constant that blows up as y — (—3)™. To understand why y > —3—2s
is sufficient for well-posedness, intuitively, we know that the angular singularity in
the cross-section leads to a fractional derivative of order 2s. Thus, we can expect to
recover an extra 2s in the range for y below y = —3 by sacrificing some regularity
of the solution.

1.3 Notations

We list some notations that are used in this work.

Common notations. The length of a multi-index 8 = (81, B2, B3) € N° is denoted
by |B| = B1 + B2+ B3. a < b means that there is a generic constant C, which may be
different in different places, such thata < Cb. We use the notation a ~ b whena < b
and b < a. The bracket (-) is defined by (-) := (1+]-|*)!/2. The weight function W, is
defined by W;(v) := (v)l. We denote by C(A1, Az, -+, Ay) Or Cy 2,,....2, @ cConstant
depending on parameters Ay, A2, - -+ , A,. Weuse | |72, |- |L§, Il - ||L%L2 to distinguish
the L2-norms in the three spaces L2(R3), L3(T?), L2(T® x R}, and (-, -), (-, )x, (-, )
to denote the corresponding inner products. As usual, 14 is the characteristic function
of the set A. If A, B are two operators, then [A, B] := AB — BA.

Function spaces. For o, B € N3, set 8% := 0y, 0p = 8{?, 82‘ = 8;"85 for simplic-
ity. We will use the following function spaces.

e For real number n, [,

H' := {f(v)ufﬁ,,n = (D))" Wi fl7, = A;{ (DY Wi f)(v)Pdv < +oo}.

Here a(D) is a pseudo-differential operator with the symbol a (&) defined by

1

@DV ) 1= s

/R3 fR3 ¢ aE) f(y)dyds.

e Forn e N,/ e R,

H' = A F O f L= 30 195 f 17, <00t
|Bl<n

where |f|le := |W; f]2 is the usual L? norm with weight W;.
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e Forn e N,l e R,
H' =\ fO|If G = D0 19pf17, < oo (1.44)
|Bl=n
e Form e N,
HY' = | fligp = D 19 f 132 <00
loe|<m

e Form,n e N,/ e R,

HY H}' o= 3 0| W - > 15 f1,2172 < 00

lee]<m,|B|<n

We write || £l 2 = I fll g2 ifn = Oand | Fll 22 == Il fll oo if m = n =

0. The space H" H,” can be defined similarly.

Next, let us recall the dissipation norm of the linearized operators E‘;’V and E{. For
[l e R, set

|f12) = IWs(—As) W f 12, + (W (DYWL f 125 + W Wi f12,. (1.45)

Here W (D) is the pseudo-differential operator with symbol Ws. The operator
WS((—Asz)lﬂ) is defined as follows. If v = ro, r > 0,0 € S, then

l

(W(=Ag) D) f)w) := > D" (L +1A+ D)2Y" (@) f" (), (1.46)

[=0 m=-1

where f/"(r) = fSZ Y" (o) f(ro)do, and {Y;"};>0,—1<m< are the real spherical har-
monics satisfying (—Ag2)Y;" = [(I+1)Y;". Note that the function W is the common
weight in the three individual norms. The dissipation norm | - |, /> characterizes £}",
see Theorem 2.2 and Theorem 3.2 for details. Similarly, the dissipation norm | - |1, 2
characterizes L} .

Sometimes, we also write | f| L2, = | fls.1. For functions defined on T3 x R3, the
space H" H', with m, n € N is defined by

. 2 . 2
HYHL = f G0 g = ) 19512 75 < 00

lee|<m,|B|<n
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Set ”f”H;nL.%[ = ”f”[-]gq—[?l if n = 0 and ||f||L§L%, = ”f”H\OH?I itm=n=0.
Again, the space H)" H s, can be defined accordingly.

We sometimes omit the range of some frequently used variables in the integrals.
Usually, o € S, v, vy, u, & € R3. For example, [(---)do := Je2 (- )do, [(---)do
dvdv, = sz CR3xR3 )dodvdv,. Integration w.r.t. other variables is understood in
a similar way. Whenever a new variable appears, we will specify its range.

When there is no confusion, we drop the subscripts B and L in the Boltzmann and
Landau operators for brevity.

1.4 Organization of the article

In Sect.2, we derive upper bound estimates of the linear operator £5*¥ and the non-
linear term I'*"Y . We prove coercivity estimate of the linear operator in Sect. 3. Theorem
1.1 is proved in Sect.4. In the Appendix 5, for completeness, we prove the operator
convergence stated in Proposition 4.2.

2 Upper bound estimates

In this section, we will derive the upper bound estimates on the collision operators
based on the following operator splitting method.

We divide the Boltzmann operator with respect to the relative velocity into two
parts

B(v — vy, 0) = By (v — vy, 0) + B (v — vy, 0),
where

By (v — vy, 0) == Pp(lv — v DBV — s, 0),
B¥7 (v — vy, 0) == (1 = ¥ (Jlv — v4]) B(v — vy, 0). 2.1

Here ) (-) = ¥ (-/n) where ¥ is a non-increasing smooth function on R given in
(2.12) and satisfies

Y = 1on|0,3/4],  is strictly decreasing on [3/4, 4/3],
¥ =0on[4/3,00), Y| <4 2.2)

Note that B;;’V is supported in |v — vy| < 4n/3 so that it is singular when |[v —v,| — O,
while B*:?°" is supported in |[v — v,| > 3n/4 without any singularity. From now on,
We always assume 0 < n < 1.

Let Q7 and Q%77 be the Boltzmann operators defined with kernel B;” and
B* Y7 respectively. And then let l"f;’y and """ be the nonlinear terms defined with
kernel By” and BS7"" respectively.
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Recall that the nonlinear term I' for a general kernel B is defined by

F(g h) = p~ Q' g, n'h) = / B(v — v, o)’ (gl — guh)dodu,
= [ B0~ v o) (e~ (u' P h)dodv,
+ / B = v., ) (1!? = (u'/?),) gLl dodv, = Q' g, ) + 1(g, h),

where for brevity,
1(g, h) = / B — vy, 0) (s> — (') gl dodv,. (2.3)

Let %7, I,;’” and I°*7*" be the bi-linear operators defined according to (2.3) with
kernel B*7, B;’V and B* V7 respectively. Other operators with such subscripts and
superscripts are understood in the same way.

To implement the energy estimates for the nonlinear equations, we need to take
derivatives. By binomial expansion,

T (g, h) = > CRrPrPegrersy (a5 g, 9g2h: fo), (2.4)
Bot+B1+Pr=B.a1+ar=a

where
57 (g, h; B)(v) = / B (v = vy, 0) (gt (gLh' — guh)dodv,.  (2.5)
Note that
T (g, h; B) = Q7 (gopu'/? by + 17 (g, s B), (2.6)
where

I (g, h; B) = / B (v — vy, 0)((@pp' ) — @pu'/?),) gL dodv,. (2.7)

Thus, in general we need to consider 7°°Y (g, h; B). This is again divided into two
parts: I°7""(g, h; B) and I,7 (g, h; B).
Recall

L7 f = =T (u3, f) =T (f, u?).
By binomial expansion,

oFLf = Y CEPRLT @, £ o B, (238)
Bo+B1+B2=p
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where

L5 (f5 Bo, B1) i= =TV (@, 12, £ Bo) — TSV (f, dg, /% Bo). (2.9)

We also define

7 @, 1'%, f3 Bo),
—T5Y(f, 3, 1'/2; Bo). (2.10)

LYV (f5 Bo, B1) :
L3V (f5 Bo, B1) :

In the same way, we can define £*7"(-; Bo, B1), Ei’y’"(-; Bo, B1), £;’V”7(~; Bo, B1)
with kernel B*77 and Ly” (3 o, B1), £} (5 Po. B1), L5 (5 Bo, B1) with kernel
By”.

The rest of this section is organized as follows. Some preliminary knowledge is
given in subsect. 2.1. We deal with the singular region |v — v,| < 1 and regular region
[v — vi| 2 7 in subsects. 2.2 and 2.3 respectively. Estimates in the full region are
given in subsect. 2.4. In the last subsect. 2.5, commutator and weighted upper bound
estimates are collected for later energy estimate. Note that subsect. 2.2 is the core part
of this section.

2.1 Preliminaries

We give some preliminary knowledge in this subsection.

2.1.1 Dyadic decomposition

Let ¢ be a smooth function on R satisfying

¢ =00n[0,3/4], ¢ is strictly increasing on [3/4,4/3], ¢ = 1lon[4/3,3/2],
@ is strictly decreasing on [3/2, 8/3], ¢ = 0on [8/3, 00), lo| < 4.

Moreover, ¢ is chosen such that the functions {¢x(-) := ¢(- /2k)}keZ is a partition of
unit on (0, oo). That is,

> g =1o0n(0,00). @.11)
k=—00
We set
-1
Y(r)= Y ¢(r)forr>0and y(0) = I. (2.12)
k=—00
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Then we have the identity

¥+ @ =1on]0, c0). 2.13)
k=0

With a little abuse of notation, we define radial functions ¢(v) := @(|v]), ¥ (v) =

Y (lv]), gr(v) == @r(|v]) for v € R3.

Given a general Boltzmann kernel B = B(v — vy, 0) = B(|v — vy[, cos6) where

cosf = |” v* -0, let Q be the Boltzmann operator with kernel B. That is,

0(g, h) = / / B(Jv — vy, cos0)(gi.h" — gyh)dodu,. (2.14)
S?2 JR3

Let U == 3,4 @js Pk = D_|j_kj<Ny—1 ¥j for k € Z for some fixed intgger
No > 4. Suppose the relative velocity satisfies [v — v,| < %. Let v, € { % x 2/ <
[vg] < % x 2/}. Then the fact that

V2

_|U_U*|§|v/_v*|§|v_v*,

2

implies that
o If j > No — 1, then |v], [v'| € [3 — § x 27M0)2/, (1 +-27M0)2/] C Supp@;;
o If j < No — 2, then |v], [v/| < 3 x 2N~ ‘csuppuN0 .

Hence, if Q is localized in |[v — vy| < 3, then

(Q@.h). £y =Y (Qpjg.¢;h).¢f)

Jj=No—1
HOWUNy-28, Ung—1h), Uny—1 f)- (2.15)

Let us recall the Bobylev formula which is about the Fourier transform of the
Boltzmann operator. For (2.14), the Bobylev formula reads

£ - &
f ah *_ _B x|y T, "
(0(g, h)(E) = // ( (In -, T ) (Inl ] 6))

Fegm)Fh(E — ny)dodny,

§—|€lo \S\U

where £~ = and

B(|€], cos0) ;=/ B(lq|, cos0)e 9% dg.
]R3
Here F is the Fourier transform operator. As usual, denote f = F f, then

(Q(g, h), f) = (0(g, h), f)
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AU

-B (|n*|, é—| -a) )é(mﬁ@ — 0 f©)dody.ds. (2.16)

Note that

HEN = In4ll = 1& = ml < [E] + [m].

Fixj,peZ,suppose%x2/’§|n*|§§x2/’andf—1x2j§|§—n*|§§x2j.
Since Ny > 4, then

oo

x 27N0y2J  8(1 4 27Noy27] < Suppg;;
x 27027, 8 (1 4 2710)27] C Supp@y:
% 2P+No] A [0, % x 27N} < SuppUd 4 ny N

o If p < j — Ny, then |£] € [(3 —

o If p > j + No, then €] € [(3 —

o If |p — j| < Ny, then || € [0,
Supplj 4N

Define

[NSJISSIONT o]

S-1f(x):=v(D)f, §jf(x):=¢;D)f,j=0. 2.17)

Observe §—1 and §; localize the frequency of function f in the region [§| < 1and
|&| ~ 27 respectively. By (2.13), the dyadic decomposition in frequency space reads

f=Zij-

jz—1

Note that §_1 has symbol ¥ instead of ¢_1. Set @k = @ (D).
Then we have

Q@ fr= Y. D (0Epg3h.5if)

j>No—1—-1<p<j—Nyp

+ D > (0Gre.Fih). Ty f) (2.18)

p=No—1—-1=<j<p—Ny

+ Y > (0@ps.8ih). 3y f).

p.jz=1Ip=jl<No g=<j+No

We now recall the definition of symbol class ST

Definition 2.1 A smooth function W (v, &) is said to be a symbol of type S{’fo if for
any o, f € N3,

|0 W)(v, )| < Cop(8)" 1,

where Cy g is a constant depending only on « and B.
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Lemma21 Letl,m,r e R, M(v,&) = M(§) € Sf,o and ®(v,&) = (&) € Si!o.
Then there exists a constant C such that

See Lemma 5.3 in [26] for the proof of Lemma 2.1. Based on Lemma 2.1, one directly
has

oo oo
[l ~ D 222 aD)e; fla ~ ) 222 19jpu(D) f 1.
jik=—1 Jk=—1
(2.19)

Here for simplicity, we take ¢_1 := ¥. By (2.19), we use both |W, f|gm+s and
|W; W (D) f|gm in the rest of this article.

2.1.2 Taylor expansion and symmetry

When evaluating the difference f' — f (or f, — fi) before and after collision, Taylor
expansion is applied. We first denote the 1st-order expansion by

1
f'=rf= / (VH@K)) - (v = v)d,
0
1
fo—fu= /O (V) - (v — v)de, (2.20)
where for «, ¢ € [0, 1],
v(k) = kv + (1 —k)v, ve(t) =), + (1 — vy (2.21)
To cancel the angular singularity, the second order expansion is needed:

1
e f =N —v)+ /0 (1= V2N E) : (0 —v) ® (v — v)di,
(2.22)

1
ff=f="H)- @ -0 —/0 K(V2 ) (0 =) ® (v — v)dk, (2.23)

where A : B := trace(AB) for two matrices A, B. Thanks to the symmetry property
of o-integral,

V — Uy , UV — Uy
B |v— vy, o) (W —v)do = | B |v— v, el
[V — vl [v — vy

0
sin’ 5@ = v)do, (2.24)
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/ B (|v — Uy, VT 0) W —v)h(@)dodv = 0. (2.25)
[V — vy
Here, the formula (2.24) holds for fixed v, v, and (2.25) holds for fixed v,.
We now give a useful formula on the change of variables v — v(x) and vy — v4(0).

Lemma 2.2 Fora € [0, 2], let us define

0 0 —1/2
Va(0) = <0052 7 +0- a)? sin® 5) . (2.26)
Forany 0 <k, < 1, it holds that
/ / / B(|v — vy, cos0)g (v (1)) f (v(x))dvdv,do (2.27)
R JR3 Js2

- / / / B — vulie4(0), c0s 0)g(v) f (0)Y24,(0)dvdu,do.
R JR3 Js2

Here Si_ stands for (v — vy) -0 > 0.

Before giving the proof of this lemma, we firstly note that the above formula is
general as it simultaneously deals with the two changes v — v(k) and v, — v, (1).
This will be used in the proof of Proposition 4.2. If « = ¢ = 0, then ¥ 4,(f) =
Yo(@) = 1 and it corresponds to the identity transformation. If k = ¢ = 1, then
Vet (0) = Y2(0) = 1 and it corresponds to the change of velocities for pre-post
collision: (v, vy, 0) = (V, v, 0" = W —v)/lv —v]). Ifk = 1, e =0ork =
0,t =1, then ¥, () = ¥1(8) = cos™! %) and it corresponds to v — v’ or v, — v,
respectively. This is consistent with the cancellation lemma given in [1]. If ¢ = 0
or k = 0, then it corresponds to the individual change v — v(k) or v, — v4(1)
respectively.

Note that 1 < ,(0) < V2 fora e [0, 2], 0 € [0, m/2]. Thanks to Lemma 2.2 and
1 <vy,0) < V2, considering the kernel (1.21), we can skip the details regarding the
above mentioned change of variables. As a result, in most part of this article, v (k) and
v, (¢) will be replaced by v and v, respectively at the cost of a multiplicative constant.

Proof of Lemma 2.2 The case x = ¢ = 1 is obviously given by the standard change of
variable (v, vy, 0) = (V/, v}, 0") where 0/ = (v — vy)/|v — v4|. This change has unit
Jacobian.

Now we deal with the case k¥ + ¢ < 2. Recalling (2.21), it is direct to check

[V —vy| = [v(K) — V(D[4 (D). (2.28)
Let B be the angle between v(k) — v,(1) and o, then cos B = @4, (sin %) where

ou(x) i 1 —x2+ (a— 1«2
o (1—x2+(1—a)2x2)1/2.
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Let §, = arccos(@ —4__ ). If k + ¢ < 2, then 8,4, > 0 and the function:
1+(1—a)?

6 €10, 51 = B+ € [0, 8i4.] is a bijection. It holds that

det (M) ) 229)
(v, vy)

where forQ) <a <2,

a a

0y (0) = (1 _ 5)2 ((1 - 5) + %cos 9) . (2.30)

By (2.28) and (2.29), with do = sin 8dS8dS, we have
/ [ / B(Jv — vy, cos 0)g (v« (1)) f (v(k))dvdv,do
R3 JR3 Js2

Skt
=2m [ [ B v 0), cosg 0 £ 01, 0)sin piudv.ap.
R3 JR3 Jo

It is elementary to check that
-1 : _ -1 _ L, O 1l :
a,,,(9)sin BdB = —a,, (0)dcos B = ~ 7Pt | Sin 5 | sin §“K+t(9) sin 0do
= 2,,(0)sin6do.

Then we go back from g to 6 and use do = sin #dAdS to get (2.27). O

2.2 Upper bound in the singular region

In this subsection, we will derive the upper bound estimates on the collision operators
in the singular region |v — vi| < 7. Throughout this subsection, 0 < s < 1,y >
—25s—3,0<n<1.

2.2.1 Upper bound of Q;’y

We give the upper bound of Qf?’y in the following proposition.

Proposition 2.1 Letly, I3, I3 € Rsatisfying l1 +1,+13 = 0. Forany fixed0 < § < 1/2,
forany combinationay, a,az > 0,a1+ax > s,a1+az > 2s, ar+az > 2 s satisfying
the constraint ay + ap + az = 2s + % + 8, we have

Q57 (g. 1), f)] < Ca,s,y,nlng,T |h|Hl‘;2|f|Hl‘;3,

where

1 ny+2s+3

. —1/2 .
Cosipn =87 Cop Coopm = 137y

2.31)
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The constant associated to < in the above inequality depends only on ||, |l2], |13].

Proof Recalling the decomposition in frequency space (2.18), we have

(@57 (2.h), )= > (0 Fjg Fxh), Suf)

J=<k—No

+ Z Z (037 (58 Skh), 31 f)

|j—kl<No I<k+No

+ Y {0 (B8 Bkh). T, f)

Jj=k+No

We estimate the second quantity in details for illustration. That is, the sum over | j —k| <
No, ! < k + Ny. Note that

(0,7 (g Skh), 1 f) = f By (38)«Skh(F1 ) — T fHdv,

where for brevity of notation, dV = dvdv,do. Motivated by (2.25), we write

(07 (8. Skh). 81 f) = /BZ’V(Sjg)*(Skh)'((Szf)’—Szf)dV

+ / B,V (§78)+Skh — ) (@) = F1f)HdV
=11+ 1.

ForZ;,let E := sin% < 2_l|v — v*l_1 A \/5/2 and write

T =11,<(Sg Sch, 81 f) + 11, =(F g, Sh. 51 ),
711,<(Sj8 Skh, S1.f) 1=fB;;’y1E(3jg)*(3kh)’((3zf)’—&f)dV,

11,>(58. Skh. S1.f) :=/B‘f,’”lEr(Sjg)*(Skh)’((Szf)'—Szf)dV-

For term 7y <(§ g, Sxh, §1.f), we apply (2.23) and (2.25) to get

1
T1- g Sih. §1.) = — / Bgvylmjg)*(skh)’( /0 (V230

W -0 — v)dfc)dV.

By using |V2{§lf|Loo < 2%I|Slf|Lz, the change of variable v — ', and
[sin? §b° (@)1 pdo < 22172 v — v,|*~2, we have

3
1T1,<(3;8 3kh, 51/ 522”221\31f|L2f|v— ViV 20y < 31§+ k) [dudu.
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By using the fact that

77}/+2,\‘+3

2y <t
[l -] l<dn3lpr S ST 13

(2.32)

we get

y+2s5+
< ’7

3
3
1T1 <(F g, Sih, S15)1 < 28T gl 2 |kh 12151 f | 2

y+2s4+3
Since [ b*(0)1gcdo < 57122 v — v,|?, then
1Z1 > (38 Sihs 1.1 S Coy n2®' 158112 18kh 12151 f | oo
3
< Coy 2525 81 2 1Sk 21T f 112

Combining the estimates on 71 < and 7; >, we get

3
IZ1] S Coy 2”213 81 12180k L2131 S 1 2.
Now we estimate Z;. Let F := sin % < 2_1/2_k/2|v — v*|_1 A ﬁ/Z. We write
I, =1 <(Fjg. Skh. 81 f) +12>(Fjg. Skh, S1 1),

T, <(§j8 Skh, S f) = —/BZ‘VlF(gjg)*((Skh)'—Skh)((&f)/—&f)dV,

1,>(8j8. Skh. S1f) = _/B;'VIF‘(Sjg)*((gkh)/_Skh)((glf)/_S:If)dv.

By the Ist-order Taylor expansion (2.20), using |V§; f e < 2%l|31f|Lz, the change
of variable in Lemma 2.2,
and [ sin? %bs(e)lea < pslsk=l=k 1y — 1, 12572 we get

3
1o, <38 Skh. §1 ) < 2°1H5k22013, 71, / [ — valV T30y, <49 /31§ )4 (V) |dvdus.

Then (2.32) implies

ny+2s+3
T ig, Skh, < —
|12, <(Fjg, Skh, 1.1 S  +25 13
77y+25+3

<
~y 42543

k4l

osl+sk k+21|gjg|L2|VSkh|Lz|31f|L2
3

251+5k+21|3:jg|L2|3kh|L2|SZf|L2'

Since [ b*(0)1pedo < s7 125Ky — v, |, then

T2, (8 Sihs 1.0 S Coy n2 81T 81 1218k h 12151 f | 1o
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I4sk+31
S,, Cs,y,nzs Feits |Sjg|L2|8’kh|L2|Slf|L2-
Combining the estimates on 7 < and 75 >, we have
o]kt 3
T2l S Cop 2213 81 218k 2130 f 1 2
Therefore, for [ < k + Ny, we obtain

QLY F 18, Tk, T S Copn2 M 313 gl o 1Skh1 2130 f 12 (233)

From this, we have

DD KOS B8 8kh). TN S Copy

|j—k|<No [<k+No

3
>0 2MFielelBkhle | D 2 F I

|j—k|<No [<k+Ny

Leta+b=s5+ % for a > 0, for any fixed &, the sum over —1 <1 < k 4+ Ny can be
estimated by using Cauchy—Schwarz inequality as

2 2
3
Yoo <[ ) 2Iis1 Yo 2
[<k+No [<k+No [ <k+No
S laaCh, (2.34)

where for b # 0,

22b(k+No+1) _ »—2b

For b close to 0, by allowing an extra §-order regularity, we conclude that

DY OB T, Bif) S8 Coy gl IRl e | flae,
|j—kl<No I<k+No
(2.35)

where a1, az, az > 0, a; +ap > s satisfying the constraint a; +az + a3z = 2s + % +4
for any fixed small § > 0. Indeed, recalling (2.34), in which we can take a + b =
s+ % +38and b > %, then Cp r < 8~1/22k8/2 ‘Since |j — k| < No, we get (2.35) for
ai+ar > s+%. In (2.34) we can also take = s—l—%—i—%, b= —% andso Cp i S 5§12,
then we get (2.35) fora; +a> = s,a3 = s+ % + %. This obviously implies that (2.35)
holds fors <aj; +ax <s + %
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Similar argument can be applied to (05 (§;g, §xh), Sr.f) for j < k — Ny to
obtain

(057 (38 Bkh), Sk S Coyon 231381 218k 250 f 12 (236)

Here we take L°° on §; g so that there is a factor 237, We also apply Taylor expansions
to $xh and {?k f to obtain the factor 22k 1et0 < § < % for any combination
ai,az,az > 0, ax + az > 2s satisfying the constraint a; + ax +az = 2s + % + 4, it
holds that

D O Fig S, Saf)| S 872 Coy ol IRl e | £ es.

j<k—Ng

Again similar argument can be applied to (Q;’V(Sjg, Sih), §j f) for j >k + Ny
to get

Q57 18, Bk 57 1)1 S Coyn2 3813 8l 218k 213 2. (237)

Here we also apply Taylor expansions to §x/ and § ; f to get the factor 2257 or 28k+si <

. 3
225/ Here we take L™ on Fih or VEih so that at the end there is a factor 22k Let
0<d< %, for any combination ay, a>, a3 > 0, a1 +a3 > 2s satisfying the constraint
ay+ax +az3 =2s + % + 4, it holds that

Y (0 Fig S, T )| S 67VPCs ylglmer 1 e | £l

Jj=k+No

In summary, we prove the desired estimate with [y =/, =13 = 0.
By (2.15) and (2.19), we can freely transfer weight among g, &, f so that the
estimate in the proposition holds for /] + 1, + 13 = 0. O

Based on the proof of the above proposition, we will derive another version of
cancellation lemma introduced in [1].
The idea is to gain [v — v,4|>® at the price of 2s-order derivatives on the functions.

Lemma 2.3 [Revised cancellation lemma for relative velocity near origin] Let
ay,az, ly, b € R satisfying a1 + a» = 25,11 + 1 =0, then

’ / By gulf - f)dV' < Coynlglyarl flpe.

Proof Recalling the decomposition in frequency space, we have

/Bi”’g*(f/—f)dV =0 (. )= Y (O Big D.FiS)

lj=l1<No
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This is because frequency of g and f lies in the same region when 4 = 1. Following
the estimate on Z; in the proof of Proposition 2.1, we have

KO B8 DB S Copun?®! 1318112130112

Since |j — I| < Ny, by the Cauchy—Schwarz inequality, we can estimate the sum
as

> 223l B 1 S lgluar | flae.

[j—I1<No

By (2.15) and (2.19), we can freely transfer weight among g, f so that the proof of
the proposition is completed. O

2.2.2 Upper bound of Ifl’y

We now estimate (I,” (g, h; B), f) where I;’” (g, h; B) is defined by (2.7) with B,”.
Proposition 2.2 Let [ > 0. Let (a1, @) = (3 +8,5) or (0, 3 +8). Then

(37 (8,13 B, £) 51 Co.syanlgl e 1hlyen | f L,

Proof We only consider the case when 8 = 0 because the following argument also
works with a slight change when we replace 1!/ by aﬂul/ 2 Recall

(I3 (g, ), f) = / By (W), = pi?)guhf'dV =Ty + Tr,  (2.38)
where
T = / BYY (1), — i P)gah(f' = )av,
L= [ By, — wlghsav.

Firstly, for 71, by the Cauchy—Schwarz inequality, we have |Z1| < 7 11 ’/ 121 ]1 / 22 , where

Tu= [ By G+ w2 Ry,
Tiai= [ By, - w Pty
et n * * * .

. 1/4
Using ((1e'/4), +p/

(v, v}, 0’), we have

)2 < 2((M1/2);+ui/2),by the change of variable (v, vy, o) —

Ty <4 / BIY Wl (f = 1AV = AN (uV, ),
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where
N7 (g, 1) ::/B;’Vgi(h/—h)de. (2.39)
Using (' — f)? = (f2) = f2=2f(f" = ). we get

NS (4, f) = / BSY w2 (Y — fHAV —2(057 (12, f). f). (2.40)
By (2.23) and (2.25), the change of variable in Lemma 2.2, we have
' / By (1) — fz)dV‘ = ‘ / By (') — u!?) f2av

1
2 % p2
< / Lo a3V — vl P2t f2dv,dv

< '+ I 1/16f|2
~y+5

Here we have used 1 (v(x)) < /2 (v4(1)) for |v — vy| < 1. By Proposition 2.1, we
have

QYT G2, ), 1 St Coyl f T,
Since y +5 > y + 25 +3,
Tia SN W ) S Cs,%n|f|%1fz' 24D

It is straightforward to see
Tin S / Lo zan/3lv — vel 7 F20178 10075 2 n v, dv

n” 1/16 |2 1/164 2
<S8 +5|u/ gl 11 O e

where a; + ap = % + §. Combining the estimates on 7 1 and Z; 5 gives

1/16

Ti St Cs syl Ol gar | 1Rl s | £ s,

We now turn to estimate 7. By Proposition 2.1, we directly have
T2 = ) / By (') = M”z)g(hf)*dV‘ = |te57 (s 9. u')

1
,S Cs,y,n|hf|HjZI|g|Lzl|N2|H§]+2 Sl Cé,s,y,n|g|Lil|h| 3+a|f|Hjl‘

b
HZ
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By Lemma 2.4 to be proved below, we have
ol = (@37 (hf, 8), n'/)| < Cosyalgl 3aslhlaz, | f iz,
—l

Combining the estimates on Z; and Z, completes the proof of the proposition. O

Lemma 2.4 It holds that

Q57 (fafs f1) 1P| S Cosyalfil 3olf2lme, |l
1

Proof We will follow the proof of Proposition 2.1 by taking g = f2f3,h = f1, f =
1/2
mre.

Recall (2.33) for I < k + Ny that

3
(05 (F8. 8kh). T1.) S Coypn2 2T 01 218 0h 1 12131 f 1 2
Note that
~ ~ A A 3. A A
ITigl2 = lej(fax )2 < lejlerlfalral Zles S 277 falral f3lea.  (2.42)

Here r > 2 > ¢ satisty

—+Z=1+

1 2 1 3
roq 27 r

For the chosen r, when |j — k| < N, we have 23insk < 23k,
For1/q =1/2 4+ 1/p, we have

|f2le < [Ws falp2lWeslor S 1 f2lms,

because sp = 6. Then we obtain

> N0 B8 Bkh). S S Coyp

|j—k|<No I<k+Ny

TR
Z Z 212 03K) | s 3w |k 121G f |2

|j—k|<No I<k+No

3
3k
S Coynl f2lus| f3las | flgs+2 E 225§ hl 2
[j—kl<No

S Csosynl 2lus| f3lus | fluse2 bl gspes S Cs,spnl filgsns| f2las | f31 55

Recalling (2.36) for j < k — Ny, and using (2.42) for r = g = 2, we have
OS5 F g Tkh). Sk )] S Coym2™ | fal 2] f31 12 1Tkhl 2185 £ 12
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which yields
Y O B8 Bk, Sk S Cymlfal ol il D 22K G0l 018 1
j<k—Ny Jj=<k—Ng

2sk+3k %
S Coynl Pl 21312 D 225 RS 2181 £1,2 S Coypnl ol 21 3121k 21 F 1 s
k

S Csyalfilp2lfalp2l f3l 2.
Recalling (2.37) for j > k + Ny, and using (2.42) for r = g = 2, we have
K} A sj 343 ~
HOYY B8 8. 5 )1 S Coy 2T 212K ) o1 £31 2180k 1213 £1 2

which yields
s . ¢ . . Sj43 43 5,
> UG B8 Tkl Fi OIS Coplalpal il Y. 222K 5 015k £l

Jjzk+No Jj=k+No

s
S Coymlfalp2 | f3l 2kl 2 Y 22003015, £l

J
< Coymllp2l 3l 21kl 21 flgasta S Coymlfil 2121215312

Combining the above estimates gives

QY (fafs: f0 16"V S Cosyanl fil 3ol ol s | Fal s

By (2.15) and (2.19), since we can freely transfer weight among fi, f2, f3, u%, then
we put the negative order —/ weight on each of fi, f», f3 and the positive order 3/
weight on ,u% to obtain the final estimate. O
2.2.3 Upper bound of F;’V
Similarly to (2.6),

U7 (g, hs B) = Q) (gdpi' ) + 1,7 (g, hs B). (2.43)

By Propositions 2.1 and 2.2, we have the following proposition.

Proposition 2.3 Let (ay, ap) = (% + 8, 5) or (s, % + 68). Then it holds that
(T3 (8,13 B)s £) St Cousopnl8ly ] oo | i,
2.2.4 Upper bound of E;’y
Recall that £3," (f; Bo, B1) = E;)f (f; Bo, B1) + Lf,’,Z(f; Bo, B1) where
Ly (f5 o. Br) := =T (0p, 1'%, f o).
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Ly (S5 o, B1) i= =TV (f, 9p,1"?; Bo).-
If |Bol = |B1] = 0, the operators are reduced to
LYV f =Ly (f30,0), L7 f=L7(f:0,0), L f=L"%(f50,0).
By Proposition 2.3, we have the following proposition.

Proposition 2.4 It holds that

KLY CF3 Bos B I St Coyl Flizs s,

Note that for any 0 < «, ¢ < 1,

(1 - g) (0 + (vl < )P + v < (1 + ?) (0 + [val®),

which yields

PR ) < 1EE)LEO) < pF )R s, (2.44)

Thus, this estimate keeps a /1-type weight in the upper bound of £

Proposition 2.5 It holds that

LS (F5 Bos BN S Co it Flas 130 s

Proof For simplicity, we only consider |Bg| = |81] = 0. Note that

(=L 5 foh) = (200 (WP f ), by
= f By (! (™ Py = 2hydv
= / By (! e 2 (0 = mdv
+ / By fu PR (), — i/ H)aV = Y1 + Yo

We first estimate Y;. Observe that

N= [ 87 G a  ha
= [ B G2 Py = Py

+ / BSY (V2 (! — VWAV = Y11 + Vi,
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Lemma 2.3 implies

Y111 S Coyonlil 2 flus 1 20 s

By (2.23) and (2.25), using (2.44), and the change of variable v — v’, we have
2 112, 1712 e 1/16

11215 [ muatcanaly = oal? 2l e/ Phdvdy < T ul/10 101!/ 00 .

We now turn to Y. Note that
172
B = [ B P, - v
172
- f By fuu!? — (V0N (), — wil*av

+ / By fu(u YR (2, — i Hav
=121+ Y20,

Observe Y22 = [ By (u'/2h),(u!/? — (1'/2)') f'dV. Similarly to the estimate on
Y12, we get

5
Yool < n’* 1/16 1/16),
Y2.2] S —5|M Slezln L2

By the Cauchy—Schwarz inequality, we get

12
V21| < ( / BYY R (M — (42 ((u”“)*w”“)de)
1/4.2 12
x ( / BSY (%) (), — i D2+ (! )ZdV>
1/4 12
= ( / B fRuM ™ — (M2, + ! >2dV>
1/4 12
x ( / BSY R (M — (M2 (!, + ! >2dV> :
By Taylor expansion, using (2.44) to obtain the u-type weight, we get

1/4.2 77
My < |u‘/32f|L2,

sy f20,, 174, 1/4 1/4
/Bn fi (e 2, + s —

which gives |Y21| < (y + 5)_lny+5|ul/32f|Lz|,u1/32h|Lz. Combining the above
estimates completes the proof of the proposition. O

By Propositions 2.4 and 2.5, we also have the following proposition.
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Proposition 2.6 It holds that
LY (fs Bos B | St Csy ol f s Bl s,

2.3 Upper bound estimate in the regular region

In this subsection, we will derive some upper bound estimates in the regular region
|v — vi| 2 n. This region is relatively easy by observing

v — vl "Y1 (v — v S0V (v — i) (2.45)

So we briefly illustrate the key ideas and give relevant references instead of reproducing
the proof. Throughout this subsection, 0 <s <1, -=5<y <0,0 <n < 1.

2.3.1 Upper bound of Q%:¥>1

Setu = v — vy, then v = vy + u, vV = v + ut where ut = ‘”l"% Define
the translation operator 7y, by (Ty, f)(v) = f(v« 4+ v). We recall the geometric
decomposition into radial and spherical parts

+
F@) = f) = (((Tv*fxu*) —(Tu. /) <|u|”—+)))
]

ut
+ ((Tv*f) <|u| T ) - (Tv*f)(u))
|u™|
= radial part 4+ spherical part. (2.46)

We first analyze the radial part. Note that |ut — |u|‘Z—:‘| = |ul(1—cos) =

2|u| sin’ %, which yields an order-2 cancellation in the angular singularity. By using
the localization technique in [28], the radial part in (2.46) can be controlled by gain
of W in the phase and frequency spaces, namely the two Sobolev norms L? and H®.
Similarly to Lemma 2.6 in [28], we have

Lemma 2.5 Set V"7 (h, f) = [ b* (i) lul? Y @h @)L f @)= f(ul i) ldodu,

where we use b*(cos 0) to denote b*(0) with a little abuse of notation, then

VSV, IS 5™ (W ahl 2 + Wy 2kl a) Wy 2 f 112 + Wy 2 f1s).

The following lemma deals with the quadratic term in the case y = 0. Similarly to
Lemma 2.2 in [28], we have

Lemma2.6 Let Z°(f) := fbs(ﬁ ~o)|f(|u|Z—i|) — f(h)|?dodu. Then
Z5(f) SsT WD) f12, + W £12,).
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We now analyze the spherical part. In the following lemma, we recall a preliminary

result on the characterization of norm | (1 — ASz)S/ 2 Sfl2 S The proof of the lemma
can be found in Lemma 5.5 of [26]. Note that we add a factor s (1 —s) for consideration
of the limits — 0T ors — 1~

Lemma 2.7 Let f be a smooth function defined on S?. Then

2 o
PP, +5(1 )// o) = éﬁ;" dodr ~ (1= A2)" 12,00,
2.47)

The constant associated to ~ is independent of s.

By Lemma 2.7, it is direct to derive the following lemma. One can refer to Propo-
sition 2.3 in [28].

Lemma 2.8 Let AS(f) = sfbs(l’;—‘ o) f(u) — f(|u||z—j:|)|2dodu where ut =

”+|”‘U , then

A+ 172 ~ IWe((—Ae) D) fI7. (2.48)

Then similarly to Proposition 2.6 in [28], by the decomposition (2.46), using (2.45),
then by Lemmas 2.5 and 2.8, we can derive the following upper bound of Q*7-"7.

Proposition 2.7 It holds that

Q™" (g, by, F)I S s™'n”Igl

ly|+2s

|h|s,y/2|f|s,y/2-

2.3.2 Upper bound of I*Y>1
We now study (15V""(g, h; B), f)where I*V"(g, h; B)isdefined by (2.7) with B*-?"".

To this end, we first derive a revised version of the cancellation lemma introduced in
[1] for the kernel BS--7,

Lemma 2.9 [Revised cancellation lemma for relative velocity away from origin] For
la] < —y, we have

’/ B*V1(Ju — vy, cos 0) gy (h' — h)dV‘ Sn'lglplhl - (2.49)

Proof By the cancellation lemma in [1], recalling B%"""(Jv — v4|,cos0) = |v —
Ve[V D5 (@)Y (Jv — vy|) where Y7 =1 — i, we have

/B“””"(h} — vy|, cos0) gy (h' — h)dV = f SEV (v — vy) gshdvgdv, (2.50)
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where

sf’%"(u—v*)=f\u—u*|yb~‘(9) (cosy3z1//'7(|”';*|)—x//"(u—v*|)) do. (2.51)
2

COS »
By using (1.23) and the property of 7, we get
IS = vl S Ly, ppz3pavp v — sl

Observe that

Vomimz3/avm |V = Vel” S 1im g pxay@ya) 17 (06 )74
“Fllva*\Zl(U*)a (U>_a,
which yields (2.49) and this completes the proof of the lemma. O

Recalling the decomposition (2.40), by Lemma 2.9 and Proposition 2.7, we have
the following upper bound estimate on N**”*" which is defined by

NSV (g, h) :=/B‘W”7gf(h’—h)2dv. (2.52)

Proposition 2.8 It holds uniformly for 1/4 < a < 1/2 that
S, —1 2
NIV, ) S s7 0V 115y 0

The following lemma is about an integral over the sphere S2.

Lemma 2.10 Recallb*(9) from(1.22). Denote Ay (€) := [ b*(9) min{|&|? sin®(6/2), 1}
do. Then

1—ys

AsE 126, A®) S 1ol + L g max{—— 1}IE[* < s71(€).

s
As Proposition 4.2 in [27] and Proposition 3.2 in [16], by applying Proposition 2.7
and Lemma 2.9, we can derive the upper bound of (/°77(g, h; B), f) stated in the

following proposition. Note that the factor s ~! comes from Lemma 2.10 and the factor
nY comes from (2.45).

Proposition 2.9 It holds that
(1715 bz B S 570 lglia hlsy alWef g2 -
The constant associated to < may depend on |B| but noton s, y.
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2.3.3 Upper bound of Y1
Similarly to (2.6),
FS»J/,W(g, h; B) = QS,VJ?(gaﬁMlﬂ7 h) + I””’”(g, h; B). (2.53)

By Propositions 2.7 and 2.9, we have the following estimate.

Proposition 2.10 It holds that

(T>7 (g, b B, I S s~ 0 1glp2lhlsy 2l £ sy j2-
2.3.4 Upper bound of £5Y>1
Recall L577(f; Bo, B1) = L7 (f3 Bo. B1) + L57"(f; Bo. B1) where

LY7(f5 Bo. Br) == —T571 (g, 1, £ o).
LY7(f5 Bo. Br) == ~TS7(f g, /% Bo).

If |Bo| = |B1] = 0, the operators are reduced to
LOVNf = L970(f30,0), Ly f=L771(f50,00, L7 =Ly7"(f30,0).
By using Proposition 2.10, we have the following estimates.
Proposition 2.11 It holds that
KLY (f3 Bo. B IS s~ 07 1 flsy2lhls.y 2.

For ﬁ;’y’n, we have the following estimate.

Proposition 2.12 [t holds that

LS CFs Bos B IS Y 132 £l 21 320 2. (2.54)

Proof Since the proof is similar to that of Proposition 2.5, we omit the details. Here,
we do not have the factor s~! because of the cancellation Lemma 2.9. O

Propositions 2.11 and 2.12 give the following estimate.

Proposition 2.13 It holds that
WLV (Fs Bo B B S s 07 [ fls.yp2lBls.y 2
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2.4 Upper bounds of 'Y, LSV
We combine the the estimates in subsect. 2.2 and 2.3 to obtain several operator esti-
mates for later use.

Propositions 2.3 and 2.10 with n = 1 give the following upper bound estimate on
rs:v.

Theorem 2.1 For 0 < § < 1, let (a1,a2) = (3 +8,5) or (s, 3 +8). Let Cs 5, =
§ V257 (y +254+3)"L. Then

KTV (g, hs B), ) S Cosylglyarlhl e | flas, +57 gl 2lhls 2l fls.yp 2.

Propositions 2.6 and 2.13 with n = 1 give the following upper bound estimate on

LY,
Theorem 2.2 Set

Csy=s "y +2s+3)7" (2.55)
It holds that

|<Ls’y(f; /30’ ,81)7 h>| 5 Cs,y|f|s,y/2|h|s,y/2-

The following result will be used in Sect.4 to obtain dissipation estimate on the
macroscopic component.

Proposition 2.14 Let P be a polynomial function. For any combination ay,a; > 0
satisfying the constraint a; + ap = s, it holds that

. 1 1 1 _ 1 1
(TS (g, h), u2 P)| S Cs oyl glyar |3 hlga + s~ ¥ gl 2lndhl . (2.56)
Proof First note that

(D% (g, h), w2 P) = (Q*Y (u?g, uh), P)
= (037 (uig. wih), P)+ (0" (uig, uih), P).

Applying Proposition 2.1 with az = s + % + & and taking /3 negatively small enough
relative to the degree of P, we get

sy, L 1 < 1 1
(@) (n2g, u2h), P)| < Csyli? gl [n*hlpa.
;1
By using (2.22) to P’ — P and (2.24), thanks to the factor 2 i3, we have

1 1 — 1 1
(@7 (uig. uih), PY| S 57 glpaliathl o

Combining the two parts completes the proof of the proposition. O
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2.5 Commutator estimates and weighted estimates

Similarly to the commutator estimates in [28] and [16], we have the following com-
mutator estimate for I'S:V .

Proposition 2.15 Letl,l; > 0.Let0 < § < 1/2and (a1, az) = (3+8, 5) or (s, 3+8),
then

(T (g, Wih; B) — Wil (g, h; B), f)]
Sty Cosp it/ gl e |h|Hf§1 |flsyrp+57" |g|L2|h|L12+y/2|f|s’y/2'

Theorem 2.1 and Proposition 2.15 together give the following weighted upper bound
estimate.
Corollary 2.1 Let [ > 0. Let 0 < § < 1/2 and (a1, a2) = (3 +8,5) or (s, 3 + ),
then
(07 (g 1 B). Wat /)| St Coslglgey Il | Flse 2

+s7! Ll 21 bls vy 2| f sy 2-

As an application of Proposition 2.15, we have the following corollary.

Corollary 2.2 Letl,ly > 0, then

[{WIL™Y (g5 o, Br) = L7 (Wig; Bo, B, NI iy Coyl8las, 1S sy 2

—1
S 3 .
+ |g|L12+y/2|f|A,}//2

In the special case fp = B1 = 0 and g = f, thanks to some symmetry structure,
similarly to Lemma 3.10 in [16], we have

(IWe, L571f, Wi S v+ 7 f15 (2.57)
I+y/2

3 Coercivity estimate

In this section, we will prove coercivity estimate of the linear operator £%77 for
some 1 > 0. This is a linear counterpart of the famous Boltzmann’s H-theorem near
Maxwellian. Unless otherwise specified, the parameter range is -5 < y < 0,0 <
s < 1. The parameter y actually can tend to —oo because we consider the regular
domain |v — vy| 2 1 > 0.

The proof contains two parts. One is a rough coercivity estimate capturing the norm
| - |5,y /2 with a lower order correction norm | - | L2, The other is a spectrum-gap type

estimate to recover the lower order norm | - |2 . Accordingly, we divide this section
v/2

into two subsections.
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3.1 Rough coercivity estimate
In this subsection, we will prove the rough coercivity estimate of £%7°7 for small

n > 01in Theorem 3.1. The strategy relies on the following relation (see the proof of
Theorem 3.1):

(LTI A e Z NI ) N, G

where the functional A/*:¥"7 is defined by (2.52). If = 0, then ¥7 = 1 and we write
NSV = NSO If y =5 = 0, we write N* = N0 for simplicity. Thanks to (3.1),
to obtain the coercivity estimate of £°7-", it suffices to estimate from below the two
functionals NV (/2 £) and NSV1(f, ul/?).

3.1.1 Gain of weight from N>Y>11(f, u'/?)

The functional N'*>7"7( f, 11'/?) produces weight W; in the phase space.

Proposition3.1 Let 0 < n < 1, then

NOTE )+ 115, = ClfIF
v/2 v/2+s

where C > 0 is a generic constant.

Proof Let 0 < & < 1. We consider the set A(8) := {(vi, v,0) : |v]| < 2, |vs| >
4, sin% < 8|vy| ™). Since |v — vy| > 2 > 4/3 in the set A(8), we get

NSVI(F i) 2/Bs’ylA(S)ff((Ml/z)/—Ml/z)de- (3.2)

Note that Vi '/? = —#v and V21?2 = #(—213 + v ® v). By Taylor expansion
(2.22), using the basic inequality (a — b)? > a?/2 — b2, we have

1
%Iv S =) - /0 (V2 ) )P | — vl*de.

2
(120" = )" =
Plugging this into (3.2), we get

NS, i)

v

1 )
5 [ B e ule- of - ofay (3.3)
— [ 87 Lo T )P vitavae
1
=3 17 =137 ().
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To estimate If’y(éi), for fixed wv,v,, choose an orthonormal basis
(hl  h? Y=Y« ) such that do = sin #ddd¢. Then one has

UV, Vs 7TV, Vs [u—y]

/
vV —v 0 0 . .0 v—v
——— =08 ~ cosgh) , +cos —singh’, —sin - —
v/ — v| 2 E 2 E 2 v — vyl
and
v vV—v
1 2 *
— =—c1h + coh +c3
ol — e TR e Ty
where ¢3 = ﬁ ﬁ:m and ¢y, ¢; are constants independent of 6 and ¢. Then we have
v vV —v 0 6t 0 p .0
— . ——— =] COS = COS €y COs — sin¢ — ¢3sin —.
[v] v — | 2 2 2
Thus
/
v vV —vw 0 0 . .0
|— - —|2 = C%COS2 = coszq& + c%cos2 = s1n2¢ + c% sin? ~
[v] v/ — | 2 2 2
)0 . o . 0 .
+2cico cos 3 cos ¢ sin¢ — 2c¢3 cos 3 sin E(Cl cos ¢ + cp sin¢).
Since [V — v| = |v — vy sin% and cos? % > %, by integrating with respect to o and

recalling b°(0) = (1 —s) sin=2=2s %10595,,/2, we have

s N2 _ T s : Q N : Q
b* (@)1 a@lv- (V" —v)|*do =4 b” (0) sin 21A(6)\U - (v —v)|“ded sin 2
0 Jo
2, 2.2 2 [T sy 3 ? .0
> 27 (cy + 3)|v|7 v — vy A b’ (0) sin EIA((g)dsmE
2 877 (] + e P 2P — vl ),

where B(5) = {(v, v) : |v| = 4, |v]| < 2}. Note that

2
v v
A+ —vl =1 =F)v— v = (1 - (— z ) ) v, |?

o] vyl

gives

2
, _ v v
/bf(e)u(mv-(v —v)|*do 2 877 (1 —( - ) )|v*|2S|v|213<5).

o] vyl

Plugging this estimate in the definition of If’y (8), we get

2
_ v v
If”(a)z/# s (1— (—- u ) )Iv*lzslvlzlma)lv—v*lyu(v)ffdvdv*.

o] vyl
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Note that in the region B(§), one has

3
Slvsl = v = val = Slval. 34

We then obtain

2
9 v v .
777 (6) 2 8 %/(1 - <m~ |v*|) >Iv*IV”AIvlle(a)u(v)ffdvdv*
*

2—2s 2s 2
Z 8 A/le”“hvuzétf*dv*,

where we have used the fact that | <1 - ( L

2
o W) > |v|2,u,(v)1|v‘52dv > (0 which
is independent of v,.

We now turn to estimate Z,"” (8). By (3.4) and |v(k) — v«| < |v — v|, we have

146 = Loz Lgin 9 <350 0,1+

Recalling BSY = |v — v,|Vb°(@), |v/ — v| = |v — vy sin %, by (3.4), and by using
V2172 < w'/* and the change of variable v — v(x) in Lemma 2.2, we have

7 6) = /Iv = 0l B O)1 4 |V D )P - vl f2dVdi

(%
< s 47 _ 4-2s
N /b (0) sin 21|U*|241sin%ggs\v—v*rl“’ Vx|

12 () |oe VT fdVdi

_ 6 ,
_ s .40 _ 4-2s ,7-2s
= /b (0) sin’ 21|”*|34lsin%ggﬁ\va*\_lw;l(é)lv Vx| Ve T(0)
12 )oY £ dvdie

SEM f Hoiza P @172 fdvdos < 6472 ( / 1|v*|z4|U*\y+2sfde*>-

Combining the estimate on Z}"”' (8) and Z, "7 () gives

NI ) 2 (€1 = Ca8?) 627 f T zalval7 2 fldvs,

for some generic constants C1, C> > 0. By choosing 6 such that Cr8% = C1/2, and
observing [vy]” 25 ~ (v,)7 12 for |v,| > 4, we get

NSV(F 2y > / Lo 24 ()7 72 f2dv,
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4952 T.Yang, Y.-L. Zhou

If |vs| < 4, then (vy)Y 125 ~ (v,)?. Then the proof of the proposition is completed. O

In the following, we focus on gain of regularity from N ”’*”(;ﬁ, f). The strategy
can be stated as follows.

(1) Gain of regularity from N*(g, f);
(2) Gain of regularity from A*%7(g, f) by reducing to N (g, f);
(3) Gain of regularity from N7 (g, f) by reducing to N*:07 (g, f).

3.1.2 Gain of regularity from A% (g, f).
We derive Sobolev regularity from A (g, f) by the following result obtained in [1].

For g > Owith|g|;1 > 8 > Oand |g|L} < A < o0, there exists a constant C(8, A) > 0
such that

/ bcosO)g,(f — 1AV + |fPa = C.Wla(D) f . (3.6)

where a(§) == [ b(é—‘ - o) min{|£|*>sin?(0/2), 1}do + 1. By applying (3.6) to the
angular function b* and using Lemma 2.10, we have the following lemma.

Lemma 3.1 Let g be a function such that |g|;> > § > 0, |g|L%/2 < A < 09, then there
is a constant C (8, ) > 0 such that

No(g, )+ 11 = CE I f 3.

We now extract the anisotropic norm |Ws((—ASz)1/2)f|i2 from N*¥(g, f) by
/2
Bobylev’s formula and the upper bound of the radial part. ’

Lemma 3.2 It holds that
N (. )+ 1812 AW (D) f 172 + W f172) Z 181721 Ws (—Ae2) ) f172-

Proof By Bobylev’s formula, we have

) 1 ) -~ A N
N = oo [0 (i) (POnfe - fene

(m)} &1 ]
FN(EO) — 2ENFEF©)) dods
. |g|iz 2

= et

where £ = £H1% and = = £7E7 Note that g2(0) — g2(67) = [(1 — cos(v -
. . +
£))g*(dvand 1 —cos(v-£7) < min{[vl?[£ 2|5 —o %, 1} ~ min{|v[?[§ 2] 55 —
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o |?, 1}. By the Cauchy—Schwarz inequality and the change of variable £ — &7, using
Lemma 2.10 and the fact that W (|v]|&]) < Ws(Jv|) Ws(|€]), we have

|T| Ss”f(Ws>2(|v||é|)|f(s>|2g2<v>dvdé S sTHWegl1L I We(D) f17,. (37)

Now we turn to estimate 7. By the geometric decomposition

A A A + A + A
fE—-fEDH=71E - f(lélé—+|)+f<lélé—+|>—f(€+), (3.8)

and using (a + b)2 > a2/2 — b2, we have 7| > %IM — 71 2 where

[ i)
i1 "/b (|s| )‘f@) <'€'|s+|

dodég,

2
Tin:= | b > )= fED)| dode.
12 / (|§| >‘f<"§'|s+|> SED)| dods
By Lemma 2.8,
Tia+ s f17 ~sTHW(=As) A £17. (3.9)
By Lemma 2.6,

Tia S5 (IWeD) 13, + IWef122) = s~ (IW D) £ 12, + W, £132).
(3.10)

Combining (3.7), (3.9) and (3.10) completes the proof. O

3.1.3 Gain of regularity from A/5°%1(g, f)

We firstintroduce some notations. Recall g (v) := ¥ (v/R).Let s, , (v) := ¥ (v—u)
and ¢r .y = Y14r — Y4r,u forsomer, R > Oand u € R3. The following lemma
bounds N*-07 (g, f) by N*(g, f) from below provided the distance between supports
of g and f is suitably large.

Lemma3.3 For0 <n <1 < R, we have

N0, )+ 181721 f 172 2 N (rg. (1= Yur) f). (3.11)

ForO<n<r <1<R,u € Bgg, we have

./\/S’O’”(g, )+ r_2R2|g|iz|f|iz 2N (DR ru& Yruf) (3.12)
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Proof We proceed in the spirit of [3, 25]. Note that g is supported in |v| < ‘3—1'R
and equals to 1 in |v| < %R. 1 — g is supported in |v| > %R and equals to 1 in
lv] = 3R.If [us| < R and |v| > 3R, then [v — v,| > 3R > 7, which gives
YRrWs) (1 = Yar(v)) < 1jy_y,|>4y/3- Hence,

N0, ) 2 [ DOz - PV

v

/ O Wrg)2(f — (1 — yar)?dV

\

1 )
> > / b @) (YR — Yuar) f) — (1 — Yug) £)*dV
1
- / b O)WrE(f) (Wi — Yar)*dV = ;0 -1

We now estimate 7. Since | Vgl < R7 VY e S R™L we get (Wr)2 (W), —
Yar)® S R0 —v|* = R™2[u—v,[*sin?(0/2).1f [v,| < 3R < 2R, |[v] > 20R,0 <
0 < m/2, we have

[V — va| = cos(0/2)|v — vi| = cos(0/2)(Jv] — |v4]) = IV2R.

Then we have [v'| > [v/ — vy| — |v4] = 9v/2R — 2R > 6R, which gives Y4z (V') =
0 = Yur(v). Thatis, (Yr)?(Y}r — Yar)? is supported in [v] < 20R, |vs| < 2R.
Thus, we have

(WR)Z(Whg — War)* < 11yj<20R jus|<2R R 2| — v4|? sin®(6/2) < sin(6/2).

By the change of variable v — v’ and using (1.23), we get

T < / ¢2 F2dudv, < |gPal £

This together with the fact that Zy = N (¥rg, (1 — Yug) f) give (3.11).

If v € suppyr u, v« € SUPPPR.r u, WE claim |[v — vy| > r > 5. In fact, if v €
supp¥, 4, then [v — u| < %r. If lve, —u|l < 3r = % x 4r, then ¥4, 4 (vs) = 1.
Moreover, |vy| < |u|+|u —vs| < 6R4+3r <9R < % X 14R, then Yri4g (v4) = 1. As
aresult, g, (v«<) = 0. From this if v, € suppeg .., then |vy, — u| > 3r. Therefore,
if v € suppyr u, Vs« € SUPPPR r.u» then [v — vy| > v —u| — v —u| > %r > %n.
Thus,

N=OI (g, f) = /bs(g)llv—v*\z4n/3g»2<(f/ - v

v

/ B O) brrug)2(f — P2,V

\Y

1
> > / b O)(DRru8)2((Wra f) — Vru f)?dV
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‘ 1
—/bA O (PR w2 ([ (W) = Yru)*dV = N =

We now estimate J. Since |V, , (v)| < r‘l|V1//|Lool3r/4§‘v,u|54,/3, by Taylor
expansion, we get

2

1
|1/f;,u—wr,u|2=‘ / Vi u (0) - () —v)die| <2 v — vl sin®(6/2)
0
1
/13r/4§|v(lc)fu|§4r/3d’c~
0

For u € Bgpr, |v«| <20R,3r/4 < |v(k) —u| < 4r/3, we have

[V — vl < V2[0(K) = ve] < V200 (k) — ul
+2u — vy| <4v2r/3 4+ V2(6R +20R) < 28V/2R,

and
(@R a)3 Wy = Vra)® S 2R 5in?(0/2).
By the change of variable v — v" and (1.23), we get
T SrR? f g7 f2dvdv, $r 2 Rgl7.1 £ 17,
This together with the fact that 71 = N*(¢r.r.ug, ¥r.uf) give (3.12). O

3.1.4 Gain of regularity from A/S¥V>1(u'/2_f)
We first establish a relation between N7+ and A/S:0-7,

Lemma 3.4 Fory <0 <n, one has

NZPI (g, ) + |g|i‘2/

" Iflii/2 2N OUWy g, Wy 2 f)-

Proof Set F =W, o f. If y <0, then [v — v«]¥ > (v — v4)” and thus
NST(g, f) = f B OY (v = )0 = 0.7 (W o FY = Wy p F)AV.

We apply the following decomposition
W_yoF) = W_ypoF = (W_y ) (F' = F) + F(W_, , = W_y, ).
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Using (a + b)2 > a2/2 —b%, we get N5V (g, f) > %Il — 1, where
7, = be(e)qu — v D)o — )7 W (F' — F)2dV,
I = /bs(e)vf”(lv — v v — ) g FAWL, )5 = Woy 2)?dV.

Since (v.)Y < (ve — V)V W)TY ~ (vy — V)Y (W)Y, we get Iy > NSO
(W, 28, Wy, 2 f). Taylor expansion implies that

Wy = Woy2) S 1o — vl sin®(0/2) / V()™ ~dr.
Note that
(V= v o = P (W) 7T S (W) — v 0) T TS ()7
By the above estimate and (1.23), we get

I 5/g§<v*>|y\+zpzdvdv* < |g|i|2 Y ]|F|iz.
v/21+

Combining the estimates on Z7 and Z, completes the proof of the lemma. O
We are now ready to derive gain of regularity from N7 (/2. f).

Proposition3.2 For -5 <y <0<np <n;:= 624(2”)1/2(211W—5(3/4)M(3/4))1/3, it
holds that

NSV Y+ (WWy o f 122 2 IWs(—Ag) Wy 2 f 135 + W (DYWy 2 f 175
Proof Taking g = ,ul/ 2 in Lemma 3.4, we have

NS,]/,H(MI/Z’ f) + |f|§12/2 Z NS,O,W(WV/2M1/2’ Wy/Zf)
Y

> NSO W_s o2 Wy, 0 ).

Taking g = W_5/2M]/2, f=F:=W,,finLemma3.3,wehaveforn <r <1<
R, u € Bgp that

NSONW_s o2, F) + | F 12, 2 N (prWs /%, (1 = Yup) F), (3.13)
NX'O’U(W_S/Q,M]/Z, F)+ 772R2|F|iz 2 NS(¢R,r,LzW—5/2,U«1/2’ VruF). (3.14)

From now on, take R = 1, then ¢g(v) = ¥ (v) = 1 for |v| < 3/4, we get
4
R W52, = / VW sidv = GGG/ =5
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Recalling ¢r ;. u = Y14r — Var,u and Y14g > Yg, we have

1
f $r, o W-sudv > = f YiagWospdv — f Vi W-sndv

V

= _52 /wélr uW—SMdv

< %”(%rf(Zn)_% = Cri. By choosing r such that

Note that f@//‘42_r’uW75MdU

cri= icﬁ,we get

bR uWospon' /217, = 87 /4.
Note that r = 2 (27)/2( W_5(3/4)(3/4))"/3. Therefore, we have

min{|gr, ru W—s/ot"/?| 12, [WRW_s/21' 2|12} > 8,/2. (3.15)

On the other hand, note that

1/2
max{[YrWos/21 %1 2, 0. u W5 21 2} < Inl? = (3.16)

Thanks to (3.15) and (3.16), by Lemma 3.1, as §, is a generic constant, we get

NE@rW 30" (1= ) F) + [(1 = Yar) F 172 2 |(1 = Yar) Fl3s.
(3.17)

N @R ra W32 2 Vi F) + W F120 2 W F 135 (3.18)

Note that 1 — 4 (v) = 1if |[v| > 6R > ?R. There is a finite cover of Bgg with open
ball B, (u;) foru; € Bggr.More precisely, there exists {u }j-vzl C Bgp suchthat Bgg C

U]=1 By (uj), where N ~ %3 is a generic constant. We then have {4 < Z?le w,,uj

and thus [YugF|%, < N Z];V:l [¥r.u,; F|%s. From this together with (3.13), (3.14),
(3.17), (3.18), since r is a generic constant, we get forany 0 < n <r,

NSV ) 4 |f|iz/2 2 8 Wy o flis 2 IWs (D)W, o f 12, (3.19)
Y
Thanks to (3.15) and (3.16), by Lemma 3.2, we get

N (YW= (1 = Yar) F) + (101 = Yar) Flgps + (1 = Yur) FI)
> [Wo((=A) )1 = Yur) |2,

N (@R W32 A F) + (W F e + 19 FI72)
> Wy (=8s) D ru f] 3.
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By applying the same finite cover argument, we also have

NSV (2] f) + |WY(D)Wy/2f|iz + |VVSW)//2f|iZ
> [ Wol(=2e) )Wy f |7 (3.20)

Finally a suitable combination of (3.19) and (3.20) completes the proof. O
3.1.5 Rough coercivity estimate of (L>Y>1f, f)

By Propositions 3.1 and 3.2, we have the following estimate.

Proposition 3.3 Ler —5 < y < 0 < n < ny where ny is the constant in Proposition
3.2. Then

NSV Py 4 NS (2 ) + |f|iz/2 21 130
v
Now we are ready to prove the following rough coercivity estimate.

Theorem 3.1 Let —5 < y < 0 < n < n| where 1 is the constant in Proposition 3.2.
Then

LTI )+ e 2 Ry (3.21)
Ly ’

Proof We recall that N7 (/2 )4+ N*71(f, u'/?) corresponds to the anisotropic
norm ||| - ||| introduced in [4]. By the proof of Proposition 2.16 in [4],

(E77F, ) 2 AP PIG, f) + NP )
—% ‘ / B (%)~ fz)dV‘ :

By the cancellation Lemma 2.9, we have

' [ By - fz)dV’ Swifes
Therefore, we have

(L1, ) 2 35 (AP, ) AT P — O L (22)

By Proposition 2.12, we get

T S I B 1 S0P 1f 1 (323)

Note that (3.22) and (3.23) imply (3.1).
Then by applying Proposition 3.3, we finish the proof. O
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3.2 Spectrum-gap type estimate

In this subsection, we consider the coercivity estimates of £57>" in the microscopic
space. This is also referred to as the “spectral gap" estimate.

Recall ker(ﬁ%y) = ker(ﬁ{) = span{/[t, /IV1, / V2, \/AV3, ﬁ|v|2} := Ker.

An orthonormal basis of ker can be chosen as

(VI VIVL, V2, 103, (0P = 3)/V6) == {ej}1<)<s.
The projection operator P on the kernel space is defined as follows:
5
Pfi=) (f.ej)ej=(a+b v+cpP) Vi, (3:24)
j=l1

where for 1 <i <3,

5 2
a= f (5 - %) Vufdv b = | vi/pfdv;
2
‘= / (% _ %) JEfdv. (3.25)

We will show that the lower order term | f |iz in (3.21) can be dropped for f € ker™.
2

Y
The idea is to firstly consider the special case y = 0 and then to use mathematical
induction for the general case y < 0.

3.2.1 Thecasey =0
This case is clear, cf. the explicit spectrum computation by Wang-Chang [39], in
which the authors showed that the smallest positive eigenvalue is bounded from below

by [ b(cosH) sin? %da up to a multiplicative factor. Recalling (1.23), it holds for
f € ker™ that

(LO0F L F) =l f 1.

By the proof of Theorem 3.1 for the case of y = 0, we can also take n = 0 to get

(LSOO F B+ 2 1 f o

Hence, there exists a generic constant 1> > 0 such that
(LO0F, f) = 2l f o (3.26)

We now show that £5:07 also satisfies the above estimate if 7 is small enough. For
this, we prove smallness of (E‘;'O f, f) when 7 is small.
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Lemma3.5 Let 0 < n < 1, then it holds for f € kert that
(LOF, F) S s

Proof Firstly, note that (L30 ., f) < 2N5(u'/2, f)+2N5(f. n!/?), where the func-
tional \V;)” is defined in (2.39). By (2.41), we have

N2 ) S0P flgs.

Recall
NI(f. 1P = /b"(e)wnqv — v 2 = ).
By using |(1!/?)" — u!/?| < |v — v46 and (1.23), we have

Ny (f ') S f b O)¥y(Jv — va)) £ 10 — 0,767V

2 2 2
S / L—v,l<an/3 f210 = velPdvdos S 7°|f175.

Combining the above estimates completes the proof.
O

From (3.26), by taking n small enough in Lemma 3.5, we get the following coer-
civity estimate.

Lemma 3.6 There is a generic constant o > 0 such that for f € ker™, it holds that
(L0, f) = ol f17 0.

3.2.2 The general casey < 0

The coercivity estimate of £57>" in the space ker™ for y < 0 can be stated as follows.

Theorem 3.2 For —5 < y < 0, with the constant 1| defined in Proposition 3.2 and
the constants 10y, Lo defined in Lemma 3.6, let n = min{ny, n2}. There is a generic
constant O < ¢ < 1 such that for any y € [-5, 0] satisfying —ks <y < —(k — 1)s
for some integer k > 0, it holds for f € ker™ that

k__ k_ k
(L fy = TSNS (3.27)
Remark 3.1 Theorem 3.2 indeed holds for any y < 0 even though we only need it for
-5<y=<0.

The analysis can also be applied to the case when y > 0.
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k k k
For later use, set A, = 212 ’])»(2)

bound of A; .
Remark 3.2 Fory > —2s — 3,as —y /s < 2+ 3/s, then

. The following remark is about the lower

2+43/s]_ [243/s1_ [243/s]
Ay =c? 152 23 = Ay (3.28)

Here [a] is the smallest integer no less than a. Note that A is non-decreasing with
respect to s.

Motivated by [4, 27] about exchanging the kinetic component in the cross-section
with a weight of velocity on the function, we can apply an induction argument based
on the estimate for the case y = 0 obtained in Lemma 3.6 and the gain of moment of
order s. As the first step, we reduce the case —s < y < 0 to the special case y = 0,
and then by induction to cover the whole range —5 < y < 0. To this end, we need a
scaled weight function

Us(v) := W(©v) = (1 4+ 8%v|»)? > max{s|v], 1}. (3.29)

Here § is a sufficiently small parameter to be chosen later. We now give two technical
lemmas on some integrals involving Us.

Lemma3.7 Let —5 < a8 < 0 < 5,8 < L Set X(8,8) = &P
2
((Uf/ yYwh?y, —ul! 2(U§}/2)*> . Recall (1.22) for b*(0). Then for v € R3,

f b*(O0)|v — v * Y (v — v )X (B, ) padodv, < 57187y (v)* T

Proof First, it is straightforward to check

1
v — vl Y (v — val s S 0% — 0% S N )M S ()l

Note that
2
X8 s 5P W (WP — W)
2
+sPUP ((Uf/z); - (Uf”)*) = A + Ay,

We only estimate Aj because A, can be estimated similarly.
For a < 0, one has

IVU{| < lalsUy, (3.30)

which gives

1 2
(g — (Uf))2 = ‘/0 (VU (K)) - (v = v)di
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< a%8% sin? gw —v)? fol UZ*(v(i))dx.
Thanks to |v;|2 + |v(/<)|2 ~ |v|2 + |v*|2, we have
87U, UF (0()) S ()™, (3.31)
which gives
572U (UE — UH) S a28% sin? gw — P ). (3.32)
Divide the integral f b*(0)|v — vi|* A1 pusdodu, into two parts: Z< and Zs corre-

sponding to §|v — vy| < 1 and §|v — v4| > 1. When §|v — v,| < 1, using (3.32) with
a = /2, we have

0 1
7- < na82(v)“+ﬂf Ly y, <s-16° (0) sin® v = vePuldodo, < n@8% (v)* A2,
For §|v — vi| > 1, we further divide the integral 7> into two parts: Z> < and 7> >

corresponding to sin% <8 v — v, ! and sin% > 8~ v — v,| ! respectively. By
using (3.32) with @ = 8/2, we have

50 4
To,< S 082 () *F f Lin § a1 jpu, 16" @) sin* Z[v = v 23 dodu,

S na82s <U)a+ﬂ+23‘

For the remainder with sin § > 8~!|v — v,|~!, it holds from (3.31) that A; < (v)”
and

1
T S () f i 221y 0" @)1 dodv, < 57 8% ()42,
Combining the above estimates completes the proof of the lemma. O
Lemma3.8 Ler—5<a,B<0<s,n,8 <1 Setpgs:=(1— Uf/z),u%, then
T:= /bs(e)w — 0P (v — v (@5 — pp.s) dodv 578 (v) T

Proof By (3.30), we get

1 1
log.sl S IBIS*,  |Vepsl S IBISK?. (3.33)

From this, we first have
(@5 — 9p.8)° S 82w +u'/?). (3.34)
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By lIst-order Taylor expansion, we get

50 :
s = ops? S8%sin? o = [Pt (3.35)
0
Combing these two estimates gives
/ 2 g2 . .20 2
(pps — ¢p,s)” S 6" min {1, sin §|v — Uyl
1
/ (W) + 1! 4 1P ) de. (3.36)
0
By Lemma 2.2 and Lemma 2.10, we get
0
7 < 82/b5(9)|v — 0 |%Y"(Jv — vy]) min {1, sin? v = v*|2} utdody
5 571627]0‘ /(U _ U*>a+2sﬂ%dv 5 S*lazna (v*)ot+2s’

which ends the proof of the lemma. O

We are now ready to prove the coercivity estimate of £577 for —5 < y < 0 by
induction.

Proof of Theorem 3.2 In the proof, 0 < n = min{n(, n2} < 1 is a fixed constant.
Hence, 1 < n? < r}‘s for —5 < y < 0. For brevity, set

JS,VJ?(f) = 4([:3,]/,77f7 f>v A(g7 h) = (g*h + gh* - g;l’l/ - g/h;),
F(g. h) := A%(g, h).
With these notations, we have J5V"(f) = st’V’”]F(,ul/z, f)dV. We divide the
proof into five steps.

Step 1: Localization of J5V1(f). By (3.29) and if a < 0, we get

[v— vy < max{1, 27784 ((Slv)) ™ + (Slv)) ™)
< 2max{1, 27" 89U () Uy (vs),

which gives
v = vl? > Cad UL )UE (0s),

where C, = %min{l, 24t Withy =a + 8,y < a, B <0, we have

Ty = € [ Bl W EWR, frav.
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4964 T.Yang, Y.-L. Zhou

By setting h = Ufﬂ, ¢ = y,% and putting the weight function Uf(Uf)* inside F (-, ),

we have
uf WhH. w2,
= 2RPEP, f) = (e (Bu f + 6 fi) — Wi (B + ¢/ 1))
= (hhs (@uf + & fi) — W, (DL + & 11) + ('R — ki) (0L + & 1))
1 ! ol 1./ / ! ! ol
2 5 (hhsc @uf + 6 ) = W, (811" + ' £1) = WH, = hie)” (0.1 +9' 1)

1 !/ gl
= SF(g. hf) — (W'H, - hha)® (B f +¢'£L) (3.37)
Thus,
1
TEVI(F) > Ecﬁa_ﬂ / Bs,a,nF(Uf/ZM%, Uf/zf)dv (3.38)
~Cps [ B (0~ ) (91 97 AV
We further reduce

F(Uf/z,u%, Uf/zf) to F(M%, Usﬂ/zf) with some correction terms. That is,

2 1 2 2 1 2
Pz, Uy = 820, Ui

2
= (A Uy = a(a - vz, ufP )

\

1 1 1 2
S8 U ) = a3 = Uz U )

1 1 1 2
= SF@2 UP2 ) —F(( = Uf s U p). 3.39)
By symmetry and recalling ¢ = /L%,
/ BYN (Wh), — hhy)? (6L f + ¢ f1)2dV < 4/ BY (Wh), — hhi)? e 2V, (3.40)

By (3.38), (3.39) and (3.40), we get

1
TSV > ZCﬁS_‘g/BS’“’”F@%,Uf/zf)dv
1 ,
—Ecﬁ(s*ﬂ/BW"F((l — Ut vl r)av
—4Cps~P / BT (Wh, — hhy) i f2dV
1 owp 1

=4 Cp " = 5 Cply” —acs Iy
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On the Boltzmann equation with strong... 4965

We always choose § in the range —1 < —s < 8 < 0and so Cg = % Noting that
Jla’ﬂ = S_ﬂjs’“"’(Uf/zf), we have

: | S 1
TNz 8 TN ) = P 205 (3.41)

Step 2: Upper bound of J; # . For simplicity of notation, set ggs = (1 —
2, 1 2
UL ur, yps = UL f. Then

Jﬁx’ﬁ =5F / B¥*"F (g5, Yp.5)dV S 8PN (pp.5, ¥p.6)
+8 PN (g 5, 0p.6). (342)
By (3.30), for —5/2 < a < 0,
0<1—USw) = UO) — U() < 8. (3.43)

By (3.43), we have

1\2 3
@F .5 = (1= UPpu2)l < 8% (3.44)

From this and Proposition 2.8, by using the fact that §#/2U f 2 ¢ Sf}’ 62 is a radial
symbol of order /2, we obtain

§TPNT* g5, Wps) S 828 PN I g s)
<712 PUL P 1200 S5TIISR, 0 (345)

$,0/2 ~

By Lemma 3.8, we then have

SN s, ps) S 578 [P PR,
ST R IWy g fl7 ST, 0 (3.46)
Putting the estimates (3.45) and (3.46) into (3.42), we get

P <sTIRIfE . (3.47)

Step 3: Upper bound of J5 # Lemma 3.7 yields

537 = [ B g v ST (3.48)

y/2+s
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4966 T.Yang, Y.-L. Zhou

Step 4: The case —s < y < 0. We take « = 0, 8 = y. Recall js""’”(Uf/zf) =
4(0"""’7U§//2f, Ug//zf>. By Lemma 3.6, we have

THONUSR ) z 4nol M= PYU 2 f17 o = 4ol A= PYUT 2 f17,. (349

We claim that there exists §; > O suchthatifO < § < §;, thenforany —5/2 <a <0,

1
(A=) fIz, = 1f 172, - (3.50)
This yields
2
TN ) = holfPr (3.51)
s+y/2

We now prove (3.50).
Note that

1
(X=P)US NI, = 105 f17: = IPWUS NI

Since § < landa <0, U > W,. Hence,

U§ 17, = 1f172 (3.52)
s s+a
We now estimate [P(Uy )|, for f kert.
Since
5 5
P(US f) = Ze,-/e,»Ugfdu = Ze,-/e,-(U; — 1) fdv,

i=1 i=1

then
‘/ei(Uf — 1) fdv| < 8lud f1,2.

Therefore,

1
IP(US NIy S 823 fIL S 81f17, - (3.53)
By (3.52) and (3.53), choosing §; small enough, we obtain (3.50).

By plugging the estimates (3.51), (3.47), (3.48) into (3.41), forany —s < y < 0
and 0 < § < §;, for some universal constants 0 < C; and 1 < C,, we have

TINN 2 ISl = CosT 8IS (3.54)
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On the Boltzmann equation with strong... 4967

It is straightforward to check from above that C; = A¢/8. Recalling Theorem 3.1, for
some universal constants 0 < C3 < 1 < Cy4, we have

TV = Calf1E 0 — c4|f|§2/2+ (3.55)
Y s
We can assume 5 cflcfzfl < &] by taking a larger Cy if necessary.
The combination (3.55) x C5825+(3.54) gives
(1+ Cs8™) TV (f) = (C) — C4C55S)5S|f|iz/2
y/2+s
+(C3Cs — Cas™N8® | £13, o- (3.56)

We can then take Cs large enough such that C3Cs — Cas~! > Cps™1, for example
Cs = 2C2s_1/C3 > 2. And then we choose § small enough such that C; — C4C56°

v

s _ Ci  _ 2C3 < 85 2s _
0, for example §° = Tils = T6C4CorT = 1. Note that we can assume Cs56°° =
cic .
2C2‘C 3_1 < 8‘{ % < 1. Otherwise, we can take an even larger C4. Thus, we get
428

| IO 1 C3 2o
TSV f) > 7C2s78 iy = 5 (m) Mol f 15y 2

Recalling J5V""1(f) = 4(LSV 1 f, f), we get for —s < y < 0 that

(LSVTEL ) = eI f 13y e
where
1 C ?
3 —1 2 =12
cs=<|—=5—] s=2"""C5C;, C,"s.
8 (16C21/2C4) 2

Step 5: The case —ks <y < —(k — 1)s for k > 2. In the previous step, starting
from the case y = 0 by using Lemma 3.6 where the constant is Aq, to derive the
—s < y < 0 case, we have a new constant cs)\%. For —ks <y < —(k — 1)s, we can
choose « = —(k— 1)s and B = y + (k — 1)s to apply the result of (L% f f). Note
that the constants C;, C3, C4 are universal with respect to «, 8 satisfying o + 8 =

Y, —s <p <0,-5<y <a<0.Then A, = c;A2_, implies that

2k_1,2k
s )‘0 .

A =cC
For —ks < y < (k — 1)s, by induction we will have
T VE) = Ml f 1Ry - (3.57)

This completes the proof of the theorem by taking ¢ = 2_“C32C2_ I'c 4 2, O
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4968 T.Yang, Y.-L. Zhou

4 Well-posedness and grazing limit

In this section, we will prove Theorem 1.1. We divide the proof into three subsec-
tions. The first subsection is about the a priori estimates for a linear equation with a
general source. In subsect. 4.2, we prove the global well-posedness result in Theorem
1.1. In subsect. 4.3, we derive the global asymptotic formula (1.41) in Theorem 1.1.
Throughout this section, Cy, C;, Cy; are some large constants depending only on the
corresponding indices. Moreover, they could change from line to line.

4.1 A priori estimate
We consider the following linear equation with a general source g,
hf+v-Vof+LY f=g. 4.1)
A temporal energy functional ZV ( ) satisfying for some generic constant C; that
IZV (N < Cull* F w2 (4.2)

is used to capture the dissipation of the macro components
M(t, x) := (a(t, x), b(t, x), c(t, x)) of the solution f, where (a, b, ¢) is defined in
(3.25).

Lemma 4.1 There exist two generic constants Cp, co > O such that for any N > 2,

d
TN+ colMIGy < Co(C 1P fall 2 + NLY (9)), 4.3)

where

13
NLN(g) := D 107, ! Pj) e
j=1
Here, the standard thirteen moment polynomials P; are defined by
_ _ _ _ _ 2 p _ 2 p 2
Py =1,P=v, P3s=v, Py =v3, P5s =v{, Ps = v5, P =3,
Ps = viv2, Py = vav3, Pig = v3vy, P = [v[*vy, Pia = [v[*v2, Pi3 = [v[*v3.

We refer readers to [15, 21, 28] for the detailed proof of Lemma 4.1. The constant
Cs,y in (4.3) comes from Theorem 2.2.
We now use Theorem 3.2 to derive the microscopic dissipation.

Lemma4.2 Let x|+ |B]| < N, g >0, then

(LYY W f. Wad5 £) = (1/8)Asl|W, 05 foll3

2
LILZ 12
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On the Boltzmann equation with strong... 4969

—Cypr (1150 £ 2 +15°MI2, ).
Proof By Theorem 3.2 and recalling the constant A; in (3.28),

(L5 Wy £, Wad§ £) 2 sl (L= PYW, 05 £

L? Lz,y/z'
It is straightforward to check for any 0 < « < 1 that

o

Ix|? > alyl® - lx — yI% (4.4)

l—«o
By the macro-micro decomposition f = f1 + f2, we deduce that
(L2 W05 f, Waog f) = Al —=PYW, 05 (fi + f2)II3

szch,y/z
> (1/8)hsl| Wy 3% 21125 ,
x5y
—Cq,|ﬂ|<llul/83“f2“%2 * |8"‘M|i§>,

where we have used (4.4) to take out W, Bg f> as the leading term. Moreover, we have
used f = f1 + f» and the definition of (a, b, ¢). This completes the proof of the
lemma.

O

We now apply the commutator estimate obtained in Corollary 2.2 to derive the
following lemma.

Lemmad4.3 Let|a|+ |8l < N,Bo+pB1+B2=8,9 >0, thenforany0 < § < 1, we
have

‘(Wqﬁs”’(f)ng; Po. B1) — L7 (W, dg, f Po, B1), Wﬁ,‘é‘f)‘
2 -1 2 2 2
SN Ll +C,CE, (nanganEL;W + ||angz||H;/2)
+871Cq,11C3 , 10°MIT.

Proof By taking [ = —y /2 in Corollary 2.2 and by using the decomposition f =
fi+ fo=Pf+ fo,forany0 < § < 1, we have

‘(WqEW(ang; Bo. B1) — L (W, 05, f: Bo. B). anfff)‘
1y aa a o &
gq § ”aﬁzf”L)ch;ﬂ//Z ”8:3 f”L)chf,q+y/2 + CS’y ||8,32f||H;/2 ”aﬂ f”LszLsz,q-H/
2 ~1 2 2 2
<S03l 4 c,c2, (105, f Va2, 105/ “H;/z)

2 —1 2 2 2
<8I0 follfy 48 cqcs,y(||angz||L§L5+y/z + 135, £l )

S, q+y

/2
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4970 T.Yang, Y.-L. Zhou

—1 2 2
+45 Cq,|ﬁ|Csvy|8“M|L%.
This completes the proof of the lemma.

The following lemma is about the commutator [dg, £*7].

Lemma4.4 Let x|+ |8l < N,|Bl = 1,q >0, then

|(Wqldp, L7710 £, Wqdf )] < 8105 fall 2 Lt §71CynCE,10%M7,
xX™s,.qg+y X
+57cn e, 3 (195, £,
pr<p e
2
+1g0ll0f, falfy )-

Proof By (2.8), [9p. LV1g = Y, _ C" P72 L57 (3p,8: Po. B1). Thus

Woldp, L7109 F = Wy S CRPrP2esr g 1 o, 1)
Br<p

= > PP (Wyag £ Bo. B1)
B2<p

+ 3 CE PR IW, £ (5 o, B9, £
p2<p

By upper bound estimate in Theorem 2.2, we get

L5 (W, f < Bo. B Wodf DI S Copl0f, Fllzgz 195 F 22

v/2 q+y/2
o 2
<S5 oltae

-1 -2 o 2
+87°C5,, Cq N 1198, f2l e,
+8_1CSZYVCq,N|8°‘M|i§.

We apply Lemma 4.3 to deal with [W,, LY (+; Bo, B1)]. Note that if ¢ = 0, the

commutator [W,, L5 (-; Bo, B1)] = 0. Taking sum over B, < 8 completes the proof
of the lemma.

m}

For any non-negative integers n, m, recall

2 2 2 2
W W = 20 W05 W0 W Wpm = 2 W05 SN7a0 -

la|<n,|Bl=m loe|=n,|Bl=m
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Let N > 4,1 > —N(y + 2s). For some generic constants M, L; and K ; (which may
depend on s, ¥, N, [ and will be determined later) for 0 < j < N, we define

SRANE MIN(f>+ZL 112 N,H,+ZK s o )

Hy l+/(y+23)

NI = coM MGy + s ZL 1202 - 4
Jj=0 s v

+hg ZK [FEI s (4.6)

=0 Hy s, 1+J(V+2A)+y/2

We are now ready to prove the a priori estimate of (4.1).

Proposition4.1 Let N > 4,1 > —N(y + 25). Suppose f is a solution to (4.1), then

d S o o
E V(f)+ V() = MczNLN<g>+ZzL Y. e 05 (4.7)

Jj=0 le|=N—j.|Bl=j

N
+ Z 2K Z (Wl+j(y+2x)ag8’ Wl+j(y+25>ag f)'
j=0 le|<N—j,|Bl=j

The constants in (4.5) and (4.6) satisfy

max{M, {L;}o<j<n,{Kjlo<j<n} = Lo=ZsyN.i
= Xs,yYs,y,l(Us,y,N,lWs,y,N,l)N7(4-8)

min{coM, {AsLj}o<j<n, {AsKjlo<j<n} = As, 4.9)
where
Xy =2;'CE, 0o, (4.10)
_ 1+1/s
Yo = 8/5251° (Cl(y o5+ 3)—1) , @.11)
Wsyni =1, Cr,Cn. (4.12)

Us.y v = max{A; 2c2 LCN.I. 85(Ci(y +25 +3)" A HH) @a3)

Here Cj is the constant appeared in (4.3). Recalling the constants As from (3.28)
and Cy , from (2.55), it is straightforward to check that for any fixed N, 1, there is
a function (x1, x2) € (0,1) x (0,3] = Zy 1(x1, x2) € (0, 00) satisfying (1.35) and
(1.37).

Proof We divide the proof into three steps to construct the energy functional E?VVI f)
in (4.5).
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4972 T.Yang, Y.-L. Zhou

Step 1: Propagation of | f||> By applying 9% to equation (4.1), taking inner

HNL2
product with 0% f, taking sum over |¢| < N, we have

2dtuquNLﬁ DL %) = Y (0%, 0% f). (4.14)
|| <N la|<N

By Theorem 3.2 and Remark 3.2, using 0% f> = (3% f)2, we have (LY 3% f, 9% f) >

Asll® f2]1? , which yields
3L,

||f||HNL2 + As ||fz||HNL2 < ) (@8, 9°f). (4.15)
la|<N

Multiplying (4.15) by a large constant 2M and adding it to (4.3), we get

i 2 N
dl (Ml ”f”H;VLZ +I (f)) (ColMlHN +M1)" ||f2||HNL2 2 )
<2M; ) (8%g.9%f) + CNLV (g). (4.16)
la| <N

Here M is large enough such that M| > 2C| and M1As; > Czcsz’y to insure from
(4.2) that

1 2 2 N 3 2
SMUS Wy ge < MU g + T (F) < SMULF I

2 2 1/8
Mkl ol = GG IR faly o
X s,y/2

Note that the term C2C7 | i1'/® £ ||§1N |2 In(4.3) is absorbed by the dissipation of the

microscopic component || f2|| in (4.15). We may assume Ay < land C, > Cj.

HYL]
Then we can take M = X, deﬁned in (4.10).

Step 2: Propagation of ”f”HNL2 By applying W;9“ to Eq. (4.1), taking inner

product with W;9“ f, taking sum over |e| < N, we have

d 3
S iz + D0 (WAL 9% F, Wio® ) = 37 (Widg, Wid* ). (4.17)

la|<N le|=N
Using commutator to transfer weight gives
WLV 3% f = LYY Wi f + [Wy, L5V ]9% f.
By Lemma 4.2, we get

(C57 W0 £ Wi f) 2 /DA ol > <||3°‘f2||L2L2 +|a“M\2Lz>.
/2 v/2 x
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By (2.57),

[([Wy, £5710% f, Wid® ) < Ci(y +5) 7 110% £l +Cily + 57 "M,

272
LiLivy s

Since |h|i2 < (S|h|i2 + rS"f/Slhli2 forany 1 > § > 0, we have
q q+s

3 foll? <519 /o2 50 fall? e 4.18
L T L L L T @

By taking § = §; 5, where §; 5., Ci(y + 5)71 = A,/8, we get

d 2 3 2 2 2
e < Cj, +C, M
dr ”f”H)ﬁ\’le + ) 5”f2”H){VL3,1+y/z = l,s,y||f2||1_1(£\/1‘32ww2 Lyl |H;V

+2 ) (Wid%g, Wid® /), (4.19)
le] <N

for some constants C; ,, and C; 5 ,, satisfying

1 1 1+1/s —1/s
Cy =Gy +2+37" Gy = (CQlr+254+37") 7 /87
(4.20)

We choose a constant M; large enough such that
coM>/2 > Cp,, MaMiAg/2 > Cys .

Recalling M1 = X;, defined in (4.10), for simplicity, we can take M, = Y; ,,;
defined in (4.11). Then the combination (4.16) x M>+(4.19) yields

d
3 M)+ MM W g+ 1S 1)
1 2 2 2
+3 (MzcolMl Hy MM foll e sl ol

< MyCONLN (g) +2Ma My )~ (0%, 0% f) +2 ) (Wid%g, Wid® f).
la|<N le|<N

4.21)

Step 3: Propagation of | f1|> v, . and || fII? v, . for j > 1. For notation
He ™' H He 7 HY )

convenience, set

’

X = MTIVNE + D0 LIy, + D0 KA

N—j gy
HN gl
0<j<i 0<j<i ! Hrity+2s)
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VI(f) = MlcolMPG + As ZL’ 1211

=0 = P

+As ZK 1202 v s :

Hy s +j(y+28)+y /2

i
Z'(g, /)=MCNL () + > 2L, " (g, 95/)
Jj=0 la|=N—j,IBI=]

i
+22K} Z (Wit jiy+25)95 8 Wit j(y+25)95 f)-
Jj=0 le|<N—j.|Bl=j

We will use mathematical induction to prove that for any 0 < i < N, there are some
constants M', L’j, K; > 1,0 < j <i satisfying

K>K’

Mico>1, L > L i1

¢
Jj+ L;zK;

such that
d . . : .
VO 27 IEUNYI(F) < 2i(g, ). (4.22)

It is easy to check that (4.22) is valid for i = 0 thanks to (4.21). More precisely,
M® =My, LY = MiM>, K = 1.

We obtain (4.7) by taking i = N in (4.22).

Assume (4.22) is valid for i = k for some 0 < k < N — 1. We now prove
(4.22) is also valid for i = k + 1 by first considering | f || and then

N (k+1)Hk+1
I e s
1+(k+l)(y+2v)

Leta and B be multi-indices such that |¢| < N — (k+ 1)and |B| =k +1 > 1.
Applying 8%‘ to both sides of (4.1) gives

QOFf + v VRS f+ Y ag B oL f = d5g. (4.23)
pr<B.IP1I=1

Taking inner product with 8;}‘ f, one has
d
Sl e+ D0 @RI S 05N + @FL 95 f)
. Bi1=B.|B11=1

= (3%g. 05 ). (4.24)
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Estimate of (B‘Hﬁ 'f, 85 f).By Cauchy—Schwarz inequality and using f = fi+ f2,
we get

(@1 £ 05N < NG5G Fllgaz 105 Fllpag2

a+pB
=195 'fIILzL

s+y/2

I ﬂf”L%Lg,y/z

—(y+25)+y/2

<8I0 olTyn  +Coldg T Foll iz

s.I+1B—B11(y+25)+y /2

+C5C\,3\|M| (4.25)

HN —k
Here Cs < 871

Estimate of (Bgﬁs*’/f, agf). Using agzs’yf = [IS’V&gf + [9g, LYV ]0% f, by
Lemma 4.2 and Lemma 4.4 with § = A;/8, we have

OF L™V £, 05 1) = 3/4)hs ||3,3f2||Lsz —A;ICE,ycma“Mﬁ%

—x'cz, ey Y ||3,52f2||Lsz : (4.26)
Ba<pB

By plugging (4.25) and (4.26) into (4.32), taking § = A;/4N and taking sum over
| <N —(k+1),|8] =k+ 1, we have

2
_||f||H1v k=1 pk+1 + Ag ||f2||H{V—k—1Hk+}

<2 > 05895 )+ 21."C2 L CN I al% vk
| <N—k—1,|Bl=k+1 Hy Hs J4k(y+2s)+y /2

+a'ct el

v T 1CTLONIMI 4.27)
X S,y X

By the induction assumption, (4.22) is true when i = k, that is,

%X"(f) + 27 RN YR (Fy < ZR(g, £). (4.28)

Note that Y*( f) contains all the norms on the right hand side of (4.27).
We choose a constant Wy large enough such that

W2~ 1N "I 22 — DA, >, 'Cy,CN.
Note that this also gives
Wi~ l=n—av 2% — 1)\M* —1¢2?
! (228 — DM co = Ay C5,Cn.
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That is, we can take
_ . -22
Wi = A CWCN. (4.29)

Then (4.28) x W+(4.27) yields

d C1—k/N—
(WA O+ NS Wy g ) +27 VN W)
t X
s 2 ien
S H)gV k lek.J;}Z

<2 > 058,05 f) + W 2" (g, /). (4.30)
|la|<N—k—1,|8|=k+1

Let o and B8 be multi-indices such that |¢| < N —(k+ D and |B| =k +1 > 1.
Letg =1+ (k+ 1)(y +25). Applying W, Bg to both sides of (4.1) gives

WO f+v - VeWdi f+ > Wedg il f
Br<p.IBiI=1
+W 5L f = W,05g. (4.31)
Taking inner product with W, 8;‘ S yields
g+ Y W was )
24" B NLRLG 9°p—p1J > "a%
BL<B.1BiI=1
+(Wg05 LY f, Wa05 f) = (W05 8, Wy f). (4.32)

Estimate of (W, 8gir§11 f Wy Bgf). Similarly to (4.25), we have

a+pi o a 2 a+p
(Wq 8/3_/31 /s Wq aﬁ Ny= 6”8‘3 f2”L.%L?,y/2 +Gs ”aﬂ_ﬂl f2||L)26L?,l+k(y+2s)+V/2

+C5C1 15 IMJ? (4.33)

HY K
Estimate of (W, Bg LYY f, W, 82‘ f). Observe that
angﬁ“’yf = E“’VWqE)gf +[Wy, E“’V]Bgf + Wyldg, L5V10° f.
By Lemma 4.2, (2.57) and Lemma 4.4, taking § = A,;/8 in Lemma 4.4, we have
(L3 Wodg [+ [Wy, LYY195 f + Wyldg, L5719% f, Wyd5 f)
3 _
= Pl Wadi fallfaye  + 27 Con Gy 19°MIz,

#3571 Cun 2, D (105, L2, + N0 £l )
fr<p xHq+y/2 v/2
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+Cyy + 5705 £117

272 .
Ly Lq+y/2

By using the decomposition f = f1 + f> and (4.18) for the last term, since g < [, we
get

(W0 L5 £, Wadfs f)
5 _
= Srs W3 foll s LR 'CniCE,109MI7,
x sy X

-1 2 2 2
it enaCl, 30 (195 ol 135,101 )
Ba<p

+Crsy 10§ 21752 K (4.34)
X s,y

Plugging (4.33) and (4.34) into (4.32), taking § = A;/8N, and taking sum over
le] <N —(k+1),|8] =k + 1, we have

d
2 2
ket ket T As|LS k1
dr ”f”H)N k=1 kst sl ZHH?’ k 115%1(}:)//2

<2 > (Wyd5 8, Wqdg ) + 25 Ch Il vk
| <N—k—1,|B|=k+1 X $,q+k(y+2s)+y /2

—1 2 2
+Ay CnaCy N 2l Nkt i
5 5Y Hy Hy ka2 4y /2

+a N CE 10T + Craey L f2l v R (4.35)
Note that 2~ 1=k/N=12N yk £y Lo 1 fo 112 | in (4.30) contains all the norms

HN7k71 HkJr
X s,7/2
on the right hand side of (4.35). We choose a constant Uy large enough such that

U2 VTR @3 — DAy 2051 C2 Crge Uihs/2 = Crig .
By recalling (4.20), we choose
Ux = max{r;*C; , Cn 1. 8" (Ci(y +5)~'a; /) (4.36)

Then (4.30) x Uy +(4.35) yields

d k 2 2
a7 VWX )+ Uk i+ 1 Wi )

+27 NN GV + 27 Ukl oy o

s,y/2

2
FAs L 2017 vkt ppast
’ H Hs,j1r+l//2

<2 > (Wq 08, Wydfs f)
|| <N—k—1,|8|=k+1
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+2U; > 058, 05 /) + U W 24 (g, f).
|| <N—k—1,|B|=k+1

Hence (4.22) holds for i = k + 1. Precisely, we set MK = UkaMk, L];‘H =
UWi LK, K5 = Uy Wik for 0 < j < kand Ly = Uy, K = 1. Note that
LY = LYTTS) Ujw; = MM, [TV U;W;. By taking i = N in (4.22) and M =
MM, L; = L;V, Kj= KJ’.V for0 < j < N, we get (4.7). It is straightforward to check
the constants satisfy (4.8)-(4.13). And this completes the proof of the proposition. O

4.2 Global well-posedenss

We first derive the following a priori estimate for solutions to the Cauchy problem
(1.24).

Theorem 4.1 Let N > 4,1 > —N(y +2s). If f*7 is a solution of the Cauchy problem
(1.24) satisfying supy, < ||f‘“V(t)||H¥p{v < s,y NJ = CK,}IZ;;,’NJASC;)I/, then for
any t € [0, T], the solution 57V satisfies
S.Y o g8,y 1 ! 2 S,Y S,V
En (77 (@) + g)»s A (M@ + Dy, (f,7)(@)de

< Zsy NIEN (). (4.37)

Proof of Theorem 4.1 We apply Proposition 4.1 by taking g = 'SV (f%7, f57) to
have

N

d 1~ .

G EVT DY) < Y 2KGA (T )
j=0

N
Y 2LBY (Y YL )
j=0

+MCLCY, (f77, 50, (4.38)
where
AN = Y Wi joaang 0T (20 1), Wi 12095 ),
la|=N—j,|Bl=]
(4.39)
B (g h fyi= Y. (@57 (. h). 8% f). (4.40)
la|=N—j,|Bl=]j
13 1
el o(g.hy= Y Z/w|<a“rs’y(g,h),mpj>|2dx. (4.41)
la]<N-1 j=1
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Recall from (1.32) the energy functional £y(f) = Z] o ||f||2 N-i i

Hy I+j(y+2s)
.. . . % _ 2
Define the dissipation functional DNJ(f) = Z/ o lILfIl Py . Set
Hy sl+j(y+29)+y/2
2 . a g2 2 . a £p2
1AW, = D2 195 e 1 UBn = 195 17202,
ler| |81 <m ler| |81 <m
We claim
N.jd 3
AN O Sh Coy (gl (DYIW)* + gl Il ) IFI,n- (4.42)
5y Hyly Nl Dsly Hyly Hy /Hv/1+/(1/+2r)+y/2
N, j < o
1855 (.1 DL S Coy Uiy, oY, + V8l o, Well e i o (4.43)
Cly@ ) SN Clylgly oIl n o (4.44)

s,v/2

With the above nonlinear estimates, by recalling (4.6), (4.8) and (4.9), if

Csy sup [f*7Ollpy, <1, (4.45)
0<t<T
then
d ‘ 1
3BV + My + DY (L) (4.46)

= CNaZoyna (Co I gy, + €2 177 Iy ) DRI
< N1 Zey 05 Cop P iy, % (M + DY),

where we have used D;\,Vl (f) SN (|M|2N + D;\,Vl (f2)) in the last inequality.
Now under the assumption '

CN1Zsynad Coy sup IF*7 )l gy, < 1. (4.47)
0=<t<T
we have
d 1
T EVU) A+ A (MIGy + DY () <0, (4.48)

which gives

o 1 d S S
(P 1) + ghe /O (IM@R,y + DY (57@)de < 8V (o). (449)

Recalling (4.8), we have
ENIN) < EVIU) < Zs oy NaENT (). (4.50)
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Table 1 Index choice

leer| + 1811 lea| + 1821 (ar,az,b1,b2) layl+ap +1B1l+ b1 leal +az + 12l + b2
0 <la|+ 1Bl (2,0,2,8) 4 <la|+ 1Bl +s

1 <lal+I18l =1 (1,1,2,) 4 <la|+1Bl+s

2 <lal+ 181 -2 (0,22,5) 4 <la|+ 1Bl +s

3 Slel+181-3 (1,1s2) 4+ <la|+ 1Bl
log| + 1811 =4 <lal+18l =4 (0,2,5,2) N+s <la| + Bl

Note that (4.47) implies (4.45). Therefore, we obtain (4.37) under the COIldlthIl 4.47).

Now it remains to prove (4.42), (4.43) and (4.44). We first consider Bs v I (g, h, f)
defined in (4.40). By the binomial expansion (2.4), we have

05T (g, h) = Y Clar, a2, o, Br, BT (35 g, 0523 Bo),

where the sum is taken over o] + o2 = o, Bo + B1 + B2 = B.
By taking § = % in Theorem 2.1, for (b1, by) = (2, s) or (s, 2), we have

(T (35, 8. 3y hs Bo), 3 )] <Csy<|8 8l |3,32h| b,
+19g, 8112195; s, y/2>|3§f|s,y/2~

Using the fact that [ |ghf|dx < |g|ya k] g | flp2 forar + a2 = 2,a1, a2 = 0, we
have ’ ! ’

(77 @, 5305 B0, 05 7)< oy 105181 gy 105301 i 195 P2z

+Coy 157 g1l g LGa;hn,,m N3 ez

The second term in the above inequality is directly bounded by C;,
||g||Hx"fv”h”D,?,’y”agf”LﬁLf 2 by suitably choosing aj, a>. Next we will give the
choices of ay, az, by, by for the first term.

In the following, we choose a1, a; € {0, 1, 2} witha; +a> = 2 and by, b> € {s, 2}
with by + b = 2 + 5. For N > 4 and multi-indices «, 8 with |a| + |[8] < N, we
consider all the combinations of a1, a2, 81, B2 such thata; + oy =, 81 + B2 < B
in Table 1 for the choices of ay, a», by, b>.

With this, the part containing s is bounded by dissipation functional DY y» and the
other part is bounded by energy functional H x’v. As aresult,

S,¥ (q%l o). o o
‘(F (9g, & gy 13 Po), 9g f)’ IS Cs,y(l\gllH)g\(v IIhIIDsz_yy + HgIIDszyy IIhIIH;YU)\Iaﬁ fllL%Lf,y/z
Taking sum yields (4.43).
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Similarly, we can use Corollary 2.1 to derive (4.42) and use Proposition 2.14 to
derive (4.44). This completes the proof of the theorem. O

Proof of Theorem 1.1 (Global well-posedness) Local well-posedness of the Cauchy
problem (1.24) and non-negativity of u + /,L% f can be proved by standard iteration.
From this together with Theorem 4.1, by taking 5., v = 27) Sy NI the standard
continuity argument yields the global well-posedness result (1. 34) for the Boltzmann
equation. Recalling the constants Ay from (3.28), Cy ,, from (2.55), Z , y; from (4.8)
and the constant 7 ,, ; from Theorem 4.1, it is straightforward to check that for any
fixed N, [, there is a function (x1, x2) € (0,1) x (0,3] — dn.1(x1,x2) € (0, 00)
satisfying (1.35) and (1.36). Moreover, since all the estimates are uniform fors — 17,
the global well-posedness result (1.39) for the Landau equation follows by a similar
argument. O

4.3 Asymptotic formula for the limit

We prove (1.41) in this subsection. Let f*V and f? be the solutions to (1.24) and
(1.26) respectively. Observe Fp" = (1 — s)1(f*7 — £7) solves

WFR +v Vo Fp" + L] FRY = (=)L) — LY
+@" =T O+ TE (7 FR") + TL(FR7 7). (4.51)

We will apply Proposition 4.1 to the above equation for F;,’y. For brevity, we set

Gi=0=9""LY —LZHFY + @5 =THU . ], (452
Go =T (Y, F¥), Gy =TV (Fg", 7). (4.53)

By applying Proposition 4.1 withs = 1, g = G| + G2 + G3, since |(0%g, H-%Pj>|2 <
3 Z?:l (0% G, H%Pj>|2, we have

3N
=Ly ,
CENIER )+ DV = 3000 2K
i=1j=0
Yo W25 Gis Wig 4295 Fr¥ (4.54)
le| <N—j,|Bl=]j

3 N
D22y Y @EGLagFRT)
i=1j=0  |a|<N—j.|Bl=j
3
+3MCy Yy NLY(Gy).
i=1

D—‘Q_
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Let us first estimate the terms containing G . Recalling (4.52) and (4.54), we need
to estimate the following quantities

Ty = Z Wit j4205G i Wit jor 4208 FR1), (4.55)
el <N—j.|1Bl=j

D= Y @G 95 FRY). T =NLY(G1).  (4.56)
el <N —j.1Bl=j

Here, fori =1, 2,

Gii=—9)"" L] =LY,

Gio= =97 '@ =TDU™, 7). (4.57)
These terms contain operator difference. We now establish Q;V — sz FZJ” —
IV, L3" — L] ass — 17. The results can be given in weighted L?-norm by using

the estimates from [12] and [25]. We obtain the results for any —5 < y < 0 by
allowing higher regularity.

Proposition4.2 Let—5 <y <0.Fixl > 0. Letay, az, by, by € Rsatisfyingai+a; =
y+6andby+by=y+2.1f-9/2 <y <0, then

Q5 (8- 1) = QY (8. W) Wit)| Stavantnbn (1 =9Il Il Wlrz
9. -1
A=+ ) gl Il W (4.58)

If =5 <y <0, then

s,y Y -1
h) — h), W, < 1- 5 h
(Qp" (g, h) — Q7 (8. ), Wi)| Stay,an,by by (1 =) (¥ +5) |g|H|2r+2\+2| |H,2+b1|¢|L§2
+ 0 =9)lgl 3+ 17l 34y ¥y 2, (4.59)
H/+\a11\+|a2\+2 H1+a12 La

where s1, so > 0 satisfying s; + s2 = 1.

For completeness, the proof of Proposition 4.2 will be given in the Appendix. Here,
we only concern about the dependence on the two physical parameters y, s and do not
pursue the precise dependence onl, ai, az, by, b>. Roughly speaking, the dependence
onl,aj,az, by, by is of the form o clal claal bl clb2l for some generic constant
c>1.

We can also get similar results for the non-linear terms F;’V (g, h) and FZ (g, h) by
slightly revising the proof of Proposition 4.2. In this situation, we can get rid of the
weight on g.

Proposition4.3 Let—5 < y <0.Fixl > 0. Letay, az, b1, by € Rsatisfyinga)+ay =
y+6andby +by=y +2.1f-9/2 <y <0, then

(T3 (8. 1) = T7 (8. ). W] Starann s (1= 9)Igligz hlpgz, 1W1p2 (460)
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9. -1
A=)+ ) glslhlgs | Wiz,
If =5 <y <0, then

(U578 1) = TL&, 1) W] Stavanbnbe (=) +5) " gl lhlz, Wz
4.61)
+ (1 = 9)gly3+st |h|Hz3+J:Q:2 |1/f|L3,2,

where s1, so > 0 satisfying s1 + s2 = 1.

Recalling L' f = —T3 (u?, f) — Ty  (fou2), Ly f = Ty, f) —
1
FZ( f,m1?), as an application of Proposition 4.3, we can put the higher regularity

1 . . ..
on 12 to obtain the following proposition.

Proposition4.4 Let —5 < y < 0. Fixl > 0. Letay, ar € R satisfying a;+a> = y +6.
Then

(L5 f = L1 Wi Staves A =90+ f gy Wiz, (4:62)
a1
Let C, := (y +5)~!. By (4.61) and (4.62),

(1= )7 (TG (8. h) = T (g. 1) W) | S Cylglyalhlpys 1012

1+y/2°

(4.63)
(=) (LG f = LLE Wi S Gyl f g W22

T4+y/2°

(4.64)

Recall (4.55) and (4.57) for Z; 1 and Z; 5. We now estimate these two terms in
details. By (4.64), we have

Zial Sva & > Y lag

la|=N—j.|Bl=j B1=B
= CNle(D

Wit jy+2)05 F ® HLsz

;2,3
LXH j42)+54y /2 T+y/2

12 g$:7
PUFRT N gn-i i

N+3,1+5-3(y+2s)+N(2— 25)(fs )
1 1+/(y+2)+y/2

where we have used forany 0 < k < N + 3,

Dy (f* y)>||fsy|| N-+3—k 77k
N+3,145-3(y +25)+N 2-25) Hy HY 1S 30429 N Q25 k(425102

In particular, taking k = j + 3 gives

s,y s,y 2
DN+3 145-3(y 290N @—25) 7 Z WP v i

Hy s l+5+l(}/+2)+y/2
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Similarly, by (4.63), we have

IZi2l Snig Cy >
le|=N—j.|Bl=]j

fla f”lmla 2fY g

(W, NISFR > dx
sy TR Rl

1+y/2
011+a2—d B1=B !

= CnaCyllf* ”IIH)gv#

1/2
IFg
lelHIBI<NI3,IBl<j+3 LI+j(y+2)+5+y/2 Hy Li+j(y+2)+y/2

( > 195 £7172,2 " v-i gy

1/2
< CNle||f5y||HN+3(DN+3 Les_ag e S IFRT HETH
Jy Y

Recalling (4.56) and (4.57) for 7,1 and I », it is obvious that these two terms are
also bounded by the previous upper bounds of Z; 1 and Z; ». Similarly, by (4.64) and
(4.63), we have

1Z3.1] < Cn.C;, SN A s 342948 —20) (7

3.2l < CnaCollf* y||HN+%DN+3 14+5— 3(y+2)(f )-
Let us next estimate the terms containing G». Recall (4.39), (4.40) and (4.41) that

1422
Z (Wl+J(V+2)aﬁG2’Wl+](y+2)aﬂ R )—-As AR v](fsy F\V7F‘ ),
la|<N—j,|Bl=]j

Y @G = B (Y R R,
le|=N—j.1B|=]j
NLN(Go) =Y, (f57, FR).

Asfor =5 <y <-2,4 %(1—VT+3)§s§1,itholdsthat

Coy=s"y+254+3)7"' <8y +57L

Therefore we can replace C; , with C, = (y + 5)~! in the rest of this section.
Recalling (4.42), we have

AN IR iy Y F;,y)‘ (4.65)

1

L, 5,7y 2

v Cr LS Ly, (DVIFRT))
HLE Y oy IR g JIER s

s l+/(y+2)+y/2

Note that the estimate (4.65) takes account of the additional weight 2j — 2s; and
is controlled by the dissipation norm of the linearized Landau operator. By (4.43) and

@ Springer



On the Boltzmann equation with strong... 4985

(4.44), we have

By (f*7 FR7 FR| S Cy (L am I FR by,
IS o, IR Mg R iy (4.66)

X, v

N T ERTY SN GO Iy 2 I FR T (4.67)

N712
HL/

Letus estimate the terms containing G3. By taklng s =1lin (4 39) (4.40)and (4.41),
and replacing 7 by 'Y, we can define Al A l(g h, f), B (g, h, ),C ’y(g, h)
similarly. Then

N,j.l
Yo W25 Ga Wi 05 FR') = AV (FRY L 7 R,
le|=N—j,|Bl=]

Y @5Gs 05 FT) =By (FRTfY U FRT). NLY(Gs) = CY (FR7 L f7).
el <N—].IBl=]

Note that these quantities contain the nonlinear term Fy{ of the Landau operator. By
taking s = 1 in the estimates of the nonlinear term 1";; in previous sections, we can
obtain estimates for FZ. As a result, similarly to (4.65), (4.66) and (4.67), we have

1
AL FRY 7 PR S cy<||FW||HN (pynm)’

s,y y S,y
+I Fy IID;YVIIf IIHX/Y,J)IIF =i g

1 l+/(y+2)+y/2

|B (F“’ Y FDI Sn C (IIF;’VIIH;YUIIf”IID;vV

sy % 5.y L
HIFR lpy IS ||Hgv)||FR [REPTIR

N S, 2 s,
Oty (FR 1) S CoIER Mgy a7

Plugging the above nonlinear estimates into (4.54), recalling (4.8) and (4.9), we
get

d _1y, s 1 LY (S
3 ENIFR) + (IMli,XN + Dy (Fg V)z))

L, s,
< cN,lzl,y,N,z{ CoIF T gy, + Co Il F7 Ny, + C2Y 12 DY (FT)

1
s, 1, s, 2
IS g IFRY gy, (DN (FRT)) }

1
s 1, 2 1, s 2
+cN,lzl,y,N,z{cy||F,§V||Hgv (D7) (PYLFR)
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s, 1,
+c5||F,§V||§,%DNT,<fV>}

S,y s 1/2
+CNJZL%NJ{CV (DN+3,l+5—3(V+2s)+N(2—25)(fs 9)) /

1

L . 2

P il sy D) (DN,Vl(F;V))
+CN,IZ1,V,NJ{C DN+3 [4+5=3(y+25)+N (2~ 23)(f

+CoI > VnHWDNH L5 3W)(fy)}. (4.68)

Recalling (3.28), A1 is a generic constant for any —5 < y < 0. By using
1, , L, )
Dyh(FR”) Sv. M + Dy ((FR7)2).,
we have

d _1,y
dlDN( FR¥'y+ = M(IMIHN +D ((Fs’y)z))
S CNaZ1y Na(Cyll 5 Ny, + Collf Iy, +C2||f”||HNLz)D "FRT)

2 20 Y 12 : 20 Y 12 :
+CN,1ZL),,N,1{CVIIF;VIIH%DM(JCW)+CVIIF§V||H;YUDN5(J”’/)}

2 218V Y
+CNJZI,)/,N,I{CVDN+3,Z+5—3()/+2s)+N(2—2s)(fs )

+C I V||HN+3DN+3 15 3(V+2)<fy)}. (4.69)

By the assumption (1.40) and Theorem 4.1, the solutions f*¥ and fV satisfy

ENYal (FST @) + A / (M) v4s + Dylsy, (fr )(@)de
= Zs y,N, ZSN+31 (fO) (4.70)
ENLa L (FT0) + xl / (|M(r>|HN+3+DN+3Z (fI)(x))dr

= Zl,y,N,lgN+3J*(f0), 4.71)
where [, =1+ 2N —3y +5>1+5—3(y 4+ 2s) + N(2 — 2s). By the smallness
of the energy functional, the term containing Dll\,]; (F fe’y) is absorbed by the left hand

side in (4.69). Then the initial condition Fj;” (0) = 0 implies
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sup B (Fi” (1) = exp (N2 vy CFEN 3,1, U0) CNIZL v CFEN L, )
’y
= exp (CN,IZS,V,NJCVEN+3,[* (f())) .

Recalling Fp" = (1 —s)7'(f7 — f7), (1.37) and (4.50), we get (1.41). This
completes the proof of Theorem 1.1.
5 Appendix

We now prove Proposition 4.2.

Proof of Proposition 4.2 The proof is based on [12] and [25]. Recall the Boltzmann
operator Q%’y in (1.19) and the kernel B*-? in (1.21). Following the proof in [12] and
[25], we derive that

03" (g. h) = /R (Vo= Vo) (U7 (v = v,) (Vo = V) (g5h)] dus
T f (037 @ =)+ (V= 90.) (g | s
]R3

+/ / R (v, v, 0)B*Y dvydo.
R3 J§?

where
S,y 1 2 : 29 s
U (v —uy) = Z[|v—v*| I —(v—v*)®(v—v*)] sin EB Ydo,

' 3 1 0
U;’y(v )= —v)@W—v) — ~|v—v* s /sin4 —B*7do.
4 4 2
The function R (v, vy, o) reads

1 1
Ri(v, v, 0) = r1 (v, v4,0) (g W) = 5A - Vg @)+ AR A: V2g (vs) + (v, v*,(r))

1 1 1
+gA®A: V2h (v) (—EA Vg () + g ABA: V2g (vs) + 12 (v, v*,0)>

+;A Vh (v)( ARQA: Vzg (vx) + (v, vy, U)>+h(v)r2(v Vi, 0),

where A = 2(v' — v) and

ri(v, vy, 0) = Te Z / (l—/c) AiA; AkE)leh (v—i—;c(v —v))dK

1<i,j,k<3
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1 1
1"2(U, Vs, o’) = ——16 E / (1 — L)zAiAjAka?jkg (U* +t ('U:k — U*)) de.
1<i,j,k<3

Note that R (v, v4, o) contains |A|k for k > 3.
Recalling (1.23) and (1.3) with A = m, it is straightforward to check that

1 0
U (2) = (Z / sin’ EbS(G)da> 1272 T (z) = 257w 2|V P2 (z) = 27 1a” ().
Recall the Landau operator Qz given by (1.2) and (1.3) with A = . In another form,

07 (g.h) = /R} (Vo = Vo) - [@” (v = va) (Vo — Vi) (g:h)] dus,

which gives

K — s, 2
03 (6.1 =271 Qe+ [ [037 v 5 (9= 9 o] v,
—i—/ / R (v, vy, 0)B*Vdv,do. (5.1
R} Js2
We now have

0% (g, h)— 07 (g.h) = 2" =10V (g, h)
[ o7 @0 s (9= v) ] o
R3

3
Ri(v, vy, 0)B*7 dv,do = E;.
+/R3/52 1(v, Vs, 0) vydo ;z

Note that for0 < s < 1,
21— 11<1—s. (5.2)

In order to show the result for y > —5, we rewrite the Landau operator Q{ (g, h).
Recall that

0/ (g.h)=V" /R3 a” (v —vy) (8:Vh — (Vg)h)dv,
=V . [(@” % g)Vh — (a” * Vg)h].

In order not to have any derivatives on the kernel function a”, we write
0¥ (g, h) = (a” *g): V?h — (@’ : VZg)h.
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More precisely,
3 3
QY (g, M) =Y (al;x)d h— Y (a];*0}:2)h.
i,j=1 i,j=1
Note that
la” (v — vl S v — v |72 (5.3)

To estimate |(Q% (g, h), Wir)

, it suffices to consider the following type of integral

f v — v 28 £) 82 Wy [dudo,, 5.4
where (|a1], |a2|) = (2, 0) or (0, 2).
Note that
0 0 1/\f2
/sin4 5BS»Vda < /sin3 EB“’do =8r(l—s)|v— v*IV/ 12725 dt
0
S =s)v—vl”, (5.5)
which gives
Uy (v —v)l S (A =9)v— v |2 (5.6)

This shows that in order to estimate |(E2, W;ir)|, it suffices to consider the integral
(5.4) for |aq| + |a2| = 2. In general, we consider

f v — v,]” T2 gehy|dvudu,,

for y > —5. Note that the integral has singularity as y — (—5)T. It is obvious that
[v —ve] S W)W (vy). If y +2 > 0, then

lv— v |72 < Wy 2()Wy, 2(vy),

which gives
o ¥ H2
/Iv Ui |" T gxh i [dudoy < IgIL;HIhIL[z,1 WIL%Z,

where by, by € R satisfying by +b, =y +2.If y +2 < 0, then

v = 0al"*2 < Ly <10 — 0V F2Wy 2 (0) Wiy 2 (vs)
Flp—v, 21 Wy 2 (W) W)y 12 (V4),
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which gives

1
— . |712 < -
/|v vil Rlguhy ldvdv, S Smslglip Vel Wz + gl Wl 1153

ly+2|

where 2 < p, q < oo satisfying 1/p+1/q = 1/2. Here we have used [ 1jy—y,|<1/v—
v [V F2du, < ” +5 In summary, by using the basic inequality |g|;1 < |g] 2 and the
embedding H? < L and H® < L? where 1/p = 1/2 —s/3, for =5 < y <0,
we have

1
/|v—v*|y+2|g*hw|dvdv* S sl e Wl GD)

ly+2[+2

where 0 < 51, 52 < 2 satisfying 51 + 52 = 2.
By applying (5.7) for estimation on (5.4), and by recalling (5.2) and (5.6), we obtain

(@™ = Dol m. Wi + B2 Wiv)| S - Zleli

iy +2\+2| |Hl2+h1 W'Lﬁz’

(5.8)

where by + by, = y + 2.
We now turn to estimate E3. By the fact |A] < sin%lv — V|, one has

max{|A[*, [A[*, |A]%, |A|%} < sin § v — v, P W3(v — v,). Plugging this into the def-
inition of R (v, v4, o), one has

4
.30
R (v, vy, )| < sin’® Slv = VP Wa(v = 0.) Y Rii (v, v, 0),
i=1

2 2
R, v 0) =) Y [VigwallV/h),
i=0 j=3—i

z 1
Rz ) = 3 Vsl [ (1=02 [V )|,
i=0

2 - 1
Ri3(v, vy, 0) = Z|V'h(v>|/0 (1= 0? |V (.0)] de,
i=0
1 1
Ri4(v, Vs, 0) = / (1 —0)? ‘V3g (v*(t))‘ dL/ (1 — 1) ‘V3h (v(K))‘ d.
0 0
Then we have |(E3, W) < Z?:l Ji, where

.20
Ji = / BSY Ry (v, vy, o) sin® §|v — 0 PWa(v — v ) Wi () ¥ ()[dV.
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In general, for 0 < ¢, k < 1, we consider
S,V ind 0 3
I(g,h)= | B>V sin Elv — V[P W3(v — v ) Wi (v)[g (v (D)) h (v(k)) Y (V) |[d V.

Letay, ay € Rsatisfyinga; +ax =y +6.If y +3 > 0, then

v = vl "W — 0 Wi (©) Sriariay Witlan+azl 0 (0) Wiy (0() Way ().

(5.9
If y +3 < 0, we have
V| S W3 (vu,) Wi (v)
Starar o—val<t 100] S ™ B3 W4 1) | (V5 (0) Wiy (0(6)) Wa, (0)
+ Lo—v 121 Witiay | 41as )| (Vs (D) Wigay (0 () We, (V). (5.10)

By the above estimates, we have

0 ~ ~
1Z(g, M| St.ar,a: /bx(é’) sin’ Elé(v*(t))h(v(K))w(v)ldV

0 ~ -
+ 1y+3<0/ l\va*|§1|v - U*|V+3bs(0) Sin3 5|§(v*(L))h(U(K))I/I(U)|dV

=T1i1(g, h) +1>(g. h),

where § = Witja)|+1ay18 1 = Wita h, ¥ = Wa, V.

We now consider the functional Z; (g, ) where there is no singularity. By Cauchy—
Schwarz inequality, applying the change of variable (2.27), using the fact 1 < v,(0) <
V2 and (5.5), we have

Ti(g. ) < ( / b* () sin’ §|g<v*(t)>ﬁ2(v<x>)|dV>1/2
( / b* () sin’ g(WK+L(9))3|§(U*(6))1Z2(U)|dv)1/2
( / b* () sin’ —(wm(e» |g<v*)h2<v)|dV>1/2
( / b* () sin’ g(wtw))%g(v*)@z(vndV)1/2
( f b* () sin’ —|g(v*)h2(v)|dV>1/2
( / b* (6) sin’ §|§(v*>¢2<v>|dV)l/2
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- 172 1/2
< -vs) ( / |g<v*>h2<v>|dvdv*> ( f |§<v*>1/72(v>|dvdv*>

S A =912l 1hl 212

We now consider the functional 7, (g, &) where there is singularity as |v — v,| — 0.
By Cauchy—Schwarz inequality, applying the change of variable (2.27), using the fact
1 < ¥ (0) < +/2 and (5.5), we have

~ 1/2
Io(g. h) S (1 —s) (f Ly, <1V — v*|V+3|§<v*>h2(v)|dvdv*>

_ 1/2
x ( / 1v_mfnv—v*|”3|g(v*)w2(v)|dvdv*) :

Ify > —9/2, using [ 1jy—p,j<1]v — vs|” T3] guldvs < mhgm to obtain

9 .
(g, ) S (1 —s)(y + 5)—1|g|Lz|h|Lz|w|Lz. (5.11)

If y > —11/2, we will have

5/6 o
g S (=) <7/ + 7) 8lLrlhlLal¥lpz, (5.12)

where 2 < p, g < 6 satisfying 1/p + 1/q = 2/3. Indeed, putting together g and h,
we can get

1/2
4 ~
To(g, ) S (1—5) ( f y—v, <1V — v*|s<y+3>|g2<v*)h2<v)|dvdv*)

1/2
X ( / 1|v_v*|<1|u—v*|?<y+3>|w2<v)|dvdv*) :

6
- Sy+3
Usmgfl‘v,v*|51|v—v*|5(7’ )dU*N +11/2’

11/2) 7P 17, Let k(z) = 1j51<1 |z|%<y+*>, then |k|;32 < (y + 11/2)72/3. Thus, the
first integral is bounded by

the latter integral is bounded by (y +

[k * g0 0 S 1K+ @) e 1h2 0 S 1k an 182 o 1R

S K230, R S (v 4+ 11/2) 1810 1AL oy,

where 1 /r +1/r" =1,141/r =2/341/q’. Then we get 5 , + 2r’ = 3 Combining
the two estimates yields (5.12).
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We conclude that if —9/2 < y <0,

o<l o
IZ(g, M < (1 =) (V + 5) 18121hl 21123

if —11/2 < y < 0, by the Sobolev embedding H* < L” where 1/p =1/2 — s/3,

-5/6 } 5
IZ(g, WIS (1—9) (V+7> |§|H2sn LAVZEI AR

Therefore, if —9/2 <y <0,

—1
|<E3,sz>|5<1—s)<y+g> 8163, sl W2 o (5.13)
if—11/2 <y <0,
-5/6
(E3, Wiy S (1 =) (y+7) 8lgpon Wil (514

By combining (5.8), (5.13) and (5.14), the proof of Proposition 4.2 is completed. 0O
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