
Mathematische Annalen (2025) 391:4911–4995
https://doi.org/10.1007/s00208-024-03046-w Mathematische Annalen

On the Boltzmann equation with strong kinetic singularity
and its grazing limit from a new perspective

Tong Yang1 · Yu-Long Zhou2

Received: 6 August 2024 / Revised: 6 November 2024 / Accepted: 7 November 2024 /
Published online: 25 November 2024
© The Author(s) 2024

Abstract
For the inverse power law potential U (r) = r−p, the Boltzmann kernel has the
asymptotic behavior B(v − v∗, σ ) ∼ θ−2−2s |v − v∗|γ as the deviation angle tends to
0. Global well-posedness of the Boltzmann equation with such singular kernels has
been built in the parameter range γ > −3, 0 < s < 1 independently by Gressman and
Strain (J Am Math Soc 24:771–847, 2011), Alexandre et al. (J Funct Anal 262:915–
1010, 2012), triggering many other theoretical developments thereafter. In this work,
we consider stronger kinetic singularity and extend the global well-posedness theory
to the range γ > −2s − 3, 0 < s < 1. This range is optimal by recalling that the
dominant part of the Boltzmann operator behaves like the factional Laplace operator
(−�)s which allows a singularity with exponent −2s − 3 in 3-dimensional space.
Based on the global well-posedness result, we prove the grazing limit of theBoltzmann
equation to the Landau equation as s → 1− from a new perspective for any γ > −5
that includes the Coulomb potential γ = −3. As a byproduct, the Landau equation is
globally well-posed for any γ > −5.
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1 Introduction

The Boltzmann and Landau equations are the two most classical kinetic equations.
Regarding to the Cauchy problem, there has been extensive work in different frame-
works, e.g. [4, 5, 8, 9, 13, 14, 17, 19–23, 26, 31–38]. In fact, the Landau equation
was derived by Landau in 1936 from the Boltzmann equation with cutoff Rutherford
cross section. Mathematical justification of the grazing collision limit has proved to be
successful since 1990s by adding a cutoff on the deviation angle together with suitable
scaling parameter to the Boltzmann cross-section, cf. [6, 7, 10–12, 16, 18, 24, 25, 27].

In this work, we first extend the global well-posedness results [4, 19] on the Boltz-
mann equation with non-cutoff kernels B(v− v∗, σ ) ∼ θ−2−2s |v− v∗|γ to the wider
parameter range γ > −2s − 3(allowing more kinetic singularity). We then justify the
grazing limit to the Landau equation as s → 1− for any γ > −5 only with a simple
scaling factor 1− s(without introducing angular cutoff).
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1.1 A natural scaling

Consider the Cauchy problem of the Landau equation

{
∂t F + v · ∇x F = Qγ

L(F, F), t > 0, x ∈ T
3, v ∈ R

3,

F |t=0 = F0.
(1.1)

Here the Landau operator Qγ

L(g, h) is defined by

Qγ

L(g, h)(v) := ∇v ·
{∫

R
3
aγ (v − v∗)[g(v∗)∇vh(v)− ∇v∗g(v∗)h(v)]dv∗

}
,

(1.2)

where the symmetric matrix aγ is given by

aγ (z) := 	|z|γ+2
(z), 
(z) :=
(
I3 − z ⊗ z

|z|2
)

. (1.3)

Here, I3 is the 3× 3 identity matrix and 	 is a constant.
Wewill show that the solution Fγ

L of (1.1) can be derived from that of theBoltzmann
equation with a natural scaling. Let Fs,γ

B be the solution to the Boltzmann equation
with a scaled initial datum

∂t F + v · ∇x F = Qs,γ
B (F, F), F |t=0 = (1− s)F0, (1.4)

where Qs,γ
B is the Boltzmann operator defined by

Qs,γ
B (g, h)(v) :=

∫
R
3

∫
S2

Bs,γ (v − v∗, σ )
(
g′∗h′ − g∗h

)
dσdv∗. (1.5)

Here, Bs,γ is the angular non-cutoff kernel derived from inverse power law potentials,
given by

Bs,γ (v − v∗, σ ) =
(
sin

θ

2

)−2−2s
|v − v∗|γ , (1.6)

where θ is the deviation angle and cos θ = v−v∗|v−v∗| · σ . The main result in this article is
to rigorously prove for γ > −5,

Fs,γ
B /(1− s)→ Fγ

L , s → 1−. (1.7)

It is commonly believed in the kinetic theory that the Boltzmann equation tends to the
Landau equation as the singularity parameter s tends 1.Our result (1.7)mathematically
validates this belief for any γ > −5.
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4914 T. Yang, Y.-L. Zhou

Recall that (1.6) is derived from the inverse power law potential U (r) = r−p and
the parameters are determined through s = 1/p, γ = 1− 4s. The Coulomb potential
corresponds to p = s = 1, γ = −3. To concentrate on the effect s → 1−, in the article
we will regard γ as a fixed constant in the range γ > −5 for the Landau equation and
γ > −3− 2s for the Boltzmann equation. In view of Coulomb potential as a special
case of the inverse power law, the result also holds for the case when γ = 1− 4s with
the limit s → 1−. This is because (1.7) holds for any γ > −5 and it is uniform with
respect to γ around −3.

Introducing an angular cutoff θ ≥ θmin > 0 in the Rutherford cross section from
the Coulomb potential s = 1, γ = −3, Landau in 1936 derived the Landau operator
(1.2) from the Boltzmann operator (1.5) by using Taylor expansion and keeping the
terms up to the second order. On one hand, the cutoff gives rise to a finite momentum
transfer so that the Boltzmann operator is well defined. On the other hand, the cutoff
generates a physical constant ln(1/θmin) (known as Coulomb logarithm) in the Landau
operator. The constant is closely related to the screen effect in an electrically neutral
plasma interacting through the Coulomb force among microscopic charged particles.

The Landau equation turns out to be an effective equation and has been widely used
as a fundamental model in plasma physics. But rigorous mathematical analysis on the
limit appeared much later until the 1990s. The first rigorous result was obtained by
Desvillettes. Roughly speaking, Desvillettes in [12] introduced a cutoff and scaling
procedure such that grazing collisions dominate. He then established the limit in the
operator level with error analysis and also for the linearized equation. The result in
[12] can be applied to the kernel (1.6) with γ > −3, 0 < s < 1 for the inverse power
law potentials. Precisely, when one applies this argument to the kernel (1.6), the cutoff
and scaling procedure yield

Bε,s,γ (v − v∗, σ ) = ε2s−21θ≤ε

(
sin

θ

2

)−2−2s
|v − v∗|γ . (1.8)

The angular cutoff θ ≤ ε keeps only grazing collisions in the limit, and the scaling
factor ε2s−2 increases the effect of such collisions to have a finite mean momentum
transfer. The result in [12] shows for any fixed γ > −3, 0 < s < 1 that

Qε,s,γ
B = Qγ

L + O(ε). (1.9)

Here Qε,s,γ
B is the Boltzmann operator associated to the kernel Bε,s,γ .

As for Landau’s original derivation of the Landau operator from the Boltzmann
operator with cutoff θ ≥ θmin > 0 for the Coulomb potential, Degond and Lucquin-
Desreux [11] first proved the limit in L1 space with a logarithmic error estimate.
Moreover, they interpreted the threshold θmin as the “plasma parameter”. Precisely,
for the scaled kernel

Bε(v − v∗, σ ) = | ln ε|−11θ≥ε

(
sin

θ

2

)−4
|v − v∗|−3, (1.10)
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On the Boltzmann equation with strong… 4915

the result in [11] implies the following expansion in L1 space,

Qε
B = Q−3L + O(| ln ε|−1). (1.11)

Here Qε
B is the Boltzmann operator associated to the kernel Bε .

Later on, there have been fruitful results on the grazing limits on the two scaled
kernels (1.8) and (1.10) and other more general kernels of the same types. Moreover,
the limitwas justified fromoperator level to equation level. In details, the grazing limits
have been established in different settings: homogeneous and inhomogeneous cases,
weak and classical solutions, cf. [6, 7, 16, 18, 24, 25, 27, 38] and the references therein.
See also [10] from the gradient flow perspective. In particular, a general mathematical
framework for grazing limit was proposed in [38] which includes both (1.8) and (1.10).
We will come back to discuss the work [38] later.

Now let us compare the approach presented in this paper with (1.10) and (1.8).
Note that both the kernels (1.10) and (1.8) contain an angular cutoff together with a
suitable scaling factor. However, our approach relies only on a simple scaling without
introducing angular cutoff. Note that the scalings on initial datum (1.4) and on the
solution (1.7) are equivalent to that on the kernel by observing that the Boltzmann
operator is quadratic. To be clear, let F̃ s,γ

B = Fs,γ
B /(1− s). Then F̃ s,γ

B is the solution
to

∂t F + v · ∇x F = Q̃s,γ
B (F, F), F |t=0 = F0. (1.12)

Here Q̃s,γ
B is the Boltzmann operator with the kernel defined by

B̃s,γ (v − v∗, σ ) = (1− s)Bs,γ (v − v∗, σ ). (1.13)

In order to prove the limit (1.7), it is equivalent to show that

F̃ s,γ
B → Fγ

L , s → 1−. (1.14)

The factor (1 − s) appears naturally in (1.13) that corresponds to the grazing limit.
We remark that the family (1.13) indexed by s also satisfies the general mathematical
framework proposed in [38].

For clear presentation, we summarize our method and the previous approaches for
the grazing limit in Fig. 1. The cutoff plus scalingmethod for general potentials (Bε,s,γ

in (1.8) with γ > −3 with fixed 0 < s < 1) is listed in the left column in Fig. 1, where
one can replace Bε,s,γ by Bε (given in (1.10) with γ = −3, s = 1 for the Coulomb
potential). The middle column shows that the Landau equation with initial datum F0
yields a solution Fγ

L . Our approach corresponds to the right column in Fig. 1. That is,
firstly the Boltzmann equation with the scaled initial datum (1− s)F0 gives a solution
Fs,γ
B . Then the inverse scaling Fs,γ

B /(1− s) with limit s → 1− gives the solution Fγ

L
of the Landau equation. Note that the Boltzmann equation is associated to the physical
cross-section (1.6) with parameter s, γ . We also remark that in the previous kernels
(1.10) and (1.8) for the grazing limit, the parameter s is fixed while the angular cutoff
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4916 T. Yang, Y.-L. Zhou

Fig. 1 Grazing limit

parameter ε plays a role in the limit. In this article, the limit of s to 1 also captures the
grazing limit of the Boltzmann equation to Landau equation.

In this work, we will investigate the above limit in the near-equilibrium framework
where unique global classical solution can be constructed.We first recall some relevant
results on the well-posedness theories in this framework. For the non-cutoff kernel
(1.6), Gressman-Strain in [19] established global well-posedness of the Boltzmann
equation in the following parameter range

γ > −3, 0 < s < 1. (1.15)

Independently, Alexandre–Morimoto–Ukai–Xu–Yang [4] proved the same result in
the range (1.15) with a constraint γ + 2s > − 3

2 to obtain stronger estimates on
the nonlinear operators. In order to consider the grazing limit for Coulomb potential
γ = −3, we need to obtain some uniform estimates for stronger kinetic singularity
γ < −3. There are some discussions about this in several previousworks. For instance,
weak solutions were constructed for γ ≥ −3 in the classical work [38] by Villani in
which a remark says that “one could take γ > −4”. As for Landau equation, Guo [20]
firstly proved global well-posedness of for γ ≥ −3 and pointed out that “our theorem
is still valid for certain γ even below −3”.

Motivated by the above studies, we will consider stronger kinetic singularity and
more negative γ in this article. A new contribution to the Boltzmann equation is to
extend the parameters range for γ and s to include the triangle 0 < s < 1,−3−2 s <

γ ≤ −3, see the region formed by the three red dash lines in Fig. 2. On one hand, we
justify the well-posedness of the Boltzmann equation in a region below γ = −3.
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On the Boltzmann equation with strong… 4917

Fig. 2 The parameter domain

On the other hand, more importantly, uniform estimates are obtained to the left of
the vertical line s = 1 so that the limit s → 1− can be considered for any γ > −5.
This then obviously includes the Coulomb potential γ = −3 and the cases mentioned
in the previous literature. Hence, as a byproduct, we show that the Landau equation is
well-posed for −5 < γ < −3.

Now let us explain why γ = −2s−3 is a critical value in three-dimensional space.
Actually, As shown in the papers [1–4, 19, 23, 26, 30, 32], it is nowwell known that the
Boltzmann operator Qs,γ

B (g, ·) in (1.5) behaves like the fractional Laplace operator
−Cg(−�)s . Recall that −(−�)s in three dimensions can be defined by a singular
integral

− (−�)s f (v) := Cs lim
r→0+

∫
R3\B(v,r)

f (v)− f (v∗)
|v − v∗|3+2s dv∗. (1.16)

This implies that γ > −2s − 3 is necessary for suitably general function spaces.
Moreover, there exists a universal constant c > 0 such that

lim
s→1−

Cs

1− s
= c.

This is consistent with the scaling factor 1 − s appeared in (1.7) and (1.13). Then as
s → 1−, −(−�)s → � which is the main part of the Landau operator (1.2).
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Now let us briefly discuss the relation of our approachwith the generalmathematical
framework for grazing limit proposed in [38]. According to [38], a family {bn}n of
angular collisions kernels concentrates on the grazing collisions if

⎧⎪⎨
⎪⎩

∫
S2
bn(cos θ) sin2

θ

2
dσ →n→∞ μ∞ ∈ (0,+∞),

∀θ0 > 0, sup
θ≥θ0

bn(cos θ)→n→∞ 0
(1.17)

Note that this assumption is so general that it includes the three cases of kenerls
discussed above (1.8), (1.10) and (1.13), with n = 1/ε or n = 1/(1 − s). Therefore,
one can directly apply [38] and [6] to obtain corresponding results in the spatially
homogeneous and inhomogeneous cases respectively in the limit s → 1− for weak
solutions. However, for the inhomogeneous case the work [6] requires γ ≥ −3 and
how to study weak solution for γ < −3 in the grazing limit remains unsolved. In
order to consider γ < −3, we choose to work in the close-to-equilibrium framework
where some regularity of the solutions can be used to absorb the extra singularity in the
relative velocity near |v − v∗| = 0. To consider larger range of negative γ is not only
for a mathematical consistency with the fractional Laplace operator −(−�)s → �

but also for some physical applications. As pointed out in [5], cross-sections which
present non-integrable kinetic singularity but no angular singularity are also used by
physicists. Our results show that the index γ of kinetic singularity can be below the
critical non-integrable value −3 until −3− 2s at least in perturbative framework for
global classical solutions.

1.2 Main results

We will state the main results in this subsection. Consider the following Cauchy
problem of the Boltzmann equation

{
∂t F + v · ∇x F = Qs,γ

B (F, F), t > 0, x ∈ T
3, v ∈ R

3,

F |t=0 = F0.
(1.18)

Here F(t, x, v) ≥ 0 is the density function of particles with velocity v ∈ R
3 at time

t ≥ 0, position x ∈ T
3 := [−π, π ]3. The Boltzmann operator is defined as

Qs,γ
B (g, h)(v) :=

∫
S2

∫
R
3
Bs,γ (v − v∗, σ )

(
g′∗h′ − g∗h

)
dσdv∗. (1.19)

Here, h = h(v), g∗ = g(v∗), h′ = h(v′), g′∗ = g(v′∗) where v′, v′∗ are given by

v′ = v + v∗
2
+ |v − v∗|

2
σ, v′∗ =

v + v∗
2
− |v − v∗|

2
σ, σ ∈ S

2. (1.20)
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Recalling (1.6) and (1.13), from now on we take

Bs,γ (v − v∗, σ ) = (1− s)

(
sin

θ

2

)−2−2s
10≤θ≤π/2|v − v∗|γ . (1.21)

That is, the angular function is

bs(θ) = (1− s)

(
sin

θ

2

)−2−2s
10≤θ≤π/2. (1.22)

Note that the angle variable is restricted to 0 ≤ θ ≤ π/2 by symmetry as in the
literature.

Thanks to the factor 1− s, the mean moment transfer is finite, that is,∫
S2
bs(θ) sin2

θ

2
dσ = 4π × 2s−1. (1.23)

In accordance with (1.23), we take 	 = π in (1.3). In fact, we will show that

Qs,γ
B = 2s−1Qγ

L + O(1− s),

and so Qs,γ
B → Qγ

L as s → 1−. See (5.1) for details.
To construct the global-in-time classical solution in the spatially inhomogeneous

case, one usually considers the near equilibrium framework. Recall that solutions of
(1.1) and (1.18) conserve mass, momentum and energy. We assume F0 is a small
perturbation of the equilibrium μ where μ(v) := (2π)−3/2e−|v|2/2. Let us recall the
linearized versions of (1.18) and (1.1). Set F = μ+μ1/2 f , then (1.18) is reduced to

{
∂t f + v · ∇x f + Ls,γ

B f = �
s,γ
B ( f , f ), t > 0, x ∈ T

3, v ∈ R
3,

f |t=0 = f0.
(1.24)

Here the linearized Boltzmann operator Ls,γ
B and the nonlinear term �

s,γ
B are defined

by

�
s,γ
B (g, h) := μ−1/2Qs,γ

B (μ1/2g, μ1/2h),

Ls,γ
B g := −�

s,γ
B (μ1/2, g)− �

s,γ
B (g, μ1/2). (1.25)

With the same decomposition F = μ+ μ1/2 f , (1.1) becomes

{
∂t f + v · ∇x f + Lγ

L f = �
γ

L ( f , f ), t > 0, x ∈ T
3, v ∈ R

3,

f |t=0 = f0.
(1.26)

The linearized Landau operator Lγ

L and the nonlinear term �
γ

L are defined by

�
γ

L (g, h) := μ−1/2Qγ

L(μ1/2g, μ1/2h),
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Lγ

Lg := −�
γ

L (μ1/2, g)− �
γ

L (g, μ1/2). (1.27)

Note that the conservation laws imply that for all t ≥ 0,

∫
T3×R3

F(t, x, v)φ(v)dxdv =
∫
T3×R3

F(0, x, v)φ(v)dxdv,

φ(v) = 1, v j , |v|2, j = 1, 2, 3. (1.28)

Without loss of generality, we assume F0 and the equilibrium μ have the same con-
served quantities so that the initial datum f0 satisfies∫

T3×R3

√
μ f0φdxdv = 0, φ(v) = 1, v j , |v|2, j = 1, 2, 3. (1.29)

Then for all t ≥ 0,

∫
T3×R3

√
μ f (t)φdxdv = 0, φ(v) = 1, v j , |v|2, j = 1, 2, 3. (1.30)

Physical solutions are non-negative and so we consider F0 = μ+ μ
1
2 f0 ≥ 0.

The case for hard potential with γ +2s ≥ 0 is relatively easy because the linearized
Boltzmann operator has a spectrum gap. This corresponds to the region above the blue
line in Fig. 2. Therefore, we only consider the soft potentials in this article when

0 < s < 1, −3 < γ + 2s ≤ 0. (1.31)

Note that this corresponds to the region inside the parallelogram in Fig. 2. To overcome
the lack of spectrum gap, the following weighted Sobolev space was introduced by
Guo as energy space for global well-posedness

Es,γ
N ,l ( f ) :=

N∑
j=0
‖ f ‖2

HN− j
x Ḣ j

l+ j(γ+2s)
. (1.32)

If s = 1, we sometimes write Eγ

N ,l( f ) = E1,γ
N ,l ( f ) which is the energy space for the

Landau equation, cf. subsect. 1.3 for notations on function spaces.
There are three main results given in the following theorem. The first one is the

global well-posedness of the Boltzmann equation (1.24) in the parameter range (1.31).
The second one is the global well-posedness of the Landau equation (1.26) for −5 <

γ < −2. The last one is about the grazing limit of the Boltzmann equation (1.24) to
the Landau equation (1.26) by proving a global-in-time asymptotic formula for the
limit s → 1−.

Theorem 1.1 [Well-posedness of the Boltzmann equation] Let 0 < s < 1,−3 <

γ + 2 s ≤ 0. Let N ≥ 4, l ≥ −N (γ + 2 s). There is a constant δs,γ,N ,l > 0 such that,
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if

E s,γ
N ,l ( f0) ≤ δs,γ,N ,l , (1.33)

then (1.24) admits a unique global solution f s,γ satisfying μ+ μ
1
2 f s,γ ≥ 0 and

sup
t≥0

E s,γ
N ,l ( f

s,γ (t)) ≤ Zs,γ,N ,lE s,γ
N ,l ( f0), (1.34)

for some constant Zs,γ,N ,l . Here δs,γ,N ,l = 1
2η

2
s,γ,N ,l where ηs,γ,N ,l is given in The-

orem 4.1. See (4.8) for the definition of Zs,γ,N ,l . For any fixed N , l, there are two
functions δN ,l , ZN ,l : (0, 1] × (0, 3] → (0,∞) satisfying

δs,γ,N ,l = δN ,l(s, γ + 2s + 3), Zs,γ,N ,l = ZN ,l(s, γ + 2s + 3), (1.35)

and

δN ,l(x1, x2) is non-decreasing w.r.t. each argument,

and vanishes as x1→ 0+ or x2 → 0+; (1.36)

ZN ,l(x1, x2) is non-increasing w.r.t. each argument

and tends to infinity as x1→ 0+ or x2 → 0+. (1.37)

[Well-posedness of the Landau equation]Taking s = 1 in the above, the global well-
posedness of (1.26) holds true. We state this result in details for later discussion. Let
−3 < γ+2 < 0. Let N ≥ 4, l ≥ −N (γ+2). Let δγ,N ,l = δ1,γ,N ,l , Zγ,N ,l = Z1,γ,N ,l .
If

Eγ

N ,l( f0) ≤ δγ,N ,l , (1.38)

then (1.26) admits a unique global solution f γ satisfying μ+ μ
1
2 f γ ≥ 0 and

sup
t≥0

Eγ

N ,l( f
γ (t)) ≤ Zγ,N ,lEγ

N ,l( f0). (1.39)

[Asymptotic formula of the grazing limit] Fix −5 < γ < −2. Let N ≥ 4, l ≥
−N (γ + 2). Let s∗ := 1

2 (1− γ+3
2 ). Assume

Eγ

N+3,l+2N−3γ+5( f0) ≤ δs∗,γ,N+3,l+2N−3γ+5. (1.40)

Since for any s∗ ≤ s ≤ 1,

E s,γ
N+3,l+2N−3γ+5( f0) ≤ Eγ

N+3,l+2N−3γ+5( f0)
≤ δs∗,γ,N+3,l+2N−3γ+5 ≤ δs,γ,N+3,l+2N−3γ+5,
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then by the abovewell-posedness result, (1.24) has a unique solution f s,γ for s∗ ≤ s <

1, and (1.26) has a unique solution f γ . Moreover, the family of solutions { f s,γ }s∗≤s<1
satisfies

sup
t≥0

Eγ

N ,l( f
s,γ (t)− f γ (t)) ≤ (1− s)2 exp

(
CN ,l Z

3
s∗,γ,N ,lC

2
γ E1,γ

N+3,l+2N−3γ+5( f0)
)

.

(1.41)

Here Cγ = (γ + 5)−1.

In the following we will give some remarks. First of all, we will keep track of
the dependence on the parameters s, γ . This kind of dependence gives the precise
condition on the parameters for the global well-posedness theory of the Boltzmann
and Landau equation. In particular, we have the explicit relation between δ, Z and
s, γ in (1.35). On one hand, the region of parameters for the well-posedness of the
Boltzmann equation is non-empty as long as 0 < s < 1, γ > −2s − 3. On the other
hand, according to (1.36), the region indicated by the “radius" δs,γ,N ,l > 0 may shrink
as s → 0+ or γ → (−2s − 3)+.

Recently, the limit from inverse power law to hard sphere model was established
in [29] for the homogeneous Boltzmann equation in the context of weak solutions.
Notably, the authors start directly from the kernel derived from inverse power law and
then study the limit s → 0+. The kernel considered in [29] is |v−v∗|1−4sbs(θ)where
the angular function bs is very complicated and can only be given in an implicit way.

The estimate (1.41) implies that

Fs,γ
B = Fγ

L + (1− s)Fs,γ
R , (1.42)

where Fs,γ
B and Fγ

L are solutions to (1.18) and (1.1) respectively. Here the error term
Fs,γ
R is uniformly bounded in some function space. The asymptotic formula validates

our approach shown in Fig. 1.
A few more remarks are given as follows.

Remark 1.1 For the potential function U (r) ∼ r−p, the above theorem justifies the
natural limit p → 1+ from the Boltzmann equation with inverse power law to the
Landau equation with the Coulomb potential.

Remark 1.2 If s and γ are regarded as two independent parameters, thewell-posedness
of the Boltzmann equation holds when γ > −3 − 2s and 0 < s < 1. In fact, the
angular singularity s → 1− is the essential reason of possible ill-posedness for inverse
power law potentials.

Remark 1.3 Global well-posedness in some lower regularity function spaces, such as
the one introduced in [17], may be obtained for the parameters γ, s in the optimal
range 0 < s < 1, γ > −3 − 2s. We may also further consider time decay rates as
in [17, 33, 34]. For brevity and to focus on the key points, we will not pursue these
analyses in this work.
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Remark 1.4 In the previous studies, the condition γ > −3 is needed due to the fol-
lowing estimate. For any v ∈ R

3,

∫
R3

μ(v∗)|v − v∗|γ dv∗ ≤ Cγ 〈v〉γ , (1.43)

whereCγ is a constant that blows up as γ → (−3)+. To understand why γ > −3−2s
is sufficient for well-posedness, intuitively, we know that the angular singularity in
the cross-section leads to a fractional derivative of order 2s. Thus, we can expect to
recover an extra 2s in the range for γ below γ = −3 by sacrificing some regularity
of the solution.

1.3 Notations

We list some notations that are used in this work.
Common notations. The length of a multi-index β = (β1, β2, β3) ∈ N

3 is denoted
by |β| = β1+β2+β3. a � b means that there is a generic constant C, which may be
different in different places, such that a ≤ Cb. We use the notation a ∼ b when a � b
and b � a. The bracket 〈·〉 is defined by 〈·〉 := (1+|·|2)1/2. The weight functionWl is
defined by Wl(v) := 〈v〉l . We denote by C(λ1, λ2, · · · , λn) or Cλ1,λ2,··· ,λn a constant
depending on parameters λ1, λ2, · · · , λn . We use | · |L2 , | · |L2

x
, ‖ · ‖L2

x L
2 to distinguish

the L2-norms in the three spaces L2(R3), L2(T3), L2(T3×R
3), and 〈·, ·〉, 〈·, ·〉x , (·, ·)

to denote the corresponding inner products. As usual, 1A is the characteristic function
of the set A. If A, B are two operators, then [A, B] := AB − BA.

Function spaces. For α, β ∈ N
3, set ∂α := ∂α

x , ∂β := ∂
β
v , ∂α

β := ∂α
x ∂

β
v for simplic-

ity. We will use the following function spaces.

• For real number n, l,

Hn
l :=

{
f (v)

∣∣| f |2Hn
l
:= |〈D〉nWl f |2L2 =

∫
R
3
|(〈D〉nWl f )(v)|2dv < +∞

}
.

Here a(D) is a pseudo-differential operator with the symbol a(ξ) defined by

(
a(D) f

)
(v) := 1

(2π)3

∫
R
3

∫
R
3
ei(v−y)·ξa(ξ) f (y)dydξ.

• For n ∈ N, l ∈ R,

Hn
l :=

⎧⎨
⎩ f (v)

∣∣| f |2Hn
l
:=

∑
|β|≤n

|∂β f |2
L2
l

<∞
⎫⎬
⎭ ,

where | f |L2
l
:= |Wl f |L2 is the usual L2 norm with weight Wl .
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• For n ∈ N, l ∈ R,

Ḣn
l :=

⎧⎨
⎩ f (v)

∣∣| f |2
Ḣn
l
:=

∑
|β|=n

|∂β f |2
L2
l

<∞
⎫⎬
⎭ . (1.44)

• For m ∈ N,

Hm
x :=

⎧⎨
⎩ f (x)

∣∣| f |2Hm
x
:=

∑
|α|≤m

|∂α f |2L2
x

<∞
⎫⎬
⎭ .

• For m, n ∈ N, l ∈ R,

Hm
x Hn

l :=
⎧⎨
⎩ f (x, v)

∣∣‖ f ‖2Hm
x Hn

l
:=

∑
|α|≤m,|β|≤n

||∂α
β f |L2

l
|2L2

x
<∞

⎫⎬
⎭ .

We write ‖ f ‖Hm
x L2

l
:= ‖ f ‖Hm

x L2
l
if n = 0 and ‖ f ‖L2

x L
2
l
:= ‖ f ‖H0

x H
0
l
if m = n =

0. The space Hm
x Ḣn

l can be defined similarly.

Next, let us recall the dissipation norm of the linearized operators Ls,γ
B andLγ

L . For
l ∈ R, set

| f |2s,l := |Ws((−�S2)
1/2)Wl f |2L2 + |Ws(D)Wl f |2L2 + |WsWl f |2L2 . (1.45)

Here Ws(D) is the pseudo-differential operator with symbol Ws . The operator
Ws((−�S2)

1/2) is defined as follows. If v = rσ, r ≥ 0, σ ∈ S
2, then

(
Ws((−�S2)

1/2) f
)
(v) :=

∞∑
l=0

l∑
m=−l

(1+ l(l + 1))
s
2 Ym

l (σ ) f ml (r), (1.46)

where f ml (r) = ∫
S2
Ym
l (σ ) f (rσ)dσ , and {Ym

l }l≥0,−l≤m≤l are the real spherical har-
monics satisfying (−�S2)Y

m
l = l(l+1)Ym

l .Note that the functionWs is the common
weight in the three individual norms. The dissipation norm | · |s,γ /2 characterizesLs,γ

B ,
see Theorem 2.2 and Theorem 3.2 for details. Similarly, the dissipation norm | · |1,γ /2
characterizes Lγ

L .
Sometimes, we also write | f |L2

s,l
= | f |s,l . For functions defined on T

3 × R
3, the

space Hm
x Hn

s,l with m, n ∈ N is defined by

Hm
x Hn

s,l :=
⎧⎨
⎩ f (x, v)

∣∣‖ f ‖2Hm
x Hn

s,l
:=

∑
|α|≤m,|β|≤n

||∂α
β f |L2

s,l
|2L2

x
<∞

⎫⎬
⎭ .
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Set ‖ f ‖Hm
x L2

s,l
:= ‖ f ‖Hm

x H0
s,l

if n = 0 and ‖ f ‖L2
x L

2
s,l
:= ‖ f ‖H0

x H
0
s,l

if m = n = 0.

Again, the space Hm
x Ḣn

s,l can be defined accordingly.
We sometimes omit the range of some frequently used variables in the integrals.

Usually, σ ∈ S
2, v, v∗, u, ξ ∈ R

3. For example,
∫
(· · · )dσ := ∫

S2
(· · · )dσ,

∫
(· · · )dσ

dvdv∗ :=
∫
S2×R3×R3(· · · )dσdvdv∗. Integration w.r.t. other variables is understood in

a similar way. Whenever a new variable appears, we will specify its range.
When there is no confusion, we drop the subscripts B and L in the Boltzmann and

Landau operators for brevity.

1.4 Organization of the article

In Sect. 2, we derive upper bound estimates of the linear operator Ls,γ and the non-
linear term�s,γ .Weprove coercivity estimate of the linear operator in Sect. 3. Theorem
1.1 is proved in Sect. 4. In the Appendix 5, for completeness, we prove the operator
convergence stated in Proposition 4.2.

2 Upper bound estimates

In this section, we will derive the upper bound estimates on the collision operators
based on the following operator splitting method.

We divide the Boltzmann operator with respect to the relative velocity into two
parts

B(v − v∗, σ ) = Bs,γ
η (v − v∗, σ )+ Bs,γ,η(v − v∗, σ ),

where

Bs,γ
η (v − v∗, σ ) := ψη(|v − v∗|)B(v − v∗, σ ),

Bs,γ,η(v − v∗, σ ) := (1− ψη(|v − v∗|))B(v − v∗, σ ). (2.1)

Here ψη(·) = ψ(·/η) where ψ is a non-increasing smooth function on R+ given in
(2.12) and satisfies

ψ = 1 on [0, 3/4], ψ is strictly decreasing on [3/4, 4/3],
ψ = 0 on [4/3,∞), |ψ ′| ≤ 4. (2.2)

Note that Bs,γ
η is supported in |v−v∗| ≤ 4η/3 so that it is singular when |v−v∗| → 0,

while Bs,γ,η is supported in |v − v∗| ≥ 3η/4 without any singularity. From now on,
We always assume 0 < η ≤ 1.

Let Qs,γ
η and Qs,γ,η be the Boltzmann operators defined with kernel Bs,γ

η and
Bs,γ,η respectively. And then let �s,γ

η and �s,γ,η be the nonlinear terms defined with
kernel Bs,γ

η and Bs,γ,η respectively.
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Recall that the nonlinear term � for a general kernel B is defined by

�(g, h) = μ−1/2Q(μ1/2g, μ1/2h) =
∫

B(v − v∗, σ )μ
1/2∗

(
g′∗h′ − g∗h

)
dσdv∗

=
∫

B(v − v∗, σ )
(
(μ1/2g)′∗h′ − (μ1/2g)∗h

)
dσdv∗

+
∫

B(v − v∗, σ )
(
μ
1/2∗ − (μ1/2)′∗

)
g′∗h′dσdv∗ = Q(μ1/2g, h)+ I (g, h),

where for brevity,

I (g, h) :=
∫

B(v − v∗, σ )
(
μ
1/2∗ − (μ1/2)′∗

)
g′∗h′dσdv∗. (2.3)

Let I s,γ , I s,γη and I s,γ,η be the bi-linear operators defined according to (2.3) with
kernel Bs,γ , Bs,γ

η and Bs,γ,η respectively. Other operators with such subscripts and
superscripts are understood in the same way.

To implement the energy estimates for the nonlinear equations, we need to take
derivatives. By binomial expansion,

∂α
β �s,γ (g, h) =

∑
β0+β1+β2=β,α1+α2=α

Cβ0,β1,β2
β Cα1,α2

α �s,γ (∂
α1
β1
g, ∂α2

β2
h;β0), (2.4)

where

�s,γ (g, h;β)(v) :=
∫

Bs,γ (v − v∗, σ )(∂βμ1/2)∗(g′∗h′ − g∗h)dσdv∗. (2.5)

Note that

�s,γ (g, h;β) = Qs,γ (g∂βμ1/2, h)+ I s,γ (g, h;β), (2.6)

where

I s,γ (g, h;β) :=
∫

Bs,γ (v − v∗, σ )
(
(∂βμ1/2)∗ − (∂βμ1/2)′∗

)
g′∗h′dσdv∗. (2.7)

Thus, in general we need to consider I s,γ (g, h;β). This is again divided into two
parts: I s,γ,η(g, h;β) and I s,γη (g, h;β).

Recall

Ls,γ f = −�s,γ (μ
1
2 , f )− �s,γ ( f , μ

1
2 ).

By binomial expansion,

∂α
βLs,γ f =

∑
β0+β1+β2=β

Cβ0,β1,β2
β Ls,γ (∂α

β2
f ;β0, β1), (2.8)
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where

Ls,γ ( f ;β0, β1) := −�s,γ (∂β1μ
1/2, f ;β0)− �s,γ ( f , ∂β1μ

1/2;β0). (2.9)

We also define

Ls,γ
1 ( f ;β0, β1) := −�s,γ (∂β1μ

1/2, f ;β0),

Ls,γ
2 ( f ;β0, β1) := −�s,γ ( f , ∂β1μ

1/2;β0). (2.10)

In the same way, we can define Ls,γ,η(·;β0, β1),Ls,γ,η
1 (·;β0, β1),Ls,γ,η

2 (·;β0, β1)

with kernel Bs,γ,η and Ls,γ
η (·;β0, β1),Ls,γ

η,1(·;β0, β1),Ls,γ
η,2(·;β0, β1) with kernel

Bs,γ
η .
The rest of this section is organized as follows. Some preliminary knowledge is

given in subsect. 2.1. We deal with the singular region |v−v∗| � η and regular region
|v − v∗| � η in subsects. 2.2 and 2.3 respectively. Estimates in the full region are
given in subsect. 2.4. In the last subsect. 2.5, commutator and weighted upper bound
estimates are collected for later energy estimate. Note that subsect. 2.2 is the core part
of this section.

2.1 Preliminaries

We give some preliminary knowledge in this subsection.

2.1.1 Dyadic decomposition

Let ϕ be a smooth function on R+ satisfying

ϕ = 0 on [0, 3/4], ϕ is strictly increasing on [3/4, 4/3], ϕ = 1 on [4/3, 3/2],
ϕ is strictly decreasing on [3/2, 8/3], ϕ = 0 on [8/3,∞), |ϕ′| ≤ 4.

Moreover, ϕ is chosen such that the functions {ϕk(·) := ϕ(·/2k)}k∈Z is a partition of
unit on (0,∞). That is,

∞∑
k=−∞

ϕk = 1 on (0,∞). (2.11)

We set

ψ(r) =
−1∑

k=−∞
ϕk(r) for r > 0 and ψ(0) = 1. (2.12)
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Then we have the identity

ψ +
∞∑
k=0

ϕk ≡ 1 on [0,∞). (2.13)

With a little abuse of notation, we define radial functions ϕ(v) := ϕ(|v|), ψ(v) :=
ψ(|v|), ϕk(v) := ϕk(|v|) for v ∈ R

3.
Given a general Boltzmann kernel B = B(v − v∗, σ ) = B(|v − v∗|, cos θ) where

cos θ = v−v∗|v−v∗| · σ , let Q be the Boltzmann operator with kernel B. That is,

Q(g, h) :=
∫
S2

∫
R3

B(|v − v∗|, cos θ)(g′∗h′ − g∗h)dσdv∗. (2.14)

Let Uk := ∑
j≤k ϕ j , ϕ̃k := ∑

| j−k|≤N0−1 ϕ j for k ∈ Z for some fixed integer

N0 ≥ 4. Suppose the relative velocity satisfies |v − v∗| ≤ 4
3 . Let v∗ ∈ { 34 × 2 j ≤

|v∗| ≤ 8
3 × 2 j }. Then the fact that

√
2

2
|v − v∗| ≤ |v′ − v∗| ≤ |v − v∗|,

implies that

• If j ≥ N0 − 1, then |v|, |v′| ∈ [( 34 − 8
3 × 2−N0)2 j , 8

3 (1+ 2−N0)2 j ] ⊂ Suppϕ̃ j ;
• If j ≤ N0 − 2, then |v|, |v′| ≤ 3

2 × 2N0−1 ⊂ SuppUN0−1.
Hence, if Q is localized in |v − v∗| ≤ 4

3 , then

〈Q(g, h), f 〉 =
∑

j≥N0−1
〈Q(ϕ j g, ϕ̃ j h), ϕ̃ j f 〉

+〈Q(UN0−2g,UN0−1h),UN0−1 f 〉. (2.15)

Let us recall the Bobylev formula which is about the Fourier transform of the
Boltzmann operator. For (2.14), the Bobylev formula reads

F(Q(g, h))(ξ) =
∫
S2

∫
R3

(
B̂

(
|η∗ − ξ−|, ξ

|ξ | · σ
)
− B̂

(
|η∗|, ξ

|ξ | · σ
))

Fg(η∗)Fh(ξ − η∗)dσdη∗,

where ξ− = ξ−|ξ |σ
2 and

B̂(|ξ |, cos θ) :=
∫
R3

B(|q|, cos θ)e−iq·ξdq.

Here F is the Fourier transform operator. As usual, denote f̂ = F f , then

〈Q(g, h), f 〉 = 〈Q̂(g, h), f̂ 〉
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=
∫
S2

∫
R3

∫
R3

(
B̂

(
|η∗ − ξ−|, ξ

|ξ | · σ
)

−B̂
(
|η∗|, ξ

|ξ | · σ
))

ĝ(η∗)ĥ(ξ − η∗) ¯̂f (ξ)dσdη∗dξ. (2.16)

Note that

||ξ | − |η∗|| ≤ |ξ − η∗| ≤ |ξ | + |η∗|.

Fix j, p ∈ Z, suppose 3
4 × 2p ≤ |η∗| ≤ 8

3 × 2p and 3
4 × 2 j ≤ |ξ − η∗| ≤ 8

3 × 2 j .
Since N0 ≥ 4, then

• If p ≤ j − N0, then |ξ | ∈ [( 34 − 8
3 × 2−N0)2 j , 8

3 (1+ 2−N0)2 j ] ⊂ Suppϕ̃ j ;
• If p ≥ j + N0, then |ξ | ∈ [( 34 − 8

3 × 2−N0)2p, 8
3 (1+ 2−N0)2p] ⊂ Suppϕ̃p;

• If |p − j | < N0, then |ξ | ∈ [0, 3
2 × 2p+N0 ] ∩ [0, 3

2 × 2 j+N0 ] ⊂ SuppUp+N0 ∩
SuppU j+N0 .

Define

F−1 f (x) := ψ(D) f , F j f (x) := ϕ j (D) f , j ≥ 0. (2.17)

Observe F−1 and F j localize the frequency of function f in the region |ξ | � 1 and
|ξ | ∼ 2 j respectively. By (2.13), the dyadic decomposition in frequency space reads

f =
∑
j≥−1

F j f .

Note that F−1 has symbol ψ instead of ϕ−1. Set F̃k := ϕ̃k(D).
Then we have

〈Q(g, h), f 〉 =
∑

j≥N0−1

∑
−1≤p≤ j−N0

〈Q(Fpg,F j h), F̃ j f 〉

+
∑

p≥N0−1

∑
−1≤ j≤p−N0

〈Q(Fpg,F j h), F̃p f 〉 (2.18)

+
∑

p, j≥−1,|p− j |<N0

∑
q≤ j+N0

〈Q(Fpg,F j h),Fq f 〉.

We now recall the definition of symbol class Sm1,0.

Definition 2.1 A smooth function W (v, ξ) is said to be a symbol of type Sm1,0 if for
any α, β ∈ N

3,

|(∂α
ξ ∂β

v W )(v, ξ)| ≤ Cα,β〈ξ 〉m−|α|,

where Cα,β is a constant depending only on α and β.
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Lemma 2.1 Let l,m, r ∈ R, M(v, ξ) = M(ξ) ∈ Sr1,0 and �(v, ξ) = �(ξ) ∈ Sl1,0.
Then there exists a constant C such that

|[M(D),�] f |Hm ≤ C | f |Hm+r−1
l−1

.

See Lemma 5.3 in [26] for the proof of Lemma 2.1. Based on Lemma 2.1, one directly
has

| f |2Hm
l
∼

∞∑
j,k=−1

22mk22l j |ϕk(D)ϕ j f |2L2 ∼
∞∑

j,k=−1
22mk22l j |ϕ jϕk(D) f |2L2 .

(2.19)

Here for simplicity, we take ϕ−1 := ψ . By (2.19), we use both |Wl f |Hm+s and
|WlWs(D) f |Hm in the rest of this article.

2.1.2 Taylor expansion and symmetry

When evaluating the difference f ′ − f (or f ′∗ − f∗) before and after collision, Taylor
expansion is applied. We first denote the 1st-order expansion by

f ′ − f =
∫ 1

0
(∇ f )(v(κ)) · (v′ − v)dκ,

f ′∗ − f∗ =
∫ 1

0
(∇ f )(v∗(ι)) · (v′∗ − v∗)dι, (2.20)

where for κ, ι ∈ [0, 1],

v(κ) = κv′ + (1− κ)v, v∗(ι) = ιv′∗ + (1− ι)v∗. (2.21)

To cancel the angular singularity, the second order expansion is needed:

f ′ − f = (∇ f )(v) · (v′ − v)+
∫ 1

0
(1− κ)(∇2 f )(v(κ)) : (v′ − v)⊗ (v′ − v)dκ,

(2.22)

f ′ − f = (∇ f )(v′) · (v′ − v)−
∫ 1

0
κ(∇2 f )(v(κ)) : (v′ − v)⊗ (v′ − v)dκ,(2.23)

where A : B := trace(AB) for two matrices A, B. Thanks to the symmetry property
of σ -integral,

∫
B

(
|v − v∗|, v − v∗

|v − v∗| · σ
)

(v′ − v)dσ =
∫

B

(
|v − v∗|, v − v∗

|v − v∗| · σ
)

sin2
θ

2
(v∗ − v)dσ, (2.24)
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∫
B

(
|v − v∗|, v − v∗

|v − v∗| · σ
)

(v′ − v)h(v′)dσdv = 0. (2.25)

Here, the formula (2.24) holds for fixed v, v∗ and (2.25) holds for fixed v∗.
We now give a useful formula on the change of variables v→ v(κ) and v∗ → v∗(ι).

Lemma 2.2 For a ∈ [0, 2], let us define

ψa(θ) :=
(
cos2

θ

2
+ (1− a)2 sin2

θ

2

)−1/2
. (2.26)

For any 0 ≤ κ, ι ≤ 1, it holds that∫
R
3

∫
R
3

∫
S
2+
B(|v − v∗|, cos θ)g(v∗(ι)) f (v(κ))dvdv∗dσ (2.27)

=
∫
R
3

∫
R
3

∫
S
2+
B(|v − v∗|ψκ+ι(θ), cos θ)g(v∗) f (v)ψ3

κ+ι(θ)dvdv∗dσ.

Here S
2+ stands for (v − v∗) · σ ≥ 0.

Before giving the proof of this lemma, we firstly note that the above formula is
general as it simultaneously deals with the two changes v → v(κ) and v∗ → v∗(ι).
This will be used in the proof of Proposition 4.2. If κ = ι = 0, then ψκ+ι(θ) =
ψ0(θ) = 1 and it corresponds to the identity transformation. If κ = ι = 1, then
ψκ+ι(θ) = ψ2(θ) = 1 and it corresponds to the change of velocities for pre-post
collision: (v, v∗, σ ) → (v′, v′∗, σ ′ = (v − v∗)/|v − v∗|). If κ = 1, ι = 0 or κ =
0, ι = 1, then ψκ+ι(θ) = ψ1(θ) = cos−1 θ

2 and it corresponds to v→ v′ or v∗ → v′∗
respectively. This is consistent with the cancellation lemma given in [1]. If ι = 0
or κ = 0, then it corresponds to the individual change v → v(κ) or v∗ → v∗(ι)
respectively.

Note that 1 ≤ ψa(θ) ≤ √2 for a ∈ [0, 2], θ ∈ [0, π/2]. Thanks to Lemma 2.2 and
1 ≤ ψa(θ) ≤ √2, considering the kernel (1.21), we can skip the details regarding the
above mentioned change of variables. As a result, in most part of this article, v(κ) and
v∗(ι) will be replaced by v and v∗ respectively at the cost of a multiplicative constant.

Proof of Lemma 2.2 The case κ = ι = 1 is obviously given by the standard change of
variable (v, v∗, σ )→ (v′, v′∗, σ ′) where σ ′ = (v−v∗)/|v−v∗|. This change has unit
Jacobian.

Now we deal with the case κ + ι < 2. Recalling (2.21), it is direct to check

|v − v∗| = |v(κ)− v∗(ι)|ψκ+ι(θ). (2.28)

Let β be the angle between v(κ)− v∗(ι) and σ , then cosβ = ϕκ+ι

(
sin θ

2

)
where

ϕa(x) := 1− x2 + (a − 1)x2(
1− x2 + (1− a)2x2

)1/2 .
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Let δa := arccos(
√
2
2

a√
1+(1−a)2

). If κ + ι < 2, then δκ+ι > 0 and the function:

θ ∈ [0, π
2 ] → βκ+ι ∈ [0, δκ+ι] is a bijection. It holds that

det

(
∂(v(κ), v∗(ι))

∂(v, v∗)

)
= ακ+ι(θ), (2.29)

where for 0 ≤ a ≤ 2,

αa(θ) :=
(
1− a

2

)2 ((
1− a

2

)
+ a

2
cos θ

)
. (2.30)

By (2.28) and (2.29), with dσ = sin βdβdS, we have∫
R
3

∫
R
3

∫
S
2+
B(|v − v∗|, cos θ)g(v∗(ι)) f (v(κ))dvdv∗dσ

= 2π
∫
R
3

∫
R
3

∫ δκ+ι

0
B(|v − v∗|ψκ+ι(θ), cos θ)g(v∗) f (v)α−1κ+ι(θ) sin βdvdv∗dβ.

It is elementary to check that

α−1κ+ι(θ) sin βdβ = −α−1κ+ι(θ)d cosβ = −1

4
ϕ′κ+ι

(
sin

θ

2

)
sin−1 θ

2
α−1κ+ι(θ) sin θdθ

= ψ3
κ+ι(θ) sin θdθ.

Then we go back from β to θ and use dσ = sin θdθdS to get (2.27). ��

2.2 Upper bound in the singular region

In this subsection, we will derive the upper bound estimates on the collision operators
in the singular region |v − v∗| � η. Throughout this subsection, 0 < s < 1, γ >

−2s − 3, 0 < η ≤ 1.

2.2.1 Upper bound of Qs,�
�

We give the upper bound of Qs,γ
η in the following proposition.

Proposition 2.1 Let l1, l2, l3 ∈ R satisfying l1+l2+l3 = 0. For any fixed 0 < δ ≤ 1/2,
for any combination a1, a2, a3 ≥ 0, a1+a2 ≥ s, a1+a3 ≥ 2 s, a2+a3 ≥ 2 s satisfying
the constraint a1 + a2 + a3 = 2s + 3

2 + δ, we have

|〈Qs,γ
η (g, h), f 〉| � Cδ,s,γ,η|g|Ha1

l1
|h|Ha2

l2
| f |Ha3

l3
,

where

Cδ,s,γ,η := δ−1/2Cs,γ,η, Cs,γ,η := 1

s

ηγ+2s+3

γ + 2s + 3
. (2.31)
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The constant associated to � in the above inequality depends only on |l1|, |l2|, |l3|.
Proof Recalling the decomposition in frequency space (2.18), we have

〈Qs,γ
η (g, h), f 〉 =

∑
j≤k−N0

〈Qs,γ
η (F j g,Fkh), F̃k f 〉

+
∑

| j−k|<N0

∑
l≤k+N0

〈Qs,γ
η (F j g,Fkh),Fl f 〉

+
∑

j≥k+N0

〈Qs,γ
η (F j g,Fkh), F̃ j f 〉.

Weestimate the secondquantity in details for illustration.That is, the sumover | j−k| <
N0, l ≤ k + N0. Note that

〈Qs,γ
η (F j g,Fkh),Fl f 〉 =

∫
Bs,γ

η (F j g)∗Fkh((Fl f )
′ − Fl f )dV ,

where for brevity of notation, dV = dvdv∗dσ . Motivated by (2.25), we write

〈Qs,γ
η (F j g,Fkh),Fl f 〉 =

∫
Bs,γ

η (F j g)∗(Fkh)′((Fl f )′ − Fl f )dV

+
∫

Bs,γ
η (F j g)∗(Fkh − (Fkh)′)((Fl f )′ − Fl f )dV

:= I1 + I2.

For I1, let E := sin θ
2 ≤ 2−l |v − v∗|−1 ∧

√
2/2 and write

I1 = I1,≤(F j g,Fkh,Fl f )+ I1,≥(F j g,Fkh,Fl f ),

I1,≤(F j g,Fkh,Fl f ) :=
∫

Bs,γ
η 1E (F j g)∗(Fkh)′((Fl f )′ − Fl f )dV ,

I1,≥(F j g,Fkh,Fl f ) :=
∫

Bs,γ
η 1Ec (F j g)∗(Fkh)′((Fl f )′ − Fl f )dV .

For term I1,≤(F j g,Fkh,Fl f ), we apply (2.23) and (2.25) to get

I1,≤(F j g,Fkh,Fl f ) = −
∫

Bs,γ
η 1E (F j g)∗(Fkh)′

(∫ 1

0
κ(∇2Fl f )(v(κ))

: (v′ − v)⊗ (v′ − v)dκ

)
dV .

By using |∇2Fl f |L∞ � 2
7
2 l |Fl f |L2 , the change of variable v → v′, and∫

sin2 θ
2b

s(θ)1Edσ � 22sl−2l |v − v∗|2s−2, we have

|I1,≤(F j g,Fkh,Fl f )| � 22sl2
3
2 l |Fl f |L2

∫
|v − v∗|γ+2s1|v−v∗|≤4η/3|(F j g)∗(Fkh)|dvdv∗.
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By using the fact that

|| · |γ+2s1|·|≤4η/3|L1 � ηγ+2s+3

γ + 2s + 3
, (2.32)

we get

|I1,≤(F j g,Fkh,Fl f )| � ηγ+2s+3

γ + 2s + 3
22sl+

3
2 l |F j g|L2 |Fkh|L2 |Fl f |L2 .

Since
∫
bs(θ)1Ecdσ � s−122sl |v − v∗|2s , then

|I1,≥(F j g,Fkh,Fl f )| � Cs,γ,η2
2sl |F j g|L2 |Fkh|L2 |Fl f |L∞

� Cs,γ,η2
2sl+ 3

2 l |F j g|L2 |Fkh|L2 |Fl f |L2 .

Combining the estimates on I1,≤ and I1,≥, we get

|I1| � Cs,γ,η2
2sl+ 3

2 l |F j g|L2 |Fkh|L2 |Fl f |L2 .

Now we estimate I2. Let F := sin θ
2 ≤ 2−l/2−k/2|v − v∗|−1 ∧

√
2/2. We write

I2 = I2,≤(F j g,Fkh,Fl f )+ I2,≥(F j g,Fkh,Fl f ),

I2,≤(F j g,Fkh,Fl f ) := −
∫

Bs,γ
η 1F (F j g)∗((Fkh)′ − Fkh)((Fl f )

′ − Fl f )dV ,

I2,≥(F j g,Fkh,Fl f ) := −
∫

Bs,γ
η 1Fc (F j g)∗((Fkh)′ − Fkh)((Fl f )

′ − Fl f )dV .

By the 1st-order Taylor expansion (2.20), using |∇Fl f |L∞ � 2
5
2 l |Fl f |L2 , the change

of variable in Lemma 2.2,
and

∫
sin2 θ

2b
s(θ)1Fdσ � 2sl+sk−l−k |v − v∗|2s−2, we get

|I2,≤(F j g,Fkh,Fl f )| � 2sl+sk−k2
3
2 l |Fl f |L2

∫
|v − v∗|γ+2s1|v−v∗|≤4η/3|(F j g)∗(∇Fkh)|dvdv∗.

Then (2.32) implies

|I2,≤(F j g,Fkh,Fl f )| � ηγ+2s+3

γ + 2s + 3
2sl+sk−k+

3
2 l |F j g|L2 |∇Fkh|L2 |Fl f |L2

� ηγ+2s+3

γ + 2s + 3
2sl+sk+

3
2 l |F j g|L2 |Fkh|L2 |Fl f |L2 .

Since
∫
bs(θ)1Fcdσ � s−12sl+sk |v − v∗|2s , then

|I2,≥(F j g,Fkh,Fl f )| � Cs,γ,η2
sl+sk |F j g|L2 |Fkh|L2 |Fl f |L∞
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� Cs,γ,η2
sl+sk+ 3

2 l |F j g|L2 |Fkh|L2 |Fl f |L2 .

Combining the estimates on I2,≤ and I2,≥, we have

|I2| � Cs,γ,η2
sl+sk+ 3

2 l |F j g|L2 |Fkh|L2 |Fl f |L2 .

Therefore, for l ≤ k + N0, we obtain

|〈Qs,γ
η (F j g,Fkh),Fl f 〉| � Cs,γ,η2

sl+sk+ 3
2 l |F j g|L2 |Fkh|L2 |Fl f |L2 . (2.33)

From this, we have

∑
| j−k|<N0

∑
l≤k+N0

|〈Qs,γ
η (F j g,Fkh),Fl f 〉| � Cs,γ,η

∑
| j−k|<N0

2sk |F j g|L2 |Fkh|L2

⎛
⎝ ∑

l≤k+N0

2sl+
3
2 l |Fl f |L2

⎞
⎠ .

Let a + b = s + 3
2 for a ≥ 0, for any fixed k, the sum over −1 ≤ l ≤ k + N0 can be

estimated by using Cauchy–Schwarz inequality as

∑
l≤k+N0

2sl+
3
2 l |Fl f |L2 ≤

⎛
⎝ ∑

l≤k+N0

22al |Fl f |2L2

⎞
⎠

1
2
⎛
⎝ ∑

l≤k+N0

22bl

⎞
⎠

1
2

� | f |HaCb,k, (2.34)

where for b �= 0,

C2
b,k =

22b(k+N0+1) − 2−2b

22b − 1
.

For b close to 0, by allowing an extra δ-order regularity, we conclude that

∑
| j−k|<N0

∑
l≤k+N0

〈Qs,γ
η (F j g,Fkh),Fl f 〉 � δ−1/2Cs,γ,η|g|Ha1 |h|Ha2 | f |Ha3 ,

(2.35)

where a1, a2, a3 ≥ 0, a1+a2 ≥ s satisfying the constraint a1+a2+a3 = 2s+ 3
2 + δ

for any fixed small δ > 0. Indeed, recalling (2.34), in which we can take a + b =
s + 3

2 + δ and b ≥ δ
2 , then Cb,k � δ−1/22kδ/2. Since | j − k| < N0, we get (2.35) for

a1+a2 ≥ s+ δ
2 . In (2.34) we can also take= s+ 3

2+ δ
2 , b = − δ

2 and soCb,k � δ−1/2,
then we get (2.35) for a1+a2 = s, a3 = s+ 3

2 + δ
2 . This obviously implies that (2.35)

holds for s ≤ a1 + a2 ≤ s + δ
2 .
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Similar argument can be applied to 〈Qs,γ
η (F j g,Fkh), F̃k f 〉 for j ≤ k − N0 to

obtain

|〈Qs,γ
η (F j g,Fkh), F̃k f 〉| � Cs,γ,η2

2sk+ 3
2 j |F j g|L2 |Fkh|L2 |F̃k f |L2 . (2.36)

Here we take L∞ on F j g so that there is a factor 2
3
2 j . We also apply Taylor expansions

to Fkh and F̃k f to obtain the factor 22sk . Let 0 < δ ≤ 1
2 , for any combination

a1, a2, a3 ≥ 0, a2 + a3 ≥ 2s satisfying the constraint a1 + a2 + a3 = 2s + 3
2 + δ, it

holds that∣∣∣∣∣∣
∑

j≤k−N0

〈Qs,γ
η (F j g,Fkh), F̃k f 〉

∣∣∣∣∣∣ � δ−1/2Cs,γ,η|g|Ha1 |h|Ha2 | f |Ha3 .

Again similar argument can be applied to 〈Qs,γ
η (F j g,Fkh), F̃ j f 〉 for j ≥ k + N0

to get

|〈Qs,γ
η (F j g,Fkh), F̃ j f 〉| � Cs,γ,η2

2s j+ 3
2 k |F j g|L2 |Fkh|L2 |F̃ j f |L2 . (2.37)

Herewe also apply Taylor expansions toFkh and F̃ j f to get the factor 22s j or 2sk+s j ≤
22s j . Here we take L∞ on Fkh or ∇Fkh so that at the end there is a factor 2

3
2 k . Let

0 < δ ≤ 1
2 , for any combination a1, a2, a3 ≥ 0, a1+a3 ≥ 2s satisfying the constraint

a1 + a2 + a3 = 2s + 3
2 + δ, it holds that

∣∣∣∣∣∣
∑

j≥k+N0

〈Qs,γ
η (F j g,Fkh), F̃ j f 〉

∣∣∣∣∣∣ � δ−1/2Cs,γ,η|g|Ha1 |h|Ha2 | f |Ha3 .

In summary, we prove the desired estimate with l1 = l2 = l3 = 0.
By (2.15) and (2.19), we can freely transfer weight among g, h, f so that the

estimate in the proposition holds for l1 + l2 + l3 = 0. ��
Based on the proof of the above proposition, we will derive another version of

cancellation lemma introduced in [1].
The idea is to gain |v − v∗|2s at the price of 2s-order derivatives on the functions.

Lemma 2.3 [Revised cancellation lemma for relative velocity near origin] Let
a1, a2, l1, l2 ∈ R satisfying a1 + a2 = 2s, l1 + l2 = 0, then∣∣∣∣

∫
Bs,γ

η g∗( f ′ − f )dV

∣∣∣∣ � Cs,γ,η|g|Ha1
l1
| f |Ha2

l2
.

Proof Recalling the decomposition in frequency space, we have∫
Bs,γ

η g∗( f ′ − f )dV = 〈Qs,γ
η (g, 1), f 〉 =

∑
| j−l|<N0

〈Qs,γ
η (F j g, 1),Fl f 〉.

123



On the Boltzmann equation with strong… 4937

This is because frequency of g and f lies in the same region when h = 1. Following
the estimate on I1 in the proof of Proposition 2.1, we have

|〈Qs,γ
η (F j g, 1),Fl f 〉| � Cs,γ,η2

2sl |F j g|L2 |Fl f |L2 .

Since | j − l| < N0, by the Cauchy–Schwarz inequality, we can estimate the sum
as ∑

| j−l|<N0

22sl |F j g|L2 |Fl f |L2 � |g|Ha1 | f |Ha2 .

By (2.15) and (2.19), we can freely transfer weight among g, f so that the proof of
the proposition is completed. ��

2.2.2 Upper bound of Is,��

We now estimate 〈I s,γη (g, h;β), f 〉where I s,γη (g, h;β) is defined by (2.7) with Bs,γ
η .

Proposition 2.2 Let l ≥ 0. Let (a1, a2) = ( 32 + δ, s) or (0, 3
2 + δ). Then

〈I s,γη (g, h;β), f 〉 �l Cδ,s,γ,η|g|Ha1−l
|h|Ha2−l

| f |Hs−l .

Proof We only consider the case when β = 0 because the following argument also
works with a slight change when we replace μ1/2 by ∂βμ1/2. Recall

〈I s,γη (g, h), f 〉 =
∫

Bs,γ
η ((μ1/2)′∗ − μ

1/2∗ )g∗h f ′dV = I1 + I2, (2.38)

where

I1 :=
∫

Bs,γ
η ((μ1/2)′∗ − μ

1/2∗ )g∗h( f ′ − f )dV ,

I2 :=
∫

Bs,γ
η ((μ1/2)′∗ − μ

1/2∗ )g∗h f dV .

Firstly, for I1, by the Cauchy–Schwarz inequality, we have |I1| ≤ I1/2
1,1 I1/2

1,2 , where

I1,1 :=
∫

Bs,γ
η ((μ1/4)′∗ + μ

1/4∗ )2( f ′ − f )2dV ,

I1,2 :=
∫

Bs,γ
η ((μ1/4)′∗ − μ

1/4∗ )2g2∗h2dV .

Using ((μ1/4)′∗+μ
1/4∗ )2 ≤ 2((μ1/2)′∗+μ

1/2∗ ), by the change of variable (v, v∗, σ )→
(v′, v′∗, σ ′), we have

I1,1 ≤ 4
∫

Bs,γ
η μ

1/2∗ ( f ′ − f )2dV = 4N s,γ
η (μ1/4, f ),
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where

N s,γ
η (g, h) :=

∫
Bs,γ

η g2∗(h′ − h)2dV . (2.39)

Using ( f ′ − f )2 = ( f 2)′ − f 2 − 2 f ( f ′ − f ), we get

N s,γ
η (μ1/4, f ) =

∫
Bs,γ

η μ
1/2∗ (( f 2)′ − f 2)dV − 2〈Qs,γ

η (μ1/2, f ), f 〉. (2.40)

By (2.23) and (2.25), the change of variable in Lemma 2.2, we have

∣∣∣∣
∫

Bs,γ
η μ

1/2∗ (( f 2)′ − f 2)dV

∣∣∣∣ =
∣∣∣∣
∫

Bs,γ
η ((μ1/2)′ − μ1/2) f 2∗ dV

∣∣∣∣
�

∫
1|v−v∗|≤4η/3|v − v∗|γ+2μ

1
8∗ f 2∗ dv∗dv

� ηγ+5

γ + 5
|μ1/16 f |2L2 .

Here we have used μ(v(κ)) � μ1/2(v∗(ι)) for |v − v∗| � 1. By Proposition 2.1, we
have

|〈Qs,γ
η (μ1/2, f ), f 〉| �l Cs,γ,η| f |2Hs−l

.

Since γ + 5 ≥ γ + 2s + 3,

I1,1 � N s,γ
η (μ1/4, f ) �l Cs,γ,η| f |2Hs−l

. (2.41)

It is straightforward to see

I1,2 �
∫

1|v−v∗|≤4η/3|v − v∗|γ+2μ1/8μ
1/8∗ g2∗h2dv∗dv

� δ−1 ηγ+5

γ + 5
|μ1/16g|2Ha1 |μ1/16h|2Ha2 ,

where a1 + a2 = 3
2 + δ. Combining the estimates on I1,1 and I1,2 gives

I1 �l Cδ,s,γ,η|μ1/16g|Ha1 |μ1/16h|Ha2 | f |Hs−l .

We now turn to estimate I2. By Proposition 2.1, we directly have

|I2| =
∣∣∣∣
∫

Bs,γ
η ((μ1/2)′ − μ1/2)g(h f )∗dV

∣∣∣∣ =
∣∣∣〈Qs,γ

η (h f , g), μ1/2〉
∣∣∣

� Cs,γ,η|h f |Hs−2l |g|L2−l
|μ 1

2 |Hs+2
3l

�l Cδ,s,γ,η|g|L2−l
|h|

H
3
2+δ

−l
| f |Hs−l .
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By Lemma 2.4 to be proved below, we have

|I2| =
∣∣∣〈Qs,γ

η (h f , g), μ1/2〉
∣∣∣ �l Cδ,s,γ,η|g|

H
3
2+δ

−l
|h|Hs−l | f |Hs−l .

Combining the estimates on I1 and I2 completes the proof of the proposition. ��
Lemma 2.4 It holds that∣∣∣〈Qs,γ

η ( f2 f3, f1), μ
1/2〉

∣∣∣ �l Cδ,s,γ,η| f1|
H

3
2+δ

−l
| f2|Hs−l | f3|Hs−l .

Proof We will follow the proof of Proposition 2.1 by taking g = f2 f3, h = f1, f =
μ1/2.

Recall (2.33) for l ≤ k + N0 that

|〈Qs,γ
η (F j g,Fkh),Fl f 〉| � Cs,γ,η2

sl+sk+ 3
2 l |F j g|L2 |Fkh|L2 |Fl f |L2 .

Note that

|F j g|L2 = |ϕ j ( f̂2 ∗ f̂3)|L2 ≤ |ϕ j |Lr | f̂2|Lq | f̂3|Lq � 2
3
r j | f̂2|Lq | f̂3|Lq . (2.42)

Here r ≥ 2 ≥ q satisfy

1

r
+ 2

q
= 1+ 1

2
,

3

r
= 3

2
− s.

For the chosen r , when | j − k| < N0, we have 2
3
r j2sk � 2

3
2 k .

For 1/q = 1/2+ 1/p, we have

| f̂2|Lq ≤ |Ws f̂2|L2 |W−s |L p � | f2|Hs ,

because sp = 6. Then we obtain

∑
| j−k|<N0

∑
l≤k+N0

|〈Qs,γ
η (F j g,Fkh),Fl f 〉| � Cs,γ,η

∑
| j−k|<N0

∑
l≤k+N0

2sl+
3
2 l+ 3

2 k | f2|Hs | f3|Hs |Fkh|L2 |Fl f |L2

� Cs,γ,η| f2|Hs | f3|Hs | f |Hs+2
∑

| j−k|<N0

2
3
2 k |Fkh|L2

� Cδ,s,γ,η| f2|Hs | f3|Hs | f |Hs+2 |h|H3/2+δ � Cδ,s,γ,η| f1|H3/2+δ | f2|Hs | f3|Hs .

Recalling (2.36) for j ≤ k − N0, and using (2.42) for r = q = 2, we have

|〈Qs,γ
η (F j g,Fkh), F̃k f 〉| � Cs,γ,η2

2sk+3 j | f2|L2 | f3|L2 |Fkh|L2 |F̃k f |L2 ,
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which yields

∑
j≤k−N0

|〈Qs,γ
η (F j g,Fkh), F̃k f 〉| � Cs,γ,η| f2|L2 | f3|L2

∑
j≤k−N0

22sk+3 j |Fkh|L2 |F̃k f |L2

� Cs,γ,η| f2|L2 | f3|L2
∑
k

22sk+3k |Fkh|L2 |F̃k f |L2 � Cs,γ,η| f2|L2 | f3|L2 |h|L2 | f |H2s+3

� Cs,γ,η| f1|L2 | f2|L2 | f3|L2 .

Recalling (2.37) for j ≥ k + N0, and using (2.42) for r = q = 2, we have

|〈Qs,γ
η (F j g,Fkh), F̃ j f 〉| � Cs,γ,η2

2s j+ 3
2 j+ 3

2 k | f2|L2 | f3|L2 |Fkh|L2 |F̃ j f |L2 ,

which yields

∑
j≥k+N0

|〈Qs,γ
η (F j g,Fkh), F̃ j f 〉| � Cs,γ,η| f2|L2 | f3|L2

∑
j≥k+N0

22s j+
3
2 j+ 3

2 k |Fkh|L2 |F̃k f |L2

� Cs,γ,η| f2|L2 | f3|L2 |h|L2
∑
j

22s j+3 j |F̃ j f |L2

� Cs,γ,η| f2|L2 | f3|L2 |h|L2 | f |H2s+4 � Cs,γ,η| f1|L2 | f2|L2 | f3|L2 .

Combining the above estimates gives

|〈Qs,γ
η ( f2 f3, f1), μ

1/2〉| � Cδ,s,γ,η| f1|
H

3
2+δ
| f2|Hs | f3|Hs .

By (2.15) and (2.19), since we can freely transfer weight among f1, f2, f3, μ
1
2 , then

we put the negative order −l weight on each of f1, f2, f3 and the positive order 3 l

weight on μ
1
2 to obtain the final estimate. ��

2.2.3 Upper bound of 0s,�
�

Similarly to (2.6),

�s,γ
η (g, h;β) = Qs,γ

η (g∂βμ1/2, h)+ I s,γη (g, h;β). (2.43)

By Propositions 2.1 and 2.2, we have the following proposition.

Proposition 2.3 Let (a1, a2) = ( 32 + δ, s) or (s, 3
2 + δ). Then it holds that

〈�s,γ
η (g, h;β), f 〉 �l Cδ,s,γ,η|g|Ha1−l

|h|Ha2−l
| f |Hs−l .

2.2.4 Upper bound ofLs,�
�

Recall that Ls,γ
η ( f ;β0, β1) = Ls,γ

η,1( f ;β0, β1)+ Ls,γ
η,2( f ;β0, β1) where

Ls,γ
η,1( f ;β0, β1) := −�s,γ

η (∂β1μ
1/2, f ;β0),
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Ls,γ
η,2( f ;β0, β1) := −�s,γ

η ( f , ∂β1μ
1/2;β0).

If |β0| = |β1| = 0, the operators are reduced to

Ls,γ
η f = Ls,γ

η ( f ; 0, 0), Ls,γ
η,1 f = Ls,γ

η,1( f ; 0, 0), Ls,γ
η,2 f = Ls,γ

η,2( f ; 0, 0).

By Proposition 2.3, we have the following proposition.

Proposition 2.4 It holds that

|〈Ls,γ
η,1( f ;β0, β1), h〉| �l Cs,γ,η| f |Hs−l |h|Hs−l .

Note that for any 0 ≤ κ, ι ≤ 1,

(
1−
√
2

2

)
(|v|2 + |v∗|2) ≤ |v(κ)|2 + |v∗(ι)|2 ≤

(
1+
√
2

2

)
(|v|2 + |v∗|2),

which yields

μ2(v)μ2(v∗) ≤ μ(v(κ))μ(v∗(ι)) ≤ μ
1
4 (v)μ

1
4 (v∗). (2.44)

Thus, this estimate keeps a μ-type weight in the upper bound of Ls,γ
η,2 .

Proposition 2.5 It holds that

|〈Ls,γ
η,2( f ;β0, β1), h〉| � Cs,γ,η|μ1/32 f |Hs |μ1/32h|Hs .

Proof For simplicity, we only consider |β0| = |β1| = 0. Note that

〈−Ls,γ
η,2 f , h〉 = 〈μ−1/2Qs,γ

η (μ1/2 f , μ), h〉
=

∫
Bs,γ

η (μ1/2 f )∗μ((μ−1/2h)′ − μ−1/2h)dV

=
∫

Bs,γ
η (μ1/2 f )∗μ1/2(h′ − h)dV

+
∫

Bs,γ
η f∗μ1/2h′((μ1/2)′∗ − μ

1/2∗ )dV := Y1 + Y2.

We first estimate Y1. Observe that

Y1 =
∫

Bs,γ
η (μ1/2 f )∗μ1/2(h′ − h)dV

=
∫

Bs,γ
η (μ1/2 f )∗((μ1/2h)′ − μ1/2h)dV

+
∫

Bs,γ
η (μ1/2 f )∗(μ1/2 − (μ1/2)′)h′dV := Y1,1 + Y1,2.
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Lemma 2.3 implies

|Y1,1| � Cs,γ,η|μ1/2 f |Hs |μ1/2h|Hs .

By (2.23) and (2.25), using (2.44), and the change of variable v→ v′, we have

|Y1,2| �
∫

1|v−v∗|≤4η/3|v − v∗|γ+2μ1/12∗ f∗μ1/12hdv∗dv � ηγ+5
γ + 5

|μ1/16 f |L2 |μ1/16h|L2 .

We now turn to Y2. Note that

Y2 =
∫

Bs,γ
η f∗μ1/2h′((μ1/2)′∗ − μ

1/2∗ )dV

=
∫

Bs,γ
η f∗(μ1/2 − (μ1/2)′)h′((μ1/2)′∗ − μ

1/2∗ )dV

+
∫

Bs,γ
η f∗(μ1/2)′h′((μ1/2)′∗ − μ

1/2∗ )dV

:= Y2,1 + Y2,2.

Observe Y2,2 =
∫
Bs,γ

η (μ1/2h)∗(μ1/2 − (μ1/2)′) f ′dV . Similarly to the estimate on
Y1,2, we get

|Y2,2| � ηγ+5

γ + 5
|μ1/16 f |L2 |μ1/16h|L2 .

By the Cauchy–Schwarz inequality, we get

|Y2,1| ≤
(∫

Bs,γ
η f 2∗ (μ1/4 − (μ1/4)′)2((μ1/4)′∗ + μ

1/4∗ )2dV

)1/2

×
(∫

Bs,γ
η (h2)′((μ1/4)′∗ − μ

1/4∗ )2(μ1/4 + (μ1/4)′)2dV
)1/2

=
(∫

Bs,γ
η f 2∗ (μ1/4 − (μ1/4)′)2((μ1/4)′∗ + μ

1/4∗ )2dV

)1/2

×
(∫

Bs,γ
η h2∗(μ1/4 − (μ1/4)′)2((μ1/4)′∗ + μ

1/4∗ )2dV

)1/2

.

By Taylor expansion, using (2.44) to obtain the μ-type weight, we get

∫
Bs,γ

η f 2∗ (μ1/4 − (μ1/4)′)2((μ1/4)′∗ + μ
1/4∗ )2dV � ηγ+5

γ + 5
|μ1/32 f |2L2 ,

which gives |Y2,1| � (γ + 5)−1ηγ+5|μ1/32 f |L2 |μ1/32h|L2 . Combining the above
estimates completes the proof of the proposition. ��

By Propositions 2.4 and 2.5, we also have the following proposition.
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Proposition 2.6 It holds that

|〈Ls,γ
η ( f ;β0, β1), h〉| �l Cs,γ,η| f |Hs−l |h|Hs−l .

2.3 Upper bound estimate in the regular region

In this subsection, we will derive some upper bound estimates in the regular region
|v − v∗| � η. This region is relatively easy by observing

|v − v∗|γ ψη(|v − v∗|) � ηγ 〈v − v∗〉γ . (2.45)

Sowebriefly illustrate the key ideas and give relevant references instead of reproducing
the proof. Throughout this subsection, 0 < s < 1,−5 ≤ γ ≤ 0, 0 < η ≤ 1.

2.3.1 Upper bound of Qs,�,�

Set u = v − v∗, then v = v∗ + u, v′ = v∗ + u+ where u+ = |u|σ+u
2 . Define

the translation operator Tv∗ by (Tv∗ f )(v) = f (v∗ + v). We recall the geometric
decomposition into radial and spherical parts

f (v′)− f (v) =
((

(Tv∗ f )(u
+)− (Tv∗ f )

(
|u| u

+

|u+|
)))

+
(

(Tv∗ f )

(
|u| u

+

|u+|
)
− (Tv∗ f )(u)

)
= radial part+ spherical part. (2.46)

We first analyze the radial part. Note that |u+ − |u| u+|u+| | = |u|
(
1− cos θ

2

) =
2|u| sin2 θ

4 , which yields an order-2 cancellation in the angular singularity. By using
the localization technique in [28], the radial part in (2.46) can be controlled by gain
of Ws in the phase and frequency spaces, namely the two Sobolev norms L2

s and Hs .
Similarly to Lemma 2.6 in [28], we have

Lemma 2.5 SetYs,γ,η(h, f ) := ∫
bs( u
|u| ·σ)|u|γ ψη(u)h(u)[ f (u+)− f (|u| u+|u+| )]dσdu,

where we use bs(cos θ) to denote bs(θ) with a little abuse of notation, then

|Ys,γ,η(h, f )| � s−1ηγ (|Wγ /2h|L2
s
+ |Wγ /2h|Hs )(|Wγ /2 f |L2

s
+ |Wγ /2 f |Hs ).

The following lemma deals with the quadratic term in the case γ = 0. Similarly to
Lemma 2.2 in [28], we have

Lemma 2.6 Let Zs( f ) := ∫
bs( u
|u| · σ)| f (|u| u+|u+| )− f (u+)|2dσdu. Then

Zs( f ) � s−1(|Ws(D) f |2L2 + |Ws f |2L2).

123



4944 T. Yang, Y.-L. Zhou

We now analyze the spherical part. In the following lemma, we recall a preliminary
result on the characterization of norm | (1−�

S
2
)s/2

f |L2(S2). The proof of the lemma
can be found in Lemma 5.5 of [26]. Note that we add a factor s(1−s) for consideration
of the limit s → 0+ or s → 1−.

Lemma 2.7 Let f be a smooth function defined on S
2. Then

| f |2
L2(S2)

+ s(1− s)
∫∫ | f (σ )− f (τ )|2

|σ − τ |2+2s dσdτ ∼ | (1−�
S
2
)s/2

f |2
L2(S2)

.

(2.47)

The constant associated to ∼ is independent of s.

By Lemma 2.7, it is direct to derive the following lemma. One can refer to Propo-
sition 2.3 in [28].

Lemma 2.8 Let As( f ) := s
∫
bs( u
|u| · σ)| f (u) − f (|u| u+|u+| )|2dσdu where u+ =

u+|u|σ
2 , then

As( f )+ | f |2L2 ∼ |Ws((−�S2)
1/2) f |2L2 . (2.48)

Then similarly to Proposition 2.6 in [28], by the decomposition (2.46), using (2.45),
then by Lemmas 2.5 and 2.8, we can derive the following upper bound of Qs,γ,η.

Proposition 2.7 It holds that

|〈Qs,γ,η(g, h), f 〉| � s−1ηγ |g|L1|γ |+2s
|h|s,γ /2| f |s,γ /2.

2.3.2 Upper bound of Is,�,�

Wenowstudy 〈I s,γ,η(g, h;β), f 〉where I s,γ,η(g, h;β) is definedby (2.7)with Bs,γ,η.
To this end, we first derive a revised version of the cancellation lemma introduced in
[1] for the kernel Bs,γ,η.

Lemma 2.9 [Revised cancellation lemma for relative velocity away from origin] For
|a| ≤ −γ , we have

∣∣∣∣
∫

Bs,γ,η(|v − v∗|, cos θ)g∗(h′ − h)dV

∣∣∣∣ � ηγ |g|L1
a
|h|L1−a . (2.49)

Proof By the cancellation lemma in [1], recalling Bs,γ,η(|v − v∗|, cos θ) = |v −
v∗|γ bs(θ)ψη(|v − v∗|) where ψη = 1− ψη, we have

∫
Bs,γ,η(|v − v∗|, cos θ)g∗(h′ − h)dV =

∫
Ss,γ,η(v − v∗)g∗hdv∗dv, (2.50)
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where

Ss,γ,η(v − v∗) =
∫
|v − v∗|γ bs (θ)

(
cos−γ−3 θ

2
ψη(
|v − v∗|
cos θ

2

)− ψη(|v − v∗|)
)
dσ. (2.51)

By using (1.23) and the property of ψη, we get

|Ss,γ,η(v − v∗)| � 1|v−v∗|/η≥3/(4
√
2)|v − v∗|γ .

Observe that

1|v−v∗|/η≥3/(4
√
2)|v − v∗|γ � 11≥|v−v∗|≥η×3/(4√2)η

γ 〈v∗〉a〈v〉−a
+1|v−v∗|≥1〈v∗〉a〈v〉−a,

which yields (2.49) and this completes the proof of the lemma. ��
Recalling the decomposition (2.40), by Lemma 2.9 and Proposition 2.7, we have

the following upper bound estimate on N s,γ,η which is defined by

N s,γ,η(g, h) :=
∫

Bs,γ,ηg2∗(h′ − h)2dV . (2.52)

Proposition 2.8 It holds uniformly for 1/4 ≤ a ≤ 1/2 that

N s,γ,η(μa, f ) � s−1ηγ | f |2s,γ /2.

The following lemma is about an integral over the sphere S
2.

Lemma 2.10 Recall bs(θ) from (1.22).Denote As(ξ) := ∫
bs(θ)min{|ξ |2 sin2(θ/2), 1}

dσ . Then

As(ξ)+ 1 � 〈ξ 〉2s, As(ξ) � 1|ξ |≤√2|ξ |2 + 1|ξ |>√2 max{1− s

s
, 1}|ξ |2s � s−1〈ξ 〉2s .

As Proposition 4.2 in [27] and Proposition 3.2 in [16], by applying Proposition 2.7
and Lemma 2.9, we can derive the upper bound of 〈I s,γ,η(g, h;β), f 〉 stated in the
following proposition. Note that the factor s−1 comes from Lemma 2.10 and the factor
ηγ comes from (2.45).

Proposition 2.9 It holds that

|〈I s,γ,η(g, h;β), f 〉| � s−1ηγ |g|L2 |h|s,γ /2|Ws f |L2
γ /2

.

The constant associated to � may depend on |β| but not on s, γ .

123



4946 T. Yang, Y.-L. Zhou

2.3.3 Upper bound of 0s,�,�

Similarly to (2.6),

�s,γ,η(g, h;β) = Qs,γ,η(g∂βμ1/2, h)+ I s,γ,η(g, h;β). (2.53)

By Propositions 2.7 and 2.9, we have the following estimate.

Proposition 2.10 It holds that

|〈�s,γ,η(g, h;β), f 〉| � s−1ηγ |g|L2 |h|s,γ /2| f |s,γ /2.

2.3.4 Upper bound ofLs,�,�

Recall Ls,γ,η( f ;β0, β1) = Ls,γ,η
1 ( f ;β0, β1)+ Ls,γ,η

2 ( f ;β0, β1) where

Ls,γ,η
1 ( f ;β0, β1) := −�s,γ,η(∂β1μ

1/2, f ;β0),

Ls,γ,η
1 ( f ;β0, β1) := −�s,γ,η( f , ∂β1μ

1/2;β0).

If |β0| = |β1| = 0, the operators are reduced to

Ls,γ,η f = Ls,γ,η( f ; 0, 0), Ls,γ,η
1 f = Ls,γ,η

1 ( f ; 0, 0), Ls,γ,η
2 f = Ls,γ,η

2 ( f ; 0, 0).

By using Proposition 2.10, we have the following estimates.

Proposition 2.11 It holds that

|〈Ls,γ,η
1 ( f ;β0, β1), h〉| � s−1ηγ | f |s,γ /2|h|s,γ /2.

For Ls,γ,η
2 , we have the following estimate.

Proposition 2.12 It holds that

|〈Ls,γ,η
2 ( f ;β0, β1), h〉| � ηγ |μ1/32 f |L2 |μ1/32h|L2 . (2.54)

Proof Since the proof is similar to that of Proposition 2.5, we omit the details. Here,
we do not have the factor s−1 because of the cancellation Lemma 2.9. ��

Propositions 2.11 and 2.12 give the following estimate.

Proposition 2.13 It holds that

|〈Ls,γ,η( f ;β0, β1), h〉| � s−1ηγ | f |s,γ /2|h|s,γ /2.
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2.4 Upper bounds of 0s,�,Ls,�

We combine the the estimates in subsect. 2.2 and 2.3 to obtain several operator esti-
mates for later use.

Propositions 2.3 and 2.10 with η = 1 give the following upper bound estimate on
�s,γ .

Theorem 2.1 For 0 < δ ≤ 1
2 , let (a1, a2) = ( 32 + δ, s) or (s, 3

2 + δ). Let Cδ,s,γ =
δ−1/2s−1(γ + 2 s + 3)−1. Then

|〈�s,γ (g, h;β), f 〉| �l Cδ,s,γ |g|Ha1−l
|h|Ha2−l

| f |Hs−l + s−1|g|L2 |h|s,γ /2| f |s,γ /2.

Propositions 2.6 and 2.13 with η = 1 give the following upper bound estimate on
Ls,γ .

Theorem 2.2 Set

Cs,γ = s−1(γ + 2s + 3)−1. (2.55)

It holds that

|〈Ls,γ ( f ;β0, β1), h〉| � Cs,γ | f |s,γ /2|h|s,γ /2.

The following result will be used in Sect. 4 to obtain dissipation estimate on the
macroscopic component.

Proposition 2.14 Let P be a polynomial function. For any combination a1, a2 ≥ 0
satisfying the constraint a1 + a2 = s, it holds that

|〈�s,γ (g, h), μ
1
2 P〉| � Cs,γ |μ 1

4 g|Ha1 |μ 1
4 h|Ha2 + s−1|μ 1

4 g|L2 |μ 1
4 h|L2 . (2.56)

Proof First note that

〈�s,γ (g, h), μ
1
2 P〉 = 〈Qs,γ (μ

1
2 g, μ

1
2 h), P〉

= 〈Qs,γ
1 (μ

1
2 g, μ

1
2 h), P〉 + 〈Qs,γ,1(μ

1
2 g, μ

1
2 h), P〉.

Applying Proposition 2.1 with a3 = s + 3
2 + δ and taking l3 negatively small enough

relative to the degree of P , we get∣∣∣〈Qs,γ
1 (μ

1
2 g, μ

1
2 h), P〉

∣∣∣ � Cs,γ |μ 1
4 g|Ha1 |μ 1

4 h|Ha2 .

By using (2.22) to P ′ − P and (2.24), thanks to the factor μ
1
2 μ

1
2∗ , we have∣∣∣〈Qs,γ,1(μ

1
2 g, μ

1
2 h), P〉

∣∣∣ � s−1|μ 1
4 g|L2 |μ 1

4 h|L2 .

Combining the two parts completes the proof of the proposition. ��
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2.5 Commutator estimates and weighted estimates

Similarly to the commutator estimates in [28] and [16], we have the following com-
mutator estimate for �s,γ .

Proposition 2.15 Let l, l1 ≥ 0. Let 0 < δ < 1/2 and (a1, a2) = ( 32+δ, s) or (s, 3
2+δ),

then

|〈�s,γ (g,Wlh;β)−Wl�
s,γ (g, h;β), f 〉|

�l,l1 Cδ,s,γ |μ1/64g|Ha1 |h|Ha2−l1
| f |s,γ /2 + s−1|g|L2 |h|L2

l+γ /2
| f |s,γ /2.

Theorem2.1 andProposition2.15 together give the followingweightedupper bound
estimate.

Corollary 2.1 Let l ≥ 0. Let 0 < δ < 1/2 and (a1, a2) = ( 32 + δ, s) or (s, 3
2 + δ),

then

|〈�s,γ (g, h;β),W2l f 〉| �l Cδ,s,γ |g|Ha1−5/2
|h|Ha2−5/2

| f |s,l+γ /2

+s−1|g|L2 |h|s,l+γ /2| f |s,l+γ /2.

As an application of Proposition 2.15, we have the following corollary.

Corollary 2.2 Let l, l1 ≥ 0, then

|〈WlLs,γ (g;β0, β1)− Ls,γ (Wlg;β0, β1), f 〉| �l,l1 Cs,γ |g|Hs−l1
| f |s,γ /2

+s−1|g|L2
l+γ /2
| f |s,γ /2.

In the special case β0 = β1 = 0 and g = f , thanks to some symmetry structure,
similarly to Lemma 3.10 in [16], we have

|〈[Wl ,Ls,γ ] f ,Wl f 〉| �l (γ + 5)−1| f |2
L2
l+γ /2

. (2.57)

3 Coercivity estimate

In this section, we will prove coercivity estimate of the linear operator Ls,γ,η for
some η > 0. This is a linear counterpart of the famous Boltzmann’s H-theorem near
Maxwellian. Unless otherwise specified, the parameter range is −5 ≤ γ ≤ 0, 0 <

s < 1. The parameter γ actually can tend to −∞ because we consider the regular
domain |v − v∗| � η > 0.

The proof contains two parts. One is a rough coercivity estimate capturing the norm
| · |s,γ /2 with a lower order correction norm | · |L2

γ /2
. The other is a spectrum-gap type

estimate to recover the lower order norm | · |L2
γ /2

. Accordingly, we divide this section

into two subsections.

123



On the Boltzmann equation with strong… 4949

3.1 Rough coercivity estimate

In this subsection, we will prove the rough coercivity estimate of Ls,γ,η for small
η > 0 in Theorem 3.1. The strategy relies on the following relation (see the proof of
Theorem 3.1):

〈Ls,γ,η f , f 〉 + ηγ | f |2
L2

γ /2
� N s,γ,η(μ1/2, f )+N s,γ,η( f , μ1/2), (3.1)

where the functionalN s,γ,η is defined by (2.52). If η = 0, then ψη = 1 and we write
N s,γ = N s,γ,0. If γ = η = 0, we writeN s = N s,0,0 for simplicity. Thanks to (3.1),
to obtain the coercivity estimate of Ls,γ,η, it suffices to estimate from below the two
functionals N s,γ,η(μ1/2, f ) and N s,γ,η( f , μ1/2).

3.1.1 Gain of weight fromN s,�,�(f ,�1/2)

The functional N s,γ,η( f , μ1/2) produces weight Ws in the phase space.

Proposition 3.1 Let 0 ≤ η ≤ 1, then

N s,γ,η( f , μ1/2)+ | f |2
L2

γ /2
≥ C | f |2

L2
γ /2+s

,

where C > 0 is a generic constant.

Proof Let 0 < δ ≤ 1. We consider the set A(δ) := {(v∗, v, σ ) : |v| ≤ 2, |v∗| ≥
4, sin θ

2 ≤ δ|v∗|−1}. Since |v − v∗| ≥ 2 ≥ 4/3 in the set A(δ), we get

N s,γ,η( f , μ1/2) ≥
∫

Bs,γ 1A(δ) f
2∗ ((μ1/2)′ − μ1/2)2dV . (3.2)

Note that ∇μ1/2 = −μ1/2

2 v and ∇2μ1/2 = μ1/2

4 (−2I3 + v⊗ v). By Taylor expansion
(2.22), using the basic inequality (a − b)2 ≥ a2/2− b2, we have

(
μ1/2(v′)− μ1/2(v)

)2 ≥ μ(v)

8
|v · (v′ − v)|2 −

∫ 1

0

∣∣(∇2μ1/2)(v(κ))|2∣∣v′ − v|4dκ.

Plugging this into (3.2), we get

N s,γ,η( f , μ1/2) ≥ 1

8

∫
Bs,γ 1A(δ) f

2∗ μ(v)|v · (v′ − v)|2dV (3.3)

−
∫

Bs,γ 1A(δ) f
2∗ |(∇2μ1/2)(v(κ))|2|v′ − v|4dV dκ

:= 1

8
Is,γ
1 (δ)− Is,γ

2 (δ).
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To estimate Is,γ
1 (δ), for fixed v, v∗, choose an orthonormal basis

(h1v,v∗ , h
2
v,v∗ ,

v−v∗|v−v∗| ) such that dσ = sin θdθdφ. Then one has

v′ − v

|v′ − v| = cos
θ

2
cosφh1v,v∗ + cos

θ

2
sin φh2v,v∗ − sin

θ

2

v − v∗
|v − v∗| ,

and

v

|v| = c1h
1
v,v∗ + c2h

2
v,v∗ + c3

v − v∗
|v − v∗| ,

where c3 = v
|v| · v−v∗|v−v∗| and c1, c2 are constants independent of θ and φ. Then we have

v

|v| ·
v′ − v

|v′ − v| = c1 cos
θ

2
cosφ + c2 cos

θ

2
sin φ − c3 sin

θ

2
.

Thus

| v

|v| ·
v′ − v

|v′ − v| |
2 = c21 cos

2 θ

2
cos2 φ + c22 cos

2 θ

2
sin2 φ + c23 sin

2 θ

2

+2c1c2 cos2 θ

2
cosφ sin φ − 2c3 cos

θ

2
sin

θ

2
(c1 cosφ + c2 sin φ).

Since |v′ − v| = |v − v∗| sin θ
2 and cos2 θ

2 ≥ 1
2 , by integrating with respect to σ and

recalling bs(θ) = (1− s) sin−2−2s θ
2 10≤θ≤π/2, we have

∫
bs (θ)1A(δ)|v · (v′ − v)|2dσ = 4

∫ π

0

∫ 2π

0
bs (θ) sin

θ

2
1A(δ)|v · (v′ − v)|2dφd sin θ

2

≥ 2π(c21 + c22)|v|2|v − v∗|2
∫ π

0
bs (θ) sin3

θ

2
1A(δ)d sin

θ

2

� δ2−2s (c21 + c22)|v∗|2s−2|v|2|v − v∗|21B(δ),

where B(δ) = {(v∗, v) : |v∗| ≥ 4, |v| ≤ 2}. Note that

(c21 + c22)|v − v∗|2 = (1− c23)|v − v∗|2 =
(
1−

(
v

|v| ·
v∗
|v∗|

)2
)
|v∗|2

gives

∫
bs(θ)1A(δ)|v · (v′ − v)|2dσ � δ2−2s

(
1−

(
v

|v| ·
v∗
|v∗|

)2
)
|v∗|2s |v|21B(δ).

Plugging this estimate in the definition of Is,γ
1 (δ), we get

Is,γ
1 (δ) �

∫
δ2−2s

(
1−

(
v

|v| ·
v∗
|v∗|

)2
)
|v∗|2s |v|21B(δ)|v − v∗|γ μ(v) f 2∗ dvdv∗.

123



On the Boltzmann equation with strong… 4951

Note that in the region B(δ), one has

1

2
|v∗| ≤ |v − v∗| ≤ 3

2
|v∗|. (3.4)

We then obtain

Is,γ
1 (δ) � δ2−2s

∫ (
1−

(
v

|v| ·
v∗
|v∗|

)2
)
|v∗|γ+2s |v|21B(δ)μ(v) f 2∗ dvdv∗

� δ2−2s
∫
|v∗|γ+2s1|v∗|≥4 f 2∗ dv∗,

where we have used the fact that
∫ (

1−
(

v
|v| · v∗|v∗|

)2) |v|2μ(v)1|v|≤2dv > 0 which

is independent of v∗.
We now turn to estimate Is,γ

2 (δ). By (3.4) and |v(κ)− v∗| ≤ |v − v∗|, we have

1A(δ) ≤ 1|v∗|≥41sin θ
2≤ 3

2 δ|v−v∗|−1 .

Recalling Bs,γ = |v − v∗|γ bs(θ), |v′ − v| = |v − v∗| sin θ
2 , by (3.4), and by using

|∇2μ1/2| � μ1/4 and the change of variable v→ v(κ) in Lemma 2.2, we have

Is,γ2 (δ) =
∫
|v − v∗|γ bs (θ)1A(δ)|(∇2μ1/2)(v(κ))|2|v′ − v|4 f 2∗ dV dκ

�
∫

bs (θ) sin4
θ

2
1|v∗|≥41sin θ

2≤ 3
2 δ|v−v∗|−1 |v − v∗|4−2s

μ1/2(v(κ))|v∗|γ+2s f 2∗ dV dκ

=
∫

bs (θ) sin4
θ

2
1|v∗|≥41sin θ

2≤ 3
2 δ|v−v∗|−1ψ−1κ (θ)

|v − v∗|4−2sψ7−2s
κ (θ)

μ1/2(v)|v∗|γ+2s f 2∗ dV dκ

� δ4−2s
∫

1|v∗|≥4μ1/2(v)|v∗|γ+2s f 2∗ dvdv∗ � δ4−2s
(∫

1|v∗|≥4|v∗|γ+2s f 2∗ dv∗
)

.

Combining the estimate on Is,γ
1 (δ) and Is,γ

2 (δ) gives

N s,γ,η( f , μ1/2) ≥
(
C1 − C2δ

2
)

δ2−2s
∫

1|v∗|≥4|v∗|γ+2s f 2∗ dv∗,

for some generic constants C1,C2 > 0. By choosing δ such that C2δ
2 = C1/2, and

observing |v∗|γ+2s ∼ 〈v∗〉γ+2s for |v∗| ≥ 4, we get

N s,γ,η( f , μ1/2) �
∫

1|v∗|≥4〈v∗〉γ+2s f 2∗ dv∗

=
(
| f |L2

γ /2+s
−

∫
1|v∗|<4〈v∗〉γ+2s f 2∗ dv∗

)
. (3.5)
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If |v∗| ≤ 4, then 〈v∗〉γ+2 s ∼ 〈v∗〉γ . Then the proof of the proposition is completed. ��

In the following, we focus on gain of regularity fromN s,γ,η(μ
1
2 , f ). The strategy

can be stated as follows.

(1) Gain of regularity from N s(g, f );
(2) Gain of regularity from N s,0,η(g, f ) by reducing to N s(g, f );
(3) Gain of regularity from N s,γ,η(g, f ) by reducing to N s,0,η(g, f ).

3.1.2 Gain of regularity fromN s(g, f ).

We derive Sobolev regularity from N s(g, f ) by the following result obtained in [1].
For g ≥ 0 with |g|L1 ≥ δ > 0 and |g|L1

1
≤ λ <∞, there exists a constantC(δ, λ) > 0

such that ∫
b(cos θ)g∗( f ′ − f )2dV + | f |2L2 ≥ C(δ, λ)|a(D) f |2L2 , (3.6)

where a(ξ) := ∫
b( ξ
|ξ | · σ)min{|ξ |2 sin2(θ/2), 1}dσ + 1. By applying (3.6) to the

angular function bs and using Lemma 2.10, we have the following lemma.

Lemma 3.1 Let g be a function such that |g|L2 ≥ δ > 0, |g|L2
1/2
≤ λ <∞, then there

is a constant C(δ, λ) > 0 such that

N s(g, f )+ | f |2L2 ≥ C(δ, λ)| f |2Hs .

We now extract the anisotropic norm |Ws((−�S2)
1/2) f |2

L2
γ /2

from N s(g, f ) by

Bobylev’s formula and the upper bound of the radial part.

Lemma 3.2 It holds that

N s(g, f )+ |g|2L2
s
(|Ws(D) f |2L2 + |Ws f |2L2) � |g|2L2 |Ws((−�S2)

1/2) f |2L2 .

Proof By Bobylev’s formula, we have

N s(g, f ) = 1

(2π)3

∫
bs

(
ξ

|ξ | · σ
)(

ĝ2(0)| f̂ (ξ)− f̂ (ξ+)|2

+2�((ĝ2(0)− ĝ2(ξ−)) f̂ (ξ+)
¯̂f (ξ)

)
dσdξ

:= |g|
2
L2

(2π)3
I1 + 2

(2π)3
I2,

where ξ+ = ξ+|ξ |σ
2 and ξ− = ξ−|ξ |σ

2 . Note that ĝ2(0) − ĝ2(ξ−) = ∫
(1 − cos(v ·

ξ−))g2(v)dv and 1−cos(v ·ξ−) � min{|v|2|ξ |2| ξ
|ξ | −σ |2, 1} ∼ min{|v|2|ξ+|2| ξ+

|ξ+| −
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σ |2, 1}.By the Cauchy–Schwarz inequality and the change of variable ξ → ξ+, using
Lemma 2.10 and the fact that Ws(|v||ξ |) � Ws(|v|)Ws(|ξ |), we have

|I2| � s−1
∫

(Ws)
2(|v||ξ |)| f̂ (ξ)|2g2(v)dvdξ � s−1|Wsg|2L2 |Ws(D) f |2L2 . (3.7)

Now we turn to estimate I1. By the geometric decomposition

f̂ (ξ)− f̂ (ξ+) = f̂ (ξ)− f̂

(
|ξ | ξ+

|ξ+|
)
+ f̂

(
|ξ | ξ+

|ξ+|
)
− f̂ (ξ+), (3.8)

and using (a + b)2 ≥ a2/2− b2, we have I1 ≥ 1
2I1,1 − I1,2 where

I1,1 :=
∫

bs
(

ξ

|ξ | · σ
) ∣∣∣∣ f̂ (ξ)− f̂

(
|ξ | ξ+

|ξ+|
)∣∣∣∣

2

dσdξ,

I1,2 :=
∫

bs
(

ξ

|ξ | · σ
) ∣∣∣∣ f̂

(
|ξ | ξ+

|ξ+|
)
− f̂ (ξ+)

∣∣∣∣
2

dσdξ.

By Lemma 2.8,

I1,1 + s−1| f |2L2 ∼ s−1|Ws((−�S2)
1/2) f |2L2 . (3.9)

By Lemma 2.6,

I1,2 � s−1
(
|Ws(D) f̂ |2L2 + |Ws f̂ |2L2

)
= s−1

(
|Ws(D) f |2L2 + |Ws f |2L2

)
.

(3.10)

Combining (3.7), (3.9) and (3.10) completes the proof. ��

3.1.3 Gain of regularity fromN s,0,�(g, f )

Wefirst introduce somenotations.RecallψR(v) := ψ(v/R). Letψr ,u(v) := ψr (v−u)

and φR,r ,u := ψ14R − ψ4r ,u for some r , R > 0 and u ∈ R
3. The following lemma

boundsN s,0,η(g, f ) byN s(g, f ) from below provided the distance between supports
of g and f is suitably large.

Lemma 3.3 For 0 ≤ η ≤ 1 ≤ R, we have

N s,0,η(g, f )+ |g|2L2 | f |2L2 � N s(ψRg, (1− ψ4R) f ). (3.11)

For 0 ≤ η ≤ r ≤ 1 ≤ R, u ∈ B6R, we have

N s,0,η(g, f )+ r−2R2|g|2L2 | f |2L2 � N s(φR,r ,ug, ψr ,u f ). (3.12)
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Proof We proceed in the spirit of [3, 25]. Note that ψR is supported in |v| ≤ 4
3 R

and equals to 1 in |v| ≤ 3
4 R. 1 − ψR is supported in |v| ≥ 3

4 R and equals to 1 in
|v| ≥ 4

3 R. If |v∗| ≤ 4
3 R and |v| ≥ 3R, then |v − v∗| ≥ 5

3 R ≥ 4
3η, which gives

ψR(v∗)(1− ψ4R(v)) ≤ 1|v−v∗|≥4η/3. Hence,

N s,0,η(g, f ) ≥
∫

bs(θ)1|v−v∗|≥4η/3g
2∗( f ′ − f )2dV

≥
∫

bs(θ)(ψRg)
2∗( f ′ − f )2(1− ψ4R)2dV

≥ 1

2

∫
bs(θ)(ψRg)

2∗(((1− ψ4R) f )′ − (1− ψ4R) f )2dV

−
∫

bs(θ)(ψRg)
2∗( f ′)2(ψ ′4R − ψ4R)2dV := 1

2
I1 − I2.

We now estimate I2. Since |∇ψ4R |L∞ � R−1|∇ψ |L∞ � R−1, we get (ψR)2∗(ψ ′4R −
ψ4R)2 � R−2|v′−v|2 = R−2|v−v∗|2 sin2(θ/2). If |v∗| ≤ 4

3 R ≤ 2R, |v| ≥ 20R, 0 ≤
θ ≤ π/2, we have

|v′ − v∗| = cos(θ/2)|v − v∗| ≥ cos(θ/2)(|v| − |v∗|) ≥ 9
√
2R.

Then we have |v′| ≥ |v′ − v∗| − |v∗| ≥ 9
√
2R − 2R ≥ 6R, which gives ψ4R(v′) =

0 = ψ4R(v). That is, (ψR)2∗(ψ ′4R − ψ4R)2 is supported in |v| ≤ 20R, |v∗| ≤ 2R.
Thus, we have

(ψR)2∗(ψ ′4R − ψ4R)2 ≤ 1|v|≤20R,|v∗|≤2R R−2|v − v∗|2 sin2(θ/2) � sin2(θ/2).

By the change of variable v→ v′ and using (1.23), we get

I2 �
∫

g2∗ f 2dvdv∗ � |g|2L2 | f |2L2 .

This together with the fact that I1 = N s(ψRg, (1− ψ4R) f ) give (3.11).
If v ∈ suppψr ,u, v∗ ∈ suppφR,r ,u , we claim |v − v∗| ≥ r ≥ η. In fact, if v ∈

suppψr ,u , then |v − u| ≤ 4
3r . If |v∗ − u| ≤ 3r = 3

4 × 4r , then ψ4r ,u(v∗) = 1.
Moreover, |v∗| ≤ |u|+ |u−v∗| ≤ 6R+3r ≤ 9R ≤ 3

4 ×14R, then ψ14R(v∗) = 1. As
a result, φR,r ,u(v∗) = 0. From this if v∗ ∈ suppφR,r ,u , then |v∗ − u| ≥ 3r . Therefore,
if v ∈ suppψr ,u, v∗ ∈ suppφR,r ,u , then |v − v∗| ≥ |v∗ − u| − |v − u| ≥ 5

3r ≥ 4
3η.

Thus,

N s,0,η(g, f ) =
∫

bs(θ)1|v−v∗|≥4η/3g
2∗( f ′ − f )2dV

≥
∫

bs(θ)(φR,r ,ug)
2∗( f ′ − f )2ψ2

r ,udV

≥ 1

2

∫
bs(θ)(φR,r ,ug)

2∗((ψr ,u f )
′ − ψr ,u f )

2dV
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−
∫

bs(θ)(φR,r ,ug)
2∗( f ′)2(ψ ′r ,u − ψr ,u)

2dV := 1

2
J1 − J2.

We now estimate J2. Since |∇ψr ,u(v)| � r−1|∇ψ |L∞13r/4≤|v−u|≤4r/3, by Taylor
expansion, we get

|ψ ′r ,u − ψr ,u |2 =
∣∣∣∣
∫ 1

0
∇ψr ,u (v(κ)) · (v′ − v)dκ

∣∣∣∣
2

� r−2|v − v∗|2 sin2(θ/2)

∫ 1

0
13r/4≤|v(κ)−u|≤4r/3dκ.

For u ∈ B6R, |v∗| ≤ 20R, 3r/4 ≤ |v(κ)− u| ≤ 4r/3, we have

|v − v∗| ≤
√
2|v(κ)− v∗| ≤

√
2|v(κ)− u|

+√2|u − v∗| ≤ 4
√
2r/3+√2(6R + 20R) ≤ 28

√
2R,

and

(φR,r ,u)
2∗(ψ ′r ,u − ψr ,u)

2 � r−2R2 sin2(θ/2).

By the change of variable v→ v′ and (1.23), we get

J2 � r−2R2
∫

g2∗ f 2dvdv∗ � r−2R2|g|2L2 | f |2L2 .

This together with the fact that J1 = N s(φR,r ,ug, ψr ,u f ) give (3.12). ��

3.1.4 Gain of regularity fromN s,�,�(�1/2, f )

We first establish a relation between N s,γ,η and N s,0,η.

Lemma 3.4 For γ ≤ 0 ≤ η, one has

N s,γ,η(g, f )+ |g|2
L2|γ /2|+1

| f |2
L2

γ /2
� N s,0,η(Wγ /2g,Wγ /2 f ).

Proof Set F = Wγ /2 f . If γ ≤ 0, then |v − v∗|γ ≥ 〈v − v∗〉γ and thus

N s,γ,η(g, f ) ≥
∫

bs(θ)ψη(|v − v∗|)〈v − v∗〉γ g2∗((W−γ /2F)′ −W−γ /2F)2dV .

We apply the following decomposition

(W−γ /2F)′ −W−γ /2F = (W−γ /2)
′(F ′ − F)+ F(W ′−γ /2 −W−γ /2).
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Using (a + b)2 ≥ a2/2− b2, we get N s,γ,η(g, f ) ≥ 1
2I1 − I2 where

I1 :=
∫

bs(θ)ψη(|v − v∗|)〈v − v∗〉γ g2∗W ′−γ (F ′ − F)2dV ,

I2 :=
∫

bs(θ)ψη(|v − v∗|)〈v − v∗〉γ g2∗F2(W ′−γ /2 −W−γ /2)
2dV .

Since 〈v∗〉γ � 〈v∗ − v′〉γ 〈v′〉−γ ∼ 〈v∗ − v〉γ 〈v′〉−γ , we get I1 � N s,0,η

(Wγ /2g,Wγ /2 f ). Taylor expansion implies that

(W ′−γ /2 −W−γ /2)
2 � |v − v∗|2 sin2(θ/2)

∫
〈v(κ)〉−γ−2dκ.

Note that

〈v − v∗〉γ |v − v∗|2〈v(κ)〉−γ−2 � 〈v(κ)− v∗〉γ+2〈v(κ)〉−γ−2 � 〈v∗〉|γ |+2.

By the above estimate and (1.23), we get

I2 �
∫

g2∗〈v∗〉|γ |+2F2dvdv∗ � |g|2
L2|γ /2|+1

|F |2
L2

.

Combining the estimates on I1 and I2 completes the proof of the lemma. ��
We are now ready to derive gain of regularity from N s,γ,η(μ1/2, f ).

Proposition 3.2 For −5 ≤ γ ≤ 0 ≤ η ≤ η1 := 9
64 (2π)1/2( 14W−5(3/4)μ(3/4))1/3, it

holds that

N s,γ,η(μ1/2, f )+ |WsWγ /2 f |2L2 � |Ws((−�S2)
1/2)Wγ /2 f |2L2 + |Ws(D)Wγ /2 f |2L2 .

Proof Taking g = μ1/2 in Lemma 3.4, we have

N s,γ,η(μ1/2, f )+ | f |2
L2

γ /2
� N s,0,η(Wγ /2μ

1/2,Wγ /2 f )

≥ N s,0,η(W−5/2μ1/2,Wγ /2 f ).

Taking g = W−5/2μ1/2, f = F := Wγ /2 f in Lemma 3.3, we have for η ≤ r ≤ 1 ≤
R, u ∈ B6R that

N s,0,η(W−5/2μ1/2, F)+ |F |2L2 � N s(ψRW−5/2μ1/2, (1− ψ4R)F), (3.13)

N s,0,η(W−5/2μ1/2, F)+ r−2R2|F |2L2 � N s(φR,r ,uW−5/2μ1/2, ψr ,u F). (3.14)

From now on, take R = 1, then ψR(v) = ψ(v) = 1 for |v| ≤ 3/4, we get

|ψRW−5/2μ1/2|2L2 =
∫

ψ2W−5μdv ≥ 4π

3
(3/4)3W−5(3/4)μ(3/4) := δ2∗.
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Recalling φR,r ,u = ψ14R − ψ4r ,u and ψ14R ≥ ψR , we have

∫
φ2
R,r ,uW−5μdv ≥

1

2

∫
ψ2
14RW−5μdv −

∫
ψ2
4r ,uW−5μdv

≥ 1

2
δ2∗ −

∫
ψ2
4r ,uW−5μdv.

Note that
∫

ψ2
4r ,uW−5μdv ≤ 4π

3 ( 163 r)
3(2π)− 3

2 := Cr3. By choosing r such that

Cr3 = 1
4δ

2∗ , we get

|φR,r ,uW−5/2μ1/2|2L2 ≥ δ2∗/4.

Note that r = 9
64 (2π)1/2( 14W−5(3/4)μ(3/4))1/3. Therefore, we have

min{|φR,r ,uW−5/2μ1/2|L2 , |ψRW−5/2μ1/2|L2} ≥ δ∗/2. (3.15)

On the other hand, note that

max{|ψRW−5/2μ1/2|L2
1
, |φR,r ,uW−5/2μ1/2|L2

1
} ≤ |μ|1/2

L1 = 1. (3.16)

Thanks to (3.15) and (3.16), by Lemma 3.1, as δ∗ is a generic constant, we get

N s(ψRW−3/2μ1/2, (1− ψ4R)F)+ |(1− ψ4R)F |2L2 � |(1− ψ4R)F |2Hs ,

(3.17)

N s(φR,r ,uW−3/2μ1/2, ψr ,u F)+ |ψr ,u F |2L2 � |ψr ,u F |2Hs . (3.18)

Note that 1−ψ4R(v) = 1 if |v| ≥ 6R ≥ 16
3 R. There is a finite cover of B6R with open

ball Br (u j ) for u j ∈ B6R .More precisely, there exists {u j }Nj=1 ⊂ B6R such that B6R ⊂
∪Nj=1Br (u j ), where N ∼ 1

r3
is a generic constant. We then have ψ4R ≤∑N

j=1 ψr ,u j

and thus |ψ4RF |2Hs ≤ N
∑N

j=1 |ψr ,u j F |2Hs . From this together with (3.13), (3.14),
(3.17), (3.18), since r is a generic constant, we get for any 0 ≤ η ≤ r ,

N s,γ,η(μ1/2, f )+ | f |2
L2

γ /2
� r8|Wγ /2 f |2Hs � |Ws(D)Wγ /2 f |2L2 . (3.19)

Thanks to (3.15) and (3.16), by Lemma 3.2, we get

N s(ψRW−3/2μ1/2, (1− ψ4R)F
)+ (|(1− ψ4R)F |2Hs + |(1− ψ4R)F |2L2

s

)
�

∣∣Ws((−�S2)
1/2)(1− ψ4R)F

∣∣2
L2 ,

N s(φR,r ,uW−3/2μ1/2, ψr ,u F
)+ (|ψr ,u F |2Hs + |ψr ,u F |2L2

s

)
�

∣∣Ws((−�S2)
1/2)ψr ,u f

∣∣2
L2 .
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By applying the same finite cover argument, we also have

N s,γ,η
(
μ1/2, f

)+ ∣∣Ws(D)Wγ /2 f
∣∣2
L2 +

∣∣WsWγ /2 f
∣∣2
L2

�
∣∣Ws((−�S2)

1/2)Wγ /2 f
∣∣2
L2 . (3.20)

Finally a suitable combination of (3.19) and (3.20) completes the proof. ��
3.1.5 Rough coercivity estimate of 〈Ls,�,�f , f 〉

By Propositions 3.1 and 3.2, we have the following estimate.

Proposition 3.3 Let −5 ≤ γ ≤ 0 ≤ η ≤ η1 where η1 is the constant in Proposition
3.2. Then

N s,γ,η(μ1/2, f )+N s,γ,η(μ1/2, f )+ | f |2
L2

γ /2
� | f |2s,γ /2.

Now we are ready to prove the following rough coercivity estimate.

Theorem 3.1 Let −5 ≤ γ ≤ 0 < η ≤ η1 where η1 is the constant in Proposition 3.2.
Then

〈Ls,γ,η f , f 〉 + ηγ | f |2
L2

γ /2
� | f |2s,γ /2. (3.21)

Proof Werecall thatN s,γ,η(μ1/2, f )+N s,γ,η( f , μ1/2) corresponds to the anisotropic
norm ||| · ||| introduced in [4]. By the proof of Proposition 2.16 in [4],

〈Ls,γ,η
1 f , f 〉 ≥ 1

10
(N s,γ,η(μ1/2, f )+N s,γ,η( f , μ1/2))

− 3

10

∣∣∣∣
∫

Bs,γ,ημ∗(( f 2)′ − f 2)dV

∣∣∣∣ .
By the cancellation Lemma 2.9, we have∣∣∣∣

∫
Bs,γ,ημ∗(( f 2)′ − f 2)dV

∣∣∣∣ � ηγ | f |2
L2

γ /2
.

Therefore, we have

〈Ls,γ,η
1 f , f 〉 ≥ 1

10

(
N s,γ,η(μ1/2, f )+N s,γ,η( f , μ1/2)

)
− Cηγ | f |2

L2
γ /2

. (3.22)

By Proposition 2.12, we get

|〈Ls,γ,η
2 f , f 〉| � ηγ |μ1/8 f |2L2 � ηγ | f |2

L2
γ /2

. (3.23)

Note that (3.22) and (3.23) imply (3.1).
Then by applying Proposition 3.3, we finish the proof. ��
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3.2 Spectrum-gap type estimate

In this subsection, we consider the coercivity estimates of Ls,γ,η in the microscopic
space. This is also referred to as the “spectral gap" estimate.

Recall ker(Ls,γ
B ) = ker(Lγ

L) = span{√μ,
√

μv1,
√

μv2,
√

μv3,
√

μ|v|2} := ker.
An orthonormal basis of ker can be chosen as

{√μ,
√

μv1,
√

μv2,
√

μv3,
√

μ(|v|2 − 3)/
√
6} := {e j }1≤ j≤5.

The projection operator P on the kernel space is defined as follows:

P f :=
5∑
j=1
〈 f , e j 〉e j = (a + b · v + c|v|2)√μ, (3.24)

where for 1 ≤ i ≤ 3,

a =
∫ (

5

2
− |v|

2

2

)√
μ f dv; bi =

∫
vi
√

μ f dv;

c =
∫ ( |v|2

6
− 1

2

)√
μ f dv. (3.25)

We will show that the lower order term | f |2
L2

γ /2
in (3.21) can be dropped for f ∈ ker⊥.

The idea is to firstly consider the special case γ = 0 and then to use mathematical
induction for the general case γ < 0.

3.2.1 The case � = 0

This case is clear, cf. the explicit spectrum computation by Wang-Chang [39], in
which the authors showed that the smallest positive eigenvalue is bounded from below
by

∫
b(cos θ) sin2 θ

2 dσ up to a multiplicative factor. Recalling (1.23), it holds for
f ∈ ker⊥ that

〈Ls,0,0 f , f 〉 ≥ λ1| f |2L2 .

By the proof of Theorem 3.1 for the case of γ = 0, we can also take η = 0 to get

〈Ls,0,0 f , f 〉 + | f |2L2 � | f |2s,0.

Hence, there exists a generic constant λ2 > 0 such that

〈Ls,0,0 f , f 〉 ≥ λ2| f |2s,0. (3.26)

We now show that Ls,0,η also satisfies the above estimate if η is small enough. For
this, we prove smallness of 〈Ls,0

η f , f 〉 when η is small.
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Lemma 3.5 Let 0 ≤ η ≤ 1, then it holds for f ∈ ker⊥ that

〈Ls,0
η f , f 〉 � η3| f |2Hs .

Proof Firstly, note that 〈Ls,0
η f , f 〉 ≤ 2N s

η (μ1/2, f )+2N s
η ( f , μ1/2), where the func-

tional N s,γ
η is defined in (2.39). By (2.41), we have

N s
η (μ1/2, f ) � η2s+3| f |2Hs .

Recall

N s
η ( f , μ1/2) =

∫
bs(θ)ψη(|v − v∗|) f 2∗ ((μ1/2)′ − μ1/2)2dV .

By using |(μ1/2)′ − μ1/2| � |v − v∗|θ and (1.23), we have

N s
η ( f , μ1/2) �

∫
bs(θ)ψη(|v − v∗|) f 2∗ |v − v∗|2θ2dV

�
∫

1|v−v∗|≤4η/3 f
2∗ |v − v∗|2dvdv∗ � η5| f |2L2 .

Combining the above estimates completes the proof.
��

From (3.26), by taking η small enough in Lemma 3.5, we get the following coer-
civity estimate.

Lemma 3.6 There is a generic constant η2 > 0 such that for f ∈ ker⊥, it holds that

〈Ls,0,η2 f , f 〉 ≥ λ0| f |2s,0.

3.2.2 The general case � < 0

The coercivity estimate of Ls,γ,η in the space ker⊥ for γ < 0 can be stated as follows.

Theorem 3.2 For −5 ≤ γ ≤ 0, with the constant η1 defined in Proposition 3.2 and
the constants η2, λ0 defined in Lemma 3.6, let η = min{η1, η2}. There is a generic
constant 0 < c < 1 such that for any γ ∈ [−5, 0] satisfying −ks ≤ γ < −(k − 1)s
for some integer k ≥ 0, it holds for f ∈ ker⊥ that

〈Ls,γ,η f , f 〉 ≥ c2
k−1s2k−1λ2k0 | f |2s,γ /2. (3.27)

Remark 3.1 Theorem 3.2 indeed holds for any γ ≤ 0 even though we only need it for
−5 ≤ γ ≤ 0.

The analysis can also be applied to the case when γ > 0.
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For later use, set λs,γ := c2
k−1s2k−1λ2k0 . The following remark is about the lower

bound of λs,γ .

Remark 3.2 For γ > −2s − 3, as −γ /s ≤ 2+ 3/s, then

λs,γ ≥ c2
�2+3/s�−1s2�2+3/s�−1λ2�2+3/s�0 := λs . (3.28)

Here �a� is the smallest integer no less than a. Note that λs is non-decreasing with
respect to s.

Motivated by [4, 27] about exchanging the kinetic component in the cross-section
with a weight of velocity on the function, we can apply an induction argument based
on the estimate for the case γ = 0 obtained in Lemma 3.6 and the gain of moment of
order s. As the first step, we reduce the case −s ≤ γ < 0 to the special case γ = 0,
and then by induction to cover the whole range −5 ≤ γ ≤ 0. To this end, we need a
scaled weight function

Uδ(v) := W (δv) = (1+ δ2|v|2)1/2 ≥ max{δ|v|, 1}. (3.29)

Here δ is a sufficiently small parameter to be chosen later. We now give two technical
lemmas on some integrals involving Uδ .

Lemma 3.7 Let −5 ≤ α, β < 0 < s, δ < 1. Set X(β, δ) := δ−β(
(Uβ/2

δ )′(Uβ/2
δ )′∗ −Uβ/2

δ (Uβ/2
δ )∗

)2
. Recall (1.22) for bs(θ). Then for v ∈ R

3,

∫
bs(θ)|v − v∗|αψη(|v − v∗|)X(β, δ)μ∗dσdv∗ � s−1δ2sηα〈v〉α+β+2s .

Proof First, it is straightforward to check

|v − v∗|αψη(|v − v∗|)μ∗ � ηα〈v − v∗〉αμ∗ � ηα〈v〉α〈v∗〉|α|μ∗ � ηα〈v〉αμ
1
2∗ .

Note that

X(β, δ) � δ−β(Uβ
δ )′∗

(
(Uβ/2

δ )′ − (Uβ/2
δ )

)2
+δ−βUβ

δ

(
(Uβ/2

δ )′∗ − (Uβ/2
δ )∗

)2 := A1 + A2.

We only estimate A1 because A2 can be estimated similarly.
For a ≤ 0, one has

|∇Ua
δ | � |a|δUa

δ , (3.30)

which gives

(
(Ua

δ )′ − (Ua
δ )

)2 = ∣∣∣∣
∫ 1

0
(∇Ua

δ )(v(κ)) · (v′ − v)dκ

∣∣∣∣
2

123



4962 T. Yang, Y.-L. Zhou

� a2δ2 sin2
θ

2
|v − v∗|2

∫ 1

0
U 2a

δ (v(κ))dκ.

Thanks to |v′∗|2 + |v(κ)|2 ∼ |v|2 + |v∗|2, we have

δ−2a(U 2a
δ )′∗U 2a

δ (v(κ)) � 〈v〉2a, (3.31)

which gives

δ−2a(U 2a
δ )′∗

(
(Ua

δ )′ − (Ua
δ )

)2 � a2δ2 sin2
θ

2
|v − v∗|2〈v〉2a . (3.32)

Divide the integral
∫
bs(θ)|v − v∗|αA1μ∗dσdv∗ into two parts: I≤ and I≥ corre-

sponding to δ|v − v∗| ≤ 1 and δ|v − v∗| ≥ 1. When δ|v − v∗| ≤ 1, using (3.32) with
a = β/2, we have

I≤ � ηαδ2〈v〉α+β

∫
1|v−v∗|≤δ−1b

s(θ) sin2
θ

2
|v − v∗|2μ

1
2∗ dσdv∗ � ηαδ2s〈v〉α+β+2s .

For δ|v − v∗| ≥ 1, we further divide the integral I≥ into two parts: I≥,≤ and I≥,≥
corresponding to sin θ

2 ≤ δ−1|v − v∗|−1 and sin θ
2 ≥ δ−1|v − v∗|−1 respectively. By

using (3.32) with a = β/2, we have

I≥,≤ � ηαδ2〈v〉α+β

∫
1sin θ

2≤δ−1|v−v∗|−1b
s(θ) sin2

θ

2
|v − v∗|2μ

1
2∗ dσdv∗

� ηαδ2s〈v〉α+β+2s .

For the remainder with sin θ
2 ≥ δ−1|v− v∗|−1, it holds from (3.31) that A1 � 〈v〉β

and

I≥,≥ � ηα〈v〉α+β

∫
1sin θ

2≥δ−1|v−v∗|−1b
s(θ)μ

1
2∗ dσdv∗ � s−1ηαδ2s〈v〉α+β+2s .

Combining the above estimates completes the proof of the lemma. ��
Lemma 3.8 Let −5 ≤ α, β < 0 < s, η, δ < 1. Set ϕβ,δ := (1−Uβ/2

δ )μ
1
2 , then

I :=
∫

bs(θ)|v − v∗|αψη(|v − v∗|)(ϕ′β,δ − ϕβ,δ)
2dσdv � s−1δ2ηα〈v∗〉α+2s .

Proof By (3.30), we get

|ϕβ,δ| � |β|δμ 1
4 , |∇ϕβ,δ| � |β|δμ 1

4 . (3.33)

From this, we first have

(ϕ′β,δ − ϕβ,δ)
2 � δ2((μ1/2)′ + μ1/2). (3.34)
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By 1st-order Taylor expansion, we get

(ϕ′β,δ − ϕβ,δ)
2 � δ2 sin2

θ

2
|v − v∗|2

∫ 1

0
μ1/2(v(κ))dκ. (3.35)

Combing these two estimates gives

(ϕ′β,δ − ϕβ,δ)
2 � δ2 min

{
1, sin2

θ

2
|v − v∗|2

}
∫ 1

0
((μ1/2)′ + μ1/2 + μ1/2(v(κ)))dκ. (3.36)

By Lemma 2.2 and Lemma 2.10, we get

I � δ2
∫

bs(θ)|v − v∗|αψη(|v − v∗|)min

{
1, sin2

θ

2
|v − v∗|2

}
μ

1
2 dσdv

� s−1δ2ηα

∫
〈v − v∗〉α+2sμ 1

2 dv � s−1δ2ηα〈v∗〉α+2s,

which ends the proof of the lemma. ��
We are now ready to prove the coercivity estimate of Ls,γ,η for −5 ≤ γ ≤ 0 by

induction.

Proof of Theorem 3.2 In the proof, 0 < η = min{η1, η2} < 1 is a fixed constant.
Hence, 1 ≤ ηγ ≤ η−5 for −5 ≤ γ ≤ 0. For brevity, set

J s,γ,η( f ) := 4〈Ls,γ,η f , f 〉, A(g, h) := (g∗h + gh∗ − g′∗h′ − g′h′∗),
F(g, h) := A

2(g, h).

With these notations, we have J s,γ,η( f ) = ∫
Bs,γ,η

F(μ1/2, f )dV . We divide the
proof into five steps.

Step 1: Localization of J s,γ,η( f ). By (3.29) and if a ≤ 0, we get

|v − v∗|−a ≤ max{1, 2−a−1}δa((δ|v|)−a + (δ|v∗|)−a)
≤ 2max{1, 2−a−1}δaU−aδ (v)U−aδ (v∗),

which gives

|v − v∗|a ≥ Caδ
−aUa

δ (v)Ua
δ (v∗),

where Ca = 1
2 min{1, 2a+1}. With γ = α + β, γ ≤ α, β ≤ 0, we have

J s,γ,η( f ) ≥ Cβδ−β

∫
Bs,α,ηUβ

δ (Uβ
δ )∗F(μ1/2, f )dV .
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By setting h = Uβ/2
δ , φ = μ

1
2 and putting the weight functionUβ

δ (Uβ
δ )∗ insideF(·, ·),

we have

Uβ
δ (Uβ

δ )∗F(μ1/2, f )

= h2∗h2F(φ, f ) = (
hh∗ (φ∗ f + φ f∗)− hh∗

(
φ′∗ f ′ + φ′ f ′∗

))2
= (

hh∗ (φ∗ f + φ f∗)− h′h′∗
(
φ′∗ f ′ + φ′ f ′∗

)+ (
h′h′∗ − hh∗

) (
φ′∗ f ′ + φ′ f ′∗

))2
≥ 1

2

(
hh∗ (φ∗ f + φ f∗)− h′h′∗

(
φ′∗ f ′ + φ′ f ′∗

))2 − (
h′h′∗ − hh∗

)2 (
φ′∗ f ′ + φ′ f ′∗

)2
= 1

2
F(hφ, h f )− (

h′h′∗ − hh∗
)2 (

φ′∗ f ′ + φ′ f ′∗
)2

. (3.37)

Thus,

J s,γ,η( f ) ≥ 1

2
Cβδ−β

∫
Bs,α,η

F(Uβ/2
δ μ

1
2 ,Uβ/2

δ f )dV (3.38)

−Cβδ−β

∫
Bs,α,η

(
h′h′∗ − hh∗

)2 (
φ′∗ f ′ + φ′ f ′∗

)2 dV .

We further reduce
F(Uβ/2

δ μ
1
2 ,Uβ/2

δ f ) to F(μ
1
2 ,Uβ/2

δ f ) with some correction terms. That is,

F(Uβ/2
δ μ

1
2 ,Uβ/2

δ f ) = A
2(Uβ/2

δ μ
1
2 ,Uβ/2

δ f )

=
(
A(μ

1
2 ,Uβ/2

δ f )− A
(
(1−Uβ/2

δ )μ
1
2 ,Uβ/2

δ f
))2

≥ 1

2
A
2(μ

1
2 ,Uβ/2

δ f )− A
2((1−Uβ/2

δ )μ
1
2 ,Uβ/2

δ f
)

= 1

2
F(μ

1
2 ,Uβ/2

δ f )− F
(
(1−Uβ/2

δ )μ
1
2 ,Uβ/2

δ f
)
. (3.39)

By symmetry and recalling φ = μ
1
2 ,

∫
Bs,α,η

(
h′h′∗ − hh∗

)2 (
φ′∗ f ′ + φ′ f ′∗

)2 dV ≤ 4
∫

Bs,α,η
(
h′h′∗ − hh∗

)2
μ∗ f 2dV . (3.40)

By (3.38), (3.39) and (3.40), we get

J s,γ,η( f ) ≥ 1

4
Cβδ−β

∫
Bs,α,η

F

(
μ

1
2 ,Uβ/2

δ f
)
dV

−1

2
Cβδ−β

∫
Bs,α,η

F

(
(1−Uβ/2

δ )μ
1
2 ,Uβ/2

δ f
)
dV

−4Cβδ−β

∫
Bs,α,η

(
h′h′∗ − hh∗

)2
μ∗ f 2dV

:= 1

4
Cβ J

α,β
1 − 1

2
Cβ J

α,β
2 − 4Cβ J

α,β
3 .
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We always choose β in the range −1 ≤ −s ≤ β ≤ 0 and so Cβ = 1
2 . Noting that

Jα,β
1 = δ−βJ s,α,η(Uβ/2

δ f ), we have

J s,γ,η( f ) ≥ 1

8
δsJ s,α,η(Uβ/2

δ f )− 1

4
Jα,β
2 − 2Jα,β

3 . (3.41)

Step 2: Upper bound of Jα,β
2 . For simplicity of notation, set ϕβ,δ = (1 −

Uβ/2
δ )μ

1
2 , ψβ,δ = Uβ/2

δ f . Then

Jα,β
2 = δ−β

∫
Bs,α,η

F(ϕβ,δ, ψβ,δ)dV � δ−βN s,α,η(ϕβ,δ, ψβ,δ)

+δ−βN s,α,η(ψβ,δ, ϕβ,δ). (3.42)

By (3.30), for −5/2 ≤ a ≤ 0,

0 ≤ 1−Ua
δ (v) = Ua

δ (0)−Ua
δ (v) � δ|v|. (3.43)

By (3.43), we have

(ϕ2
β,δ)∗ =

(
(1−Uβ/2

δ )μ
1
2
)2
∗ � δ2μ

1
2∗ . (3.44)

From this and Proposition 2.8, by using the fact that δ−β/2Uβ/2
δ ∈ Sβ/2

1,0 is a radial
symbol of order β/2, we obtain

δ−βN s,α,η(ϕβ,δ, ψβ,δ) � δ2δ−βN s,α,η(μ1/4, ψβ,δ)

� s−1δ2δ−β |Uβ/2
δ f |2s,α/2 � s−1δ2| f |2s,γ /2. (3.45)

By Lemma 3.8, we then have

δ−βN s,α,η(ψβ,δ, ϕβ,δ) � s−1δ2ηαδ−β

∫
(Uβ/2

δ f )2∗〈v∗〉α+2sdv∗
� s−1δ2|Wγ /2+s f |2L2 � s−1δ2| f |2s,γ /2. (3.46)

Putting the estimates (3.45) and (3.46) into (3.42), we get

Jα,β
2 � s−1δ2| f |2s,γ /2. (3.47)

Step 3: Upper bound of Jα,β
3 . Lemma 3.7 yields

Jα,β
3 =

∫
Bs,α,ηX(β, δ)μ∗ f 2dV � s−1δ2s | f |2

L2
γ /2+s

. (3.48)
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Step 4: The case −s ≤ γ < 0. We take α = 0, β = γ . Recall J s,α,η(Uβ/2
δ f ) =

4〈Ls,α,ηU γ /2
δ f ,U γ /2

δ f 〉. By Lemma 3.6, we have

J s,0,η(Uβ/2
δ f ) ≥ 4λ0|(I− P)U γ /2

δ f |2s,0 ≥ 4λ0|(I− P)Uγ /2
δ f |2L2

s
. (3.49)

We claim that there exists δ1 > 0 such that if 0 < δ ≤ δ1, then for any−5/2 ≤ a ≤ 0,

|(I− P)Ua
δ f |2L2

s
≥ 1

4
| f |2

L2
s+a

. (3.50)

This yields

J s,0,η(Uβ/2
δ f ) ≥ λ0| f |2L2

s+γ /2
. (3.51)

We now prove (3.50).
Note that

|(I− P)(Ua
δ f )|2L2

s
≥ 1

2
|Ua

δ f |2L2
s
− |P(Ua

δ f )|2L2
s
.

Since δ ≤ 1 and a ≤ 0, Ua
δ ≥ Wa . Hence,

|Ua
δ f |2L2

s
≥ | f |2

L2
s+a

. (3.52)

We now estimate |P(Ua
δ f )|L2 for f ∈ ker⊥.

Since

P(Ua
δ f ) =

5∑
i=1

ei

∫
eiU

a
δ f dv =

5∑
i=1

ei

∫
ei (U

a
δ − 1) f dv,

then ∣∣∣∣
∫

ei (U
a
δ − 1) f dv

∣∣∣∣ � δ|μ 1
8 f |L2 .

Therefore,

|P(Ua
δ f )|2L2

s
� δ2|μ 1

8 f |2L2 � δ2| f |2
L2
s+a

. (3.53)

By (3.52) and (3.53), choosing δ1 small enough, we obtain (3.50).
By plugging the estimates (3.51), (3.47), (3.48) into (3.41), for any −s ≤ γ < 0

and 0 < δ ≤ δ1, for some universal constants 0 < C1 and 1 ≤ C2, we have

J s,γ,η( f ) ≥ C1δ
s | f |2

L2
γ /2+s

− C2s
−1δ2s | f |2s,γ /2. (3.54)
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It is straightforward to check from above that C1 = λ0/8. Recalling Theorem 3.1, for
some universal constants 0 < C3 ≤ 1 ≤ C4, we have

J s,γ,η( f ) ≥ C3| f |2s,γ /2 − C4| f |2L2
γ /2+s

. (3.55)

We can assume C1C3
2C4C2s−1 ≤ δs1 by taking a larger C4 if necessary.

The combination (3.55) ×C5δ
2 s+(3.54) gives

(1+ C5δ
2s)J s,γ,η( f ) ≥ (C1 − C4C5δ

s)δs | f |2
L2

γ /2+s

+(C3C5 − C2s
−1)δ2s | f |2s,γ /2. (3.56)

We can then take C5 large enough such that C3C5 − C2s−1 ≥ C2s−1, for example
C5 = 2C2s−1/C3 ≥ 2. And then we choose δ small enough such that C1−C4C5δ

s ≥
0, for example δs = C1

C4C5
= λ0C3

16C4C2s−1 ≤ δs1. Note that we can assume C5δ
2 s =

C2
1C3

2C2
4C2s−1

≤ δs1
C1
C4
≤ 1. Otherwise, we can take an even larger C4. Thus, we get

J s,γ,η( f ) ≥ 1

2
C2s

−1δ2s | f |2s,γ /2 =
1

2

(
C3

16(C2s−1)1/2C4

)2

λ20| f |2s,γ /2.

Recalling J s,γ,η( f ) = 4〈Ls,γ,η f , f 〉, we get for −s ≤ γ < 0 that

〈Ls,γ,η f , f 〉 ≥ csλ
2
0| f |2s,γ /2,

where

cs = 1

8

(
C3

16C1/2
2 C4

)2

s = 2−11C2
3C
−1
2 C−24 s.

Step 5: The case −ks ≤ γ < −(k − 1)s for k ≥ 2. In the previous step, starting
from the case γ = 0 by using Lemma 3.6 where the constant is λ0, to derive the
−s ≤ γ < 0 case, we have a new constant csλ20. For −ks ≤ γ < −(k − 1)s, we can
choose α = −(k−1)s and β = γ + (k−1)s to apply the result of 〈Ls,α,η f , f 〉. Note
that the constants C2,C3,C4 are universal with respect to α, β satisfying α + β =
γ,−s ≤ β ≤ 0,−5 ≤ γ ≤ α ≤ 0. Then λn = csλ2n−1 implies that

λk = c2
k−1

s λ2
k

0 .

For −ks ≤ γ < (k − 1)s, by induction we will have

J s,γ,η( f ) ≥ λk | f |2s,γ /2. (3.57)

This completes the proof of the theorem by taking c = 2−11C2
3C
−1
2 C−24 . ��
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4 Well-posedness and grazing limit

In this section, we will prove Theorem 1.1. We divide the proof into three subsec-
tions. The first subsection is about the a priori estimates for a linear equation with a
general source. In subsect. 4.2, we prove the global well-posedness result in Theorem
1.1. In subsect. 4.3, we derive the global asymptotic formula (1.41) in Theorem 1.1.
Throughout this section,CN ,Cl ,CN ,l are some large constants depending only on the
corresponding indices. Moreover, they could change from line to line.

4.1 A priori estimate

We consider the following linear equation with a general source g,

∂t f + v · ∇x f + Ls,γ f = g. (4.1)

A temporal energy functional IN ( f ) satisfying for some generic constant C1 that

|IN ( f )| ≤ C1‖μ1/8 f ‖2HN
x L2 (4.2)

is used to capture the dissipation of the macro components
M(t, x) := (a(t, x), b(t, x), c(t, x)) of the solution f , where (a, b, c) is defined in
(3.25).

Lemma 4.1 There exist two generic constants C2, c0 > 0 such that for any N ≥ 2,

d

dt
IN ( f )+ c0|M|2HN

x
≤ C2(C

2
s,γ ‖μ1/8 f2‖2HN

x L2 + NLN (g)), (4.3)

where

NLN (g) :=
13∑
j=1
|〈∂αg, μ1/2Pj 〉|2HN−1

x
.

Here, the standard thirteen moment polynomials Pj are defined by

P1 = 1, P2 = v1, P3 = v2, P4 = v3, P5 = v21, P6 = v22, P7 = v23,

P8 = v1v2, P9 = v2v3, P10 = v3v1, P11 = |v|2v1, P12 = |v|2v2, P13 = |v|2v3.

We refer readers to [15, 21, 28] for the detailed proof of Lemma 4.1. The constant
Cs,γ in (4.3) comes from Theorem 2.2.

We now use Theorem 3.2 to derive the microscopic dissipation.

Lemma 4.2 Let |α| + |β| ≤ N, q ≥ 0, then

(Ls,γ Wq∂
α
β f ,Wq∂

α
β f ) ≥ (7/8)λs‖Wq∂

α
β f2‖2L2

x L
2
s,γ /2
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−Cq,|β|
(
‖μ1/8∂α f2‖2L2

x L
2 + |∂αM|2L2

x

)
.

Proof By Theorem 3.2 and recalling the constant λs in (3.28),

(Ls,γ Wq∂
α
β f ,Wq∂

α
β f ) ≥ λs‖(I− P)Wq∂

α
β f ‖2

L2
x L

2
s,γ /2

.

It is straightforward to check for any 0 ≤ α < 1 that

|x |2 ≥ α|y|2 − α

1− α
|x − y|2. (4.4)

By the macro–micro decomposition f = f1 + f2, we deduce that

(Ls,γ Wq∂
α
β f ,Wq∂

α
β f ) ≥ λs‖(I− P)Wq∂

α
β ( f1 + f2)‖2L2

x L
2
s,γ /2

≥ (7/8)λs‖Wq∂
α
β f2‖2L2

x L
2
s,γ /2

−Cq,|β|
(
‖μ1/8∂α f2‖2L2 + |∂αM|2L2

x

)
,

where we have used (4.4) to take outWq∂
α
β f2 as the leading term. Moreover, we have

used f = f1 + f2 and the definition of (a, b, c). This completes the proof of the
lemma.

��
We now apply the commutator estimate obtained in Corollary 2.2 to derive the

following lemma.

Lemma 4.3 Let |α| + |β| ≤ N , β0+ β1+ β2 = β, q ≥ 0, then for any 0 < δ ≤ 1, we
have ∣∣∣(WqLs,γ (∂α

β2
f ;β0, β1)− Ls,γ (Wq∂

α
β2

f ;β0, β1),Wq∂
α
β f

)∣∣∣
≤ δ‖∂α

β f2‖2L2
x L

2
s,q+γ /2

+ δ−1CqC
2
s,γ

(
‖∂α

β2
f2‖2L2

x L
2
q+γ /2

+ ‖∂α
β2

f2‖2Hs
γ /2

)
+δ−1Cq,|β|C2

s,γ |∂αM|2L2
x
.

Proof By taking l1 = −γ /2 in Corollary 2.2 and by using the decomposition f =
f1 + f2 = P f + f2, for any 0 < δ < 1, we have

∣∣∣(WqLs,γ (∂α
β2

f ;β0, β1)− Ls,γ (Wq∂
α
β2

f ;β0, β1),Wq∂
α
β f

)∣∣∣
�q s−1‖∂α

β2
f ‖L2

x L
2
q+γ /2
‖∂α

β f ‖L2
x L

2
s,q+γ /2

+ Cs,γ ‖∂α
β2

f ‖Hs
γ /2
‖∂α

β f ‖L2
x L

2
s,q+γ /2

≤ δ‖∂α
β f ‖2

L2
x L

2
s,q+γ /2

+ δ−1CqC
2
s,γ

(
‖∂α

β2
f ‖2

L2
x L

2
q+γ /2

+ ‖∂α
β2

f ‖2Hs
γ /2

)
≤ δ‖∂α

β f2‖2L2
x L

2
s,q+γ /2

+ δ−1CqC
2
s,γ

(
‖∂α

β2
f2‖2L2

x L
2
q+γ /2

+ ‖∂α
β2

f2‖2Hs
γ /2

)
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+δ−1Cq,|β|C2
s,γ |∂αM|2L2

x
.

This completes the proof of the lemma. ��

The following lemma is about the commutator [∂β,Ls,γ ].

Lemma 4.4 Let |α| + |β| ≤ N , |β| ≥ 1, q ≥ 0, then

|(Wq [∂β,Ls,γ ]∂α f ,Wq∂
α
β f )| ≤ δ‖∂α

β f2‖2L2
x L

2
s,q+γ /2

+ δ−1Cq,NC
2
s,γ |∂αM|2L2

x

+δ−1Cq,NC
2
s,γ

∑
β2<β

(
‖∂α

β2
f2‖2L2

x L
2
q+γ /2

+1q>0‖∂α
β2

f2‖2Hs
γ /2

)
.

Proof By (2.8), [∂β,Ls,γ ]g =∑
β2<β Cβ0,β1,β2

β Ls,γ (∂β2g;β0, β1). Thus

Wq [∂β,Ls,γ ]∂α f = Wq

∑
β2<β

Cβ0,β1,β2
β Ls,γ (∂α

β2
f ;β0, β1)

=
∑
β2<β

Cβ0,β1,β2
β Ls,γ (Wq∂

α
β2

f ;β0, β1)

+
∑
β2<β

Cβ0,β1,β2
β [Wq ,Ls,γ (·;β0, β1)]∂α

β2
f .

By upper bound estimate in Theorem 2.2, we get

|Ls,γ (Wq∂
α
β2

f ;β0, β1),Wq∂
α
β f )| � Cs,γ ‖∂α

β2
f ‖L2

x L
2
s,q+γ /2

‖∂α
β f ‖L2

x L
2
s,q+γ /2

≤ δ‖∂α
β f2‖2L2

x L
2
s,q+γ /2

+δ−1C2
s,γCq,N‖∂α

β2
f2‖2L2

x L
2
s,q+γ /2

+δ−1C2
s,γCq,N |∂αM|2L2

x
.

We apply Lemma 4.3 to deal with [Wq ,Ls,γ (·;β0, β1)]. Note that if q = 0, the
commutator [Wq ,Ls,γ (·;β0, β1)] = 0. Taking sum over β2 < β completes the proof
of the lemma. ��

For any non-negative integers n,m, recall

‖ f ‖2
Hn
x Ḣ

m
l
=

∑
|α|≤n,|β|=m

‖∂α
β f ‖2

L2
x L

2
l
, ‖ f ‖2

Hn
x Ḣ

m
s,l
=

∑
|α|≤n,|β|=m

‖∂α
β f ‖2

L2
x L

2
s,l

.

123



On the Boltzmann equation with strong… 4971

Let N ≥ 4, l ≥ −N (γ + 2s). For some generic constants M , L j and K j (which may
depend on s, γ, N , l and will be determined later) for 0 ≤ j ≤ N , we define

�
s,γ
N ,l( f ) = MIN ( f )+

N∑
j=0

L j‖ f ‖2
HN− j
x Ḣ j

+
N∑
j=0

K j‖ f ‖2
HN− j
x Ḣ j

l+ j(γ+2s)
, (4.5)

D̃s,γ
N ,l( f ) = c0M |M|2HN

x
+ λs

N∑
j=0

L j‖ f2‖2
HN− j
x Ḣ j

s,γ /2

+λs

N∑
j=0

K j‖ f2‖2
HN− j
x Ḣ j

s,l+ j(γ+2s)+γ /2

. (4.6)

We are now ready to prove the a priori estimate of (4.1).

Proposition 4.1 Let N ≥ 4, l ≥ −N (γ + 2 s). Suppose f is a solution to (4.1), then

d

dt
�
s,γ
N ,l ( f )+

1

4
D̃s,γ

N ,l ( f ) ≤ MC2NL
N (g)+

N∑
j=0

2L j
∑

|α|≤N− j,|β|= j

(∂α
β g, ∂

α
β f ) (4.7)

+
N∑
j=0

2K j
∑

|α|≤N− j ,|β|= j

(
Wl+ j(γ+2s)∂α

β g,Wl+ j(γ+2s)∂α
β f

)
.

The constants in (4.5) and (4.6) satisfy

max{M, {L j }0≤ j≤N , {K j }0≤ j≤N } = L0 = Zs,γ,N ,l

:= Xs,γ Ys,γ,l(Us,γ,N ,lWs,γ,N ,l)
N ,(4.8)

min{c0M, {λs L j }0≤ j≤N , {λs K j }0≤ j≤N } = λs, (4.9)

where

Xs,γ = λ−1s C2
s,γC2, (4.10)

Ys,γ,l = 8l/sλ−l/ss

(
Cl(γ + 2s + 3)−1

)1+l/s
, (4.11)

Ws,γ,N ,l = λ−2s C2
s,γCN , (4.12)

Us,γ,N ,l = max{λ−2s C2
s,γCN ,l , 8

l/s(Cl(γ + 2s + 3)−1λ−1s )1+l/s}. (4.13)

Here C2 is the constant appeared in (4.3). Recalling the constants λs from (3.28)
and Cs,γ from (2.55), it is straightforward to check that for any fixed N , l, there is
a function (x1, x2) ∈ (0, 1) × (0, 3] → ZN ,l(x1, x2) ∈ (0,∞) satisfying (1.35) and
(1.37).

Proof We divide the proof into three steps to construct the energy functional �s,γ
N ,l( f )

in (4.5).
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Step 1: Propagation of ‖ f ‖2
HN
x L2 . By applying ∂α to equation (4.1), taking inner

product with ∂α f , taking sum over |α| ≤ N , we have

1

2

d

dt
‖ f ‖2HN

x L2 +
∑
|α|≤N

(Ls,γ ∂α f , ∂α f ) =
∑
|α|≤N

(∂αg, ∂α f ). (4.14)

By Theorem 3.2 and Remark 3.2, using ∂α f2 = (∂α f )2, we have (Ls,γ ∂α f , ∂α f ) ≥
λs‖∂α f2‖2L2

x L
2
s,γ /2

, which yields

1

2

d

dt
‖ f ‖2HN

x L2 + λs‖ f2‖2HN
x L2

s,γ /2
≤

∑
|α|≤N

(∂αg, ∂α f ). (4.15)

Multiplying (4.15) by a large constant 2M1 and adding it to (4.3), we get

d

dt

(
M1‖ f ‖2HN

x L2 + IN ( f )
)+ (

c0|M|2HN
x
+ M1λs‖ f2‖2HN

x L2
s,γ /2

)
≤ 2M1

∑
|α|≤N

(∂αg, ∂α f )+ C2NL
N (g). (4.16)

Here M1 is large enough such that M1 ≥ 2C1 and M1λs ≥ C2C2
s,γ to insure from

(4.2) that

1

2
M1‖ f ‖2HN

x L2 ≤ M1‖ f ‖2HN
x L2 + IN ( f ) ≤ 3

2
M1‖ f ‖2HN

x L2 ,

M1λs‖ f2‖2HN
x L2

s,γ /2
≥ C2C

2
s,γ ‖μ1/8 f2‖2HN

x L2 .

Note that the term C2C2
s,γ ‖μ1/8 f2‖2HN

x L2 in (4.3) is absorbed by the dissipation of the

microscopic component ‖ f2‖2HN
x L2

s,γ /2
in (4.15).Wemay assumeλs ≤ 1 andC2  C1.

Then we can take M1 = Xs,γ defined in (4.10).
Step 2: Propagation of ‖ f ‖2

HN
x L2

l
. By applying Wl∂

α to Eq. (4.1), taking inner

product with Wl∂
α f , taking sum over |α| ≤ N , we have

1

2

d

dt
‖ f ‖2

HN
x L2

l
+

∑
|α|≤N

(WlLs,γ ∂α f ,Wl∂
α f ) =

∑
|α|≤N

(Wl∂
αg,Wl∂

α f ). (4.17)

Using commutator to transfer weight gives

WlLs,γ ∂α f = Ls,γ Wl∂
α f + [Wl ,Ls,γ ]∂α f .

By Lemma 4.2, we get

(Ls,γ Wl∂
α f ,Wl∂

α f ) ≥ (7/8)λs‖∂α f2‖2L2x L2s,l+γ /2
− Cl

(
‖∂α f2‖2L2x L2γ /2

+ |∂αM|2
L2x

)
.
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By (2.57),

|([Wl ,Ls,γ ]∂α f ,Wl∂
α f )| ≤ Cl(γ + 5)−1‖∂α f2‖2L2

x L
2
l+γ /2

+ Cl(γ + 5)−1|∂αM|2L2
x
.

Since |h|2
L2
q
≤ δ|h|2

L2
q+s
+ δ−q/s |h|2

L2 for any 1 > δ > 0, we have

‖∂α f2‖2L2
x L

2
l+γ /2

≤ δ‖∂α f2‖2L2
x L

2
s,l+γ /2

+ δ−l/s‖∂α f2‖2L2
x L

2
s,γ /2

. (4.18)

By taking δ = δl,s,γ where δl,s,γCl(γ + 5)−1 = λs/8, we get

d

dt
‖ f ‖2

HN
x L2

l
+ 3

2
λs‖ f2‖2HN

x L2
s,l+γ /2

≤ Cl,s,γ ‖ f2‖2HN
x L2

s,γ /2
+ Cl,γ |M|2HN

x

+2
∑
|α|≤N

(Wl∂
αg,Wl∂

α f ), (4.19)

for some constants Cl,γ and Cl,s,γ satisfying

Cl,γ ≤ Cl(γ + 2s + 3)−1, Cl,s,γ ≤
(
Cl(γ + 2s + 3)−1

)1+l/s
(λs/8)

−l/s .
(4.20)

We choose a constant M2 large enough such that

c0M2/2 ≥ Cl,γ , M2M1λs/2 ≥ Cl,s,γ .

Recalling M1 = Xs,γ defined in (4.10), for simplicity, we can take M2 = Ys,γ,l

defined in (4.11). Then the combination (4.16)×M2+(4.19) yields

d

dt
(M2IN ( f )+ M1M2‖ f ‖2HN

x L2 + ‖ f ‖2HN
x L2

l
)

+1

2

(
M2c0|M|2HN

x
+ M2M1λs‖ f2‖2HN

x L2
s,γ /2
+ λs‖ f2‖2HN

x L2
s,l+γ /2

)

≤ M2C2NL
N (g)+ 2M2M1

∑
|α|≤N

(∂αg, ∂α f )+ 2
∑
|α|≤N

(Wl∂
αg,Wl∂

α f ).

(4.21)

Step 3: Propagation of ‖ f ‖2
HN− j
x Ḣ j

and ‖ f ‖2
HN− j
x Ḣ j

l+ j(γ+2 s)
for j ≥ 1. For notation

convenience, set

X i ( f ) := MiIN ( f )+
∑

0≤ j≤i
Li
j‖ f ‖2HN− j

x Ḣ j
+

∑
0≤ j≤i

K i
j‖ f ‖2HN− j

x Ḣ j
l+ j(γ+2s)

,
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Y i ( f ) := Mic0|M|2HN
x
+ λs

i∑
j=0

Li
j‖ f2‖2HN− j

x Ḣ j
s,γ /2

+λs

i∑
j=0

Ki
j‖ f2‖2HN− j

x Ḣ j
s,l+ j(γ+2s)+γ /2

,

Z i (g, f ) := MiC2NL
N (g)+

i∑
j=0

2Li
j

∑
|α|≤N− j,|β|= j

(∂α
β g, ∂

α
β f )

+
i∑

j=0
2Ki

j

∑
|α|≤N− j,|β|= j

(Wl+ j(γ+2s)∂α
β g,Wl+ j(γ+2s)∂α

β f ).

We will use mathematical induction to prove that for any 0 ≤ i ≤ N , there are some
constants Mi , Li

j , K
i
j ≥ 1, 0 ≤ j ≤ i satisfying

Mic0 ≥ 1, Li
j ≥ Li

j+1, Ki
j ≥ Ki

j+1, Li
j ≥ Ki

j ,

such that

d

dt
X i ( f )+ 2−1−i/NY i ( f ) ≤ Z i (g, f ). (4.22)

It is easy to check that (4.22) is valid for i = 0 thanks to (4.21). More precisely,
M0 = M2, L0

0 = M1M2, K 0
0 = 1.

We obtain (4.7) by taking i = N in (4.22).
Assume (4.22) is valid for i = k for some 0 ≤ k ≤ N − 1. We now prove

(4.22) is also valid for i = k + 1 by first considering ‖ f ‖2
HN−(k+1)
x Ḣ k+1 and then

‖ f ‖2
HN−(k+1)
x Ḣ k+1

l+(k+1)(γ+2s)
.

Let α and β be multi-indices such that |α| ≤ N − (k + 1) and |β| = k + 1 ≥ 1.
Applying ∂α

β to both sides of (4.1) gives

∂t∂
α
β f + v · ∇x∂

α
β f +

∑
β1≤β,|β1|=1

∂
α+β1
β−β1

f + ∂α
βLs,γ f = ∂α

β g. (4.23)

Taking inner product with ∂α
β f , one has

1

2

d

dt
‖∂α

β f ‖2L2
x L

2 +
∑

β1≤β,|β1|=1
(∂

α+β1
β−β1

f , ∂α
β f )+ (∂α

βLs,γ f , ∂α
β f )

= (∂α
β g, ∂

α
β f ). (4.24)
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Estimate of (∂α+β1
β−β1

f , ∂α
β f ). ByCauchy–Schwarz inequality and using f = f1+ f2,

we get

|(∂α+β1
β−β1

f , ∂α
β f )| ≤ ‖∂α+β1

β−β1
f ‖L2

x L
2−s−γ /2

‖∂α
β f ‖L2

x L
2
s+γ /2

≤ ‖∂α+β1
β−β1

f ‖L2
x L

2
s,−(γ+2s)+γ /2

‖∂α
β f ‖L2

x L
2
s,γ /2

≤ δ‖∂α
β f2‖2L2

x L
2
s,γ /2
+ Cδ‖∂α+β1

β−β1
f2‖L2

x L
2
s,l+|β−β1|(γ+2s)+γ /2

+CδC|β||M|2HN−k
x

. (4.25)

Here Cδ � δ−1.
Estimate of (∂α

βLs,γ f , ∂α
β f ). Using ∂α

βLs,γ f = Ls,γ ∂α
β f + [∂β,Ls,γ ]∂α f , by

Lemma 4.2 and Lemma 4.4 with δ = λs/8, we have

(∂α
βLs,γ f , ∂α

β f ) ≥ (3/4)λs‖∂α
β f2‖2L2

x L
2
s,γ /2
− λ−1s C2

s,γCN |∂αM|2L2
x

−λ−1s C2
s,γCN

∑
β2<β

‖∂α
β2

f2‖2L2
x L

2
s,γ /2

. (4.26)

By plugging (4.25) and (4.26) into (4.32), taking δ = λs/4N and taking sum over
|α| ≤ N − (k + 1), |β| = k + 1, we have

d

dt
‖ f ‖2

HN−k−1
x Ḣ k+1 + λs‖ f2‖2HN−k−1

x Ḣ k+1
s,γ /2

≤ 2
∑

|α|≤N−k−1,|β|=k+1
(∂α

β g, ∂
α
β f )+ λ−1s C2

s,γCN‖ f2‖2HN−k
x Ḣ k

s,l+k(γ+2s)+γ /2

+λ−1s C2
s,γCN‖ f2‖2HN−k

x Hk
s,γ /2
+ λ−1s C2

s,γCN |M|2HN−k
x

. (4.27)

By the induction assumption, (4.22) is true when i = k, that is,

d

dt
X k( f )+ 2−1−k/NYk( f ) ≤ Zk(g, f ). (4.28)

Note that Yk( f ) contains all the norms on the right hand side of (4.27).
We choose a constant Wk large enough such that

Wk2
−1− k

N − 1
2N (2

1
2N − 1)λs ≥ λ−1s C2

s,γCN .

Note that this also gives

Wk2
−1− k

N − 1
2N (2

1
2N − 1)Mkc0 ≥ λ−1s C2

s,γCN .
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That is, we can take

Wk = λ−2s C2
s,γCN . (4.29)

Then (4.28)×Wk+(4.27) yields
d

dt

(
WkX k( f )+ ‖ f ‖2

HN−k−1
x Ḣ k+1

)
+ 2−1−k/N−1/2NWkYk( f )

+λs‖ f2‖2HN−k−1
x Ḣ k+1

s,γ /2

≤ 2
∑

|α|≤N−k−1,|β|=k+1
(∂α

β g, ∂
α
β f )+WkZk(g, f ). (4.30)

Let α and β be multi-indices such that |α| ≤ N − (k + 1) and |β| = k + 1 ≥ 1.
Let q = l + (k + 1)(γ + 2 s). Applying Wq∂

α
β to both sides of (4.1) gives

∂tWq∂
α
β f + v · ∇xWq∂

α
β f +

∑
β1≤β,|β1|=1

Wq∂
α+β1
β−β1

f

+Wq∂
α
βLs,γ f = Wq∂

α
β g. (4.31)

Taking inner product with Wq∂
α
β f yields

1

2

d

dt
‖∂α

β f ‖2L2
x L

2
q
+

∑
β1≤β,|β1|=1

(Wq∂
α+β1
β−β1

f ,Wq∂
α
β f )

+(Wq∂
α
βLs,γ f ,Wq∂

α
β f ) = (Wq∂

α
β g,Wq∂

α
β f ). (4.32)

Estimate of (Wq∂
α+β1
β−β1

f ,Wq∂
α
β f ). Similarly to (4.25), we have

∣∣∣(Wq∂
α+β1
β−β1

f ,Wq∂
α
β f )

∣∣∣ ≤ δ‖∂α
β f2‖2L2

x L
2
s,γ /2
+ Cδ‖∂α+β1

β−β1
f2‖L2

x L
2
s,l+k(γ+2s)+γ /2

+CδCl,|β||M|2HN−k
x

. (4.33)

Estimate of (Wq∂
α
βLs,γ f ,Wq∂

α
β f ). Observe that

Wq∂
α
βLs,γ f = Ls,γ Wq∂

α
β f + [Wq ,Ls,γ ]∂α

β f +Wq [∂β,Ls,γ ]∂α f .

By Lemma 4.2, (2.57) and Lemma 4.4, taking δ = λs/8 in Lemma 4.4, we have

(Ls,γ Wq∂
α
β f + [Wq ,Ls,γ ]∂α

β f +Wq [∂β,Ls,γ ]∂α f ,Wq∂
α
β f )

≥ 3

4
λs‖Wq∂

α
β f2‖2L2

x L
2
s,γ /2
+ λ−1s Cq,NC

2
s,γ |∂αM|2L2

x

+λ−1s Cq,NC
2
s,γ

∑
β2<β

(
‖∂α

β2
f2‖2L2

x L
2
q+γ /2

+ ‖∂α
β2

f2‖2Hs
γ /2

)
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+Cq(γ + 5)−1‖∂α
β f ‖2

L2
x L

2
q+γ /2

.

By using the decomposition f = f1+ f2 and (4.18) for the last term, since q ≤ l, we
get

(Wq∂
α
βLs,γ f ,Wq∂

α
β f )

≥ 5

8
λs‖Wq∂

α
β f2‖2L2

x L
2
s,γ /2
+ λ−1s CN ,lC

2
s,γ |∂αM|2L2

x

+λ−1s CN ,lC
2
s,γ

∑
β2<β

(
‖∂α

β2
f2‖2L2

x L
2
q+γ /2

+ ‖∂α
β2

f2‖2Hs
γ /2

)

+Cl,s,γ ‖∂α
β f2‖2L2

x L
2
s,γ /2

. (4.34)

Plugging (4.33) and (4.34) into (4.32), taking δ = λs/8N , and taking sum over
|α| ≤ N − (k + 1), |β| = k + 1, we have

d

dt
‖ f ‖2

HN−k−1
x Ḣ k+1

q
+ λs‖ f2‖2HN−k−1

x Ḣ k+1
s,q+γ /2

≤ 2
∑

|α|≤N−k−1,|β|=k+1
(Wq∂

α
β g,Wq∂

α
β f )+ λ−1s CN‖ f2‖2HN−k

x Ḣ k
s,q+k(γ+2s)+γ /2

+λ−1s CN ,lC
2
s,γ ‖ f2‖2HN−k−1

x Hk
s,l+k(γ+2s)+γ /2

+λ−1s CN ,lC
2
s,γ |∂αM|2L2

x
+ Cl,s,γ ‖ f2‖2HN−k−1

x Ḣ k+1
s,γ /2

. (4.35)

Note that 2−1−k/N−1/2NYk( f )+λs‖ f2‖2HN−k−1
x Ḣ k+1

s,γ /2
in (4.30) contains all the norms

on the right hand side of (4.35). We choose a constant Uk large enough such that

Uk2
−1− k

N − 1
N (2

1
2N − 1)λs ≥ λ−1s C2

s,γCN ,l , Ukλs/2 ≥ Cl,s,γ .

By recalling (4.20), we choose

Uk = max{λ−2s C2
s,γCN ,l , 8

l/s(Cl(γ + 5)−1λ−1s )1+l/s}. (4.36)

Then (4.30)×Uk+(4.35) yields
d

dt
(UkWkX k( f )+Uk‖ f ‖2HN−k−1

x Ḣ k+1 + ‖ f ‖2HN−k−1
x Ḣ k+1

q
)

+2−1−k/N−1/NUkWkYk( f )+ 2−1Ukλs‖ f2‖2HN−k−1
x Ḣ k+1

s,γ /2

+λs‖ f2‖2HN−k−1
x Ḣ k+1

s,q+γ /2

≤ 2
∑

|α|≤N−k−1,|β|=k+1
(Wq∂

α
β g,Wq∂

α
β f )
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+2Uk

∑
|α|≤N−k−1,|β|=k+1

(∂α
β g, ∂

α
β f )+UkWkZk(g, f ).

Hence (4.22) holds for i = k + 1. Precisely, we set Mk+1 = UkWkMk, Lk+1
j =

UkWkLk
j , K

k+1
j = UkWkKk

j for 0 ≤ j ≤ k and Lk+1
k+1 = Uk, K

k+1
k+1 = 1. Note that

LN
0 = L0

0

∏N−1
j=0 UjWj = M1M2

∏N−1
j=0 UjWj . By taking i = N in (4.22) and M =

MN , L j = LN
j , K j = K N

j for 0 ≤ j ≤ N , we get (4.7). It is straightforward to check
the constants satisfy (4.8)-(4.13). And this completes the proof of the proposition. ��

4.2 Global well-posedenss

We first derive the following a priori estimate for solutions to the Cauchy problem
(1.24).

Theorem 4.1 Let N ≥ 4, l ≥ −N (γ +2s). If f s,γ is a solution of the Cauchy problem
(1.24) satisfying sup0≤t≤T ‖ f s,γ (t)‖HN

x,v
≤ ηs,γ,N ,l := C−1N ,l Z

−1
s,γ,N ,lλsC

−1
s,γ , then for

any t ∈ [0, T ], the solution f s,γ satisfies

E s,γ
N ,l ( f

s,γ (t))+ 1

8
λs

∫ t

0
(|M(τ )|2HN

x
+Ds,γ

N ,l( f
s,γ
2 )(τ ))dτ

≤ Zs,γ,N ,lE s,γ
N ,l ( f0). (4.37)

Proof of Theorem 4.1 We apply Proposition 4.1 by taking g = �s,γ ( f s,γ , f s,γ ) to
have

d

dt
�N ,l( f s,γ )+ 1

4
D̃s,γ

N ,l( f
s,γ ) ≤

N∑
j=0

2K jAN , j,l
s,γ ( f s,γ , f s,γ , f s,γ )

+
N∑
j=0

2L jBN , j
s,γ ( f s,γ , f s,γ , f s,γ )

+MC2CN
s,γ ( f s,γ , f s,γ ), (4.38)

where

AN , j,l
s,γ (g, h, f ) :=

∑
|α|≤N− j,|β|= j

(Wl+ j(γ+2s)∂α
β �s,γ (g, h),Wl+ j(γ+2s)∂α

β f ),

(4.39)

BN , j
s,γ (g, h, f ) :=

∑
|α|≤N− j,|β|= j

(∂α
β �s,γ (g, h), ∂α

β f ), (4.40)

CN
s,γ (g, h) :=

∑
|α|≤N−1

13∑
j=1

∫
T3
|〈∂α�s,γ (g, h), μ

1
2 Pj 〉|2dx . (4.41)
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Recall from (1.32) the energy functional E s,γ
N ,l ( f ) =

∑N
j=0 ‖ f ‖2HN− j

x Ḣ j
l+ j(γ+2 s)

.

Define the dissipation functional Ds,γ
N ,l( f ) =

∑N
j=0 ‖ f ‖2HN− j

x Ḣ j
s,l+ j(γ+2 s)+γ /2

. Set

‖ f ‖2Hm
x,v
:=

∑
|α|+|β|≤m

‖∂α
β f ‖2L2

x L
2 , ‖ f ‖2Dm

s,γ
:=

∑
|α|+|β|≤m

‖∂α
β f ‖2

L2
x L

2
s,γ /2

.

We claim

|AN , j,l
s,γ (g, h, f )| �N ,l Cs,γ

(
‖g‖HN

x,v

(
Ds,γ

N ,l (h)
) 1
2 + ‖g‖DN

s,γ
‖h‖HN

x,v

)
‖ f ‖

HN− j
x Ḣ j

s,l+ j(γ+2s)+γ /2
,(4.42)

|BN , j
s,γ (g, h, f )| �N Cs,γ (‖g‖HN

x,v
‖h‖DN

s,γ
+ ‖g‖DN

s,γ
‖h‖HN

x,v
)‖ f ‖

HN− j
x Ḣ j

s,γ /2
, (4.43)

CN
s,γ (g, f ) �N C2

s,γ ‖g‖2HN
x L2
‖h‖2

HN
x L2s,γ /2

. (4.44)

With the above nonlinear estimates, by recalling (4.6), (4.8) and (4.9), if

Cs,γ sup
0≤t≤T

‖ f s,γ (t)‖HN
x,v
≤ 1, (4.45)

then

d

dt
�N ,l( f s,γ )+ 1

4
λs(|M|2HN

x
+Ds,γ

N ,l( f
s,γ
2 )) (4.46)

≤ CN ,l Zs,γ,N ,l

(
Cs,γ ‖ f s,γ ‖HN

x,v
+ C2

s,γ ‖ f s,γ ‖2HN
x,v

)
Ds,γ

N ,l( f
s,γ )

≤ CN ,l Zs,γ,N ,lλ
−1
s Cs,γ ‖ f s,γ ‖HN

x,v
× 1

8
λs

(
|M|2HN

x
+Ds,γ

N ,l( f
s,γ
2 )

)
,

where we have used Ds,γ
N ,l( f ) �N ,l (|M|2

HN
x
+Ds,γ

N ,l( f2)) in the last inequality.

Now under the assumption

CN ,l Zs,γ,N ,lλ
−1
s Cs,γ sup

0≤t≤T
‖ f s,γ (t)‖HN

x,v
≤ 1, (4.47)

we have

d

dt
�N ,l( f s,γ )+ 1

8
λs(|M|2HN

x
+Ds,γ

N ,l( f
s,γ
2 )) ≤ 0, (4.48)

which gives

�N ,l( f s,γ (t))+ 1

8
λs

∫ t

0

(
|M(τ )|2HN

x
+Ds,γ

N ,l( f
s,γ
2 )(τ )

)
dτ ≤ �N ,l( f0). (4.49)

Recalling (4.8), we have

E s,γ
N ,l ( f ) ≤ �

s,γ
N ,l( f ) ≤ Zs,γ,N ,lE s,γ

N ,l ( f ). (4.50)
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Table 1 Index choice

|α1| + |β1| |α2| + |β2| (a1, a2, b1, b2) |α1| + a1 + |β1| + b1 |α2| + a2 + |β2| + b2

0 ≤ |α| + |β| (2,0,2,s) 4 ≤ |α| + |β| + s

1 ≤ |α| + |β| − 1 (1,1,2,s) 4 ≤ |α| + |β| + s

2 ≤ |α| + |β| − 2 (0,2,2,s) 4 ≤ |α| + |β| + s

3 ≤ |α| + |β| − 3 (1,1,s,2) 4 + s ≤ |α| + |β|
|α1| + |β1| ≥ 4 ≤ |α| + |β| − 4 (0,2,s,2) N + s ≤ |α| + |β|

Note that (4.47) implies (4.45). Therefore, we obtain (4.37) under the condition (4.47).
Now it remains to prove (4.42), (4.43) and (4.44). We first consider BN , j

s,γ (g, h, f )
defined in (4.40). By the binomial expansion (2.4), we have

∂α
β �s,γ (g, h) =

∑
C(α1, α2, β0, β1, β2)�

s,γ (∂
α1
β1
g, ∂α2

β2
h;β0),

where the sum is taken over α1 + α2 = α, β0 + β1 + β2 = β.
By taking δ = 1

2 in Theorem 2.1, for (b1, b2) = (2, s) or (s, 2), we have

|〈�s,γ (∂
α1
β1
g, ∂α2

β2
h;β0), ∂

α
β f 〉| � Cs,γ

(
|∂α1

β1
g|

H
b1
γ /2
|∂α2

β2
h|

H
b2
γ /2

+|∂α1
β1
g|L2 |∂α2

β2
h|s,γ /2

)
|∂α

β f |s,γ /2.

Using the fact that
∫ |gh f |dx � |g|Ha1

x
|h|Ha2

x
| f |L2

x
for a1 + a2 = 2, a1, a2 ≥ 0, we

have∣∣∣(�s,γ (∂
α1
β1
g, ∂α2

β2
h;β0), ∂

α
β f

)∣∣∣ � Cs,γ ‖∂α1
β1
g‖

H
a1
x H

b1
γ /2
‖∂α2

β2
h‖

H
a2
x H

b2
γ /2
‖∂α

β f ‖L2
x L

2
s,γ /2

+Cs,γ ‖∂α1
β1
g‖Ha1

x L2‖∂α2
β2
h‖Ha2

x L2
s,γ /2
‖∂α

β f ‖L2
x L

2
s,γ /2

.

The second term in the above inequality is directly bounded by Cs,γ

‖g‖HN
x,v
‖h‖DN

s,γ
‖∂α

β f ‖L2
x L

2
s,γ /2

by suitably choosing a1, a2. Next we will give the

choices of a1, a2, b1, b2 for the first term.
In the following, we choose a1, a2 ∈ {0, 1, 2} with a1+ a2 = 2 and b1, b2 ∈ {s, 2}

with b1 + b2 = 2 + s. For N ≥ 4 and multi-indices α, β with |α| + |β| ≤ N , we
consider all the combinations of α1, α2, β1, β2 such that α1 + α2 = α, β1 + β2 ≤ β

in Table 1 for the choices of a1, a2, b1, b2.
With this, the part containing s is bounded by dissipation functional DN

s,γ , and the

other part is bounded by energy functional HN
x,v . As a result,

∣∣∣(�s,γ (∂
α1
β1

g, ∂
α2
β2

h;β0), ∂α
β f

)∣∣∣ � Cs,γ (‖g‖HN
x,v
‖h‖DN

s,γ
+ ‖g‖DN

s,γ
‖h‖HN

x,v
)‖∂α

β f ‖L2x L2s,γ /2
.

Taking sum yields (4.43).
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Similarly, we can use Corollary 2.1 to derive (4.42) and use Proposition 2.14 to
derive (4.44). This completes the proof of the theorem. ��

Proof of Theorem 1.1 (Global well-posedness) Local well-posedness of the Cauchy

problem (1.24) and non-negativity of μ + μ
1
2 f can be proved by standard iteration.

From this together with Theorem 4.1, by taking δs,γ,N ,l = 1
2η

2
s,γ,N ,l , the standard

continuity argument yields the global well-posedness result (1.34) for the Boltzmann
equation. Recalling the constants λs from (3.28),Cs,γ from (2.55), Zs,γ,N ,l from (4.8)
and the constant ηs,γ,N ,l from Theorem 4.1, it is straightforward to check that for any
fixed N , l, there is a function (x1, x2) ∈ (0, 1) × (0, 3] → δN ,l(x1, x2) ∈ (0,∞)

satisfying (1.35) and (1.36). Moreover, since all the estimates are uniform for s → 1−,
the global well-posedness result (1.39) for the Landau equation follows by a similar
argument. ��

4.3 Asymptotic formula for the limit

We prove (1.41) in this subsection. Let f s,γ and f γ be the solutions to (1.24) and
(1.26) respectively. Observe Fs,γ

R := (1− s)−1( f s,γ − f γ ) solves

∂t F
s,γ
R + v · ∇x F

s,γ
R + Lγ

L F
s,γ
R = (1− s)−1[(Lγ

L − Ls,γ
B ) f s,γ

+(�
s,γ
B − �

γ

L )( f s,γ , f γ )] + �
s,γ
B ( f s,γ , Fs,γ

R )+ �
γ

L (Fs,γ
R , f γ ). (4.51)

We will apply Proposition 4.1 to the above equation for Fs,γ
R . For brevity, we set

G1 = (1− s)−1[(Lγ

L − Ls,γ
B ) f s,γ + (�

s,γ
B − �

γ

L )( f s,γ , f γ )], (4.52)

G2 = �
s,γ
B ( f s,γ , Fs,γ

R ), G3 = �
γ

L (Fs,γ
R , f γ ). (4.53)

By applying Proposition 4.1 with s = 1, g = G1+G2+G3, since |〈∂αg, μ
1
2 Pj 〉|2 ≤

3
∑3

i=1 |〈∂αGi , μ
1
2 Pj 〉|2, we have

d

dt
�
1,γ
N ,l (F

s,γ
R )+ 1

4
D̃1,γ

N ,l (F
s,γ
R ) ≤

3∑
i=1

N∑
j=0

2K j

∑
|α|≤N− j ,|β|= j

(Wl+ j(γ+2)∂α
β Gi ,Wl+ j(γ+2)∂α

β Fs,γ
R )(4.54)

+
3∑

i=1

N∑
j=0

2L j
∑

|α|≤N− j,|β|= j

(∂α
β Gi , ∂

α
β Fs,γ

R )

+3MC2

3∑
i=1

NLN (Gi ).
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Let us first estimate the terms containing G1. Recalling (4.52) and (4.54), we need
to estimate the following quantities

I1,i :=
∑

|α|≤N− j,|β|= j

(Wl+ j(γ+2)∂α
βG1,i ,Wl+ j(γ+2)∂α

β F
s,γ
R ), (4.55)

I2,i :=
∑

|α|≤N− j,|β|= j

(∂α
βG1,i , ∂

α
β F

s,γ
R ), I3,i := NLN (G1,i ). (4.56)

Here, for i = 1, 2,

G1,1 = (1− s)−1(Lγ

L − Ls,γ
B ) f s,γ ,

G1,2 = (1− s)−1(�s,γ
B − �

γ

L )( f s,γ , f γ ). (4.57)

These terms contain operator difference. We now establish Qs,γ
B → Qγ

L , �
s,γ
B →

�
γ

L ,Ls,γ
B → Lγ

L as s → 1−. The results can be given in weighted L2-norm by using
the estimates from [12] and [25]. We obtain the results for any −5 < γ ≤ 0 by
allowing higher regularity.

Proposition 4.2 Let−5 < γ ≤ 0. Fix l ≥ 0. Let a1, a2, b1, b2 ∈ R satisfyinga1+a2 =
γ + 6 and b1 + b2 = γ + 2. If −9/2 < γ ≤ 0, then

∣∣〈Qs,γ
B (g, h)− Qγ

L(g, h),Wlψ〉
∣∣ �l,a1,a2,b1,b2 (1− s)|g|H2|γ+2|+2

|h|H2
l+b1
|ψ |L2

b2

+ (1− s)(γ + 9

2
)−1|g|H3

l+|a1|+|a2 |+2
|h|H3

l+a1
|ψ |L2

a2
. (4.58)

If −5 < γ ≤ 0, then

∣∣∣〈Qs,γ
B (g, h)− Qγ

L (g, h),Wlψ〉
∣∣∣ �l,a1,a2,b1,b2 (1− s)(γ + 5)−1|g|H2|γ+2|+2

|h|H2
l+b1
|ψ |L2

b2

+ (1− s)|g|
H

3+s1
l+|a1|+|a2 |+2

|h|
H

3+s2
l+a1
|ψ |L2

a2
, (4.59)

where s1, s2 ≥ 0 satisfying s1 + s2 = 1.

For completeness, the proof of Proposition 4.2 will be given in the Appendix. Here,
we only concern about the dependence on the two physical parameters γ, s and do not
pursue the precise dependence on l, a1, a2, b1, b2. Roughly speaking, the dependence
on l, a1, a2, b1, b2 is of the form cl , c|a1|, c|a2|, c|b1|, c|b2| for some generic constant
c > 1.

We can also get similar results for the non-linear terms �
s,γ
B (g, h) and �

γ

L (g, h) by
slightly revising the proof of Proposition 4.2. In this situation, we can get rid of the
weight on g.

Proposition 4.3 Let−5 < γ ≤ 0. Fix l ≥ 0. Let a1, a2, b1, b2 ∈ R satisfyinga1+a2 =
γ + 6 and b1 + b2 = γ + 2. If −9/2 < γ ≤ 0, then

∣∣〈�s,γ
B (g, h)− �

γ

L (g, h),Wlψ〉
∣∣ �l,a1,a2,b1,b2 (1− s)|g|H2 |h|H2

l+b1
|ψ |L2

b2
(4.60)
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+ (1− s)(γ + 9

2
)−1|g|H3 |h|H3

l+a1
|ψ |L2

a2
.

If −5 < γ ≤ 0, then

∣∣〈�s,γ
B (g, h)− �

γ

L (g, h),Wlψ〉
∣∣ �l,a1,a2,b1,b2 (1− s)(γ + 5)−1|g|H2 |h|H2

l+b1
|ψ |L2

b2

(4.61)

+ (1− s)|g|H3+s1 |h|H3+s2
l+a1
|ψ |L2

a2
,

where s1, s2 ≥ 0 satisfying s1 + s2 = 1.

Recalling Ls,γ
B f = −�

s,γ
B (μ

1
2 , f ) − �

s,γ
B ( f , μ

1
2 ),Lγ

L f = −�
γ

L (μ
1
2 , f ) −

�
γ

L ( f , μ
1
2 ), as an application of Proposition 4.3, we can put the higher regularity

on μ
1
2 to obtain the following proposition.

Proposition 4.4 Let−5 < γ ≤ 0. Fix l ≥ 0. Let a1, a2 ∈ R satisfying a1+a2 = γ+6.
Then

∣∣〈Ls,γ
B f − Lγ

L f ,Wlψ〉
∣∣ �l,a1,a2 (1− s)(γ + 5)−1| f |H3

(l+a1)+
|ψ |L2

a2
. (4.62)

Let Cγ := (γ + 5)−1. By (4.61) and (4.62),

(1− s)−1
∣∣〈�s,γ

B (g, h)− �
γ

L (g, h),Wlψ〉
∣∣ �l Cγ |g|H3 |h|H4

l+5+γ /2
|ψ |L2

1+γ /2
,

(4.63)

(1− s)−1
∣∣〈Ls,γ

B f − Lγ

L f ,Wlψ〉
∣∣ �l Cγ | f |H3

l+5+γ /2
|ψ |L2

1+γ /2
.

(4.64)

Recall (4.55) and (4.57) for I1,1 and I1,2. We now estimate these two terms in
details. By (4.64), we have

|I1,1| �N ,l Cγ

∑
|α|≤N− j ,|β|= j

∑
β1≤β

‖∂α
β1

f s,γ ‖L2x H3
l+ j(γ+2)+5+γ /2

‖Wl+ j(γ+2)∂α
β Fs,γ

R ‖L2x L21+γ /2

≤ CN ,lCγ (Ds,γ
N+3,l+5−3(γ+2s)+N (2−2s)( f

s,γ ))1/2‖Fs,γ
R ‖

HN− j
x Ḣ j

1,l+ j(γ+2)+γ /2
,

where we have used for any 0 ≤ k ≤ N + 3,

Ds,γ
N+3,l+5−3(γ+2s)+N (2−2s)( f

s,γ ) ≥ ‖ f s,γ ‖2
HN+3−k
x Ḣ k

s,l+5−3(γ+2s)+N (2−2s)+k(γ+2s)+γ /2
.

In particular, taking k = j + 3 gives

Ds,γ
N+3,l+5−3(γ+2s)+N (2−2s)( f

s,γ ) ≥ ‖ f s,γ ‖2
HN− j
x Ḣ j+3

s,l+5+ j(γ+2)+γ /2

.
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Similarly, by (4.63), we have

|I1,2| �N ,l Cγ

∑
|α|≤N− j ,|β|= j∑

α1+α2=α,β1≤β

∫
|∂α1

β1
f s,γ |H3 |∂α2

β2
f γ |H4

l+ j(γ+2)+5+γ /2
|Wl+ j(γ+2)∂α

β Fs,γ
R |L21+γ /2

dx

≤ CN ,lCγ ‖ f s,γ ‖HN+3
x,v⎛

⎝ ∑
|α|+|β|≤N+3,|β|≤ j+3

‖∂α
β f γ ‖2

L2x L
2
1,l+ j(γ+2)+5+γ /2

⎞
⎠
1/2

‖Fs,γ
R ‖

HN− j
x Ḣ j

1,l+ j(γ+2)+γ /2

≤ CN ,lCγ ‖ f s,γ ‖HN+3
x,v

(D1,γ
N+3,l+5−3(γ+2)( f

γ ))1/2‖Fs,γ
R ‖

HN− j
x Ḣ j

1,l+ j(γ+2)+γ /2
.

Recalling (4.56) and (4.57) for I2,1 and I2,2, it is obvious that these two terms are
also bounded by the previous upper bounds of I1,1 and I1,2. Similarly, by (4.64) and
(4.63), we have

|I3,1| ≤ CN ,lC
2
γDs,γ

N+3,l+5−3(γ+2s)+N (2−2s)( f
s,γ ),

|I3,2| ≤ CN ,lC
2
γ ‖ f s,γ ‖2HN+3

x,v
D1,γ

N+3,l+5−3(γ+2)( f
γ ).

Let us next estimate the terms containing G2. Recall (4.39), (4.40) and (4.41) that

∑
|α|≤N− j,|β|= j

(Wl+ j(γ+2)∂α
β G2,Wl+ j(γ+2)∂α

β Fs,γ
R ) = AN , j,l+2 j−2s j

s,γ ( f s,γ , Fs,γ
R , Fs,γ

R ),

∑
|α|≤N− j,|β|= j

(∂α
β G2, ∂

α
β Fs,γ

R ) = BN , j
s,γ ( f s,γ , Fs,γ

R , Fs,γ
R ),

NLN (G2) = CN
s,γ ( f s,γ , Fs,γ

R ).

As for −5 < γ ≤ −2, 1
4 ≤ 1

2 (1− γ+3
2 ) ≤ s ≤ 1, it holds that

Cs,γ = s−1(γ + 2s + 3)−1 ≤ 8(γ + 5)−1.

Therefore we can replace Cs,γ with Cγ = (γ + 5)−1 in the rest of this section.
Recalling (4.42), we have

∣∣∣AN , j,l+2 j−2s j
s,γ ( f s,γ , Fs,γ

R , Fs,γ
R )

∣∣∣ (4.65)

�N ,l Cγ (‖ f s,γ ‖HN
x,v

(
D1,γ

N ,l (F
s,γ
R )

) 1
2

+‖ f s,γ ‖DN
s,γ
‖Fs,γ

R ‖HN
x,v

)‖Fs,γ
R ‖HN− j

x Ḣ j
s,l+ j(γ+2)+γ /2

.

Note that the estimate (4.65) takes account of the additional weight 2 j − 2s j and
is controlled by the dissipation norm of the linearized Landau operator. By (4.43) and
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(4.44), we have

∣∣∣BN , j
s,γ ( f s,γ , Fs,γ

R , Fs,γ
R )

∣∣∣ �N Cγ (‖ f s,γ ‖HN
x,v
‖Fs,γ

R ‖DN
s,γ

+‖ f s,γ ‖DN
s,γ
‖Fs,γ

R ‖HN
x,v

)‖Fs,γ
R ‖HN− j

x Ḣ j
s,γ /2

, (4.66)

CN
s,γ ( f s,γ , Fs,γ

R ) �N C2
γ ‖ f s,γ ‖2HN

x L2‖Fs,γ
R ‖2HN

x L2
s,γ /2

. (4.67)

Let us estimate the terms containingG3. By taking s = 1 in (4.39), (4.40) and (4.41),
and replacing �1,γ by �

γ

L , we can define AN , j,l
1,γ (g, h, f ),BN , j

1,γ (g, h, f ), CN
1,γ (g, h)

similarly. Then

∑
|α|≤N− j,|β|= j

(Wl+ j(γ+2)∂α
β G3,Wl+ j(γ+2)∂α

β F
s,γ
R ) = AN , j,l

1,γ (Fs,γ
R , f γ , Fs,γ

R ),

∑
|α|≤N− j,|β|= j

(∂α
β G3, ∂

α
β F

s,γ
R ) = BN , j

1,γ (Fs,γ
R , f γ , Fs,γ

R ), NLN (G3) = CN
1,γ (Fs,γ

R , f γ ).

Note that these quantities contain the nonlinear term �
γ

L of the Landau operator. By
taking s = 1 in the estimates of the nonlinear term �

s,γ
B in previous sections, we can

obtain estimates for �
γ

L . As a result, similarly to (4.65), (4.66) and (4.67), we have

|AN , j,l
1,γ (Fs,γ

R , f γ , Fs,γ
R )| �N ,l Cγ

(
‖Fs,γ

R ‖HN
x,v

(
D1,γ

N ,l ( f
γ )

) 1
2

+‖Fs,γ
R ‖DN

1,γ
‖ f γ ‖HN

x,v

)
‖Fs,γ

R ‖HN− j
x Ḣ j

1,l+ j(γ+2)+γ /2
,

|BN , j
1,γ (Fs,γ

R , f γ , Fs,γ
R )| �N Cγ

(
‖Fs,γ

R ‖HN
x,v
‖ f γ ‖DN

1,γ

+‖Fs,γ
R ‖DN

1,γ
‖ f γ ‖HN

x,v

)
‖Fs,γ

R ‖HN− j
x Ḣ j

1,γ /2
,

CN
1,γ (Fs,γ

R , f γ ) �N C2
γ ‖Fs,γ

R ‖2HN
x L2‖ f γ ‖2

HN
x L2

1,γ /2
.

Plugging the above nonlinear estimates into (4.54), recalling (4.8) and (4.9), we
get

d

dt
�

1,γ
N ,l(F

s,γ
R )+ 1

4
λ1

(
|M|2HN

x
+D1,γ

N ,l ((F
s,γ
R )2)

)
≤ CN ,l Z1,γ,N ,l

{
(Cγ ‖ f s,γ ‖HN

x,v
+ Cγ ‖ f γ ‖HN

x,v
+ C2

γ ‖ f s,γ ‖2HN
x L2)D1,γ

N ,l (F
s,γ
R )

+‖ f s,γ ‖DN
s,γ
‖Fs,γ

R ‖HN
x,v

(
D1,γ

N ,l (F
s,γ
R )

) 1
2
}

+CN ,l Z1,γ,N ,l

{
Cγ ‖Fs,γ

R ‖HN
x,v

(
D1,γ

N ,l ( f
γ )

) 1
2
(
D1,γ

N ,l (F
s,γ
R )

) 1
2
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+C2
γ ‖Fs,γ

R ‖2HN
x,v
D1,γ

N ,l ( f
γ )

}

+CN ,l Z1,γ,N ,l

{
Cγ (Ds,γ

N+3,l+5−3(γ+2s)+N (2−2s)( f
s,γ ))1/2

+Cγ ‖ f s,γ ‖HN+3
x,v

(D1,γ
N+3,l+5−3(γ+2)( f

γ ))1/2
}(

D1,γ
N ,l (F

s,γ
R )

) 1
2

+CN ,l Z1,γ,N ,l

{
C2

γDs,γ
N+3,l+5−3(γ+2s)+N (2−2s)( f

s,γ )

+C2
γ ‖ f s,γ ‖2HN+3

x,v
D1,γ

N+3,l+5−3(γ+2)( f
γ )

}
. (4.68)

Recalling (3.28), λ1 is a generic constant for any −5 ≤ γ ≤ 0. By using

D1,γ
N ,l (F

s,γ
R ) �N ,l |M|2HN

x
+D1,γ

N ,l ((F
s,γ
R )2),

we have

d

dt
�

1,γ
N ,l(F

s,γ
R )+ 1

8
λ1(|M|2HN

x
+D1,γ

N ,l ((F
s,γ
R )2))

≤ CN ,l Z1,γ,N ,l(Cγ ‖ f s,γ ‖HN
x,v
+ Cγ ‖ f γ ‖HN

x,v
+ C2

γ ‖ f s,γ ‖2HN
x L2)D1,γ

N ,l (F
s,γ
R )

+CN ,l Z
2
1,γ,N ,l

{
C2

γ ‖Fs,γ
R ‖2HN

x,v
Ds,γ

N ,l( f
s,γ )+ C2

γ ‖Fs,γ
R ‖2HN

x,v
D1,γ

N ,l ( f
γ )

}

+CN ,l Z
2
1,γ,N ,l

{
C2

γDs,γ
N+3,l+5−3(γ+2s)+N (2−2s)( f

s,γ )

+C2
γ ‖ f s,γ ‖2HN+3

x,v
D1,γ

N+3,l+5−3(γ+2)( f
γ )

}
. (4.69)

By the assumption (1.40) and Theorem 4.1, the solutions f s,γ and f γ satisfy

E s,γ
N+3,l∗( f

s,γ (t))+ 1

8
λs

∫ t

0
(|M(τ )|2

HN+3
x
+Ds,γ

N+3,l∗( f
s,γ
2 )(τ ))dτ

≤ Zs,γ,N ,lE s,γ
N+3,l∗( f0), (4.70)

E1,γ
N+3,l∗( f

γ (t))+ 1

8
λ1

∫ t

0
(|M(τ )|2

HN+3
x
+D1,γ

N+3,l∗( f
γ
2 )(τ ))dτ

≤ Z1,γ,N ,lE1,γ
N+3,l∗( f0), (4.71)

where l∗ = l + 2N − 3γ + 5 ≥ l + 5 − 3(γ + 2s) + N (2 − 2s). By the smallness
of the energy functional, the term containing D1,γ

N ,l (F
s,γ
R ) is absorbed by the left hand

side in (4.69). Then the initial condition Fs,γ
R (0) = 0 implies
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sup
t≥0

�
1,γ
N ,l(F

s,γ
R (t)) ≤ exp

(
CN ,l Z

3
s,γ,N ,lC

2
γ E1,γ

N+3,l∗( f0)
)
CN ,l Z

3
s,γ,N ,lC

2
γ E1,γ

N+3,l∗( f0)

≤ exp
(
CN ,l Z

3
s,γ,N ,lC

2
γ E1,γ

N+3,l∗( f0)
)

.

Recalling Fs,γ
R := (1 − s)−1( f s,γ − f γ ), (1.37) and (4.50), we get (1.41). This

completes the proof of Theorem 1.1.

5 Appendix

We now prove Proposition 4.2.

Proof of Proposition 4.2 The proof is based on [12] and [25]. Recall the Boltzmann
operator Qs,γ

B in (1.19) and the kernel Bs,γ in (1.21). Following the proof in [12] and
[25], we derive that

Qs,γ
B (g, h) =

∫
R3

(∇v −∇v∗
) · [Us,γ

1 (v − v∗)
(∇v − ∇v∗

)
(g∗h)

]
dv∗

+
∫
R3

[
Us,γ
2 (v − v∗) :

(∇v −∇v∗
)2

(g∗h)
]
dv∗

+
∫
R3

∫
S2

R1(v, v∗, σ )Bs,γ dv∗dσ.

where

Us,γ
1 (v − v∗) := 1

4

[
|v − v∗|2 I3 − (v − v∗)⊗ (v − v∗)

] ∫
sin2

θ

2
Bs,γ dσ,

Us,γ
2 (v − v∗) :=

(
3

4
(v − v∗)⊗ (v − v∗)− 1

4
|v − v∗|2 I3

)∫
sin4

θ

2
Bs,γ dσ.

The function R1(v, v∗, σ ) reads

R1(v, v∗, σ ) = r1(v, v∗, σ )

(
g (v∗)− 1

2
A · ∇g (v∗)+ 1

8
A ⊗ A : ∇2g (v∗)+ r2(v, v∗, σ )

)

+ 1

8
A ⊗ A : ∇2h (v)

(
− 1

2
A · ∇g (v∗)+ 1

8
A ⊗ A : ∇2g (v∗)+ r2(v, v∗, σ )

)

+ 1

2
A · ∇h (v)

(
1

8
A ⊗ A : ∇2g (v∗)+ r2(v, v∗, σ )

)
+ h (v) r2(v, v∗, σ ),

where A = 2(v′ − v) and

r1(v, v∗, σ ) = 1

16

∑
1≤i, j,k≤3

∫ 1

0
(1− κ)2Ai A j Ak∂

3
i jkh

(
v + κ

(
v′ − v

))
dκ,
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r2(v, v∗, σ ) = − 1

16

∑
1≤i, j,k≤3

∫ 1

0
(1− ι)2Ai A j Ak∂

3
i jk g

(
v∗ + ι

(
v′∗ − v∗

))
dι.

Note that R1(v, v∗, σ ) contains |A|k for k ≥ 3.
Recalling (1.23) and (1.3) with 	 = π , it is straightforward to check that

Us,γ
1 (z) =

(
1

4

∫
sin2

θ

2
bs(θ)dσ

)
|z|γ+2
(z) = 2s−1π |z|γ+2
(z) = 2s−1aγ (z).

Recall the Landau operator Qγ

L given by (1.2) and (1.3) with	 = π . In another form,

Qγ

L(g, h) =
∫
R
3

(∇v − ∇v∗
) · [aγ (v − v∗)

(∇v −∇v∗
)
(g∗h)

]
dv∗,

which gives

Qs,γ
B (g, h) = 2s−1Qγ

L(g, h)+
∫
R
3

[
Us,γ
2 (v − v∗) :

(∇v − ∇v∗
)2

(g∗h)
]
dv∗

+
∫
R
3

∫
S2

R1(v, v∗, σ )Bs,γ dv∗dσ. (5.1)

We now have

Qs,γ
B (g, h)− Qγ

L(g, h) = (2s−1 − 1)Qγ

L(g, h)

+
∫
R3

[
Us,γ
2 (v − v∗) :

(∇v −∇v∗
)2

(g∗h)
]
dv∗

+
∫
R3

∫
S2

R1(v, v∗, σ )Bs,γ dv∗dσ :=
3∑

i=1
Ei .

Note that for 0 < s < 1,

|2s−1 − 1| ≤ 1− s. (5.2)

In order to show the result for γ > −5, we rewrite the Landau operator Qγ

L(g, h).
Recall that

Qγ

L(g, h) = ∇ ·
∫
R
3
aγ (v − v∗) (g∗∇h − (∇g)∗h)dv∗

= ∇ · [(aγ ∗ g)∇h − (aγ ∗ ∇g)h].

In order not to have any derivatives on the kernel function aγ , we write

Qγ

L(g, h) = (aγ ∗ g) : ∇2h − (aγ ∗ : ∇2g)h.
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More precisely,

Qγ

L(g, h) =
3∑

i, j=1
(aγ

i j ∗ g)∂2i j h −
3∑

i, j=1
(aγ

i j ∗ ∂2i j g)h.

Note that

|aγ (v − v∗)| � |v − v∗|γ+2. (5.3)

To estimate
∣∣〈Qγ

L(g, h),Wlψ
〉∣∣, it suffices to consider the following type of integral

∫
|v − v∗|γ+2|(∂α1g)∗∂α2hWlψ |dvdv∗, (5.4)

where (|α1|, |α2|) = (2, 0) or (0, 2).
Note that

∫
sin4

θ

2
Bs,γ dσ ≤

∫
sin3

θ

2
Bs,γ dσ = 8π(1− s)|v − v∗|γ

∫ 1/
√
2

0
t2−2sdt

� (1− s)|v − v∗|γ , (5.5)

which gives

|Us,γ
2 (v − v∗)| � (1− s)|v − v∗|γ+2. (5.6)

This shows that in order to estimate |〈E2,Wlψ〉|, it suffices to consider the integral
(5.4) for |α1| + |α2| = 2. In general, we consider

∫
|v − v∗|γ+2|g∗hψ |dvdv∗,

for γ > −5. Note that the integral has singularity as γ → (−5)+. It is obvious that
|v − v∗| ≤ W (v)W (v∗). If γ + 2 ≥ 0, then

|v − v∗|γ+2 ≤ Wγ+2(v)Wγ+2(v∗),

which gives

∫
|v − v∗|γ+2|g∗hψ |dvdv∗ ≤ |g|L1

γ+2
|h|L2

b1
|ψ |L2

b2
,

where b1, b2 ∈ R satisfying b1 + b2 = γ + 2. If γ + 2 < 0, then

|v − v∗|γ+2 � 1|v−v∗|≤1|v − v∗|γ+2Wγ+2(v)W|γ+2|(v∗)
+1|v−v∗|≥1Wγ+2(v)W|γ+2|(v∗),
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which gives

∫
|v − v∗|γ+2|g∗hψ |dvdv∗ � 1

γ + 5
|g|L p

|γ+2|
|h|Lq

b1
|ψ |L2

b2
+ |g|L1|γ+2|

|h|L2
b1
|ψ |L2

b2
,

where 2 ≤ p, q ≤ ∞ satisfying 1/p+1/q = 1/2. Here we have used
∫
1|v−v∗|≤1|v−

v∗|γ+2dv∗ � 1
γ+5 . In summary, by using the basic inequality |g|L1 � |g|L2

2
and the

embedding H2 ↪→ L∞ and Hs ↪→ L p where 1/p = 1/2 − s/3, for −5 < γ ≤ 0,
we have

∫
|v − v∗|γ+2|g∗hψ |dvdv∗ � 1

γ + 5
|g|Hs1|γ+2|+2

|h|Hs2
b1
|ψ |L2

b2
, (5.7)

where 0 ≤ s1, s2 ≤ 2 satisfying s1 + s2 = 2.
By applying (5.7) for estimation on (5.4), and by recalling (5.2) and (5.6), we obtain

∣∣∣〈(2s−1 − 1)Qγ

L(g, h),Wlψ
〉∣∣∣+ |〈E2,Wlψ〉| � 1− s

γ + 5
|g|H2|γ+2|+2

|h|H2
l+b1
|ψ |L2

b2
,

(5.8)

where b1 + b2 = γ + 2.
We now turn to estimate E3. By the fact |A| � sin θ

2 |v − v∗|, one has
max{|A|3, |A|4, |A|5, |A|6} � sin3 θ

2 |v − v∗|3W3(v − v∗). Plugging this into the def-
inition of R1(v, v∗, σ ), one has

|R1(v, v∗, σ )| � sin3
θ

2
|v − v∗|3W3(v − v∗)

4∑
i=1

R1,i (v, v∗, σ ),

R1,1(v, v∗, σ ) =
2∑

i=0

2∑
j=3−i

|∇ i g(v∗)||∇ j h(v)|,

R1,2(v, v∗, σ ) =
2∑

i=0
|∇ i g(v∗)|

∫ 1

0
(1− κ)2

∣∣∣∇3h (v(κ))

∣∣∣ dκ,

R1,3(v, v∗, σ ) =
2∑

i=0
|∇ i h(v)|

∫ 1

0
(1− ι)2

∣∣∣∇3g (v∗(ι))
∣∣∣ dι,

R1,4(v, v∗, σ ) =
∫ 1

0
(1− ι)2

∣∣∣∇3g (v∗(ι))
∣∣∣ dι ∫ 1

0
(1− κ)2

∣∣∣∇3h (v(κ))

∣∣∣ dκ.

Then we have |〈E3,Wlψ〉| � ∑4
i=1 Ji , where

Ji =
∫

Bs,γ R1,i (v, v∗, σ ) sin3
θ

2
|v − v∗|3W3(v − v∗)Wl(v)|ψ(v)|dV .
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In general, for 0 ≤ ι, κ ≤ 1, we consider

I(g, h) =
∫

Bs,γ sin3
θ

2
|v − v∗|3W3(v − v∗)Wl(v)|g(v∗(ι))h(v(κ))ψ(v)|dV .

Let a1, a2 ∈ R satisfying a1 + a2 = γ + 6. If γ + 3 ≥ 0, then

|v − v∗|γ+3W3(v − v∗)Wl(v) �l,a1,a2 Wl+|a1|+|a2|(v∗(ι))Wl+a1(v(κ))Wa2(v).

(5.9)

If γ + 3 < 0, we have

|vv∗| gamma+3W3(vv∗)Wl(v)

�l,a1,a2 1|v−v∗|≤1|vv∗| gamma+3Wl+|a1|+|a2|(v∗(ι))Wl+a1(v(κ))Wa2(v)

+ 1|v−v∗|≥1Wl+|a1|+|a2|(v∗(ι))Wl+a1(v(κ))Wa2(v). (5.10)

By the above estimates, we have

|I(g, h)| �l,a1,a2

∫
bs(θ) sin3

θ

2
|g̃(v∗(ι))h̃(v(κ))ψ̃(v)|dV

+ 1γ+3<0

∫
1|v−v∗|≤1|v − v∗|γ+3bs(θ) sin3

θ

2
|g̃(v∗(ι))h̃(v(κ))ψ̃(v)|dV

:= I1(g, h)+ I2(g, h),

where g̃ = Wl+|a1|+|a2|g, h̃ = Wl+a1h, ψ̃ = Wa2ψ .
We now consider the functional I1(g, h)where there is no singularity. By Cauchy–

Schwarz inequality, applying the change of variable (2.27), using the fact 1 ≤ ψa(θ) ≤√
2 and (5.5), we have

I1(g, h) �
(∫

bs(θ) sin3
θ

2
|g̃(v∗(ι))h̃2(v(κ))|dV

)1/2

(∫
bs(θ) sin3

θ

2
(ψκ+ι(θ))3|g̃(v∗(ι))ψ̃2(v)|dV

)1/2

=
(∫

bs(θ) sin3
θ

2
(ψκ+ι(θ))3|g̃(v∗)h̃2(v)|dV

)1/2

(∫
bs(θ) sin3

θ

2
(ψι(θ))3|g̃(v∗)ψ̃2(v)|dV

)1/2

�
(∫

bs(θ) sin3
θ

2
|g̃(v∗)h̃2(v)|dV

)1/2

(∫
bs(θ) sin3

θ

2
|g̃(v∗)ψ̃2(v)|dV

)1/2
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� (1− s)

(∫
|g̃(v∗)h̃2(v)|dvdv∗

)1/2 (∫
|g̃(v∗)ψ̃2(v)|dvdv∗

)1/2

� (1− s)|g̃|L1 |h̃|L2 |ψ̃ |L2 .

We now consider the functional I2(g, h)where there is singularity as |v−v∗| → 0.
By Cauchy–Schwarz inequality, applying the change of variable (2.27), using the fact
1 ≤ ψκ(θ) ≤ √2 and (5.5), we have

I2(g, h) � (1− s)

(∫
1|v−v∗|≤1|v − v∗|γ+3|g̃(v∗)h̃2(v)|dvdv∗

)1/2

×
(∫

1|v−v∗|≤1|v − v∗|γ+3|g̃(v∗)ψ̃2(v)|dvdv∗
)1/2

.

If γ > −9/2, using ∫
1|v−v∗|≤1|v − v∗|γ+3|g∗|dv∗ � 1

γ+9/2 |g|L2 to obtain

I2(g, h) � (1− s)(γ + 9

2
)−1|g̃|L2 |h̃|L2 |ψ̃ |L2 . (5.11)

If γ > −11/2, we will have

I2(g, h) � (1− s)

(
γ + 11

2

)−5/6
|g̃|L p |h̃|Lq |ψ̃ |L2 , (5.12)

where 2 ≤ p, q ≤ 6 satisfying 1/p + 1/q = 2/3. Indeed, putting together g̃ and h̃,
we can get

I2(g, h) � (1− s)

(∫
1|v−v∗|≤1|v − v∗| 45 (γ+3)|g̃2(v∗)h̃2(v)|dvdv∗

)1/2

×
(∫

1|v−v∗|≤1|v − v∗| 65 (γ+3)|ψ̃2(v)|dvdv∗
)1/2

.

Using
∫
1|v−v∗|≤1|v− v∗| 65 (γ+3)dv∗ � 1

γ+11/2 , the latter integral is bounded by (γ +
11/2)−1|ψ̃ |2

L2 . Let k(z) = 1|z|≤1|z| 45 (γ+3), then |k|L3/2 � (γ + 11/2)−2/3. Thus, the
first integral is bounded by

|(k ∗ g̃2)h̃2|L1 � |(k ∗ g̃2)|Lr |h̃2|Lr ′ � |k|L3/2 |g̃2|Lq′ |h̃2|Lr ′
� |k|L3/2 |g̃|2

L2q′ |h̃|2L2r ′ � (γ + 11/2)−2/3|g̃|2
L2q′ |h̃|2L2r ′ ,

where 1/r +1/r ′ = 1, 1+1/r = 2/3+1/q ′. Then we get 1
2q ′ + 1

2r ′ = 2
3 . Combining

the two estimates yields (5.12).
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We conclude that if −9/2 < γ ≤ 0,

|I(g, h)| � (1− s)

(
γ + 9

2

)−1
|g̃|L2

2
|h̃|L2 |ψ̃ |L2;

if −11/2 < γ ≤ 0, by the Sobolev embedding Hs ↪→ L p where 1/p = 1/2− s/3,

|I(g, h)| � (1− s)

(
γ + 11

2

)−5/6
|g̃|Hs1

2
|h̃|Hs2 |ψ̃ |L2 .

Therefore, if −9/2 < γ ≤ 0,

|〈E3,Wlψ〉| � (1− s)

(
γ + 9

2

)−1
|g|H3

l+|a1|+|a2 |+2
|h|H3

l+a1
|ψ |L2

a2
; (5.13)

if −11/2 < γ ≤ 0,

|〈E3,Wlψ〉| � (1− s)

(
γ + 11

2

)−5/6
|g|

H
3+s1
l+|a1|+|a2 |+2

|h|
H

3+s2
l+a1
|ψ |L2

a2
. (5.14)

By combining (5.8), (5.13) and (5.14), the proof of Proposition 4.2 is completed. ��
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