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Seismic isolation technologies for large-span structures have rapidly developed alongside the popularization of the seismic
resilience concept. To produce a high-efciency isolation technology with lower energy dissipation demands, this paper proposes
a novel inerter-enabled isolator (IeI) and a tailored input energy reduction-oriented design method. Te inerter-based damper
within the IeI is developed by combining the dashpot, tuning spring, and two inerters to facilitate the optimization of inerter
distribution. Assuming the large-span structure remains linear, the overall seismic input energy of the large-span structure with
IeIs and its allocation in the superstructure and additional damping are quantifed using stochastic energy analysis.Te advantages
of the IeI over the conventional linear viscous damper (LVD) isolator are elucidated through dimensionless parametric analysis.
Based on the results of parametric analysis, an input energy reduction-oriented design method is proposed for the IeI, along with
an easy-to-follow diagram that helps with preliminary design in practical applications. Te efectiveness of the IeI and the
proposed design method is validated through a design case study of a benchmark large-span structure. Te results demonstrate
that the IeI reduces the seismic response of large-span structures by simultaneously employing the input energy reduction efect of
grounded inerters with the damping-enhancing efect of inerter-based dampers. Te proposed design method efectively balances
the performance of controlling the large-span structure and the isolator displacement. Under consistent control performance and
isolator displacement constraints, the IeI requires much less damping coefcient and energy dissipation capacity than the
conventional LVD isolator. Moreover, leveraging the damping enhancement and input energy reduction efects, the IeI achieves
comparable control performance to the conventional LVD isolator, even under stricter isolator displacement constraints.

1. Introduction

Large-span structures provide expansive spaces of great
importance for integrated commercial, transportation, and
multifunctional purposes, thanks to their efcient large-
spanning capability without the need for intermediate
support. During the past century, the rapid development of
computer-aided design has fueled the extensive use of large-
span structures in engineering practice [1]. Tese structures,
emblematic of cutting-edge design concepts and construc-
tion expertise, are frequently employed as iconic architec-
tural landmarks, as exemplifed by the Teshima Art Museum
in Japan and the Water Cube in China. Although well-

designed large-span structures excel in propagating and
resisting vertical static gravity loads, they present challenges
in efciently withstanding horizontal dynamic loads, such as
earthquake ground motion. As reported, large-span struc-
tures have experienced structural and nonstructural damage
during seismic events [2–6]. Examples include the 1995
Kobe earthquake [2, 3], which caused truss members to
detach from the large-span roof of the Hanshin Horse
Racecourse. Te 2008 Wenchuan earthquake [4] resulted in
large-span structure displacements exceeding design limits,
leading to the fracture and buckling of the supports. Te
2016 Ya’an earthquake [6] signifcantly damaged numerous
large-span structures, with the Lushan Middle School
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Gymnasium ultimately dismantled due to irreparable per-
manent displacements, member fractures, and connection
dislocations. Te lessons from seismic damage to large-span
structures and their signifcance as architectural landmarks
and postearthquake refuges [7] have prompted scholars to
emphasize seismic response analysis and control methods
for these structures [8–10].

Ishikawa and Kato [11] studied the dynamic buckling
collapse of reticular domes subjected to vertical ground
motion, presenting an estimation formula for the maximum
collapse acceleration based on domes’ equivalent linear
elastic responses. Kato et al. [12] highlighted that large-span
structures with specifc aspect ratios exhibit signifcant
vertical displacements when subjected to horizontal seismic
excitations. Takeuchi et al. [13] examined the amplifcation
efect of the substructure on the response of large-span roofs
and proposed a simplifed calculation method based on
amplifcation factors. Trough shaking table tests, Nie et al.
[14–16] examined the failure modes of diferent large-span
structures, highlighting the direct relationship between the
collapse and the horizontal and vertical displacements of
structures.

However, a growing number of vibration control
methods for large-span structures have emerged [17–20],
including viscous dampers, buckling-restrained braces, bi-
directional tuned mass dampers, spatially distributed tuned
mass dampers, and isolation systems. In particular, as
seismic resilience gains traction, isolation technology
[21–25] has been widely employed for large-span structures,
ofering advantages in restoring postearthquake function-
ality. Te demand for high-performance isolation devices is
high, especially in cases where limited installation space is
available for large-span roofs. Yong-Chul et al. [26]
implemented the friction pendulum system (FPS) for iso-
lating lattice shell domes. Tey suggested a certain range of
the friction coefcient and radius to enhance isolation ability
and simultaneously improve the energy dissipation ef-
ciency of the FPS. By integrating the FPS with vertical air
springs, Han et al. [27] proposed a three-dimensional iso-
lation bearing, enabling efcient energy dissipation in both
horizontal and vertical directions. Xu et al. [28] validated the
efcacy of the isolator, comprising a viscoelastic core bearing
and two viscoelastic dampers for response control in a large-
span grid structure. Casciati [29] evaluated the seismic ef-
fciency of various structural skeleton designs for base-
isolated domes.

Additionally, to address the rising demand for seismic
resilience, researchers are exploring the integration of
a novel mechanical element, the inerter, with isolation
technology to enhance seismic control performance [30–32].
Te inerter, initially proposed by Kawamata and realized
using a hydraulic pump to modify the inertial characteristics
of buildings [33], is a mechanical element that exhibits
a force output ideally proportional to the relative acceler-
ations across its two terminals [34]. Te inerter can be re-
alized using diverse physical mechanisms [35–39], achieving
signifcant apparent mass with minimal physical mass. With
further research advancements, integrating the inerter with
other mechanical elements, such as springs, dampers, and

suspendedmasses, to achieve enhanced control performance
has gained widespread acceptance [40–48]. Inerter-based
dampers are characterized by their damping-enhancing
efect [49, 50] and input energy reduction capacity [51].
As an improvement upon the seismic isolation device,
a series of inerter-based dampers were introduced to form
a hybrid isolation system [52–57]. Te elongation of the
period and efcient reduction in seismic response have been
confrmed through the use of a force-restricted rotational
viscous mass damper modeled as a complex-valued stifness
model [52]. It has been confrmed that the incorporation of
tuned mass damper inerter (a commonly used type of
inerter-based dampers) into seismic isolation devices pro-
vides dual benefts, including improved control performance
and reduced requirements for isolator displacement
[53, 54, 58]. Based on a closed-form displacement demand
equation, a displacement mitigation-oriented design pro-
cedure for the inerter element-involved isolation system has
been proposed in [55]. However, the studies mentioned
above are limited to applying the typical inerter-based
dampers to simple isolated building structures and
employing primary topology forms. Te applicability of the
inerter-enabled isolator (IeI) in large-span structures and the
suitable topology forms for such applications still need to be
determined. In particular, considering the rapid construc-
tion of large-span structures with high-level seismic energy
dissipation burdens, the input energy reduction benefts
should be properly designed and used with priority.

Tis study proposes an IeI containing grounded inerter
to mitigate the seismic response of large-span structures.
First, the components of the IeI and corresponding gov-
erning equations are detailed. Te force-displacement re-
lationship of the IeI is validated through fnite element
analysis and experiments. Ten, the intrinsic efect of the IeI
in reducing the total input energy of the large-span structure
is discovered. Subsequently, the energy and isolator dis-
placement performance indexes are defned through sto-
chastic energy analysis. An input energy reduction-oriented
design method has been proposed based on the insights
gained from parametric analysis. Finally, the proposed de-
sign method is validated using a benchmark large-span
structure.

2. Inerter-Enabled Isolator

To elucidate the potential advantages and working mecha-
nism of the IeI, this section provides a detailed description of
the mechanical model for the proposed IeI and validates its
force-displacement relationship through fnite element
analysis and experiments. Te governing equations for the
large-span structures with and without IeIs are established.
Te design approach focused on input energy reduction for
the IeI will be presented in the following section.

2.1. Mechanical Model of the IeI. Figure 1(a) illustrates the
mechanical model of the IeI, which combines conventional
isolation techniques with an inerter-based damper. In
particular, the isolating bearing is depicted as a linear spring
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with a horizontal stifness coefcient, kiso, and it has suf-
cient vertical resisting capacity to support the isolated large-
span structures. Additionally, the inerter-based damper,
which includes a dashpot with a damping coefcient ciso,
a tuning spring with a stifness coefcient kt, and two inerter
elements with apparent masses md,1 and md,2, is employed to
adjust the isolating frequency, dissipate vibration energy,
and efciently reduce input vibration energy. Following the
enhanced energy dissipation mechanism, the dashpot, in

conjunction with the inerter and spring, can produce de-
formations (xC-xA), which are greater than the displacement
of the isolation layer (xB-xA) as shown in Figure 1(b). Here,
xA, xB, and xC denote the displacements relative to the
ground of the two terminals and the middle node of the IeI,
respectively.

In this condition, the corresponding resisting forces PA,
PB, and PC can be expressed as follows:

PA � −kiso xB − xA(  − ciso _xC − _xA  − md,2 €xC − €xA( ,

PB � kiso xB − xA(  + kt xB − xC(  + md,1 €xB − €xC( ,

PC � ciso _xC − _xA  + md,2 €xC − €xA(  − kt xB − xC(  − md,1 €xB − €xC( .

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(1)

Note that the external node A is grounded (xA � 0) and
node C, being an internal node, is not subjected to any
external forces (PC � 0). Tus, motion equation (1) can be
simplifed as follows:

FIeI

0
  �

md,1 −md,1

−md,1 md,1 + md,2
 

€xB

€xC
  +

0 0

0 ciso
 

_xB

_xC

⎧⎨

⎩

⎫⎬

⎭ +
kiso + kt −kt

−kt kt
 

xB

xC
 , (2)

where FIeI is the output force corresponding to IeI;
FIeI � PB � −PA.

2.2. Finite Element Analysis and Experimental Validation of
the IeI. To investigate the practical working performance of
the IeI, the accuracy of its mechanical model, as described in
Section 2.1, is validated through fnite element analysis and
dynamic tests. As illustrated in Figure 2(a), the fnite element
model of the IeI is constructed in OpenSees. Te spring
components (elements 1 and 4) and the dashpot component
(element 2) are simulated using “Twonodelink” elements,
whereas the inerter components (elements 3 and 5) are
modeled with specialized inerter elements, as described in
Appendix A. Te “Twonodelink” elements for the springs
use an “Elastic” material, whereas the “Twonodelink” ele-
ment for the dashpot employs a “Viscous” material. Pa-
rameters such as md,1 and md,2, both at 25.5 kg; kiso and kt at
6535.4N/m and 1579.2N/m, respectively; and ciso at
31.7N·s/m, are considered. Te hysteresis curves for the
parallel combined inerter and dashpot components (ele-
ments 2 and 3), as well as the overall IeI depicted in
Figure 2(b), are obtained under a harmonic excitation of
15mm amplitude at a frequency of f� 0.8Hz at point
B. Tese curves demonstrate the expected negative stifness
efect from the inerter. Moreover, the well-designed IeI
amplifes the stroke of the dashpot component, achieving
a larger internal damping stroke (xC-xA � 44.05mm) with

a smaller base displacement (xB-xA � 15.00mm). Tis
suggests that the IeI has the potential to dissipate more
energy with minimal base displacement.

Experimental validation involves dynamic loading tests
on the IeI’s parallel combined inerter and dashpot com-
ponents. Te experimental setup is detailed in Figures 3(a)
and 3(b). Tese tests are conducted using a SANF3A55/
45(200) type servo actuator for harmonic loading, with force
and displacement sensors monitoring the outputs of the
parallel combined inerter and dashpot components. In these
experiments, the inerter operates with two fywheels driven
by a ball screw mechanism, while the dashpot’s damping
efect is achieved through eddy current damping produced
by the interaction between permanent magnets and a con-
ductor disk. Te ball screw has a lead of 80mm and a radius
of 10mm. Te two fywheels consist of an iron magnet disk
with a diameter of 180mm and a thickness of 1mm and an
aluminum conductor disk with a diameter of 180mm and
a thickness of 7mm. Six pairs of neodymium-iron-boron
cylindrical magnets, each with a radius of 12.5mm and
a mass of 2.0 g, uniformly distributed along the circum-
ference of the magnet disk with a diameter of 150mm, are
used to provide a constant magnetic feld. Te test results,
displayed in Figures 3(c) and 3(d) with loading amplitudes of
15mm at frequencies of f � 1Hz and f � 3Hz, respectively,
indicate that the device’s apparent mass is measured at
25.5 kg. Tese outcomes confrm that the theoretical model
can accurately simulate the IeI.

Structural Control and Health Monitoring 3
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Figure 1: Mechanical model of the inerter-enabled isolator (IeI): (a) schematic model; (b) schematic representation of the hysteretic curves.
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Figure 2: Finite element model and force-displacement relationship of the IeI: (a) fnite element model; (b) hysteresis curves obtained
through fnite element analysis.
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2.3. Mechanical Model of the Large-Span Structure with IeIs.
Figure 4 illustrates a general large-span structure divided
into three cases: base-fxed, LVD isolator, and IeI. H, h, L, R,
and θ stand for the column height, rise, span, radius, and

half-subtended angle of the roof, respectively. Te LVD
isolator can be ideally simulated by a parallel confguration,
including a linear spring with horizontal stifness coefcient
kiso and a dashpot with damping coefcient ciso.
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Figure 3: Experimental validation of the IeI: (a) experimental photo; (b) setup of the experiment; (c) force responses of the inerter-based
damper part (1Hz, 15mm); (d) force responses of the inerter-based damper part (3Hz, 15mm).
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Considering the seismic excitation case, the governing
equations of the large-span structure with a fxed base can be
expressed as follows:

Mp

€xp
€yp
€θp

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

+ Cp

_xp

_yp
_θp

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

+ Kp

xp
yp
θp

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

� −Mp r{ }€xg, (3)

where {r} is the infuence coefcient; €xg is the acceleration of
ground motions; xp, yp, and θp are the horizontal, vertical,
and rotational displacement vectors of the concentrated
nodes, respectively; and Mp, Cp, and Kp are the mass matrix,
damping coefcient matrix, and stifness matrix of the
primary large-span structure, respectively:

Mp �

Mp,x 0 0

0 Mp,y 0

0 0 Mp,θ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Kp �

Kp,xx Kp,xy Kp,xθ

KT
p,xy Kp,yy Kp,yθ

KT
p,xθ KT

p,yθ Kp,θθ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Cp � αpKp,

(4)

where Mp,x, Mp,y, and Mp,θ are the mass matrices corre-
sponding to the horizontal, vertical, and rotational degrees
of freedom, respectively; and Kp,xx, Kp,yy, Kp,θθ, Kp,xy, Kp,xθ,
and Kp,yθ denote the stifness matrices representing the
interrelationships among the horizontal, vertical, and ro-
tational degrees of freedom. In this study, only stifness-
proportional damping is considered, as incorporating mass-
proportional damping may result in underestimating the
seismic responses of base-isolated structures [59].

By incorporating equation (2) with equation (3) and
considering the mass of the isolator as miso, the governing
equations for the large-span structure with IeIs can be
updated as follows:

Mp 0

0 Miso
 

€xp
€yp
€θp
€xiso

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

+
Cp −CT

p,iso

−Cp,iso Ciso

⎡⎢⎣ ⎤⎥⎦

_xp

_yp
_θp

_xiso

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

+
Kp −KT

p,iso

−Kp,iso Kiso

⎡⎢⎣ ⎤⎥⎦

xp
yp
θp
xiso

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

� −
Mp 0

0 Miso′
⎡⎣ ⎤⎦

r

riso
 €xg, (5)

where

x

y

1
2

3

n

H

h
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R

θ

(c) IeI
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(b) LVD
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Figure 4: Mechanical model of the large-span structure (in OpenSees): (a) base-fxed; (b) linear viscous damper (LVD) isolator; (c) IeI.
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Miso �

miso + md,1 0 −md,1 0

0 miso + md,1 0 −md,1

−md,1 0 md,1 + md,2 0

0 −md,1 0 md,1 + md,2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Miso′ �

miso 0 0 0

0 miso 0 0

0 0 0 0

0 0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Ciso �

αpk
column
x 0 0 0

0 αpk
column
x 0 0

0 0 ciso 0

0 0 0 ciso

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Kiso �

kiso + kt + k
column
x 0 −kt 0

0 kiso + kt + k
column
x 0 −kt

−kt 0 kt 0

0 −kt 0 kt

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Kp,iso �

k
column
x 02np−1 k

column
θ 0np−1

0np−1 k
column
x 02np−1 k

column
θ

02×3np

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Cp,iso � αpKp,iso, xiso �

xiso,IeI,1

xiso,IeI,2

xin,1

xin,2

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

.

(6)

Te kcolumn
x and kcolumn

θ signify the horizontal and ro-
tational stifnesses of the column, respectively. Te elements
of riso correspond to the mass of the isolator, with a value of
1, while the remaining elements are set as 0. np denotes the
number of concentrated nodes employed for modeling the
large-span structure. As depicted in Figure 4, xiso,IeI,1 and
xiso,IeI,2 represent the displacements of the two used IeIs.
However, xin,1 and xin,2 denote the displacements of the
damper within the IeIs. riso is a vector that represents the
infuence coefcient of IeIs.

Neglecting the torsional mass with a relatively small
impact on seismic response is standard practice to minimize
the degrees of freedom used in calculations. Equation (5) can
be further simplifed through static condensation [60], as
shown as follows:

Mc,IeI
€Xc,IeI + Cc,IeI

_Xc,IeI + Kc,IeIXc,IeI � −Mc,IeI′ rc,IeI€xg, (7)

where

Mc,IeI �

Mp,x 0 0

0 Mp,y 0

0 0 Miso

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

Mc,IeI′ �

Mp,x 0 0

0 Mp,y 0

0 0 Miso′

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Xc,IeI �

xp
yp
xiso

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
,

Kc,IeI � KT − KTθK
−1
θ KT

Tθ,

Cc,IeI � CT − CTθC
−1
θ CT

Tθ.

(8)
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KT, KTθ, and Kθ are obtained by reorganizing the
stifness matrix in equation (5) based on translational dis-
placements and rotations. CT, CTθ, and Cθ are obtained by
reorganizing the damping matrix in equation (5) based on
translational displacements and rotations. rc,IeI represents
the infuence vector obtained by removing the elements
corresponding to rotational degrees of freedom.

3. Input Energy Reduction-Oriented Design of
the IeI-Equipped Large-Span Structures

Building on the governing equations formulated in the pre-
vious section, this section elucidates the principle of input
energy reduction for structures controlled by grounded
inerters within the IeI. A stochastic energy analysis method is
employed to quantify and compare the energy performance of
large-span structures equipped with either IeIs or conven-
tional LVD isolators. Trough a comprehensive parametric
investigation, the superior efectiveness of the IeI over the
LVD isolator is demonstrated. Tis analysis leads to the de-
velopment of a design approach that is specifcally oriented
towards maximizing input energy reduction in the IeI.

3.1. Overview of Input Energy Reduction. According to
equation (7), the governing equations of the large-span
structure with IeIs have diferent mass matrices on the
left and right sides, where the apparent mass and physical
mass dominate, respectively [51]. Owing to the negligible
physical mass of the inerter, its grounded installation in-
creases the structural inertia through its apparent mass
without impacting the seismic input force. Generally, the
grounded inerter within the IeI can equivalently reduce the
amplitude of input seismic acceleration, resulting in a de-
creased energy power of the ground motion input into the
structure. Taking white noise as an example of input, the
input energy power can be depicted by the slope of lines in
Figure 5. Consequently, the height of the plateau segment,
illustrating the total input energy, can be reduced by in-
troducing and optimizing the series grounded inerters into
the IeI for large-span structures. A more detailed analysis
will be provided in subsequent discussions, focusing on
defning energy indexes and conducting a detailed para-
metric analysis to further elucidate these fndings.

3.2. Stochastic Energy Analysis. A comprehensive un-
derstanding of the isolation mechanism of the IeI can be
achieved by investigating the transfer pathways and distri-
bution of seismic energy between the isolators and the
superstructures. Considering the inherent stochastic feature
of seismic ground motions, the statistical values derived
from the stochastic response analysis are adopted as
quantitative indicators.

Assuming the ground motion acceleration as a Gaussian
white noise w(t), the reduced motion equation for the large-
span structure with IeIs in equation (7) can be rewritten as
a state-space-variable compact form:

_Xs,IeI(t) � As,IeIXs,IeI(t) + Es,IeIw(t), (9)

where

Xs,IeI(t) �
Xc,IeI

_Xc,IeI

⎡⎣ ⎤⎦,

As,IeI �
0 I

−Mc,IeI
−1Kc,IeI −Mc,IeI

−1Cc,IeI
 ,

Es,IeI �
0

Mc,IeI
−1Mc,IeI′rc,IeI

 .

(10)

Te direct stochastic analysis method [61] ensures that
the state variable covariance matrices can be obtained by
solving the following Lyapunov equation:

As,IeIPs,IeI + PT
s,IeIAs,IeI + Es,IeIE

T
s,IeI � 0, (11)

where Ps,IeI is the covariance matrix of the state variables of
the large-span structure with IeIs.

By multiplying equation (7) on the left with _XT

s,IeI and
integrating each term over the entire time domain, the
following energy balance equation of the large-span struc-
ture with IeIs can be obtained:

Ek,IeI + Ed,IeI + Ee,IeI � Ein,IeI, (12)

where

Ek,IeI � 
∞

0
_X

T

s,IeIMc,IeI
€Xc,IeIdt,

Ed,IeI � 
∞

0
_X

T

s,IeICc,IeI
_Xc,IeIdt,

Ee,IeI � 
∞

0
_X

T

s,IeIKc,IeIXc,IeIdt,

Ein,IeI � 
∞

0
_X

T

s,IeIMc,IeI′ rc,IeI€xgdt.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(13)

Time

Input energy

tstart tend

Free vibration stage

Slope of the line (decrease)

Input energy decrease

Original structure
Structure-grounded inerter

White noise excitation stage

Figure 5: Schematic representation of the input energy reduction.
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Ek,IeI, Ed,IeI, Ee,IeI, and Ein,IeI, respectively, represent the
kinetic energy, damping dissipated energy, elastic strain
energy, and the overall input energy of the large-span
structure with IeIs. Traditionally, both the initial and fnal
states are assumed to be stationary:

Xc,IeI(0) � 0, _Xc,IeI(0) � 0, €Xc,IeI(0) � 0,

Xc,IeI(∞) � 0, _Xc,IeI(∞) � 0, €Xc,IeI(∞) � 0.

⎧⎪⎨

⎪⎩
(14)

Substituting equation (14) into equation (13), the matrix
operations can be expanded and correspondingly yield

Ek,IeI � 

np+4

i�1


np+4

j�1
M

(i,j)

c,IeI · 
∞

0
_X

(i)

c,IeI
€X

(j)

c,IeIdt  � 0,

Ed,IeI � 

np+4

i�1


np+4

j�1
C

(i,j)
c,IeI · 

∞

0
_X

(i)

c,IeI
_X

(j)

c,IeIdt  � 

np+4

i�1


np+4

j�1
C

(i,j)
c,p · COV _X

(i)

c,p, _X
(j)

c,p  ,

Ee,IeI � 

np+4

i�1


np+4

j�1
K

(i,j)

c,IeI · 
∞

0
_X

(i)

c,IeIX
(j)

c,IeIdt  � 0,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(15)

where np refers to the number of concentrated nodes
employed for modeling the large-span structure; M

(i,j)

c,IeI,
C

(i,j)

c,IeI, and K
(i,j)

c,IeI, respectively, represent the ith row and jth

column elements of matrices Mc,IeI, Cc,IeI, and Kc,IeI; X
(i)
c,IeI

and X
(j)
c,IeI, respectively, denote the ith row and jth row el-

ements of the vector Xc,IeI; and COV(−) denotes the cross-
covariance operator; referring to [62], the expression for
Ed,IeI in formula (15) can be compactly represented in matrix
form as follows:

Ed,IeI � τT
IeI Cc,IeI.∗ 

_Xc,IeI _Xc,IeI

⎛⎜⎜⎝ ⎞⎟⎟⎠τIeI, (16)

where τIeI is an np + 4 column unit vector; Σ _Xc,IeI _Xc,IeI
denotes

the covariance matrix of the velocity responses of the large-
span structure with IeIs, which can be obtained from the
state covariance matrix Ps,IeI; and the symbol ∗denotes the
MATLAB element-wise multiplication operator; the energy
balance principle ensures that the overall input energy of the
large-span structure with IeIs Ein,IeI can be expressed as

Ein,IeI � Ed,IeI � τIeI
T Cc,IeI.∗ 

_Xc,IeI _Xc,IeI

⎛⎜⎜⎝ ⎞⎟⎟⎠τIeI. (17)

Furthermore, the energy dissipated by the dashpots in
IeIs, namely, Edamper,IeI, can be expressed as follows:

Edamper,IeI � 
∞

0
_x
T
in,1ciso _x

T
in,1dt + 

∞

0
_x
T
in,2ciso _x

T
in,2dt

� ciso σ2_xin,1
+ σ2_xin,2

 ,

(18)

where σ _xin,1
and σ _xin,1

denote the root-mean-square velocity
responses of the two IeI isolation layers and can be obtained
as the corresponding diagonal elements of the state co-
variance matrix Ps,IeI.

Hence, the energy balance principle ensures that the
dissipated energy of the superstructure within large-span
structure with IeIs, Eds,IeI, can be fnally described as

Eds,IeI � Ed,IeI − Edamper,IeI. (19)

In the same manner, the overall input energy and the
energy dissipated by the dashpot and superstructure of the
large-span structures with LVD isolators, namely, Ein,LVD,
Edamper,LVD, and Eds,LVD, can be derived. Detailed in-
formation can be found in Appendix B.

3.3. Parametric Investigation and Discussion. From the
perspective of energy performances and control perfor-
mances, the functionality of IeI key parameters, including
md,1, md,2, kiso, kt, and ciso, is investigated on the following
aspects: (1) the overall input energy of the whole large-span
structure with IeIs; (2) the dissipated energy of the

Structural Control and Health Monitoring 9
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superstructure; (3) the displacement response of the isolator;
and (4) the damping enhancement efect. To facilitate the
representation and consider the structural symmetry, the
following dimensionless parameters are defned and
employed in the parametric analysis:

μd �
md,1 + md,2

M0
,

κt �
kin

kiso
,

ξiso �
ciso

2M0ω0
,

cμ �
md,1

md,1 + md,2
,

(20)

where M0 represents the total mass of the half-structure and
ω0 denotes the natural frequency of the large-span structure.
μd, κt, and ξiso refer to the inertance-mass ratio, stifness
ratio, and damping ratio of the IeI. Te inertance-
distribution ratio, which indicates the apparent mass dis-
tribution between two inerters in the IeI, is denoted by cμ.

3.3.1. Energy Index. Based on stochastic energy analysis, the
normalized overall input energy, denoted as Ein,LVD or Ein,IeI,
can be defned for the large-span structure equipped with
IeIs or the LVD isolators. Te normalization is based on half
the mass of the overall structure of the large-span structure,
including the isolation layer:

Ein,LVD �
Ein,LVD

M0 + miso
, Ein,IeI �

Ein,IeI

M0 + miso
. (21)

As shown in Figure 6, for the large-span structure with
LVD isolators, the input energy remains constant regardless
of the damping ratio ξiso. Te value of Ein,LVD close to 1
implies that the conclusion previously established for typical
shear structures [63] is applicable to large-span structures
with LVD isolators as well. In particular, this conclusion
states that the value of the overall input energy of a structure
under unit white noise excitation numerically approximates
half the total structural mass. Both Figures 6(a) and 6(b)
demonstrate that the stifness ratio κt and damping ratio ξiso
have no discernible impact on the overall input energy, while
the increase in the inertance-mass ratio μd leads to a sig-
nifcant decrease in the input energy. Figure 6(c) illustrates
the input energy of the large-span structure with IeIs
infuenced by the inertance-distribution ratio cμ. As the
inertance-distribution ratio cμ increases, the input energy
initially decreases and then increases, reaching its minimum
at cμ � 0.5. Terefore, to maximize the use of the IeI for
a high-efciency input energy reduction, the cμ is theoret-
ically optimized as 0.5 in the subsequent analysis.

Additionally, from the confguration of dashpot, inert-
ers, and tuning spring in Figure 1, it can be observed that for
cμ � 0.0, the IeI confguration aligns with TVMD-based
isolation system, whereas for cμ � 1.0, the IeI confgura-
tion aligns with a tuned inerter braced damper (TIBD)-

based isolation system. In the condition of inertance-mass
ratio μd � 0.0 and stifness ratio κt approaching infnity, the
IeI degenerates into a LVD isolator. Consistent with pre-
vious research fndings [51], TVMD-, TIBD-, and LVD-
based isolation devices are useless for the desired input
energy reduction, verifying the unique efectiveness and
design of the IeI for the released energy dissipation burden of
this complex large-span structure.

Following the same normalization process, the nor-
malized energy dissipated by the superstructure, denoted as
Eds,LVD or Eds,IeI, can be defned for the large-span structure
equipped with IeIs or the LVD isolators:

Eds,LVD �
Eds,LVD

M0 + miso
, Eds,IeI �

Eds,IeI

M0 + miso
. (22)

As presented in Figure 7(a) for the large-span structure
with conventional LVD isolators, when the stifness ratio κiso
of the isolator decreases and the damping ratio ξiso increases,
indicative of an isolator with softer resistance and higher
damping capacity, the energy dissipated by the super-
structure is notably reduced. Figures 7(b), 7(c), and 7(d)
depict the normalized energy dissipated by the super-
structure for the IeI case. In this scenario, the stifness ratio
κiso and damping ratio ξiso are predetermined from the LVD
isolator case, aiming to dissipate 50%, 30%, and 10% of the
isolator based on the LVD isolator confguration, with the
objective of dissipating 50%, 30%, and 10% of the seismic
input energy by the superstructure while considering
a specifc constraint on the displacement of the isolator.
Detailed design methodologies will be elaborated in Section
3.3. Te results identify an optimal combination of the
stifness ratio κt and the inertance-mass ratio μd at the
minimum of the contour plot, demonstrating the IeI’s ef-
fectiveness in reducing the energy dissipated by the su-
perstructure compared with the traditional LVD isolator
condition. Furthermore, it is apparent that when the stifness
ratio κt and the mass ratio μd are not properly aligned,
especially when the stifness ratio κt is too low, the per-
formance of the IeI is inferior to that of the LVD isolator.
Tis disparity arises because the mismatch between the
stifness ratio κt and the mass ratio μd hinders the efective
transmission of displacement from the isolation layer to the
dashpot within the IeI, thereby diminishing its energy ab-
sorption capacity.Terefore, it is crucial to ensure the proper
alignment of the stifness ratio κt and mass ratio μd when
designing the IeI. Comparison of Figures 7(b), 7(c), and 7(d)
reveals that as the requirements for isolating performance
intensify, resulting in greater reductions in energy dissipa-
tion by the superstructure, the marginal performance gains
provided by IeI over the conventional LVD isolator di-
minish. Even considering an LVD isolator that isolates 90%
of the seismic input energy, as illustrated in Figure 7(d), the
IeI still achieves a performance enhancement of approxi-
mately 24%, unattainable with the standard LVD isolation
system. Tis achievement indicates a substantial decrease in
displacement relative to the isolator, acceleration, and base
shear forces afecting the large-span structure, which will be
further discussed in the subsequent section.
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Figure 6: Input energy of the large-span structures with IeIs or LVD isolators. (a) μd ∈[10
−2, 1] and ξiso ∈[10

−2, 10−1]; (b) μd ∈[10
−2, 1] and

kt ∈[10
−2, 10]; (c) μd ∈[0, 1] and cμ ∈[0, 1].
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Figure 7: Continued.
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3.3.2. Isolator Displacement Performance Index. Based on
the demonstrated advantages of the IeI for energy input and
dissipation, the primary concerns continue to be the miti-
gation levels of seismic responses and the performance of the
isolation layer. All isolator displacement responses are
normalized by the maximum RMS value of nodal dis-
placement observed in the uncontrolled large-span struc-
ture. Tese indexes for normalized displacement-related
performance are delineated as follows:

σiso,LVD �
max σiso,LVD,1, σiso,LVD,2 

σ0,max
,

σiso,IeI �
max σiso,IeI,1, σiso,IeI,2 

σ0,max
,

cIeI �
σin,1

σiso,IeI,1
,

(23)

where σiso,LVD,1 and σiso,LVD,2 denote the RMS isolator dis-
placement responses for two LVD isolators; σiso,IeI,1 and
σiso,IeI,2 denote the RMS isolator displacement responses for
two IeIs; σ0,max represents the maximum RMS value of the
nodal displacement observed in the uncontrolled large-span
structure; and σin,1 represents the RMS displacement re-
sponse of dashpot in the IeI. Te parameter cIeI denotes the
ratio of the RMS displacement response of the dashpot to
that of the isolator layer.

Figure 8 delineates the RMS values of isolator dis-
placements, which are infuenced by critical parameters,
such as the stifness ratio κiso, damping ratio ξiso, inertance-
mass ratio μd, and stifness ratio κt, in the context of
employing either LVD isolators or IeIs for isolating the
large-span structure. Figure 8(a) illustrates that an increase
in the stifness ratio κiso and damping ratio ξiso leads to
efective suppression of isolator displacements. In
Figures 8(b), 8(c), and 8(d), an optimal parameter set
comprising the stifness ratio κt and inertance-mass ratio μd

can be identifed at the minima within the contour plots.

Tese adjustments facilitate a reduction in isolator dis-
placements, even when the damping and stifness co-
efcients remain constant relative to the LVD isolators.
Figures 9(a), 9(b), and 9(c) present the correlation between
dashpot displacement in the IeI and isolator layer dis-
placement. Te translucent red plane in these fgures in-
dicates scenarios where the dashpot displacement correlates
directly with the isolator layer displacement, akin to ob-
servations in LVD isolators. Figures 9(a), 9(b), and 9(c)
demonstrate that selecting optimal combinations of stifness
ratio κt and inertance-mass ratio μd can enhance the dis-
placement of the dashpot while maintaining a constant
isolator layer displacement, correspondingly leading to an
enhanced damping efciency for the reduced isolating space
demand. Furthermore, the increase in isolating performance
from Figures 9(a), 9(b), and 9(c) corresponds with
a diminishing efectiveness in energy dissipation enhance-
ment, denoted by a lower peak cIeI. Tis phenomenon
elucidates the diminishing returns in enhancing energy
dissipation in the superstructure as well, as evidenced in
Figure 7.

3.4. Input Energy Reduction-Oriented Design Flowchart.
Based on the parametric analysis results, the normalized
superstructure dissipated energy and the normalized RMS
isolator displacement of the LVD isolator are depicted in
Figure 10(a) using dashed and solid lines, respectively. It can
be inferred that when the damping ratio ξiso is held constant,
changes in isolator stifness yield opposite efects on the
superstructure dissipated energy and the isolator displace-
ment. In other words, for a given damping ratio ξiso, an
optimal isolator stifness exists that achieves a well-balanced
performance in terms of the superstructure dissipated en-
ergy and the isolator displacement for a large-span structure
isolated by the LVD isolator. Tese optimal points are
represented by the solid red dots in Figure 10(a). Inspired by
the distinguished variation pattern and vibration isolating
benefts of the IeI, an input energy reduction-oriented
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Figure 7: Normalized superstructure dissipated energy of the large-span structures with IeIs or LVD isolators: (a) LVD isolator (μd � 0,
κt �∞, κiso ∈[10

−2, 5.00], and ξiso ∈[10
−2, 10−1]); (b) IeI (μd ∈[10

−2, 1], κt ∈[10
−2, 10], ξiso � 0.024, and κiso � 2.353); (c) IeI (μd ∈[10

−2, 1],
κt ∈10

−2, 10], ξiso � 0.038, and κiso � 1.937); (d) IeI (μd ∈[10
−2, 1], κt ∈[10

−2, 10], ξiso � 0.066, and κiso � 1.269).
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Figure 8: Normalized RMS isolator displacements of the large-span structures with IeIs or LVD isolators. (a) LVD isolator (μd � 0, κt �∞,
κiso ∈[10

−2, 5.00], and ξiso ∈[10
−2, 10−1]); (b) IeI (μd ∈[10

−2,1], κt ∈[10
−2, 10], ξiso � 0.024, and κiso � 2.353); (c) IeI (μd ∈[10

−2, 1], κt ∈
[10−2,10], ξiso � 0.038, and κiso � 1.937); (d) IeI (μd ∈[10

−2, 1], κt ∈[10
−2, 10], ξiso � 0.066, and κiso � 1.269).
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Figure 9: Continued.
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optimal design strategy is developed for the IeI, as illustrated
in the design fowchart in Figure 11.Te optimization results
are shown in Figure 10(b) with the contour lines of the
normalized superstructure dissipated energy and the nor-
malized RMS isolator displacement of the IeI. Each point in
Figure 10(b) represents a unique set of design parameters
(κiso, ξiso, κt, μd), which can be directly employed in the
primary design of practical applications.

Te design procedure, as shown in Figure 11, can be
further detailed as follows:

Step 1: Conduct preliminary analysis on the un-
controlled large-span structure to calculate the maxi-
mum RMS value of nodal displacements. Determine
the performance demands based on engineering needs.
Step 2: Based on the performance demands and the
preliminary analysis of the large-span structure, es-
tablish the target energy dissipation index for the su-
perstructure and the isolator displacement index for the
isolator.
Step 3: Formulate the following optimization design
equations and solve them to obtain the optimal pa-
rameter set, denoted as vopt:

minimize
]∈V

ξiso

s.t. Eds,IeI ≤Eds,target, σiso ≤ σiso,target,
(24)

where ]= {κiso, ξiso, κt, μd} is the set of parameters and V

is the feasibility domain. V is calculated as follows:

V �

κiso,min ≤ κiso ≤ κiso,max,

ξiso,min ≤ ξiso ≤ ξiso,max,

κt,min ≤ κt ≤ κt,max,

μd,min ≤ μd ≤ μd,max.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(25)

Te minimization of damping ratio ξiso can be reached
by pursuing the high-level input energy reduction and
damping enhancement efects.

Step 4: Verify whether the performance of the designed
IeI meets the engineering requirements. If it does,
conclude the design process. Return to Step 1 and
redefne the relevant indexes if it does not.

4. Case Design and Illustration

In this section, we use a benchmark large-span structure [19]
to illustrate the design procedure of the IeI and validate its
superior performance compared with the LVD isolator. As
shown in Figure 12, the structure has a column height of
15.0m, a rise of 5.2m, a span of 79.0m, a roof radius of
152.6m, and a half-subtended angle of 15.0°. All materials
have Young’s modulus of 2.05×105N/mm2. Te cross-
sectional area of arch beams is 5.38×104mm2, and the
cross-sectional area of the columns is 5.89×104mm2. Te
second moments of the arch beam and column section are
1.18×1010mm4 and 1.35×1010mm4, respectively. Te
structure has 13 discrete nodes (n� 13). Each node on the
arch beam represents a concentrated mass of 6000 kg,
equivalent to 976 kg of mass per unit length of the arch
beam. In addition, the mass of each isolator is set at 3000 kg.
Only stifness-proportional damping with a frst modal
damping ratio of 2% for the uncontrolled structure is
considered, as mass-proportional damping can lead to
underestimating the seismic responses [61].

Te design procedure of the IeI for the seismic response
mitigation of the benchmark large-span structure is outlined
as follows, following the design fowchart presented in
Figure 11.

Step 1: Preanalysis of the uncontrolled original large-
span structure
Based on the specimens of the structure, it can be
determined that the total mass of the half-roof, M0, is
39,000 kg, the natural frequency of the large-span
structure, ω0, is 6.76 rad/s, and the second-order fre-
quency is 7.94 rad/s. Assuming the ground motion is
Gaussian white noise, solving the Lyapunov equation in

Max = 2.33
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Figure 9: Damping enhancement index cIeI of the large-span structures with IeIs. (a) IeI (μd ∈[10
−2, 1], κt ∈[10

−2, 10], ξiso � 0.024, and
κiso � 2.353); (b) IeI (μd ∈[10

−2, 1], κt ∈[10
−2, 10], ξiso � 0.038, and κiso � 1.937); (c) IeI (μd ∈[10

−2, 1], κt ∈[10
−2, 10], the damping ratio

ξiso � 0.066, and the stifness ratio κiso � 1.269).
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equation (11) reveals that the maximum horizontal
RMS displacement response is 0.111m.
Step 2: Determination of the design target index
Specifc design target indexes are determined based on
practical requirements, such as deformation re-
strictions for the large-span structure or installation
space limitations for isolators. In this case, Eds,target and
σiso,target are selected as 0.1 and

�
2

√
(a typical value in

Figure 10 for illustration), respectively.
Step 3: Establishment and optimization of design
equations
By substituting Eds,target � 0.1 and σiso,target �

�
2

√
into

equation (24), the optimization design equations for
the IeI are obtained:

minimize
]∈V

, ξiso,

s.t., Eds,IeI ≤ 0.1, σiso ≤
�
2

√
.

⎧⎪⎨

⎪⎩
(26)

Applying numerical methods in MATLAB [64], the
solution to equation (26) yields the optimal parameter
set vopt � {1.265, 0.012, 0.245, 0.253}. Consequently, the
stifness κiso, damping coefcient ciso, and the tuning
spring stifness κt are, respectively, 1,264,537N/m,
6,132N·s/m, and 305,556N/m. Te apparent masses of
the inerter elements, md,1 and md,2, are 4,934 kg.
Step 4: Verifcation of designed IeI
Te time-domain and frequency-domain analyses
should be conducted on the large-span structure with
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Figure 10: Te intersection points of the contour lines. (a) LVD isolator (μd � 0 and κt �∞); (b) IeI (κt and μd are optimized by the input
energy reduction-oriented design fowchart).

Start

Pre-analysis of
uncontrolled dome 

Verification End
Yes

No

Performance
demands

Solve the equations to obtain optimal
parameters set νopt={κiso, ξiso, κt, μd}

Determine the design target index Eds,target and σiso,target

Establish the optimal design equations:
minimize

v∈V
ξiso

s.t. {Eds.IeI ≤ Eds.target, σiso ≤ σiso,target}

Figure 11: Input energy reduction-oriented design fowchart for the IeI.
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IeIs, to verify its compliance with the design re-
quirements. It will be elaborated further in the fol-
lowing section.

4.1. Verifcation by Frequency-Domain Analysis.
Figures 13(a) and 13(b) depict the frequency response
functions (FRFs) of the horizontal and vertical displace-
ments relative to the acceleration of ground motions, re-
spectively, at node 4, a representative node of the benchmark
structure, as depicted in Figure 12. In Figure 13, X4(iω) and
Y4(iω) denote the horizontal and vertical frequency re-
sponses of node 4, respectively. Ag(iω) represents the
Fourier transform of the ground acceleration €xg(t). Te
FRFs are normalized to the peak FRF value of the un-
controlled structure. Additionally, these fgures include the
FRF of the benchmark structure with LVD isolators for
comparison purposes. Te LVD isolator has a stifness
denoted as κiso, equal to 1,268,900N/m, and a damping
coefcient denoted as ciso, equal to 34,506N·s/m. It is im-
portant to note that the design of the LVD isolator aims to
achieve the same design performance indexes, Eds,target and
σiso,target, as the designed IeI, while minimizing the damping
cost. It is evident that the second-order mode primarily

controls the response of the uncontrolled benchmark
structure, with its FRF peak occurring around the frequency
of 7.94 rad/s. After the installation of isolation systems, the
controlled benchmark structure exhibits a signifcantly
lower frequency at the peak response, which is attributed to
the elongation of the vibration period by the isolators.

Additionally, due to the introduction of additional de-
grees of freedom by the inerter-based damper, the bench-
mark structure with IeIs exhibits two similar vibration peaks.
When using the LVD isolator, the peak values of the hor-
izontal and vertical displacement FRFs at node 4 are 0.545
and 0.444 times those of the uncontrolled structure, re-
spectively. When using the IeI, these peak values are further
reduced to 0.444 and 0.356 times those of the uncontrolled
structure. It can be determined that the horizontal and
vertical RMS displacements at node 4, when isolated by the
LVD isolator or the IeI, are roughly 60% and 50% of the
uncontrolled ones by comparing the areas under the en-
velope of the FRFs.

Figure 13(c) shows the energy transfer functions
[63, 65, 66], as defned as follows, of the uncontrolled large-
span structure and large-span structures with IeIs or LVD
isolators:

ETFun(ω) � Re −
iω
π
rTMT

p −ω2Mp + iωCp + Kp 
−1
Mpr ,

ETFIeI(ω) � Re −
iω
π

r
T
c,IeIM′

T

c,IeI −ω2Mc,IeI + iωCc,IeI + Kc,IeI 
−1
Mc,IeI′rc,IeI  − Re

ω2
ciso
π

X
2
in,1(ω)

A
2
g(iω)

+
X

2
in,2(ω)

A
2
g(iω)

⎛⎝ ⎞⎠
⎧⎨

⎩

⎫⎬

⎭,

ETFLVD(ω) � Re −
iω
π

r
T
c,LVDM

T
c,LVD −ω2Mc,LVD + iωCc,LVD + Kc,LVD 

−1
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− Re
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2
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⎩
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Figure 12: Mechanical model of the benchmark structure. (a) Model of the benchmark dome structure. (b) 1st mode (6.76 rad/s). (c) 2nd

mode (7.94 rad/s).
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where Re ∙{ } denotes the real part. Xin,1(ω), Xin,2(ω),
Xiso,LVD,1(ω), and Xiso,LVD,2(ω) denote the frequency re-
sponses of the dashpot displacements within IeIs and LVD
isolators, respectively.

Te peak value of the uncontrolled structure is observed
around the frequency of 7.94 rad/s, reaching 4.80×104 kg·m.
In contrast, the peak energy transfer function values of the
IeI and the LVD isolated structures are 3.57×103 kg·m and
4.73×103 kg·m, respectively. Despite the smaller peak value,
the IeI exhibits a wider energy suppression bandwidth than
the LVD isolator. Te envelope area under the energy
transfer function represents the dissipated energy by the
superstructure under unit white noise excitation. For the
uncontrolled structure, the envelope area approximates
39,000 kg·m2/s2, equal to the total mass of the half-structure,
M0. For the controlled cases, both the IeI and the LVD
isolator, the energies dissipated by the superstructures are

around 4,200 kg·m2/s2. Correspondingly, the IeI and the
LVD isolator have similar capabilities in isolating energy
transfer, with IeI using only 17.77% of the damping co-
efcient required by the LVD isolator.

4.2. Verifcation by Time-Domain Analysis. To further verify
the performance of the IeI, time history analyses are per-
formed on uncontrolled and controlled large-span struc-
tures using 5 recorded earthquake accelerograms, including
the Tohoku earthquake (2011), the Mt. Carmel earthquake
(2008), the JMA Kobe earthquake (1995), the El Centro
earthquake (1994), and the Hollister earthquake (1961) [67].
For example, Figures 14, 15, 16, and 17 illustrate the time
history analysis results of the Tohoku earthquake (2011).Te
corresponding displacement mitigation ratio cdis, accelera-
tion mitigation ratio cacc, shear force ratio csf , normalized
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Figure 13: Frequency-domain analysis results of the large-span structures: (a) normalized frequency response functions (FRFs) of x-
direction displacement at node 4; (b) normalized FRFs of y-direction displacement at node 4; (c) energy transfer function of the
superstructure.

Structural Control and Health Monitoring 17

 schm
, 2024, 1, D

ow
nloaded from

 https://onlinelibrary.w
iley.com

/doi/10.1155/2024/7104844 by H
ong K

ong Poly U
niversity, W

iley O
nline L

ibrary on [13/04/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



superstructure energy Eds, normalized isolator displacement
σiso, and damping enhancement ratio cIeI, defned in the
time domain, are marked in the fgures. Te displacement
mitigation ratio cdis represents the ratio between the RMS
displacement of the controlled and uncontrolled large-span
structures. Similarly, the acceleration reduction mitigation
ratio cacc is the ratio of the RMS acceleration of the

controlled large-span structure to that of the uncontrolled
original structure. In contrast, the shear force ratio csf is the
ratio of the RMS column shear force of the controlled large-
span structure to that of the uncontrolled structure. Fur-
thermore, the IeI and the LVD isolator cases are distin-
guished using the subscript “IeI” and “LVD” in each
indicator, e.g., cdis,LVD and cdis,IeI.
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Figure 14: Te time history displacement responses of the large-span structures subjected to the Tohoku earthquake (2011). (a) x-direction
displacement response of node 4; (b) y-direction displacement response of node 4.
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Figure 15: Te time history base shear force responses of the large-span structures subjected to the Tohoku earthquake (2011).
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Figure 16: Te displacement and acceleration responses of the large-span structure with IeIs or LVD isolators subjected to the Tohoku
earthquake (2011): (a) x-direction RMS displacement responses; (b) y-direction RMS displacement responses; (c) x-direction RMS ac-
celeration responses; (d) y-direction RMS acceleration responses.
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Figure 17: Te isolator base and corresponding dashpot displacement of the large-span structure with the IeI and the LVD isolator
subjected to the Tohoku earthquake (2011): (a) the time history results; (b) the hysteretic curves.

Table 1: Performance of the large-span structure with IeIs subjected to recorded earthquakes.

Ground motion cx
dis,IeI c

y

dis,IeI cx
acc,IeI c

y

acc,IeI csf ,IeI cd σiso,IeI

Tohoku 2011 0.557 0.469 0.783 0.268 0.675 2.450 1.245
Mt. Carmel 2008 0.568 0.464 0.689 0.225 0.711 2.406 1.367
JAM Kobe 1995 0.409 0.360 0.593 0.293 0.475 2.476 0.930
El Centro 1994 0.493 0.419 0.717 0.272 0.589 2.358 1.067
Hollister 1961 0.498 0.417 0.680 0.236 0.597 2.738 1.081
Average 0.505 0.426 0.692 0.259 0.609 2.486 1.138
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Figures 14(a) and 14(b) demonstrate that the displace-
ment mitigation ratios of both the horizontal and vertical
responses at typical node 4 are signifcantly reduced, with
a displacement mitigation ratio of approximately 55% and
46%, respectively, due to the isolation of seismic input
energy by the IeI and the LVD isolator. Figure 15 illustrates
the improved shear-related performance of the controlled
large-span structure subjected to real excitation. Te per-
formance of the IeI and the LVD isolator is similar, with
a shear force ratio of approximately 67%. Furthermore,
Figure 16 shows the displacement and acceleration response
distributions of controlled and uncontrolled large-span
structures. It can be observed that the installation of the
IeI or the LVD isolator results in a more uniform response in
the x-direction, with an average displacement mitigation

ratio of approximately 55%. Te y-direction response fol-
lows the shape of the second-order uncontrolled mode, as
depicted in Figure 10, indicating that the second-order mode
dominates the response of both controlled and uncontrolled
large-span structures. Te average displacement mitigation
ratios of the IeI and the LVD isolator are around 47%.

As shown in Figure 17, subjected to the Tohoku
earthquake (2011), both the isolator base displacements of
the LVD isolator and IeI remain within the target σiso,target,
indicating the efectiveness of the proposed design pro-
cedure.Te damping enhancement ratio, cIeI, equal to 2.449,
indicates a signifcant amplifcation of the deformation of
the dashpots in the IeI isolator, approximately 2.449 times in
terms of RMS. Figure 17(b) presents the hysteresis curves of
the dashpot in both the IeI and LVD isolators. Additionally,

Table 2: Performance of the large-span structure with LVD isolators subjected to recorded earthquakes.

Ground motion cx
dis,LVD c

y

dis,LVD cx
acc,LVD c

y

acc,LVD csf ,LVD σiso,LVD

Tohoku 2011 0.552 0.465 0.780 0.282 0.672 1.261
Mt. Carmel 2008 0.630 0.516 0.782 0.244 0.786 1.455
JAM Kobe 1995 0.438 0.376 0.617 0.279 0.515 0.985
El Centro 1994 0.444 0.381 0.678 0.280 0.532 1.007
Hollister 1961 0.578 0.479 0.780 0.257 0.697 1.321
Average 0.528 0.443 0.727 0.268 0.640 1.206
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Figure 18: Energy responses of the large-span structure with IeIs or LVD isolators subjected to the Tohoku earthquake (2011).

Table 3: Te energy response indexes of the large-span structure with IeIs or LVD isolators subjected to recorded earthquakes.

Tohoku 2011 Mt. Carmel
2008 Kobe 1995 El Centro

1994 Hollister 1961 Average

Eds,IeI 0.123 0.103 0.075 0.101 0.092 0.099
Edamper,IeI 1.053 1.131 0.424 0.677 0.914 0.840
Ein,IeI 1.177 1.235 0.499 0.778 1.005 0.939
Eds,LVD 0.120 0.131 0.077 0.085 0.116 0.106
Edamper,LVD 1.094 1.295 0.503 0.655 1.062 0.922
Ein,LVD 1.214 1.425 0.580 0.740 1.178 1.027
cE 0.969 0.866 0.861 1.051 0.854 0.920
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for comparison, the magenta curve represents the hysteresis
of the dashpot in the IeI without considering the damping
enhancement. It can be observed that the deformation
amplifcation contributes to the improved damping ef-
ciency of the IeI compared with the LVD isolator. Conse-
quently, the IeI requires only 17.77% of the damping
coefcient needed by the LVD isolator to achieve compa-
rable energy dissipation efectiveness. Additionally, based on
the relevant parameters listed in Tables 1 and 2, we can draw
similar conclusions for other recorded earthquake accel-
erograms consistent with the Tohoku earthquake (2011).

4.3. Discussions on the Energy Responses. In addition to the
control performance, some observations related to the en-
ergy responses of large-span structures subjected to recorded
earthquakes are worth discussing. Figure 18 illustrates the
energy responses of controlled and uncontrolled large-span
structures subjected to the Tohoku earthquake (2011). Ta-
ble 3 presents the corresponding energy indexes. In the
fgure, the black line represents the overall input energy of
the uncontrolled original structure. As no additional
damping devices are used, all input energy is dissipated by
the inherent damping of the uncontrolled structure itself.
Te red and blue lines represent the overall input energy of
the structure with IeIs and the LVD isolators, respectively.
Due to the introduction of additional mass by the isolator,
the overall input energy of the isolated structure is larger
than that of the original structure. However, beneftted from
the grounded inerters with optimized distribution, the input

energy of the large-span structure with IeI decreases ap-
proximately 0.969 times that of the LVD isolator.

Furthermore, Table 3 shows that under the excitation of
the Tohoku earthquake (2011), the controlled large-span
structure itself dissipates only 12.3% of the energy compared
with the uncontrolled original structure, slightly higher than
the energy target Eds,target. Tis is primarily due to the sig-
nifcant long-period components of the Tohoku earthquake
difering from the unit white noise. On average, the designed
IeI and the LVD isolator meet the design target, reducing the
energy dissipated by the structure to around 10% of the
uncontrolled structure.Te overall input energy of the large-
span structure controlled by the IeI is approximately
0.920 times that of the LVD isolator, efectively relieving the
energy dissipation burden on the entire controlled system
subjected to recorded earthquakes.

4.4. Performance Improvement of the IeI. Te analysis above
demonstrates that, thanks to the reduction in input energy
and enhanced damping characteristics, the IeI requires only
17.77% of the damping coefcient used by the LVD isolator
to achieve nearly equivalent control performance. To further
compare the performance enhancement of IeI over the
conventional LVD isolator, Figure 19 illustrates the seismic
mitigation efects of both systems on the benchmark large-
span structure. Tis fgure considers diferent target energy
dissipation indexes for the superstructure and various iso-
lator displacement indexes, represented by transparent slices
indicating the isolator displacement targets. Te results

IeI-equipped structure
LVD-equipped structure

0.15

0.10

0.05

0.00

ξiso

0.10
0.20

0.30
0.40

0.50
1.50

1.00

0.80

E
ds, LVD  & E

ds, IeI
σ iso,target

Figure 19: Te control efect of IeI and LVD. Transparent green, blue, and red slices correspond to isolator displacement indexes of 0.80,
1.00, and 1.50, respectively.

Table 4: Symbols for the inerter element command in OpenSees.

Symbol Description Example
$eleTag Unique element object tag 3
$iNode End node number 1
$jNode End node number 3
$dirs Material directions 1
$inertance Value of the apparent mass 25.5
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consistently show that IeI surpasses the LVD isolator in
control performance across all target isolator displacement
indexes, resulting in a lower energy dissipation burden on
the superstructure. Additionally, as indicated by the black
arrow in Figure 19, IeI achieves comparable control per-
formance to the LVD isolator while requiring less isolator
displacement.

5. Conclusion

Tis study has advanced high-efciency isolation technology
for large-span structures by introducing an IeI and de-
veloping a design method with analytical design formulae
that focus on reducing input energy. Te key fndings are
summarized as follows:

(1) Te governing equation analytically established for
the IeI has been rigorously validated using fnite
element simulations and dynamic loading tests to
quantify the input energy reduction capacity of the
proposed IeI.

(2) Stochastic energy analysis confrms the IeI’s efec-
tiveness in signifcantly reducing the input energy to
the large-span structure, assuming the structure
remains in the linear stage. By integrating dual
inerters, the inertance distribution is optimized,
leading to maximal energy reduction. Parametric
analysis reveals that equal apparent masses of the
inerters (inertance-distribution ratio cμ � 0.5) result
in a substantial decrease in total input energy,
outperforming traditional isolation methods.

(3) Te input energy reduction-oriented design method
achieves an optimized balance between damping
performance and isolator displacement. Te de-
veloped intersection point diagram, illustrating the
contour lines of superstructure dissipated energy and
isolator displacement for the IeI, proves to be an

efective tool for preliminary design in practical
engineering applications.

(4) Compared to conventional LVD isolators, the IeI,
designed via the energy reduction-oriented method,
demonstrates superior seismic mitigation capabil-
ities on a benchmark structure. Both frequency-
domain and time-domain analyses validate the sig-
nifcant reduction in input energy and the en-
hancement in damping provided by the IeI. On
average, the IeI reduces input energy by 92% relative
to conventional LVD isolators, with a damping
enhancement coefcient of 2.486. Moreover, under
various isolator displacement constraints, the IeI
maintains excellent control performance with re-
duced isolator displacements. Although this study
focuses on horizontal seismic inputs and horizon-
tally installed IeIs, future research will investigate the
application of three-dimensional IeI confgurations.

Appendix

A. The OpenSees Command for Modeling the
Inerter Element

OpenSees Command: element inerter $eleTag $iNode
$jNode -dir $dirs -inertance $inertance.

For a detailed description of each parameter used in the
command, refer to Table 4, which lists the symbols and their
corresponding descriptions and examples.

B. Detailed Derivation of the Energy Index for
LVD-Equipped Structures

Given the stifness kiso and damping coefcient ciso of the
LVD isolators, the governing equations for large-span
structures with LVD isolators can be expressed as

Mp 0

0 MLVD
iso

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

€xp

€yp

€θp

€xLVDiso

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

+
Cp −CLVDT

p,iso

−CLVD
p,iso , CLVD

iso

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

_xp

_yp

_θp

_x
LVD
iso

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+
Kp −KLVDT

p,iso

−KLVD
p,iso , KLVD

iso

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
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θp

xLVDiso

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

� −
Mp 0

0 MLVD
iso

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦
r

12×1
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⎩

⎫⎬
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(B.1)

where

22 Structural Control and Health Monitoring

 schm
, 2024, 1, D

ow
nloaded from

 https://onlinelibrary.w
iley.com

/doi/10.1155/2024/7104844 by H
ong K

ong Poly U
niversity, W

iley O
nline L

ibrary on [13/04/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



MLVD
iso �

miso 0

0 miso
 ,

KLVD
iso �

kiso + k
column
x 0

0 kiso + k
column
x

⎡⎢⎢⎣ ⎤⎥⎥⎦,

CLVD
iso �

ciso + αpk
column
x 0

0 ciso + αpk
column
x

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦,

KLVD
p,iso �

k
column
x 02np−1 k

column
θ 0np−1

0np−1 k
column
x 02np−1 k

column
θ

⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦,

CLVD
p,iso � αpKiso,

xLVDiso � xiso,LVD,1 xiso,LVD,2 
T
.

(B.2)

By applying static condensation [60], equation (B.1) can
be expressed as

Mc,LVD
€Xc,LVD + Cc,LVD

_Xc,LVD + Kc,LVDXc,LVD

� −Mc,LVDrc,LVD€xg,
(B.3)

where

Mc,LVD �

Mp,x 0 0

0 Mp,y 0

0 0 MLVD
iso

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Xc,LVD �
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yp

xLVDiso

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

,

Kc,LVD � KLVD
T − KLVD

Tθ K
LVD−1

θ C
LVDT

Tθ ,

Cc,LVD � CLVD
T − CLVD

Tθ C
LVD−1

θ C
LVDT

Tθ ,

(B.4)

where KLVD
T , KLVD

Tθ , KLVD
θ , CLVD

T , CLVD
Tθ , and CLVD

θ are ob-
tained by reorganizing the stifness and damping matrix in
equation (B.1) based on translational displacements and
rotations. Te vector rc,LVD represents the infuence vector
considering the isolation layer.

Terefore, these equations can be represented in state-
space form as

_Xs,LVD(t) � As,LVDXs,LVD(t) + Es,LVDw(t), (B.5)

where

Xs,LVD(t) �
Xc,LVD

_Xc,LVD

⎡⎣ ⎤⎦,

As,LVD �
0 I

−Mc,LVD
−1Kc,LVD, −Mc,LVD

−1Cc,LVD,
 ,

Es,LVD �
0

rc,LVD
 .

(B.6)

Tus, the overall input energy and the energy dissipated
by the dashpot and superstructure of the large-span struc-
tures with LVD isolators, namely, Ein,LVD, Edamper,LVD, and
Eds,LVD, can be derived as follows:

Ein,LVD � τLVD
T

Cc,LVD.∗ 
_Xc,LVD _Xc,LVD

⎛⎜⎜⎝ ⎞⎟⎟⎠τLVD,

Edamper,LVD � 
∞

0
_xiso,LVD,1ciso _x

T
iso,LVD,1dt + 

∞

0
_x
T
iso,LVD,2ciso _x

T

iso,LVD,2dt � ciso σ2_xiso,LVD,1
+ σ2_xiso,LVD,2

 ,

Eds,LVD � Ed,LVD − Edamper,LVD,

(B.7)

where τLVD is an np + 2 column unit vector; Σ _Xc,LVD _Xc,LVD
denotes the covariance matrix of the velocity responses of
the large-span structure with LVD isolators. σ _xiso,LVD,1

and
σ _xiso,LVD,2

denote the root-mean-square velocity responses of
the two LVD isolation layers.Tese can be obtained from the
state covariance matrix Ps,LVD, which is obtained by solving
the following Lyapunov equation:

As,LVDPs,LVD + PT
s,LVDAs,LVD + Es,LVDE

T
s,LVD � 0. (B.8)
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