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A B S T R A C T

Predictive uncertainty has influenced by traditional assumptions about the residual error. This study attempts to 
perform an uncertainty analysis of ensemble groundwater modeling through Bayesian Model Averaging- BMA in 
conditions that these assumptions are violated. This study hired a framework accompanied by BMA to generate 
an anticipative inference of numerical groundwater contents with non-stationary, dependent, and non-Gaussian 
errors. Groundwater levels were numerically simulated using three different methods for an arid aquifer in Iran. 
Subsequently, the BMA approach generated an improved estimate of groundwater levels by incorporating 
various likelihood contexts (i.e., formal and informal) to address assumptions related to residual errors. Results 
showed that the formal likelihood function deals with residual assumptions well, primarily for stationary and 
normality. Additionally, the results of the uncertainty analysis revealed that the formal function-based BMA 
outperforms the informal function-based BMA. Furthermore, the final predictions generated by the formal 
function-based BMA are comparable to the outputs of the Mesh free method in terms of RMSE.

1. Introduction

Uncertainty analysis is an essential part of any hydrogeology study 
where there is a porous media with high complexities [45]. In these 
mediums, several uncertainty sources affect the reliability of ground
water model prediction, in particular numerical models. These sources 
may be related to conceptual models, parameters estimation, and 
existing bias of input data. There is a widespread literature in ground
water uncertainty background with different purposes: parameter and 
recharge uncertainty [10,34], geological structure and parameter un
certainty (e.g., [14,46,16]), parameter and input data uncertainty (e.g., 
[49,26]), and conceptual model uncertainties [31,37].

The literature, from above point of view, suggests two key conclu
sions: First, direct uncertainty assessment towards integrated ap
proaches combining all different uncertainty sources using a unique 
framework. Second, more related studies have broadly discussed the 
uncertainty of input data, parameters, and conceptual models, but 
mathematical uncertainty coming from numerical methods (i.e., solver) 
has received less attention. This fact that the numerical uncertainty is 
often associated with a high level of technical complexity has been 

approved and reported frequently [49]. As a results, although the 
analysis of numerical model uncertainty can provide valuable insights, 
making many researchers (e.g., [32,20,6,33,50]) have opted to relax this 
aspect of uncertainty. How can this issue can be resolved, actually? 
Further, there are yet some challenge, epistemic uncertainty due to 
incomplete knowledge [13].

The related studies have reported that the probability and evidence 
theories are possible response to epistemic uncertainty [38]. Neverthe
less, this uncertainty and its coincident assessment with others cannot be 
completely eliminated, instead, ensemble modeling context such as 
probabilistic Bayesian Model Averaging (BMA) can quantify diverse 
uncertainty sources. BMA’s ability to incorporate uncertainty has made 
it a valuable tool for decision-making and policy analysis in many fields 
especially groundwater modeling field [22,42]. The current version of 
BMA is equipped with a more efficient a Markov Chain Monte Carlo 
(MCMC)-based algorithm called DiffeRential Evolution Adaptive 
Metropolis (DREAM), which enhances exploring the parameter space 
and improving convergence. BMA’s specifications lead most last re
searchers to develop comprehensive frameworks to address various 
sources of uncertainty, with a particular emphasis on jointly examining 
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the uncertainties of input and influencing parameters. Han and Zheng 
[18] proposed a holistic uncertainty approach to depict the quality of 
watershed water, while Mustafa et al. [31] integrated BMA technique 
with PMWIN (Processing MODFLOW for Windows) to simulate 
groundwater fluctuation. In conclusion, literature confirmed that BMA 
can integrate diverse uncertainty sources, even epistemic one, but a 
practical and reliable response for numerical model uncertainty has not 
yet been raised. Further, relevance of BMA in quantifying residual error 
uncertainty (discussed in following) has not examined?

A state-of-the-art discussion about the residual errors’ effect on the 
final prediction has appeared in recent years. Literature cited a chal
lenging debate about applying the concept of likelihood functions (i.e., 
formal and informal) to determine predictive uncertainty accompanied 
by residual errors through BMA (e.g., [30,47]). Pioneer researchers of 
informal function (e.g., [11,12]) acknowledged that the residual errors’ 
probability density function (pdf) have a pre-specified statistical form as 
default: 1- they have been well distributed with a Gaussian form in 
which mean is zero and variance is always constant, 2- they are away 
from time autocorrelation, and 3- they possess an inherent stationary. 
These characteristics create the required form of likelihood function to 
derive parameter estimation. For example, Standard Least Square (SLS) 
function explains the density of independent residual errors in Gaussian 
pdf (e.g., informal context). While, Kuczera [26] and Sorooshian and 
Dracup [44] have also violated these assumptions. For example, Kuczera 
[26] has reported that residual errors are non-Gaussian and non- 
stationary and indicated that the least-squares do not provide an 
acceptable explanation of parameter uncertainty. Also, Sorooshian and 
Dracup [44] demonstrated that as the streamflow discharge increases, 
residual error variance propagates (i.e., heteroscedasticity emerges). 
However, for better judgment, a flexible likelihood function is required 
to address the effectiveness of both likelihood functions simultaneously. 
Schoups and Vrugt [41] suggested an adjustable structure to identify the 
residual error assumption along with parameter and total uncertainty in 
rainfall-runoff modeling in five catchments of the US. This function can 
relax traditional error assumptions by treating heteroscedasticity and 
non-normality. Also, formal and informal likelihood functions can be 
monitored through a few adjustments. Their findings revealed this 
likelihood function has flexibility and significant ability to deal with 
some situations where residual errors show temporal correlation, het
eroscedasticity (non-constant variance), and non-Gaussian distribution 
concurrently. Some other works, such as Smith et al. [43] and Nourali 
et al. [35], Olyaei, and Karamouz [36], Choi et al., [11], and Liu et al. 
[27] tried to account for the residual error assumptions through some 
separate likelihood function. For instance, Smith et al. [43] presented a 
framework to examine four typical widely used likelihood functions and 
suggested some justifications to address likelihood function assumptions 
in dry catchments. Also, Mustafa et al. [31] have examined just the 
heteroscedasticity along with other uncertainty sources and dismissed 
non-normality and correlation. As a result, residual error uncertainty 
may extremely influence the final prediction and its specifications may 
be quantified through a suitable likelihood function along with a robust 
uncertainty tool, such as BMA. However, coincident dealing with all 
residual error assumptions in uncertainty analysis of groundwater 
modelling is generally dismissed. Therefore, this question is raised in 
mind about how to incorporate the formal likelihood functions with 
BMA for uncertainty assessment of groundwater modeling.

Finally, after reviewing all comparative studies, it was found that 
there are limited studies in applying formal likelihood functions 
involved with BMA for uncertainty assessment and enhancing pre
dictions in groundwater modeling. The Han and Zheng [18] accom
plished an experiment (an especial and rare study) to couple a formal 
likelihood function with BMA to concurrently address the uncertainty of 
the water quality model along with error model. However, the combi
nation of formal function and BMA technique in uncertainty assessment 
of groundwater level fluctuations has been neglected. Further, literature 
indicated that numerical model uncertainty has been generally 

dismissed. From this perspective, this study is one of the first attempts to 
address this part uncertainty by employing and joining three different 
numerical methods just like applied strategy for conceptual model un
certainty. Recent research efforts, Jafarzadeh et al. [20] and Jafarzadeh 
et al. [21], have shed light on this aspect of uncertainty and underscored 
the importance of including it in the overall analysis. However, they did 
not point out to coincident analysis of residual error uncertainty with 
numerical one and applicability of BMA was ignored. The major 
contribution of this effort is to investigate the effectiveness of the formal 
likelihood function proposed by Schoups and Vrugt [41] in the uncer
tainty assessment of groundwater fluctuations through BMA in rele
vance of multi numerical models. Specially, this study affair to overcome 
some mentioned research bugs: 1- how to account for the mathematical 
uncertainty coming from numerical methods? 2- how to set up the all 
residual error assumptions in uncertainty analysis of groundwater pro
cess? 3- how much the benefits of BMA’ application in enhancing total 
prediction of groundwater fluctuations? This study does not aim to 
present a new formal function, but it is the first attempt to apply formal 
functions-based BMA in the numerical modeling of groundwater levels. 
Also, the outputs of three different numerical models were considered as 
input models of the BMA framework, which others have yet to discuss. 
The current study offers an applied framework to generate an enhanced 
skilful groundwater prediction through BMA, equipped with the formal 
likelihood function. Also, our study performs an uncertainty assessment 
of mathematical models in a real-world case study in an arid region.

2. Methods

2.1. Study area

Birjand, the center of Southern Khorasan in the east of Iran (See 
Fig. 1), with low quantity of annual rainfall is (<100 mm), has an arid 
climate pattern, and its temperature (24.5 centigrade) causes a consid
erable amount of potential evaporation (i.e., 2600 mm per year). The 
industry’s inadequate growth has made the main focus of regional 
development turn to the agriculture section, leading to groundwater 
overexploitation [21,33]. This aquifer has various operational chal
lenges and limitations that make the planning and water resources 
management activities especially a challenge. Hence, assessment and 
knowledge of the groundwater process in this region are critical. It can 
be expressed that the presented framework is an appropriate approach 
that can be applied to other arid groundwater modeling problems.

2.2. Groundwater modeling

This part explains the methodology for groundwater flow modeling. 
The conceptual model (and its characteristics), and numerical models 
(their formulation and validity), are introduced and described in detail.

2.3. Conceptual model

Since the uncertainty assessment of Birjand’s groundwater resources 
has been previously in some studies, this study builds the conceptual 
model based on their findings. Hamraz et al. [15] defined a conceptual 
model and examined its different uncertainty sources well and in pro
ceed, Sadeghi-Tabas et al. [40] modified and boosted their model. This 
paper appropriately constructed the geology structure with a one-layer 
in which thickness is ranges from 8 m to 255 m, and it includes some 
input and output underground pathways at which groundwater levels 
during simulation process take the constant values (Dirichlet condi
tions). Also, some others key features including, surface recharge, drain 
flows, and return flow are imposed on conceptual models. Moreover, a 
sever annually drawdown took place (i.e., 0.7 m) due to several wells 
drilled into aquifer. Besides, multiple observation wells (e.g., Piez212 
and Piez760) measure the fluctuation of groundwater level (see Fig. 2). 
Ultimately, 17 unique regions were added to conceptual model in order 
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to explain the anisotropy and spatial heterogeneous of hydrodynamic 
parameters (Fig. 3). All used datasets were implanted on a mesh with 
regular horizontal and vertical distance (500 m) and 1159 nodes.

2.4. Numerical modeling

Based on numerical methods’ strategy for solving the Partial differ
ential equations (PDEs), these methods can be categorized into two 
groups: strong-form and weak-form. In strong-form methods, such as 
Finite Difference (FD), an approximate function (i.e., Taylor series) is 

Fig. 1. Location of Birjand Plain and its aquifer: In this figure, Birjand Plain and its aquifer have been located on the left bottom slide; the right slide belongs to 
Southern Khorasan Province boundary of Iran and its international neighbors.

Fig. 2. Schematic representation delineating the components of the grid model used in the study. This includes essential (constant) and natural (no-flow) boundaries, 
extraction wells, observation wells, inflow and outflow pathways, and drainage locations, providing a comprehensive overview of the model’s geometry.
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required to discrete PDEs directly. While, in weak-form ones, such as 
Finite Element (FE) and Meshfree (Mfree), using the integral operation, 
the order of the derivatives is decreased, and PDEs’ form changed from 
strong to weak [1,2,4,8,28,29]. The weak form-based numerical tech
niques are usually from Weighted Residual Methods (WRMs) in which 
an arithmetic act is applied to zero the weighted error in an integral 
context. In this concept, an essential position was defined for weight 
functions and different approaches exist for each numerical method such 
that Galerkin and Petrov- Galerkin were generally hired, respectively, 
for FE and Mfree methods.

2.5. Finite Difference (FD)

The groundwater process can be physically descried at 2D domain:

K.h
∂2h
∂x2 + K.h

∂2h
∂y2 + Q(i, j) = Sy

∂h
∂t
.

where,
(

Q(i, j) = qd +
∑n

i=1
Qciδ(xo − xi, yo − yi)

)
(1) 

where t, h, K, Sy denote time (day), potential head (m), hydraulic 
conductivity (m/day), and specific yield (dimension less). Additionally, 
δ, qd, and Qc represent, respectively, Dirac Delta function, distributed 
surface force (i.e., recharge or evaporation, m/day), and concentrated 
force for extraction/injection wells (i.e., source or sink context, m3/ 
day). Further, the boundary conditions are given by: 

∂h
∂Γt

=
qt

K
⇒on Γ = Γt

h(x, y, t) = h ⇒on Γ = Γu

h(x, y, o) = h0 ⇒on Ω

. (2) 

where, the initial and constant values are denoted by h0, h , so the 
global boundary (Γ ) is split to essential and natural boundaries 
respectively (i.e., Γu and Γt indicating Dirichlet with constant head and 
Neuman conditions). While qt reflects the known inflow (m3/day), and, 
Ω reflects the aquifer domain.

Taking the Taylor series approximation and applying a change of 
variable (v = h2) the Eq.1 simplify is solved and the approximated so
lution was presented as following: 

vt+1
i,j = (

1
ω + 1

)*

(

(
vt+1

i+1,j + vt+1
i− 1,j + vt+1

i,j+1 + vt+1
i,j− 1

4
) +

[
ω*vt

i,j

]
+

[
Qi,j

4*K

])

.

where,

ω =
Sy*a2

4*K*dt.
̅̅̅̅̅̅
vt

i,j

√ , a = Δx = Δy

(3) 

Where, dt indicates time step (day) and Δx , Δy represent mesh size 
(m). Ultimately, the potential head is obtained through the use of h =
̅̅̅
v

√
.

2.6. Finite Element (FE)

We constructed a triangular element matrix comprising 1842 ele
ments across the aquifer domain. The linear triangular function was 
hired similarly to the shape and weight functions. The approximated 
solution of groundwater level in Eq.1 was achieved by minimizing the 
integral of the weighted average of residual, a mathematic trick, and 

Fig. 3. Spatial conceptual model of various specific yield zones (panel a, using an orange palette) and hydraulic conductivity zones (panel b, using a blue palette) in 
the Birjand aquifer area. This figure depicts the spatial pattern of the parameters elaborated by Sadeghi-Tabas et al. [40].
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some simplifications (such as integration by part) as following: 
(

[G] +
[P]
Δt

)

.
{
ht+1} =

(
[P]
Δt

)

.
{
ht}+{BL}+{LL}. (4) 

Where [G] and [P] indicate the conductance and mass matrixes, 
while the boundary flux and load vector are represented through {B} 
and {L} respectively (other symbols are defined as Eq. (2), 3). The 
standard form and matrix representation of above equation may be ar
ranged as the following: 

KU = P.

where,

K =

(

[G] +
[P]
dt

)

, U =
{
ht+1}, F =

[P]
dt
.
{
ht}+ {B} + {L}.

(5) 

Where K is stiffness matrix, U is unknown vector and F is force vector. 
The more and detailed descriptions about FD, FE, and Mfree formula
tions can be found in Jafarzadeh et al. [20,21]).

2.7. Mesh free (Mfree)

Mfree determines the influencing nodes of the interested point 
through the support domain (Ωs). The support domain can be local or 
general and can hire different shapes and sizes (see Fig. 4). The local 
support domain (used in this study) is calculated based on the nodal 
distancing (dc) and support domain size (rs). Besides that, the weight 
function is employed to define the importance degree of support domain 
nodes [18,24,19,25]. This research hired the quartic-spline weight 
function and shape function was built through Radial Point Interpola
tion Method (RPIM). The local support domain is divided into some 
partitions comprising Gauss points for more accuracy. Just like FE 
methods, Mfree can gain the approximated solution. A more detailed 
description of Mfree implementation may be found in Jafarzadeh et al. 
[23].

2.8. Numerical Models’ validity

This work accomplished the groundwater modeling through a nu
merical framework (open-source script implemented in “MATrix 

LABoratory” MATLAB environment) introduced by Jafarzadeh et al. 
[23], where the verification of the developed numerical models has been 
carefully tested in some benchmarks case studies. They declared that the 
outputs of three numerical models have close deals with analytical so
lutions, and consequently, we can confirm their validity.

2.9. Bayesian model Averaging (BMA)

BMA, a robust ensemble modeling tools, is a consensus view of 
different models (numerical models) in which a probabilistic likelihood 
process is adopted to perform model averaging. Given measured values 
as Y = [yobs

1 , yobs
2 , ... , yobs

T ] and {S1, S2, ..., SK} as numerical simulation, a 
correction stage through linear regression fit is first imposed on the in
puts (i.e., S series is converted to f series). The probabilistic density of 
observation based on probability’s law, may be approximated as: 

p(y|f1, f2 ... , fk,Y) =
∑K

i=1
p(fi|Y).pi(y|fi,Y ). (6) 

Where p(fi|Y) indicates the posterior probability under input cor
rected member fi (i.e., relative closeness quantity of model compared to 
observation, hereafter the weight), so, their sum must be unique. While, 
the conditional pdf of ith model is represented by pi(y|fi,Y). Rafteri et al. 
[39] assumed that Gaussian distribution with zero average and a con
stant variance (σi) can explain this conditional PDF in forecasting 
context well. Therefore, the reworded version of Eq.6 can be expressed 
as follow: 

p(y|f1, f2 ... , fk,Y) =
∑K

i=1
p(fi|Y).pi(y|fi,Y ) =

∑K

i=1
wi.g(y|fi, σ2

i ). (7) 

The input members’ weights and σi are considered as parameters set 
(θ = {wi, σi, i = 1, ... , K}) and can be inferred from data using Monte 
Carlo Main Chain (MCMC) based DiffeRential Evolution Adaptive 
Metropolis (DREAM) algorithm. DREAM algorithm is widely used 
(perfectly well-known) in uncertainty assessment studies, so the sum
marized description of this algorithm is presented here (see Fig. 5). First, 
the prespecified numbers of Markov chains (i.e., the sets of parameter 
realizations) are produced through Latin Hypercube Sampling (LHS), 
and their fitness is calculated. Then each chain introduces a new point 

Fig. 4. A plan view of main Mfree features, reprinted from [23]. What can be understood from this figure is a conceptualization of naturally and inherently connected 
boundaries that define the domain: the weight function influences the interpolation, while the shape and size of the support and the local domains become crucial to 
the correct spatial feature representations of the model.
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based on the differences between randomly chosen pairs of chains. The 
Metropolis ratio determines whether this candidate point is accepted or 
not. All chains apply this repeat to a prespecified count (burn-in period). 
Now the R index, proposed by Gelman and Rubin [14], is employed to 
determine the convergence of posterior distribution (the values smaller 
than 1.2 are desirable). Someone can use the samples produced after 
convergence to represent the posterior distribution (a comprehensive 
description is available on [48]). The standard BMA evaluates the 
parameter set’s strength through the log-likelihood function proposed 
by Raftery et al. [39] as follow: 

ℓ(θ = wi, σi|Y) =
∑n

t=1
log

⎛

⎜
⎜
⎝

∑k

i=1
wi.

exp(− 1
2(

et
i

σ)
2

σ
̅̅̅̅̅̅
2π

√

⎞

⎟
⎟
⎠. (8) 

Where et
i indicates the residual errors arising from ith prediction 

(et
i = f t

i − Yt).

2.10. Formal likelihood function

To relax the residual error assumptions, we joint the BMA with a 
formal function to consider the dependence, non-Gaussian, and sta
tionary status of residual errors. The focus of this study is not to provide 
a new formal function, but it addresses the applicability of formal 
functions accompanied with BMA in numerical modeling of ground
water levels. As discussed previously, some related studies assessed the 
effect of the formal likelihood functions on the predictive uncertainty to 
track incompletely the residual error through separate likelihood func
tions. While this study, considering the research performed by Schoups 
and Vrugt, [41], and later verified by other studies [16,36], applied a 
flexible framework to consider all residual error assumptions in nu
merical modeling of groundwater context.

The mentioned likelihood function in Eq.8 is an informal function 
assuming that the residual errors are intrinsically independent (non- 
correlated) and mimic a Gaussian distribution with constant variance 
(homoscedastic). The formal likelihood function used in this study can 
directly parameterize residual error assumptions in the groundwater 
modelling using the presented methodology (proposed by [41]). 
Assuming the residual error is descripted as the et = yt − Yt, where yt and 
Yt denote time series of the simulation and observation, the correlated 
error may be defined as following: 

Et = AR(φ(p)).et . (9) 

where Et is the correlated error, AR(φ(p)) is the pth order autore
gressive model to consider correlation φ. A correlated error with any 
order of autoregressive can be produced using this equation. Literature 
indicated that residual error dependency could be explained through a 
polynomial autoregressive model even in complex simulation such as 
rainfall-runoff context. For example, Bates and Campbell [7] mentioned 
that polynomial AR works efficiently better than AR Moving Average 
(ARMA) to prevent the challenging problems in finding the optimum 
values of orders ARMA. Also, Schoups and Vrugt [41] showed that AR 
with lower order could express correlated residual error in the practical 
experimental. Considering more time dependence of stream flow events 
than groundwater level and findings of related works, the correlated 
error model defined in Eq.9 was hired in this study to account for the 
time dependence of residual error.

Also, Heteroscedasticity issue can be explained by a linear relation 
with simulated value (yt) as the following: 

σt = σ0 + σ1yt . (10) 

where σt is error standard deviation, σ0 and σ1 are the intercept and 
slope of above equation. The model residuals will be stable if σ0 and σ1 

limited to minimum values. Indeed, these two parameters regulate the 
stationary of errors. The assumption of the linear relation (between re
sidual variance and predicted values) was previously examined for 
stream flow [41], in which there are more inherent dynamics than 
groundwater. Therefore, applying this assumption in a study like 
groundwater context may also be perfectly logical. Also, some other 
studies, such as Mustafa et al. [31] and Mustafa et al. [32], reported 
formerly that the heteroscedastic error can be described by a linear 
model similar to Eq.10.

Now, we able to generate a residual error that its correlation and 
stationary represented through Et and σt. As followings: 

at =
Et

σt
. (11) 

Where at is an independent error distributed identically. Recently, 
Han and Zheng [16] used some probabilities distribution sensitive to 
skewness and kurtosis parameters (Skew Exponential Power- ‘SEP’) to 
examine the normality of prediction error in groundwater media. 

Fig. 5. Schematic flow of the DREAM algorithm. The diagram outlines certain 
steps followed within the dream process. Key features considered in this view 
include initialization, which involves setting the starting parameters; the 
assessment of fitness of models developed; the generation of offspring, 
involving the generation of new candidate solutions; the Metropolis-Hastings 
Algorithm that will help in realizing the selection of such candidates in light 
of their fitness; post-processing to refine the results; and convergence, which 
describes the point at which the algorithm terminates.
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Therefore, this study according to their findings assumed that at follows 
SEP distribution function to explain the normality situation of the re
siduals. The SEP density function of at can be estimated as follows: 

p(at |β, ξ ) = σ− 1
t

2σξ

ξ + ξ− 1ωβexp

⎛

⎜
⎝ − cβ

⃒
⃒
⃒
⃒
μξ + σξat

ξμξ+σξat

⃒
⃒
⃒
⃒

2
/1 + β

⎞

⎟
⎠. (12) 

where β and ξ are the kurtosis and skewness, and σξ, μξ, ωβ and cβ 

are SEP’s parameters calculated from β and ξ. Based on the SEP function, 
residual errors have normal distribution when β and ξ are set, respec
tively, to zero and one. Interested readers are referred to Schoups and 
Vrugt [41] for more discussion. Using mentioned procedure, the 
parameterization of autocorrelation, heteroscedasticity and normality of 
residual errors can be defined through parameter set ηe, that is, ηe =

{φ, σ0, σ1, β, ξ}. Since ℓ(θ|Y ) ≡ p(Y|θ ) = p(e|θ ) and considering ηb =

{wi, i = 1,2, ..., n} the formal likelihood function of BMA and error 
model can be formulated as following: 

ℓ(θ = ηe, ηb|Y)

=
∑n

t=1
log

⎡

⎢
⎣
∑k

i=1
wi.

⎧
⎪⎨

⎪⎩
σ− 1

t
2σξ

ξ + ξ− 1ωβexp

⎛

⎜
⎝ − cβ

⃒
⃒
⃒
⃒
μξ + σξat

ξμξ+σξat

⃒
⃒
⃒
⃒

2
/1 + β

⎞

⎟
⎠

⎫
⎪⎬

⎪⎭

⎤

⎥
⎦.

(13) 

Where ηb and ηe represent the parameters sets of BMA and error 
model. If the skewness and kurtosis parameters (β and ξ) are set, 
respectively, to zero and one, and σ1 = 0 as well as φ = 0 this equation 
can represent the parameter set for a homoscedastic, independent, and 
Gaussian errors (i.e., an informal likelihood function).

2.11. Model setup

An overview of used procedure in this study is described in this 
section for a better understanding for readers. Valuable input. Firstly, a 
conceptual groundwater model was developed for the Birjand aquifer 
using multiple datasets, which included rainfall and evaporation data, 
hydrodynamic parameters, observations from extraction wells, topo
graphical information, and relevant boundary and initial conditions. 
This conceptual model was subsequently input into three numerical 
models to simulate groundwater levels. To generate a consensus pre
diction of groundwater modeling, a BMA alongside a formal likelihood 
function was employed. Additionally, the DREAM algorithm to quantify 
the uncertainty associated with the weights of the groundwater models 
and the error models. Table 1 summarizes the parameters used in the 
BMA and error models, along with their prior uncertainty ranges. As 
previously discussed, the likelihood function defined in Equation (13)
establishes the conditions for comparing the outcomes of the BMA with 
both formal and informal likelihood approaches. Finally, Fig. 6

illustrates the steps and strategies employed in the current study.
Furthermore, since there are a low dynamical in groundwater level 

context, the variance-based indexes (e.g., Kling-Gupta or Nash Sutcliff), 
by which model performance is evaluated, cannot provide insights into 
the model proficiency. Also, the correlated-based criteria are not rec
ommended because they merely account for the percentage of obser
vation that are explained by the predictive models. Hence, this study 
utilized Root Mean Squared Error “RMSE” criterion to benchmark re
sults. Also, different uncertainty metrics such as P-factor (percentage of 
data bracketed by a 95 % prediction uncertainty band), R-factor (the 
average thickness of 95 % prediction uncertainty band divided by the 
measurement standard deviation), D-factor (distance or thickness of the 
prediction uncertainty band), and Total Uncertainty Index- ‘TUI’ (i.e., 
the fraction of P-factor per R-factor) were hired to address uncertainty 
quantification and its performance.

3. Results and discussion

The presented discussion in this part will focus on verification of 
developed numerical models and their uncertainty assessment, tracking 
the validity of residual error assumptions, and obtaining multi-model 
predictions using BMA and numerical models.

3.1. Efficiency of numerical models

The obtained results of the numerical simulation in separate different 
techniques throughout the Birjand’s arid aquifer system have been 
presented here. Table 2 outlines the RMSE quantity calculated for the 
FD, Mfree, as well as FE methods, separately for different observation 
wells. Also, the total RMSE of each numerical model is presented in the 
last row, which reveals that the Mfree method outperforms both FD and 
FE methods. Also, these results confirm the spatial dependency of 
models’ skills. For example, Mfree prediction in most piezometers is 
closer to measured values, but in Piez749 and Piez85, the FE simulations 
are more accurate than Mfree ones. Moreover, the worst prediction of 
Mfree was for Piez995, where is away from boundaries, and complicated 
groundwater fluctuation take apart due to abundant extraction wells 
[5,9]. These results align with other groundwater case studies (e.g., [3]
and with general conclusions from uncertainty analysis researches (e.g., 
[15]; previously carried out in same current regions).

Fig. 7 gives a visual comparison between the simulated and 
measured groundwater levels at select locations within the Birjand 
aquifer. For brevity, the comparisons from the remaining observation 
wells have been omitted. The results illustrate a notable agreement be
tween the simulated fluctuations produced by the Mfree model and the 
actual measured groundwater levels. In contrast, the simulations 
derived from the Finite Element (FE) and Finite Difference (FD) methods 
exhibit less accuracy in capturing the observed trends. This discrepancy 
highlights the effectiveness of the Mfree approach in modeling 
groundwater fluctuations in this arid region, suggesting its potential for 
more reliable predictions in similar hydrogeological contexts. Overall, 
the visual representation underscores the importance of selecting 
appropriate numerical modeling techniques to enhance the under
standing of groundwater dynamics.

3.2. Uncertainty assessment

Fig. 9 illustrates the evolution of the R-Gelman index [14] for pa
rameters associated with both informal and formal likelihood functions 
in the Piez13 and Piez212 piezometers (note that results for the 
remaining piezometers are not displayed here). As depicted, all pa
rameters influencing both the informal and formal likelihood functions 
converged after 50,000 runs. Notably, the parameters associated with 
the informal function-based BMA (Fig. 8-a) achieved convergence 
criteria after approximately 1,200 runs (with only two piezometers 
shown), whereas the parameters related to the formal function (Fig. 8-b) 

Table 1 
Details of the uncertain parameters utilized in the DREAM algorithm. This table 
includes the prior ranges and units of the parameters employed in the BMA 
model (Wi) as well as the error model (φ, σ0, σ1, β, ξ). It aims to provide a 
comprehensive overview of the uncertainty analysis, highlighting the variability 
and assumptions underlying the modeling process.

Model Parameter Symbols Range Units

BMA 
model

Weights of contributing numerical 
models

wi [0, 1] −

Error 
model

Autoregressive coefficient φ [0, 1] −

The intercept of Heteroscedasticity 
model

σ0 [0, 1] m

The slope of Heteroscedasticity 
model

σ1 [0, 1] m

The kurtosis of normal distribution β [-1, 1] −

The skewness of normal distribution ξ [0.1, 
10]

−
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required around 15,000 runs to reach similar convergence. This in
dicates that the parameters in the formal function-based BMA necessi
tate a longer duration to achieve convergence compared to those in the 
informal function.

The violin plot of inferred values for the Piez631 piezometers, which 
represents both formal and informal functions, is presented to investi
gate the influencing parameters (Fig. 9). This plot illustrates the 95 % 
variation (indicated by the grey rectangle) and the median (represented 
by the solid circle) for each violin, providing a comprehensive view of 
the data distribution.

Notably, the Bayesian Model Averaging (BMA) approach appears to 
assign greater weights to the output from the Mfree model, suggesting its 
prominence in the analysis. Furthermore, the plot indicates that the 
uncertainty band associated with the weights of the numerical methods 

in the formal case is wider compared to that in the informal function, 
highlighting a greater variability in the formal approach.

Additionally, the inferred parameters derived from the formal like
lihood function reveal that the two stationary parameters, (σ0 and σ1, 
exhibit lower values. Interestingly, the majority of the generated 
parameter realizations favor higher values for the first-order correlation 
parameter (φ1), indicating a stronger correlation in the inferred 
relationships.

A summary comparison among different likelihood functions is 
presented in Table 3. It is argued from derived results that the formal 
likelihood function works better than the informal in almost all pie
zometers (high P-factor values). The parameters inferred using formal 
likelihood functions provide a more accurate representation of mea
surement values compared to those derived from informal likelihood 
functions. This distinction is effectively illustrated in Fig. 10, which 
displays the observed data (represented by black squares) alongside the 
95 % predictive uncertainty band (depicted as a green shaded area). The 
figure specifically compares the total uncertainty associated with both 
the formal and informal likelihood functions for the Piez631 piezometer, 
highlighting the enhanced predictive capability of the formal approach. 
This plot confirms that uncertainty assessment using the formal likeli
hood function has more appealing outcomes, so all uncertainty metrics 
in formal results have been improved than in informal ones. For 
example, the values of the P-factor in these two likelihood functions 
indicate that uncertainty band with the formal likelihood function in
cludes 91.67 % of measurements, while this band for the informal is 
almost 16.67 %.

Considering the derived results of this part, which can reflect the 
effect of employing different numerical methods to quantify mathe
matical uncertainty, it is noteworthy that this aspect is often overlooked 

Fig. 6. Below depicts the broad overview of methodology adopted for this research. the main steps are as follows: 1. conceptual model: an idealized representation of 
the theoretical framework with assumptions from the groundwater system; 2. numerical modeling: application of different techniques with simulations of 
groundwater behaviors using numerical techniques; and 3. bma formulation: integrating the outcomes from the numerical modeling techniques into a bayesian 
framework so that high accuracy and reliability can be guaranteed in the prediction.

Table 2 
The rmse quantity results in separate of numerical methods.

Observation wells FD FE Mfree

Piez13 0.1547 0.1949 0.0662
Piez53 0.5163 0.2716 0.1983
Piez85 0.7490 0.1585 0.1960
Piez212 0.4104 0.2655 0.1426
Piez340 0.3554 0.4098 0.1223
Piez482 4.0149 0.4697 0.0486
Piez560 1.5278 0.3417 0.2107
Piez631 0.1738 0.1204 0.0643
Piez749 0.3447 0.1487 0.2222
Piez760 0.4961 0.2004 0.1087
Piez995 0.4633 0.3434 0.1022
Total RMSE (m) 1.3554 0.2872 0.1477
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Fig. 7. Visual comparison of the accuracy of various numerical methods for simulating groundwater levels. The black square line represents the measured 
groundwater levels, while the blue circular line indicates the outcomes from the Mfree model. The red triangular markers correspond to the results of the Finite 
Element (FE) simulation, and the green star markers denote the predictions from the Finite Difference (FD) method. The simulation period spans from October 2011 
to September 2012, providing a comprehensive view of the performance of each method over this timeframe.

Fig. 8. Evolution of the R statistic for BMA and error model parameters, presented for (a) formal likelihood functions and (b) informal likelihood functions across 
different piezometers (Piez 13 and Piez 212). This figure illustrates the consistency of the models in capturing groundwater fluctuations over time, demonstrating 
how both formal and informal likelihood functions perform in relation to the R statistic.
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in many studies as mentioned in first paragraph of Introduction (e.g., 
[32,16,1,33,51]). The challenge lies in identifying and demonstrating 
this type of uncertainty, because it requires the implementation of a 
comprehensive process similar to that undertaken in this research. The 

results provided in section 3.1 reveal that, despite feeding a similar 
conceptual model into several numerical models, their performance 
varies significantly, confirming the existing and effects of mathematical 
uncertainty arising from numerical techniques. Further, the outcomes of 

Fig. 9. Violin plots illustrating the posterior realizations generated by the BMA model for the Piez631 piezometer. Panel (a) displays the results obtained using the 
formal likelihood function, while panel (b) presents the outcomes from the informal likelihood function. These plots provide a visual representation of the distri
bution and variability of the posterior estimates, highlighting differences in the parameters estimation.
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different test showed that integrating multi numerical model along with 
residual error uncertainty could derive more appealing results indi
cating the positive feedback of proposed strategy for quantifying nu
merical modelling.

3.3. Likelihood functions assessment

This section investigates how the formal likelihood function defined 
in equation (13) explains the residual errors in groundwater modelling 
applications. Figs. 11 and 12 summarize the validity of error assump
tions in BMA under formal and informal functions. Close statistical in
spection of BMA’s residual realizes the model discrimination in 
expressing residual model behaviour so that: 1: heteroscedasticity issue 
was controlled well in formal case (Fig. 11-a) compared to informal one 
(Fig. 11-d) in which increase variance quantity is a subordinate of 
simulated groundwater levels; 2: actual pdf of residual error in the 
formal case (Fig. 11-b) has more agreements with experimental one, 
while this result is not attained for informal function (Fig. 11-e). These 
results confirmed that some residual error assumptions such as sta
tionary and normality had been violated in the informal case. Some 
related studies focused on rainfall-runoff (e.g., [13,17,26,27,47,51]) 
have reported the same violations in their findings. Although it is not 
possible to give a definite conclusion about correlation through current 
results (Fig. 11-c, f), it is clear that the temporal independence of the 
residues cannot be accepted by default. Further, results denoted that the 
proposed formal likelihood function could not control correlation well. 
It may be because correlation was not considered directly in the 
formulation of the formal likelihood function leading to the lower 
sensitivity of φ. In contrast, heteroscedasticity and Gaussian parameters 
(i.e.,σ0,σ1,β,ξ) regulate the stationary and normality of residual errors. 
From this perspective, the high density area of actual pdf is very close to 
the experimental one, and the density of actual pdf has been positively 
skewed due to inferred skewness and kurtosis parameters (β = 0.71,
ξ = 8.67).

In proceed, groundwater fluctuations generated by BMA using 
different likelihood functions are analyzed visually and statistically (See 
Figs. 13, 14) at Piez631 and Piez995 piezometers. Results reveal that the 
difference of the produced potential head by BMA between formal and 
informal likelihood functions in terms of RMSE is very slight. The right 
way of deciding the fitness of two likelihood functions is likely to 
analyze their proficiency in maximum likelihood values instead of the 
RMSE criterion. For the considered simulation period and Piez631 
piezometer, the groundwater level generated by BMA with the formal 
likelihood function received a more significant maximum likelihood 
(32.77) than the informal function (− 11.03), which confirms the supe
riority of the formal likelihood function.

Further, comparing simulated groundwater fluctuations between 
BMA equipped to formal likelihood function and numerical models’ 
outputs indicates that BMA produces a more accurate simulation than 
even a sophisticated numerical model such as the FE and even the Mfree 
method (see Table 2 and Fig. 15). The superiority of BMA in producing 
skilful groundwater fluctuation and its flexibility to relax residual error 
assumptions confirm the effectiveness of the proposed framework in the 
groundwater modelling field.

Another point that may be inferred from the results is that when the 
competing models’ outputs include the measurement values, one can 
expect that BMA yields better than all models. For example, the total 
range of numerical simulations in the Piez631 and Piez995 piezometers 
cover the measured groundwater levels (i.e., the observed values are 
always between simulations), resulting in the formal function-based 
BMA provides a complete consensus simulation that is more reliable 
and residual error assumptions are met well. Therefore, as much as this 
matter is violated, the BMA performance is reduced.

The superiority of formal function over informal is not limited to 
maximum likelihood. Its posterior distribution for influencing parame
ters is well identified so that the stationary and normality of residual 
errors have more logical situation in the formal likelihood function than 
those informal ones. The posterior histograms of the influencing pa
rameters of the formal likelihood function are demonstrated in Fig. 16
(true values are displayed in the red circle). As shown, all eight pa
rameters are well identified. The weight distributions of numerical 
models (WMfree, WFE, and WFD) indicate that BMA prefers more 
weight for Mfree outputs to generate a more accurate simulation. Also, 
distribution of σ0,σ1 denotes that DREAM tries to remove the hetero
scedasticity. Moreover, kurtosis and skewness parameters (i.e., β and ξ) 
represent a positive skewness and more picked density than Gaussian 
pdf. These results have sound agreement with the findings of other 
related studies [20,41].

4. Conclusion

This paper examined the effectiveness of a formal likelihood function 
to enhance groundwater numerical modelling through the BMA frame
work in the arid region of east Iran (Birjand plain). Three numerical 
models- FD, FE, and Mfree- were developed and employed to simulate 
groundwater fluctuations. Subsequently, The BMA framework was used 
to produce a prediction, which represent a weighted average of the 
outputs from the numerical models. Furthermore, a formal likelihood 
function was utilized to account for residual the specifications of re
sidual error assumptions, including autocorrelation, heteroscedasticity, 
and normality. A different scientific examinations were numerically 
drawn based on a real-world investigation in the Birjand aquifer to test 
the proposed plan of the current study.

The implemented test exercise highlighted the BMA’s flexibility in 
producing an enhanced weighted prediction. Also, the BMA has a good 
performance in quantifying and covering the uncertainty of mathe
matical models, which others generally dismissed. In this concept, this 
study revealed the effects of mathematical uncertainty and demon
strated that it cannot be overlooked due to its complexity; rather, it can 
be effectively explored using the appropriate framework, as proposed by 
this study.

The results confirmed that addressing residual error assumptions is a 
proper tool for discriminating between different likelihood functions. 
Indeed, the findings obtained Contradicted previous assumptions 
regarding the characteristics of residual errors and clearly demonstrated 
their failure to hold. This study showed that it cannot be assumed a 
priori that residuals follow a normal distribution, are homoscedastic, or 
are always uncorrelated. Therefore, it is advisable that future studies 
make a concerted effort to address the characteristics of residual errors. 
The proposed tools in this study offer the necessary capability and 
flexibility to apply both formal and informal approaches. Consequently, 
after pre-processing, it is up to the user to determine whether the 

Table 3 
Results of uncertainty performance indices, specifically the R-factor and P-fac
tor, comparing the effectiveness of formal and informal likelihood functions. 
This table summarizes key performance metrics that emphasize the differences 
in uncertainty quantification between the two approaches, providing insights 
into their respective efficacy in modeling and analysis.

Piezometer Informal likelihood function Formal likelihood function

R_factor P_factor R_factor P_factor

Piez13 0.40 16.67 0.93 25.00
Piez53 0.30 16.67 0.94 8.33
Piez85 0.48 8.33 1.06 33.33
Piez212 0.39 25.00 0.66 41.67
Piez340 0.34 25.00 0.82 25.00
Piez482 4.25 50.00 6.56 58.33
Piez560 0.91 41.67 3.09 50.00
Piez631 0.30 16.67 0.87 91.67
Piez749 0.52 16.67 1.32 58.33
Piez760 0.36 16.67 0.73 8.33
Piez995 0.78 83.34 1.51 91.67
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Fig. 10. 95% prediction uncertainty ranges for the Piez631 piezometer, presented in (a) formal and (b) informal likelihood functions. The plots include the observed 
data represented by black squares, along with the 95% predictive uncertainty band illustrating total uncertainty, shown as a green shaded area. Additionally, un
certainty performance metrics are displayed, including the D-factor, P-factor, R-factor, and TUI, to evaluate the performance of the uncertainty assessments.
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Fig. 11. Illustration of residual errors in formal (first three panels) and informal (second three panels) functions for Piez631 piezometer: (a,d) residual error as a 
function of simulated head, (b,e) experimental (blue dash) and actual (red line) pdf of residual, and (c,f) residual independency with 95% significant level.

Fig. 12. Illustration of residual errors in formal (first three panels) and informal (second three panels) functions for Piez995 piezometer: (a,d) residual error as a 
function of simulated head, (b,e) experimental (blue dash) and actual (red line) pdf of residual, and (c,f) residual independency with 95% significant level.
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Fig. 13. Comparison of groundwater level simulations at the Piez631piezometer: (a) Top panel displays the results from the formal likelihood function, while (b) the 
bottom panel presents the informal likelihood function. The figure also includes the corresponding RMSE and Maximum Likelihood values for both methods.

Fig. 14. Comparison of groundwater level simulations at the Piez995 piezometer: (a) Top panel displays the results from the formal likelihood function, while (b) the 
bottom panel presents the informal likelihood function. The figure also includes the corresponding RMSE and Maximum Likelihood values for both methods.

A. Jafarzadeh et al.                                                                                                                                                                                                                            Ain Shams Engineering Journal 15 (2024) 103127 

14 



Fig. 15. Comparison of observed groundwater fluctuations (turquoise line) with predictions made using the formal likelihood function (pink line) and the Mfree 
method (green line) in the Piez631 piezometer.

Fig. 16. Posterior histograms of error model parameters using formal-based Bayesian Model Averaging (BMA) in the Piez631 piezometer. The figure includes weight 
distributions of numerical models (WMfree, WFE, and WFD), heteroscedasticity parameters (σ1 and σ0), kurtosis (β) and skewness (ζ) parameters, as well as 
autocorrelation parameter (φ).
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characteristics of residual errors should be incorporated into the 
modeling process or not.

Derived results reveal that the formal likelihood context applied in 
the current work can address residual assumptions well, mainly sta
tionary and normality. Also, formal function-based BMA performs better 
than informal function-based BMA considering different uncertainty 
performance metrics such as R-factor, P-factor, D-factor, and TUI. 
Further, the final prediction of formal function-based BMA is compa
rable to FE and even Mfree’s outputs.

Here our findings and recommendations for future scopes researches 
are listed (it is emphasized that these findings are specific to current case 
study, and they are obtained through limited data):

The obtained results suggest including more numerical models for 
tracking and discovering the uncertainty of mathematical models.

The in-depth analysis revealed that the performance of individual 
competing models (in this case, numerical models) varied over the 
simulation timeline. However, the existing BMA methodology applies 
constant weights to each competing model throughout the simulation 
period. As a result, future research will focus on enhancing the BMA 
framework by incorporating dynamic weights instead of using fixed 
weights during the simulation.

It was inferred that the greater the variety of input models, the more 
reasonable BMA’s output will attain. Hence, it is advised to set 
competing models in a way that their outputs encompass measurements.

Considering different functions like something introduced by Han 
and Zheng [16] can be conducted at next studies.
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