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Abstract. In this paper, a new method based on least squares support vector machines (LS-SVM) 

is presented for solving the inverse boundary value problem of Poisson equation. The closed 

form analytical solution is obtained by optimizing the regression parameters. The core problem 

is to transform the parametric regression problem into a quadratic programming problem. To 

demonstrate the efficiency of the proposed algorithm, numerical experiments are conducted. The 

proposed method is found to be feasible for the inverse boundary value problem of Poisson 

equation. 

1.  Introduction 

Some physical phenomena and engineering problems can be expressed by Poisson equation [1], for 

instance, electrostatic interactions in biological and chemical systems at molecular level [2,3], and the 

design of semiconductor devices at the nanoscale [4]. Many researchers have devoted to find an effective 

method for solving inverse boundary value problem of Poisson equation, such as analytical method, 

finite element method (FEM) and finite difference method (FDM). However, those methods are 

computational complexity since they require the mesh degeneration that obtains the accurate solutions. 

To solve the Cauchy problem for Poisson equation, the reference [5] investigated logarithmic convexity 

for discrete harmonics function, but the computational complexity can’t be obviously reduced. 

As LS-SVM method introduced regularization technology, it can overcome some limitations of the 

above methods to some extent. LS-SVM method has shown strong practicability since its appearance, 

and now it has been widely used in various problems, such as pattern recognition, classification and 

approximation [6,7]. Recently, LS-SVM is used to solve differential equations, which including 

ordinary differential equation, partial differential equation and inverse problem. Compared with 

traditional methods (FEM and FDM), LS-SVM can obtain closed form approximate analytical solutions 

[8]. The aim of this paper is to propose a method based on LS-SVM to solve the inverse boundary value 

problem of Poisson equation. 

2.  Introduction to the approximate method based on LS-SVM with mixture kernels function 

Consider the following problem: 

( , ), ( , )
o

xx yyu u S x y x y+ =                                          (1) 

https://creativecommons.org/licenses/by/4.0/
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( , ) , ( , )i iii iu x y f x y=                                           (2) 

( , )

, ( , )
i i

ii i

x y

u
g x y

n


=      


                                 (3) 

where S is a known function,  is part of the boundary  . Formulas (2) and (3) are Dirichlet 

condition and Neumann condition, respectively. However, only a part of boundary conditions be known. 

Therefore, the problem is an inverse problem. In fact, the numerical solution of the inverse problem is 

an approximate to the analytic solution. In this paper, we will introduce a function approximation 

method which based on LS-SVM with mixture kernels function, and then employ it to solve the inverse 

problems. Let ( , )u x y be a continuous and differentiable function on the bounded domain 2R  , 

which known on some interior points and partial boundary. Without loss of generality, we denote it 

as follows: 

( ) , ( , )j j j i j Du p u p x y V=   =                                       (4) 

( ) , ( , )i Bjj j ju p f p x y V=   =                                      (5) 

ˆ

ˆ ˆ ˆ(,  , )

i

i i j

p

i B

u
p x y Vg

n


= =    


                                (6) 

where DV is the interior points set,
BV and ˆ

BV are the boundary points sets of  . The members of the 

three sets are DV N= , 1BV M=  and 1
ˆ
BV M= , respectively. Our purpose is to seek a function 

( , )u x y with continuous partial derivative under formulas (4)-(6) constraints. According to the 

principles of LS-SVM, we can define ( , )u x y as following expression: 
N

1

( ) K( ) , ( , )j j

j

u p p p b p x y
=

= − + =                              (7) 

where K is the kernels function, 
T

1 2[ ]N   =  and b  are the regression coefficients that 

have to be determined. In this study, K is constructed as the weighted combination of Gaussian function 

and polynomial function. 

2

,
K( ) exp( ) (1 ) (1 , )

2

j j k

j j

p p p p
p p w w p p



 − − 
− = − + − +                    (8) 

where<, > denotes the inner product, w is the weight, k is the degree of the polynomial, and  is 

the width of the kernels function. In order to estimate the regression coefficients, it can be transformed 

into the following quadratic programming problem: 

( )
,

1
ˆ ˆmin

2 2

T T T T

b
e e e e e e




  + + +                                              (9) 

( )

( )

( )

1

1

1

  0,

  0,

ˆˆ ˆ ˆ0,

N

j i j i i i D

j

N

j i j i i i B

j

N

j i j i i i B

j

K p p b u e p V

s.t. K p p b f e p V

K p p g e p V

=

=

=


− + − + = 





− + − + = 


 − − + = 








α

α

α

                         (10) 
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where 0   is the regularization factor, ( )ˆK i jp p−  is the outer normal derivative of K( )i jp p−  

at point 1 2[ ]T

Ne e e e= ,
11 2[ ]T

Me e e e= ,
21 2

ˆ ˆ ˆ ˆ[ ]T

Me e e e= are introduced bias terms. 

Theorem 1. Given the kernels width  and the regularization factor  , the solution of the above 

quadratic programming problem is obtained by solving the following linear equations: 

11 12 13 14 15

21 22 23 24 25

31 32 33 34 35

41 42 43 44 45

51 52 53 54 55

0

m m m m m Y

m m m m m U

m m m m m b

m m m m m F

m m m m m G









     
     
     
     =
     
     
       

    

    

    

    

     

                               (11) 

where 1 2[ ]T

N   = , 
11 2[ ]T

M   = and 
11 2[ ]T

M   =  are Lagrange 

multipliers. The meanings of the block matrix of the system are 11 Nm I=  (Identify matrix of 

order N ), 12 ( ( ))j i N Nm K p p = − , 13 1(0)Nm = ,
114 (K( ))j i N Mm p p = − ,

215 (K( ))j i N Mm p p = − ,

21 12

Tm m= , 22

1
Nm I


= − , 23 1(1)Nm = ,

124 (0)N Mm = ,
225 (0)N Mm = , 31 1(0) Nm = , 32 1(1) Nm = ,

33 0m = ,
134 1(1) Mm = , 

235 1(0) Mm = , 41 14

Tm m= , 42 (0)M Nm = ,
143 1(1)Mm = ,

144

1
Mm I


= − ,

1 245 (0)M Mm = , 51 15

Tm m= , 52 (0)M Nm = ,
253 1(1)Mm = ,

2 154 (0)M Mm = , 
255

1
Mm I


= − , 1(0)NY = ,

1( )i NU u = ,
1 1( )i MF f = ,

2 1( )i MG g =  

It is easy to prove this theorem using the Lagrange multiplier method, so it is omitted here. In order 

to test the approximation of the proposed method, an example is provided below. The function is

( , ) ,
2 sin( )

x y
u x y

xy

−
=

+
and the domain is  2 2( , ) |1 4 .x y x y =  +   Without loss of 

generality, observation information is provided at the boundary  2 2( , ) | 4 .x y x y = + = The 

training interior points are 
1.05 : 0.05 :1.95

0 :9 :351

=


=

r
. It is clearly V = 760D . Letting the boundary 

points 
2

0 :1:359

=


=

r
, so we have 

1 2M M 360.= =  Considering the function of the regularization 

factor γ, we can take it as a constant. In this study, we take 
810 =  for all examples. Moreover, 

the degree of the polynomials is fixed to 3. The kernels width parameter is the only adjustable 

parameter. After a lot of experiments, we found 0.4 = is more suitable. Next, we set up the 

testing sets. The interior testing points set {( , ) | 1.01: 0.01:1.99, 0 :1:359},iaT r r = = = the 

member is 35640. The maximum error (ME) and the root mean square error (RMSE) of the regression 

value are 2.66e-3 and 6.36e-4, respectively. We choose {(1, ) | 0 :1:359}ibT  = =  as the testing 

boundary. The function value and the outer normal derivative are the test indicators. The results are 

listed in Table 1. The approximation accuracy of the proposed method is as expected. Next, we apply it 

to solve the inverse boundary value problem. 

 
 



The 2nd International Conference on Computer Technology and Information Science
Journal of Physics: Conference Series 2852 (2024) 012005

IOP Publishing
doi:10.1088/1742-6596/2852/1/012005

4

 

 

 

 

 

 

3.  Formation of the proposed method for inverse boundary value problem of Poisson equation 

For convenience, we rewrite the inverse problems as follows: 

( ) ( ), ( , )
o

Lu p S p p x y= =                                    (12) 

( ) , ( , )i i i i i Bu p f p x y V= =                                    (13) 

ˆˆ ˆ ˆ, ( , )|
ip i i i i B

u
g p x y V

n


= =     


                              (14) 

where L  denotes xx yyLu u u= + . Note that the function’s information is provided only at the partial 

boundary. The meanings of these symbols are the same as the above section. Assume the approximate 

solution of the problem (12)-(14) expression: 

1

( ) K( )
N

j j

j

u p p p b
=

= − +                                    (15) 

Inserting (15) into formulas (12)-(14), we can obtain the following equations 
N

1

H( ) 0, Nj i j i i

j

p p S e i
=

− − + =                                (16) 

N

1

1

K( ) 0, Mj i j i i

j

p p b f e i
=

− + − + =                              (17) 

N

2

1

ˆ ˆK( ) 0, Mj i j i i

j

p p g e i
=

− − + =                               (18) 

where ˆK( )i jp p−  is the outer normal derivative of K( )i jp p− at point ip . H( )i jp p−  is the 

value of (K( ))jL p p− at the point ip . The symbol N  denotes the set {1,2, , N} . 

Remark 1. Note that (16)-(18) is slightly different from (4)-(6). Here ( )iu p is unknown that to be 

determined. 

In order to estimate the regression coefficients, it can be transformed into the following quadratic 

programming problem: 

,

1
ˆ ˆmin [ ]

2 2

T T T T

b
e e e e e e




  + + +                           (19) 

N

1

N

1

1

N

2

1

H( ) 0, N

s. . K( ) 0, M

ˆ ˆK( ) 0, M

j i j i i

j

j i j i i

j

j i j i i

j

p p S e i

t p p b f e i

p p g e i







=

=

=


− − + = 




− + − + = 



− − + = 








                     (20) 

Theorem 2. Given the kernels width σ and the regularization factor γ, the solution the above 

quadratic programming problem (19)-(20) is obtained by solving the following linear equations: 

11 12 13 14 15

21 22 23 24 25

31 32 33 34 35

41 42 43 44 45

51 52 53 54 55

0

m m m m m Y

m m m m m U

m m m m m b

m m m m m F

m m m m m G









     
     
     
     =
     
     
       

    

    

    

    

     

                          (21) 
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Remark 2. Most of the symbols in formula (21) have the same meaning as those in formulas (11). 

The symbols with different meanings are 12 (H( ))j i N Nm p p = − , 
114 (K( ))j i N Mm p p = − ,

15
ˆ( ( )j im K p p= − 1( )i NU S = . Similarly to Theorem 1, we also omitted the proof. 

4.  Numerical examples 

In this section, we will test the performance of the proposed method on two examples, denoting as Exp1 

and Exp2. In Exp1: 0S = , 
2 21

( , ) ( 2 8 )
4

u x y x y x y= − − + , 
2 2{ 1 4}x, y) x y =  + ( , and the 

unknown boundary is 2 2 2x y+ = , 760N = , 1 2 90M M= = . In Exp2: 22 sin( )sin( )S y y  = −  , 

( , ) sin( )sin( )u x y y y = , { 0 , 1}x, y) x y =  ( , and the unknown boundary is 0x =  and 1x = ,

361N = , 1 2 98M M= = . We add 5% random error into the observation in order to verify the 

robustness of the proposed method in Exp1 (See Table 2). The RMSE of numerical results is also at the 

level of the noise. The formula for adding random error is as follows:

= +0.1 ( ( ( ),1) 0.5)f f f rand size f −  and g=g+0.1 ( ( ( ),1) 0.5)g rand size g − . The optimal 

parameter σ for Exp1 and Exp2 is 0.6 and 0.5, respectively. The results are shown in Table 2 and 

Table 3. 

Table 1. Approximate results on 
ib . 

w Function value Outer normal derivative 
ME RMSE ME RMSE 

1.00 5.53e-3 5.83e-3 1.37e-1 5.05e-2 
0.80 2.08e-3 8.90e-4 4.33e-2 1.60e-2 
0.70 2.53e-3 9.57e-4 3.95e-2 1.583-2 
0.60 3.16e-3 1.07e-3 5.47e-2 1.76e-2 
0.40 4.34e-3 1.58e-3 9.27e-2 2.73e-2 

 

Table 2. The numerical results of Exp1. 

 
Training error Testing error 

Test boundary 

Function 
Outer normal 

derivative 

W ME RSME ME RSME ME RSME ME RSME 
0.00 3.00e-6 9.90e-7 3.14e-6 9.95e-7 3.16e-6 1.48e-6 3.00e-6 1.45e-6 
0.25 1.12e-4 5.06e-5 1.16e-4 5.09e-5 9.24e-5 4.75e-5 9.05e-5 4.55e-5 
0.50 1.16e-4 4.17e-5 1.20e-4 4.19e-5 1.20e-4 5.68e-5 1.62e-4 9.92e-5 

0.50* 8.32e-2 2.77e-2 9.05e-2 2.79e-2 9.22e-2 4.32e-2 1.71e-1 6.31e-2 
0.75 3.23e-4 1.63e-4 3.28e-4 1.64e-4 3.26e-4 1.82e-4 3.93e-4 2.17e-4 
1.00* 1.80e-2 7.83e-3 1.86e-2 7.88e-3 1.88e-2 1.53e-2 2.33e-2 1.26e-2 

* With 5% rand error in the observation data 

 

Table 3. The numerical results of Exp2. 

 
Training error Testing error 

Test boundary Test boundary 

Function 
Outer normal 

derivative 

W ME RSME ME RSME ME RSME ME RSME 
0.00 0.2981 0.1255 0.3587 0.1275 0.3811 0.1560 2.2623 1.1001 
0.25 4.26e-3 1.78e-3 5.03e-3 1.84e-3 5.25e-3 3.26e-3 3.35e-2 1.67e-2 
0.50 4.17e-3 1.60e-3 4.92e-3 1.65e-3 5.14e-3 2.95e-3 3.17e-2 1.55e-2 
0.75 3.64e-3 1.41e-3 4.29e-3 1.45e-3 4.48e-3 2.62e-3 2.83e-2 1.40e-2 
1.00 2.67e-3 1.11e-3 3.14e-3 1.14e-3 3.28e-3 2.08e-3 2.23e-2 1.13e-2 

5.  Conclusions 

In this study, a new numerical method that based on LS-SVM is proposed to solve the inverse boundary 

value problem for Poisson equation. This method can inverse the information on the unknown boundary 

through some given Dirichlet and Neumann boundary conditions on the accessible part of the domain. 
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In addition, the method provides a closed form analytical solution. We compare the numerical solutions 

with the analytical solutions. The numerical results show that the method is effective and stable. In the 

future, the proposed method may be extended to solve nonlinear inverse problems. 
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