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1 | INTRODUCTION

In this paper, we aim to study the numerical treatment for an inverse potential problem for a
time-fractional diffusion model. Consider the convex polyhedral domain Q C R?, with1 < d < 3,
and let 0Q denote the boundary of Q. Consider the initial-boundary value problem:

ofu—Au+pHu=f, inQx(0,T],
o,u=0, onoQx(0,T], (1.1)
u(0) = uy, in Q,
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where T > 0 denotes the prescribed final time, uy is the given initial condition, f represents the source
term which depends on the spatial variable, and v is the outward unit normal vector to the boundary
0Q. The notation d7u, with « € (0, 1), denotes the Djrbashian—Caputo fractional derivative of order
a, defined by

a _ 1 ' o,
ofu(t) = 7”1 — 0‘)/0 (t =) %u'(s)ds, (1.2)

where I'(z) = focx’sz‘1 e~*ds with R(z) > 0 denotes Gamma function.

In recent years, fractional evolution models have garnered considerable interest for their excep-
tional ability to characterize the anomalous diffusion phenomenon, which is prevalent across a wide
spectrum of engineering and physical contexts. The array of successful applications is extensive and
continuously expanding. Notable examples include the diffusion of proteins within cellular environ-
ments [12], the movement of contaminants through groundwater systems [23], and memory-dependent
heat conduction processes [35], among others. For an in-depth exploration of the derivation of per-
tinent mathematical models and their numerous applications in the realms of physics and biology,
readers are directed to thorough reviews [30, 31] and detailed monographs [8, 13].

In this paper, we address the inverse potential problem (IPP) described as follows: for a fixed point
Xo € Q, our objective is to reconstruct the potential function p’(¢) from the single point measurement
u'(xo,1) with ¢ € [0, T]. We let u" denote the exact solution with the exact potential p' that belongs to
admissible set

B={peCl0.T]:0<p<5,), (1.3)

where ¢, > 0 is a constant. In practical scenarios, the actual measurement, denoted by g;(#), typically
contains noise. We assume that gs(¢) satisfies the following noise condition

llgs — utxo, ;9| cror) = 6 (1.4)

where 6 denotes the noise level.

This research provides the following contributions. First of all, we establish a conditional Lips-
chitz stability estimate under some mild assumptions on problem data, as given in Theorem 3.2. This
stability estimate leverages the smoothing properties of the direct problem and employs a carefully
selected weighted L” norm. Our second contribution, presented in Theorem 4.2, involves the develop-
ment of a practical, fully discrete fixed-point algorithm. Moreover, we analyze the error for the discrete

N in the #P norm:

reconstruction (p%),_,

Lok = p* Iy ller < ("7 log ] + | log Al +7776) (1.5)

for any p € (1, o0). This estimate provides clear guidance for selecting algorithmic parameters, such as
spatial mesh size /4 and temporal step size 7, in relation to the noise level 6. The outcome is achieved
through the application of the weighted #” norm, combined with error estimates that are optimally
aligned with the regularity of the problem data for the direct problem.

The research into inverse problems for time-fractional evolution models began more recently, with
significant contributions originating from [5] (see [26, 28] for some recent overviews) and numer-
ous studies have focused on the reconstruction of a space-dependent potential or conductivity from
lateral Cauchy data [4, 17, 19, 22, 32] or from the terminal data [14, 15, 20, 21, 38]. Although sig-
nificant research has been conducted on inverse problems associated with time-independent elliptic
operators employing Mittag—Leffler functions or Laplace transform, the study of analogous inverse
problems involving an elliptic operator that varies with time remains notably less developed due to
the inapplicability of these tools. The unique identification of a time-dependent diffusion coefficient
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in a one-dimensional model from lateral flux observations was discussed in [37]. In [39], the back-
ward problem with a time-dependent elliptic operator was examined in case of sufficiently small or
large terminal time. Fujishiro and Kian [10] examined the same inverse problem discussed in this
paper, establishing a similar stability estimate as shown in Theorem 3.2. However, no reconstruction
algorithm or numerical analysis exists. In the current work, we revisit the problem and demonstrate
stability through a different approach, utilizing the smoothing properties of the solution operator and
choosing an appropriate weighted 7 norm. This stability analysis also inspires an iterative algorithm
as well as its convergence analysis. Moreover, an error estimate for the numerical discretization is pro-
vided. This is achieved by using the proposed stability analysis and appropriate error estimates that
are optimal with respect to the regularity of the problem data for the direct problem. In [16, 29], the
authors investigated the stable recovery of a time-dependent potential from the integral measurement
]Q u(x,t) dx for all + € [0, T]. The problem addressed in the current paper poses greater challenges.
Here, the observation u(xo, ) demands higher regularity, and the term Au(xy,#), which cannot be
computed directly, introduces additional difficulties in numerical analysis.

The remainder of the paper is structured as follows. Section 2 is dedicated to gathering foun-
dational results related to the forward problem, including well-posedness and regularity estimates.
A Lipschitz-type stability of the IPP is established in Section 3. In Section 4, we develop an itera-
tive algorithm, accompanied by an exhaustive error analysis for the numerical reconstruction. Finally,
Section 5 offers numerical experiments that demonstrate the efficacy of our numerical approach.
Throughout, we use c to represent a generic constant whose value may vary with each instance of use,
but remains independent of variables such as the noise level §, the spatial mesh size A, the temporal
step size 7, the iteration number &, and so forth.

2 | PRELIMINARIES

In this section, we will present foundational results concerning the solution operators, their smoothing
properties, and the well-posedness of the problem. These results will be extensively utilized in the
subsequent sections.

LetA = —A+col with homogeneous Neumann boundary condition, where the domain is defined by
D) :={ve [*(Q) : —Av+cov € L3(Q),0,v|s0 = 0} and a fixed constant ¢y > 0. Let {Ar}32, and
{@,}52, be eigenvalues and eigenfunctions of A, respectively. Here we denote the eigenvalues {4,}5
ordered nondecreasingly with multiplicity counted and the corresponding orthonormal eigenfunctions
{pr}2., in L*(Q). Then we define

A=Y A0, 000, 520

£=1
with its domain D(A®) = {v € [*(Q) : A’v € L*(Q))}.
In complex plane C, we define the sector £y := {0 # z € C : arg(z) < 0} with some fixed

0 € (n/2, m). Then the elliptic operator A satisfies the resolvent estimate [1, theorem 3.7.11]: for any
ZE Xy

-1 -1
Iz +A)" ll2@-r2@ < colzl ™. 2.1
Now we introduce the solution operator
1 1

E@) 1= — @ +A)7'e"dz and F() = — / N+ A) e dg, (2.2)
2ri I, 2zi Ty,
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with the integration over a contour I'y . in 2y, defined by
oo ={z€C: |z] =x,|argz| <0}U{z€C : z=ret’ r> ).
Note that the time-fractional diffusion problem (1.1) could be written in the abstract form
ofu(t) + Au(t) = (co — pu(@®) +f Ve (0,T], with u(0)= up. 2.3)

Then the solution to the direct problem (1.1) could be represented as [13, sect. 6.2]

u(t) =F(Huo + / E(t = s)(f = (p(s) = colu(s))ds. (2.4)
0

In case that f is independent of time, then we apply the identity F'(f) = —AE(¢) to derive

u(t) = F(t)(ug — A™'f) + A7'f — / (p(s) = co)E(t — )u(s)ds, (2.5)
0

Next, we present some smoothing properties of the solution operators, which will be used throughout
the paper.

Lemma 2.1. Let F(¢) and E(t) be the operators defined in (2.2). Then, for any s € [0, 1],
the following estimate holds

FNASE@W|| 2 + TN AE@V 20 < Vi,  forall t >0,

where the positive constant c is independent of t.

Proof. When s = 0, 1, the estimates can be found in [13, theorem 6.4] using the resolvent
estimate (2.1). When 0 < s < 1, the result follows from standard interpolation theory [27,
proposition 2.3]. [

The subsequent lemma details the well-posedness of the solution to problem (1.1). Comparable
results were previously established in [16, theorem 2.1] through a fixed-point argument based on the
smoothing properties delineated in Lemma 2.1. Due to the similarity of the arguments, we do not
repeat the proof here.

Lemma 2.2. Assume p belongs to B and is piecewise C', uy € D(A*7/2), and f €
D(A"?), for a certain y where % < y < 2. Under these conditions, the problem
(1.1) uniquely determines a solution u € C%([0,T]; D(A"/?)) n C([0, T]; D(A'+7/2)).
Furthermore, the fractional time derivative 0%u € C([0, T]; D(A?/?)).

3 | ANALYSIS OF IPP

Next, we prove a Lipshitz-type stability for the IPP under some mild condition. The stability result will
further motivate us to design an iterative algorithm for the numerical inversion. We begin by proposing
the following assumption.

Assumption 3.1. We suppose that the following conditions hold valid.

e p € B and is piecewise C', uy € D(A1+7/2),f € D(Ay/z),for some % <y<2.
o For xy € Q, there exist positive constants ¢, and ¢, such that ¢, < u(xo,t) < ¢, for all
te[0,T].
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Note Assumption 3.1 (i) ensures the regularity result in Lemma 2.2. Moreover, by maximum
principle [9, theorem 12, sect. 7.1] Assumption 3.1 (ii) holds true if uy, g,f are strictly positive and
bounded.

We now introduce some notation for norms of L space. For w > 0, we define weighted L” norms
by

1
T »
e ®u)P dt) , with p €0, ),
lullz o = (/o e ul > p € 0.0 3.1

esssup, (e u(?), with p = co.

Note that for any p € [1, oo], the standard L”(0, T') norm is equivalent to L2(0, T) norm. In the context
of a Banach space X, L7(0, T; X) denotes the Bochner space, || - ||1r.r:x) and || - || o,r.x) denotes the
standard and weighted L” norm, respectively.

Theorem 3.2. Assuming py, p2, ug and f fulfill the conditions specified in Assumption
3.1, let uy = u(py) and uy = u(p,) represent the solutions to (1.1) corresponding to the
potentials py and p,, respectively. Then, for a given point xo € Q and p € [1, ], the
following stability estimate is valid:

o1 = p2llzr0.r) < cllof (uy — u2)(xo, Ml ro,1)-

Here ¢ depends on ¢, and ¢, in Assumption 3.1 (ii), a, €, ||f||purm), [|Aui(xo, )llcqo.r)
and |07 uy (xo, )l cqo.ry-

Proof. By Assumption 3.1 (ii), u;(xo,t) > ¢, > 0. According to the equation in (1.1), p;
can be written as
f(xo) + Aui(xo, 1) — 0 ui(xo, 1)
pi() =
u;i(xo, 1)
_ J(x0) = Aui(xo, 1) = 0fui(xo, 1) + couti(xo, 1)
u;(xo, 1)

As a result, we observe
X X A A o¥ o
(o1 = ) =< fow) _ _Jxo) ) + <”2 - ’“)(xo,t>+ (”2 - ’”“)(xo,r)
uy(xo, 1)  uz(xo, 1) up u uy u

=l + L + Is.

In the following, we establish bounds for I;, I, I3 separately. By Assumption 3.1, ellip-
tic regularity estimate and Sobolev embedding theory [11, theorem 7.26], we have that
lf(xo0)| < ||A7/2f||Lz(g) <cfory > %. As aresult, We arrive at

uy —

u
(0, *)
uiuy

< cll(ur = u2)xo, 20,19

1L llzz 0, < W llparrzy
2(0,T)

For I,, according to Assumption 3.1, Lemma 2.2, the elliptic regularity and Sobolev
embedding theorem, we have for y > g

1+
lAu1 (xo, llcqorn < A 2urllcqorz@) < c
Then we conclude

12122 0.1y < cllAQur — u2)(x0, )l 22 0,7)-
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Now we establish an estimate for [|A(u1 — u2)(xo0, )|l 12 0,7)- Denote w = uy —up, w satisfies
ofw(t) + Aw(t) = [(p2 — p)ur)(t) + [(p2 — co)(ua —u))(®), Ve (0,T]. (3.2)
and w(0) = 0. According to (2.4), we derive that

Y

) t
A2y — ) D2y < / (2 = PO IEE = A 2us(9) ]| 2 ds
0

! Y
+/ 1p2(5) — col |E(t — $)A™ 2 (uy — un)(5)|| 2 ds
0
=D+ 1ha).

Since ||A1+§u1 lleqor:r2@)y < ¢, the Young’s inequality for convolution and Lemma 2.1
lead to
p

T T t
/ ("L (1)) = / ( / e 1(p2 = p)(s)| ||E(z—s)A“%m(s)an(Q)ds) ar
0 0 0

T ' ,
Sc/ </ e—w(t—s)(t — s)a—le—wslpz(s) - Pl(S)lds> dr
0 0
T P T
C(/ e‘wtﬂl—ldt> / (e_wtlpz(t) - pl(t)l)pdl
0 0

IA

Thus we conclude that

211201 < co™lp1 = p2lliz0.1)-

®

Since || p2|lco, 1) < €, the term I, ; can be estimated via a similar argument. Accordingly,
we arrive at

— 1+L
2220, < co™ A2 (ur — u)l 12 0.7:0200))-
With the estimations for I, ; and I, ,, taking o sufficiently large, we obtain
1+ -
1Az (1 — w2 0,112 < c0™Nlp1 = p2lliz 0.1y
and hence
1+2 _
1Ll 07 < A2 = u)llz o2 < co™*llo1 = pallizo.m)-
For I3, since Assumption 3.1 holds and ||0f u; (xo, *)||cfo.r] < ¢, we obtain
G120,y < c(llor (ur — u2)(xo, Iz 0,1y + 11 — u2)xo, ) 2.0.1)-
In conclusion, the estimations for I, I, I3 gives that
oy = p2llz o < € (110 uy = u2)(xo, Iz o) + 111 — u2)Xo, )l 2

D

Again, we take o sufficiently large and get

lor = p2lliz o < ¢ (110f (uy = u2)(xo, Mz o, + 1@ = u2)xo, Iz o.1)) -

By the norm equivalence, we obtain

o1 = P2l < ¢ (1107 (= u2)(xo, o) + 1y — u2)(xo, o)) - (3.3)

T p
C(A e_wtta_ldt> ”pl - p2||217(0’]~) < C(F(a)w_a)p”pl - p2||i£17(0,7')'

o) +collpr = p2lliz o.1)-
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Moreover, by [13, theorem 2.13 (ii), p. 45], we can write w() = w(0) +
L(a)™" [(t = 5)*~'0%w(s) ds. We further apply Young’s inequality to obtain

[y — u2)(x0, Hlero,r) < € 107 (uy — u2)(xo, )l r0,1)-

Together with (3.3), we obtain the stability result presented in the theorem. (]

Theorem 3.2 provides a Lipschitz-type stability. We observe that the IPP experiences an ath order
derivative loss, which directly implies that the ill-posedness of IPP intensifies with an increase in the
fractional order a. The findings herein align with those presented in [10, theorem 1.2]. This stability
estimate not only ensures the potential for stable numerical reconstruction but also plays a crucial role
in devising an iterative reconstruction algorithm.

The Lipschitz-type stability lays the foundation for the creation of a reconstruction algorithm that
can retrieve the potential p(f) from the observation u(xy, f), accompanied by error estimates. We will
now introduce a straightforward iterative algorithm and demonstrate its convergence within the L7 (0, T')
norm. Here we define the following cut-off function

Pgla] = min(max(a, 0),¢)).
Then for p* € & and any p € C[0, T], we note

IPglp®] = p 0] < |p() — p'(1)|, VteO0,T].

Proposition 3.1. Let p' € B and that uy, g, and f adhere to Assumption 3.1. Let ut =
u(p") be the solution to (1.1) associated with the potential p'. Take xy as any fixed point in
the domain Q and define g(t) = u(xo, t; p) as the measurement data at that point. Starting
with any initial guess pgy from the admissible set 3B, we then proceed with the following
iterative scheme

Sf(xo) + Aulxo, t; pr) — 07 g(t)

pr+1() = Pg , Vte[0, Tl (3.4
8()
Then for sufficiently large w, the sequence of functions { p } 32, converges to p' in L5,(0, T)
and there holds
Ip" = pellizor < (c@™ ) Np" = pollizor, k=12, ... (3.5)

. _ r _ . . . ..
Here c relies on a, ¢, and Aoyt 1209, and ¢, , ¢, given in Assumption 3.1 (ii).
P C(0,T;L*(L2)) Lu

Proof. First, we define M : B — & s.t. for any p € A,

Mp =Py [f(xO) + Au(xo, t; p) — a;’g(t)] .
80

By Lemma 2.2, we conclude Mp € 9. Note that p' is a fixed point of the operator M.
Then we have

lpis1(t) = p' ()| = |Pg [f(xO) + Aulxo, 1 p) = af’g(t)] —p'
8
< J(x0) + Aulxo, t; pi) — 978(1) ot
80
_ |AuGo. i) = Aulxo, 13 p7) | ulxo, 13 pr) = ulos 1 p*)'
80 140 ’
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where in the second line, we use the stability for any p € % and r € [0, T']

IPglp®] = p' (] < |p(t) — p (@)

Recall that g(¢) = u(xo, t; p") satisfying Assumption 3.1 (ii). This together with the elliptic
regularity and Sobolev embedding implies that

10" () = 1 (O] < cllA™ 2 u(t; p) = ut; p) 2

fory > %. The argument in Theorem 3.2 further leads to

IA™ @t p7) = et Dz 0:7.22000) < @™ llp = o iz
Then we conclude
lprs1 — pT”Lﬁ,(O,T) < co™*||px - PT||LZ,(0,T)’
Finally, choosing w large enough, the sequence {p*}2, will converge to p' as in (3.5). =

Remark 3.1. The above stability estimate Theorem 3.2 and the reconstruction scheme in
Proposition 3.1 can be directly extended to the problem with Dirichlet boundary condition.
Consider the initial-boundary value problem:

ofu—Au+pu=f, inQx(0,T],
u=0, onoQx(0,T],
u(0) = uy, in Q.

The inverse problem aims to reconstruct the potential function p(t) from the single
point measurement u(xo,t) with t € [0,T], where xy is a point in the interior of Q.
Under the Assumption 3.1, one can show that the inverse problem achieves the Lip-
schitz stability. The unknown potential p(t) could be reconstructed by the fixed point
iteration formula (3.4). We note that in the Dirichlet boundary condition case, the
point measurement should be taken for xy in the interior of the domain, while for
the Neumann boundary condition case, the point measurement could be taken at x
on 0Q.

4 | RECONSTRUCTION ALGORITHM AND ERROR ANALYSIS

Recall the iteration (3.4) in Proposition 3.1 gives a approach to reconstruct the unknown potential. In
practice, one needs to discretize the forward problem (1.1) and the iteration scheme (3.4). To derive
the error estimate, throughout this section, we view the operator A = —A + ¢y as an operator in L* (L),
with domain

Do(A) = {v e C(Q), d,v =0o0n 90Q, and — Au + cou € C(Q)}.
Then there holds the maximum norm resolvent estimate ([33, theorem 1] and [24, app. A])
Iz +A) Ve < clvllze@)- 4.1)

This yields the following smoothing property of the solution operators E(¢) and F(¢) in L*(€)-norm.
The proof follows from the standard argument by Laplace transform and resolvent estimate (4.1). See
for example, [13, theorem 6.4].
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Lemma 4.1. The following estimate holds for any s € [0, 1],
PUIAF@V|| s + 1 NAE@V] o) < Vi, forall t> 0,
where the positive constant c is independent of t.
For the numerical estimate, we propose following higher regularity assumption.
Assumption 4.1. We assume following conditions hold

e p € B and is piecewise C', ug, Aug € Do(A), f € Do (A).
e For any xo € Q, there exist positive constant c, and ¢, such that ¢, < u(xo,t) < ¢, for
allt € [0, T].

Under Assumption 4.1 (i), the same argument for Lemma 2.2 yield that problem (1.1) uniquely
determines a solution u € C*([0, T]; Dy (A)) and Au € C([0, T]; D (A)). Moreover, for a point xy € Q,
u(xo, t) € C*[0, T]1 n C3(0, T, and there holds [36, theorem 2.1]

110/ (OF u(®))l =@y + 10 (Au(®))|| =@ < ct™* for £ =0,1, 4.2)

and
10f u(®)|| =@ < ct** for £ =1,2. 4.3)

4.1 | Fully discrete scheme for the direct problem

Next we present fully discrete scheme for solving the forward problem. For time discretization, we
divide the interval [0, T'] into N uniformly subintervals with step size 7 = T/N and set the time grids
{t, = nt}"_,. We employ convolution quadrature generated by backward Euler scheme (BECQ) [18,
chap. 3] to approximate the fractional derivative 0%v(z,) (with v/ = v(t)):

oVt = T‘“Za)](»a)(v"_j =0, with (1 — &)% = Za)](.a).
j=0 j=0
For spatial discretization, we apply the Galerkin finite element method, following [18, chap. 2]. Let 7,
be a quasi-uniform simplicial triangulation of domain Q with mesh size 4. Over T;,, we let Vj, ¢ H'(Q)

be the conforming piecewise linear finite element space. On the FEM space V},, define the orthogonal
projection on L*(Q), P, : L*>(Q) — V), such that

(Puv. ) = (v n), Vv ELQ), ¢y €V,
and Ritz-projection R, : H'(Q) = V,, by
(VRyv, Vo) = (Vv,V¢,) and /thdx = /de, Vv e HI(Q), dn € V.
o Q

Then for 1 < p < o0, s = 0,1,2 and £k = 0,1 with k < s, the following estimates holds for
L?*(Q)-projection [2, 7]

v = Pivllwes < e Vllwre) ¥ v e WP(Q) (4.4)
and Ritz projection [34, eq. (1.45)]
v = Ruvll=@) < ch’loghllIv]lws=@ Vv €& W*(Q). 4.5
We define the discrete Laplacian operator A, : Vj, — Vj, such that

(=Apvn, dn) = (Vv, Vo), Vv, ¢ € Vi,

a ‘9 'v20e '92vZ860T

wouy

SUONIPUOD PUE S | ) 385 *[5202/E0/72] UO ARIGITBUIIUO ABIIM 'INOH ON NH ALISYIAINN OINHOTLATOd ONON ONOH Ad 9ETEZ WNU/Z00T OT/10pLI0D /3| 1M

|1

-pue

35UB0| 7 SUOLULLIOD 3A1Ea1D) ajqeal[dde au Aq pausenob afe sspie WO ‘88N JO sajnu oy Ariq1auljuo A3|IMm uo



10 of 25 Wl LEY CENET AL.

and define A;, = —Aj, + ¢o. Then the following discrete L= (Q2) resolvent estimate holds [6, theorem
1.1] and [25, theorem 1.1]

Iz + A Vill=@) < clzl ™ vallze@  Yvi € Vi, 2 € Zg, 0 € (n/2, 7). (4.6)

We write the numerical scheme for approximately solving (1.1): find uj; := uj(p) € V), forn =
1, ... ,N, such that

@zt pn) + (Vidt, Vobi) + p(t) Wil i) = (. ). 4.7)
with u2 = Rjugp. Then the scheme (4.7) could be written as
0rud] + Aptd]l = (co — p(tu))u]l + Pyf. (4.8)

Use discrete Laplace transform, we obtain the following representation of u],

why = Fj Rytto +7 ) Ey I (Puf = p(t)u)(p) + cot (), 4.9)
j=1

where the discrete solution operator Fj,  and Ej, | are defined respectively by [18, sect. 3.2]

FZ,T = ZL/ 67(6—27)‘1_1e_ZTezt"((ST(e_U)a +Ah)_l dz,
Tl - (4.10)
e = Py (e + Ap) 7! dz,
1 e

with the kernel function 6,(¢) = 17'5 and the contour Iy, := {z € Iy : [S(z)| < #/7} with
0 e (g, r) close to z/2 (oriented counterclockwise). Similar as in continuous case, the following

smoothing property of the discrete solution operators F}  and Ej | holds valid (cf. [18, lemma 3.1])

h,t

1—(1—
B NALFT villis@ + o T NASER vallzs@) < cllvallie@) Yvi € Vi, s € [0, 1]. (4.11)

In the following, we aim to analyze the scheme (4.7). First of all, we present a priori bounds for
the numerical solution u},.

Lemma 4.2. Assume that p € B, up,Aug € Dy(A), and f € Dy (A). Let uy, solves the
fully discrete problem (4.7). Then there holds for all s € [0, 1]

max ||(Ap)u}|| 1= < C.
1§n<N”( Uyl <

Proof. Using the solution representation (4.9), we have

n n
Anti, = AnFp Ryo +7 ) EpTAnPif +1 Y Ep(co = p(t) At 4.12)
j=1 j=1

Then we apply the identity A,R;, = PpA + co(R, — Pj) and use the smoothing property
(4.11) together with the approximation properties (4.4) and (4.5) to obtain
NALF, Ruuoll =) < cllAugllz=)-

For the second term in (4.12), we apply the equality that I — F}, = = TZ;LIEZ;]A;, and the
smoothing property (4.11) to obtain

<clld = Fi)Pifllz=@ < cllPifllz=@) < cllifll=)-
L>(Q)

n
© Y Ep T AnPif
j=1

J
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For the third term in (4.12), we apply the smoothing property (4.11) to derive

7 ) By (co = p))Anuj,(q) lz:jlﬂ 1AL, || 1= (-

j=1

n n
<7

12(Q) J=1
To sum up, we arrive at
n
[[Anugllz=) < cUlAuollr=@) + Ilf =) + TZtZ:jl-{-l ||Ahb[é,||Lw(Q)~
j=t

Then the desired result for s = 1 can be directly derived from Gronwall’s inequality [18,
theorem 10.2]. The estimate for s = O could be obtained analogously and the intermediate
cases can be proved by the interpolation technique. [

Now we introduce the problem with time-independent coefficient: given v(0) = vy, find v(f) €
D4 (A) such that

ofv() + Av(t) =f(t), Yre(,T]. (4.13)
The fully discrete scheme of (4.13) reads: forn = 1,2, ... , N, we look for v} € V), satisfying
OV + Ay} = Ppf" Vi€ (0,T], withv) = Ryvo. (4.14)

The error analysis for the numerical scheme (4.14) has been provided in [36, theorem 4.5]. In the
next lemma, we establish an bound for [|Av(#,) — ApVill=@)-

Lemma 4.3. Suppose that vy, Avy € Do(A), and f € C(0, T; Do (A))NW1(0, T; Do (A)).
Let v solve problems (4.13) while v}, solves the numerical scheme (4.14). Then there holds

Av(t,) = Avilli=i@ < c(i?|loghl® +78;").

Proof. To derive the error estimate, we design an auxillary function v, solving the
semidiscrete problem: find v, (¢) € V}, such that

oFvi(t) + Apvi(t) = Pif(t) Y€ (0,T], with v,(0) = Ryvg. (4.15)
Similar to (2.4), v;, can be represented by [18, sect. 2.3]
t
vin(®) = Fp(ORpvo + / Ey(t — )Pyf (s)ds, (4.16)
0
where

E,(t) = L/ @ +A) e dz and  Fu(0) := L/ N+ A dz
27[1 Fﬂ,x 27[1 1—*91’(

We first estimate ||Av(f) — Apvi(f)|| o). With the solution representation, we have
t
Av(t) = Apvi(t) = (F(D)Avo — Fir()ApRpvo) + / En(t — $)An(Ry — Pp)fds
0

+ / E(t — 9)Af — Ep(t — )ApRifds = L, (1) + L) + L(0).
0

To estimate I, we note AyR;, = PA + co(R;, — P;,) and obtain

Li(1) = (F(0) = Fa()Pr)Avo + coFn()(Ry — Pp)vo.
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The estimates (4.11), (4.4) and (4.5) lead to
|Fa(®)Ry — Pi)vollr=@) < cll(Ry = Pi)volli=@y < ch?|log h|||[vollw2=()-
Meanwhile, according to [36, lemma 4.2], we derive that
IF@OPy = F1)Ao i) < ch?|log Al [ Avollwze@)-

Therefore, we obtain
L O|lr=@) < ch?|logh|>.

To estimate I, since —A,E,(t) = %F n(1), we write
t
L) = / En()An(Ry — Pp)f (t — s)ds
0

=- / Fu()(Ry — Pp)f'(t — s)ds — Fy(D)(Ry, — Pp)f (0) + (Ry — PR)f (7).
0

The estimate (4.11), the projection error estimates (4.4) and (4.5) directly imply that
t
L0l =) < ch?| loghl </ I ()l w2y ds + ”fllC([O,T];WZm(Q)))'
0

To estimate I3, still we apply —AE(¥) = %F (¢) and write

I3(n) = / (Fu(Ry = F())f'(t = 5)ds + (Fp ()R, — F0))f (0) + (I = Ry)f (1)
0

Using the estimate [36, lemma 4.2] and the approximation error of Ritz projection in (4.5)
lead to

t
153l < ch?| log h|3</ I ()l wae ds + |V||C([O,T];W2v°°(§2))>~
0

Now we consider ||A,v,(t,) — Apvjlli=). By the solution representation (4.16) and
(4.9), we have

t n
Apvn(ty) — Apvi = (Fu(tn) = FJi ) AnRyvo + l / Ei(t — )ApPyf (s)ds — rZEZ;fAhthf]
0 j=1

=: I} + 113
With the identity A,R;, = P,A + co(R;, — Py), we can write
I} = (Fu(ty) — i) PrAvo + co(Fa(ta) — Fy.. ) (Ry — Py)vo.
Using the error estimate for Fj,(t,) — F ,’,‘,T [39, lemma 4.9] we have
I} (|20 < ety vollwee(y-

To estimate II5, we insert R, and use AR, = PyA + co(Ry, — Pp),

n

Zw}mm—mw)
Jj=1

I = ( / Ep(t — $)Ay(Py — Rp)f(s)ds — =
0

n

ZEZ;"PhAff)

Jj=1

+ (/ Ey(t — s)PhAf(s)ds — t
0

a ‘9 'v20e '92vZ860T

SUONIPUOD PUE S | ) 385 *[5202/E0/72] UO ARIGITBUIIUO ABIIM 'INOH ON NH ALISYIAINN OINHOTLATOd ONON ONOH Ad 9ETEZ WNU/Z00T OT/10pLI0D /3| 1M

oM

-pue

35UB0| 7 SUOLULLIOD 3A1Ea1D) ajqeal[dde au Aq pausenob afe sspie WO ‘88N JO sajnu oy Ariq1auljuo A3|IMm uo



CENET AL. Wl LEY 13 of 25

n

ZEZ;j(Rh - Ph)fj>

Jj=1

+ C()(/ En(t—s)(R, — Pp)f(s)ds — 7
0

=10, + 10, + 114,

The terms II, ; and II, 3 can be estimated with the same argument for I,

t
15, |z + I 3]l < ch?|log hl(”Af”C([O,TJ;L""(Q)) +/ ||Af’(S)||L°°<sz))ds>-
0

Using the similar argument in [18, theorem 3.4], we achieve

t
I35 |10 < ety <”Af”C([0,T];L°°(Q)) + / ||Af/(S)||Lw(g))dS>~
0

Combining the bounds of I;, I, I3, II; and II,, the proof is completed. ]

The following lemma provides the error analysis for the numerical scheme (4.7).

Lemma 4.4. Suppose p* € BNC'[0, T, ug, Aug,f € Do(A). Let u = u(p’) solve problem
(1.1) while u} = u}(p") solves the scheme (4.7). Then the following estimates hold:

luty) = 1y < (2] log b + 227D,
[ Au(t,) = Ayl =0y < c(h*|log h]* + 7| log 7z, ").
Proof. The first estimate has been provided in [36, lemmas 3.2 and 4.2]. Then it suffices
to show the second assertion. To this end, we define uj, satisfying
071 + Apit) = Pyf + (co — p (t)Pru(ty; p*) for n=1, ... N, 4.17)
and ﬁ2 = Ryup. Then we can split the error as
€' 1= Au(t,) — Anpuy = (Au(ty) — Apuy) + (Aptty, — Apuy) = 9" + 0.
Using the solution regularity (4.3) and Lemma 4.3, we derive
19" lz=() < cU?[log hl® + 72, ").
To estimate ¢", note ) — u) = 0 and
0 (W} — 1) + A, — ) = (co — p' (1)1t — Pru(ty)).

Hence ¢" admits following representation

o = 2B (o = o' DA, — Pty
j=1
= e 20 (o = ) Aud, = Au)) + 7 ZE (o = o 1N AuE) — AnRi)
j=1 =

+7 ) Ep ((co = p @) ARRWu(t) — AnPru(t)))) = 0 + 0} + 0}
=1

By smoothing property of EZ_T’ in (4.11) and smoothness of p', we immediately get

n

n
—1 j -1
0}l < ez Y 2k A, = Au(t)lle) < et Y1k llejlls-
= =
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Since AyR;, = PrA + co(Ry, — Py), with the projection error (4.4), we derive

n
|05 ]lz=) < CTZIZ:jIJr1 (Au(ty) — PrAu(t)|l =@ + collRn = Pu()ll =)
=

< CTZIZ:jIJr1 (R Au(@) w2 + B[ 1og Al |lu(t) | wae )
=

< C??h2||Au(tj)||W2~m(g) + Cf]qh2| log Al ||lu(t) |lw2e()-

To estimate ¢, with smoothing property of EZ_TJ in (4.11) and projection error (4.4) and
(4.5), we obtain

n
03l < ez Y 55 AGRY — Prut) |-
J=1

Here we apply the inverse inequality for any ¢, € V}, and p € [1, o] [3, theorem 4.5.11]

”Ahd)h”L‘”(Q) < Ch_d/p”Ahd)h”U’(Q) — ch—d/p sup (Vd)h, Vlllh) + C0(¢h, Wh)
w,E€VY, ||ll’h||bu*(9)

< ch™ P2\ pull @y < ch™ P72 il c)-

By interpolation inequality, we conclude that

A4S Pillo@ < ch™ P2 pullr@) < ch™ /P24yl 1)

Then we obtain the estimate for ¢ by taking e = 1/| log k| such that
031l < ce™ >~ /PD Jog h| < ch*|log h|.

Combining above estimates, we derive
n

—1 2 3 -1
lle"ll=@ < et Y 1l llefllim + c(h*| log hl* + ;).
J=1

Then the desired estimate follows immediately by using discrete Gronwall’s inequality. =

4.2 | Numerical reconstruction for IPP

In this part, we state the numerical reconstruction scheme for IPP. Recall that the measurement
is taken at a fixed point xy € Q: gty = u(xo, 1), for t € [0,T]. Throughout, we assume
that we have C([0,T]) noisy measurement data gs satisfying (1.4). Under Assumption 3.1 (ii),
g > ¢, > 0is strictly positive. Hence we may assume the noisy measurement gs is also strictly
positive:
gu b= Qu
0< 2 <g<a+s (4.18)

We define the admissible set for discretized potential as
By =1{p=("_, 1 0<p" <C,}.

Then the numerical reconstruction scheme for IPP is given as follows: let pg = (,og)ﬁlv=l € By be an
initial guess, we update 1 = (py, l)nN=l from p; = (pZ)Q’zl by
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f(x0) + Aptdp(xo; pi) — 97 8s(tn)
8s (tn)
where uj(xo; pi) is the solution of (4.7) with potential py.
In the following, we want to show the convergence of the iteration scheme (4.19) and analyze the
reconstruction error. We first introduce the #” norm and weighted #” norm. For a sequence v, € X,
n=1, ..., we define £7(X) norm as follows

ol =Py ] n=1,...,N, (4.19)

(s

1
»
ZTHV”H')’() , if 1<p<oo,

1Oz llerexy 2= (n:l

sup|[v*|lx, if p=oco.
n>1

For a sequence v, € X, n =1, ..., we define the weighted £2(X) norm with a fixed @ > 0 as follows

o »
Y @I | . i 1<p<oo,
IV Tzl 2= n=1

supe™ " ||v*||x, if p=oco.
n>1
For any sequence (v");2, and p € [0, co], it is straightforward to observe that || - |[z2x, and || - ||z

are equivalent. Throughout, if X = R, we simplify the notation of #”(R) and 7P (R) to P and 7%,
respectively.

Theorem 4.2. Let Assumption 4.1 be valid and the observation gs satisfy (1.4). Then with

any pg = (pg)ﬁ]:, € By, the iteration (4.19) generates a sequence p; = (,02)1”\’=1 € By,
that converges to a limit p, = (p’,l)ﬁ’= | € By such that
Tk = P20 Nl < (c@™) Lo = il Nl forall p & (1, c0), (4.20)

when the weight parameter w is sufficiently large. In addition, there holds the error
estimate

NPT () = PN Nler < c(2'/7|Tog 7| + R*| log kI + 7775). 4.21)

Proof. First, we show the convergence of the iteration scheme (4.19) by the contraction
mapping theorem. We define M), : B — By s.t. for any p € By

My.p)' = Py [f(xo) + Apit(x0: ) = 0z g5(1n)
N gé(tn)

In the following, we prove that M), ; is a contraction mapping with #%, topology for suffi-
ciently large w. For py, p» € 9By, we use the stability of the cut-off operator, positivity of
measurement (4.18) and obtain that

, n=1,..,N.

Apug(xo; p1) — Apuy(xo; p2) . us(xo; p1) — up(xXo; p2)
—Co
g&(tn) gé(tn)
< c|Apug(xo; p1) — Apug(xo; p2)| + clup(xo; p1) — uj(xo; p2)l.

|(Mh,rpl)n - (Mh,TPZ)nl =

Denote w} = uj(xo; p1) — uj,(xo; p2) which satisfying wg =0and

Iewlt + Apwlt = (pa(ty) — prt)UL(p2) — (p1(t) — CoOIW).
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We have following solution representation of wy:
wh =1 Y En? (b = i) = () = com), )
j=1
and hence
N . . . . . .
Ay, = 2B (0 = A (p2) = (5] = copdu, ).
j=1

Since 0 < p’l,p’2 < ¢, and by Lemma4.2 we have ||Ahu2(p2)||Lz(Q) <cforallj=1, ... ,N.
Then the smoothing property of EZ,T (4.11) implies that

n
L |
lAillie < e Y it (165 = 211+ 14wl )

J=1

Taking #%, norm on both sides, the Young’s inequality implies that

1
N n

N
N 1 — -1 —wt; j j j
NAWin=1 |22 @@y < C(Zﬁ“ Y itih e ””f(lﬂ'z -+ IIAhWZIIL«»@)) >

n=1 j=1

N

- -1 N N

< C<726 @l gy >(||(Pg = PDn=tllez + 1AWz ”KZ,(LW(Q)))
n=1

- N N
<cw “(Il(pﬁ = Pzt ller + 1AW ||f{;(L°°(Q)))

As a consequence, by taking o sufficiently large, we obtain

AW, 7 ey < (P — PO Il 2 (c™). (4.22)
Similarly, we may derive
(¢ I ey < (3 — PN Il o2 (co™). (4.23)

Again, by taking w sufficiently large, M), ; is a contraction mapping on By, that is,

I(Knep1)" = Kiep2) i ller < 1105 — oDy ll o (co™) Y py1.py € By

Then we conclude that the sequence {p;} converges to a limit p, = (pi)ﬁl\’zl € By such
that

N N —ayk
Pk = Pzt ll 2, < N1(pG = Pidnmt Il (cw™ )"
Next, we study the reconstruction error between the limit (pﬁ)nN=l € Py and the exact

potential p* € B. Since (p})"_, is a fixed point of M, ., by the stability of cut-off operator
Pg, we have

|pT(tn) ) = pT(tn) — Py [f(XO) + Ah“Z(XO; px) — argﬁ(tn):l

g&(tn)
< |f&0) + Aulxo, tu; p*) — 98 (ta) _ [(¥0) + Antt(xo; ps) — 0¢85 (1)
- g(tn) g&(tn)
< [f@x0) _ fCro) | | |AuCxo, taz p7) _ Antt(xos ps) u(xo, tp3 p*) _ (03 px)
B g(tn) g&(tn) g(tn) g&(tn) g(tn) gé(tn)

9rg(ta)  9:85(ta)
g(tn) 85 (tn)

=l +L+15+1;.
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Upon recalling Assumption 4.1, we have |[f(xo)| < ||f|lz= < c. Then the strict positivity
of g(1), gs(¢) directly implies that

NI e < ellf =@ 1(85(tn) = g)nzy ller < 6.
To estimate I, Assumption 4.1 (ii) and condition (4.18) yield that

gﬁ(tn)Au(-xm In; PT) - g(tn)Ath(xO; P*)

In
Il = PRTRPICH)

< ¢(1(8s(tn) = gt AU, 13 P + 188 Au(xo, 3 ) = Anty (303 ) )
< e8| Auxo, ta; P cqor + clAnuf(xo; ps) — Au(xo, t; p1)
< 8 + cllAulty; p7) — Al (Pl 1=y + cllAnui(p") — At} (p) | =)
Lemma 4.4 directly implies that
lAu(ty; p*) = Api(pH)l o) < c(h?|log bl + 7| log 7|8, ").
For the other term [|A,u} (p") — Apu(p:)|| =), by (4.22), we obtain

Ay (p") = Anth(p Iz ll 2 oy < ™ 110" (tn) = PO Il 2,

N

,=1» We obtain

for sufficiently large . Take the #%, norm of (I5)
I e, < e(8 + K loghl* + 7'/7| log 7]) + cw™ (o (1) = P24 Nl

=1
For the term I3, Assumption 4.1 (ii) and condition (4.18) yield that
5] < cl(g5(tn) = g(t)ulxo, u: V) + €18 (1)t (x05 1) = u(xo, 13 p)]
< edllulty; POy + cllults; p7) = ul(p)lli=@)
Lemma 4.4 directly implies that
|u(xo, 13 p") = (30 p1)| < e(h?| log h|® + 7177")
Take the %, norm of (I3)Y_,, we obtain

DI len ey < (8 + AP Tog Al +7777) + co™[1(p" (1) = P4 e

Now we consider I4. By Assumption 4.1 (ii) and condition (4.18), we derive

1| < |800n)0F 8(tn) = 801085 (1)
v 8(t)85(1,)

< ¢ (18t (08 gty) — 07 g5t + 1(g5(t) — g(t))0F (1))
< ¢ (10fgty) — 0785(t)| +6) .

This and [16, lemma 4.3] imply [|IDY_, [l < c(z'/7|log | + §77*). Combining above
estimates yields

(o™t — PN Nl or @y < c(B* Toghl® + 7'/P|log | + T7°8) + co™|[(p" (t,) — PO Il .

Letting o be large enough and applying the equivalence of #7 and £}, lead to the desired
estimate. (]
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The error analysis provided in Theorem 4.2 offers practical guidance for selecting the discretization
parameters £ (the spatial mesh size) and 7 (the temporal step size), by properly balancing the terms,
that is,

/7| log 7| ~ K*|logh|® ~ £7%6.

With the choice of discretization parameters i ~ 6/ and t ~ §7/#*+1) | we have following almost
optimal error estimate

(o™ (1) — PN ller < €8"/P** D] Tog 8. (4.24)

It is important to note that the error estimate (4.21) involves terms 7'/7| log 7| and 67~%. Therefore, an
excessively large or small time step size can result in substantial errors in the numerical recovery. This
phenomenon is clearly demonstrated in the numerical experiments; see Figure 6 for illustration.

5 | NUMERICAL EXPERIMENTS

We now present some experimental results to demonstrate the analysis results. To generate exact mea-
surement data g(¢) = u(xo, t), we first solve the time-fractional partial differential equations (1.1) with
some specified data f and uy, by employing the Galerkin finite element method for spatial discretiza-
tion and convolution quadrature generated by backward Euler for time discretization, as elaborated in
Section 4.1, using a refined space-time grid for high precision. Then we add some noise to g to get

gﬁ(tn) = g(tﬂ) + ef(tn)7 n= 17 e 9N’

where {1, = nT/N}Y_; are the equally partition points of [0, T], each &(z,,) is uniformly distributed in
[—1,1] and € > O indicates the relative noise level, that is, ¢ = max{g(t,),n =0,1,2, ... ,N}x6/100.
Then, in order to reconstruct p’ from the noisy measurement data gs, we use the iterative algorithm
in (4.19). The iteration starts from the initial guess gy = 2. Even though our numerical scheme and its
analysis were done for the linear problem where the source term f is simply a function of x, we tested
our algorithm for both linear and nonlinear source term f. It is observed that the algorithm converges
within five iterations for the linear case and 60 iteration for the nonlinear case.

We focus on a one dimensional linear equation with the domain Q = (0, 1) and the specified
source and initial-boundary conditions f(x) = 1 + 20x?*(1 — x)? and uo(x) = 2 + cos 2zx. In order to
test the applicability of the proposed method to different conditions than the Assumption 3.1, we run
experiments on three different potential functions:

(i) Smooth potential: ler(t) = exp(cos(51)).
(i) Piecewise smooth and continuous potential

§t+0.7, OStsz,
T 4

—§t+4.7, gys%,

nn=9 g T 3

—t—33, =—<tr<-=T,
T 2 4
8 3

—=t+87, =T<t<T.
T 4
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(iii) Discontinuous potential:

T
1, 0<tr< =,
- 4
25, Loyl
TN 4 2
P3(t)—< T 3
1.5, =<r<-=T,
2 4
3
2, =T<t<LT
4

For the figure of merit, we use the £2-error e(p.) = ||(p7(t,) — pﬁ)f:’:1 |2 for the reconstruction p,.
For noisy observational data satisfying (1.4), we take the temporal step size 7 ~ §2/?%+D and spatial
mesh size h ~ §'/22%+D according to the error estimate (4.21). Throughout, we choose p = 2 for all
experiments.

Firstly, we provide a numerical experiment to examine the sharpness of the error bound (4.21).
We fix § = 0 and investigate the effect of the predicted discretization error, that is, O(h*|log h|® +
7!/P|log z|). The spatial convergence results are depicted in Figure 1 where we took T = 0.5 and
7 = T/800. It demonstrates that the convergence is about O(h?) for all potentials and we can remark
that convergence is irrelevant to the fractional order a which can be expected from the terms in the error
analysis, h?| log h|? + 7!/7|log z|. Next, the temporal convergence results are presented in Figure 2,
where we fix 2 = 1/100 and T = 0.5. It exhibits that the convergence rate is comparable to O(z*) for
all potentials. Figure 3 shows the convergence rate with respect to the noise level 6. To this end, for a

FIGURE 1 The spatial convergence for @ = 0.25,0.5, and 0.75, with exact observational data. The black dashed line is the
plot for O(h?) convergence rate. (a) p|. (b) p. (c) p;

10°

10" 102
T T T

() (b) ()

FIGURE 2 The temporal convergence for @ = 0.25, 0.5, and 0.75, with exact observational data. The black dashed line is the
plot for O(z%3) convergence rate. (a) o). (b) pi. (c) p;
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FIGURE 3 The convergence with respect to noise level 6 for a = 0.25, 0.5 and 0.75. The approximation is obtained by setting
the discretization parameters / and 7 according to (4.24). The black dashed line is the plot for O(6'/%) convergence rate. (a) p:'.
() p}. (©) p}.

45

35

25 e ¥

15 M

05

(a) (b) (©)

FIGURE 4 The reconstruction results from the noisy and noisy-free data, with & = 0.5. Taking optimal time step size
7 =T/2% when T = 0.5. The lines in red indicate the exact potentials, lines in blue are reconstructions from the noisy-free
data, and the green lines are reconstructions from the noisy data. (a) p?. (b) p;. (c) p;(.

«+05 "and then we change 7 to adjust the noise level & accordingly.
In the figure, we can observe an O(6*3) empirical convergence rate.

The reconstructions from noisy and noisy-free data are shown in Figure 4 with @ = 0.5 and the
optimal time step size = T/2% with T = 0.5. In the case of the exact data, the reconstructions follow
closely to the exact potentials p' except for those points where the potentials are not continuous or near
the initial time # = 0. For the case € = 0.1%, the numerical reconstructions show minor oscillations. It
seems that the reconstruction method is rather unstable at those points of jump discontinuities including
the starting time t = 0 while it is quite stable on those points of continuous sharp corner. Also, Figure 4c
implies that the proposed reconstruction method could be applicable for discontinuous potentials for
which the Assumption 4.1 is violated.

The theoretical analysis in Theorem 4.2 indicates the fractional order « has a significant impact on
the convergence of the proposed reconstruction scheme. Indeed, the factor @™ in (4.20) illustrates that
the iteration will converge much faster when we choose larger « or w. Since the weighted #2-norm is
utilized in the theoretical analysis, we study the convergence in #2-norm and compare the results with
the ones in #2-norm. For the linear problems, we observed that the convergence is so very fast (within
five iterations) that the comparison between #2-norm and #2-norm are not so noticeable. Instead, we
test the algorithm for a nonlinear problem

given 7, we set h ~ 7% and 6 ~ ©
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ofu— Au+ p(Hhu = f(u), in Qx (0,71,
o,u=0, on 0Q x (0,717, 5.1
u(0) = uo, in Q,

where we set the source term by f(#) = (u — 1)(u — 3). Then the iterative reconstruction scheme for
the nonlinear problem is as follows: starting with any initial guess py = (p2)Y_, in the admissible set

%, update pii = (pf, N, by

F~ (03 pr)) + Ak (xo; pr) — 9s 85 (1)
g&(tn)

P =Pa , n=1,...,N.
Figure 5 depicts the results with the nonlinear problem. In the figure, plots in the left column are for
the exact data and the ones in the right column are for the noisy measurement. The top row exhibits
the 2 error, and the bottom row presents the £2 error, with @ = 10. In all cases, we set T = 5 and
7 = T/2'° It is observed that the convergence is much faster in #2-norm for both exact data and noisy
data, and we can observe the linear convergence consistently for the weighted #2-norm.

The error estimate delineated in (4.21) underscores that the regularizing effect for solving inverse
problems is largely attributed to the time discretization. Therefore, a judicious selection of the time
step size 7 is paramount for the approximation p, to attain optimal accuracy. This regularizing effect is

10° 10"
——a=0.25 —a=0.25
—a=0.50 —a=0.50
10° —a=075
10°
o 403 o
107"
10 -10
10°1% 102
0 20 40 60 80 10 20 30
k k
10° 10°
—a=0.25 —a=0.25
——a=0.50 —a=0.50
—a=0.75 —a=0.75
10 107
o o \
\
10710 102} \
10 -15 10 -3 T
0 20 40 60 80 10 20 30
k k

(a)

FIGURE 5 The decay of error throughout the iterations. k denotes the number of iterations. The first row: errors in £7. The
second row: errors in %, with w = 10. The first column: errors from the exact data. The second column: errors from the noisy

data. (a) € = 0%. (b) e = 1%.

(b)
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visually depicted in Figure 6, where the reconstruction error diminishes with a decrease in step size =

up to a point, beyond which it starts to rise again, underscoring the critical nature of optimizing z. An

optimally chosen step size yields reconstructions that are not only accurate but also exhibit minimal

oscillations, thereby validating the conditional stability of the inverse problem as stated in Theorem 3.2.

Conversely, too large or too small step size would lead to substantial errors in reconstructions—either

0.06
0.05

0.04

0.03

0.02

0
0 005 01 015 02 025 03 035 04 045 05
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A0k i,
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MWW

0
0 005 01 015 02 025 03 035 04 045 05
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0 005 01 015 02 025 03 035 04 045 05
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(b)

25

1.5

0.5

0
0 005 01 015 02 025 03 035 04 045 05
t

|
| 'i’fﬁﬂw‘ '»M;W"“I"‘I“ljf

0
0 005 01 015 02 025 03 035 04 045 05
t

2
0 005 01 015 02 025 03 035 04 045 05
t

©

FIGURE 6 The approximation with various time step size, for noisy data with e = 0.1%, at three fractional orders, & = 0.25,
a = 0.5 and a = 0.75. Top row: #? error of the approximations versus the time step size 7. The next three rows: the
reconstructions with different time discretization levels. From top to bottom, the total number N of time steps is 23 219 3pnd 213
for a« = 0.25; 22, 2% and 2" for a = 0.5; and 2°, 2% and 2'° for a = 0.75, the regularization is excessive (too large 7), optimal
(ideal 7), and insufficient (too small 7), in that order. The third row shows the reconstructions with the smallest error. (a)

a=0.25.(b)a=0.5.(c)a=0.75.
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from the pronounced discretization error, as indicated by the term z!/7| log z|, or from the amplified
effect of noise, as represented by the term 77%6.

6 | CONCLUDING REMARK

In the current work, we focused on the reconstruction of a time-varying potential function in the
time-fractional diffusion model from observations taken at a single point. By applying a set of reason-
able assumptions to the data, we derived a Lipschitz type conditional stability. Furthermore, drawing
inspiration from the stability analysis, we proposed a iterative algorithm to approximately recover the
potential and established a comprehensive error analysis of the discrete reconstruction, ensuring that
the approximation error is congruent with the stability estimate we have established. Numerical tests
were carried out to support and enhance the theoretical analysis.

Many interesting questions still remain open. For instance, recovering the spatially-dependent
potential from a single-point observation presents a significant interest. Such problems are anticipated
to exhibit stronger ill-posedness, and conducting their analysis would pose greater challenges, espe-
cially in terms of the numerical analysis of fully discrete schemes. Additionally, the identification of
multiple coefficients using single or multiple observations presents a compelling avenue of research,
each with its unique degree of ill-posedness. These interesting questions are left for future exploration.
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