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Abstract
Natural convection of nanofluids holds considerable importance in both scientific research and engineering applications due
to their exceptional heat transfer capabilities, which occur spontaneously without the need for additional energy input. In this
paper, the natural convection of nanofluid inside a parabolic cavity containing a hot obstacle is studied numerically. The shape
of the hot obstacle is selected as either circular or elliptical. Additionally, the effects of the Rayleigh number, nanoparticle
volume fraction, and the position of the heat source are investigated. The computational fluid dynamics model was computed
using COMSOLMultiphysics. It is observed that the average Nusselt number tends to increase with both the Rayleigh number
and the volume fraction of nanoparticles in the fluid. When the heat source moves from the bottom region to the top area, the
heat transfer performance of the heat source increases. When Ra ≤ 105, the cases with circular heat sources exhibit better
heat transfer performance than those with elliptical heat sources. However, at Ra � 106, the average Nusselt number of the
elliptical heat source is higher than that of the circular one.
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1 Introduction

Improving heat transfer efficiency is crucial not only for
increasing energy utilization but also for reducing environ-
mental pollution [1, 2]. The improvement in heat transfer
efficiency of a system is limited by the thermal properties of
the heat transfer fluid. Therefore, it is essential to explore heat
transfer fluids with excellent thermal properties to enhance
heat transfer efficiency. Nanofluid is a composite material
formed by suspending nanoparticles in a base fluid. These
nanoparticles can be made of various nanomaterials, such
as metals, oxides, or carbon nanotubes. Nanofluid possesses
many unique properties, such as enhanced thermal conduc-
tivity, improved rheological properties, and higher surface
activity.
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Due to their excellent thermal properties, nanofluids are
widely utilized in the field of heat transfer. Yadav et al. [3]
performed experiments and numerical simulations to study
the Fe3O4/water nanofluid heat transfer in a tube. Ma et al.
[4] compared the heat transfer performances of Al2O3/water
and TiO2/water nanofluids natural convection inside a U-
shaped enclosure. The results indicate that for nanoparticles
with identical diameters,Al2O3 exhibits greater effectiveness
thanTiO2 in enhancing heat transfer. Furthermore, additional
types of nanoparticles, such as CuO[5], Cu[6], clove-treated
graphene nanoplatelet [7], and ZnO [8], have also been inves-
tigated in this study.

Besides nanofluids composed of a single type of nanopar-
ticle, those consisting of two or more types are referred to as
hybrid nanofluids. Al2O3-MWCNT/water hybrid nanofluid
has been used by Giwa et al. [9] to enhance the heat transfer
performance in a differentially heated square enclosure. The
integration of hybrid nanofluids has been noted to improve
both the thermal and flow characteristics of the base fluid. As
a result, the natural convection behavior of this novel cate-
gory of nanofluids is improved. Goudarzi et al. [10] analyzed
the effect of nanoparticle migration on the natural convection
behavior of Ag-MgO/Water hybrid nanofluid. The findings
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of the study demonstrate that an increase in thermophore-
sis diffusion for both types of nanoparticles leads to an 11%
increase in the Nusselt number. Reddy et al. [11] numer-
ically studied the Ag-TiO2/water hybrid nanofluid natural
convection in an inclined cavity. The Zn-TiO2/water hybrid
nanofluid is used by Yasir et al. [12] to enhance the mixed
convective flow. The results from their investigation suggest
that the mixed convection parameter exerts a positive influ-
ence on rate of heat transport for the upper branch while
exerting a negative influence on these factors for the lower
branch.

In recent years, there has been increasing attention on
natural convection inside wavy enclosures, attributed to the
complexity and variability of the boundary. Chuhan et al.
[13] investigated the influence of an inclined magnetic field
on entropy generation within natural convective flow in a
wavy enclosure filled with a non-Newtonian Casson fluid.
They discovered that there is an inverse correlation between
the Nusselt number and Lewis number, while the Sher-
wood number demonstrates a positive correlation with the
Lewis number.Rashid et al.[14] conducted a numerical inves-
tigation on the mass and heat transfer characteristics of
magnetohydrodynamic (MHD) Casson fluid flow within a
wavy cavity containing a circular heat source. They observed
that the heat and mass transfer rates decreased as the Hart-
mann number increased. Roy and Monira [15] conducted a
study on the natural convection behavior of a reacting hybrid
nanofluid within an open porous cavity featuring vertical
wavy walls while considering the effects of an inclined mag-
netic field. They observed that regardless of the parameter
values, the streamlines within the cavity formed two counter-
rotating cells, with the highest intensities occurring near the
open end. Geridonmez and Atilgan [16] utilized machine
learning modeling to obtain the average Nusselt number,
which resulted fromnumerical simulations of the natural con-
vection of nanofluid in a wavy cavity. Their findings reveal
that trilayer neural network modeling is a feasible alternative
for obtaining immediate and expected outcomes, as opposed
to repeatedly performing numerical simulations for the aver-
age Nusselt number at specific parameter settings. Alazzam
et al. [17] performed a numerical investigation on the natu-
ral convection of NePCM confined within a wavy enclosure.
Saha et al. [18] nanofluid natural convection inside a cavity
with a top wavy wall and a heated single fin.

Conversely, natural convection within cavities containing
internal heat sources has found widespread applications and
is gaining increasing attention. Nabwey et al. [19] conducted
a numerical investigation of natural convective flow in an
inclined wavy porous cavity filled with a square obstacle.
Kumar and Mahapatra [20] conducted an experimental and
numerical analysis focusing on natural convection within a
partially open enclosure containing a cylindrical obstacle.
Franco et al. [21] explored the impacts of discrete conductive

Fig. 1 Schematic diagram of nanofluid natural convection inside a
parabolic-shaped enclosure with an obstacle

blocks on natural convection within an open cavity. Their
findings revealed that as the solid is progressively diminished
in size and augmented in quantity, it hampers the growth
of the boundary layer along the hot wall, thereby causing a
decrease in the heat transfer process.

To the author’s knowledge, no prior research exists on the
natural convection of nanofluids within a parabolic-shaped
cavity containing a circular heat source. Nonetheless, explor-
ing this phenomenon holds considerable significance owing
to the distinctive surface boundary of the parabolic cavity
[22, 23]. Moreover, the coupling effect between internal heat
sources and nanofluids is expected to significantly influence
both flow patterns and heat transfer processes. This study
investigates the natural convection of nanofluids within a
parabolic-shaped cavity featuring a circular heat source. We
examine the impacts of Rayleigh number (Ra), volume frac-
tion of nanoparticles, positions, and shapes of obstacles on
flow characteristics and heat transfer rates.

2 Physical andMathematical Depiction

Figure 1 shows the schematic diagramof the presentwork.As
seen in this figure, a heat source is placed inside a parabolic-
shaped enclosure. It is worth noting that, in the current study,
the heat source has two shapes: circular and elliptical.

TheMWCNT-Fe3O4/water hybrid nanofluid is used in the
present work to enhance the heat transfer performance. The
parabolic shape of the cavity is determined by the following
equation:

Y �
(
2H

L

)2 X2

H
(1)
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where H represents the height of the cavity, and L represents
the width of the cavity.

As illustrated in the figure, the heat source is located at
the position along the central axis of the cavity, at a distance
(a) from the upper wall. The top wall surface of the cavity
serves as the cold wall, with a fixed temperature of Tc. The
heat source surface is also set at a fixed temperature, Th. The
remaining walls, which are the curved surfaces of the cavity,
serve as adiabatic walls.

3 Numerical Method and Strategy

When the fluid is subjected to non-uniform temperature and
gravity fields, it often exhibits natural convective transport
phenomena observed in various real-world scenarios. This
natural phenomenon drives the circulation of fluids and the
transfer of energy within a system. Specifically, the Boussi-
nesq approximation can govern fluid and heat transport in the
system by utilizing continuity, momentum, and energy equa-
tions. These equations describe the relationships between
various parameters such as the velocity vector (u), density
of the nanofluid (ρn f ), time (t), pressure (p), dynamic vis-
cosity of nanofluid (μn f ), thermal conductivity of nanofluid
(kn f ), specific heat capacity at constant pressure (Cp), and
the local (T ) and reference temperatures (Tr). By analyz-
ing and understanding these equations, we can gain valuable
insights into the dynamics of the natural convective transport
phenomenon and how it affects fluid and energy transfer in
different systems. The continuity, momentum, and energy
equations can be obtained as follows:

∇ • u � 0, (2)

(3)

∂
(
ρn f u

)
∂t

+ ∇ • ρn f uu � −∇ p + μn f ∇
[
∇u + (∇u)T

]
+ gβn f ρn f (T − Tr ) ,

∂T

∂t
+ ∇ • uT � ∇ • kn f(

ρCp
)
n f

∇T , (4)

The dimensional analysis of the governing equations
mentioned earlier reveals that the problem is primarily char-
acterized by two dimensionless parameters: the Rayleigh
number and the Prandtl number. The former is determined by
the thermal buoyancy force (β), the gravitational acceleration
(g), the height of the cavity (H), and the temperature differ-
ence between the hot and cold walls (Th and Tc), divided by
the product of kinematic viscosity (v), and thermal diffusivity
(α), hence expressed as:

Ra � βgyH3(Th − Tc)

vα
, (5)

Likewise, the latter is measured by the ratio of kinematic
viscosity, v, to thermal diffusivity, α, as indicated:

Pr � v

α
, (6)

For simulating nanofluids, a single-phase nanofluidmodel
is employed. Specific details can be referred to in previ-
ous literature24. Table 1 displays the thermal properties of
MWCNT-Fe3O4/water hybrid nanofluid at different volume
fractions.

To quantitatively evaluate the heat transfer characteristics
of the system and assess the impact of different parameters
on these characteristics, we introduce the Nusselt number.
The Nusselt number allows for the determination of the con-
vective heat transfer rate by comparing the conductive and
convective heat transfer at a fluid–solid interface. The local
Nusselt number (Nuloc) which is defined as

Nuloc � −(
kn f
k f

)(
∂T

∂n
) (7)

where n is the coordinate normal to the wall. In some cases,
it is necessary to determine an average Nusselt number over
a given time or spatial domain. The average Nusselt number,
also called Nuave, is obtained by averaging Nuloc over both
time and space. Its value provides insight into the overall heat
transfer characteristics of the system being studied. Impor-
tantly, it should be noted that for steady-state flow (when
conditions within the system are unchanging over time), the
average Nusselt number is solely determined by the spatial
average of Nuloc. This is because the time-averaged Nusselt
number is equal to the steady-state Nusselt number.

4 Validation and Grid Independence

Figure 2 shows the isothermal lines and streamlines of a
benchmark problem of natural convection inside a square
cavity at different Rayleigh numbers. The present results can
be compared with the works by Davis25. By comparison, it
can be observed that both the isothermal lines and stream-
lines are consistent with the findings from previous literature.
To quantitatively assess the accuracy of the obtained results,
we performed calculations for natural convection inside a
square cavity with a circular heat source. The average Nus-
selt number over the surface of the circular heat source was
then calculated. Table 2 shows the comparisons of the aver-
age Nusselt numbers.

To select a suitable grid while ensuring computational
accuracy and precision, a grid-independent study was con-
ducted. The case of a circular heat source located above the
cavity with ϕ � 0.003 and Ra � 106 was simulated using
various grids. Table 3 illustrates the average Nusselt number
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Table 1 Thermophysical
properties of
MWCNT-Fe3O4/water hybrid
nanofluids [24]

φ cp (J kg−1 K−1) μ(mPa·s) k (W m−1 K−1) ρ (kg/m3)

0 4182 0.79 0.602 998.5

0.001 4182.66 0.91 0.6734 1002.34

0.003 4183.99 1.01 0.6856 1010.04

Fig. 2 The isothermal lines and streamlines by the present work [25]

Table 2 Comparisons of the
average Nusselt numbers (Nuave) Ra Present Chen et al. [26] Shu and Zhu [27] Moukalled and Acharya

[28]
Ren et al. [29]

103 3.156 – – –

104 3.214 3.263 3.24 3.331 3.161

105 4.889 4.968 4.86 5.08 4.836

106 8.868 9.195 8.90 9.374 8.546

Table 3 Average Nusselt number versus mesh number for ϕ � 0.003
and Ra � 106

Mesh number Nuavg 100 ×
∣∣∣ Nuavg−Nuold

Nunew

∣∣∣

738 11.675

2145 13.787 15.318

16,785 14.950 7.779

21,461 14.952 0.013

obtained on the heated surface for different mesh numbers.
From the figure, it can be observed that the difference in the
average Nusselt numbers calculated for grid resolutions of

16,785 and 21,461 is 0.013. Therefore, to account for both
the accuracy of the computational results and computational
resources, the grid resolution of 16,785 is adopted.

5 Numerical Results and Discussions

In this section, we will investigate the effects of different
Rayleigh numbers, volume fractions of nanofluids, positions
of the heat source, and shapes of the heat source on flow
dynamics, temperature fields, and heat transfer characteris-
tics.

Figure 3 depicts the comparison of streamlines between
the pure water (ϕ � 0) and nanofluid (ϕ � 0.03) for the case
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Fig. 3 Comparison of
streamlines for the case when the
circular heat source is located on
the bottom of the cavity for
different Ra

Fig. 4 Isothermal lines for the
case when the circular heat
source located on the bottom of
the cavity for different Ra at ϕ �
0 and ϕ � 0.003

when the circular heat source located on the bottom of the
cavity for low (Ra � 103) and high Rayleigh numbers (Ra
� 106). Firstly, due to the symmetry of the geometry and
the steady-state nature of the flow, the flow structure within
the cavity is also symmetrical. At Ra � 103, the shape of the
vortex is approximately elliptical, and the streamlines around
the vortex are nearly identical, with only variations in size.
When the Ra increases to 106, the shape of the streamlines in
the inner and outer layers undergoes a change. The stream-
lines in the outer layer become closer to the shape of the wall
boundary. This is due to the increase in convection intensity

caused by the increase in the Rayleigh number. The subse-
quent analyses will involve a quantitative assessment of the
impact of the nanofluid.

Figure 4 illustrates the isothermal lines for the case when
the circular heat sources are located on the bottom for dif-
ferent Ra at ϕ � 0 and ϕ � 0.003. It should be noted that
the color bar used in the temperature contour maps remains
consistent. Therefore, the color bar will not be displayed in
the subsequent sections. It can be observed that at Ra � 103,
the main heat transfer mode is conducted through heat con-
duction due to the weak convective intensity and low flow
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Fig. 5 The Nusselt number for the case when the circular heat source is
located on the bottom for different ϕ and Ra

velocity within the cavity compared to Ra � 106. Therefore,
the isotherms are relatively flat and evenly spaced. When
the Ra increases to 106, thermal plumes form above the heat
source and directly impinge on the top wall of the cavity,
leading to the formation of two vortices on the left and right
sides. It is worth noting that at high Rayleigh numbers, due to
the generation of thermal plumes and the increase in convec-
tive intensity, the isotherms are no longer evenly distributed.

To quantitatively evaluate the heat transfer performance
of the system, Fig. 5 presents the Nusselt number for the
case when the circular heat source is located at the bottom
for different values of ϕ and Ra. It can be observed that the
average Nu increases with increasing ϕ and Ra. It is note-
worthy that as Ra increases, the improvement in heat transfer
characteristics achieved by using nanofluids becomes more
pronounced compared to pure fluids.

On another hand, in addition to the Rayleigh number and
the nanoparticle volume fraction ϕ, this paper also investi-
gates the impact of the vertical position of the heat source.
Figure 6 shows the streamlines and isothermal lines for the
case when the circular heat source is located on the top of the
cavity for differentRa atϕ� 0. It can be observed that at Ra�
103 and 104, the streamlines and isothermal lines exhibit sim-
ilar patterns. The distribution of the isothermal lines appears
relatively uniform, without the presence of thermal plumes.
However, as the Ra increases to 105 and 106, the isothermal
lines become noticeably curved, indicating the presence of
significant thermal plumes. The streamlines also indicate an
evident increase in convection intensity. Based on the analy-
sis above, it can be concluded that when the Ra is below 104,
the dominant heat transfer mechanism is conduction.

On the other hand, when Ra exceeds 105, the primary
heat transfer mechanism is thermal convection. Therefore,
the critical Ra at which the transition between these two heat

transfer mechanisms occurs lies between 104 and 105. Addi-
tionally, according to Fig. 3, it can be observed that when
the heat source is located below the cavity, even at a high Ra
number (106), only two vortices formwithin the cavity. How-
ever, when the heat source is positioned at the top (Fig. 6),
in close proximity to the cold top wall, two smaller vortices
form between the cold and heat sources. This corresponds
to the presence of two thermal plumes at the top of the heat
source.

Figure 7 shows the average Nusselt numbers at different ϕ
and Ra values when the heat source is located at the top. By
comparing Fig. 5 and Fig. 7, it can be observed that when the
heat source moves from the bottom to the top, the average
Nusselt number increases at any Ra value. This is because
when the heat source is located at the top, it is closer to
the cold source, leading to a significant improvement in heat
transfer characteristics.

Figure 8 presents the streamlines and isothermal lines for
the scenariowhere the circular heat source is positioned in the
middle of the cavity, with Ra� 105 and ϕ � 0.001. From the
streamlines and isothermal lines, it can be observed that ther-
mal plumes have emerged, and the main mechanism of heat
transfer is convection. This is consistent with the previous
analysis, which indicates that the change in the heat transfer
mechanism is mainly affected by the Rayleigh number, with
little influence from the heat source position.

To further analyze the impact of the transition in heat
transfer mechanisms on heat transfer efficiency, a plot of
the variation in local Nusselt number along the surface of
the heat source is depicted when the obstacle is in the mid-
dle of the cavity. Figure 9 illustrates the distribution of the
local Nusselt number on the heated surface at ϕ � 0.001 for
varying Rayleigh numbers. It can be clearly observed that
the local Nusselt number remains relatively low and exhibits
minimal variation when the Rayleigh number is equal to 103

and 104. However, for Ra � 105 and 106, the curve of Nuloc
exhibits a consistent pattern, featuring a trough correspond-
ing to the location of thermal plumes on the heated surface.
This is due to different heat transfer mechanisms. As above-
mentioned, at Ra � 103, heat conduction is the primary heat
transfer mechanism. As shown in Fig. 4, the isotherms are
relatively evenly distributed, with the density of isotherms
near the heat source directly above significantly higher than
on both sides, resulting in a higher Nuloc. However, when
Ra � 106, the convective intensity significantly increases,
forming plumes above the heat source, creating two vortices
on the left and right. The cold fluid will impact the sides of
the heat source, leading to higher Nuloc on both sides. The
occurrence of thermal plumes causes a significant increase
in the Nuloc in the surrounding area, resulting in a substantial
enhancement of the average Nusselt number.
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Fig. 6 Streamlines and
isothermal lines for the case
when the circular heat source is
located on the top of the cavity
for different Ra at ϕ � 0

Figure 10 shows the Nusselt number for the case when
the circular heat source is located in the middle for differ-
ent ϕ and Ra. By comparing with Fig. 5 and Fig. 7, it can
be observed that when the heat source is positioned at the
center of the cavity, the heat transfer characteristics also lie
in the intermediate range. In other words, as the heat source
moves upward from the bottom, there is an increase in the
heat transfer characteristics.

The influence of the shape of the heat source was
introduced in the following sections. Figure 11 shows the
streamlines inside the cavity with circular and elliptic heat
sources at ϕ � 0.003 and different Ra. As previously men-
tioned, when the heat source is circular, there is no need
to elaborate further here; this section will focus solely on

the impact of shape variations. When the shape of the heat
source changes from circular to elliptical, the number of vor-
tices remains unchanged, but the shape of the vortices differs
due to variations in the boundary.

The similar changes can be observed in the temperature
distribution. Figure 12 depicts the temperature distribution
inside the cavity with circular and elliptical heat sources at ϕ
� 0.003 and different Ra. When the heat source changes into
an elliptical shape, at low Ra (103), the temperature distribu-
tion remains similar with only a change in shape. However,
due to an increase in length in the horizontal direction, the
distance at which thermal plumes occur increases at high Ra
(106).
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Fig. 7 The Nusselt number for the case when the circular heat source is
located on the top for different ϕ and Ra Fig. 10 The Nusselt number for the case when the circular heat source

is located in the middle for different ϕ and Ra

Fig. 8 Streamlines and
isothermal lines for the case
when the circular heat source
located in the middle of the
cavity for Ra � 10.5 and ϕ �
0.001

Fig. 9 The distribution of local
Nusselt number on the heated
surface at ϕ � 0.001 for different
Ra
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Fig. 11 Streamlines inside the
cavity with a circular and
elliptical heat source at ϕ �
0.003 and different Ra

Fig. 12 Temperature distribution
inside the cavity with circular
and elliptical heat sources at ϕ �
0.003 and different Ra

Figure 13 shows the average Nusselt number of the cir-
cular and elliptical heat sources at ϕ � 0.003 and different
Ra. It can be observed that Nuave increases with increasing
Ra and ϕ, regardless of the circular or elliptical heat source.
Moreover, at Ra ≤ 105, the case with circular heat sources
exhibits better heat transfer performance. However, at Ra �
106, the average Nusselt number of the elliptical heat source
is higher than that of the circular one.

6 Conclusion

In this study, we investigate the natural convection of
nanofluid inside a parabolic cavity with a heat source, which
can be either circular or elliptical in shape. We analyze
the impact of Ra, nanoparticle volume fraction, and heat
source position on the convection process. Our observations
reveal that the average Nusselt number increases with higher
Rayleigh numbers and nanoparticle volume fractions. Addi-
tionally, relocating the heat source from the bottom region
to the top area enhances its heat transfer performance. For
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Fig. 13 The average Nusselt number of the circular and elliptical heat
source at ϕ � 0.003 and different Ra

Rayleigh numbers less than or equal to 105, the circular heat
source exhibits better heat transfer performance compared to
the elliptical heat source. However, at a Rayleigh number of
106, the average Nusselt number of the elliptical heat source
surpasses that of the circular one.
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