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1 Introduction

The original Alday-Gaiotto-Tachikawa (AGT) conjecture [1, 2] shows the correspondence
between 4D N = 2 gauge theory and 2D conformal field theory (CFT). In particular, the
Nekrasov partition function is identified with the correlation functions in CFT. Soon it is
generalized to the so-called 5D AGT conjecture [3–5]. In this case, the gauge theory is lifted by
one dimension higher, and corresponds to the q-deformation on the CFT side. The process of
generalization involves introducing a deformation parameter q = e−ℏR, where R is the radius
of the compact fifth dimension. The q-deformation essentially scales the parameters of the
theory according to powers of q, which can be related to the extra dimension’s compactification
radius. Taking the q → 1 limit, namely R → 0, we can regain the 4D case.

Initially, a direct proof of the correspondence in 4D case of A1 group at β = 11 is given
in [6]. There are also recursive checks for general β in [7, 8]. Recently, the proof of 4D An case
at β = 1 is given in [9], making use of the formula of Selberg integral for Schur polynomials
conjectured in [10] and proved in [11]. While for the 5D case, we need the q-Selberg integral
for Schur polynomials (Macdonald polynomials in the case of general β). There are already
some previous works along this direction in [12, 13], (and other methods like [14–16]), by
illustrating the main idea of taking q-deformations on both sides of the 4D equations. The
q-analogue of an arbitrary number n is defined by

[n]q ≡ 1 − qn

1 − q
. (1.1)

1β = −ϵ1/ϵ2, where ϵ1 and ϵ2 depict the Ω background.

– 1 –



J
H
E
P
0
9
(
2
0
2
4
)
0
8
5

Obviously, when q tends to 1, the right side of the above equation reduces to n. However, the
q-deformation of an arbitrary equation is not trivial, since it does not necessarily preserve
the product of the numbers after deformation. For example, if we assume n1n2 = m1m2 and
perform q-deformation on both sides of the equation, in general [n1]q[n2]q ̸= [m1]q[m2]q. Now
that the q-deform procedure is a non-trivial generalization, in practice we still need to verify
whether the equations remain hold afterwards. In this paper, we dwell on the details of this 5D
version of proof at β = 1, and show that indeed the conjecture is a theorem. Mathematically,
the 5D case involves q-W algebra, or equivalently Ding-Iohara-Miki algebra [17, 18] and
Yangian [19–21], which play important roles in integrability.

The paper is organized as follows. In section 2, we introduce the partition function in
5D. In section 3, we give a brief introduction to the Selberg integral and find a q-deformed
Selberg average formula. In section 4, we calculate the expression for the conformal blocks
after q-deformation. In section 5, we provide a direct proof at β = 1. Other necessary
details are collected in the appendix.

2 Instanton partition function in 5D

We start with considering the instanton partition function of N = 1 5D theory. To transform
the 4D Nekrasov partition function introduced in [9] into a 5D one, all one needs is to perform
a suitable q-deformation on all factors of the 4D partition function.

For convenience of description, we define

FY (z, q) =
∏

(i,j)∈Y

(1 − qz+β(i−1)−(j−1)), (2.1)

GY,W (x, q) =
∏

(i,j)∈Y

(1 − qx+β(Y ′
j −i)+(Wi−j)+β). (2.2)

After performing the q-deformation defined by (1.1), the instanton part of the 5D Nekrasov
partition function can be written in the form of instanton expansion [22, 23]:

Zinst(q) =
∑
Y⃗

q|Y⃗ |N inst
5d (⃗a, µ),

N inst
5d =

n+1∏
r,s=1

FY (s)(µr + as, q−1)FY (s)(µn+1+r + as, q)
GY (r),Y (s)(ar − as, q)GY (s),Y (r)(as − ar + 1 − β, q−1) ,

(2.3)

where q is the gauge coupling constant (not to be confused with the q-deformation), a⃗I

is the adjoint scalar vacuum expectation value, and µi is the mass of (anti-)fundamental
hypermultiplet. Y is the Young diagram, which is known as a graphical representation of
a partition of a positive integer. A Young diagram consists of rows of boxes, aligned to
the left, with each row containing a number of boxes that is non-increasing from top to
bottom. The shape of the Young diagram corresponds to the partition it represents, with
the total number of boxes |Y | equaling the integer being partitioned. The arm length and
leg length of a box (i, j) in the Young diagram are denoted by ArmY (i, j) and LegY (i, j),
which have the following forms

ArmY (i, j) = Y ′
j − i, LegY (i, j) = Yi − j, (2.4)

– 2 –
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where Y ′ represents the transpose of the Young diagram, Yi is the height of the ith column
and Y ′

i is the length of the ith row. Y⃗ = {Y (1), Y (2), . . . , Y (N)} represents a set of Young
diagrams, which can be used to represent instantons.

The 5D partition function has different equivalent forms through rescaling the expansion
parameter q. Considering that

GY,W (x, q)GW,Y (−x + 1 − β, q−1) = GW,Y (x, q)GY,W (−x + 1 − β, q−1), (2.5)

our convention agrees with [22, 23]. Similarly, we also need to perform q-deformation on
conformal blocks corresponding to the 5D theory, which will be discussed in subsequent
sections.

3 q-deformed Selberg integral

In this section, we discuss the Selberg integral for preparation of the representation of the
q-deformed conformal blocks. We define a q-deformed An Selberg integral and prove a
new Selberg average formula.

The Selberg integral is a generalization of the Euler beta function, which is introduced
by Atle Selberg in the 1940s [24, 25]. It has profound implications in various fields and
serves as a powerful tool for computing conformal blocks. In [7], a Selberg integral over a
pair of Jack polynomials [26] is used to verify the relationship between conformal blocks in
Liouville field theory and N = 2 supersymmetric gauge theory for SU(2). Moreover, the
Selberg integral has been utilized to derive explicit combinatorial expressions for conformal
blocks. Different types and generalizations of Selberg integrals have also been explored,
which include an An analogue of the AFLT integral containing a product of Jack polynomials
in the integral, and an elliptic generalization of the AFLT integral where the symmetric
polynomials have been replaced with elliptic interpolation functions [11, 27]. Besides, the
q-Jackson integral is also a related integral form corresponding to the 5D situation. From
0 to a, the q-Jackson integrals is defined by∫ a

0
f(x)dqx = (1 − q)a

∞∑
k=0

qkf(qka). (3.1)

In this paper, we define a more general q-deformed Selberg integral form to represent the
q-deformed conformal blocks etc.

Based on the An Selberg integral introduced in [28] and the q-deformed A1 Selberg
integral introduced in [11], for a symmetric polynomial O composed of products of Macdonald
polynomials Mλ(x; q, t), we define a q-deformed An Selberg integral

IAn

N1,...,Nn
(O;u1, . . . ,un,v;β) (3.2)

= 1
N1! · · ·Nn!(2π i )N1+···+Nn

∫
TN1+···+Nn

O
(
x(1), . . . ,x(n)) Nn∏

i=1

(qan/x
(n)
i , q1−anx

(n)
i ;q)∞

(qv+1/x
(n)
i ,x

(n)
i ;q)∞

n−1∏
r=1

Nr∏
i=1

(x(r)
i )ar

×
n∏

r=1

∏
1⩽i<j⩽Nr

(x(r)
i /x

(r)
j ,x

(r)
j /x

(r)
i ;q)∞

(tx(r)
i /x

(r)
j , tx

(r)
j /x

(r)
i ;q)∞

n−1∏
r=1

Nr∏
i=1

Nr+1∏
j=1

((qt)1/2x
(r+1)
j /x

(r)
i ;q)∞

((q/t)1/2x
(r+1)
j /x

(r)
i ;q)∞

dx(1)

x(1) · · · dx(n)

x(n) ,

– 3 –
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where T is the positively oriented unit circle, Nr is the length of x
(r)
i , t = qβ, parameters

ar = ur + βNr + 1 − 2β for r = 1, . . . , n − 1 and an = un + v + βNn + 2 − β. ur, vr are
An Selberg integral parameters and v1 = · · · = vn−1 ≡ 0, vn ≡ v. Here we also use some
notations of q-shifted factorials

(z1, z2; q)∞ = (z1; q)∞(z2; q)∞, (z; q)∞ =
∏
k⩾0

(1 − qkz), (z; q)b = (z; q)∞
(zqb; q)∞

. (3.3)

To illustrate the rationality, we should check that the integral element may return to
the original one when q tends to 1. According to the limit [29, 30]

lim
q→1

(z; q)∞
(zqb; q)∞

= (1 − z)b, (3.4)

the integral element can be transformed as follows

(qan/x
(n)
i , q1−anx

(n)
i ; q)∞

(qv+1/x
(n)
i , x

(n)
i ; q)∞

q→1−−−→
(

1 − 1
x

(n)
i

)v+1−an

(1 − x
(n)
i )an−1. (3.5)

Similarly,

(x(r)
i /x

(r)
j , x

(r)
j /x

(r)
i ; q)∞

(tx(r)
i /x

(r)
j , tx

(r)
j /x

(r)
i ; q)∞

q→1−−−→

1 − x
(r)
i

x
(r)
j

β 1 −
x

(r)
j

x
(r)
i

β

, (3.6)

((qt)1/2x
(r+1)
j /x

(r)
i ; q)∞

((q/t)1/2x
(r+1)
j /x

(r)
i ; q)∞

q→1−−−→

1 −
x

(r+1)
j

x
(r)
i

−β

. (3.7)

From the above equations, we can reproduce the An Selberg average. Besides, when n = 1,
the cross term in (3.2) vanishes. By setting notations agree, we can obtain the q-deformed
A1 case introduced in [11].

We mainly consider the case where β is set to 1 in this paper. When β = 1, Macdonald
polynomials Mλ(x; q, t)(t = qβ) reduce to the Schur functions χλ(x). The Schur functions are
a crucial family of classical symmetric functions, which have the following definition [31]

χλ(x) =
det1≤i,j≤n

(
x

λj+n−j
i

)
∆(x) , (3.8)

where ∆(x) is the Vandermonde products ∆(x) ≡
∏

1≤i<j≤n(xi − xj).
We define the β = 1 q-deformed An Selberg average as follows:

〈
O
〉N1,...,Nn

u1,...,un,v
≡

IAn
N1,...,Nn

(O; u1, . . . , un, v; 1)
IAn

N1,...,Nn
(1; u1, . . . , un, v; 1)

, (3.9)

and 〈
O
〉
± ≡

〈
O
〉N1±,...,Nn±

u1±,...,un±,v±
. (3.10)

– 4 –
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In [11] the Selberg integral formula for n+1 Schur polynomials is proposed. We now find a
new q-deformed Selberg integral average formula, containing a product of n+1 Schur functions:

〈 n+1∏
r=1

χY (r)
[
x(r) − x(r−1)]〉N1,...,Nn

u1,...,un,v

(3.11)

=
n+1∏
r=1

∏
(i,j)∈Y (r)

1 − q−Nr+Nr−1+i−j

1 − q−Y
(r)

i −Y
′(r)

j +i+j−1

∏
1≤r<s≤n+1

L
Y (r)∏
i=1

L
Y (s)∏
j=1

1 − q−Y
(r)

i +Y
(s)

j −Ar,s−j+i

1 − q−Ar,s−j+i

×
∏

1≤r<s≤n+1

∏
(i,j)∈Y (r)

1 − q−Ar,s+Ns−1−Ns+i−j

1 − q−Ar,s−L
Y (s) +i−j

∏
(i,j)∈Y (s)

1 − q−Ar,s+Nr−Nr−1−i+j

1 − q−Ar,s+L
Y (r)−i+j

.

where N0 = x(0) = 0 and Nn+1 = −v, x(n+1) = −[v]q, and with the plethystic notation

pk[X − Y ] = pk[X] − pk[Y ], pk(X) =
∑
i≥1

xk
i . (3.12)

There are shorthand notations,

Ar = ur + · · · + un + Nr − Nr−1 + n + 1, 1 ≤ r ≤ n + 1, (3.13)

and for any r and s,

Ar,s = Ar − As =
s−1∑
i=r

ui −
r−1∑
i=s

ui + Nr − Nr−1 − Ns + Ns−1, (3.14)

in particular, Ar,r = 0. l(Y (r)) is the length of the partition Y (r). LY (r) (1 ⩽ r ⩽ n + 1) is
an arbitrary non-negative integer such that LY (r) ⩾ l(Y (r)). The proof of (3.11) is given
in appendix B. This new formula will be used in the direct proof of 5D AGT conjecture
at β = 1 later.

4 q-deformed conformal blocks

In this section, we calculate the q-deformed conformal blocks corresponding to the 5D
partition function. Conformal blocks can be used to build the correlation function in Toda
field theory. The construction of conformal blocks in Toda theory involves the use of W-algebra
associated with the underlying Lie algebra of the Toda system [32]. The Toda correlator
can be represented by a multi-point function [33, 34]. In the case of SU(N), the four point
function corresponding to the conformal blocks can be written as Dotsenko-Fateev integral,
which can be represented as a double Selberg average [35–37].

Next, we deduce the q-deformed conformal blocks following the procedure for 4D case
in [10, 36]. The q-deformation of the double average can be expressed using the properties of
q-deformation. The derivation is parallel to the 4D case, and the necessary changes are to
replace the factors and integrals in 4D double average with their q-counterparts. As indicated
by (3.3) and (3.4), we can replace the following power-like factors with their product forms:

(1 − x)b → (x; q)b, b ∈ C. (4.1)

– 5 –
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According to this rule, the double average derived from Dotsenko-Fateev integral in [10]
becomes〈〈

n∏
r=1


Nr∏
i=1

(qx
(r)
i ; q)vr−

Ñr∏
j=1

(qy
(r)
i ; q)vr+


n∏

r,s=1

Nr∏
i=1

Ñs∏
j=1

(
qx

(r)
i y

(s)
j ; q

)Crs

β

〉
+

〉
−

, (4.2)

where <>± are defined by (3.10), and Crs is the Cartan matrix

Crs =


2 r = s

−1 r = s ± 1
0 |r − s| > 1 .

We divide the integral of (4.2) into three parts and change them separately into exponential
form. The first part is

n∏
r=1

Nr∏
i=1

(qx
(r)
i ; q)vr− = exp

 n∑
r=1

Nr∑
i=1

ln

 ∏
k≥0 1 − qx

(r)
i qk∏

k≥0 1 − qx
(r)
i qk+vr−


= exp

− n∑
r=1

Nr∑
i=1

∞∑
m=1

qm(x(r)
i )

m

m

∑
k≥0

qkm −
∑
k≥0

q(k+vr−)m


= exp

(
−

∞∑
m=1

[β]qm
qm

m

n∑
r=1

p(r)
m

[vr− ]qm

[β]qm

)

= exp
(
−

∞∑
m=1

[β]qm
qm

m

n+1∑
r=1

z(r)
m

[vr− ]′qm

[β]qm

)
.

(4.3)

In the second equation, we perform Taylor expansion. In the third equation, we define

p(r)
m :=

∑
i

(x(r)
i )m, [vr± ]qm = 1 − qmvr±

1 − qm
=
∑
k≥0

qkm −
∑
k≥0

q(k+vr±)m. (4.4)

In the final step, we use the following notations

z(r)
m ≡ p(r)

m − p(r−1)
m , [vr−]′qm ≡ −

r−1∑
s=1

[vs−]qm ,

x(0) = x(n+1) = N0− = N(n+1)− = 0.

(4.5)

In the same way, we obtain the second part
n∏

r=1

Ñr∏
j=1

(qy
(r)
i ; q)vr+ = exp

(
−

∞∑
m=1

[β]qm
qm

m

n∑
r=1

p̃(r)
m

[vr+ ]qm

[β]qm

)

= exp
(
−

∞∑
m=1

[β]qm
qm

m

n+1∑
r=1

z̃(r)
m

[vr+ ]′qm

[β]qm

)
.

(4.6)

Here we use the notations
p̃(r)

m :=
∑

i

(y(r)
i )m, z̃(r)

m := p̃(r)
m − p̃(r−1)

m ,

[v(n+1−r)+]′qm ≡
r∑

s=1
[v(n+1−s)+]qm ,

y(0) = y(n+1) = N0+ = N(n+1)+ = 0.

(4.7)

– 6 –
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Similarly, the third part becomes

n∏
r,s=1

Nr∏
i=1

Ñs∏
j=1

(
qx

(r)
i y

(s)
j ; q

)Crs

β

= exp

− n∑
r,s=1

Crs

Nr∑
i=1

Ñs∑
j=1

∞∑
m=1

qm(x(r)
i )

m
(y(s)

j )
m

m

∑
k≥0

qkm −
∑
k≥0

q(k+β)m


= exp

( ∞∑
m=1

[β]qm
qm

m

[
2

n∑
r=1

p(r)
m p̃(r)

m −
n∑

r=2
p(r)

m p̃(r−1)
m −

n−1∑
r=1

p(r)
m p̃(r+1)

m

])

= exp
(
−

n+1∑
r=1

∞∑
m=1

[β]qm
qm

m
z(r)

m z̃(r)
m

)
.

(4.8)

Combining the results of the above three parts and applying Cauchy formula for the Macdonald
polynomials [12]

exp
( ∞∑

m=1

[β]qm

m
pmp̃m

)
=
∑
Y

CY

C ′
Y

MY (pm)MY (p̃m), (4.9)

where

C ′
Y =

∏
(i,j)∈Y

[βArmY (i, j) + LegY (i, j) + β]q, CY =
∏

(i,j)∈Y

[βArmY (i, j) + LegY (i, j) + 1]q,

(4.10)
the integral (4.2) becomes〈〈

exp
{
−

∞∑
m=1

[β]qm

qm

m

n+1∑
r=1

[
(z(r)

m +
[vr+ ]′qm

[β]qm

)(z̃(r)
m +

[vr− ]′qm

[β]qm

)−
[vr+ ]′qm

[β]qm

[vr− ]′qm

[β]qm

]}〉
+

〉
−

=
〈〈

N∏
r=1

(1−q)[vr+ ]′qm [vr− ]′qm /[β]qm
∑

Y⃗

n+1∏
r=1

q|Y⃗ | CY (r)

C ′
Y (r)

MY (r)(−z(r)
m −

[vr+ ]′qm

[β]qm

)MY (r)(z̃(r)
m +

[vr− ]′qm

[β]qm

)
}〉

+

〉
−

=
N∏

r=1
(1−q)[vr+ ]′qm [vr− ]′qm /[β]qm (4.11)

×
∑

Y⃗

q|Y⃗ | CY (r)

C ′
Y (r)

〈
n+1∏
r=1

M
([β]qm )
Y (r) (−z(r)

m −
[vr+ ]′qm

[β]qm

)
〉

+

〈
n+1∏
r=1

M
([β]qm )
Y (r) (z̃(r)

m +
[vr− ]′qm

[β]qm

)
〉

−

.

When β = 1, Macdonald polynomials reduce to Schur polynomials. For convenience of the
subsequent proof, we use vr+ = v+δr1, vr− = v−δrn and redefine N0+ = −v+, x(0) = −[v+]q
and N(n+1)− = −v−, y(n+1) = −[v−]q. Absorbing the prefactor we can rewrite the result
of (4.11) as

∑
Y⃗

q|Y⃗ |
〈

n+1∏
r=1

χY (r)

[
x(r−1) − x(r)

]〉
+

〈
n+1∏
r=1

χY (r)

[
y(r) − y(r−1)

]〉
−

. (4.12)

We now complete the calculation of the q-deformed conformal blocks.
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5 Proof for 5D AGT at β = 1

In this section, we prove 5D An AGT conjecture in the special case of β = 1. The method of
proof is similar to the 4D case introduced in [9]. The main difference is that this time we
make use of the q-deformed An Selberg integral formula (3.11) proposed in section 3.

5D AGT conjecture implies that the 5D partition function (2.3) and the q-deformed
correlator (4.12) are the same (with some prefactors), that is to say

〈
n+1∏
r=1

χY (r)

[
x(r−1) − x(r)

]〉
+

〈
n+1∏
r=1

χY (r)

[
y(r) − y(r−1)

]〉
−

=
n+1∏

r,s=1

FY (s)(µr + as, q)FY (s)(µn+1+r + as, q−1)
GY (r),Y (s)(ar − as, q)GY (s),Y (r)(as − ar + 1 − β, q−1) .

(5.1)

The proof follows in two steps: first, we apply the Selberg integral formula to the two
integrals on the left side of (5.1) separately. Second, we use the following lemma to transform
the results of integrals to the right hand side of (5.1).

Lemma 1.

LY∏
i=1

LW∏
j=1

1 − qx+Yi−Wj+j−i

1 − qx+j−i

∏
(i,j)∈Y

1
1 − qx+LW −i+j

∏
(i,j)∈W

1
1 − qx−LY +i−j

= 1
GY,W (−x, q−1)GW,Y (x, q)

∣∣∣∣∣
β=1

.

(5.2)

This lemma is proved in appendix C. The left hand side of it corresponds to the terms
in the integral formula.

Before we use the q-deformed An Selberg integral formula (3.11), we notice that the
form of the first integral on the left side of the (5.1) is slightly different from the left side
of the formula. We can change the form of the product of Schur polynomials

n+1∏
r=1

χW (r)

[
z(r) − z(r−1)

]
=

n+1∏
r=1

χY (n+2−r)

[
x(n+1−r) − x(n+1−(r−1))

]

=
n+1∏
r=1

χY (n+2−r)

[
x((n+2−r)−1) − x(n+2−r)

]
=

n+1∏
r=1

χY (r)

[
x(r−1) − x(r)

]
.

(5.3)

In the first equation, we use the relationships z(r) = x(n+1−r) and W (r) = Y (n+2−r). In the
last step, the products of items from n+2−r = n+1 to n+2−r = 1 are converted to products
of items form r = 1 to r = n + 1. When we integrate the original and the inverse form of
products, all items in two integrals could be equated respectively by similar procedure. Thus,

〈
n+1∏
r=1

χY (r)

[
x(r−1) − x(r)

]〉N1+,...,Nn+

u1+,...,un+,v+
=
〈

n+1∏
r=1

χW (r)

[
z(r) − z(r−1)

]〉Nn+,...,N1+

un+,...,u1+,v+
. (5.4)
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Applying the lemma to the result of the integral, we obtain the first part〈
n+1∏
r=1

χY (r)

[
x(r−1) − x(r)

]〉
+

=
〈

n+1∏
r=1

χW (r)

[
z(r) − z(r−1)

]〉Nn+,...,N1+

un+,...,u1+,v+

=
n+1∏
r=1

FW (r)(N(n−r+2)+ − N(n+1−r)+, q)
GW (r),W (r)(0, q−1)

×
∏

1≤r<s≤n+1

{FW (s)(A+
n−s+2,n−r+2 + N(n−r+2)+ − N(n−r+1)+, q−1)

GW (r),W (s)(A+
n−r+2,n−s+2, q)

×
FW (r)(A+

n−r+2,n−s+2 + N(n−s+2)+ − N(n−s+1)+, q)
GW (s),W (r)(A+

n−s+2,n−r+2, q−1)

}

=
n+1∏
r=1

FY (r)(Nr+ − N(r−1)+, q)
GY (r),Y (r)(0, q−1)

×
∏

1≤r<s≤n+1

FY (r)(A+
r,s − N(s−1)+ + Ns+, q−1)FY (s)(A+

s,r − N(r−1)+ + Nr+, q)
GY (r),Y (s)(A+

r,s, q−1)GY (s),Y (r)(A+
s,r, q)

.

(5.5)

In the first step, we use the definition of FY . In the second step, we use Y instead of W .
Similarly, we can obtain the second part〈

n+1∏
r=1

χY (r)

[
y(r) − y(r−1)

]〉
−

=
n+1∏
r=1

FY (r)(N(r−1)− − Nr−, q)
GY (r),Y (r)(0, q−1)

×
∏

1≤r<s≤n+1

FY (s)(A−
r,s + N(r−1)− − Nr−, q−1)FY (r)(A−

s,r + N(s−1)− − Ns−, q)
GY (r),Y (s)(A−

s,r, q)GY (s),Y (r)(A−
r,s, q−1)

,

(5.6)

where A+ and A− respectively correspond to parameters in integrals for x and y. According
to the form of FY (x, q), we find that

FY (s)(x, q) =
∏

(i,j)∈Y (s)

−qx−j+1ti−1FY (s)(x, q−1). (5.7)

Considering the definition of Ar,s given in (3.14), we give the relations of parameters

µs + ar =
s−1∑
i=r

ui+ −
r−1∑
i=s

ui+ + Nr+ − N(r−1)+,

ar − as =
s−1∑
i=r

ui+ −
r−1∑
i=s

ui+ + Nr+ − N(r−1)+ − Ns+ + N(s−1)+,

(5.8)

µs+n+1 + ar = −
(

s−1∑
i=r

ui− −
r−1∑
i=s

ui− + Nr− − N(r−1)−

)
,

ar − as = −
(

s−1∑
i=r

ui− −
r−1∑
i=s

ui− + Nr− − N(r−1)− − Ns− + N(s−1)−

)
,

(5.9)

where r and s run from 1 to n + 1. Setting notations to be consistent, multiplying the
terms on both sides of (5.5) and (5.6), and using (5.7), we can get (5.1). Thus, we finish
the proof of 5D An AGT conjecture at β = 1.
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6 Conclusion

In this paper, we propose and prove a q-deformed An Selberg average formula with n+1 Schur
polynomials. Based on this new formula, we give a proof of 5D An AGT conjecture at β = 1.

Recently, multiple extension forms of Selberg integral in the context of AGT correspon-
dence have regained some progress, including the AFLT Selberg integral over a product of
Jack polynomials and elliptic generalization of the AFLT integral containing elliptic inter-
polation functions [7, 11, 27], which correspond to 4D and 6D gauge theories respectively.
The new q-deformed An Selberg average formula given in this article corresponds to the
5D gauge theory.

In addition, this work generalizes the direct proof for 4D An AGT conjecture at β = 1
introduced in [9]. We confirm that the 4D An AGT correspondence can be extended to an
equivalence between the q-deformed conformal blocks and the 5D instanton partition functions.
In the lifted gauge theory, the derivation of the 5D partition function is accomplished by
implementing appropriate q-transformation to all factors of the 4D partition function. We
generalize the An Selberg integral to its q-deformed counterpart, which can be used to derive
explicit representation of q-deformed conformal blocks. We also verify the rationality of
the new integral form. Taking the q → 1 limit, the new integral reduces to the original
one. Following the procedure introduced in [10, 12], we complete the calculation of the
q-deformed conformal blocks. We utilize a q-deformed An Selberg average formula and a
lemma to prove 5D An AGT conjecture in the special case of β = 1. In the future, we
will work on the general β case.
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A Macdonald polynomials

Macdonald polynomials, denoted as Mλ(x; q, t), are a family of symmetric polynomials indexed
by partitions λ. They are defined over a set of variables x = (x1, x2, . . . , xn) and depend
on two parameters q and t [31].

Macdonald polynomials are eigenfunctions of a certain difference operator, which is
a q-analogue of the usual differential operator. These polynomials generalize several well-
known families of polynomials in symmetric function theory. The Macdonald difference
operator is defined as

D(r)
n (x; q, t) =

∑
I

∏
i∈I
j ̸∈I

tr(r−1)/2 txi − xj

xi − xj

∏
i∈I

Tq,xi , r = 0, 1, . . . , n, (A.1)

where Tq,xi is a q-shift operator, defined as Tq,xixj = qδij xj . We consider the eigenfunctions
of these operators

D(r)
n (x; q, t)Mλ(x; q, t) = er(q, t)Mλ(x; q, t), r = 0, 1, . . . , n. (A.2)
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The eigenfunctions Mλ(x; q, t) are imposed to satisfy the renormalization condition,

Mλ(x; q, t) = mλ(x) +
∑
µ<λ

uλµ(q, t)mµ(x), (A.3)

which are called Macdonald polynomials.
Using the power sum pk(x) =

∑
i xk

i , the explicit forms of the first several Macdonald
polynomials are listed as follows

M1 = p1,

M2 = (1 − t)(1 + q)
(1 − tq)

p2
1

2 + (1 + t)(1 − q)
(1 − tq)

p2
2 ,

M11 = p2
1

2 − p2
2 ,

M3 = (1 + q)
(
1 − q3) (1 − t)2

(1 − q)(1 − tq) (1 − tq2)
p3

1
6 +

(
1 − t2) (1 − q3)

(1 − tq) (1 − tq2)
p1p2

2 + (1 − q)
(
1 − q2) (1 − t3)

(1 − t)(1 − tq) (1 − tq2)
p3
3 ,

M21 = (1 − t)(2qt + q + t + 2)
1 − qt2

p3
1

6 + (1 + t)(t − q)
1 − qt2

p1
2 − (1 − q)

(
1 − t3)

(1 − t) (1 − qt2)
p3
3 ,

M111 = p3
1

6 − p1p2
2 + p3

3 .

One of the key features of Macdonald polynomials is taking limits on them can yield
other symmetric polynomials. After taking the t = q limit, the polynomials become functions
of only x and are independent of q, called Schur functions χλ(x). When q tends to 1 while
setting t = qβ, Macdonald polynomials become Jack functions Pλ(x).

B Proof of the q-deformed Selberg integral formula

Here we provide a proof for the q-deformed Selberg average formula (3.11) over n + 1 Schur
polynomials proposed in section 3. The formula reads〈 n+1∏

r=1
χY (r)

[
x(r) − x(r−1)]〉N1,...,Nn

u1,...,un,v

=
n+1∏
r=1

∏
(i,j)∈Y (r)

1 − q−Nr+Nr−1+i−j

1 − q−Y
(r)

i −Y
′(r)

j +i+j−1

∏
1≤r<s≤n+1

L
Y (r)∏
i=1

L
Y (s)∏
j=1

1 − q−Y
(r)

i +Y
(s)

j −Ar,s−j+i

1 − q−Ar,s−j+i

×
∏

1≤r<s≤n+1

∏
(i,j)∈Y (r)

1 − q−Ar,s+Ns−1−Ns+i−j

1 − q−Ar,s−L
Y (s) +i−j

∏
(i,j)∈Y (s)

1 − q−Ar,s+Nr−Nr−1−i+j

1 − q−Ar,s+L
Y (r)−i+j

.

(B.1)

The q-deformed Selberg average is defined in (3.9). Firstly we calculate

IAn
N1,...,Nn

(
n+1∏
r=1

χY (r) [x(r) − x(r−1)], u1, . . . , un, v; 1
)

. (B.2)

Following the method in [11], we denote the complex Schur function

S(n)(x; z) :=
det1≤i,j≤n

(
x

zj

i

)
∆(x) , (B.3)

– 11 –



J
H
E
P
0
9
(
2
0
2
4
)
0
8
5

which has the following properties

S(n)(1, q, . . . , qn−1; z) = S(n) ([n]q; z) =
n∏

i=1
q(i−1)(zi−n+i) ∏

1≤i<j≤n

1 − qzi−zj

1 − qj−i
. (B.4)

χY (x1, . . . , xn) = S(n)(x1, . . . , xn; Y1 + n − 1, Y2 + n − 2, . . . , Yn), (B.5)

where Y is a partition, Y = (Y1, . . . , Yn). And Schur polynomials satisfy [31],

χY (1, q, . . . , qn−1) = χY ([n]q) =
∏
i≥1

q(i−1)Yi
∏

(i,j)∈Y

1 − qn−i+j

1 − qYi+Y ′
j −i−j+1

=
∏
i≥1

q(i−1)Yi
∏

1≤i<j≤n

(qj−i+1; q)Yi−Yj

(qj−i; q)Yi−Yj

.

(B.6)

We can rewrite (B.2) as,

qf(an)

N1! · · ·Nn!(2π i )N1+···+Nn

∫
TN1+···+Nn

n+1∏
r=1

χY (r)
[
x(r)−x(r−1)] Nn∏

i=1

∏+∞
k=−∞(x(n)

i −qan+k)∏0
k=−∞(x(n)

i −qk)
∏+∞

k=1(x(n)
i −qv+k)

×
n∏

r=1

Nr∏
i=1

(x(r)
i )ur

n∏
r=1

∏
1⩽i<j⩽Nr

(x(r)
i −x

(r)
j )2

n−1∏
r=1

Nr∏
i=1

Nr+1∏
j=1

(x(r)
i −x

(r+1)
j )−1dx(1) · · ·dx(n), (B.7)

where f(an) is a function of parameter an. Since this factor will be eliminated at the final
average, we do not have to write down its explicit form. By using theorem 5.3 and the
q-deformation of theorem 5.5 in [11] (in our case there might be an ambiguity in choosing
the contour), it can be simplified to

n∏
r=1

(−1)(
Nr
2 )

Nn∏
i=1

q−i(v+Nn)qf(an)−Nn|Y (n+1)|S(Nn)
(
−[−Nn]q; z(n) + un

)
χY (n+1)(−[v + Nn]q)

×
Nn∏
i=1

(q−z
(n)
i −un+Nn+1−Nn−1; q−1)Nn+1−Nn

(q−Nn+i−1; q−1)Nn+1−Nn

∏
j≥1

1 − q−z
(n)
i −un+Y

(n+1)
j +Nn+1−Nn−j

1 − q−z
(n)
i −un+Nn+1−Nn−j

 , (B.8)

where z(n) is defined recursively by,

(z(r)
1 , . . . , z

(r)
Nr

) = (z(r−1)
1 +ur−1, . . . , z

(r−1)
Nr−1

+ur−1, Y
(r)

1 +Nr−Nr−1−1, . . . , Y
(r)

Nr−Nr−1
), (B.9)

for 1 ≤ r ≤ n + 1 and z(0) empty.
The main difference between our case and that in [11] is the value of x(n+1). In four

dimension, x(n+1) = 1 + 1 + 1 · · · + 1, while here,

x(n+1) = −[v]q = −[−Nn+1]q = −1 − q−Nn+1

1 − q
= q−1(1 − q−Nn+1)

1 − q−1 = q−1 +q−2 + · · ·+q−Nn+1 ,

(B.10)
which indeed denotes the pole in

Nn∏
i=1

∏+∞
k=−∞(x(n)

i − qan+k)∏0
k=−∞(x(n)

i − qk)
∏+∞

k=1(x(n)
i − q−Nn+k)

. (B.11)
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In the case of v = −Nn+1 a negative integer and un an integer, the above results can be
strictly proved by applying following relation derived from (B.4) and (B.6)

k∏
i=1

qi(ℓ−k)q−k|Y |S(k)(−[−k]q; z)χY [−[−ℓ + k]q]
k∏

i=1

ℓ−k∏
j=1

1 − q−zi+Yj+ℓ−k−j

1 − q−k−j+i

=

S(ℓ) (−[−ℓ]q; (z, Y1 + ℓ − k − 1, . . . , Yℓ−k)) if l(Y ) ≤ ℓ − k,

0 otherwise.

(B.12)

The non-integer v and un case can also be proved by analytical continuation. After recursion
through (B.12), (B.8) can be written as,

qf(an)
n∏

r=1

(−1)(
Nr
2 )q−Nr|Y (r+1)|∏Nr

i=1 qi(Nr+1−Nr)∏Nr
i=1(q−Nr+i−1; q−1)Nr+1−Nr

 n+1∏
r=1

χY (r) [−[−Nr + Nr−1]q]

×
∏

1≤r<s≤n

Nr−Nr−1∏
i=1

Ns−Ns−1∏
j=1

(1 − q−Y
(r)

i +Y
(s)

j −Ar,s−j+i) (B.13)

×
n∏

r=1

Nr−Nr−1∏
i=1

(q−Y
(r)

i −Ar,n+1+i−1; q−1)Nn+1−Nn

(q−Nn+i−1; q−1)Nn+1−Nn

∏
j≥1

1 − q−Y
(r)

i +Y
(n+1)

j −Ar,n+1−j+i

1 − q−Y
(r)

i −Ar,n+1−j+i

 .

Then we have,

IAn
N1,...,Nn

(1, u1, . . . , un, v; 1) = q−v(v−1)/2
n∏

r=1

 (−1)(
Nr
2 )∏Nr

i=1 qi(Nr+1−Nr)∏Nr
i=1(q−Nr+i−1; q−1)Nr+1−Nr


×

∏
1≤r<s≤n

Nr−Nr−1∏
i=1

Ns−Ns−1∏
j=1

(1 − q−Ar,s−j+i)
n∏

r=1

Nr−Nr−1∏
i=1

(q−Ar,n+1+i−1; q−1)Nn+1−Nn

(q−Nn+i−1; q−1)Nn+1−Nn

.

(B.14)

Now we can get the q-deformed Selberg average for n + 1 Schur functions,

〈 n+1∏
r=1

χY (r)
[
x(r) − x(r−1)]〉N1,...,Nn

u1,...,un,v

=
n∏

r=1

q−Nr|Y (r+1)|
l
Y (1)∏
i=1

q−iur


×

n+1∏
r=1

χY (r) [−[−Nr + Nr−1]q]
∏

1≤r<s≤n+1

L
Y (r)∏
i=1

L
Y (s)∏
j=1

(1 − q−Y
(r)

i +Y
(s)

j −Ar,s−j+i)
(1 − q−Ar,s−j+i)

×
∏

1≤r<s≤n+1

∏
(i,j)∈Y (r)

1 − q−Ar,s+Ns−1−Ns+i−j

1 − q−Ar,s−L
Y (s) +i−j

∏
(i,j)∈Y (s)

1 − q−Ar,s+Nr−Nr−1−i+j

1 − q−Ar,s+L
Y (r)−i+j

.

(B.15)

After isolating some trivial q-factor and using (B.6), this result is equivalent to (B.1).

C Proof of Lemma 1

Here we prove the lemma (5.2) in the main text.

– 13 –



J
H
E
P
0
9
(
2
0
2
4
)
0
8
5

Lemma 1.
LY∏
i=1

LW∏
j=1

1 − qx+Yi−Wj+j−i

1 − qx+j−i

∏
(i,j)∈Y

1
1 − qx+LW −i+j

∏
(i,j)∈W

1
1 − qx−LY +i−j

= 1
GY,W (−x, q−1)GW,Y (x, q)

∣∣∣∣∣
β=1

.

(C.1)

Proof. We denote Ln as the nth term on the left hand side of (C.1) and Li,j for the jth
term of Li. L1 can be divided into three parts

L1 =
lY∏

i=1

LW∏
j=1

1 − qx+Yi−Wj+j−i

1 − qx+j−i

LY∏
i=lY +1

lW∏
j=1

1 − qx−Wj+j−i

1 − qx+j−i

lY∏
i=1

LW∏
j=lW +1

1 − qx+Yi+j−i

1 − qx+j−i
.

We rewrite L1,2 as follows

L1,2 =
LY∏

i=lY +1

lW∏
j=1

Wj∏
k=1

1 − qx+j−i−k

1 − qx+j−i−k+1 =
lW∏
j=1

Wj∏
k=1

1 − qx+j−LY −k

1 − qx+j−lY −k
.

In the same way, we can get

L1,3 =
lY∏

i=1

Yi∏
k=1

1 − qx−i+LW +k

1 − qx−i+lW +k
.

Notice that the numerators in L1,2 and L1,3 are equal to the denominators in L3 and L2
respectively. Thus, they can both be eliminated. The left hand side of (C.1) becomes

l.h.s. = L1L2L3 =
lY∏

i=1

lW∏
j=1

1 − qx+Yi−Wj+j−i

1 − qx+j−i
(L1,2L3) (L1,3L2)

=
lY∏

i=1

lW∏
j=1

1 − qx+Yi−Wj+j−i

1 − qx+j−i

lW∏
i=1

Wi∏
j=1

1
1 − qx+i−lY −j

lY∏
i=1

Yi∏
j=1

1
1 − qx−i+lW +j

.

So we need to prove

lY∏
i=1

lW∏
j=1

1 − qYi−Wj+x+j−i

1 − qx+j−i
=

∏
(i,j)∈Y

1 − qx−i+lW +j

1 − qx−Wi+j−Y ′
j +i−1

∏
(i,j)∈W

1 − qx+i−lY −j

1 − qx+Yi+W ′
j−i−j+1 . (C.2)

The case of W = ∅.

(C.2)l.h.s. =
lY∏

i=1

0∏
j=1

1 − qYi−0+x+j−i

1 − qx+j−i
= 1,

(C.2)r.h.s. =
∏

(i,j)∈Y

1 − qx−i+0+j

1 − qx−0−Y ′
j +i+j−1 =

Y1∏
j=1

Y ′
j∏

i=1

1 − qx−i+j

1 − qx−Y ′
j +i+j−1 =

Y1∏
j=1

Y ′
j∏

i=1

1 − qx−i+j

1 − qx−i+j
= 1.

The last equation of r.h.s. is based on the fact that when j is fixed, both i and Y ′
j − i + 1

count from 1 to Y ′
j .

– 14 –
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Induction for other cases. We assume that Lemma 1 is valid for an arbitrary W . We
construct partition C which has only one cell different from W : Cm = Wm + 1, W

′
Wm+1 =

m − 1, C
′
Wm+1 = m, where m is the length of W. In particular, Wm = 0 means Cm starts

from a new column, thus we can build any diagram from zero.
We can rewrite (C.2)

lY∏
i=1

lC∏
j=1

1 − qYi−Cj+x+j−i

1 − qx+j−i
=

∏
(i,j)∈Y

1 − qx−i+lC+j

1 − qx−Ci−Yj′+i+j−1

∏
(i,j)∈C

1 − qx+i−lY −j

1 − qx+Yi+Cj′−i−j+1 . (C.3)

We select additional terms in (C.3) for induction.

(C.3)l.h.s. =
lY∏

i=1

lW∏
j=1

1 − qYi−Wj+x+j−i

1 − qx+j−i

lY∏
i=1

1 − qYi−Wm+x+m−i−1

1 − qYi−Wm+x+m−i
.

We use Rn to represent the nth term of right hand side of (C.3). Considering that∏
(i,j)∈C fi,j =

∏
(i,j)∈W fi,j × fm,Wm+1, we obtain

R1 =
∏

(i,j)∈Y

1 − qx−i+lC−j

1 − qx−Ci−Y ′
j +i+j−1 =

∏
(i,j)∈Y

1 − qx−i+lW +j

1 − qx−Wi−Y ′
j +i+j−1

Ym∏
j=1

1 − qx−Y ′
j +m+j−Wm−1

1 − qx−Y ′
j +m+j−Wm−2 ,

R2 =
∏

(i,j)∈C

1 − qx+i−lY −j

1 − qx+Yi+C′
j−i−j+1 = 1 − qx+m−lY −Wm−1

1 − qx+Ym−Wm

∏
(i,j)∈W

1 − qx+i−lY −j

1 − qx+Yi+C′
j−i−j+1

= 1 − qx+m−lY −Wm−1

1 − qx+Ym−Wm

∏
(i,j)∈W

1 − qx+i−lY −j

1 − qx+Yi+W ′
j−i−j+1

m−1∏
i=1

1 − qx+Yi+m−i−Wm−1

1 − qx+Yi+m−i−Wm
.

Since Lemma 1 is valid for W , we just need to prove that
lY∏

i=1

1 − qx+Yi−Wm+m−i−1

1 − qx+Yi−Wm+m−i

=
Ym∏
j=1

1 − qx−Y ′
j +m+j−Wm−1

1 − qx−Y ′
j +m+j−Wm−2 × 1 − qx+m−lY −Wm−1

1 − qx+Ym−Wm

m−1∏
i=1

1 − qx+Yi+m−i−Wm−1

1 − qx+Yi+m−i−Wm
.

(C.4)

The l.h.s. of (C.4) is similar to the third term of r.h.s., except for the times of product. In
the case of m ⩾ lY , then l.h.s. of (C.4) is completely cancelled. Meanwhile, for all i ≥ lY ,
Yi = 0, causing the first term of r.h.s. to disappear. Therefore

(C.4)r.h.s. = 1 − qx+m−lY −Wm−1

1 − qx−Wm

m−1∏
i=lY +1

1 − qx+m−i−Wm−1

1 − qx+m−i−Wm

= 1 − qx+m−lY −Wm−1

1 − qx−Wm

1 − qx+m−m+1−Wm−1

1 − qx+m−lY −Wm−1 = 1.

In the case of lY ≥ m, We can use the same method introduced in appendix C of [9] to
complete the recursion. This finishes the proof of Lemma 1.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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