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Mosco Convergence of Gradient Forms
with Non-Convex Interaction Potential

Martin Grothaus and Simon Wittmann

Abstract. This article provides a new approach to address Mosco con-
vergence of gradient-type Dirichlet forms, EN on L2(E, μN ) for N ∈ N,
in the framework of converging Hilbert spaces by K. Kuwae and T. Sh-
ioya. The basic assumption is weak measure convergence of the family
(μN )N on the state space E—either a separable Hilbert space or a lo-
cally convex topological vector space. Apart from that, the conditions
on (μN )N try to impose as little restrictions as possible. The prob-
lem has fully been solved if the family (μN )N contain only log-concave
measures, due to Ambrosio et al. (Probab Theory Relat. Fields 145:517–
564, 2009). However, for a large class of convergence problems the as-
sumption of log-concavity fails. The article suggests a way to overcome
this hindrance, as it presents a new approach. Combining the theory of
Dirichlet forms with methods from numerical analysis we find abstract
criteria for Mosco convergence of standard gradient forms with vary-
ing reference measures. These include cases in which the measures are
not log-concave. To demonstrate the accessibility of our abstract theory
we discuss a first application, generalizing an approximation result by
Bounebache and Zambotti (J Theor Probab 27:168–201, 2014).
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1. Introduction

The abstract framework presented by Kazuhiro Kuwae and Takashi Shioya
in [18] takes up the functional analytic ideas of Umberto Mosco, who in [22]
investigates the convergence of spectral structures on a Hilbert space, and
fits it into a setting of varying Hilbert spaces. Their method has found appli-
cation in partial differential equations, see e.g. [19], and in probability theory,
see e.g. [4,8,14]. The probabilistic disputes are often motivated by problems
from statistical mechanics involving the scaling limit of a dynamical system.
There, one typically starts by looking at a statistically distributed ensemble
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of interacting particles or sites in a finite volume. Sites are the interacting
entities, which replace the physical particles, in phenomenological or effective
models. Technically, a finite volume marks a subset EN in the collection of all
states E, which is characterized by a limited number of degrees of freedom.
That number increases as the index N ∈ N increases. Descriptively, the limit
of N → ∞ represents a transition from a micro- or mesoscopic understanding
of the problem to a macroscopic point of view. On EN a natural reference
measure is provided by the Lebesgue measure. At each point there is a natu-
ral tangent space which isomorphic to the Euclidean space. A probability μN

with a density proportional to exp(−VN ) describes a system in its thermal
equilibrium. The function VN : EN → R is called potential, or Hamiltonian,
assigned to a microscopic state. Once the weak measure convergence of μN

for N → ∞ is known, the closest question related to a dynamical result is
concerned with the fluctuations around the equilibrium. For each N such a
dynamic should admit μN as a reversible measure and heuristically behave
according to the stochastic differential equation

dXt = −∇VNdt +
√

2dWt.

Convergence of the finite-dimensional distributions of the laws on E under
the scaling limit N → ∞ is equivalent to the Mosco convergence of the
gradient-type Dirichlet forms

EN (u, v) =
∫

EN

〈∇u,∇v〉EN
dμN , u, v ∈ D(EN ). (1.1)

The elements of D(EN ) are contained in a local Sobolev space H1,1
loc over

EN . The problem becomes more involved the less regularity is assumed for
VN . The applications we consider, do not require the continuity of VN , for
example.

Given the weak convergence of the invariant measures, the problem of
identifying the asymptotic Dirichlet form becomes an interesting topic on its
own right, as it stands at the beginning of a further discussion on the prob-
abilistic side. Gradient forms appear as standard examples in the books of
[13,20]. If the state space E is Polish and m is a probability measure on its
Borel σ-algebra B(E), then the family of local, quasi-regular, conservative and
symmetric Dirichlet forms on L2(E,m) are in 1:1 correspondence with the
family of conservative m-symmetric diffusion processes on (E,B(E)) (up to
equivalence). A conservative diffusion process X = (Ω,F , (Xt)t≥0, (Px)x∈E)
is a Hunt process with path space C([0,∞), E). The transition function
pt(x,A) := Px({Xt ∈ A}), x ∈ E, A ∈ B(E), t ≥ 0, is m-symmetric and
hence m is an invariant measure. Extending the linear operator

p̃t : u 
→
∫

E

u(y)dpt(·,dy),

which acts on the bounded, measurable functions on E, to a symmetric con-
traction operator Tt on L2(E,m) for t ≥ 0, the relation of X and E is given
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by the equations

D(E) =
{

u ∈ L2(E,m)
∣∣∣ sup

t>0

1
t

∫

E

u (u − Ttu)dm < ∞
}

and E(u, v) = lim
t→0

1
t

∫

E

u (v − Ttv)dm. (1.2)

The family (Tt)t≥0 forms a strongly continuous contraction semigroup on
L2(E,m). Given a family of diffusion processes { XN = (ΩN , FN , (XN

t )t≥0,
(PN

x )x∈E), X = (Ω, F , (Xt)t≥0, (Px)x∈E) }, where XN is mN -symmetric and
X is m -symmetric, we now write P̃N (B) :=

∫
E

PN
x (B)dmN (x) for B ∈ FN ,

N ∈ N, and P̃ (B) :=
∫

E
Px(B)dm(x) for B ∈ F . Convergence of the finite-

dimensional distributions of equilibrium fluctuations, which reads

lim
N→∞

∫

ΩN

f1(XN
t1 ) · f2(XN

t1+t2) · fk(XN
t1+t2+···+tk

)dP̃N

= lim
N→∞

∫

E

TN
t1 (f1 · TN

t2 (. . . TN
tk−1

(fk−1 · TN
tk

fk) . . . ))dmN (x)

=
∫

E

Tt1(f1 · Tt2(. . . Ttk−1(fk−1 · Ttk
fk) . . . ))dm(x)

=
∫

Ω

f1(Xt1) · f2(Xt1+t2) · · · · · fk(Xt1+t2+···+tk
)dP̃

with f1, . . . , fk ∈ Cb(E), t1, . . . , tk ∈ [0,∞), k ∈ N, is equivalent to Mosco
convergence of the corresponding sequence of Dirichlet forms towards the
corresponding asymptotic form. This is due to the theorem of Mosco-Kuwae-
Shioya, as stated in [18, Theorem 2.4]. Mosco convergence is formulated in
terms of two conditions, (a) of [22, Definition 2.1] respectively (F1′) of [18,
Definition 2.11]), and (b) of [22, Definition 2.1] respectively (F2) of [18, Def-
inition 2.11]). In this text we call them (M1) and (M2).

The exact domain of the asymptotic form plays a crucial role. Identifying
a Mosco limit includes making a statement concerning the scope of its do-
main. This is reflected in the contrasting interplay between the two conditions
when they are looked at independently. If the sequence (EN )N satisfies (M1)
w.r.t. the asymptotic form E∗ and simultaneously satisfies (M2) w.r.t. an-
other asymptotic form E∗∗, then D(E∗∗) ⊂ D(E∗) and the quadratic form of
E∗ is dominated by that of E∗∗, i.e. E∗(u, u) ≤ E∗∗(u, u) for u ∈ D(E∗∗). To
show Mosco convergence we thus have to see why the ‘smallest’ asymptotic
form for which (M2) holds and the ‘biggest’ asymptotic form for which (M1)
holds coincide.

Another important aspect, when it comes to verifying the two conditions
(M1) and (M2), is that, given (M2), one can always retreat to prove a slightly
modified version of (M1) instead. The modified version is easier to check in
such cases, where one has additional knowledge on the resolvents associated



29 Page 4 of 69 M. Grothaus, S. Wittmann IEOT

with (EN )N∈N
. The modified version of (M1) is formulated in Condition (a)

of Theorem 3.4(iv). We can benefit from it due to the fact that the resolvent
associated to a Dirichlet form is sub-Markovian. It is an essential ingredient in
the proof of Theorem 3.11, a key result in this article. To our best knowledge,
however, this useful modification of the conditions for Mosco convergence has
not been stated explicitly in the literature.

Despite the increasing number of applications and its usage in various
fields, schematic guides to deal with Mosco convergence and related results in
a general setting are rather rare to find. With [6,15,16,24,28,29] we would like
to name some sophisticated works, which fall into this category. This article
endeavours to find new methods and tools in the topic of Mosco convergence.
The idea for our approach is based on an observation in a finite-dimensional
vector space V . The properties (M1) and (M2) are equivalent to each other,
if the term of Mosco convergence refers to a sequence of symmetric, non-
negative definite bilinear forms on V . To benefit from this, we are inspired
by a method which is used in numerics and better known under the name of
Finite Elements. This transfer presents the most significant innovation of this
article, as we think. Our motivation to derive and present the abstract the-
ory in this survey is to provide a suitable groundwork in the field of Dirichlet
forms to address problems form statistical mechanics. This intention mani-
fests itself in the type of potential functions which are considered and in the
way the conditions are formulated. The characteristic feature of our approach
is, that it tries to use as little information as possible on the asymptotic in-
variant measure μ. Instead we formulate the assumptions in terms of the
Radon-Nikodym derivatives of the approximating measures (μN )N∈N

- more
precisely, on the densities of suitable disintegrations. We apply our results to
a problem, whose relevance originates from the discussion of [8] dealing with
scaling limits of skew reflected stochastic interface models.

1.1. Interface Models with Skew Reflection

Even in the comfortable case, in which E is a Hilbert space and the limit μ of
(μN )N admits a density w.r.t. a Gaussian measure, the task of proving Mosco
convergence for gradient-type forms can be challenging, depending on the
nature of the density. In [8], Said Karim Bounebache and Lorenzo Zambotti
investigate the instance, where E = L2((0, 1),ds) and EN is the linear span
of indicator functions 1[2−N (i−1),2−N i), i = 1, . . . , 2N . Their study motivates
the application we discuss in Sect. 4.2 and we shortly summarize the aspects
of their work which are relevant to this article in the next paragraph. The law
of a standard Brownian bridge, i.e. a Brownian bridge starting from 0 at time
0 and ending in 0 at time 1, defines a Gaussian measure μ̃ on E. Bounebache
and Zambotti show Mosco convergence for the sequence of gradient forms
(EN )N as in (1.1). The respective reference measure of the gradient form is
chosen as the probability with

dμN (h) ∝ exp(−V (h))dμ̃N (h), V : E � h 
→
1∫

0

f(h(s))ds, (1.3)
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where f : R → R is of bounded variation and μ̃N denotes the image measure
under the orthogonal projection E → EN of μ̃. In this case, the domain of
EN coincides with the Sobolev space H1,2(EN , μ̃N ) of the Gaussian measure
μ̃N . The asymptotic form is a perturbed version of the standard gradient
form on E in the Gaussian case:

E(u, v) =
∫

E

〈∇u,∇v〉E exp(−V )/Zdμ̃, u, v ∈ D(E). (1.4)

The domain of E coincides with the Sobolev space H1,2(E, μ̃) and Z :=∫
exp(−V )dμ̃. With their result for convergence of (EN )N∈N

towards E in the
sense of Mosco, [8, Thm. 5.6], the authors provide an approximation state-
ment for a skew-reflected stochastic heat equation with Dirichlet boundary
conditions on [0, 1]. The corresponding stochastic partial differential equation
reads

∂u

∂t
=

1
2

∂2u

∂θ2
+

α

2
∂

∂θ
l0t,θ + Ẇ,

u(t, 0) = u(t, 1) = 0,
u(0, θ) = u0(θ), θ ∈ [0, 1], (1.5)

where {l0t,θ|θ ∈ [0, 1]} is the family of local times at 0 accumulated over
[0, 1] by the process {u(t, θ)|θ ∈ [0, 1]}, Ẇ is space-time white noise and
u0 ∈ E. The Dirichlet form E is quasi-regular. For the choice f = α1(−∞,0]

the diffusion process X = (Ω,F , (Xt)t≥0, (Px)x∈E) with state space E which
is associated with 1

2E yields a weak solution to (1.5) for all starting values in
E except for a set of capacity zero. The probability

Pμ(B) :=
∫

E

Px

(
(Xt)t≥0 ∈ B

)
dμ(x)

for B from the Borel σ-algebra of C([0,∞), E) defines the stationary law of X.
The probabilistic equivalence of Mosco convergence, (EN )N∈N

towards E , is
the weak convergence of marginals of a sequence of laws (PN )N∈N

, towards the
marginals of Pμ. The law PN arises from the stochastic differential equation
describing the equilibrium fluctuations of a microscopic interface model. For
an index N ∈ N the dynamic of the microscopic interface uN (t, θ), t ≥ 0,
θ ∈ [0, 1], is given by a diffusion process with state space EN . Let (uN,i

t )t≥0

denote its coordinate processes, i.e. we write

uN (t, θ) = 2N/2
2N∑
i=1

1[2−N (i−1),2−N i)(θ)uN,i
t ,

where uN,i
t = 2N/2 〈1[2−N (i−1),2−N i), uN (t, · )〉E for t ≥ 0, i = 1, . . . , 2N .

The coordinate processes follow the system of stochastic differential equa-
tions

duN,i
t = −AN

(
uN,1

t , . . . , uN,2N

t

)Tdt + βNdlN,i,0
t +dWN,i

t , (1.6)
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for i = 1, . . . , 2N , where

βN :=
1 − e−α2−N

1 + e−α2−N ,

(lN,i,0
t )t≥0 is the central local time of (uN,i

t )t≥0 at 0, (WN,1
t , . . . ,WN,2N

t )t≥0 is

a 2N -dimensional Brownian motion and AN ∈ R
2N ×2N

is the inverse matrix
of ⎡

⎢⎣
∞∑

k=1

2N+2

π2k2

2−N i∫

2−N (i−1)

sin(πks)ds

2−N j∫

2−N (j−1)

sin(πks)ds

⎤
⎥⎦

2N

i,j=1

. (1.7)

The matrix of (1.7) equals

2

[ ∞∑
k=1

λk

〈
ϕk, 2N/21[2−N (i−1),2−N i)

〉
E

〈
ϕk, 2N/21[2−N (j−1),2−N j)

〉
E

]2N

i,j=1

with (ϕk)k∈N
being an orthonormal basis of eigenvectors for the correspond-

ing sequence of eigenvalues (λk)k∈N
of the covariance operator of μ̃, i.e. the

Laplace operator L with Dirichlet boundary conditions on (0, 1),

Lh = h′′, D(L) = W 2,2((0, 1)) ∩ W 1,2
0 ((0, 1)).

The invariant measure of (1.6) is the probability with

dmN (x) ∝ exp

⎛
⎝−xTANx − α2−N

2N∑
i=1

1(−∞,0](xi)

⎞
⎠ (1.8)

and is the image measure of μN under the bijection

EN � h 
→ 2N/2
2N∑
i=1

〈h,1[2−N (i−1),2−N i)〉E ei ∈ R
2N

.

Likewise, the image form of EN under this map is the gradient Dirichlet form
EN,micro on L2(R2N

,mN ) with reference measure mN , i.e. the closure of

EN,micro =
2N∑
i=1

∫

R2N

∂u

∂xi

∂v

∂xi
dmN

with pre-domain C1
b (R2N

) on L2(R2N

,mN ). The diffusion process XN =
(ΩN , FN , (XN

t )t≥0, (PN
x )x∈R2N ) with state space R

2N

which is associated to
the form 1

2EN,micro yields weak solutions to (1.6) for every starting point in
R

2N

except for a set of zero capacity. With the bijection

C
(
[0,∞),R2N ) � ω( · ) 
→ 2N/2

2N∑
i=1

1[2−N (i−1),2−N i) ωi( · ) ∈ C([0,∞), EN )

(1.9)
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the diffusion process of the coordinates of the microscopic interface model
is interpreted as an approximation for the macroscopic dynamic. The image
measure of the equilibrium law

B 
→
∫

R2N

PN
x

(
(Xt)t≥0 ∈ B

)
dmN (x),

where B is from the Borel σ-algebra of C([0,∞),R2N

), under the map of (1.9)
is denoted by PN . Via Mosco convergence of Dirichlet forms the weak mea-
sure convergence of the finite-dimensional distributions of (PN )N∈N

towards
those of Pμ is shown. The difficulty in the proof for Mosco convergence lies in
the fact that the measure of (1.8) is not log-concave, due to the non-convexity
of the perturbing potential, as the authors point out. A standard approach
to prove Mosco convergence, which uses gradient bounds for the semigroups,
is thus not available in this case. Gradient bounds have been used to prove
convergence of diffusion processes in [31] (in combination with integration by
parts formulae) or in [3]. Such can be obtained either probabilistically (see
e.g. [10,23]) or analytically (see e.g. [2,5]). However, the typical requirement
for the convexity of the potential V , i.e. positivity of the Hessian ∇∇V or
equivalently the log-concavity of exp(−V ), unites the different approaches to
gradient bounds and prohibits their applicability in this context. To prove the
convergence result of [8, Thm. 5.6] despite the lack of such tools, the authors
exploit an integration by parts formula for the limiting invariant measure μ.
Estimates for the local time of the Brownian bridge at 0, which appears in
the integration by parts formula for μ, from the abundant literature on that
particular measure are used. The methods of [8, Thm. 5.6] do not generalize
to skew-reflected interface models with Gaussian reference measures which
are different from the Brownian bridge in a straightforward way. From the
physical point of view, however, it is strongly desirable to be able to take also
different Gaussian measures into consideration. The most prominent reason
is that a physical interface is observed in a (2+1)-dimensional space. A more
fitting choice for the state space E is therefore the L2-space over [0, 1]2, for
example. Moreover, the covariance of the Gaussian measure mimics the in-
trinsic physical nature of the interface, i.e. its stiffness or surface tension. The
covariance operator determines the linear part of the drift in the stochastic
dynamics. In the case of (1.5) it is the Laplacian on the interval (0, 1). To
have more options for that would increase the physical scope of a probabilis-
tic model. In the next paragraph we describe a probabilistic interpretation
of this article’s results on Mosco convergence, Theorems 3.11, 4.2, and 4.6 in
particular, which provide broader options concerning the state space E and
the Gaussian reference measure.

Generalizing the statement of [8, Thm. 5.6] for a broader class of ref-
erence measures and state spaces, we consider a generic finite measure λ on
a σ-algebra over a set Ω and define E := L2(Ω, λ). Our assumptions allow
to treat non-convex potentials, as those of the type considered in [8]. The
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reference measure on E we consider reads

dμ(h) :=
1
Z

exp(−V (h))dμ̃(h) with V : E � h 
→
∫

Ω

f(h(ω))dλ(ω),

where μ̃ is mean-zero, non-degenerate Gaussian, f : R → R is a function of
bounded variation and Z :=

∫
exp(−V )dμ̃. For f it is necessary to assume

that for every point of discontinuity the corresponding level sets of μ̃ in Ω
are λ -nullsets almost surely (see Condition 4.3). We look at an increasing
sequence of exhausting, finite-dimensional subspaces EN ↗ E and the corre-
sponding sequence of orthogonal projections (πN )N . Using the probabilities

dμN (h) ∝ exp(−V (h))d(μ̃ ◦ π−1
N )(h)

we define the gradient Dirichlet forms EN as in (1.1). The domain of EN

coincides with the Sobolev space H1,2(EN , μ̃ ◦ π−1
N ) of the Gaussian mea-

sure μ̃ ◦ π−1
N . We show Mosco convergence of (EN )N towards the perturbed

Gaussian gradient form E with

E(u, v) =
∫

E

〈∇u,∇v〉Edμ, u, v ∈ D(E) = H1,2(E, μ̃),

on L2(E,μ). Hence, our convergence result accommodates the physically
more relevant cases of (2 + 1)-dimensional interface models. Gaussian mea-
sures on E := L2((0, 1)2) can be constructed by means of the Fourier trans-
form (see e.g. [7, Theorem 2.3.1]). For example, we can consider the Gaussian
measure μ̃ on E whose characteristic function is given via the inverse operator
Q of the squared Laplacian with Dirichlet boundary conditions

Lh =
(

∂2

∂2x
+

∂2

∂2y

)(
∂2

∂2x
+

∂2

∂2y

)
h, D(L) = W 4,2((0, 1)2) ∩ W 3,2

0 ((0, 1)2).

Then, Q is a symmetric, non-negative, nuclear operator on E and μ̃ is the
unique Gaussian measure with∫

E

exp
(
i〈h1, h2〉E

)
dμ̃(h1) = exp

(
− 1

2
〈h2, Qh2〉E

)
, h2 ∈ E.

Arranging all elements from the orthonormal family of eigenvectors

(0, 1)2 � (x, y) 
→ 2 sin(lπx) sin(mπy)

and corresponding eigenvalues π−4(l2 + m2)−2 with indices l,m ∈ N into a
sequence indexed by one parameter k ∈ N, we obtain an orthonormal basis
(ϕk)k∈N

of eigenvectors of Q with the corresponding sequence of eigenval-
ues (ϕk)k∈N

. For each N ∈ N we choose a finite-dimensional subspace EN

of E such that EN−1 ⊆ EN for N ≥ 2 and moreover the linear span of⋃
N∈N

EN is dense in E. Let dN ∈ N denote the dimension of the space EN

and ξN,1, . . . , ξN,dN be an orthonormal basis for EN . One possible choice, to
which we refer in the following discussion, is given by

EN := span
({

u : [0, 1]2 → [0, 1]
∣∣∣ there exist i, j = 1, . . . , 2N with
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u(x, y) =
1

dN
1[2−N (i−1),2−N i)(x)1[2−N (j−1),2−N j)(y)

})
, (1.10)

where dN = 22N and ξN,1, . . . , ξN,dN is an arbitrary ordering of the ba-
sis functions in (1.10). If we set-up the non-log-convex perturbing potential
with f = α1(−∞,0], as regarded in the previous paragraph, the probabilistic
interpretation of our result on Mosco convergence, Theorem 4.6, is as fol-
lows. Again, for each index N a diffusion on EN describes the dynamical
microscopic interface uN (t, θ), t ≥ 0, θ ∈ [0, 1]2. Its coordinate processes are
denoted by (uN,i

t )t≥0, i.e. we write

uN (t, θ) =
dN∑
i=1

ξN,i(θ)uN,i
t ,

where uN,i
t = 〈ξN,i, uN (t, · )〉E for t ≥ 0, i = 1, . . . , dN .

They are subject to the system of stochastic differential equations

duN,i
t = −AN

(
uN,1

t , . . . , uN,dN

t

)Tdt + βNdlN,i,0
t +dWN,i

t , (1.11)

for i = 1, . . . , dN , where

βN :=
1 − e−α/dN

1 + e−α/dN
,

(lN,i,0
t )t≥0 is the central local time of (uN,i

t )t≥0 at 0, (WN,1
t , . . . ,WN,dN

t )t≥0 is
a dN -dimensional Brownian motion and AN ∈ R

dN ×dN is the inverse matrix
of [ ∞∑

k=1

2λk 〈ϕk, ξN,i〉E 〈ϕk, ξN,j〉E

]dN

i,j=1

. (1.12)

The invariant measure of (1.11) is the probability with

dmN (x) ∝ exp

(
−xTANx − α

dN

dN∑
i=1

1(−∞,0](xi)

)
.

Under the bijection

EN � h 
→
dN∑
i=1

〈h, ξN,i〉E ei ∈ R
dN ,

mN is the image measure of μN and the gradient-type Dirichlet form on
L2(RdN ,mN ),

EN,micro =
dN∑
i=1

∫

RdN

∂u

∂xi

∂v

∂xi
dmN

with pre-domain C1
b (RdN ), is the image form of EN . Hence, Mosco converge of

(EN )N∈N
towards E provides a probabilistic interpretation connected to the

large-scale asymptotic of the stochastic differential Eq. (1.11). The diffusion
process XN = (ΩN , FN , (XN

t )t≥0, (P
N
x )x∈RdN ) with state space R

dN which
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is associated to the form 1
2EN,micro yields weak solutions to (1.11) for every

starting point in R
dN except for a set of zero capacity. The bijection

C
(
[0,∞),RdN

)
� ω( · ) 
→

dN∑
i=1

ξN,i ωi( · ) ∈ C([0,∞), EN ) (1.13)

transforms the diffusion process of the coordinates of the microscopic interface
model into an approximation for the macroscopic dynamic. Analogously to
the previous paragraph, the statement of Mosco convergence concerns the
image measure PN of the equilibrium law

B 
→
∫

RdN

PN
x

(
(Xt)t≥0 ∈ B

)
dmN (x),

where B is from the Borel σ-algebra of C([0,∞),RdN ), under the map of
(1.13). The weak measure convergence of the finite dimensional distributions
of (PN )N∈N

towards those of Pμ is the probabilistic consequence of our ana-
lytic result. The Gaussian measure μ̃ on E can be chosen arbitrarily in our
case. So, the statement on the weak convergence of the marginals of PN for
N → ∞ remains vaild if we define the drift AN in (1.11) as the inverse of
the matrix in (1.12) w.r.t. any orthonormal basis (ϕk)k∈N

and values (λk)k∈N

such that

Q : E � h 
→
∞∑

i=1

λk 〈h, ϕk〉E ϕk

is the covariance operator of a Gaussian measure on E. With Theorem 4.6,
where the Mosco convergence of (EN )N in the context of skew-reflected in-
terface models is stated, we intend to give a first application generalizing the
statement of [8, Thm. 5.6]. It aims to demonstrate the utility and accessibility
of the abstract convergence results of Sects. 3.2 and 4.1.

Further applications of the abstract results are the subject of ongoing
studies. In the next lines we shortly describe what is about to come as a
follow-up of this article. The methods of Sects. 3.2 and 4.1 are apt to show
Mosco convergence in such cases, in which the Gaussian measures as well as
the perturbations vary with the index N . Instead of looking at the sequence of
images under orthogonal projections of one particular Gaussian measure, we
can initiate a skew-reflected interface model with a sequence (μ̃N )N , where
μ̃N is a Gaussian measure on EN and the only condition on (μ̃N )N is the
weak measure convergence. Regarding the above example with the Brownian
bridge, the criteria for Mosco convergence of Dirichlet forms developed in this
article would alternatively allow to set up an explicit microscopic model with
quadratic nearest neighbour interaction, as is a typical choice in the literature
on stochastic interface models. That changes the drift AN in (1.6). Instead
of the implicit definition as the inverse of the projected covariance matrix as
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given above, AN then is explicitly given as the tridiagonal R2N ×R
2N

-matrix

AN := 22N

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 −1
−1 2 −1

−1 2 −1

. . .

−1 2 −1
−1 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The linear operation of AN corresponds to a discretization of the Laplacian
on (0, 1). A similar modification can be done in the above example with the
Gaussian measure on L2((0, 1)2) whose covariance operator is given by the
squared Laplacian. AN ∈ R

dN ×dN could be explicitly defined as a banded
matrix arising from a natural microscopic interface model and correspond-
ing to a discretization of the squared Laplacian on (0, 1)2. These extensions
concerning the applicability of the main results in Sects. 3.2 and 4.1, along
with a characterization of the limiting macroscopic diffusion process for a
(2 + 1)-dimensional interface model with skew-reflection, will be discussed in
a publication to be completed shortly. The main purpose of this article is to
explain the concept and development of the suitable Dirichlet form techniques
in detail.

1.2. Outline

We start by constructing function spaces on R
d for d ∈ N, which are spanned

by a finite selection of elementary functions. These are obtained by the rescal-
ing and shifting of a compactly supported, archetype function. Hence the
basis functions carry two indices - one connected to the spacial shift and the
other linked to a scaling parameter or grid size. The first part of Sect. 2 sets
up a particular scheme of finite elements. These accommodate the class of
piecewise linear functions on R

d w.r.t. an equidistant triangulation, called
the Coxeter-Freudenthal-Kuhn triangulation. For an element of the resulting
function space, the calculation of the weak gradient and its squared norm
becomes a particularly easy expression in terms of the basis. This is stated
in Theorem 2.1. The second part of Sect. 2 introduces quantities, which we
call the residuum and the perturbation of a given probability density � on
R

d. Their interpretation as linear functionals on L2(Rd, �dx), respectively
on L1(Rd, �dx), is the foundation for Lemma 2.3. In terms of the operator
norm we precisely express in this lemma how well a general function of finite
energy can be approximated by the finite elements, where we estimate the
L2- and the energy norm. Lemma 2.3 builds the bridge between the anal-
ysis of Sect. 2 and the convergence theory of Sects. 3 and 4. In Sect. 3.1 we
first recall the essential terminology of [18]. The introduction to the the-
ory of Mosco-Kuwae-Shioya is written in a self-contained way. Beyond the
reader’s comfort there are two other reasons which motivate this procedure.
Firstly, the elaborate notation in the original paper of Kuwae and Shioya,
which is more focussed on the topological aspects of the theory, surpasses
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the needs of this text. So, we would like to have a more basic notation. How-
ever, there is no generally agreed custom how to initiate the concepts with
a suitably simplified yet precise notation. Secondly, the validity of the ver-
sion of the theorem of Mosco-Kuwae-Shioya which is presented in our text
may be known to experts of the theory, yet it is not directly evident from
the original formulation of the theorem. To avoid any obscurity we give the
proof (analogous as in [18, Proof of Theorem 2.4] and [22, Proof of Theorem
2.4] to a large extent) in detail, and the version written in this article, The-
orem 3.4, becomes apparent. Our main results are then stated and proven
in Sect. 3.2. The analysis of finite elements is done on R

d. We initiate the
abstract theory on a state space S ×R

d with a Polish space S. The family of
reference measures (μN )N∈N

on S × R
d and their weak limit μ disintegrate

into the respective conditional distributions (mN
s )N and ms on R

d, given
that the canonical projection π1 : S ×R

d → S takes the value s. Accordingly,
we write μN (A) =

∫
S

∫
Rd 1A(s, x)dmN

s (x)dνN (s) for A ∈ B(S × R
d), where

νN denotes the image measure μN ◦ π−1
1 for N ∈ N. Theorem 3.11 manifests

an asymptotic result for the superposition of d-dimensional gradient Dirichlet
forms, defined on L2(Rd,mN

s ) respectively for s ∈ S and N ∈ N, with varying
mixing measures dνN (s). We would like to point out that we do not assume
the weak convergence of the disintegration measures (mN

s )N in a pointwise
sense on S. This question might not even make sense since the support of the
mixing measure νN might be a nullset w.r.t. the asymptotic mixing measure
μ ◦ π−1

1 . The fact that we consider varying mixing measures requires a more
delicate analysis than would be needed in the case of a fixed mixing mea-
sure. The section closes with a discussion on the stability of the underlying
assumptions of Sect. 3.2, listed in Condition 3.8, under certain perturbations.
Section 4.1 explains the relevance of Theorem 3.11 for an effectively infinite-
dimensional setting, where the state space E is a Fréchet space and a densely
embedded Hilbert space H takes the role of a tangent space to define a gra-
dient on the cylindrical smooth functions. An abstract convergence result
for minimal gradient forms on E (as defined and analysed in [1,25]) with
varying reference measures is obtained by applying the methods of Sect. 3.2
on suitable component forms. The assumption concerning the domain of the
asymptotic form, which Theorem 4.2, the central result of Sect. 4.1, requires,
is closely related to the question of Markov uniqueness and is the subject
of the discussion in [25]. Section 4.2 then presents a Hilbert space setting in
which the required characterization of the form domain is known. It displays
the application of our abstract results in the context of the scaling limit of
skew-reflected stochastic interface models (as described in Sect. 1.1 above).

Summarizing the outline we list the central accomplishments of this
article:

• The version of the theorem of Mosco-Kuwae-Shioya formulated and
proven in this article provides an amendment to the original version,
in which (M1) is replaced by the alternative condition (a) of Theo-
rem 3.4(iv). In some instances the new condition is easier to check,
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since it allows to exploit knowledge on the resolvents, for example the
sub-Markovianity.

• Theorem 3.11 ensures Mosco convergence for a sequence of superposed
d-dimensional gradient-type Dirichlet forms on S × R

d with a Polish
space S. The respective disintegration- and mixing measures vary.

• Theorem 4.2 uses the statement provided by Theorem 3.11 to derive a
result on Mosco convergence for a sequence of minimal gradient forms
with varying reference measures in an effectively infinite-dimensional
setting.

• For the proof of Theorem 3.11 we recall the method of Finite Ele-
ments, which is used in numerical analysis. Starting with the Coxeter-
Freudenthal-Kuhn triangulation of Rd we set up a particular scheme of
finite elements. The relevant properties, which make them useful in the
theory of Dirichlet forms, are proven in Theorem 2.1 and Lemma 2.3.

• A first application in the context of a non-log-concave reference measure
on a general state space E = L2(Ω, λ) is presented in Theorem 4.6. We
consider the images of a Gaussian measure under orthogonal projections
and a perturbing density exp(−

∫
Ω

f ◦ hdλ), h ∈ E, for a function f :
R → R with bounded variation.

2. Finite Elements

2.1. Triangulation and Tent Functions

We first give some notation. A positive integer d ≥ 2 indicating the dimension
is fixed throughout this section. In the following ek denotes the k-th unit
vector of R

d for k = 1, . . . , d. Their sum e := e1 + · · · + ed is the vector
whose components are constantly 1. For a point x ∈ R

d we write [x] ∈ Z
d for

the component-wise floor of x, i.e. [x] is the unique element in Z
d such that

x − [x] ∈ [0, 1)d. Let M be a set and A be a family of maps from M into R
d.

The family bA+c is defined as {b a(·)+c : M → R
d|a ∈ A} for b ∈ R, c ∈ R

d.
Occasionally it is convenient to abbreviate ‘x ∈ Im(a)’ by ‘x ∈ a’ for a map
a : M → R

d. Furthermore, 1K : M → {0, 1} is the indicator function of an
arbitrary subset K ⊂ M . The topological support of the measure |f(x)|dx is
denoted by supp[f ] for a Borel measurable function on f : Rd → R. We call
a measurable function ϕ : Rd → [0, 1] primal if

• supp[ϕ] ⊂ [−2, 2]d,

•
∫

Rd

ϕ(x)dx = 1,

•
∑

α∈Zd

ϕ(x − α) = 1 for x ∈ R
d.

So, the last condition says that the family {Rd � x 
→ ϕ(x−α) |α ∈ Z
d} form

a partition of unity. The set of primal functions is denoted by C . For a scaling
parameter r ∈ (0,∞) and α ∈ rZd define ϕα

r (x) = ϕ((x − α)/r), x ∈ R
d,

ϕ ∈ C . In this section a family χα
r : Rd → [0, 1], called the tent functions, with

index α ∈ rZd and r ∈ (0,∞) are constructed, which contains the element
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χ0
1 ∈ C . This particular primal function is a piecewise linear interpolation

of the sample points (z,1{0}(z)) over all nodes z from the lattice Z
d. The

construction of χα
r is explained step by step in the following text as their

family turns out particularly useful for our purpose. Then, Theorem 2.1 sums
up all their properties which are relevant to the part following after it. The
functions’ construction has a stand-alone status among the other sections and
the reader who quickly wants to get into the matter of Mosco convergence
gets all the necessary preparation for the subsequent part simply by taking
note of the statements of Theorem 2.1.

We start by giving a triangulation of the unit d-cube. Its appearance
traces back to [9,12,17]. The reader can find a helpful outline of that matter
in [21]. The set T 0

1 contains the shortest paths which start in 0 ∈ R
d, end

in e ∈ R
d and only walk along the edges of the unit d-cube. An element

T ∈ T 0
1 visits exactly d+1 points of the set X = {0, 1}d of corners. It reaches

each of those d + 1 points exactly once, say in an order C0, . . . , Cd, where
C0 = 0 ∈ R

d and Cd = e. We identify T with an injection {0, . . . , d} → X
writing T (i) = Ci. A good way to characterize the set T 0

1 exploits its one-
to-one correspondence with the symmetric group Sd. Let T ∈ T 0

1 . To find
the corresponding permutation from Sd we choose σT (i) ∈ {1, . . . , d} for i =
1, . . . , d such that eσT (i) is the direction parallel to the edge which connects
T (i − 1) and T (i), i.e.

eσT (i) = T (i) − T (i − 1). (2.1)

Then the map i 
→ σT (i) is a permutation on {1, . . . , d} indeed. The k-th
component of the starting point T (0)k equals 0 and the k-th component of
the end point T (d)k equals 1. So, for each k ∈ {1, . . . , d} there has to be
an edge of the unit cube parallel to ek along which the path of T runs. This
means that σT is surjective. Moreover, since the number of edges along which
T runs equals d, the map σT is also injective. By induction w.r.t. i it follows
from (2.1) that

T (i) =
i∑

j=1

eσT (j) (2.2)

for i = 1, . . . , d. The convex hull

CT : =
{ d∑

i=0

λi T (i)
∣∣∣ 0 ≤ λ0, . . . , λd ≤ 1 and

d∑
i=0

λi = 1
}

=
{

x ∈ R
d
∣∣∣ 0 ≤ xσT (d) ≤ xσT (d−1) ≤ · · · ≤ xσT (1) ≤ 1

}

of {T (0), . . . , T (d)} defines a polyhedron. If we choose, for given x ∈ [0, 1]d,
a permutation σ ∈ Sd such that

0 ≤ xσ(d) ≤ xσ(d−1) ≤ · · · ≤ xσ(1) ≤ 1 (2.3)

and then choose T ′ as the unique element from T 0
1 with σT ′ = σ, then it

holds x ∈ CT ′ . Of course, the element T ′ with x ∈ CT ′ is not unique as there
might be more than one element in Sd for which (2.3) is satisfied. The family
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Figure 1. The Coxeter-Freudenthal-Kuhn triangulation of
the unit cube for d = 3

{CT |T ∈ T 0
1 } are called the Coxeter-Freudenthal-Kuhn triangulation of the

unit cube.
We now illustrate the constructive idea behind the Coxeter-Freudenthal-

Kuhn triangulation of the unit cube for the case d = 3. We denote the corner
points by

A = (0, 0, 0), B = (1, 0, 0), C = (1, 1, 0), D = (0, 1, 0),
E = (0, 1, 1), F = (0, 0, 1), G = (1, 0, 1), H = (1, 1, 1).

For an element T ∈ T 0
1 we write T : T (0) → T (1) → T (2) → T (3) and for a

permutation σ ∈ S3 we write σ = (σ(1), σ(2), σ(3)). There are six elements
in the symmetric group S3, hence six elements in T 0

1 . Those are

T1 : A → B → C → H with σT1 = (1, 2, 3),

T2 : A → F → G → H with σT2 = (3, 1, 2),

T3 : A → B → G → H with σT3 = (1, 3, 2),

T4 : A → D → C → H with σT4 = (2, 1, 3),

T5 : A → F → E → H with σT5 = (3, 2, 1),

T6 : A → D → E → H with σT6 = (2, 3, 1).

Figures. 1a–f capture the set CT for each T ∈ T 0
1 . The method used in Fig. 1

visualizes the respective tetrahedron by colouring three of the four triangles
which form its surface.

In this article, however, it is advantageous for technical reasons to have
a partition of the unit cube [0, 1)d. As the polyhedrons CT , T ∈ T 0

1 , do
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intersect on their boundary, we now slightly modify the sets to obtain a d!-
sized family of sets DT , indexed by T ∈ T 0

1 , with DT ⊂ CT and

[0, 1)d =
⋃̇

T∈T 0
1

DT . (2.4)

The symbol <σ,i for i ∈ {2, . . . , d} and σ ∈ Sd denotes the relation on
R which coincides with ‘<’ in case σ(i − 1) < σ(i) and with ‘≤’ in case
σ(i − 1) > σ(i). Now we define

DT :=
{

x ∈ R
d
∣∣∣ 0 ≤ xσT (d) <σT ,d xσT (d−1) <σT ,d−1 · · · <σT ,2 xσT (1) < 1

}
.

Obviously, the topological closure DT coincides with the convex hull CT

of {T (i)|i = 0, . . . , d}. Before we give a quick argumentation why (2.4) is
satisfied with this definition, we remark that for reasons of symmetry the
volume |DT | equals 1/(d!) under (2.4). Let now x ∈ [0, 1)d. To find the unique
element T ∈ T 0

1 such that x ∈ DT one simply takes the lexicographically
ordered sequence, say P1 > · · · > Pd, of the tuples {(xi, i)|i = 1, . . . , d}. Then
one defines σ(1) to be the second component of P1, σ(2) to be the second
component of P2, and so forth. It holds x ∈ DT if and only if σT = σ.

With the help of the sets DT we now construct certain piecewise linear,
continuous functions on R

d, which turn out useful in the context of Mosco
convergence. For the moment T ∈ T 0

1 is fixed. Let i ∈ {0, . . . , d}. The hy-
perplane in R

d+1 which interpolates the sample (T (j),1{i}(j)), j = 0, . . . , d,
can be represented as the graph of the function

Hi
T : R

d � x 
−→

⎧⎪⎨
⎪⎩

1 − xσT (1) if i = 0,

xσT (i) − xσT (i+1) if i ∈ {1, . . . , d − 1} and
xσT (d) if i = d.

Indeed, given j ∈ {0, . . . , d} and k ∈ {1, . . . , d}, the σT (k)-th component of
T (j) equals 1 if j ≥ k, while the σT (k)-th component of T (j) equals 0 if
j < k, due to (2.2). Hence, we verify

Hi
T (T (j)) =

⎧⎪⎨
⎪⎩

1 − 1{1,...,d}(j) = 1{i}(j) if i = 0,

1{i,...,d}(j) − 1{i+1,...,d}(j) = 1{i}(j) if i ∈ {1, . . . , d − 1},

1{d}(j) = 1{i}(j) if i = d.

In particular, it holds

d∑
i=0

Hi
T = 1Rd . (2.5)

For i ∈ {0, . . . , d} the gradient of Hi
T is the constant vector

d∑
k=1

∂kHi
T ek = 1{1,...,d}(i) eσT (i) − 1{0,...,d−1}(i) eσT (i+1). (2.6)
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Using (2.6) to calculate the euclidean scalar product of the gradients of Hi
T

and Hj
T for i, j ∈ {0, . . . , d} at a point x ∈ R

d we obtain

d∑
k=1

∂kHi
T (x) ∂kHj

T (x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2 if i = j ∈ {1, . . . , d − 1},

1 if i = j ∈ {0, d},

−1 if |i − j| = 1 and
0 else.

(2.7)

If we compose the function 1DT
· Hi

T with the shift R
d � x 
→ x + T (i)

and sum up over all T ∈ T 1
0 and i = 0, . . . , d we arrive at the definition of

the the primal tent function

χ0
1 : Rd � x 
→

∑
T∈T 0

1

d∑
i=0

1DT
(x + T (i))Hi

T (x + T (i)).

This piecewise definition glues together (d + 1) |T 0
1 | = (d + 1)! many compo-

nents, all of which are cut-off linear functions. For T ∈ T 0
1 and i = 0, . . . , d

the indicator function 1DT
( · +T (i)) = 1DT −T (i)(·) - up to a set of Lebesgue

measure zero - weights the convex hull of the points

P0 := T (0) − T (i), P1 := T (1) − T (i), . . . , Pd := T (d) − T (i).

P0, . . . , Pd are the vertexes of a path of length (d + 1), which only travels in
directions parallel to e1, e2 . . . , or ed, uses each direction once, and visits the
origin as its i-th vertex. The function Hi

T ( · +T (i)) is the linear interpolation
of the sample (Pj , δ{i}(j)), j = 0, . . . , d, being 1 in the origin and 0 at all
other nodes Pj , j �= i. Figure 2b shows the graph of the primal tent function
for the case d = 2. Its support, highlighted in Fig. 2a, comprises six triangular
domains. These are

DT1 , DT2 ,

−e1 + DT1 , − e2 + DT2 ,

−e1 − e2 + DT1 , − e1 − e2 + DT2 ,

where T1, T2 are the two elements of T 0
1 in the two-dimensional case, defined

via (2.2) with σT1 = (1, 2) and σT2 = (2, 1).
The fact that χ0

1 is indeed an element of C , i.e. a primal function,
becomes evident in the proceeding part. We define the tent function with
scaling parameter r ∈ (0,∞) and node α ∈ rZd as χα

r (x) := χ0
1((x − α)/r),

x ∈ R
d. For x ∈ R

d it holds

∑
α∈rZd

χα
r (x) =

∑
β∈Zd

∑
T∈T 0

1

d∑
i=0

1DT

(
x

r
+ T (i) − β

)
Hi

T

(
x

r
+ T (i) − β

)
.

(2.8)

Since DT ⊂ [0, 1)d, a summand of the right hand side can only yield a non-
zero value if

β =
[ x

r
+ T (i)

]
=
[ x

r

]
+ T (i).
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Figure 2. The primal tent function χ0
1 for d = 2 with its

hexagonal support

Hence, with (2.5) and (2.4) we continue the calculation for the value of (2.8)
by

∑
α∈rZd

χα
r (x) =

∑
T∈T 0

1

d∑
i=0

1DT

( x

r
−
[ x

r

] )
Hi

T

( x

r
−
[ x

r

] )

=
∑

T∈T 0
1

1DT

( x

r
−
[ x

r

] )
= 1 (2.9)

for x ∈ R
d. So, the family χα

r , α ∈ rZd form a partition of unity for any r ∈
(0,∞). We sum up the properties which make it valuable for the proceeding
discussion in Theorem 2.1. Before we state the theorem we introduce some
further terminology. The rescaled family r DT , T ∈ T 0

1 , partition the semi-
open cube [0, r)d with side length r for fixed r ∈ (0,∞). Hence the family
α + r DT , over α ∈ rZd, T ∈ T 0

1 , form a partition of Rd. For r ∈ (0,∞) we
set

Tr :=
⋃

α∈rZd

α + rT 0
1

and if T = α + r T ′ ∈ Tr with T ′ ∈ T 0
1 , α ∈ rZd, then

DT := α + r DT ′ , σT := σT ′ .

Theorem 2.1. Let r ∈ (0,∞). The space R
d admits a partition {DT |T ∈ Tr}

and a partition of unity (χα
r )α∈rZd with the following properties.

(i)
∫
Rd χα

rdx = rd for α ∈ rZd.
(ii) For α ∈ rZd the function χα

r is continuous on R
d with values in [0, 1]

and support on α + [−r, r]d.
(iii) Let w ∈ R

(rZd). The i-th weak partial derivative of the weighted sum∑
α wα χα

r reads
∑

α∈rZd

wα∂iχ
α
r =

1
r

∑
α∈rZd

∑
T∈Tr:

T (σ−1
T (i)−1)=α

(wα+rei
− wα)1DT
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for i = 1, . . . , d. The equality in the line above holds in a.e.-sense
w.r.t. the Lebesgue measure on R

d. Thus the function on the right hand
side is a version of the weak partial derivative of the left hand side. The
squared norm of the weak gradient calculates as

d∑
i=1

( ∑
α∈rZd

wα ∂iχ
α
r

)2
=

1
r2

∑
T∈Tr

1DT

d∑
i=1

(
wT (i) − wT (i−1)

)2
.

Again, the equation holds in a.e.-sense and the function on the right
hand side is a version of the left hand side.

Proof. To proof (i) we use the shift invariance of the Lebesgue measure, the
transformation formula of the integral, (2.4) and (2.5) to calculate

∫

Rd

χα
rdx =

∑
T∈T 0

1

d∑
i=0

∫

rDT

Hi
T

(x
r

)
dx

= rd
∑

T∈T 0
1

d∑
i=0

∫

DT

Hi
T (x)dx =

∑
T∈T 0

1

rd

∫

Rd

1DT
dx = rd.

for α ∈ rZd.
For Item (ii), we use and prove an auxiliary result characterizing the

support of the primal tent function χ0
1. Let

A, :=
{

x ∈ R
d
∣∣∣1 ≤ xk < 1 for k ∈ {1, . . . , d},

− 1 ≤ xl − xk < 1 for k, l ∈ {1, . . . , d} with k < l
}

.

For x ∈ R
d we write xmin := min({xk | k = 1, . . . , d}) and xmax := max({xk |

k = 1, . . . , d}). The statement, we need as a preliminary, fixes a point x ∈ R
d

and reads:

(P) There exists i ∈ {0, . . . , d} and T ∈ T 0
1 such that x + T (i) ∈ DT if and

only if x ∈ A.
Moreover, if x + T (i) ∈ DT , the choices of T ∈ T 0

1 and i ∈ {0, . . . , d}
are unique and it holds:

Hi
T (x + T (i)) = min

({
1 + xmin, 1 − xmax, 1 + xmin − xmax

})
.

Before we set out to prove this statement, we argue why it implies Item
(ii) right away. If (P) is true, then χ0

1(x) = 0 for x ∈ R
d\A holds by definition

of χ0
1 and hence supp[χ0

1] ⊂ [−1, 1]. Moreover, for x ∈ A the estimate

0 ≤ min
({

1 + xmin, 1 − xmax, 1 + xmin − xmax

})
≤ 1

is valid. Therefore, the function χ0
1 on R

d takes values in [0, 1] under the
assumption of (P). The continuity of χ0

1 under (P) is seen as follows. For
x ∈ R

d \ A it holds

min
({

1 + xmin, 1 − xmax, 1 + xmin − xmax

})
≤ 0.
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Consequently,

χ0
1(x) = 1A(x) min

({
1 + xmin , 1 − xmax , 1 + xmin − xmax

})

= max
({

0 , min
({

1 + xmin , 1 − xmax , 1 + xmin − xmax

})})
.

for x ∈ R
d. The expression on the right-hand-side, however, yields a contin-

uous function on R
d in the variable x. Under the assumption of (P), we have

shown the claim of Item (ii) for the case α = 0 and r = 1. Then, Item (ii) in
the general case is clear by the definition of χα

r for α ∈ rZd and r ∈ (0,∞).
Only the preliminary statement (P) is left to show concerning Item (ii).

Let x ∈ R
d. We start by assuming x+T (i) ∈ DT for some i ∈ {0, . . . , d} and

T ∈ T 0
1 . Since the sets DS , S ∈ T 0

1 , form a partition of [0, 1)d, the condition
x + α ∈ DS for some S ∈ T 0

1 and α ∈ Z
d define S and α uniquely. Hence, in

our assumption, T ∈ T 0
1 and i ∈ {0, . . . , d} are uniquely determined. We now

show that x ∈ A and prove that Hi
T (x+T (i)) admits the expression claimed

in (P). The inequality −1 ≤ xk < 1 for k ∈ {1, . . . , d} holds true, because of
(T (i))k ∈ {0, 1} and xk + (T (i))k ∈ [0, 1). To prove the inequalities

− 1 ≤ xl − xk < 1 for k, l ∈ {1, . . . , d} with k < l, (2.10)

we do a case distinction w.r.t. the value of i.
First, if i = 0, then T (i) = 0 and therefore x ∈ DT . In particular,

x ∈ [0, 1)d and (2.10) holds even with strict inequalities on both sides. Fur-
thermore, x ∈ DT implies xmax = xσT (1). Since all components of x are
non-negative, we have

min
({

1 + xmin , 1 − xmax , 1 + xmin − xmax

})
= 1 − xmax = 1 − xσT (1)

= H0
T (x) = H0

T (x + T (0)),

as desired.
In the next case, we assume i = d. Then x + e ∈ DT as T (d) = e. In

particular, x ∈ [−1, 0)d and (2.10) again holds even with strict inequalities on
both sides. From x+e ∈ DT it follows moreover xmin = xσT (d). Consequently,
as all components of x are non-positive, we have

min
({

1 + xmin, 1 − xmax, 1 + xmin − xmax

})

= 1 + xmin = 1 + xσT (d) = Hd
T (x + e) = Hd

T (x + T (d)),

as desired for this case as well.
Finally, we consider the case where i ∈ {1, . . . , d−1}. By virtue of (2.2)

it holds

(T (i))σT (j) =

{
0 if i < j,

1 if i ≥ j
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for j ∈ {1, . . . , d}. So, the assumption x + T (i) ∈ DT is equivalent to the
following system of inequalities:

0 ≤ xσT (d),

xσT (i+1) <σT ,i+1 xσT (i) + 1,

xσT (j+1) <σT ,j+1 xσT (j) for j ∈ {1, . . . , d − 1} \ {i},

xσT (1) < 0.

(2.11)

The system of (2.11) implies

xmax = xσT (i+1) ≥ 0 and xmin = xσT (i) < 0.

Consequently,

min
({

1 + xmin, 1 − xmax, 1 + xmin − xmax

})
= 1 + xmin − xmax

= 1 + xσT (i) − xσT (i+1) = xσT (i) + 1 −
(
xσT (i+1) + 0

)
= Hi

T (x + T (i)),

as desired. We continue to prove (2.10). Since xmax − xmin ≤ 1 is obvious
from (2.11), it suffices to show that for any k, l ∈ {1, . . . , d} the equality
xk − xl = 1 necessitates k < l. To prove this, we first observe that

xσT (j) ≥ 0 for j ∈ {i + 1, . . . , d},

xσT (j) < 0 for j ∈ {1, . . . , i},

holds as a consequence of the system (2.11). So, the equality xk − xl = 1
implies xk = xmax = xσT (i+1) and k = σT (j) for some j ∈ {i + 1, . . . , d} on
the one hand. On the other hand, it implies xl = xmin = xσT (i) and l = σT (j)
for some j ∈ {1, . . . , i}. Then, due to (2.11), the equality xk −xl = 1 leads to

xσT (i+1) = xσT (j) for j = i + 1, . . . , σ−1
T (k),

xσT (i+1) = xσT (i) + 1,

xσT (i) = xσT (j) for j = σ−1
T (l), . . . , i.

Furthermore, by definition of the relation <σT,j
for j ∈ {2, . . . , d}, we must

have

σT (j) > σT (j + 1) for j = σ−1
T (l), . . . , σ−1

T (k) − 1.

This yields k < l. Summing up, we have shown that xmax − xmin ≤ 1 and
that the equality xk − xl = 1 for some k, l ∈ {1, . . . , d} implies k < l. The
proof of (2.10) is now complete.

So far, one direction of the equivalence claimed in (P) has been proven,
namely that x+T (i) ∈ DT for some T ∈ T 0

1 and i ∈ {0, . . . , d} implies x ∈ A.
Moreover, we verified for given x ∈ R

d, that the claimed expression for the
value of Hi

T (x+T (i)) holds true under the condition x+T (i) ∈ DT and that
T ∈ T 0

1 and i ∈ {0, . . . , d} are uniquely determined by that condition.
We now address the other direction of the equivalence claimed in (P).

Let x ∈ A. Since A ⊂ [−1, 1)d there is a unique α ∈ {0, 1}d such that
x + α ∈ [0, 1)d, which is given by

αk =

{
0 if xk ≥ 0,

1 if xk < 0,
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for k ∈ {1, . . . , d}. Moreover, since the sets DT , T ∈ T 0
1 , form a partition of

[0, 1)d, there is a unique T ∈ T 0
1 such that x + α ∈ DT . It suffices to show

α = T (i) for some i ∈ {0, . . . , d}. We set I− := {k | k ∈ {1, . . . , d}, xk < 0}
and I+ := {k | k ∈ {1, . . . , d}, xk ≥ 0}. At first, we claim, if l ∈ σ−1

T (I−) and
l ≥ 2 then l − 1 is also an element of σ−1

T (I−), as the converse leads to a
contradiction. Let us assume l ∈ σ−1

T (I−), l ≥ 2, and l − 1 ∈ σ−1
T (I+). Then,

the condition x + α ∈ DT yields

xσT (l) + 1 = xσT (l) + ασT (l) <σT ,l xσT (l−1) + ασT (l−1) = xσT (l−1).

Since x ∈ A and hence xmax − xmin ≤ 1, a strict inequality in the line
above is impossible. Equality is only possible if σT (l + 1) < σT (l) by the
definition of <σT ,l. However, this is a contradiction, as x ∈ A would imply
xσT (l) − xσT (l+1) < 1.

Now, let i := max(σ−1
T (I−)) in case σ−1

T (I−) �= ∅ and i := 0 in case
σ−1

T (I−) = ∅. From the arguments above, it follows σ−1
T (I−) = {1, . . . , i} if

i > 0. Consequently, for j ∈ {1, . . . , d} we have

ασT (j) =

{
0 if i < j,

1 if i ≥ j.

Hence, α = T (i) in view of (2.2).
To show (iii) we fix a point x ∈ R

d and choose the unique element
T ∈ Tr, say T = γ + rT ′ for some T ′ ∈ T 0

1 , such that x ∈ DT = γ + rDT ′ .
We assume that x is contained in the interior of DT . This poses no restriction
since the statements we want to show refer to an ‘a.e.’ way of reading and
the boundary of DT has Lebesgue measure zero. Let α ∈ rZd. A necessary
condition for x ∈ supp[χα

r ] is

x ∈ α − r T̃ (j) + r DT̃ for some T̃ ∈ T 0
1 and j = 0, . . . , d.

Since Tr yields a partition of Rd, this condition is equivalent to

T̃ = T ′ with γ = α − rT̃ (j) for some j = 0, . . . , d,

which is in turn equivalent to T̃ = T ′ with α = γ + rT ′(j) (= T (j)) for
some j = 0, . . . , d. In particular, {α ∈ rZd | x ∈ supp[χα

r ]} = {T (j) | j =
0, 1, . . . , d}. Using these equivalences, we conclude that for each point y from
the interior of DT it holds

χT (j)
r (y) = Hj

T ′

(
y − T (j)

r
+ T ′(j)

)
= Hj

T ′

(
y − γ

r

)
.

Therefore, for i ∈ {1, . . . , d}, we compute, using (2.6) in the third equality,

∑
α∈rZd

wα ∂iχ
α
r (x) =

d∑
j=0

wT (j)
1

r
∂iH

j
T ′
( x − γ

r

)

=
1

r

d∑
j=0

wT (j)

(
1{1,...,d}(j) eσT (j) − 1{0,...,d−1}(j) eσT (j+1)

)T
ei

=
1

r

d∑
j=1

wT (j) 1{i}

⎛
⎝σT (j)) − 1

r

d−1∑
j=0

wT (j) 1{i}(σT (j + 1)

⎞
⎠
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=
1

r

(
w

T (σ−1
T (i))

− w
T (σ−1

T (i)−1)

)

=
1

r

(
w

T (σ−1
T (i)−1)+rei

− w
T (σ−1

T (i)−1)

)
. (2.12)

The last equality holds due to (2.1). Consequently,
∑

α∈rZd

wα ∂iχ
α
r (x) =

1

r

∑
T∈T r

(
w

T (σ−1
T (i)−1)+rei

− w
T (σ−1

T (i)−1)

)
1DT

(x)

=
1

r

∑
α∈rZd

∑
T∈T r :

T (σ−1
T (i)−1)=α

(
w

T (σ−1
T (i)−1)+rei

− w
T (σ−1

T (i)−1)

)
1DT

(x)

as desired. To calculate the squared norm of the weak gradient, we sum up
the squared values of (2.12) over the index i = 1, . . . d and obtain

d∑
i=1

( ∑
α∈rZd

wα ∂iχ
α
r

)2
(x) =

1

r2

∑
T∈T r

d∑
i=1

(
w

T (σ−1
T (i)−1)+rei

− w
T (σ−1

T (i)−1)

)2
1DT

(x)

=
1

r2

∑
T∈T r

∑
j∈{1,...,d}:

σT (j)=i

(
wT (j−1)+reσT (j)

− wT (j−1)

)2
1DT

(x)

=
1

r2

∑
T∈T r

d∑
j=1

(
wT (j) − wT (j−1)

)2
1DT

(x).

The last equality holds due to (2.1) and concludes the proof. �

2.2. L2 and Energy Estimates

In this section we investigate the approximative quality of such weighted sums
as have been considered in Theorem 2.1 (iii) regarding certain symmetric
bilinear forms of L2 and energy type. Let � : Rd → [0,∞) be a probability
density w.r.t. the Lebesgue measure on R

d. The energy

E�(f, g) :=
∫

Rd

Γ(f, g) �dx with Γ(f, g) :=
d∑

i=1

∂if ∂ig

shall be defined for f, g ∈ D . We denote by

D :=
{

f ∈ Cb(Rd)
∣∣∣ ∂if exists weakly and ∂if ∈ L∞(Rd,dx), i = 1, . . . , d

}
.

that linear subspace of the bounded, continuous functions Cb(Rd) whose
elements are representatives for elements of the Sobolev space H1,∞(Rd). The
resulting Lemma is the key ingredient to the principle theorem of this paper,
Theorem 3.11 of the next section. The approximative quality translates into
conditions on the density � in terms of the ϕ, η-residual Rϕ,η

r (�) and the ϕ, η-
perturbation Iϕ,η

r (�). These quantities are defined depending on the primal
functions ϕ, η : Rd → [0, 1] and the parameter r ∈ (0,∞), as mappings from
the set of non-negative, integrable functions into itself.

Rϕ,η
r (g) :=

∑
α∈rZd

r−d

∫

Rd

|g( · ) − g(x)| ηα
r (x)dxϕα

r ( · ) (2.13)
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and Iϕ,η
r (g) :=

∑
α∈rZd

r−d

∫

Rd

ηα
r (x) g(x)dxϕα

r ( · ) (2.14)

for a non-negative, measurable function g ∈ M+(Rd) with
∫
Rd gdx < ∞.

Since ∫

Rd

ηα
r (x)dx = rd and

∫

Rd

ϕα
r (x)dx = rd,

it holds ∫

Rd

Iϕ,η
r (g) (x)dx =

∑
α∈rZd

∫

Rd

g(x) ηα
r (x)dx =

∫

Rd

gdx

as well as∫

Rd

Rϕ,η
r (g) (x)dx ≤

∫

Rd

∑
α∈rZd

r−d

∫

Rd

(
g(y) + g(x)

)
ηα

r (x)dxϕα
r (y)dy

=
∑

α∈rZd

∫

Rd

g(y)ϕα
r (y)dy +

∑
α∈rZd

∫

Rd

g(x) ηα
r (x)dx = 2

∫

Rd

g(x)dx

for g ∈ M+(Rd). Let m := �dx. The space of bounded measurable functions
Mb(Rd) is dense in L2(Rd,m). We use the convention 1/0 = ∞ and ∞·0 = 0.
For a measurable function κ : Rd → [0, 1] we set

δκ
r (m) := sup

ϕ,η∈C
sup

f∈Mb(Rd)

|
∫
Rd f(x)Rϕ,η

r (κ �) (x)dx |
‖f‖L2(m)

∈ [0,∞]

(2.15)

and Cκ
r (m) := sup

ϕ,η∈C
sup

f∈Mb(Rd)

|
∫
Rd f(x) Iϕ,η

r (κ �) (x)dx |
‖f‖L1(m)

∈ [0,∞].

(2.16)

A finite value for Cκ
r (m) allows to extend the linear functional

f 
→
∫
Rd

f(x) Iϕ,η
r (κ �)(x)dx

to an element from the dual of L1(Rd,m) with norm smaller equal Cκ
r (m) via

the BLT theorem. In the same way, a finite value for δκ
r (m) allows to extend

the linear functional f 
→
∫
Rd f(x)Rϕ,η

r (κ �)(x)dx to an element from the
dual of L2(Rd,m) with norm smaller equal δκ

r (m). We hint at a consequence
of the Riesz isomorphism.

Remark 2.2. Let R ∈ M+(Rd) with
∫
Rd Rdx < ∞.

sup
f∈Mb(Rd)

|
∫
Rd f(x)R(x)dx |

‖f‖L2(m)
=: D < ∞

if and only if there exists R̂ ∈ L2(Rd,m) with ‖R̂‖L2(m) = D and∫

Rd

f(x)R(x)dx =
∫

Rd

f(x) R̂(x) �(x)dx.
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for f ∈ Mb(Rd). The latter is equivalent to R/� ∈ L2(m) with

D :=
(∫

Rd

|R(x)|2 1
�(x)

dx
) 1

2
.

To make the analysis useful for the purpose of the next section we
consider direct integrals of such energies. For a Polish space S we denote the
Borel σ-algebra by B(S) and the bounded, measurable functions from S to
R by Mb(S). Let (S,B(S), ν) be a probability space over a Polish space S.
We assume

dms(x) := �(s, x)dx

is a probability measure on R
d with density �(s, · ) for s ∈ S. Moreover, let

S � s 
→ ms(A) ∈ [0, 1] be measurable for A ∈ B(Rd). The direct integral
then reads

( ∫ ⊕
E�(s,·)dν

)
(u, v) :=

∫

S

E�(s,·)(u(s, ·), v(s, ·)
)
dν(s)

for u, v from its domain

D
(∫ ⊕

E�(s,·)dν
)

:=
{

u ∈ Mb(S × R
d)
∣∣∣u(s, ·) ∈ D for s ∈ S and

S � s 
→ E�(s,·)(u(s, ·), u(s, ·)) is measurable and integrable w.r.t. ν
}

.

For given r ∈ (0,∞) we recall the family χα
r , α ∈ rZd, from Sect. 2.1 and

define a linear subspace of D
(∫ ⊕

E�(s,·)dν
)

by

Lr :=
{

λ : S × R
d → R

∣∣∣ there exists M ∈ (0,∞) such that

λ(s, x) =
∑

α∈rZd

λα(s)χα
r (x), s ∈ S, x ∈ R

d, with

measurable λα : S → [−M,M ] for α ∈ rZd
}

.

Since the support of χα
r is contained in the cube α + [−r, r]d for every

α ∈ r Zd and r ∈ (0,∞), the number of indexes α for which, at a given point
x ∈ R

d, the function χα
r does not vanish at x is bounded by 2d. Therefore, Lr

is a subspace of Mb(S×R
d) for every r ∈ (0,∞). The approximative qualities

of the subspace Lr are in the focus of the next Lemma. For g ∈ Cc(Rd) and
ε ∈ (0,∞), the continuous functions on R

d with compact support, we write

ωg
ε := sup

x,y∈R
d

maxj |xj−yj |≤4ε

|g(x) − g(y)|. (2.17)

Furthermore, if g ∈ C1
c (Rd), the continuously differentiable functions on R

d

with compact support, then

ω∇g
ε := max

i=1,...,d
ω∂ig

ε and Dg := max
i=1,...,d

‖∂ig‖∞.
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Lemma 2.3. Let f ∈ Mb(S), g ∈ C1
c (Rd) and κ : S × R

d → [0, 1] be measur-
able. For u ∈ D(

∫ ⊕
E�(s,·)dν) with −1 ≤ u(·) ≤ 1 and r ∈ (0,∞) there exists

λ ∈ Lr such that each of the inequalities holds true.

(i) |λα( · )| ≤ 1 where λα is the coefficient of λ with index α ∈ rZd.

(ii)
∣∣∣
∫

S×Rd

f(s) g(x)
(
u(s, x) − λ(s, x)

)
κ(s, x)dms(x)dν(s)

∣∣∣
≤ ‖f‖L∞(ν)

(
ωg

r + ‖g‖∞ ‖δκ(s,·)
r (ms)‖L2(ν)

)
.

(iii)
∣∣∣
∫

S

f(s)Eκ�(s,·)(g, u(s, ·) − λ(s, ·)
)
dν(s)

∣∣∣ ≤ √
d ‖f‖L∞(ν)

×
(
ω∇g

r + Dg ‖δκ(s,·)
r (ms)‖L2(ν)

) ( ∫

S

E�(s,·)(u(s, ·), u(s, ·)
)
dν(s)

) 1
2

.

(iv)
∫

S

Eκ�(s,·)(λ(s, ·), λ(s, ·)
)
dν(s)

≤ ‖Cκ(s,·)
r (ms)‖L∞(ν)

∫

S

E�(s,·)(u(s, ·), u(s, ·)
)
dν(s).

Proof. Let r ∈ (0,∞) be fixed throughout this proof. We start with an ab-
stract estimate, which will be used in two separate instances in the subsequent
course of this proof. By ρ : Rd → [0,∞) we denote a generic non-negative,
measurable function with

∫
ρdx ≤ 1. Let ϕ, η denote two generic elements

from C and h ∈ Cc(Rd). Since the family (ϕα
r )α sum up to one and r−dηα

r is
a probability density for α ∈ rZd, we estimate

∣∣∣h(x) ρ(x) −
∑

α∈rZd

ϕα
r (x) r−d

∫

Rd

ηα
r (y)h(y) ρ(y)dy

∣∣∣

=
∣∣∣ ∑

α∈rZd

ϕα
r (x) r−d

∫

Rd

(h(x) ρ(x) − h(y) ρ(y)) ηα
r (y)dy

∣∣∣

≤
∑

α∈rZd

ϕα
r (x)
(
ωh

r ρ(x) + ‖h‖∞ r−d

∫

Rd

|ρ(x) − ρ(y)| ηα
r (y)dy

)

= ωh
r ρ(x) + ‖h‖∞ Rϕ,η

r (ρ)(x) (2.18)

for each point x ∈ R
d.

As in the claim of this lemma, we fix u ∈ D(
∫ ⊕

E�(s,·)dν) ∩ M(S ×
R

d, [−1, 1]), g ∈ C1
c (Rd) and f ∈ Mb(S).

The definition

λ(s, x) :=
∑

α∈rZd

1
rd

∫

Rd

u(s, y)1(−r,0]d(α − y)dy χα
r (x) (2.19)

for x ∈ R
d and s ∈ S is in accordance with (i). We now dedicate ourselves to

the verification of (ii) to (iv).
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We start with Item (ii). The integrals, which needs to be computed,
involves only integrands of bounded functions. By linearity, we obtain

∣∣∣
∫

S×Rd

f(s) g(x)
(
u(s, x) − λ(s, x)

)
κ(s, x)dms(x)dν(s)

∣∣∣

=
∣∣∣
∫

S×Rd

f(s)u(s, x) g(x)κ(s, x)dms(x)dν(s)

−
∫

S×Rd

f(s)u(s, x)
∑

α∈rZd

(
1(−r,0]d(α − x)

×r−d

∫

Rd

g(y)κ(s, y)χα
r (y)dms(y)

)
dxdν(s)

∣∣∣. (2.20)

To get the subtracting term into the form as it is written in the line
above, we plug in (2.19), use Fubini’s theorem and after changing the order
of integration we also exchange the names of the variables x and y. To go
on, we put the subtraction inside the integral again and for each s ∈ S and
x ∈ R

d use (2.18) with the choices κ(s, ·) �(s, ·) as ρ, 1[0,1)d as ϕ, the tent
function χ0

1 as η and h = g, to estimate (2.20) from above with∫

S

∫

Rd

|f(s)u(s, x)|
(

ωg
r κ(s, x) �(s, x)

+ ‖g‖∞ R
1[0,1),χ

0
1

r ((κ �)(s, ·)) (x)
)
dxdν(s)

≤ ωg
r ‖f‖L∞(ν)

∫

S

∫

Rd

|u(s, x)|dms(x)dν(s)

+ ‖g‖∞ ‖f‖L∞(ν)

∫

S

δκ(s,·)
r (ms)

(∫

Rd

|u(s, x)|2dms(x)
) 1

2
dν(s).

The claim of (ii) now follows with the Cauchy-Schwarz inequality. We now
turn to the proof of (iii). We fix i ∈ {1, . . . , d}. For α ∈ rZd and q ∈ (0,∞)
we set

T α,i
q :=

{
T ∈ Tq

∣∣∣T (σ−1
T (i) − 1) = α

}

with the notation of Sect. 2.1. In view of (2.1) this condition means, that after
hitting α the path of T takes the direction of ei until it reaches the next point
on the lattice α+q ei. We note, that by definition of Tq and (2.2) an element
from T ∈ Tq is already uniquely defined if we are given its corresponding
permutation σT ∈ Sd and one of its vertexes T (j) ∈ q Zd for an arbitrary
index j ∈ {0, . . . , d}. So, the size of T 0,i

q calculates as

|T 0,i
q | =

d−1∑
j=0

∣∣∣
{

T ∈ Tq

∣∣∣T (j) = 0 and T (σ−1
T (i) − 1) = T (j)

}∣∣∣
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=
d−1∑
j=0

∣∣∣
{

T ∈ Tq

∣∣∣T (j) = 0 and σT (j + 1) = i
}∣∣∣

= (d − 1)! d = d!.

Hence,

η̃ :=
∑

T∈T 0,i
1

1DT

defines an element from C , because |DT | = 1/(d!) for T ∈ T1 and moreover∑
α∈Zd

η̃α
1 =

∑
α∈Zd

∑
T∈T α,i

1

1DT
=
∑

T∈T1

1DT
= 1.

We define another element from C ,

ϕ̃ : Rd � y 
→
∫ 1

0

1[0,1)d(y − t ei)dt.

Let s ∈ S and i ∈ {1, . . . , d}. The main effort in the proof of the estimate of
(iii) is done by a preliminary transformation of a relevant integral. To shorten
the notation in the next lines we set

IT :=
∫

DT

∂ig(x)κ(s, x) �(s, x)dx

for T ∈ Tr. To obtain the equivalences as follows, we first use Fubini’s theo-
rem, then apply Theorem 2.1 (iii) before we use the translation invariance of
the Lebesgue measure and the fundamental theorem of calculus.∫

Rd

∂xi
λ(s, x) ∂ig(x)κ(s, x)dms(x)

=
∑

α∈rZd

r−d

∫

Rd

u(s, y)1(−r,0]d(α − y)dy

∫

Rd

∂iχ
α
r (x) ∂ig(x) (κ �)(s, x)dx

=
∑

α∈rZd

T∈T α,i
r

r−d−1

∫

Rd

u(s, y)
(
1(−r,0]d(α + r ei − y) − 1(−r,0]d(α − y)

)
dy IT

=
∑

α∈rZd

∑
T∈T α,i

r

r−d−1

∫

Rd

(
u(s, y + r ei) − u(s, y)

)
1(−r,0]d(α − y)dy IT

=
∑

α∈rZd

∑
T∈T α,i

r

r−d−1

∫

Rd

∫ r

0

∂u(s, x + t ei)
∂xi

dt1(−r,0]d(α − x)dx IT

=
∑

α∈rZd

∑
T∈T α,i

r

r−d−1

∫

Rd

∂xi
u(s, x)

∫ r

0

1(−r,0]d(α − x + t ei)dtdx IT

=
∫

Rd

∂xi
u(s, x)

∑
α∈rZd

ϕ̃α
r (x) r−d

∫

Rd

η̃α
r (y) ∂ig(y) (κ �)(s, y)dydx. (2.21)
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In the second to last step we change the order in which we integrate w.r.t. dt
anddxi, then use the translation invariance ofdxi before we change back. If we
subtract the integral calculated in (2.21) from the term

∫
Rd ∂iu(s, x) ∂ig(x)

κ(s, x)dms(x), then we can make use of (2.18) by choosing κ(s, ·) �(s, ·) as ρ,
the primal functions ϕ̃, η̃, as ϕ, respectively η, and ∂ig as h. Summing up
over i = 1, . . . , d and integrating w.r.t. fdν over S, we obtain the inequality
∣∣∣
∫

S

f(s)Eκ�(s,·)(g, u(s, ·) − λ(s, ·)
)
dν(s)

∣∣∣

≤ ‖f‖L∞(ν) ω∇g
r

d∑
i=1

∫

S

∫

Rd

|∂xi
u(s, x)|dms(x)dν(s)

+ ‖f‖L∞(ν) Dg

d∑
i=1

∫

S

δκ(s,·)
r (ms)

(∫

Rd

|∂xi
u(s, x)|2dms(x)

) 1
2
dν(s).

Now, (iii) follows by applying the Cauchy-Schwarz inequality twice on each
summand.

We approach the missing proof of Item (iv). In a similar calculation
as done in (2.21), we first use Theorem 2.1 (iii) and the shift invariance of
the Lebesgue measure, before we estimate twice with the Cauchy-Schwarz
inequality to obtain

d∑
i=1

| ∂iλ(s, ·) |2 =
d∑

i=1

∣∣∣ ∑
α∈rZd

r−d

∫

Rd

u(s, y)1(−r,0]d(α − y)dy ∂iχ
α
r

∣∣∣2

=
1
r2

∑
T∈Tr

1DT

d∑
i=1

∣∣∣ r−d

∫

Rd

u(s, y)
(
1(−r,0]d(T (i) − y)

−1(−r,0]d(T (i − 1) − y)
)
dy
∣∣2

=
1
r2

d∑
i=1

∑
α∈rZd

∑
T∈T α,i

r

1DT

∣∣∣ r−d

∫

Rd

u(s, y)
(
1(−r,0]d(α + r ei − y)

−1(−r,0]d(α − y)
)
dy
∣∣2

=
1
r2

d∑
i=1

∑
α∈rZd

T∈T α,i
r

1DT

∣∣∣ r−d

∫

Rd

(
u(s, y + r ei) − u(s, y)

)
1(−r,0]d(α − y)dy

∣∣∣2

≤ 1
r2

d∑
i=1

∑
α∈rZd

T∈T α,i
r

1DT
r−d

∫

Rd

|u(s, y + r ei) − u(s, y)|2 1(−r,0]d(α − y)dy

≤
d∑

i=1

∑
α∈rZd

T∈T α,i
r

r−d−1 1DT

∫

Rd

r∫

0

∣∣∣∂u(s, y + t ei)
∂yi

∣∣∣2dt1(−r,0]d(α − y)dy
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=
d∑

i=1

∑
α∈rZd

r−d η̃α
r

∫

Rd

|∂yi
u(s, y)|2 ϕ̃α

r (y)dy. (2.22)

The fundamental theorem of calculus is used in the second to last step. In the
last equality, for each i = 1, . . . , d, we change the order in which we integrate
w.r.t. dt and dyi, then use the translation invariance of dyi before we change
back. We first integrate the function of (2.22) w.r.t. κ(s, ·) dms over R

d and
then we integrate w.r.t. dν over the variable s ∈ S. Looking at the integrated
version of (2.22), we observe that the left hand side coincides with the left
hand side of Lemma 2.3(iv). The right hand side yields the desired upper
bound, because with Fubini’s theorem we write
∫

S

∫

Rd

∑
α∈rZd

r−d η̃α
r (x)
∫

Rd

d∑
i=1

|∂yi
u(s, y)|2 ϕ̃α

r (y)dy κ(s, x)dms(x)dν(s)

=
∫

S

∫

Rd

d∑
i=1

|∂iu(s, ·)|2 Iϕ̃,η̃
r (κ(s, ·) �(s, ·) )dydν(s)

≤
∫

S

Cκ(s,·)
r (ms)

∫

Rd

d∑
i=1

|∂iu(s, ·)|2dmsdν(s) �

3. Preliminaries on Mosco Convergence and Main Results

3.1. Basic Terminology and the Theorem of Mosco-Kuwae-Shioya

For the convenience of the reader we give a self contained introduction to the
most elementary concepts developed in [18,22]. The section comprises all the
aspects from this theory which are relevant to this article. The theorem of
Mosco-Kuwae-Shioya defines a notion of convergence for spectral structures
over varying Hilbert spaces, indexed by N , and finds equivalent formulations
in terms of semigroup (TN

t )t>0, resolvent (GN
α )α>0, or symmetric closed form

EN . The manifestation of the central theorem, as it is arranged in this text,
contains a simplification for the condition of (M1). In both of the original
papers [18,22] the validity of this modification is evident from their proofs,
however has not been stated explicitly. In its traditional formulation (M1)
reads exactly as Property (a) of Theorem 3.4(iii). It demands a verification
for the sequential lower-semi-continuity of (EN )N considering an abstract
sequence (uN )N∈N

and its weak limit. Now, Theorem 3.4(iv) says that we
may restrict to the case where uN is in the image set defined by the action
of GN

α on a certain well-known class of pre-images for N ∈ N and some fixed
value α > 0. This observation is particularly useful in the context of Dirichlet
forms with α GN

α being sub-Markovian. In the proof of Theorem 3.11 we can
benefit from it.

All abstract Hilbert spaces are assumed to be real and separable. A
sequence of converging Hilbert spaces comprises linear maps

ΨN : C → HN
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indexed by the parameter N ∈ N, where C is a dense linear subspace of a
Hilbert space (H∞, 〈·, ·〉∞) and the image space (HN , 〈·, ·〉N ) is Hilbert as
well. Apart from that, the asymptotic equations

Ψ∞ϕ = ϕ,

lim
N→∞

〈ΨNϕ,ΨNϕ〉N = 〈ϕ,ϕ〉∞ (3.1)

are assumed to hold for ϕ ∈ C. For N ∈ N the norm on HN is denoted by
‖ · ‖N . An element of

H :=
∏

N∈N

HN (3.2)

is referred to as a section in this article. The reasoning behind this terminol-
ogy becomes clear in Remark 3.2(i) after the next lemma. Moreover, we say
that a section (uN )N∈N

is strongly convergent if

lim
N→∞

〈uN ,ΨNϕ〉N = 〈u∞, ϕ〉∞ for ϕ ∈ C

and lim
N

‖uN‖N = ‖u∞‖∞.

Building a dual notion, the section is called weakly convergent if

lim
N→∞

〈uN , vN 〉N = 〈u∞, v∞〉∞

holds true for every strongly convergent section (vN )N∈N
. What is more,

if (Nk)k∈N
⊂ N is strictly increasing in k, then (uNk

)k∈N
is referred to as

a subsection of (uN )N∈N
. The terminology of strong and weak convergence

naturally applies to subsections as well. If (uN )N∈N
is a section which has a

weakly (or strongly) convergent subsection, then u∞ is called a weak (respec-
tively strong) accumulation point of (uN )N∈N

. The next lemma cites some
results from [15,16,18] to better understand the newly introduced terminol-
ogy. The proof given here takes the same route as the one in [15].

Lemma 3.1. Let HN , N ∈ N, be a sequence of converging Hilbert spaces with
asymptotic space H∞.

(i) For every u ∈ H∞ there is a strongly convergent section which has u as
its asymptotic element.

(ii) A section (uN )N∈N
is strongly convergent if and only if

lim
N→∞

〈uN , vN 〉N = 〈u∞, v∞〉∞

holds true for every weakly convergent section (vN )N∈N
.

(iii) The norm is weakly lower semi-continuous. By this we mean

‖u∞‖∞ ≤ lim inf
N∈N

‖uN‖N

for every weakly convergent section (uN )N∈N
. Moreover, the right hand

side of this inequality takes a finite value.
(iv) If uN ∈ {u ∈ HN | ‖u‖N ≤ 1} for N ∈ N, then there exists a weak

accumulation point of (uN )N∈N
.
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Proof. Let ϕ1, ϕ2, . . . be elements from C which form an orthonormal basis
for H∞. All the statements are clear if ΨN is isometric for N ∈ N, since in
this case there is a one-to-one identification

H � (uN )N∈N

→ [(ũN )N∈N

, ũ∞] ∈ (l2)
N × l2

if we set

ũN :=
(
〈uN ,ΨNϕ1〉N , 〈uN ,ΨNϕ2〉N , · · ·

)
∈ l2

for N ∈ N. It correctly explains the notion of strongly and weakly conver-
gent sections through the usual strong and weak topology on l2. This means
(uN )N∈N

is a strongly (respectively weakly) convergent section if and only
if limN→∞ ũN = ũ∞ holds in the strong (respectively weak) topology of l2.
Moreover, ‖ũN‖l2 = ‖uN‖N for N ∈ N. So, if ΨN is isometric, then the claim
of the lemma follows from the analogous facts of (i) to (iv) for l2.

We now construct isometric isomorphisms Ψ̂N : H∞ → HN for N ∈ N

which yield the same notion of strong and weak convergence for elements of
H as the given ones. For N,m ∈ N define

AN,m :=
[
aN,m

i,j

]m
i,j=1

:=
[
〈ΨNϕi,ΨNϕj〉N

]m
i,j=1

.

For fixed m ∈ N we have

lim
N

AN,m = id ∈ R
m×m.

Hence, for m ∈ N there is Nm ∈ N such that for N ≥ Nm the following is
true: There exists BN,m := [bN,m

i,j ]
m

i,j=1
∈ R

m×m with

‖BN,m − id ‖op,∞ ≤ 1
m

, (3.3)

(BN,m)
T

AN,m BN,m = id ∈ R
m×m, (3.4)

and ‖ΨNϕi‖N ≤ 2, i = 1, . . . , m. (3.5)

Indeed, BN,m can be set by BN,m := (AN,m)− 1
2 for sufficiently large N .

In the line above ‖ · ‖op,∞ denotes the operator norm on R
m×m w.r.t. the

supremum norm on R
m. Now, for fixed N ∈ N we choose mN ∈ N as the

maximal m ∈ N for which Nm ≤ N and define

Ψ̂Nϕj :=
mN∑
i=1

bN,mN

i,j ΨNϕi

for j = 1, . . . ,mN .[
〈Ψ̂Nϕi, Ψ̂Nϕj〉N

]mN

i,j=1
= id ∈ R

mN ×mN

holds true due to (3.4). So, Ψ̂N can be extended to an isometric isomorphism
H∞ → HN which we again denote by Ψ̂N . We further define Ψ̂∞ := idH∞ .

To see that (Ψ̂N )N∈N
indeed yield the same notion of strong convergence

for elements of H as the given one, it suffices to check the asymptotic equality

lim
N→∞

∣∣∣ 〈uN , Ψ̂Nϕj〉N − 〈uN ,ΨNϕj〉N

∣∣∣ = 0
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for given j ∈ N and uN ∈ {u ∈ HN | ‖u‖N ≤ 1}, N ∈ N. For given j ∈ N

and N ∈ N such that mN ≥ j we calculate

| 〈uN , Ψ̂Nϕj − ΨNϕj〉N |

≤ ‖BN,mN − id ‖op,∞ sup
1≤i≤mN

|〈uN ,ΨNϕi〉N | ≤ 2
mN

using (3.3) and (3.5). Since (Ψ̂N )N∈N
induces the same notion of strong

convergence for elements of H as does (ΨN )N∈N
, the analogue statement

concerning weak convergence is also true via duality. �

We state some observations regarding Lemma 3.1.

Remark 3.2. (i) Let (uN )N∈N
∈ H. The map N 
→ uN can be regarded as

a section from N into

KS :=
{

[N,u]
∣∣∣N ∈ N, u ∈ HN

}
,

the disjoint union of the Hilbert spaces HN , N ∈ N. We use the term
‘section’ here in analogy to its meaning in the theory of vector bundles,
where a section denotes a right inverse of the projection onto the base
space. There are topologies τw and τs on KS such that for a section
(uN )N∈N

∈ H the strong (or weak) convergence as defined above is
equivalent to limN→∞ uN = u∞ w.r.t. τs (respectively τw). Indeed, these
can be easily written down as initial topologies. Concerning τs, it is the
initial topology generated by the family of maps{

KS � [N,u] 
→ N ∈ N,

KS � [N,u] 
→ ‖u‖N ∈ R,

KS � [N,u] 
→ 〈ΨNϕ, u〉N ∈ R
∣∣ ϕ ∈ C

}
.

The open sets in N are given as

{U |U ⊂ N} ∪
{

U ∪ {∞}
∣∣∣U ⊂ N and there exists m ∈ N

such that l ∈ U is true for l ∈ N, l ≥ m
}

.

Hence, for a convergent sequence (Nk)k∈N
in N there are only two

possibilities. Either there exists m ∈ N and N∗ ∈ N such that Nk = N∗

for k ∈ N, k ≥ m, or for arbitrarily chosen M ∈ N there exists m ∈ N

such that Nk ≥ M holds for k ∈ N, k ≥ m.

Then, concerning τw, it is the initial topology generated by the
family of maps{

KS � [N,u] 
→ N ∈ N,

KS � [N,u] 
→ 〈u, vN 〉N

∣∣∣ (vN )N∈N
∈ H is a strongly convergent section

}
.
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(ii) Due to Remark 3.2(i) a section (uN )N∈N
∈ H converges strongly (or

weakly), if for every subsection there is a (sub-)subsection which does
so.

(iii) Let V ⊂ H∞ be a dense linear subspace, u∞ ∈ H∞ and uN ∈ {HN

| ‖uN‖N ≤ 1} for N ∈ N. As a consequence of Remark 3.2(ii) and
Lemma 3.1(iv) we obtain a sufficient criterion for (uN )N∈N

to form
a weakly convergent section: For every v∞ ∈ V there is a strongly
convergent section with asymptotic element v∞, say (vN )N∈N

, such that

lim
N→∞

〈uN , vN 〉N = 〈u∞, v∞〉∞. (3.6)

Indeed, (3.6) allows to identify all weak accumulation points of (uN )N∈N

with the element u∞.
(iv) The proof of Lemma 3.1 motivates to ask: Would the same notion of

weakly and strongly convergent sections have emerged, had the con-
struction been initiated with a different choice Ψ̃N : D → HN instead
of the original map ΨN for N ∈ N ? Of course, the question only makes
sense if (Ψ̃N )n∈N

meets the analogue of (3.1) w.r.t. the dense linear
subspace D ⊂ H∞. The answer is affirmative if and only if

lim
N→∞

〈Ψ̃Nϕ,ΨNη〉N = 〈ϕ, η〉∞ (3.7)

for ϕ ∈ D and η ∈ C. The necessity of (3.7) is clear indeed. On the other
hand, (3.7) implies the strong convergence of the section (Ψ̃Nϕ)N∈N

w.r.t the notion induced by (ΨN )N∈N
and vice versa. Hence, concerning

the notion of strong convergence, the answer to the question is affirma-
tive under (3.7). The equivalence of weak convergence follows from the
equivalence of strong convergence.

(v) As we learn in the proof of Lemma 3.1 there are isometric isomorphisms
Ψ̂N : H∞ → HN for N ∈ N such that (3.7) holds with D := H∞.

We are now preparing to state the theorem of Mosco-Kuwae-Shioya.
Again HN , N ∈ N, is a sequence of converging Hilbert spaces with asymptotic
space H∞ There is a natural way to introduce a notion of convergence for an
element (LN )N∈N

of

L(H) :=
∏

N∈N

L(HN ).

L(HN ) denotes the Banach space of bounded linear operators on HN with
operator norm ‖ · ‖L(HN ) for N ∈ N. Again it makes sense to refer to the
elements of L(H) as sections. The section (LN )N∈N

is called strongly con-
vergent if (LNuN )N∈N

∈ H converges strongly for any strongly convergent
section (uN )N∈N

.

Remark 3.3. Let (LN )N∈N
, (L∗

N )N∈N
be elements of the set

∏
N∈N

{L ∈ L(HN ) | ‖L‖L(HN ) ≤ 1},
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where L∗
N denotes the adjoint of LN for N ∈ N. Due to Lemma 3.1(ii)

the strong convergence of (LN )N∈N
∈ L(H) is equivalent to the follow-

ing: (L∗
NuN )N∈N

∈ H converges weakly for any weakly convergent section
(uN )N∈N

. By Remark 3.2(iii) however, the latter condition is in turn equiva-
lent to the following property: For every ϕ ∈ C the section (LNΨNϕ)N∈N

is
strongly convergent.

The theorem of Mosco-Kuwae-Shioya throws some light on a family
{(GN

α )N∈N
|α > 0} ⊂ L(H) of strongly convergent sections, where (GN

α )α>0

is assumed to form a strongly continuous contraction resolvent of symmetric
operators on HN for fixed N ∈ N. Its associated generator

ΔN := id − (GN
1 )

−1
, D(ΔN ) := Im(GN

1 ),

is densely defined and induces a non-negative, symmetric bilinear form

EN (u, v) := 〈u,−ΔNv〉N , u, v ∈ D(ΔN ).

This form is closable on HN . Its closure is denoted by (EN ,D(EN )) and
satisfies

EN (GN
α u, v) + α 〈GN

α u, v〉N = 〈u, v〉N

for u ∈ HN , v ∈ D(EN ) and α > 0 due to the identity

GN
α = (α − ΔN )−1

.

Since the spectrum of ΔN is contained in (−∞, 0], the functional calculus
(see e.g. [30, Chap. VII]) evaluating the exponential function at t ΔN , t > 0,
yields a strongly continuous contraction semigroup of symmetric operators

{TN
t := exp(t ΔN ) | t > 0 }

on HN . For α > 0 we write EN
α (u, v) = EN (u, v)+α〈u, v〉N for u, v ∈ D(EN ).

Then EN
α defines a scalar product which makes (D(EN ), EN

α ) a Hilbert space.
The induced norm (EN

α )1/2 is equivalent to (EN
1 )1/2 for α > 0. We shorten the

notation a bit. If (uN )N∈N
∈ H is strongly (or weakly) convergent, we write

‘uN
s.−→
N

u∞’ (respectively ‘uN
w.
⇀
N

u∞’). Analogously, we write ‘LN
s.−→
N

L∞’

if (LN )N∈N
∈ L(H) is strongly convergent.

Theorem 3.4. The following are equivalent.

(i) GN
α

s.−→
N

G∞
α for α > 0.

(ii) (a) Let (uN )N∈N
∈ H and α > 0. Then, uN

s.−→
N

u∞ implies

lim
N→∞

EN
α (GN

α uN , GN
α uN ) = E∞

α (G∞
α u∞, G∞

α u∞).

(b) For every u ∈ D(E∞) there is uN ∈ D(EN ) for N ∈ N such that
uN

s.−→
N

u and

lim
N→∞

EN (uN , uN ) = E∞(u, u).
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(iii) (a) Let (uN )N∈N
∈ H. Then, uN

w.
⇀
N

u∞ implies

E∞(u∞, u∞) ≤ lim inf
N→∞

EN (uN , uN ).

The inequality has to be read in the sense, that in case #N with uN ∈
D(EN ) is infinite and accounts for a finite right hand side, then u∞ ∈
D(E∞) and the stated inequality holds true.
(b) There is a dense linear subspace V ⊂ (D(EN ), EN

1 ) such that for
every u ∈ V there exists uN ∈ D(EN ) for N ∈ N with uN

s.−→
N

u and

lim
N→∞

EN (uN , uN ) = E∞(u, u).

(iv) (a) There exists α > 0 such that for every ϕ ∈ C and every weak accu-
mulation point u of (GN

α ΨNϕ)N∈N
it holds

E∞(u, u) ≤ lim inf
k→∞

ENk(GNk
α ΨNk

ϕ,GNk
α ΨNk

ϕ)

in case GNk
α ΨNk

ϕ
w.
⇀
k

u is a corresponding weakly convergent subsection.

(b) Property (b) of Theorem 3.4(iii) holds true.
(v) Δp

N TN
t

s.−→
N

Δp
∞ T∞

t for t > 0 and p ∈ N ∪ {0}.

Proof. Assume (i). Let α > 0. Property (a) of (ii) is a direct consequence.
Then, the linear maps

G∞
α (C) � u 
→ GN

α ΨN (α − Δ∞)u, N ∈ N, (3.8)

make the sequence (D(EN ), EN
α )N∈N a convergent sequence of Hilbert spaces

on their own right, with asymptotic space (D(E∞), E∞
α ), since they satisfy

the asymptotic equations

GN
α Ψ∞(α − Δ∞)u = u,

lim
N→∞

EN
α (GN

α ΨN (α − Δ∞)u, GN
α ΨN (α − Δ∞)u ) = E∞

α (u, u) (3.9)

for u ∈ G∞
α (C). We hint at the fact that G∞

α (C) is a dense linear subspace of
(D(E∞), E∞

α ), because v ∈ D(E∞) such that

0 = E∞
α (v,G∞

α ϕ) = 〈v, ϕ〉∞ for all ϕ ∈ C

implies v = 0. For short we set

HE :=
∏

N∈N

(D(EN ), EN
α ). (3.10)

In the following lines, we exploit the interplay between the asymptotic of the
identity

EN
α (uN , GN

α vN ) = 〈uN , vN 〉N , N ∈ N, (3.11)

for N → ∞ and the identity

E∞
α (u∞, G∞

α v∞) = 〈u∞, v∞〉∞ (3.12)
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for suitable choices of (uN )N∈N
∈ HE and (vN )N∈N

∈ H. First we set vN :=
ΨN (α − Δ∞)w for N ∈ N and w ∈ G∞

α (C) and deduce via Remark 3.2(iii)
that

uN
w.
⇀
N

u∞ in the sense of HE implies uN
w.
⇀
N

u∞ in the sense of H

(3.13)

for any (uN )N∈N
∈ HE . Consequently,

vN
w.
⇀
N

v∞ in the sense of H implies GN
α vN

w.
⇀
N

G∞
α v∞ in the sense of HE

for any (vN )N∈N
∈ H, where we make use of Remark 3.3, Lemma 3.1(iv)

and (3.13). Then, again looking at (3.11) and (3.12), we deduce from
Lemma 3.1(ii) that

uN
s.−→
N

u∞ in the sense of HE implies uN
s.−→
N

u∞ in the sense of H

for (uN )N∈N
∈ HE . The desired Property (b) follows from Lemma 3.1(i) and

the implication of Theorem 3.4(ii) by Theorem 3.4(i) is shown.
Assume (ii) now and let α > 0. Again defining linear maps as in (3.8)

we perceive (D(EN ), EN
α )N∈N as a convergent sequence of Hilbert spaces with

limiting space (D(E∞), E∞
α ), since Property (a) of (ii) ensures the validity

of the asymptotic Eq. (3.9). In the same way as we did before, we argue by
comparing the asymptotic of (3.11) with (3.12) that

uN
w.
⇀
N

u∞ in the sense of HE implies uN
w.
⇀
N

u∞ in the sense of H

(3.14)

for any (uN )N∈N
∈ HE . We now consider an arbitrary element (uN )N∈N

∈ H
and increasing positive integers Nk ∈ N, k ∈ N. Due to (3.14), Lemma 3.1(iii)
and Lemma 3.1(iv) we have u∞ ∈ D(E∞) with

E∞
α (u∞, u∞) ≤ lim inf

k→∞
ENk

α (uNk
, uNk

) (3.15)

whenever uNk
∈ D(ENk) for k ∈ N with supk ENk

α (uNk
, uNk

) < ∞ and uNk

w.
⇀
k

u∞ in the sense of
∏

k HNk
. Property (a) of Theorem 3.4(iii) now follows

considering arbitrarily small α > 0 in (3.15).
The implication of (iii) by (iv) is clear. We assume (iv) now and fix

α > 0 for which Property (a) holds true. Let ϕ ∈ C. We can choose Nk ∈ N

for k ∈ N, strictly increasing in k, such that both,

lim sup
N→∞

EN
α (GN

α ΨNϕ,GN
α ΨNϕ) = lim

k
ENk

α (GNk
α ΨNk

ϕ,GNk
α ΨNk

ϕ)

and there is a weak accumulation point u with GNk
α ΨNk

ϕ
w.
⇀
k

u. In case

lim sup
N→∞

EN
α (GN

α ΨNϕ,GN
α ΨNϕ) > 0

it holds

lim sup
N→∞

EN
α (GN

α ΨNϕ,GN
α ΨNϕ)1/2 = lim

k

〈GNk
α ΨNk

ϕ,ΨNk
ϕ〉Nk

ENk
α (GNk

α ΨNk
ϕ,GNk

α ΨNk
ϕ)1/2
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≤ 〈u, ϕ〉∞
E∞

α (u, u)1/2
=

E∞
α (u,G∞

α ϕ)
E∞

α (u, u)1/2
≤ E∞

α (G∞
α ϕ,G∞

α ϕ)1/2. (3.16)

Otherwise, the analogue of (3.16) is automatically fulfilled. Property (b) of
(iv) allows us to define linear maps Ψ̃N : D(E∞) ⊃ V → D(EN ) for N ∈ N

such that both,

Ψ̃Nu
s.−→
N

u =: Ψ̃∞u

in the sense of H and

lim
N

EN
α (Ψ̃Nu, Ψ̃Nu) = E∞

α (u, u)

for u ∈ V . In this way we can understand (D(EN ), EN
α ), N ∈ N, as a se-

quence of converging Hilbert spaces with asymptotic space (D(E∞), E∞
α ). In

the emerging notion of convergence for elements of HE (defined as in (3.10))
it holds GN

α ΨNϕ
w.
⇀
N

G∞
α ϕ for ϕ ∈ C, because

lim
N→∞

EN
α (GN

α ΨNϕ, Ψ̃Nu) = lim
N→∞

〈ΨNϕ, Ψ̃Nu〉N

= 〈ϕ, u〉∞ = E∞
α (G∞

α ϕ, u) (3.17)

for u ∈ V . Hence, by Lemma 3.1(iii) and (3.16) we have

lim
N

EN
α (GN

α ΨNϕ,GN
α ΨNϕ) = E∞

α (G∞
α ϕ,G∞

α ϕ).

for ϕ ∈ C. We now deduce that the family of maps

Ψ̃
′
N : G∞

α (C) � u 
→ GN
α ΨN (α − ΔN )u, N ∈ N,

as have already been regarded in (3.8), fulfill the asymptotic equations (3.9).
Moreover, (Ψ̃

′
N )N∈N

generates the same notion of convergence for elements
of HE as do (Ψ̃N )N∈N

, due to (3.17) and Remark 3.2(iv). Let (vN )N∈N
∈ H

be weakly convergent. First, we argue that GN
α vN

w.
⇀
N

G∞
α v∞ in the sense of

HE , because

lim
N→∞

EN
α (GN

α vN , Ψ̃Nu) = lim
N→∞

〈vN , Ψ̃Nu〉N

= 〈v∞, u〉∞ = E∞
α (G∞

α v∞, u)

for u ∈ V . Then, we obtain GN
α vN

w.
⇀
N

G∞
α v∞ in the sense of H, because

lim
N→∞

〈GN
α vN ,ΨNϕ〉N = lim

N→∞
EN

α (GN
α vN , Ψ̃

′
N GN

α ϕ )

= E∞
α (G∞

α v∞, G∞
α ϕ) = 〈v∞, ϕ〉∞

for ϕ ∈ C. Now, GN
α

s.−→
N

G∞
α is a consequence of Remark 3.3 and the self-

adjointness of GN
α for N ∈ N.

Let C0((−∞, 0]) denote the space of continuous function vanishing at
−∞ and set

A := { f ∈ C0((−∞, 0]) | f(ΔN ) s.−→
N

f(Δ∞) }.

We now come to the final step of this proof. The observation, which completes
the implications of (v) by (iv) and also includes the implication of (i) by (v),
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reads as follows: If A separates points, i.e. for t, s ∈ (−∞, 0] with t �= s there
are f, g ∈ A with f(t) �= g(s), f(t) �= 0, g(s) �= 0, then A = C0((−∞]). The
observation is an application of the extended Stone-Weierstraß theorem, as
formulated in [27, Chap. 7], since A is a closed subalgebra of (C0((−∞]), ‖ ·
‖∞). The latter fact can be verified easily via the formula

(fg) (ΔN ) = f(ΔN ) ◦ g(ΔN )

and the estimate

| 〈f(ΔN )uN , vN 〉N | = ‖f‖∞ ‖uN‖N ‖vN‖N

for f, g ∈ C0((−∞]), (uN )N∈N
, (vN )N∈N

∈ H and N ∈ N. �

Until the end of Sect. 3, let E be a Polish space. We denote the space
of bounded, measurable functions from E → R by Mb(E) and the space
of bounded, continuous functions from E → R by Cb(E). Let (μN )N∈N

be
a sequence of weakly convergent Probability measures on E with limit μ∞,
i.e.

lim
N→∞

∫

E

fdμN =
∫

E

fdμ∞ for f ∈ Cb(E).

We moreover assume for the topological support of the measures

supp[μN ] ⊂ supp[μ∞]

for N ∈ N. This ensures that the map ΨN which sends the μ-class of a
bounded, continuous function to its μN -class is well-defined on the linear
subspace C := Cb(E) ∩ L2(E,μ∞) ⊂ L2(E,μ∞). Since the asymptotic in-
equalities (3.1) are fulfilled we are dealing with a sequence (L2(E,μN ))N∈N

of converging Hilbert spaces with asymptotic space L2(E,μ∞). Finding a
strongly convergent minorante and majorante can be a suitable way of prov-
ing that a section of non-negative measurable functions is strongly convergent
and identifying its asymptotic element.

Lemma 3.5. Let gN , fm
N , Fm

N ∈ Mb(E) for m ∈ N, N ∈ N. We assume

0 ≤ fm
N (x) ≤ gN (x) ≤ Fm

N (x)

for x ∈ E, N ∈ N and also the strong convergence of

lim
m→∞

fm
∞ = g∞ as well as lim

m→∞
Fm

∞ = g∞ in L2(E,μ∞).

The following statement regarding elements of
∏

N∈N
L2(E,μN ) holds true:

If

fm
N

s.−→
N

fm
∞ as well as Fm

N
s.−→
N

Fm
∞

for every m ∈ N, then also gN
s.−→
N

g∞.

Proof. Let gN , fm
N , Fm

N for m ∈ N, N ∈ N be as in the assumptions of this
lemma. In the next steps gN

w.
⇀
N

g∞ is shown. In view of Lemma 3.1(iv) and

Remark 3.2(ii) we may w.o.l.g. assume that there exists h ∈ L2(E,μ∞) such
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that gN
w.
⇀
N

h. Let ϕ : E → [0,∞) be a bounded, continuous function and

m ∈ N. The inequality

0 ≤
∫

E

ϕfm
NdμN ≤

∫

E

ϕgNdμN ≤
∫

E

ϕFm
NdμN

for N ∈ N leads to the asymptotic inequality

0 ≤
∫

E

ϕfm
∞dμ∞ ≤

∫

E

ϕhdμ∞ ≤
∫

E

ϕFm
∞dμ∞

in the limit N → ∞. Hence, fm
∞(x) ≤ h(x) ≤ Fm

∞(x) holds for μ∞-a.e. x ∈ E.
Now passing to the limit m → ∞ implies g∞(x) = h(x) for μ∞-a.e. x ∈ E

and hence gN
w.
⇀
N

g∞.

To verify the strong convergence we look at the inequality

0 ≤
∫

E

(fm
N )2dμN ≤

∫

E

g2
NdμN ≤

∫

E

(Fm
N )2dμN

and by passing to the limit N → ∞ observe that∫

E

(fm
∞)2dμ∞ ≤ lim inf

N→∞

∫

E

g2
NdμN ≤ lim sup

N→∞

∫

E

g2
NdμN ≤

∫

E

(Fm
∞)2dμ∞.

Now, passing to the limit m → ∞ yields

lim sup
N→∞

∫

E

g2
NdμN ≤

∫

E

g2
∞dμ∞ ≤ lim inf

N→∞

∫

E

g2
NdμN . �

3.2. Convergence of Superposed Standard Gradient Forms

Here, we assume that the state space E is given as the product E = S ×R
d,

where d ∈ N and S is a Polish space. Denote by π1 : E → S the projec-
tion onto the first coordinate. For N ∈ N we define mN

s as the conditional
distribution of μN given π1 = s for s ∈ S. This means by definition that
S � s 
→ mN

s (V ) ∈ [0, 1] is measurable for V ∈ B(Rd) and μN is the super-
position of mN

s , s ∈ S, w.r.t. the image measure νN of μN under π1. The
equations

νN (π1(A)) = μN (A),∫

S

∫

Rd

1A(s, x)dmN
s (x)dνN (s) = μN (A), A ∈ B(E), (3.18)

equivalently characterize the resulting disintegration of μN along π1. The ex-
istence and uniqueness of the conditional densities is ensured by a general
disintegration theorem as stated in [11, Theorems 10.2.1 and 10.2.2]. For sim-
plicity we equivalently write μ for μ∞, ν for ν∞ and m∞

s for ms if s ∈ S. At
the heart of Theorem 3.11 is the superposition of standard gradient forms on
L2(mN

s ) w.r.t. the mixing measure dνN (s). The bilinear forms of Section 2.2
are now lifted to the L2 setting. As in Sect. 3.1 we want to work with closed
forms. That is why in Condition 3.6 we assume Hamza’s condition for clos-
ability for each N ∈ N. The theorem represents the main result of this paper
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in the abstract setting. Mosco convergence for N → ∞ is obtained under
some constraints on the conditional distributions. These are stated in Con-
dition 3.8 in terms of the quantities C

κ(s,·)
r (mN

s ) and δ
κ(s,·)
r (mN

s ), depending
on r and κ, as defined in Sect. 2 by (2.15), respectively (2.16).

Condition 3.6. Let μN be a probability measures on E = S ×R
d for N ∈ N.

We consider the disintegration according to (3.18). For N ∈ N the family
mN

s , s ∈ S, is assumed to meet Hamza’s condition in νN -a.e. sense. This
means that mN

s is absolutely continuous w.r.t. the Lebesgue measure and its
density �N (s, ·) fulfills

∫

S

mN
s

⎛
⎜⎝
⎧⎪⎨
⎪⎩x ∈ R

d
∣∣∣
∫

x+[−ε,ε]d

�−1
N (s, y)dy < ∞ for some ε > 0

⎫⎪⎬
⎪⎭

⎞
⎟⎠dνN (s) = 1.

Theorem 3.11 identifies the Mosco limit for a sequence of Dirichlet forms.
Let N ∈ N. Condition 3.6 says that for νN -a.e. s ∈ S there is an open set
U�N

s ⊂ R
d such that x 
→ �−1

N (s, x) is locally dx -integrable on U�N
s and

�N (s, x) = 0 holds dx -a.e. on R
d\U�N

s . By the Cauchy-Schwarz inequality

L2(S × R
d, μN ) ↪→ L1

loc

(
{ (s, x) | s ∈ S, x ∈ U�N

s }, νN ×dx
)

(3.19)

is continuously embedded. Thanks to Sect. 2.2 we define a pre-domain
Dpre(EN ) comprising elements of u, v ∈ L2(E,μN ) with representatives

ũ, ṽ ∈ D(
∫ ⊕

E�N (s,·)dνN (s)),

and a symmetric, non-negative bilinear form

EN (u, v) :=
(∫ ⊕

E�N (s,·)dνN (s)
)
(ũ, ṽ), u, v ∈ Dpre(E). (3.20)

Due to Condition 3.6 the form (EN ,Dpre(EN )) is well-defined and closable on
L2(E,μN ) following standard arguments, as disclosed in [13, Chapter 3] and
[20, Chapter 2] and - in particularly within the context of superposition of
forms - also by [1]. Its smallest closed extension on L2(E,μN ) is denoted by
(EN ,D(EN )). If (um)m∈N

⊂ Dpre(EN ) is an approximating Cauchy sequence
for an element u in (D(EN ), EN

1 ) and i ∈ {1, . . . , d}, then the family of func-
tions (s, x) 
→ ∂xi

um(s, x), m ∈ N, form a Cauchy sequence in L2(E,μN ).
From (3.19) we deduce u(s, ·) ∈ H1,1

loc (U�N
s ) for νN -a.e. s ∈ S and

EN (u, u) =
d∑

i=1

∫

S

∫

Rd

|∂xi
u(s, x)|2dmN

s (x)dνN (s)

=
d∑

i=1

∫

S×Rd

|∂xi
u(s, x)|2dμN (s, x). (3.21)

The contraction property,

0 ∨ (1 ∧ u) ∈ Dpre(EN ) for u ∈ Dpre(EN )

with EN ( 0 ∨ (1 ∧ u), 0 ∨ (1 ∧ u) ) ≤ EN (u, u),
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is inherited by (EN ,D(EN )), which makes it a Dirichlet form. As is quite com-
mon, ‘f ∨ g’ (or ‘f ∧ g’) denotes the maximum (respectively the minimum) of
two measurable functions or the μN -classes of such. Consequently, the asso-
ciated strongly continuous contraction resolvent (GN

α )α>0 is sub-Markovian,
i.e.

0 ≤ α GN
α u (·) ≤ 1μN -a.e. if 0 ≤ u(·) ≤ 1μN -a.e.

for u ∈ L2(E,μN ) and α > 0. A profound survey about the concept of
Markovianity is provided by [20, Chapters 1 and 2]. Replacing E�N (s,·) by
Eκ�N (s,·) in (3.20) we define a Dirichlet form (EN,κ,D(EN,κ)) on L2(E, κμN )
in an analogous way for a measurable function κ : S × R

d → [0, 1]. We note
that EN,κ is dominated by EN in the sense that the natural linear inclusion
L2(E,μN ) → L2(E, κμN ), which sends an element u ∈ L2(E,μN ) to the
κμN -class of a representative ũ, restricts to a linear map (D(EN ), EN

1 ) →
(D(EN,κ), EN,κ

1 ) with operator norm smaller or equal 1.
As a preparation for the proof of Theorem 3.11 we extend the scope

of Lemma 2.3 to the whole of D(EN ) for N ∈ N. This can be achieved in a
straight-forward way.

Lemma 3.7. Let N ∈ N, κ : S × R
d → [0, 1] be a measurable function and

h : (s, x) 
→ f(s) g(x) for f ∈ Mb(S) and g ∈ C1
c (Rd). For u ∈ D(EN ) with

−1 ≤ u(·) ≤ 1 and r ∈ (0,∞) there exists λ ∈ Lr such that each of the
inequalities holds true.

(i) |λα( · )| ≤ 1 where λα is the coefficient of λ with index α ∈ rZd.

(ii)
∣∣∣
∫

S×Rd

h (u − λ)κdμN

∣∣∣ ≤ ‖f‖L∞(νN )

(
ωg

r + ‖g‖∞ ‖δκ(s,·)
r (mN

s )‖L2(νN )

)
.

(iii) EN,κ(h, u − λ)

≤
√

d ‖f‖L∞(νN )

(
ω∇g

r + Dg ‖δκ(s,·)
r (mN

s )‖L2(νN )

)
EN (u, u)

1
2 .

(iv) EN,κ(λ, λ) ≤ ‖Cκ(s,·)
r (mN

s )‖L∞(νN ) EN (u, u).

Proof. Let u ∈ D(EN ) with −1 ≤ u(·) ≤ 1 and r ∈ (0,∞).
Since (EN ,Dpre(EN )) is a pre-Dirichlet form and Dpre(EN ) ⊂ (D(EN ), EN

1 )
densely, there exists um ∈ Dpre(E) for m ∈ N such that −1 ≤ um(·) ≤ 1 holds
μN -a.e. and limm→∞ EN

1 (um−u, um−u) = 0. We apply Lemma 2.3 on a suit-
able representative ũm of um for m ∈ N, which returns us an approximation
λm ∈ Lr, say

λm(s, x) =
∑

α∈rZd

λα
m(s)χα

r (x), s ∈ S, x ∈ R
d,

according to Lemmas 2.3(i) to 2.3(iv). Now we use the weak sequential com-
pactness of bounded sets in L2(S, νN ). Repeatedly dropping to a suitable
subsequence and forming a diagonal sequence, we may w.l.o.g. assume the
existence of measurable functions λα, α ∈ rZd, with −1 ≤ λα(·) ≤ 1 and

lim
m→∞

∫

S

(λα
m − λα)hdνN = 0 for h ∈ L2(νN ).
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Let now (Rα)α>0 denote the resolvent of (EN,κ,D(EN,κ)). Exploiting
the weak sequential compactness of bounded sets in (D(EN,κ), EN,κ

1 ) and
the energy bounds for (λm)m due to Lemma 2.3(iv) we deduce the weak
convergence of (λm)m∈N

in (D(EN,κ), EN,κ
1 ). Indeed, every weak accumulation

point w in (D(EN,κ), EN,κ
1 ) must coincide with the function

λ : (s, x) 
→
∑

α∈rZd

λα
m(s)χα

r (x),

because for v ∈ Mb(E) and each bounded, measurable set K ⊂ R
d we have∫

S×K

λ v κdμN =
∑

α∈rZd

∫

S

λα(s)
∫

K

χα
r v(s, ·)κ(s, ·)dmN

s dνN (s)

= lim
m→∞

∑
α∈rZd

∫

S

λα
m(s)

∫

K

χα
r v(s, ·)κ(s, ·)dmN

s dνN (s)

= lim
m→∞

∫

S×K

λm v κdμN = lim
m→∞

EN,κ
1 (λm, R1(1S×K v))

= EN,κ
1 (w,R1(1S×K v)) =

∫

S×K

w v κdμN .

In particular, we have

EN,κ(λ, λ) ≤ lim inf
m→∞

EN,κ(λm, λm).

Now, the claimed estimates of (ii) to (iv) regarding λ and u emerge from
their analogues of Lemmas 2.3(ii) to 2.3(iv) for their approximations λm and
ũm, when considering the limit m → ∞. �

We denote by Dmin(E∞) the subspace of D(E∞) which is the topological
closure in (D(E∞), E∞

1 ) of the set comprising all elements with representative
in

Cb(S) ⊗ C1
c (Rd) := span

({
S × R

d � (s, x) 
→ f(s) g(x)
∣∣∣

f ∈ Cb(S), g ∈ C1
c (Rd)

})
.

The strongly continuous contraction resolvent of the Dirichlet form
(E∞,Dmin(E∞)) on L2(E,μ∞) is denoted by (Gα)α>0. Analogously, we de-
fine the Dirichlet form (Eκ,∞,Dmin(Eκ,∞)) on L2(E, κμ∞) for a measurable
function κ : S × R

d → [0, 1]. Again, we remark that E∞,κ is dominated by
E∞, meaning the natural linear inclusion L2(E,μ∞) → L2(E, κμ∞) restricts
to a map (D(E∞), E∞

1 ) → (D(E∞,κ), E∞,κ
1 ) with operator norm smaller or

equal 1. For short we equivalently write E for E∞.

Condition 3.8. Let (μN )N∈N
be a sequence of weakly converging probability

measures on E = S × R
d with limit μ := μ∞, hence we denote ν := ν∞,

ms := m∞
s and E := E∞. For their disintegrations according to (3.18) we

assume the following.
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(i) lim
N→∞

∫

S

∣∣∣
∫

Rd

g(s, ·)dmN
s

∣∣∣2dνN (s) =
∫

S

∣∣∣
∫

Rd

g(s, ·)dms

∣∣∣2dν(s)

for g ∈ Cb(E).
(ii) There exists an at most countable set U of continuous functions E →

[0, 1] such that

lim
m∈N

sup
N∈N

‖δ
κ(s,·)
1/m (mN

s )‖L2(νN ) = 0 and

lim sup
m∈N

sup
N∈N

‖C
κ(s,·)
1/m (mN

s )‖L∞(νN ) < ∞ (3.22)

for each element κ ∈ U . In addition to that,

sup
κ∈U

κ(s, x) = 1 for μ-a.e. (s, x) ∈ S × R
d and

Dmin(E) =
{

u ∈ L2(E,μ)∣∣∣u ∈
⋂

κ∈U

Dmin(E∞,κ) with sup
κ∈U

E∞,κ(u, u) < ∞
}

. (3.23)

We comment on the first item of the condition. A discussion about the
second item follows after Theorem 3.11.

Remark 3.9. Let g ∈ Cb(E) and fN (s) :=
∫
Rd g(s, ·)dmN

s for s ∈ S and N ∈
N. Condition 3.8(i) is equivalent to fN

s.−→
N

f∞ referring to
∏

N∈N
L2(S, νN ),

since fN
w.
⇀
N

f∞ is already implied by the weak measure convergence of μN

towards μ.

Under Conditions 3.6 and 3.8 we obtain our main abstract result on
Mosco convergence. The observation of Lr ⊂ Dmin(E) for r ∈ (0,∞) is vital
for the proof. Te matter basically boils down to a generally known result
about the minimal domain of a gradient-type Dirichlet form containing the
Lipschitz continuous functions. We manifest this fact in a lemma before we
state the theorem.

Lemma 3.10. Lr ⊂ Dmin(E) for r ∈ (0,∞).

Proof. The proof works is a double application of [20, Lemma 2.12]. It pro-
vides us with a sufficient criterion for an element u ∈ L2(E,μ) to be a member
of Dmin(E): The existence of a sequence (uk)k∈N

⊂ Dmin(E) such that

lim
k→∞

∫

E

|uk − u|2dμ = 0 and sup
k∈N

E(uk, uk) < ∞. (3.24)

Let r ∈ (0,∞), α ∈ rZd and f ∈ Mb(S). Further, let (fk)k∈N
⊂ Cb(S) be

an approximation for f such that fk → f in ν -a.e. sense and supk ‖fk‖∞ =:
C < ∞. We choose a non-negative function ϕk ∈ C1

c ((−1/k, 1/k)) with∫
R

ϕkdx = 1 and set

uk : S × R
d � (s, x) 
→ fk(s) (ϕk ∗ χα

r )(x)
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for k ∈ N, the symbol ‘∗’ denoting the convolution. We note that χα
r is

globally Lipschitz continuous with constant smaller equal
√

2/r by virtue of
Theorem 2.1(iii). Then,

u : S × R
d � (s, x) 
→ f(s)χα

r (x)

defines an element of Dmin(E), because (3.24) is verified with Lebesgue’s
dominated convergence and the estimate

sup
(s,x)∈E

|∂xi
uk(s, x)|

≤ C sup
b∈R

∣∣∣ 1
b

∫

Rd

ϕk(y)χα
r (x − y)dy −

∫

Rd

ϕk(y)χα
r (x + b ei − y)dy

∣∣∣

= C sup
b∈R

∫

Rd

ϕk(y)
∣∣∣ χα

r (x − y) − χα
r (x + b ei − y)
b

∣∣∣dy ≤
√

2 C

r

for k ∈ N. Let M ∈ (0,∞) and λα : S → [−M,M ] measurable functions
for α ∈ rZd. The claim now follows, since again by Lebesgue’s dominated
convergence

lim
k→∞

∫

E

∣∣∣ ∑
α∈rZd\[−k,k]d

λα(s)χα
r (x)
∣∣∣2dμ(s, x) = 0,

while we estimate

sup
s∈S

∥∥∥ ∑
α∈rZd∩[−k,k]d

λα(s) ∂iχ
α
r

∥∥∥
L∞(Rd,ms)

≤ 2M

r

for k ∈ N and i = 1, . . . , d with Theorem 2.1(iii). �

Theorem 3.11. Let Conditions 3.6 and 3.8 be fulfilled. (EN ,D(EN )) converges
to (E ,Dmin(E)) in the sense of Mosco.

Proof. We want to verify Theorem 3.4(iv). Let u, v ∈ Cb(S) ⊗ C1
c (Rd). Due

to the weak convergence of measures we have

lim
N→∞

EN,κ(u, v) = lim
N→∞

d∑
i=1

∫

S×Rd

∂xi
u(s, x) ∂xi

v(s, x)κ(s, x)dμN (s, x)

=
d∑

i=1

∫

S×Rd

∂xi
u(s, x) ∂xi

v(s, x)κ(s, x)dμ(s, x) = E∞,κ(u, v)

(3.25)

as well as

lim
N→∞

∫

S×Rd

u v κdμN =
∫

S×Rd

u v κdμ. (3.26)

So, with the choice κ = 1E Property (b) is satisfied.
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Property (a) is left to proof. We fix f ∈ Cb(S×R
d). Since Condition 3.8

is stable under dropping to subsequences, it suffices to show a modified version
of Theorem 3.4(iv) (a):

u∗ ∈ Dmin(E) and E(u∗, u∗) ≤ lim inf
N→∞

EN (GN
1 f,GN

1 f)

under the condition that

u∗ ∈ L2(E,μ) with GN
1 f

w.
⇀
N

u∗ in the sense of
∏

N∈N

L2(E,μN ).

In case f ≡ 0 there is nothing to do. Otherwise we can equivalently
consider f/‖f‖∞, respectively u∗/‖f‖∞, instead of f and u∗. So, we as-
sume −1 ≤ f(·) ≤ 1, and hence −1 ≤ GN

1 f(·) ≤ 1 for N ∈ N due to the
sub-Markovian property. The strategy to obtain the desired statement is to
interpret (GN

1 f)N∈N
as an element from the product space of Hilbert spaces

HE,κ,β =
∏

N∈N

D(EN,κ),

where D(EN,κ) is equipped with the scalar product EN,κ
β for N ∈ N,

for β > 0 and κ ∈ U . For such κ and β the Hilbert spaces (D(EN,κ), EN,κ
β ),

N ∈ N, converge to the asymptotic space (Dmin(E∞,κ), E∞,κ
β ) due to (3.25)

and (3.26).
The main part of this proof is dedicated to show

u∗ ∈ Dmin(E∞,κ) and GN
1 f

w.
⇀
N

u∗ in the sense of HE,κ,β (3.27)

for every κ ∈ U and β > 0. Once this is achieved, the modified version of
Property (a) of Theorem 3.4(iv) follows easily from (3.27) under usage of
Lemma 3.1(iii). Indeed, in that case

sup
κ∈U

E∞,κ
β (u∗, u∗) ≤ sup

κ∈U
lim inf
N→∞

EN,κ
β (GN

1 f,GN
1 f)

≤ lim inf
N→∞

EN
β (GN

1 f,GN
1 f).

Now, for one thing Condition 3.8(ii) implies u∗ ∈ Dmin(E), and for the other

E(u∗, u∗) ≤ lim inf
N→∞

EN (GN
1 f,GN

1 f)

considering the limit β → 0.
So, let β > 0 and κ ∈ U be fixed. Only (3.27) is left to show. By virtue

of Lemma 3.1(iv) and Remark 3.2(ii) we may w.l.o.g. assume that there exists
w∗

κ ∈ Dmin(E∞,κ) such that

GN
1 f

w.
⇀
N

w∗
κ in the sense of HE,κ,β . (3.28)

First, we prove a related statement considering only sections with ele-
ments from Lr for fixed r > 0. Let uN ∈ Lr such that

uN (s, x) =
∑

α∈rZd

qα
N (s)χα

r (x), s ∈ S, x ∈ R
d,
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with measurable coefficient functions qα
N : S → [−1, 1] for α ∈ rZd and

N ∈ N. Moreover, let

u∗∗ ∈ L2(κμ) : uN
w.
⇀
N

u∗∗ in the sense of
∏

N∈N

L2(E, κμN ) and

w∗∗ ∈ Dmin(E∞,κ) : uN
w.
⇀
N

w∗∗ in the sense of HE,κ,β .

The goal is now to show the identity u∗∗ = w∗∗ in L2(E, κμ). By re-
peated usage of Lemma 3.1(iv) we can—after dropping to suitable diagonal
subsequence—w.l.o.g. assume the existence of

qα ∈ L2(S, ν), α ∈ rZd : qα
N

w.
⇀
N

qα in the sense of
∏

N∈N

L2(S, νN ).

Due to Condition 3.8(i) and Remark 3.9 we deduce

u∗∗(s, x) =
∑

α∈rZd

qα(s)χα
r (x) for κμ -a.e. s ∈ S, x ∈ R

d,

as ∫

S×Rd

u∗∗(s, x) g(s)ϕ(x)κ(s, x)dμ(s, x)

= lim
N→∞

∑
α∈rZd

∫

S

qα
N (s) g(s)

∫

Rd

χα
r ϕκ(s, ·)dmN

s dνN (s)

=
∑

α∈rZd

∫

S

qα(s) g(s)
∫

Rd

χα
r ϕκ(s, ·)dmsdν(s).

holds true for g ∈ Cb(S) and ϕ ∈ Cc(Rd). We note that the summation over
α in this equation is actually a finite sum.

Now, we set

U =
⋃

T∈Tr

◦
DT .

Since U is an open set in R
d and ms(Rd\U) = 0 holds for every s ∈ S, the

linear span of the product indicator functions from the family{
S × R

d � (s, x) 
→ 1A(s)1K(x)
∣∣∣A ∈ B(S),K ⊂ U and K is compact

}

is dense in L2(E, κμ). Then, by approximation, a dense subspace of L2(E, κμ)
is also induced by Cb(S)⊗Cc(U), i.e. the linear span of all functions (s, x) 
→
g(s)ϕ(x), where g ∈ Cb(S) and ϕ is a continuous function with compact
support contained in U .

Let i = 1, . . . , d. Under use of Condition 3.8(i), Remark 3.9 and Theo-
rem 2.1 (iii) we obtain

lim
N→∞

∑
α∈rZd

∫

S

qα
N (s) g(s)

∫

Rd

∂iχ
α
r ϕ κ(s, ·)dmN

s dνN (s)



29 Page 48 of 69 M. Grothaus, S. Wittmann IEOT

= lim
N→∞

1

r

∑
α∈rZd,T∈T r :

T (σ−1
T (i)−1)=α

∫

S

( q
α+rei
N (s) − qα

N (s) ) g(s)

∫

DT

ϕ κ(s, ·)dmN
s dνN (s)

=
1

r

∑
α∈rZd,T∈T r :

T (σ−1
T (i)−1)=α

∫

S

( qα+rei (s) − qα(s) ) g(s)

∫

DT

ϕ κ(s, ·)dmsdν(s)

=
∑

α∈rZd

∫

S

qα(s) g(s)

∫

Rd

∂iχ
α
r ϕ κ(s, ·)dmsdν(s)

for g ∈ Cb(S) and ϕ ∈ Cc(U). Again, the summation over α in this equation
is actually a finite sum. So, referring to

∏
N∈N

L2(E, κμN ), the function

S × R
d � (s, x) 
→

∑
α∈rZd

qα(s) ∂iχ
α
r (x)

is the asymptotic element of

S × R
d � (s, x) 
→

∑
α∈rZd

qα
N (s) ∂iχ

α
r (x)

in the terminology of a weakly convergent section. Now, to prove the identity
u∗∗ = w∗∗, let v ∈ Cb(S) ⊗ C1

c (Rd). Then

E∞,κ
β (u∗∗, v) =

d∑
i=1

∫

S×Rd

∑
α∈rZd

qα(s) ∂iχ
α
r (x) ∂x

i v(s, x)κ(s, x)dμ(s, x)

+ β

∫

S×Rd

∑
α∈rZd

qα(s)χα
r (x) v(s, x)κ(s, x)dμ(s, x)

=
d∑

i=1

lim
N

∫

S×Rd

∑
α∈rZd

qα
N (s) ∂iχ

α
r (x) ∂x

i v(s, x)κ(s, x)dμN (s, x)

+ β lim
N

∫

S×Rd

∑
α∈rZd

qα
N (s)χα

r (x) v(s, x)κ(s, x)dμN (s, x)

= lim
N

EN,κ
β (uN , v) = E∞,κ

β (w∗∗, v) .

This yields the identity u∗∗ = w∗∗ in L2(E, κμ).
To bridge the gap and come back to the problem of (3.27) we choose

an approximation λN
r ∈ Lr for GN

1 f according to Lemma 3.7 for N ∈ N and
r > 0. By Lemma 3.7(iv) we estimate

sup
N∈N

EN,κ
β (λN

r , λN
r ) ≤ sup

N∈N

(
β ‖λN

r ‖∞ + ‖C
κ(s,·)
r (mN

s )‖L∞(νN ) EN (uN , uN )
)
(3.29)

for r > 0. For every m ∈ N the right hand side of (3.29) takes a finite
value w.r.t. the choice rm := 1/m. So, by repeated usage of Lemma 3.1(iv)
and dropping to a suitable diagonal sequence, we obtain Nk ∈ N, strictly
increasing in k ∈ N, such that there exists

λ∗
m ∈ Dmin(E∞,κ) : λNk

rm

w.
⇀
k

λ∗
m in the sense of

∏
N∈N

L2(E, κμN ) and
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λNk
rm

w.
⇀
k

λ∗
m in the sense of HE,κ,β (3.30)

for every m ∈ N. Moreover,

lim sup
m→∞

E∞,κ
β (λ∗

m, λ∗
m) ≤ lim sup

m→∞
lim inf
k→∞

ENk,κ
β (λNk

rm
, λNk

rm
)

≤ lim sup
m∈N

sup
N∈N

(
β ‖λN

1/m‖∞ + ‖C
κ(s,·)
1/m

(mN
s )‖L∞(νN ) EN (uN , uN )

)
< ∞

(3.31)

because of Lemma 3.1(iii), (3.29), Lemma 3.7 (i) and Condition 3.8(ii). For
ϕ ∈ Cb(S) × C1

c (Rd) we estimate
∣∣∣
∫

S×Rd

ϕ (λ∗
m − u∗)κdμ

∣∣∣ ≤
∣∣∣
∫

S×Rd

ϕ λNk
rm

κdμNk
−
∫

S×Rd

ϕ λ∗
m κdμ

∣∣∣

+
∣∣∣
∫

S×Rd

ϕ (G
Nk
1 f − λNk

rm
)κdμNk

∣∣∣+
∣∣∣
∫

S×Rd

ϕ (G
Nk
1 f)κdμNk

−
∫

S×Rd

ϕ u∗ κdμ
∣∣∣

and ∣∣∣E∞,κ
β (ϕ, λ∗

m − w∗
κ)
∣∣∣ ≤
∣∣∣ ENk,κ

β (ϕ, λNk
rm

) − E∞,κ
1 (ϕ, λ∗

m)
∣∣∣

+
∣∣∣ ENk,κ

β (ϕ,GNk
1 f − λNk

rm
)
∣∣∣+
∣∣∣ ENk,κ

β (ϕ,GNk
1 f) − E∞,κ

1 (ϕ,w∗
κ)
∣∣∣.

In both estimates the second summand of the right hand side becomes arbi-
trarily small if m is large enough, independent of k, due to Lemmas 3.7(ii)
and 3.7(iii) in combination with Condition 3.8(ii). So, we can first choose m
large enough, and then k, depending on m, to make also the first and third
summand arbitrarily small, by virtue of (3.28) and (3.30). An ε/3 argument
yields

λ∗
m

m→∞
⇀ u∗ weakly in L2(κμ) and λ∗

m
m→∞

⇀ w∗
κ weakly in (Dmin(E∞,κ), E∞,κ

β )

in view of (3.31). Denoting the resolvent of (E∞,κ,Dmin(E∞,κ)) by (Rα)α>0

the identity u∗ = w∗
κ in κμ -a.e. sense now follows from the equation∫

E

u∗ v κdμ = lim
m

∫

E

λ∗
m v κdμ = lim

m
E∞,κ

β (λ∗
m, Rβv)

= E∞,κ
β (w∗

κ, Rβv) =
∫

E

w∗
κ v κdμ

for v ∈ L2(κμ). Now, (3.27) is shown. �

It is the last item listed in Condition 3.8 through which the analysis of
Sect. 2 supports the proof of Theorem 3.11. We append a discussion about it
here. Firstly, we ask about the role of κ. If (3.22) holds for the choice κ = 1E ,
then we just pick U = {1E} and nothing needs to be proven concerning
(3.23). However, the option to consider different κ provides the chance to
make (3.22) potentially weaker, hence easier to be verified. Such a procedure
is legitimate as long as the family U is still large enough in a sense specified
by (3.23). Beyond that, the next lemma gives a sufficient criterion under
which Condition 3.8(ii) still holds if the measure μN is perturbed by a weight
function gN ∈ Mb(E) for N ∈ N. The lemma addresses Condition 3.8(ii)
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as an individual property, which a countable family of finite measures may
have or may not have, and is not concerned with any other properties of that
family, such as weak convergence, etc.

Lemma 3.12. Let 0 < c1 < c2 < ∞ be constants and gN : S×R
d → [c1, c2] for

N ∈ N be a function which meets at least one of the following three properties.
(i) For s ∈ S the function gN (s, ·) is Lipschitz continuous on R

d with

| gN (s, x) − gN (s, y) | ≤ CLip,N (s)
√

(x1 − y1)2 + · · · + (xd − yd)2

for x, y ∈ R
d, where the family CLip,N (s) ∈ (0,∞) meet

sup
N

‖CLip,N (·) ‖L2(νN ) < ∞.

(ii) gN (s, x1, . . . , xd) ≤ gN (s, y1, . . . , yd) for s ∈ S, x, y ∈ R
d with x1 ≤ y1,

. . . , xd ≤ yd.
(iii) gN (s, x1, . . . , xd) ≥ gN (s, y1, . . . , yd) for s ∈ S, x, y ∈ R

d with x1 ≤ y1,
. . . , xd ≤ yd.
Then, the family gNdμN , N ∈ N, meets Condition 3.8(ii).

Proof. Let the family U be the one which is suitable to verify that Con-
dition 3.8(ii) is met by (μN )N∈N

and their disintegration measures νN and
dmN

s = �N (s, ·)dx with s ∈ S for N ∈ N from (3.18). As to (3.23) there is
nothing to show since the domain of the perturbed forms coincide with the
unperturbed domains. We deal with the verification of (3.22) in the following.
Let N ∈ N be fixed.

The relevant densities in the perturbed case are given by

g̃N (s, x) :=
gN (s, x)
wN (s)

with wN (s) :=
∫

Rd

gN (s, y)dmN
s (y)

for s ∈ S and x ∈ R
d. Now (3.18) holds if we replace μN by gNμN , νN by

wNνN and mN
s by g̃N (s, ·) mN

s for s ∈ S. We observe that if gN satisfies
either (i), (ii) or (iii) from the assumptions, then so does g̃N respectively. In
the first part of this proof, we obtain a general estimate and it doesn’t matter
which of the three properties it is.

Let s ∈ S, r > 0 and κ ∈ U . We derive of an upper estimate for
δ

κ(s,·)
r ( g̃N (s, ·)dmN

s ). To do so, we first use the characterization of Remark 2.2
and then apply the inequality

| (g̃N κ �N )(s, x) − (g̃N κ �N )(s, y) |
≤ g̃N (s, x) | (κ �N )(s, x) − (κ �N )(s, y) | + (κ �N )(s, y) | g̃N (s, x) − g̃N (s, y) |

for x, y ∈ R
d together with c1/c2 ≤ g̃N (s, ·) ≤ c2/c1. In the next lines, the

supremum is taken over all primal functions ϕ, η from C and the sum runs
over α ∈ rZd.

δ
κ(s,·)
r ( g̃N (s, ·)dmN

s )
2

= sup
ϕ,η

∫

Rd

∣∣∣ ∑
α

∫

Rd

| (g̃N κ �N ) (s, ·) − (g̃N κ �N ) (s, x) |
rd �N (s, ·)√g̃N (s, ·) ηα

r (x)dx ϕα
r

∣∣∣2dmN
s
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≤ 2 c32
c31

sup
ϕ,η

∫

Rd

∣∣∣∑
α

∫

Rd

| (κ �N ) (s, ·) − (κ �N ) (s, x) |
rd �N (s, ·) ηα

r (x)dx ϕα
r

∣∣∣2dmN
s

+
2 c2

c1
sup
ϕ,η

∫

Rd

∣∣∣ r−d
∑
α

∫

Rd

κ(s, ·) | g̃N (s, ·) − g̃N (s, x) | ηα
r (x)dx ϕα

r

∣∣∣2dmN
s

≤ 2 c32
c31

δ
κ(s,·)
r (mN

s )
2

+
2 · 9dc2

c1
sup
ϕ,η

r−d
∑
α

∫

Rd×Rd

κ(s, ·)2 | g̃N (s, ·) − g̃N (s, x) |2 ηα
r (x)dx ϕα

rdmN
s .

For the estimate leading to the last term we used that for ϕ ∈ C and α, β ∈
rZd it holds ϕα

r ϕβ
r ≡ 0 unless β is contained in the set α+[−4r, 4r]d. So, for

any family hα : Rd → [0,∞)d, α ∈ rZd, we have
∣∣∣ ∑

α∈rZd

hα(y)ϕα
r (y)
∣∣∣2 =

∑
α,β∈rZd

hα(y)ϕα
r (y)hβ(y)ϕβ

r (y)

≤
∑

α,β∈rZd

β∈α+[−4r,4r]d

( 1
2
(
hα(y)ϕα

r (y)
)2 +

1
2
(
hβ(y)ϕβ

r (y)
)2 )

≤ 9d
∑

α∈rZd

hα(y)2 ϕα
r (y).

at any point y ∈ R
d. So, for the estimate in question, we just have to choose

hα(y) := r−d

∫

Rd

κ(s, y) | g̃N (s, y) − g̃N (s, x) | ηα
r (x)dx, α ∈ rZd, y ∈ R

d,

for given η ∈ C and then apply Jensen’s inequality and Fubini’s theorem.
We now fix ϕ, η ∈ C and tackle the term (�):

r−d
∑

α∈rZd

∫

Rd

∫

Rd

κ(s, y)2 | g̃N (s, y) − g̃N (s, x) |2 ηα
r (x)dxϕα

r (y)dmN
s (y),

which appears in the estimate for δ
κ(s,·)
r ( g̃N (s, ·)dmN

s ) above.
First, we look at the significantly easier case where property (i) of the

assumptions of this lemma is satisfied. Since both, ϕα
r and ηα

r , are sup-
ported on α + [−2r, 2r]d and the Lipschitz constant of g̃N (s, ·) is smaller
equal CLip,N (s)/c1, we have (�) smaller equal

(
4 r

√
d CLip,N (s)/c1

)2
r−d
∑

α∈rZd

∫

Rd

∫

Rd

κ(s, y)2 ηα
r (x)dxϕα

r (y) �N (s, y)dy

=
42 r2 d

c2
1

CLip,N (s)2
∑

α∈rZd

∫

Rd

κ(s, y)2 ϕα
r (y) �N (s, y)dy

=
42 r2 d

c2
1

CLip,N (s)2
∫

Rd

κ(s, y)2 �N (s, y)dy ≤ 42 r2 d

c2
1

CLip,N (s)2.
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If we plug in this estimate for (�) into the initial bound for the value of
δ

κ(s,·)
r ( g̃N (s, ·)dmN

s ) above and use the triangular inequality for the norm of
L2(wNνN ), then we arrive at

‖ δκ(s,·)
r ( g̃N (s, ·)dmN

s ) ‖L2(wN νN )

≤ c2
2

( 2
c3
1

) 1
2

‖ δκ(s,·)
r (mN

s ) ‖L2(νN ) + 4 r c2

(
2 9d d

c3
1

) 1
2

‖CLip,N (s) ‖L2(νN ).

(3.32)

We address the case, where either property (ii) or (iii) of the assump-
tions of this lemma is satisfied, in which a similar bound as in (3.32) can be
obtained. We claim that in this case

(�) ≤ 4
c2
2

c2
1

δ
κ(s,·)
2r (mN

s ). (3.33)

If true, plugging in the estimate for (�) into the initial bound for the value
of δ

κ(s,·)
r ( g̃N (s, ·)dmN

s ) above, using the triangular inequality for the norm of
L2(wNνN ) and then Jensen’s inequality, we arrive at

‖ δκ(s,·)
r ( g̃N (s, ·)dmN

s ) ‖L2(wN νN )

≤ c22

( 2

c31

) 1
2 ‖ δκ(s,·)

r (mN
s ) ‖L2(νN ) + 2 c22

(
9d 2

c31
‖ δ

κ(s,·)
2r (�Ndx) ‖L2(νN )

) 1
2
.

(3.34)

We only write down the proof of (3.33) in the case, where property (ii) is
satisfied, since the case of (iii) works analogous. The point s ∈ S is fixed.
We set ρ := �N (s, ·), τ := κ(s, ·)2 and f := g̃(s, ·) for short. In the following
lines we first exploit the monotonicity of f , then shift the index α of the
sum, before we use linearity of the integral and translation invariance of the
Lebesgue measure. Again we observe that both, ϕα

r and ηα
r , are supported

on α + [−2r, 2r]d and calculate for (�)

r−d
∑

α∈rZd

∫

Rd

∫

Rd

| f(x) − f(y) |2 τ(y) ηα
r (x)dxϕα

r (y) ρ(y)dy

≤
∑

α∈rZd

∫

Rd

(
f(α + 2 r e) − f(α − 2 r e)

)2
ϕα

r (y) τ(y) ρ(y)d

≤ 2
c2

c1

∑
α∈rZd

∫

Rd

(
f(α + 2 r e) − f(α − 2 r e)

)
ϕα

r (y) τ(y) ρ(y)dy

= 2
c2

c1

∑
α∈rZd

f(α)
∫

Rd

(
ϕα−2re

r (y) − ϕα+2re
r (y)

)
τ(y) ρ(y)dy

= 2
c2

c1

∑
α∈rZd

f(α)
∫

Rd

ϕα
r (y)
(
(τ �) (y − 2 r e) − (τ ρ) (y + 2 r e)

)
dy
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≤ 2
c2
2

c2
1

∑
α∈rZd

∫

Rd

ϕα
r (y) | (τ �) (y − 2 r e) − (τ ρ) (y + 2 r e) |dy

= 2
c2
2

c2
1

∫

Rd

| (τ ρ) (y − 2 r e) − (τ ρ) (y + 2 r e) |dy.(3.35)

Note that neither the function f , nor the primal functions ϕ or η, appear
in the latter expression. To go on with the estimate for (�), we define ϕ̂
:= 1[0,1)d . Recalling the perturbation operator from (2.14) we now split

∫

Rd

| (τ ρ) (y − 2 r e) − (τ ρ) (y + 2 r e) |dy

≤
∫

Rd

∣∣∣(τ ρ) (y − 2 r e) − Iϕ̂,ϕ̂
2r (τ ρ)(y)

∣∣∣dy

+

∫

Rd

∣∣∣ Iϕ̂,ϕ̂
2r (τ ρ)(y) − (τ �) (y + 2 r e)

∣∣∣dy. (3.36)

We can show that each of the two summands is bounded from above by
δτ
r (ρdx). Since the argumentation is analogous for the two summands, we

restrict ourselves to put it here for only one of them. In the following lines let
η̂ := 1[−1,0)d . First we use the translation invariance of the Lebesgue measure,
then a straight-forward calculation using the elementary properties of primal
functions yields∫

Rd

∣∣∣(τ ρ) (y − 2 r e) − Iϕ̂,ϕ̂
2r (τ ρ)(y)

∣∣∣dy

=
∫

Rd

∣∣∣(τ �) (y) −
∑

α∈(2r)Zd

(2r)−d

∫

Rd

ϕ̂α
2r(x) τ(x) ρ(x)dx ϕ̂α−2re

2r (y)
∣∣∣dy

=
∫

Rd

∣∣∣(τ �) (y) −
∑

α∈(2r)Zd

(2r)−d

∫

Rd

ϕ̂α
2r(x) τ(x) ρ(x)dx η̂α

2r(y)
∣∣∣dy

≤
∫

Rd

∑
α∈(2r)Zd

(2r)−d

∫

Rd

| (τ ρ) (y) − (τ ρ) (x) | ϕ̂α
2r(x)dx η̂α

2r(y)dy

=
∫

Rd

1Rd(y)Rη̂,ϕ̂
2r (τ ρ)(y)dy ≤ δτ

2r(ρdx). (3.37)

Equations (3.35) to (3.37) provide the proof of (3.33) and we go on to make
the final remarks which are necessary to finish the proof of this lemma.

We observe that c1/c2 ≤ g̃N (s, ·) ≤ c2/c1 implies

Cκ(s,·)
r ( g̃N (s, ·)dmN

s ) ≤ c2
2

c2
1

Cκ(s,·)
r (mN

s )

for s ∈ S. Finally, due to (3.32), respectively (3.34), the family U is suitable
to provide Condition 3.8(ii) for the sequence (gNdμN )N . This concludes the
proof. �
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4. Application to Infinite-Dimensional Problems and a First
Example

4.1. Mosco Convergence of Standard Gradient Forms on Fréchet Spaces

This section deals with gradient type Dirichlet forms on a locally convex,
real topological vector space E, which is also assumed to be a Polish space.
Hence, E is a separable Fréchet space. Its topological dual space is denoted
by E′. We define the linear space

FC∞
b :=

{
f ◦ (l1, · · · , lm)

∣∣∣m ∈ N, f ∈ C∞
b (Rm), l1, . . . , lm ∈ E′

}

of cylindrical smooth functions on E. Let (H, | · |, 〈·, ·〉) ⊂ E be a Hilbert
space which is densely embedded in E. The gradient ∇F (z) of a cylindrical
smooth function F : E → R at a point z ∈ E denotes the unique element in
H which (via the Riesz isomorphism) represents the linear functional

H � h 
→ ∂F

∂h
(z) :=

dF (z + t h)
dt

∣∣∣
t=0

.

The right hand side ∂F
∂h (z) is the Gâteaux derivative of u in the direction h

at z. Identifying H with its dual via the Riesz isomorphism we get

E′ ⊂ H ′ = H ⊂ E.

For F = f ◦ (l1, · · · , lm) with f ∈ C∞
b (Rm), l1, . . . , lm ∈ E′, m ∈ N, the

directional derivative at a point z ∈ E in a direction h ∈ H then reads

〈∇F (z), h〉 =
m∑

i=1

∂if(l1(z), . . . , lm(z)) 〈li, h〉.

The norm of the gradient can be estimated from above by

|∇F (z)| ≤ sup
h∈H
|h|=1

〈∇F (z), h〉 ≤
m∑

i=1

∂if(l1(z), . . . , lm(z)) |li|

≤ sup
1≤i≤m

‖∂if‖∞

m∑
i=1

|li|.

For a subset A ⊂ E′ we specify a linear subspace of FC∞
b by writing

FC∞
b (A) :=

{
f ◦ (l1, · · · , lm)

∣∣∣m ∈ N, f ∈ C∞
b (Rm), l1, . . . , lm ∈ A

}
.

Let (μN )N∈N
be a sequence of weakly converging probability measure on

E with limit μ∞. The minimal gradient form on E is a Dirichlet form
(EN ,D(EN )) on L2(E,μN ) for given N ∈ N. It arises from taking the closure
in L2(E,μN ) of the form

EN (u, v) =
∫

E

〈∇ũ,∇ṽ〉dμN , u, v ∈ Dpre(EN ), (4.1)

with pre-domain

Dpre(EN ) :=
{

u ∈ L2(E,μN )
∣∣∣u(·) = ũ(·)μN -a.e. for some ũ ∈ FC∞

b

}
,
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always assuming this procedure and the assignment of (4.1) is well-defined.
The gradient forms, as defined here, are extensively studied in [1,25]. We
find a criterion under which the minimal gradient forms on E with varying
reference measure μN converge as N → ∞. The well-definedness and clos-
ability of the respective forms is implied, alongside the Mosco convergence of
their closures, by the conditions listed in Theorem 4.2. These focus on certain
‘component forms’. We look at two different ways how the component forms
can be defined. In one case an orthonormal basis η1, η2, . . . of H is selected.
In the other case a set Kd := {ξd

i |i = 1, . . . , d} ⊂ H of linearly independent
vectors is chosen for each d ∈ N. In the second case, we further assume

sup
d∈N

d∑
i=1

〈h, ξd
i 〉2 = |h|2, h ∈ H. (4.2)

For d ∈ N we fix linear spaces Sηd
⊂ E and SKd

⊂ E, which are closed
complementing subspaces of span({ηd}), respectively of span(Kd), in E. In
other words, we decompose E into the direct sum

E = Sηd
⊕ span({ηd}) � Sηd

⊕ R, (4.3)

respectively

E = SKd
⊕ span(Kd) � SKd

⊕ R
d (4.4)

for d ∈ N. Let πηd
: E → R and πKd

: E → R
d denote the second components

of the isomorphisms behind (4.3), respectively (4.4). W.l.o.g., we may assume
that πηd

: E → R, πKd
: E → R

d are surjective linear mappings such that
πηd

ηd equals 1 ∈ R and πKd
ξd
i equals ei (the i-th unit vector of a Euclidean

space), while Sηd
= Ker(πηd

) and SKd
= Ker(πKd

). Hence, we consider

Jηd
: E � h 
→ (h − (πηd

h) ηd, πηd
h ) ∈ Sηd

× R, (4.5)

respectively

JKd
: E � h 
→

(
h −

d∑
i=1

(eT
i πKd

h) ξd
i , πKd

h
)

∈ SKd
× R

d. (4.6)

Clearly, J−1
ηd

and J−1
Kd

are continuous and so are Jηd
and JKd

by the open
mapping theorem.

For every d ∈ N the criteria of Conditions 3.6 and 3.8 are now imposed
on the family, indexed by N ∈ N, which is obtained by taking the image
of μN under the maps of (4.5), respectively (4.6). We recall the family of
Dirichlet forms, indexed by N ∈ N, constructed in Sect. 3.2, subsequent to
Condition 3.8. The starting point in Sect. 3.2 has been a sequence of weakly
convergent probability measures on a product of an abstract Polish space
S and a finite-dimensional Euclidean space. For each d ∈ N we now look
at the family (μN ◦ J−1

Kd
)
N∈N

with state space SKd
× R

d and denote the

corresponding family of forms, defined as in Sect. 3.2, by (ĒN,Kd ,D(ĒN,Kd)),
N ∈ N. Accordingly, (ĒN,Kd ,D(ĒN,Kd)) is then a Dirichlet form on L2(SKd

×
R

d, μN ◦ J−1
Kd

) for N ∈ N. Next, we consider the image forms under the
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inverse of the map in (4.5). For d ∈ N, N ∈ N and u, v ∈ D(EN,Kd) :=
{w ∈ L2(E,μN ) |w ◦ J−1

Kd
∈ D(ĒN,Kd) } we define

EN,Kd(u, v) := ĒN,Kd(u ◦ J−1
Kd

, v ◦ J−1
Kd

)

=
d∑

i=1

∫

SKd
×Rd

∂xi
(u ◦ J−1

Kd
) ∂xi

(v ◦ J−1
Kd

)d(μN ◦ J−1
Kd

)

(confer with (3.21)). In the same way (ĒN,ηd ,D(ĒN,ηd)) shall be defined as
a Dirichlet form on L2(Sηd

× R, μN ◦ J−1
ηd

) for N ∈ N and d ∈ N. Again, for

u, v ∈ D(EN,ηd) := {w ∈ L2(E,μN ) |w ◦ J−1
ηd

∈ D(ĒN,ηd) } we set

EN,ηd(u, v) := ĒN,ηd(u ◦ J−1
ηd

, v ◦ J−1
ηd

)

=
∫

Sηd
×R

∂x(u ◦ J−1
ηd

) ∂x(v ◦ J−1
ηd

)d(μN ◦ J−1
ηd

).

Furthermore, we define the Dirichlet forms supd EN,Kd and
∑

i EN,ηi on
L2(E,μN ) for N ∈ N. Their domains read

D( supdEN,Kd ) :=

{
u ∈
⋂
d∈N

D(EN,Kd)
∣∣∣ sup

d∈N

EN,Kd(u, u) < ∞
}

,

respectively

D(
∑

iEN,ηi ) :=

{
u ∈
⋂
i∈N

D(EN,ηi)
∣∣∣

∞∑
i=1

EN,ηi(u, u) < ∞
}

.

Remark 4.1. Let N ∈ N.

(i) We assume that the family μN ◦ J−1
ηi

, N ∈ N, satisfies Conditions 3.6
and 3.8 for i ∈ N. Since J−1

ηi
(s, x) = s + x ηi for s ∈ Sηi

, x ∈ R and
i ∈ N, the Gâteaux derivative of ũ ∈ FC∞

b at the point J−1
ηi

(s, x) in
the direction ηi calculates as

∂ũ

∂ηi
(J−1

ηi
(s, x)) =

dũ(s + x ηi + t ηi)
dt

∣∣∣
t=0

= ∂x(ũ ◦ J−1
ηi

)(s, x).

Hence,

|∇ũ|2(z) =
∞∑

i=1

〈ηi,∇ũ(z)〉2 =
∞∑

i=1

| ∂x(ũ ◦ J−1
ηi

) (Jηi
z) |2

for z ∈ E. Clearly, Dpre(EN ) ⊂ D(
∑

iEN,ηi ) and moreover
∫

E

|∇ũ|2dμN = sup
d∈N

d∑
i=1

∫

E

| ∂x(ũ ◦ J−1
ηi

) (Jηi
z) |2dμN (z) =

∞∑
i=1

EN,ηi(u, u)

for u ∈ Dpre(EN ) (with representative ũ ∈ FC∞
b ). This, in turn, implies

that the form in (4.1) is well-defined and closable on L2(E,μN ) (with
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closure (EN ,D(EN ))) and that (
∑

iEN,ηi ,D(
∑

iEN,ηi )) is an extension
of (EN ,D(EN )), i.e. D(EN ) ⊂ D(

∑
iEN,ηi ) and

EN (u, u) =
∞∑

i=1

EN,ηi(u, u)

for u ∈ D(EN ).
(ii) The other case behaves analogously. We assume that the family μN◦J−1

Kd
,

N ∈ N, satisfies Conditions 3.6 and 3.8 for d ∈ N. We have J−1
Kd

(s, x) =
s + x1 ξd

1 + · · · + xd ξd
d for s ∈ SKd

, x ∈ R
d and d ∈ N. If ũ ∈ FC∞

b and
1 ≤ i ≤ d, then

∂ũ

∂ξd
i

(J−1
Kd

(s, x)) =
dũ
(
s + x1 ξd

1 + · · · + xd ξd
d + t ξd

i

)
dt

∣∣∣
t=0

= ∂xi
(ũ ◦ J−1

Kd
)(s, x).

Using (4.2) we conclude

|∇ũ|2(z) = sup
d∈N

d∑
i=1

〈ξd
i ,∇ũ(z)〉2 = sup

d∈N

d∑
i=1

| ∂xi
(ũ ◦ J−1

Kd
) (JKd

z) |2

for z ∈ E. Clearly, Dpre(EN ) ⊂ D( supdEN,Kd ) and moreover
∫

E

|∇ũ|2dμN = sup
d∈N

d∑
i=1

∫

E

| ∂xi
(ũ ◦ J−1

Kd
) (JKd

z) |2dμN (z)

= sup
d∈N

EN,Kd(u, u)

for u ∈ Dpre(EN ) (with representative ũ ∈ FC∞
b ). This, in turn, implies

that the form in (4.1) is well-defined and closable on L2(E,μN ) (with clo-
sure (EN ,D(EN ))) and that (supdEN,Kd ,D( supdEN,Kd )) is an extension of
(EN ,D(EN )).

We now assume supp[μN ] ⊂ supp[μ∞] for N ∈ N, as in Sect. 3.1, and
understand (L2(E,μN ))N as a sequence of converging Hilbert spaces with
asymptotic space L2(E,μ∞).

Theorem 4.2. The sequence (EN )N∈N
converges to E∞ in the sense of Mosco

if one of the following two conditions is fulfilled:

(i) The family μN ◦ J−1
ηi

, N ∈ N, satisfy Conditions 3.6 and 3.8 for i ∈ N

and

D(
∑

i E∞,ηi
)

= D(E∞).

(ii) We assume (4.2) and

D(supd∈NE∞,Kd) = D(E∞).

Moreover, the family μN ◦ J−1
Kd

, N ∈ N, satisfy Conditions 3.6 and 3.8
for d ∈ N.
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Proof. The proof of (i) and (ii) work analogously. We only write down the
proof of (i) here. This is accomplished by verifying both conditions of Theo-
rem 3.4(iii).

We start with Property (a). Let (uN )N∈N
∈
∏

N∈N
L2(E,μN ) with

uN
w.
⇀
N

u∞. Then uN ◦J−1
ηi

w.
⇀
N

u∞◦J−1
ηi

(in the sense of
∏

N∈N
L2(E,μN ◦J−1

ηi
))

for i ∈ N, since Jηi
is a topological homeomorphism. Let d ∈ N. In the follow-

ing estimate we make a multiple use of Theorem 3.11, apply Fatou’s lemma
and then Remark 4.1 (i). We have u∞ ◦ J−1

ηi
∈ D(Ē∞,ηi) for i ∈ {1, . . . , d}

and
d∑

i=1

Ē∞,ηi(u∞ ◦ J−1
ηi

, u∞ ◦ J−1
ηi

) ≤
d∑

i=1

lim inf
N→∞

ĒN,ηi(uN ◦ J−1
ηi

, uN ◦ J−1
ηi

)

=
d∑

i=1

lim inf
N→∞

EN,ηi(uN , uN ) ≤ lim inf
N→∞

∞∑
i=1

EN,ηi(uN , uN )

= lim inf
N→∞

EN (uN , uN ) (4.7)

under the condition that uN ∈ D(EN ) for infinitely many N and that the right
hand side of (4.7) is finite. Now Property (a) follows from the assumption,
since the choice of d ∈ N is arbitrary.

We address Property (b). For ũ = f ◦ (l1, · · · , lm) with f ∈ C∞
b (Rm),

l1, . . . , lm ∈ E′, m ∈ N we calculate

lim
N→∞

∫

E

|∇ũ|2dμN

= lim
N→∞

∫

E

m∑
i,j=1

∂if(l1(z), · · · , lm(z)) ∂jf(l1(z), · · · , lm(z)) 〈li, lj〉dμN (z)

=
∫

E

m∑
i,j=1

∂if(l1(z), · · · , lm(z)) ∂jf(l1(z), · · · , lm(z)) 〈li, lj〉dμ(z)

=
∫

E

|∇ũ|2dμ.

Hence limN EN (u, u) = E∞(u, u) for u ∈ Dpre(E∞), which concludes the
proof. �

4.2. A Gaussian Measure and Orthogonal Projections: An Example with a
Non-Convex Perturbing Potential

In the final part of our survey, we present a frame in which the abstract
assumptions of Conditions 3.6 and 3.8 systematically hold and a convergence
result in infinite dimension can be retrieved from Theorem 4.2. We start with
a finite measure space (Ω,A, λ) and a non-degenerate, mean zero Gaussian
measure μ̃ on the state space E = L2(Ω, λ). Norm and scalar product on E
are denoted by | · |, respectively 〈·, ·〉. We further assume that E is separable.
Let E be densely embedded into another real Hilbert space (H̃, (·, ·)H̃) and
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(A,D(A)) be a self-adjoint operator on H̃ such that

• A has pure point spectrum contained in [c,∞) for some c > 0,

• E = D(
√

A) with (
√

Ah,
√

Ah)H̃ = 〈h, h〉 for h ∈ E,
• The restriction (·, ·)H̃ |E×E is given by the covariance of μ̃.

The last point says that for h, k ∈ E the dual pairing w.r.t. the inner product
of H̃ reads

(h, k)H̃ =
∫

E

〈h, z〉 〈k, z〉dμ̃(z).

It shall be noted that the listed properties do not restrict the class of Gaussian
measures on E which have mean zero and an injective covariance operator.
We look at an increasing family (VN )N∈N

of closed subspaces of E with
Vi ⊂ Vj if 1 ≤ i ≤ j ≤ N and V∞ = E. The images of μ̃ under the orthogonal
projections PN : E → VN , N ∈ N, then serve as reference measures in our
setting. To define a perturbation of these reference measures we consider a
function f from R to R with bounded variation. We have to assume another
property which links f , μ̃ and λ. As stated in Condition 4.3 below, for any
number in R at which f is discontinuous the corresponding level set of μ̃ is
almost surely λ-negligible. The set of real numbers at which f is discontinuous
is denoted by Uf .

Condition 4.3. Let f : R → R be a function of bounded variation such that

λ({h = a}) = 0 for μ̃ -a.e. h ∈ E, if a ∈ Uf .

Now we define a perturbing potential by

Qf : E � h 
→
∫

Ω

f(h(ω))dλ(ω) ∈ [−‖f‖∞ λ(Ω), ‖f‖∞ λ(Ω) ].

A word should be said concerning the measurability of Qf . By Lebesgue’s
dominated convergence Qf is continuous for f ∈ Cb(R). For a ∈ R, choos-
ing a monotone increasing sequence (fm)m∈N

⊂ Cb(R) with supm fm(x) =
1(a,∞)(x), x ∈ R, yields the measurability of Q1(a,∞) by the monotone con-
vergence theorem. By a monotone class argument the set { g : R → R |Qg is
measurable} contains all bounded functions which are B(R)-measurable.

Lemma 4.4. The weighted sequence of image measures ( e−Qf (μ̃ ◦ P−1
N ) )N∈N

converges weakly towards e−Qf μ̃, i.e.

lim
N→∞

∫

E

g ◦ PN exp(−Qf ◦ PN )dμ̃ =
∫

E

g exp(−Qf )dμ̃ (4.8)

for g ∈ Cb(E). Moreover,

lim
N→∞

∫

E

g exp(−Qf ◦ PN )dμ̃ =
∫

E

g exp(−Qf )dμ̃. (4.9)
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Proof. The lemma is an application of Lemma 3.5. The function f can be
approximated with sequences (fmin

m )m∈N
, (fmaj

m )m∈N
⊂ Cb(R) in the following

sense. The inequality

−‖f‖∞ ≤ fmin
m (x) ≤ f(x) ≤ fmaj

m (x) ≤ ‖f‖∞

holds for m ∈ N and x ∈ R. Furthermore, if x ∈ R\Uf , then

lim
m→∞

fmin
m (x) = f(x) = lim

m→∞
fmaj

m (x).

Such an approximation can be obtained for any bounded function on R,
e.g. using the one-dimensional tent functions and setting

fmin
m =

∑
α∈(1/m)Z

(
inf

y∈[α− 1
m ,α+ 1

m ]
f(y)

)
χα

1/m

and

fmaj
m =

∑
α∈(1/m)Z

(
sup

y∈[α− 1
m ,α+ 1

m ]

f(y)

)
χα

1/m.

The set Uf is at most countable, because f is of bounded variation.
Hence, under Condition 4.3, there exists a μ̃ -nullset N ⊂ E such that
λ({ω |h(ω) ∈ Uf }) = 0 holds true for h ∈ E \ N . By Lebesgue’s dom-
inated convergence, limm Qfmin

m
(h) = Qf (h) as well as limm Qfmaj

m
(h) =

Qf (h) for h ∈ E\N . A second use of Lebesgue’s dominated conver-
gence yields the strong convergences, limm exp(−Qfmin

m
) = exp(−Qf ) and

limm exp(−Qfmaj
m

) = exp(−Qf ), in L2(E, μ̃).
Since exp(−Qfmaj

m
), exp(−Qfmin

m
) ∈ Cb(E) for m ∈ N and

exp(−Qfmaj
m

(h)) ≤ exp(−Qf (h)) ≤ exp(−Qfmin
m

(h))

for h ∈ E, we can apply Lemma 3.5 in the frame of
∏

N∈N
L2(E, μ̃ ◦ P−1

N ).
(4.8) is proven.

As to the second claim of this lemma, we want to obtain a convergence
result in L2(E, μ̃), so we apply Lemma 3.5 in the frame of

∏
N∈N

L2(E, μ̃).
On the one hand,

exp(−Qfmaj
m

(PNh)) ≤ exp(−Qf (PNh)) ≤ exp(−Qfmin
m

(PNh))

for N,m ∈ N and h ∈ E. On the other,

lim
N→∞

∫

E

| exp(−Qfmaj
m

◦ PN ) − exp(−Qfmaj
m

) |2dμ̃ = 0,

lim
N→∞

∫

E

| exp(−Qfmin
m

◦ PN ) − exp(−Qfmin
m

) |2dμ̃ = 0

for m ∈ N follows by Lebesgue’s dominated convergence since exp(−Qfmaj
m

),
exp(−Qfmin

m
) ∈ Cb(E). Now, (4.9) is a consequence of Lemma 3.5. and the

proof is competed. �
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As to the relevant partition functions we have

ZN :=
∫

E

exp(−Qf ◦ PN )dμ̃
N→∞−→

∫

E

exp(−Qf )dμ̃ =: Z∞ ∈ (0,∞).

Since (ZN )N is a convergent sequence of real numbers, we don’t include
it into the analysis below to shorten notation. The weighted measure
exp(−Qf ◦PN )μ̃ is denoted by μN for N ∈ N. We define the relevant Dirichlet
forms for the concluding results of this article. Let (EN ,D(EN )) denote of the
smallest closed extension on L2(E,μN ) of the form in (4.1) for N ∈ N, i.e. the
minimal gradient form which have been analysed in Sect. 4.1 (we are now in
the special case where H = E = L2(Ω, λ)). For N ∈ N we also consider
another Dirichlet form, which represents a similar yet slightly different point
of view. We want to consider Qf as a perturbing potential for μ̃ ◦ P−1

N . Such
an approach is taken in [8] with fixed examples for the respective choices of
an L2 space E, a Gaussian measure μ̃ on E and increasing subspaces (VN )N .
There, the focus lies on the law of a Brownian bridge from 0 to 0 with state
E = L2((0, 1),dx) and subspaces VN , which are the linear span of indicator
functions 1[2−N (i−1),2−N i), i = 1, . . . , 2N , N ∈ N. In Theorem 4.6 we general-

ize [8, Theorem 5.6] to our more abstract setting. (ẼN
,D(ẼN

)) denotes the
smallest closed extension on L2(VN , e−Qf μ̃ ◦ P−1

N ) of

ẼN
(u, v) :=

∫

VN

〈∇ũ,∇ṽ〉 exp(−Qf )d(μ̃ ◦ P−1
N )

with pre-domain
{

u ∈ L2(VN , e−Qf μ̃ ◦ P−1
N )
∣∣∣u(·) = ũ(·) (μ̃ ◦ P−1

N ) -a.e. on VN

for some ũ ∈ FC∞
b (VN )

}
.

Proposition 4.5. Let f be as in Condition 4.3. We consider the converging
Hilbert spaces of L2(E,μN ), N ∈ N, with limit L2(E, e−Qf μ̃).

(EN ,D(EN ))N converges to (E∞,D(E∞)) in the sense of Mosco.

Proof. We verify the assumptions of Theorem 4.2(i). To do so, we choose
eigenvectors η1, η2, . . . of A which form an orthonormal basis of E. Let d ∈ N

and

πηd
: E � h 
→ 〈ηd, h〉 ∈ R

We set Sηd
:= Ker(πηd

) and recall Jηd
from (4.5). We define (EN,ηd ,D(EN,ηd))

for d ∈ N and N ∈ N as in Sect. 4.1. At first, we argue briefly why the
assumptions of 4.2(i) are fulfilled in the trivial the case f ≡ 0, i.e. μN = μ̃ for
N ∈ N. Then, we can generalize using perturbation methods from Sect. 3, in
particular Lemmas 3.5 and 3.12.
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Assume f ≡ 0. Let d ∈ N. Conditions 3.6 and 3.8 for the family
(μN ◦ J−1

ηd
)
N∈N

can be checked easily with the disintegration formula given
in [1, Proposition 5.5]:

μN ◦ J−1
ηd

(A) = μ̃ ◦ J−1
ηd

(A) =
1√

2πσ2

∫

Sηd

∫

R

1A(s, x) e−x2/(2σ2)dxdνηd
(s)

(4.10)

for A ∈ B(Sηd
× R), where σ2 = 〈Aηd, ηd〉−1 and νηd

is the image of μ̃
under E � h 
→ h − (πηd

h) ηd ∈ Sηd
(i.e. under the first component of

Jηd
). The issue of form domains can be settled with [25, Proposition 3.2].

To apply the latter result we have to do a remark on the existence of a
gradient for u ∈ D(

∑
i E∞,ηi

)
. Indeed, each element u ∈ D(

∑
i E∞,ηi

)
can

be assigned a gradient ∇u, a μ̃ -class of measurable maps E → E with
〈∇u,∇u〉 ∈ L1(E, μ̃). It is given by

∇u : E � h 
→
∞∑

i=1

∂u

∂ηi
(h) ηi, where, for i ∈ N, we define (4.11)

∂u

∂ηi
(J−1

ηi
(s, x)) := (u ◦ J−1

ηi
(s, · ))′(x) as a dνηi

×dx -class on Sηi
× R.

(4.12)

The right hand side of (4.12) is well-defined, since u ◦ J−1
ηi

(s, ·) ∈ H1,1
loc (R)

for νηi
-a.e. s ∈ Sηi

(see (3.21)). The assignment of (4.11) thus extends the
gradient in the sense of Gâteaux derivatives, which has been defined at the
beginning of Sect. 4.1 for cylindrical smooth functions. Moreover,

∫

E

〈∇u,∇u〉dμ̃ =
∞∑

i=1

E∞,ηi(u, u)

for u ∈ D(
∑

i E∞,ηi). The action of the gradient of u ∈ D(
∑

i E∞,ηi) on an
element h ∈ span({η1, η2, . . . }) can be interpreted as a (weak) directional
derivative because of the chain rule, as follows. For d ≤ m, x1, . . . , xm ∈ R

and z ∈ E we have

u

(
z +

m∑
i=1

xi ηi

)
= u ◦ J−1

ηd
◦ Jηd

(
z +

m∑
i=1

xi ηi

)

= u ◦ J−1
ηd

⎛
⎜⎝ z − 〈ηd, z〉 ηd +

m∑
i=1
i�=d

xi ηi , 〈ηd, z〉 + xd

⎞
⎟⎠ .

Hence, in accordance with (4.12), Rm � x 
→ u(z + x1η1 + · · · + xmηm) is an
element in H1,1

loc (Rm) for μ̃ -a.e. z ∈ E, whose d-th partial derivative reads

∂xd
u

(
z +

m∑
i=1

xi ηi

)
=

∂u

∂ηd

(
z +

m∑
i=1

xi ηi

)
dx -a.e.
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This, in turn, implies that R � s 
→ u(z + sa1η1 + · · ·+ samηm) is an element
in H1,1

loc (R) for a ∈ R
m and μ̃ -a.e. z ∈ E with

(
u

(
z + ·

m∑
i=1

ai ηi

))′

(s) =
m∑

d=1

ad
∂u

∂ηd

(
z + s

m∑
i=1

ai ηi

)
ds -a.e.(4.13)

Let h ∈ span({η1, η2, . . . }), i.e. h =
∑m

i=1 aiηi for some m ∈ N with ai =
〈ηi, h〉 for i = 1, . . . ,m. We obtain

〈∇u(z + s h), h〉 = (u(z + ·h))′(s) μ̃(dz) ×ds -a.e. (4.14)

by (4.11) and (4.13). With the existence of a gradient for elements of
D(
∑

i E∞,ηi), which has the property of (4.14), we see that the uniqueness
result provided in [25, Proposition 3.2] is a stronger statement than the last
assumption of Theorem 4.2(i), the equality of domains

D(
∑

i E∞,ηi
)

= D(E∞).

This concludes our discussion about the case f ≡ 0.
We now turn the attention to a non-trivial choice for f , in accordance

with Condition 4.3. Since exp(−Qf ) is bounded uniformly on E from below
and above by positive numbers, we only have to care about Conditions 3.8(i)
and 3.8(ii). The first one is handled via Lemma 3.5. The proper tool to tackle
the second is Lemma 3.12. Let’s start with the verification of Condition 3.8(i)
regarding the family μN ◦ J−1

ηd
, N ∈ N, where d ∈ N is fixed. Taking into ac-

count the perturbing potential, the disintegration, which results from (4.10),
following the scheme of (3.18) is given by

μN ◦ J−1
ηd

(A) =
∫

Sηd

∫

R

1A(s, x)
1

zN
s

e−Qf ◦PN ◦J−1
ηd

(s,x) e−x2/2σ2
dx zN

s dνηd
(s)

for A ∈ B(Sηd
× R) and N ∈ N, where

zN
s :=

∫
R

e−Qf ◦PN ◦J−1
ηd

(s,x) e−x2/2σ2
dx.

Let g ∈ Cb(Sηd
× R). We have to show

lim
N→∞

∫

Sηd

∣∣∣ 1
zN
s

∫

R

g(s, x) e−Qf ◦PN ◦J−1
ηd

(s,x) e−x2/2σ2
dx
∣∣∣2 zN

s dνηd
(s)

=
∫

Sηd

∣∣∣ 1
z∞
s

∫

R

g(s, x) e−Qf ◦J−1
ηd

(s,x) e−x2/2σ2
dx
∣∣∣2 z∞

s dνηd
(s) (4.15)

We make an observation based on Remark 3.9. If (4.15) is true for two
bounded, continuous functions g1 and g2, then (4.15) also holds for their
sum g1 +g2. So, we can w.l.o.g. assume that g is a non-negative function. We
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verify (4.15) by proving the strong convergence of zN
(·)

N→ z∞
(·) as well as

∫

R

g(·, x) e−Qf ◦PN ◦J−1
ηd

(·,x) e−x2/2σ2
dx

︸ ︷︷ ︸
=:GN (·)

N→
∫

R

g(·, x) e−Qf ◦J−1
ηd

(·,x) e−x2/2σ2
dx

︸ ︷︷ ︸
=:G∞(·)

in L2(Sηd
, νηd

). Indeed, once this is accomplished, the strong convergence of

G2
N (·)/zN

(·)
N→ G2

∞(·)/z∞
(·) in L1(Sηd

, νηd
) follows, since the sequence (zN

s )N∈N

is bounded from below by a positive number uniformly in s and (GN (s))N∈N

is bounded from above uniformly in s. To obtain a convergence result in
L2(Sηd

, νηd
) we apply Lemma 3.5 in the frame of

∏
N∈N

L2(Sηd
, νηd

). The
required comparison functions are constructed similarly as in the proof of
Lemma 4.4 with the continuous approximations −‖f‖∞ ≤ fmin

m (·) ≤ f(·) ≤
fmaj

m (·) ≤ ‖f‖∞, m ∈ N. For each m ∈ N and N ∈ N we have

GN (s) ≥
∫

R

g(s, x) e
−Q

f
maj
m

◦PN ◦J−1
ηd

(s,x)
e−x2/2σ2

dx =: G−
N,m(s)

and GN (s) ≤
∫

R

g(s, x) e
−Qfmin

m
◦PN ◦J−1

ηd
(s,x)

e−x2/2σ2
dx =: G+

N,m(s).

The continuity of Qfmaj
m

and Qfmin
m

on E implies G+
N,m

s.−→
N

G+
∞,m and

G−
N,m

s.−→
N

G−
∞,m on L2(Sηd

, νηd
) for m ∈ N by a multiple use of Lebesgue’s

dominated convergence.
We now argue why limm G+

∞,m = limm G−
∞,m = G∞ holds strongly in

L2(Sηd
, νηd

). The set Uf is at most countable, because f is of bounded varia-
tion. Hence, there exists a μ̃ -nullset N ⊂ E such that λ({ω |h(ω) ∈ Uf }) = 0
holds true for h ∈ E \N under Condition 4.3. We set Ns := J−1

ηd
(s, ·)(N ) ⊂ R

for s ∈ Sηd
. For νηd

-a.e. s ∈ Sηd
the set Ns is a Lebesgue nullset. By repeat-

edly using Lebesgue’s dominated convergence we build an argumentation as
follows. First, limm Qfmin

m
(h) = Qf (h) as well as limm Qfmaj

m
(h) = Qf (h)

for h ∈ E\N . Secondly, limm G+
∞,m(s) = limm G−

∞,m(s) = G∞(s) for νηd

-a.e. s ∈ Sηd
. Finally, limm G+

∞,m = limm G−
∞,m = G∞ holds strongly in

L2(Sηd
, νηd

).
So, limN GN = G∞ holds strongly in L2(Sηd

, νηd
) by Lemma 3.5. The

corresponding convergence of limN zN
(·) = z∞

(·) is already implied, since it re-
sults from the case where g ≡ 1Sηd

×R. The verification of Condition 3.8(i)
regarding the family μN ◦ J−1

ηd
, N ∈ N, is completed.

We address Condition 3.8(ii) as the last step of this proof. Let d ∈ N

be fixed. We want to apply the perturbation result of Lemma 3.12 to deal
with the relevant densities exp(−Qf ◦ PN ◦ J−1

ηd
), N ∈ N. To do so, we use

the Jordan decomposition of the function f . Let TV(f) ∈ [0,∞) denote the
total variation of f . There exist monotone increasing functions f1, f2 : R →
[0,TV(f)] such that f = a + f1 − f2 for some constant a ∈ R, see e.g. [26,
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Chapter 5]. We define the functionals

RN : E � h 
→
∫

Ω

(
1{PN ηd≥0}(ω) f1(h(ω)) − 1{PN ηd<0}(ω) f2(h(ω))

)
dλ(ω),

TN : E � h 
→
∫

Ω

(
1{PN ηd<0}(ω) f1(h(ω)) − 1{PN ηd≥0}(ω) f2(h(ω))

)
dλ(ω).

for N ∈ N. If s ∈ Sηd
, −∞ < x ≤ y < ∞ and N ∈ N, then

exp (−RN ◦ PN ◦ J−1
ηd

)(s, x) = exp (−RN (PNs + xPNηd))

≥ exp (−RN (PNs + y PNηd))

= exp (−RN ◦ PN ◦ J−1
ηd

)(s, y)

and further

exp (−TN ◦ PN ◦ J−1
ηd

)(s, x) ≤ exp (−TN ◦ PN ◦ J−1
ηd

)(s, y).

Since we can write

exp(−Qf ◦ PN ◦ J−1
ηd

)

= exp(−aλ(Ω)) exp(−RN ◦ PN ◦ J−1
ηd

) exp(−TN ◦ PN ◦ J−1
ηd

),

the family μN ◦Jη−1
d

, N ∈ N satisfies Condition 3.8(ii) by a double application
of Lemma 3.12. �
Theorem 4.6. Let f be as in Condition 4.3. We consider the converging
Hilbert spaces of L2(VN , e−Qf μ̃ ◦ P−1

N ), N ∈ N, with limit L2(E, e−Qf μ̃).

(ẼN
,D(ẼN

))N converges to (E∞,D(E∞)) in the sense of Mosco.

Proof. We proof Mosco convergence by verifying the two conditions of The-
orem 3.4(iii). We start with (a). Let N ∈ N. If v ∈ L2(VN , e−Qf μ̃ ◦ P−1

N ) is

in the pre-domain of ẼN
, then choosing a representative ṽ ∈ FC∞

b (VN ) of v
we have

ẼN
(v, v) =

∫

E

|∇ṽ (PN (h))|2dμN (h) =
∫

E

|∇ṽ (h)|2dμN (h)

=
∫

E

|∇(ṽ ◦ PN ) (h)|2dμN (h) = EN (v ◦ PN , v ◦ PN ).

Since the image form of (EN ,D(EN )) under PN is a closed form on
L2(VN , e−Qf μ̃ ◦ P−1

N ), its domain {u |u ◦ PN ∈ D(EN ) } must contain the

whole of D(ẼN
) and furthermore

ẼN
(v, v) = EN (v ◦ PN , v ◦ PN ), v ∈ D(ẼN

). (4.16)

Let g1, g2 ∈ Cb(E). The convergence limN→∞ g1 ◦ PN = g1 holds
strongly in L2(E, μ̃). It follows from (4.9) that

lim
N→∞

∫

E

(g1 ◦ PN ) g2dμN =
∫

E

g1 g2 e−Qfdμ̃.
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As a consequence, we have g ◦ PN
s.−→
N

g for g ∈ Cb(E) in the sense of∏
N∈N

L2(E,μN ).
Let now (uN )N∈N

∈
∏

N∈N
L2(VN , e−Qf μ̃◦P−1

N ) be a weakly convergent
section.

lim
N→∞

∫

E

(uN ◦ PN ) (g ◦ PN )dμN = lim
N→∞

∫

VN

uN g eQfd(μ̃ ◦ P−1
N )

=
∫

E

u∞ g e−Qfdμ̃

for g ∈ Cb(E) and hence uN ◦PN
w.
⇀
N

u referring to
∏

N∈N
L2(E,μN ) by virtue

of Remark 3.2(iii). Now Proposition 4.5, Theorem 3.4(iii) and (4.16) imply
u∞ ∈ D(E) with

E(u∞, u∞) ≤ lim inf
N→∞

EN (uN ◦ PN , uN ◦ PN ) ≤ lim inf
N→∞

ẼN
(uN , uN )

assuming that uN ∈ D(ẼN
) for infinitely many N and the right hand side of

the inequality is finite. Property (a) is proven.
As to (b), let u ∈ L2(E,μ∞) be in the pre-domain of E∞ with rep-

resentative ũ ∈ FC∞
b . Then, ũ ◦ PN ∈ FC∞

b (VN ) for N ∈ N with
∇(ũ ◦ PN ) (h) = PN∇ũ (PNh) for h ∈ E by the chain rule. Let uN ∈
L2(VN , e−Qf μ̃ ◦ P−1

N ) denote the class of ũ ◦ PN . The convergence uN
s.−→
N

u

in the sense of
∏

N∈N
L2(VN , e−Qf μ̃ ◦ P−1

N ) is an immediate consequence of
(4.8), the equality PN = P 2

N and the transformation of integrals. Now (b)
follows from

lim sup
N→∞

ẼN
(uN , uN ) = lim sup

N→∞

∫

VN

|PN∇ũ|2 e−Qfd(μ̃ ◦ P−1
N )

≤ lim sup
N→∞

∫

VN

|∇ũ|2 e−Qfd(μ̃ ◦ P−1
N ) = E∞(u, u)

together with Property (a). �
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