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Abstract This numerical study examines the pressure
amplitude distribution, focusing on amplitude death, in
a ring-coupled network of nonlocally coupled asym-
metric thermoacoustic oscillators. Eachdecoupled self-
excited thermoacoustic oscillator is modeled using
the classical Rijke tube model. We investigate three
configurations with asymmetric thermoacoustic oscil-
lators: localized asymmetry, side-by-side asymmetry,
and alternating asymmetry. Asymmetries are intro-
duced through frequency detuning and heater power
mismatching. Our study reveals that the configuration
with alternating asymmetry induces the largest region
of amplitude death compared to the other two con-
figurations, where all originally self-excited oscilla-
tors become quenched in the network. The remaining
energy of oscillations often concentrates at the two ends
of the axis of symmetry. The region of amplitude death
generally increases with the number of thermoacoustic
oscillators and remains unchanged when the number
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of oscillators is sufficiently large (n = 8). The variation
of the global average pressure amplitude predicted by
the proposed model qualitatively agrees with previous
experimental observations. In summary, we conclude:
(1) reduced-order models developed from a dynami-
cal system approach can provide a qualitative predic-
tion of the system’s pressure amplitude distribution,
potentially offering useful information for avoiding
operating parameters that lead to high-amplitude ther-
moacoustic oscillations in multi-combustor systems;
and (2) introducing asymmetries into a ring-coupled
network can potentially be leveraged to weaken self-
excited oscillations in multi-combustor systems glob-
ally.

Keywords Amplitude death · Coupling-induced
dynamics · Reduced-order model · Thermoacoustic
instability

1 Introduction

Thermoacoustic instability, arising from the feedback
coupling between unsteady flames and acoustic waves,
remains a significant problem in various combustors
despite numerous control strategies developed over the
years to mitigate it [1–3]. This instability can lead
to undesirable flow oscillations and unsteady flame
dynamics, making the overall combustion system less
efficient and causing catastrophic structural damage
to components [4–6]. Can-annular combustors, com-
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monly seen in heavy-duty gas turbines, are charac-
terized by a unique type of thermoacoustic instabil-
ity [7,8]. The properties of this instability are influ-
enced by the acoustic communication induced by the
gap between cans and the turbine entry, as well as the
acoustic-flame interaction in each individual can [9–
11]. When each unstable can is treated as a self-excited
thermoacoustic oscillator (TO), the complex collective
dynamics observed in such a can-annular combustor
can be investigated as coupling-induced dynamics in
a network. In this context, the desirable system state
of such a network is the global suppression of oscilla-
tions. Amplitude death (AD) is a phenomenon where
interactions among oscillators stabilize them to a state
of global suppression of oscillations [12]. StudyingAD
in a network of coupled TOs could, therefore, poten-
tially offer valuable insights for controlling undesirable
self-excited thermoacoustic oscillations in can-annular
combustors.

AD has been reported in various networks consist-
ing of multiple coupled oscillators, including an aeroe-
lastic system of airfoils coupled with springs in the
presence of axial flows, [13], a laser system with dual-
wavelength optical sources [14], and a network con-
sisting of four coupled candle flames [15]. AD can be
achieved through two primarymechanisms: time-delay
coupling [16–19] and the mismatch of oscillators’
properties [20–23]. Time-delay interactions reflect the
time cost of transportation of mass, energy, and infor-
mation in real situations.Mismatched systems are com-
monly found in nature since it is rare for all oscillators to
be identical. Therefore, these two effects are often taken
into consideration in research [23,24]. Even with weak
coupling strength, AD can still be achieved by finely
tuning frequency mismatches and delay times [23].
This sheds light on achieving AD in industrial combus-
torswhere thermoacoustic oscillations are oftenweakly
coupled. Other effects relating to network dynamics
are network topology and the number of oscillators,
which are also attractive subjects for AD study [25–
27]. It was found that random shortcuts can eliminate
AD observed in the network [25]. Interestingly, in a
small-scale ring network, if an oscillator is coupled
with no more than one other oscillator beyond its near-
est neighbors, having an odd number of total oscillators
will result in a larger AD region [27].

AD has also been reported in the network consist-
ing of multiple coupled TOs. For example, AD was
achieved in two thermoacoustic engines coupled with

two connecting tubes, whichweremodeled to represent
dissipative coupling and time-delay coupling in a low-
order model, respectively [28]. It was found that the
simultaneous action of two couplings is more capable
of annihilating oscillation. In addition to the network
consisting of periodic TOs, AD was also achieved for
two coupled chaotic TOs [29]. Unique dynamic behav-
iors such as complete chaos synchronization and on-
off intermittent phenomena emerged in such a chaotic
system. AD was possibly achieved even with a signif-
icantly smaller connecting tube diameter (i.e., much
weaker coupling strength) when multiple time-delay
couplings were introduced by connecting two thermoa-
coustic engines with multiple connecting tubes [30].
Togetherwith the aforementioned study [23], this again
implies the feasibility of achieving AD in industrial
combustors where the acoustic communication could
be weak between coupled TOs [31,32]. Partial AD also
exists in TOs. It was demonstrated in two electrical-
heater-driven Rijke tubes coupled via a connecting
tube, where only one of the two self-excited TOs was
quenched [33]. AD can be achieved not only in non-
reacting flows but also in reacting flows. For example,
AD was achieved in two laminar Rijke tubes coupled
with two connecting tubes [34]. Both complete and par-
tial AD states were also achieved in two lean-premixed
turbulent combustors mutually coupled with a cross-
talk tube [35,36]. However, as the number of TOs
increased, AD was no longer observed. For example,
AD was not found in a ring-coupled network consist-
ing of four adjacently coupled turbulent TOs, although
other rich dynamics such as in-phase/anti-phase syn-
chronization, desynchronization, and weak chimeras
were reported [37,38]. Recent numerical studies using
low-order modeling revealed that the coupling strength
(i.e., the diameter of the coupling tube) might not be
large enough to induce AD [39,40]. However, previous
studies have demonstrated the possibility ofADemerg-
ing in other systems with many TOs. For instance, AD
has been identified in very large floating structures con-
sisting of several modules coupled by flexible connec-
tors [41], suggesting that AD can indeedmanifest itself
in complex systems and become a key factor in evaluat-
ing global dynamic stability performance [42]. There-
fore, we aim to unravel the mechanism of achieving
AD in a ring-coupled network consisting of many self-
excited TOs.

In this study, we aim to explore how (1) the coupling
condition between TOs, (2) the number of TOs, and
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(3) the asymmetries in the properties of TOs affect the
emergence of AD in a ring-coupled network consisting
of many self-excited TOs (up to 16 TOs). We study
these three aspects for the following reasons.

First, the acoustic communication between cans
plays a pivotal role in determining collective dynamics
in can-annular combustors. For example,Buschmannet
al. [10] studied asymmetric coupling in a can-annular
combustor consisting of eight cans and revealed that
evenweak coupling between cans can influence the fre-
quency and modal structure. Several recent numerical
studies have also improved the modeling of acoustic
communication between cans, including considering
aeroacoustic coupling [43] and can reflection coeffi-
cients [44]. Given the facts that (i) the propagation of
sound waves between TOs can cause reflections due
to sudden changes in cross-sectional area, and (ii) the
finite speed of sound introduces additional delay times
for interactions between more distant TOs, we propose
a nonlocal yet evanescent time-delay coupling condi-
tion to dynamically model the interactions between
coupled TOs. This raises our first research question:
Can the network model with the nonlocal time-delay
coupling qualitatively predict the amplitude distribu-
tion observed in experiments [45–47]?

Second, in many can-annular combustors, there are
often many coupled cans (typically 8 to 16). How-
ever, many existing studies have often focused on sys-
tems consisting of fewer cans (e.g., four cans [45]).
This raises our second research question: How do the
system’s collective dynamics, particularly AD, change
across a large range of TOs (up to 16)?

Third, both global and local asymmetries in the prop-
erties of TOs have been found to greatly influence col-
lective dynamics in can-annular combustors [9,46].We
introduce three configurations of asymmetries: local-
ized asymmetry, “side-by-side” asymmetry, and adja-
cent asymmetry, and raise our third research question:
How do asymmetries in the properties of TOs affect
collective dynamics in this ring-coupled network?Will
any type of asymmetry promote the emergence of AD
in the network?

To answer these research questions, we first built a
ring-coupled network model consisting of TOs using
the reduced-order Rijke tube model (Sect. 2). We then
comprehensively investigated the influence of asym-
metries in the properties of TOs, including frequency
detuning and heater power mismatching, on AD in net-
workswith different numbers ofTOs (Sect. 3).Wequal-

itatively compared the results obtained from our model
with experimental data for 4-can and 5-can combus-
tors in terms of the amplitude distribution (Sect. 3.3).
Finally,we conclude this numerical study by discussing
the limitations and practical implications of our find-
ings (Sect. 4).

2 Nonlocal ring-coupled TOs

In this study, we use the classical Rijke tube model [48]
to model the self-excited TO, which was used to
study nonlinear dynamics in thermoacoustic systems
before [49–53].When considering the one-dimensional
acoustic field in a duct with both open-ended boundary
conditions, negligible mean flow, and mean tempera-
ture variation across the tube, as well as the absence
of natural convection, the linearized momentum and
energy equations can be derived as follows:

ρ̃
∂ ũ′

∂ t̃
+ ∂ p̃′

∂ x̃
= 0, (1)

∂ p̃′

∂ t̃
+ γ p

∂ ũ′

∂ x̃
+ ζ p̃′ = (γ − 1) ˙̃Q′δ(x̃ − x̃ f ), (2)

where the superscript ˜( ) denotes dimensional vari-
ables, and the superscript ( )′ denotes fluctuating vari-
ables. Here, t̃ , ũ, and p̃ are the time, acoustic velocity,
and acoustic pressure in the duct, respectively. x̃ is the
distance along the inlet of the duct, and x̃ f is the loca-
tion of the heat source.We choose x̃ f = 0.25 since this
is the optimum location to generate self-excited ther-
moacoustic oscillations in the duct. ρ̃ is the density, γ is
the specific heat ratio, ζ is the damping coefficient, and
˙̃Q′ is the heat release rate in the duct. δ( ) is the Dirac
function, which is used to introduce the compactness
of the heat source.

The boundary condition at x̃ = L (where L is the
length of the duct) is p̃′|x̃=L = 0, indicating that the
pressure fluctuation p̃′ at both ends of the duct is neg-
ligible. To better analyze the system, the variables in
Eqs. (1) and (2) are nondimensionalized as follows:

x = x̃

L
, t = t̃ c0

L
, u′ = ũ′

u0
,

p′ = p̃′

p
, Q̇′ =

˙̃Q′

c0 p
, M = u0

c0
,

(3)

where c0, u0, p and M are the sound speed, the mean
flowvelocity, pressure, andMach number, respectively.
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Equations (1) and (2) can then be transformed into their
non-dimensional forms using Eq. (3):

γ M
∂u′

∂t
+ ∂ p′

∂x
= 0, (4)

∂ p′

∂t
+ γ M

∂u′

∂x
+ ζ p′ = (γ − 1)Q̇′δ(x − x f ). (5)

The heat release, Q̇′, is modelled using a modified
form of King’s law, proposed by Heckl [54]. The selec-
tion of this model involves a trade-off between its sim-
plicity and effectiveness, which facilitate the captur-
ing of key phenomena, and its empirical nature, which
introduces certain limitations, such as discontinuities.
Nevertheless, this model incorporates the two most
influential terms found in more advanced heat release
models: the time lag and the nonlinear damping caused
by acoustic radiation. In addition, this model has been
widely adopted in similar previous studies focusing
more on nonlinear dynamics in thermoacoustic sys-
tems, as discussed in Sect. 1. Therefore, it is an accept-
able choice for establishing the baseline framework for
investigating ring-coupled thermoacoustic networks.
The model is expressed as follows:

Q̇′(t) =2Lh(Th − T )

S
√
3c0 p

√
πλcvu0ρrh

×
[√∣∣∣∣

1

3
+ u f

′(t − τt )

∣∣∣∣ −
√
1

3

]

,

(6)

where Lh , Th and rh are the length, temperature and
heater wire radius, respectively. T is the average tem-
perature of surrounding air. S is the cross-sectional area
of the duct. λ and cv are the thermal conductivity and
constant-volume specific heat, respectively. τt is the
response time lag between the start of the heat source’s
response to the acoustic velocity perturbation, u′

f , due
to the thermal inertia of the heater wire.

To solve Eqs. (4) and (5), we utilize the Galerkin
method to transform these partial differential equations
into a set of discrete ordinary differential equations. To
accomplish this, we express the dimensionless velocity
u′ and pressure oscillation p′ as orthogonal bases that
match the boundary conditions [55,56].

u′ =
N∑

j=1

η j cos( jπx), (7)

p′ = −
N∑

j=1

η̇ j
γ M

jπ
sin( jπx), (8)

where η j and η̇ j are the time-dependent amplitudes of
the acoustic velocity oscillation u′ and acoustic pres-
sure oscillation p′ for the j th Galerkin mode, respec-
tively. The parameter N is the total number of Galerkin
modes. We choose N = 10 following previous stud-
ies [56], as additional modes yield only marginal
enhancements in modeling solutions.

Combining Eqs. (4)–(8), we derive the set of ODEs
that describe the behavior of a single TO:

dη j

dt
= η̇ j , (9)

dη̇ j

dt
+ 2ζ jω j η̇ j + ω2

jη j

=− jπK

[√∣∣∣∣
1

3
+u f

′(t−τt )

∣∣∣∣−
√
1

3

]

sin( jπx f ),

(10)

where ω j = jπ is the angular frequency of the j th

Galerkin mode and ζ j is the acoustic damping, which
is developed by Matveev [57]:

ζ j = 1

2π

[
c1

ω j

ω1
+ c2

√
ω1

ω j

]
, (11)

where c1 and c2 are the damping coefficient. In this
study, we choose the parameters of this Rijke tube
model to be: c1 = 0.1, c2 = 0.06, τt = 0.2, M = 0.01,
and x̃ f = 0.25, while varying the nondimensional
heater power K . K is defined as follows:

K = 4(γ − 1)
2Lh(Th − T )

Mγ S
√
3c0 p

√
πλcvu0ρrh . (12)

In this study, we propose a nonlocal time-delay cou-
plingmodel for describing the amplitude distribution in
multiple ring-coupled TOs, as illustrated in Fig. 1. This
model maintains the original dissipative coupling but
modifies the time-delay coupling such that the interac-
tion from i th TO now propagates to further TOs with
a transmission loss. The modified ODEs [Eqs. (9) and
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Fig. 1 a The coupling interaction of i th thermoacoustic oscilla-
tor (TO) in the multiple-coupled network. Dissipative coupling
occurs between adjacent TOs and the time-delay coupling occurs
between twoarbitraryTOs.The linewidth of time-delay coupling
represents the overall nonlocal coupling strength. b–e The con-
figurations of the ring-coupled network, which are the uniform
case, the localized asymmetric case (L case), the ‘side-by-side’
case (C case), and the alternating case (A case), respectively

(10)], for the i th TO take the following form:

η̈ j + 2ζ jω j η̇ j + ω2
jη j

= − jπK

[√∣∣∣∣
1

3
+ u f

′(t − τt )

∣∣∣∣ −
√
1

3

]

sin( jπx f )

+
n∑

p=1

kτ (1−closs)
p−1((η̇

i+p
j +η̇

i−p
j )(t−pτ)−2η̇ij (t))

︸ ︷︷ ︸
Nonlocal time−delay coupling

+ kd (η̇i+1
j + η̇i−1

j − 2η̇ij )
︸ ︷︷ ︸

Dissipative coupling

,

(13)

where the superscript ( )i denotes the parameters asso-
ciated with the i th TO, while superscripts ( )i+p and
( )i−p represent nonlocal coupled TOs, and super-
scripts i +1 and i −1 denote the immediately adjacent
TOs. Here, p signifies the distance between two non-
locally coupled TOs, with p = 1 indicating adjacent
coupling and p > 1 denoting nonlocal coupling. The
term closs (0 � closs � 1), which decays exponentially
with an increase in p, represents the transmission loss
between TOs. We validated our model and numerical
configuration by repeating the same bifurcation anal-
ysis as was done in [58], with the results presented
in Appendix A. In this study, we adopt the nonlocal
coupling network model and perform numerical simu-
lations to investigate the influences of various parame-
ters on the emergence of AD. These parameters include
time-delay coupling strength kτ (dissipative coupling

strength is fixed at kd = 0.2), time delay between cou-
pled TOs (τ ), nondimensional heater power (K ), the
number of TOs (n), the frequency detuning ratio (δω),
and heater power mismatching ratio (δK ). To prevent
noise-induced dynamics, we keep our decoupled self-
excited TO sufficiently away from the Hopf point at
K = 0.64 and then vary K across a broad range. We
consider n ranging from 4 to 8 with an additional case
of n = 16 included for a convergence study. It is noted
that n has limited effect on the oscillation amplitude
when n > 20 [17,59].

3 Results and discussions

In the following sections, we aim to answer three
research questions raised in Sect. 1 by performing
numerical simulations of the low-order network model
proposed in Sect. 2.

3.1 Nonlocal coupling effect

To quantify the global variation of all TOs’ pressure
amplitudes in a networkunder different coupling condi-

tions, we define A ≡ 1/n
n∑

i=1
Ai . Here, the normalized

pressure amplitude of the i th TO, out of a total of n
TOs, is given by Ai = p′

i,rms/p
′
0,rms (i = 1, 2, ..., n),

where subscripts ( )rms, ( )i , and ( )0 denote the root-
mean-square value of p′, the value of i th nonlocally
coupled TO, and the decoupled base TO, respectively.
The properties of the decoupled base TO are presented
in Appendix A. We then determine AD as occurring
when Ai � 0.01 for all TOs.

We first compare the results of adjacent coupling
with those of nonlocal coupling for different TO num-
bers. The adjacent coupling can be expressed by set-
ting closs = 1, indicating that sound waves are impeded
from passing through an adjacent TO and thereby can-
not propagate further. Conversely, closs = 0 denotes
global coupling with no transmission loss. Therefore,
we can determine how “far” acoustic waves can propa-
gate across coupled TOs in the network by manipulat-
ing the value of closs.WhenTOs are adjacently coupled,
the A distribution in the parameter space defined by τ

and kτ remains largely consistent across different n, as
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Fig. 2 Contour maps of the global average of the normalized
pressure amplitude of TOs (i.e., A) for a adjacent coupling case
closs = 1 and b nonlocal coupling case closs = 0.5. Panel c shows
a magnified view of the AD boundary enclosed by a green box in
(b). Panel d shows the contour map of A for the global coupling
case with closs = 0 and n = 4. The heater power is K = 1.4 and
the dissipative coupling strength is kd = 0.2

shown in Fig. 2a. The size of the AD region therefore
does not change when n changes. By contrast, when
TOs nonlocally coupled (closs = 0.5), the size of the
AD region enlarges when n increases because of the
amplified coupling effect, although the A distributions
are generally similar across different n, as shown in
Figs. 2b and 2c. Nonetheless, this amplified coupling
effect is confined to a finite size of the network; when
the number of TOs exceeds 20, this enhanced coupling
effect scarcely affects the system’s collective behavior
[17,59]. We then further examine the results of global
coupling when closs = 0, as shown in Fig. 2d. We find
that the AD region is further enlarged, facilitating the
emergence of AD particularly for kτ � 0.2 and specific
time delays (τ = π/2ω and τ = 3π/2ω, ω is the nat-
ural frequency of decoupled base TO in Appendix A).

3.2 Effect of asymmetries in the network

Here, we investigate three configurations with asym-
metric TOs: the localized asymmetric case (denoted

as the L case), the ‘side-by-side’ asymmetric case
(denoted as the C case), and the adjacent asymmetric
case (denoted as theA case), as illustrated in Fig. 1(b–
e).We also include a uniform configuration for compar-
ison, where all TOs share the same natural frequency ω

and heater power K . For L cases, a single i th TO, indi-
cated by color, exhibits a distinct ωi or Ki compared
to the others, specifically ωi = δωω or Ki = δK K . For
C cases, half of the TOs are set to different frequencies
or heater power. The term ‘side-by-side’ indicates that
the network now consists of two mirror-asymmetric
groups of TOs, a configuration also used to describe
similar asymmetries in an annular combustor [60]. For
A cases, although half of the TOs are set to different
frequencies or heater power, only immediately adjacent
TOs are asymmetric. When dealing with odd numbers
of TOs (n = 5, 7) for C andA cases, the remainder TO
is not set to be mismatched.

3.2.1 Frequency detuning δω

We first examine the influence of δω between mis-
matched TOs and base TOs on AD across three config-
urations, as represented by the A distribution.As shown
in Fig. 3, the variation of A distributions is presented
as a function of n for three configurations: L, C, and
A (from top to bottom). δω = 1 represents the uniform
case where the mismatching effect does not exist. The
primary findings are as follows:

(i) For L configuration, both increasing and decreas-
ing δω shrink the high-amplitude region and
enlarge the AD region. Decreasing δω achieves
AD more easily with weaker coupling strength
(i.e., smaller kτ ). However, as n increases, this
effect diminishes. Specifically, in the case of n =
16, the bottom boundary of theAD region flattens.
In general, the influence of localized asymmetry
weakens when n increases, resulting in a more
uniform distribution of A across different δω val-
ues.

(ii) For C configuration, where half of the TOs are
mismatched, increasing δω induces ADmore eas-
ily than decreasing δω, even with relatively weak
coupling strength (kτ ≈ 0.1), for almost all cases.
The exception occurs at n = 5,where only two out
of five TOs are set to be mismatched. As a result,
the introduced asymmetry is not strong enough,
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Fig. 3 Contour maps of A for three different configurations with
frequency detuning. The first row isL configuration, second row
isC configuration, the third row isA configuration. τ = τt = 0.2.

Other parameters such as K , closs, and kd are kept the same as in
the TOs in Fig. 2

resulting in a more symmetric AD region. In the
n = 16 case, the bottom of the AD region forms
a slope when δω < 1 because, as the fundamen-
tal frequency of the mismatched TOs decreases,
theseTOs struggle to oscillate, leading to a smaller
AD region. This shows that weakened TOs do not
necessarily lead to an overall suppression of oscil-
lations, on the contrary, this can possibly less pro-
mote the emergence of AD.

(iii) ForA configuration, the results differ significantly
from the previous two. The AD region greatly
expands towards lower kτ values at both ends of
the x-axis where δω < 0.9 and δω > 1.1. For even
n cases, it is even possible to achieve AD with kτ

= 0, indicating that the frequency detuning is com-
pletely dominant over the contribution from time-
delay coupling to induce AD. For odd n cases,
time-delay coupling is still essential for achieving
AD although the AD region greatly expands to the
region where kτ can be very small. We also notice
that the size of the AD region remains unaffected
by n when n � 8.

In general, all three configurations tend to effec-
tively promote the emergence of AD with the appro-
priate frequency detuning and coupling strength. How-
ever, it is also worth noting that the size of AD region
first increases and then shrinks when n is larger than
5 (C configuration) and 6 (L and A configurations), as

Fig. 4 The size ratio of the AD region over the entire parameter
space for three different configurations presented in Fig 3

shown in Fig. 4. The size ratio of the AD region to the
entire parameter space is denoted by ηAD. This implies
that there exists an optimal n for three configurations
to maximize the AD region. It is also encouraging
to observe that A configuration consistently exhibits
the largest AD percentage across all numbers of TOs,
providing a global optimal solution for inducing AD.
Meanwhile, the high-amplitude region (A > 0.5) in the
vicinity of the fundamental frequency (0.9 < δω < 1.1
) shrinks with the increase of n and no global amplitude
amplification (A > 1) is observed.
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Next, we examine the non-uniform amplitude distri-
bution among oscillators in the network by calculating
the standard deviation of Ai , as illustrated in Fig. 5.
Then we aim to identify the TO in this network that
exhibits the highest pressure amplitude and determine
its location in the parameter space defined by δω and
kτ , particularly focusing on regions where σAi is larger
than 0.2. This analysis is crucial for pinpointing the
primary energy source of pressure oscillations in the
overall network, thus providing valuable insights for
implementing control strategies that specifically target
select local TOs. Such targeted control strategies can
enhance effectiveness and resource efficiency by focus-
ing on critical TOs. As shown in Fig. 6, we color the
case which has the highest pressure amplitude using its
corresponding color of the TO. Below is themap show-
ing the highest pressure amplitude case. We also color
the AD region in white to better delineate the region
where pressure oscillation remains in the network (i.e.,
non-AD region). The primary findings are as follows:

(i) For L configuration, increasing δω rather than
decreasing it can lead to greater differences
between the TOs. Such differences are eliminated
as n increases to 16 (see Fig. 5 a6). When n is
even, the primary energy to sustain the remaining
pressure oscillations comes from the mismatched
TO (the one wrapped with a red circle in Fig. 6 a1)
or its mirrored TO. The mirrored TO becomes the
primary energy source when δω is significantly
larger or smaller than 1 (see the yellow region
in Fig. 6 b1, b3, b5, and b6). When n is odd,
the primary energy comes from the mismatched
TO or one of the two TOs located at both sides
of the symmetric axis passing through the mis-
matched TO (Fig. 6 b2 and b4). This feature does
not change when n increases. Such a distribution
makes the overall network mirror symmetric in
terms of the pressure amplitude distribution along
an axis starting from the location of the global
maximum of pressure amplitude to its opposite
side.

(ii) For C configuration, when n is even, the areas
where δω > 1 and δω < 1 have similar sizes
in terms of the region where σAi is greater than
0.2. The primary energy to sustain the remain-
ing pressure oscillations comes from the TOswith
lower natural frequency when n = 4 (see Fig. 6
d1). When n is odd, the differences between TOs

within the region where δω < 1 are significantly
reduced. The primary energy come from the mis-
matched TO or one of the two TOs located at both
sides of the symmetric axis passing through the
mismatched TO (Fig. 6 d2 and d4).

(iii) For A configuration, our results show that one
mismatched TO is strongly coupled to its adja-
cent uniform TO, and all the mismatched TOs
have the same amplitude, as do the uniform ones.
The oscillators with larger pressure amplitude are
the ones with lower natural frequency in the clus-
ters for cases of even numbers. Therefore any
two adjacent TOs can be treated as a cluster (cir-
cled in dash lines), and the alternating configu-
ration is then converted to a case with uniform
clusters. The cluster is a classical two TO sys-
tem coupled with frequency detuning, dissipa-
tive coupling, and time-delay coupling. This find-
ing explains why alternating configuration shares
such a large AD region and is nearly independent
of n when n > 6.

3.2.2 Heater power mismatching δK

We now examine the influence of δK between mis-
matched TOs and unmodified TOs on AD for three
configurations L, C, and A shown in Fig. 7 (from top
to bottom). When δK > 1, δK = 1, and δK < 1 the
mismatched TO has a higher, equal, and lower non-
dimensional heater power than that of the normal TO,
respectively. The primary findings are as follows:

(i) For L configuration, a high-amplitude regions
(A > 1) emerge in the bottom right corner of the
entire parameter space, indicating an amplitude
amplification in that area. In this region, we also
observe significant standard deviations (e.g. Fig-
ure9 a1). The size of the high-amplitude region
tends to be weakened when n increases. When
n � 8, the amplitude amplification region almost
disappears, and the size of the AD region becomes
saturated, as shown in Fig. 8.

(ii) For C configuration, when n is small, the distribu-
tion of the amplitude ratio is similar to the L case
(Fig. 7 b1). In the lower right corner of the param-
eter space, a region with amplified amplitude is
also observed. Although this region diminishes as
n increases, it does not completely disappear. As
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Fig. 5 The standard deviation of the normalized pressure amplitude (i.e., σAi ) with frequency detuning. Areas with σAi > 0.2 are
enclosed by magenta contour lines

Fig. 6 Contourmaps of the locationwhere the TOwith themax-
imum pressure amplitude is for three different configurations
with frequency detuning. Different colors stand for the locations
of TOs with the maximum pressure amplitude. The red circles

stand for mismatched TOs. The center axes are denoted with
dash-dot lines. The clusters in A cases are marked with dash-
line circles
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Fig. 7 Contour maps of A for three different configurations with heater power mismatching. The first row is L configuration, second
row is C configuration, the third row is A configuration. All other parameters are kept the same as in the TOs in Fig. 2

n increases, the AD region gradually shrinks, and
when n � 8, the AD region completely disap-
pears when δK is sufficiently large (Fig. 7 b5 and
b6). Both the oscillation region and the amplitude
amplified region are larger in the C case than in
the L case. This is possibly due to more TOs hav-
ing their heater power modulated in the C case
compared to the L case.

(iii) For A configuration, when n = 4, the AD region
is significantly smaller compared to the L and C
configurations. However, as n increases, the AD
region rapidly grows and then remains constant.
This pattern is also reflected in Fig. 8. In the bot-
tom right corner of the parameter space, there is
also a region of amplitude amplification, but the
size of this region does not decrease as n increases.
Compared to the C cases when n > 4, although
the number of TOs with mismatched amplitudes
is the same in both cases, the AD region in the
A configuration does not shrink with increasing
n as it does in the C cases. This indicates that the
A configuration can suppress the trend of the AD
region shrinking as the number of TOs with mis-
matched amplitude grows.

Due to the direct influence of heater power on ampli-
tude, investigating the distribution of amplitudes in the
network and identifying the location of energy sources
holds greater significance. We investigated the ampli-
tude distribution in heater power mismatching cases, as

Fig. 8 The size ratio of the AD region over the entire parameter
space for three different configurations presented in Fig 7

illustrated in Figs. 9 and 10. The area with σAi > 0.2 is
primarily composed of two triangular regions. One cor-
responds to the bottom right corner where amplitudes
are relatively large, and the other is in the upper right
side where kτ is relatively large. For L configuration,
σAi decrease as n increases (except for n = 8), imply-
ing a more uniform distribution of pressure amplitude
of TOs. Conversely, for C configuration, these differ-
ences increase with increasing n. For A configuration
with even-numbered TOs, σAi is smaller than other two
configurations, showing a more uniform distribution of
the pressure amplitude of TOs.
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Fig. 9 The standard deviation of the normalized pressure amplitude (i.e., σAi ) with heater power mismatching. Areas with σAi > 0.2
are enclosed by magenta contour lines

Fig. 10 Contour maps of the location where the TO with the
maximumpressure amplitude is for three different configurations
with heater power mismatching. Different colors stand for the
locations of TOs with the maximum pressure amplitude. The red

circles stand for mismatched TOs. The center axes are denoted
with dash-dot lines. The clusters in A cases are marked with
dash-line circles
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Fig. 11 Experimental results of the global average of the normalized pressure amplitude (i.e., A) from 4-can and 5-can lean premixed
combustors, the bar chart represents A, while the error bars indicate the standard deviation of Ai,exp

An interesting behavior in L cases is that the TO
with maximum heater power is not necessarily exhibits
maximum oscillation pressure amplitude. Take n = 16
as an example (see Fig. 10 a6), when δK = 1.5 and
kτ = 0.06, the TO with maximum amplitude is the
opposite one. However, the standard deviations of these
anomalous regions are relatively small, indicating that
overall differences in amplitudes are not significant.
Same phenomenon can also be found in L cases when
4 < n < 16. But when n = 16, the side with larger
heater power will dominate pressure amplitude distri-
bution (see Fig. 10 d6). When kτ is sufficiently large,
we can also observe that the TOs with the maximum
amplitude change from the central TOs on the mis-
matched side (adjacent to the symmetry axis) to the
TOs at the boundary between the two sides (farthest
from the symmetry axis). When n = 4, the network
is too simple to exhibit complex amplitude distribu-
tion (see Fig. 10 d1). For A cases, clusters with same
amplitude profile are also found in even n cases.

From the analysis above, we can conclude as fol-
lows: (1) the size of AD region is closely linked to the
configuration of frequency detuning. Specifically, for
A cases with an even n number, clusters can be found
periodically exists in the ring network. Each of them
is a classic two-coupled TOs system with frequency
detuning, which leads to AD in the whole network. (2)
Improving the heater power of typical TOs in ring cou-
pled network can not ensure their oscillation pressure
amplitudes are maximum. (3) Increasing the number
of TOs can reduce the impact brought by TO asym-
metry. When TOs are slightly mismatched, increasing
the number of TOs tends to reduce the amplitude and
expand the AD region. But when n is very large, the
change is not significant.

3.3 Distribution of pressure amplitude in can-annular
combustors

In this section, we investigate whether the variation of
the global average of the normalized pressure ampli-
tude (i.e., A) derived from our reduced-order model
abovequalitatively alignswith our previous experimen-
tal observations on can-annular combustors [45–47].
Detailed descriptions of this can-annular combustion
system, comprising four (i.e., 4-can) or five (i.e., 5-can)
lean premixed combustors connected circumferentially
with a cross-talk section, can be found in Refs. [45–
47]. As shown in Fig. 11, we present the global average

pressure amplitude ratio, Aexp ≡ 1/n
n∑

i=1
Ai,exp and the

standard deviation of all TOs’ pressure amplitude ratio
σAi,exp for different combustor lengths (lc = 1000, 1300,
and 1600mm) and global equivalence ratios (φ = 0.61,
0.65, and 0.69).We find that 5-can cases generally have
a lower pressure amplitude and a more uniform pres-
sure amplitude distribution than those of 4-can cases.
For example,when lc = 1300mmandφ =0.65, Aexp and
σAi,exp of the 5-can case are all smaller than those of the
4-can case. This agrees with our numerical observation
in Sect. 3.2.2 that a network featuring a large n tends to
have a stronger ability to dampenergy through coupling
and thus leading to a smaller global average pressure
amplitude. We also find that when lc = 1300mm, Aexp

increases both for n = 4 and 5 when φ increases. In our
experimental bifurcation map, we found that higher φ

leads to a stronger TO featured with higher pressure
amplitude. The non-dimensional heater power K has
an analogous role in determining the pressure ampli-
tude in our numerical study. So when we increase δK
forC andA, half of the total TOs become stronger, lead-
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ing to a larger A. This feature is well captured in Fig. 7
that a blue ramp (A ≈ 0.4) emerges when δK > 1.

In a quick summary, the qualitative agreement in
terms of the pressure amplitude variation across dif-
ferent numbers of TOs between the proposed reduced-
order model and experimental results implies that the
numerical results presented in Sect. 3.2.1 and 3.2.2
could be potentially used to help the design of pas-
sive control strategies by introducing asymmetries into
a multi-combustor system. For instance, adding baf-
fles not only increases damping but also induces slight
frequency shifts in the combustion chamber [61]. How-
ever, in can-annular combustors, effective control may
not require installing baffles in every chamber. Instead,
implementing an A configuration, where baffles are
alternately installed in selected chambers, significantly
increases the likelihood of achieving amplitude death.

4 Conclusions

In this study, we numerically investigate a ring-coupled
network consisting of nonlocally coupled asymmetric
thermoacoustic oscillators, with a focus on the influ-
ence of the network size (up to 16) and three asymme-
try configurations on the emergence of amplitude death.
For three asymmetry configurations, named localized
L, ‘side-by-side’ C, and alternatingA, we introduce the
asymmetry to them by tuning thermoacoustic oscilla-
tor’s frequency andmismatching thermoacoustic oscil-
lator’s heater power, respectively. Our answers to the
three research questions raised in Sect. 1 can be sum-
marized as follows.

(i) Using the nonlocal time-delay coupling network
model proposed in this study, we find the ampli-
tudedistributionnumerically predictedwhenvary-
ing the number of TOs (n) and heater power (K )
qualitatively agree with the experimental obser-
vations [45–47] when varying the number of cans
and equivalence ratio.

(ii) The AD region will be first enlarged when the
number of TOs increases to a moderately large
number (n = 5 or 6) for all three asymmetric
configurations. With frequency detuning, the AD
region shrinks for L and C configurations as n
increases to a larger number (up to 16). In contrast,
the AD region remains unaffected for the A con-
figuration, consistently larger than the other two
configurations across all values of n, making it an

optimal choice for inducing amplitude death in a
ring-coupled network. When heater power mis-
matching is applied, shrinking only appears in C
cases. The AD region remains unchanged for L
and A configurations when n increases to 16.

(iii) The A configurations with frequency detuning
promote the emergence of AD the most, partic-
ularly when the frequency detuning is large (i.e.,
δω > 1.1 or δω < 0.9).Across varying numbers of
thermoacoustic oscillators, A consistently yields
a larger AD region. Compared to the C configu-
ration, this observation also applies to the heater
power mismatching cases when n > 4, despite
both configurations having the same number of
oscillators with amplified power. The oscillator
with the highest pressure amplitude often locates
at the mismatched side or its opposite side, with
the center axis passing through it. For the A con-
figuration, such an oscillator exists with its neigh-
bouring base oscillator (not mismatched) in a pair.

The implications of this study are twofold. First,
along with our previous low-order modeling stud-
ies [39,40], we confirm the feasibility of using the
reduced-order model to qualitatively predict system
dynamical behavior, particularly amplitude death. This
approach can assist in designing passive control strate-
gies for thermoacoustic oscillations. By identifying the
oscillator with the highest pressure amplitude, we can
apply previously developed control strategies [62–66]
to further weaken the remaining oscillations in the net-
work. Second, recent experimental studies on sym-
metry breaking in annular combustors indicate that
thermoacoustic oscillations can be weakened by intro-
ducing asymmetries into the combustion system [60].
Our numerical study further confirms this, suggest-
ing new possibilities for using mismatched thermoa-
coustic oscillators to induce amplitude death and thus
globally weaken thermoacoustic oscillations in multi-
combustor systems. However, the findings are based
on simplified assumptions, such as the heat release
model and uniform coupling conditions, which can not
fully represent real-world combustor systems. Future
work will extend the current framework by incorpo-
rating alternative source term models, such as the n–τ
model or hybrid approaches that integrateCFD to better
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resolve flame dynamics [67] for a more comprehensive
understanding.
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Appendix A Bifurcation diagram

We validate the bifurcation behavior of a single
uncoupled thermoacoustic TO. We numerically solve
the ODEs in Eqs. (10–12). The pressure and velocity is
measured at x = 0.5. The results are shown in Fig. 12.
The forward process is calculated with the same initial
value at discrete heater power K , while the backward
process is calculated base on continuing time history
with K discretely varying. Figure12a and b are the
time history and limited cycle frequency of pressure
oscillation at K = 0.7. Hysteresis of heater power is
observed between forward and backward process, as
shown in Fig. 12. The Hopf point is K = 0.64 and the
saddle point is K = 0.53.

Fig. 12 Characteristic of a single uncoupled TO, a time history
of the pressure oscillation p′ at K = 0.7, b the corresponding
FFT analysis and c pressure amplitude p′

amp. as a function of the
nondimensional heater power K
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