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Abstract

This paper attempts to obtain necessary and sufficient conditions to solve the parabolic
Anderson model with fractional Gaussian noises: 2 u(t,z) = $Au(t, z)+u(t, )W (t, z),
where W (t, z) is the fractional Brownian field with temporal Hurst parameter Hy €
[1/2,1) and spatial Hurst parameters H = (Hy,---,Hy) € (0,1)%, and W(t,z) =
aw‘z?if;”W(t,x). When d = 1 and when (Ho, H) € (3,1) x (55, 3) we show that
the condition 2H, + H > 5/2 is necessary and sufficient to ensure the existence of a
unique solution for the parabolic Anderson Model. When d > 2, we find the necessary
and sufficient condition on the Hurst parameters so that each chaos of the solution

candidate is square integrable.
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1 Introduction and main results

In this work, we study the solvability (i.e., existence and uniqueness) problem of
the following stochastic heat equation on the Euclidean space R¢, also known as the
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parabolic Anderson model (PAM):

%u(t,w) = %Au(t,ac) +u(t,z)W(t,z), t >0,z € RY;

uw(0,x) = up(x),

(1.1)

where A = Y% | 8‘3—; is the Laplacian on R, the process {W(t,z),t > 0,z € R%} is a

centered fractional Gaussian field of Hurst parameters (Ho, Hy,--- , Hy) and W (¢, z) =
ﬁft_iaxdl/[/(t7 ). This means that formally the mean of 1 (¢, z) is zero and its covariance

function is given by

Cov(W (t, z), W(s,y)) = 7o(s — )y(x — ) (1.2)
with

d
Y(t) = cm |t y(@) = [ em,lz;P 72, teR,a= (21, ,24) eR?  (1.3)
j=1

where cy;, = H;j(2H; — 1) for j = 0,--- ,d. Throughout this work we assume that the
Hurst parameters (Hy, Hy, - - , Hy) satisfy

Hye€[1/2,1), and H; € (0,1) Vj=1,---.d.

The case Hy = 1/2 corresponds to v (¢t) = 0(¢) and in this case the noise is called time
white; the case H; = --- = Hy = 1/2 corresponds to v(z) = §(x) and in this case the noise
is called space white. When the noise is space time white the square integrable solution
exists only when the space dimension is one. In this case (and when the initial condition
is the Dirac delta function) the seminal paper [18] connects the equation (1.1) with the
Kardar-Parisi-Zhang (KPZ) equation via the Hopf-Cole transformation h(t, z) = log(u(t, z))
and develops the theory of regularity structures. In the last decades, the parabolic
Anderson model has received great attention partly due to its connection with the
KPZ equation. Many sharp properties of the solution to (1.1) have been obtained for
general Gaussian noises, including the space time white noise. For further reading, we
recommend the works of [3, 11, 16, 26, 30, 32, 39] and the references therein.

Equation (1.1) depends only on the initial condition and the covariance structure of
noise W. If we assume that the initial condition is as nice as needed (e.g. ug = 1), then
the solvability and the properties of the solution to (1.1) are completely determined by
the covariance structure of W. It is interesting to ask under what conditions on the
covariance structure of the noise, the equation (1.1) has a unique solution. Several
progresses have been made along this direction, mostly in the form of sufficient condition,
which will be recalled in the next subsection. Now it is natural to ask if such condition is
also necessary or not. If not, it is interesting to find conditions that are both necessary
and sufficient. In this paper we shall present some partial results for the above problem.

Usually there are two different interpretations of the product u(t, z)W (t,z) in (1.1)
used so far in literature. One is in the Stratonovich sense (or pathwise sense), and the
other one is in the It6/Skorohod sense. We chose the latter one for (1.1) since it enables
us to immediately express the formal solution candidate through its It6-Wiener chaos
expansion:

o0

u(t,r) =Y up(t,x) = Z %In(fn(-,t,a:))7 for any (t,r) € Ry x R? (1.4)
0 n=0

n=

where f,, is given by (2.12) in the next section through the heat kernel associated
with (1.1) and I,,(f.(:, t, z)) is the multiple It6-Wiener integral with respect to f,(-, ¢, x).
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The advantage of using the chaos expansion lies in the fact that multiple It6-Wiener inte-
grals of different orders are orthogonal. It is easy to verify (e.g. [15]) that the PAM (1.1)
has a unique square integrable solution if and only if the above chaos expansion is
convergent in L*(Q) for all (t,z) € Ry x R?. When the chaos expansion is convergent,
one has

E [u(t,z)?] = Y E[un(t,z)?] . (1.5)
n=0

From the above discussion we see that the solvability problem of (1.1) is decomposed
into the following two consecutive questions.

(Q1) What are the necessary and sufficient conditions for the finiteness of E [ui(t, a:)] for
all positive integer n? This involves the challenging problem of finding necessary
and sufficient conditions for the integrability of singular multiple integrals presented
in Proposition 3.4 of Section 3.

(Q2) Under what necessary and sufficient conditions Equation (1.5) is convergent? In
Section 5, we answer this question in one dimensional case by deriving proper
growth bounds for IE [u2(t, )] as a function of n.

1.1 Main results

In the course of completing the above two tasks, we will see that the cases of Hurst
parameters greater or less than 3/4 need to be treated differently. This is a bit contrary
to the conventional division which usually divides the region of Hurst parameters into the
region that the Hurst parameter is greater than 1/2 and region that the Hurst parameter
is less than 1/2. For this reason, and without loss of generality, we assume that the Hurst
parameters are so arranged that there is an integer d, between 0 and d such that Hy < %
fork=1,2,--- ,d, and Hy > % fork =d,+1,--- ,d. The case d. = 0 means that all Hurst
parameters are greater than or equal to 3/4 and d. = d means that all Hurst parameters
are less than 3/4. We also denote by |H| the sum of all spatial Hurst parameters, by H,
the sum of all Hurst parameters that are less than 3/4, and by H* the sum of all Hurst
parameters that are greater than or equal to 3/4. Namely, we denote

H17"'7Hd*<3/47 Hd*+1,"'7Hd23/4?
H, ::H1+"'+Hd*7 H* ::Hd*+1+"'+Hd’ (16)
#=d-d., |HI=Hi+ o+ H

Concerning the above first question (Q1), we have the following result.

Theorem 1.1. Suppose ug = 1 and Hy > % Let u,, be the n-th chaos candidate of the
solution to (1.1), defined by (2.10)-(2.12) in the next section. Then E[u,(t,z)?] < +oo for
any (t,r) € Ry x R? and any n > 1 if and only if all of the following conditions hold:

3

H.>Sd,—1, (1.7a)
|H| + 2H, > d, (1.7b)
H, + 2H, > %d*—k; (1.7¢)
|H|+2H, +4H, >d+gd*. (1.7d)

The initial condition uy = 1 may be extended to any initial condition that is uniformly
bounded below and above. Using the Itd isometry E[u,, (¢, x)?] is expressed as a multiple
integral involving the spatial and temporal variables. Bounding this multiple integral by

EJP 29 (2024), paper 140. https://www.imstat.org/ejp
Page 3/48


https://doi.org/10.1214/24-EJP1200
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

In search of necessary and sufficient conditions to solve PAM

integrating the space variables will yield a multiple integral of the form (3.40) involving
multiple integral of powers of some singular kernels. This multiple integral appears
elementary. However, determining the necessary and sufficient conditions for the
exponents to ensure the integral’s finiteness is a highly complex problem. There are
some studies about similar integrals in analysis (e.g., [37, 40, 41]). However, they seem
bard to be applied to the above case. We shall divide the integral (4.7) associated with
E [un(t, x)Q] into two distinct cases determined by a new mechanism (4.9). Then, the
proof relies on applications of both the Hardy-Littlewood-Sobolev and the Holder-Young-
Brascamp-Lieb inequalities. The detailed proof will be given in Section 4.
If H, < 3/4forall k = 1,---,d, then we have |H| = H, and d = d.. The condi-

tions (1.7a)-(1.7d) in (1.7) can be slightly simplified to:
Corollary 1.2. Ifug =1, Hy > % and Hy, < 3/4 forallk = 1,--- ,d, then the necessary
and sufficient condition so that E[u,,(t,z)?] < +oo for any (t,z) € Ry x R? and anyn > 1
becomes

H,>3d-1,

H,+2Hy > (dV 3£2), (1.8)

3H,+4Hy > gd.

When d =1, Hy > 1 and H = H; < 3, the first condition (1.7a) is trivial. The second
and the last are implied by the third. Thus, we reduce Theorem 1.1 to the following
theorem.

Theorem 1.3. Ifd =1, uo =1 and Hy > %, 0 < H < , then the necessary and sufficient
condition so that F[u,,(t,z)?] < +oo for any (t,x) € R, x R? and any n > 1 is

2Hy+ H >5/4. (1.9)

Example 1.4. [t is easy to verify that when d = 3, Hy = 1, H; = Hy = H; = 1/2, the
condition (1.8) is satisfied. Thus, if d = 3 and when the noise is time independent and
space white, then E[u,(t,7)?] < oo for any (t,7) € Ry x R? and any n (which is known
in [19, Theorem 4.1]). However, also in [19, Theorem 4.1] it is shown that in this case
S o Elun(t,z)?] = oo for any (t,z) € Ry x R? if the initial condition ug(z) > ¢ for
some constant ¢ > 0. This stresses the point that E[u,(¢,7)?] < oo for all n does not
automatically imply Y > E[u, (¢, z)?] < co.
The following results are byproducts while proving Theorem 1.1.

Proposition 1.5. Suppose ug =1, Hy > % and suppose all the conditions in (1.7) hold.
(i) If Hy + H, > 3% and if |H| > d — 1, then the solution is in L?(Q) for any p > 1.

Moreover; there are two positive constants C g and cp g, independent of p, t and
x such that

(1.10)

|H|—d+2 |H|+2Hg—d
E [Ju(t, z)|P] <Cy g exp |co gpHI-aF1¢ THI=d+1 }

for all (t,z) € Ry x R4,

(ii) IfHy + H, > BZ* and if |H| = d — 1, then there is a ty > 0 such that when t < t,

Elu(t,z)?] = 307  Blu, (¢, 2)?] < +oo for x € R,

n=0

The critical time ¢y in Proposition 1.5 (ii) is usually called the blow-up time, see for
example [19]. In [13, (1.9)], the authors show that ty = to(p) = % under the
critical condition [13, (1.8)]. Quastel, Ramirez, and Virag [36] use an elementary version
of the Skorokhod integral to define the solution at all times, including ¢t > t;. They
construct v as a randomized shift or as the free energy of an undirected polymer in a
random environment.
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When Hy = 1/2, the first condition (1.7a) and the fourth condition (1.7d) are en-
tailed by the second condition (1.7b) and the third one (1.7c). Therefore, combining
Theorem 1.1 and Proposition 1.5, we have the following proposition.

Proposition 1.6. Suppose ug =1 and Hy = % namely, the noise is white in time. Then
the necessary and sufficient condition for E[u(t, z)?] < +oc for any (t,r) € Ry x R? is
3 1
|H| >d—-1 and H*>Zd*f§. (1.11)

This means that when the noise is white in time, the convergence of the It6-Wiener
chaos expansion is equivalent to the finiteness of each chaos.

In general the above second question (Q2) is more difficult to answer since we need
more precise bound of E [un (t, :z:)Q] in terms of n so that the series (1.5) is summable
(Namely > | [u,(t,2)?] < o0). Proposition 1.5 provides a sufficient condition for the
convergence of the [t0-Wiener chaos expansion (2.13). It is interesting to know if this
condition is necessary or not. Unfortunately, as we shall see in this manuscript, it is
not necessary. Next, we enlarge the known range of Hurst parameters for which the
It6-Wiener chaos expansion converges. We shall focus on d = 1 since the problem in
general dimension case is much more difficult.

It is known (from subsection 1.2) that when d = 1 and Hy > 1/2, a sufficient condition
for the convergence of the It6-Wiener chaos expansion is Hy + H; > 3/4 and a necessary
condition is 2H, + H; > 5/4. These two conditions do not coincide so we don’t know
which one of them is both necessary and sufficient, or none of them is. It is natural to
seek a condition that is both necessary and sufficient. This problem seems hard. First,
let us point out that the condition (1.7) may not be sufficient for the convergence of the
It6-Wiener chaos expansion. In fact, assuming the initial condition ug(xz) =1 and d = 3,
it is proved in [19] (see also Example 1.4) that if the noise is time independent (Hy = 1)
and space white (H; = Hy = H3 = 1/2) then E [u,(t, 2)?] < oo for each n (the conditions
in Theorem 1.1 are satisfied), but Yo" | E [u,(t,z)?] = oo for all (t,z) € Ry x R®. The
following second main result of this paper is to establish that the existing necessary
condition (2Hy + H; > 5/4) for the convergence of the It6-Wiener chaos expansion is
also sufficient under some circumstances.

Theorem 1.7. Let u(t, x) be the solution candidate given by (1.4). Supposed =1, up =1
and Hy > 3, H = H, < 3. If (Hy, H) € A; U Ay, where

Ay ={(Ho,H) € (1/2,1) x (1/20,1/4) : 2Hy + H > 5/4} |, (1.12)
Ay ={(Hy,H) € (1/2,1) x (0,1/20) : 4Hy + 12H > 3} , (1.13)

then for any (t,z) € Ry x R
o0
Elu(t, z)’] = Y Elu,(t,2)*] < 4oc. (1.14)
n=1

Compared with Theorem 1.1, the proof of the above theorem needs some sharp
uniform bounds of E[u,, (¢, z)?] for any (t,x) € R x R? as n — oo. The technique in the
proof of Theorem 1.1 is insufficient. The details of the proof are given in Section 5.

In Figure 1, the domain (1.12) is shaded in light yellow and domain (1.13) is shaded
in dark yellow. Since 2Hy + H > 5/4 is a necessary condition, Theorem 1.7 implies
immediately the following corollary.

Corollary 1.8. Suppose d = 1, ug = 1. On the region (Hy, H) € (1/2,1) x (1/20,1/4) the
condition 2Hy + H > 5/4 in (1.9) serves as a necessary and sufficient condition for the
solvability of (1.1).
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Figure 1: The dark yellow region is for region .4; and the light yellow region is for region
A

The condition 4Hy + 12H > 3 can be written as

1 5
2Hy+ H > -+ - H,
0 + > 4 + 3 0>
which is implied by 2Hy+ H > % and Hy < 3/5. Similarly, 4Hy+12H > 3 is also implied by
2Hy+ H > % and H > 1/20. This combined with the above corollary implies immediately
that

Corollary 1.9. Suppose d = 1. If (Ho, H) € (3,1) x (55,3) or (Ho,H) € (3,2) x (0,3),
then the necessary and sufficient condition for the It6-Wiener chaos expansion (2.13) to

converge (namely for Equation (1.1) to be solvable) is 2Hy + H > %

1.2 Comparison with existing results

The solvability of equation (1.1) depends completely on the covariance kernels ~,(-)
and v(-) when the initial condition is given and is assumed to be nice. When the temporal
kernel yo(-) = do(+) is the Dirac delta function, and when the spatial kernel is positive
and y(z) = [ €™ pu(d€), © € RY, is represented by the Fourier transform of a positive
measure ;1 on R? satisfying

/ & < oo (Dalang’s condition), (1.15)
re 1+ €2

the equation (1.1) is solvable (e.g., [17]). In the literature to obtain the necessary and
sufficient condition, one usually takes the temporal kernel as vy(t) = cqo,|t|~*° with some
ap > 0 and with some constant ¢, € R (one identifies the Dirac delta function case as
ag = 1). As for the spatial covariance function ~(-), three cases are commonly studied:
(i) Riesz kernel, i.e., y(z) = cq.ql|~® or equivalently u(d¢) = Cy q|¢|~ (1) H?Zl dé&;
for some o € R and some positive constants c,,4,Cq,q € R; (ii) fractional kernel, i.e.,
y(z) = H;l:l Ca,lzj|7% or p(d¢) = szl Co, ;|71 d¢; for some a; > 0 and some
positive constants c,;,Cy; € R.
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For the fractional noise, the relation between «; and the Hurst parameters is given by
a;=2—2H;,i=0,1,---,d. In the above particular cases of Riesz or fractional kernels,
Dalang’s condition becomes oy = 1 and

0<a<2, Riesz kernel noise;
{ 6] €eSZ Kernel noise (116)

ag, - ,aq €(0,1), Z?Zl aj < 2, fractional noise.

When vy(+) is locally integrable, the Dalang’s condition (1.15) is also proved (e.g. [24]) to
be sufficient for the solvability of (1.1) in the general Gaussian noise setting. Moreover,
when v (t) = ¢, [t and the spatial covariance v(-) is given by the Riesz potential, the
necessity of (1.15) has been verified in [2]. Notice that in terms of Hurst parameters, the
second one in Dalang’s condition (1.16) becomes Hy,--- ,Hy € (1/2,1), 2?21 H;>d—-1.
As a comparison, we draw attention to another random evolution model, the hyperbolic
Anderson model (HAM) (i.e., we replace % by g—; in (1.1)). It is known that Dalang’s
condition (1.15) is a sufficient condition for the solvability of HAM. The readers are
referred to [3] and references therein for details. During the preparation of this article,
Chen, Deya, Song, and Tindel in [14] obtain that

1

is the necessary and sufficient condition for HAM to admit a unique Skorohod solution
when «q € (0,1). Moreover, in the case of Riesz kernel or (regular) fractional noise, (1.17)
is equivalent to ag + o < 3 or ag + Z?:1 aj < 3.

Let us emphasize that for the above mentioned Gaussian noises, it is critical to assume
all a; € (0,1), and the solvability under this condition is now clear. Conventionally, the
case that all the Hurst parameters exceed 1/2 (namely, o; € (0,1) forall j =1,---,d)
is referred to the regular case. Otherwise (namely, o; > 1 for some j = 1,--- ,d), it is
termed rough case. The rough case is more intriguing and poses significantly greater
challenges due to the fact that the spatial covariance function +(-) is no longer locally
integrable and is no longer positive.

There are very limited results in the case when time is rough, i.e., ap > 1 (or
equivalently Hy < 1/2). In the case of fractional noise, let us mention the work [28],
where it is proved that all chaoses of the solution candidate to (1.1) exist in LQ(Q) when
d=1, H =1/2 and 3/8 < Hy < 1/2. This result is further strengthened by Chen, where
the domain of solvability [12, (1.19)] is established as (d = 1):

HUZ%andH1<

Hy < 5 and H; >

Ho<%andH1<

: solvable if Hy + H; > % ;
: solvable if 4Hy + H1 > 2; (1.18)
: solvable if 2H, + Hy > 2.

SIS

Notice that when H; = 1/2, the above second condition is exactly Hy > 3/8. Furthermore,
if the noise is more smooth in the spatial variable, then H, can be arbitrarily between 0
and 1 (see, e.g., [10, 25]).

When Hj > 1/2, and when some of the spatial Hurst parameters (H;, -+, H,) are
less than 1/2 while others are greater than 1/2, the solvability problem becomes much
more complex.

Some notable achievements have been made when Hy = % (i.e., the noise is white in
time) and d = 1. In this case, it is known that H; > 1/4 is necessary and sufficient for
the parabolic Anderson model (or hyperbolic Anderson model) to be solvable. We refer
to the works of [4, 5, 22, 23, 31, 34] and references therein for detailed discussions.

For the more general case when the noise is rough in space, the best results up to
date seem to be in [15], where both sufficient and necessary conditions are obtained for
some special cases. More specifically, it is proved
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(i) When Hy = 1/2, namely when the noise is time white, the necessary and sufficient
condition for the solvability of (1.1) (e.g., [15, Theorem 1], see also our previous

Proposition 1.6) is |H| := Zle H; > d—1and H, > 2d, — ;. Notice that the

condition H, > %d* — % which is missing in [15, Theorem 1], is addressed in
Section 4 of the present paper. In fact, when d = 1 the above condition becomes
H:=H, >1/4.

(ii) If Hy > 1/2, then a sufficient condition for (1.1) to be solvable (e.g. [15, Theorem 3
M is
H+Hy>3 ifd=1,
+tHo>g ! (1.19)
|H| >d—-1 ifd>2.
(iii) If Hy > 1/2, then a necessary condition for (1.1) to be solvable (e.g. [15, Theorem
3 (ii)]) is as follows

H+2H, >3 ifd=1,
oA, . (1.20)
|H| + 2H, > 2482 ifd>2.
On the other hand, when Hy = 1/2 and d > 1, it is pointed out in [15] that for (1.1) to be
solvable, the number of Hurst parameters (Hy,-- - , Hy) that are less than 1/2 can be at
most 1.

One notices that the sufficient condition (1.19) and the necessary condition (1.20)
are different, and this poses an intriguing open question: In situations where Hy > %
is (1.19) a necessary condition, or is (1.20) a sufficient? Put it differently, is it possible to
find a condition that is both necessary and sufficient? This current research is driven
by the pursuit of an answer to this problem. More specifically, our first main result,
as stated in Theorem 1.1, gives a necessary and sufficient condition ensuring that
E [u,(t,2)?] < oo holds for all values of n and (t,x) € Ry x R%. Here, u,, denotes the
n-th chaos expansion of the solution candidate to (1.1). To obtain the necessary and
sufficient condition for (1.5) to be convergent, we focus on d = 1. Our second primary
result, Theorem 1.7 asserts that the condition H + 2H;, > g specified in the first line
of (1.20) serves as both necessary and sufficient criterion for the solvability of (1.1)
in two pieces of domains: when Hy < % or when H > 21—0. We believe that the above
additional condition Hy < % or H > 21—0 is due to some technicality and conjecture that
the condition (1.9) is both necessary and sufficient for (1.1) to be solvable in the case of
d=1and H < 1.

In the literature, one usually uses the powerful Hardy-Littlewood-Sobolev inequality
to obtain a sufficient condition to ensure that (1.5) is convergent. However, our results
demonstrate that the application of this inequality alone cannot give a condition that is
both necessary and sufficient. We need to combine both the Hardy-Littlewood-Sobolev
and the Holder-Young-Brascamp-Lieb inequalities to arrive at our main results (Theo-
rems 1.1 and 1.7). See Figure 1 for an explanation. We hope this methodology sheds
light on the search of a condition that is both necessary and sufficient.

Let us point out that there is a necessary and sufficient condition ([27, Theorem
1.1]) for the solvability of the stochastic heat equation with additive noise: %uadd(t, x) =
L Auga(t, ) + W(t,z), for (t,) € R4 x R When the noise is fractional as in our case
here, the condition becomes ([27, Equation (5.2)])

d
2H, + Z H;, >d,
i=1
which is exactly (1.7b). In terms of our notation we see that E[u,.(t, 7)?] = Elu; (¢, 7)?]
for all (t,z) € Ry x R%. Hence, Theorem 1.1 means that E[u(t, z)2] = Elu; (t,7)?] < oo
does not automatically imply E[u,, (¢, 2)?] < oo for all n and (¢,z) € Ry x R%
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Figure 2: Holder-Young-Brascamp-Lieb region (red) and Hardy-Littlewood-Sobolev region
(yellow)

1.3 Structure of the paper

After some preparations in Section 2, we aim to bound E [un(t, x)z] which amounts
to compute some complicated multiple integrals with both space and time variables. In
Section 3, we use the Fourier transforms to compute the spatial integral so to reduce
the calculation of |E [un(t, x)ﬂ to multiple integrals with respect to time variables on
the simplex. We deal with the latter one carefully to obtain the necessary and sufficient
condition so that [E [un(t,x)Q] < o0 in Section 4. Section 5 focuses on the solvability
of (1.1) in dimension one, the well-accepted condition H + Hy > % is improved to
H+2Hy > %, which is shown to be necessary and sufficient in some regions as we
discussed earlier.

In order to make the paper more readable, we delay some of the detailed computations
to appendix, where we also recall briefly the Hardy-Littlewood-Sobolev inequality and
the Holder-Young-Brascamp-Lieb inequality since they are the main tools in this work.

2 Preliminaries

In this section, we begin by introducing the notations and facts that will be used
throughout this paper. Let C5°(R.. x R?) be the space of infinitely differentiable functions
with compact support on R, x R%. Given that we will be dealing with the fractional
Brownian noise whose Hurst parameters can be greater than 1/2 for some coordinates
while being less than 1/2 for others, and since we are only concerned with the parabolic
Anderson model, it is more convenient for us to introduce the scalar product by using
the Fourier transform with respect to the spatial variables.

We denote the Fourier transform fwith respect to the d spatial variables x1,--- , x4
as follows:

F&) = FIfI(6) = /]R et f(a)dr, where 1 = v/~1.
Let Hy € (1/2,1) and Hy,--- , Hg € (0,1). Also, let us denote y(r) = vy, (r) := Ho(2Hy —

EJP 29 (2024), paper 140. https://www.imstat.org/ejp
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1)|r[?#0=2 » € R. We introduce a scalar product on Cg°(R+ x RY) as defined below:
_ d
oo = [ o005, T] "> 20(r — s)drdde @)
R% xR k=1

where &€ := (&1, -+ ,&q), d€ := d&; - - - d€4. We denote $) as the Hilbert space obtained from
the completion of C5°(R x R?) with respect to the scalar product (-, ).

The noise in the present paper is given by an isonormal Gaussian process W =
{W(y);p € H} with covariance

EW (@)W ()] = (¢, ¥)s.
It is routine to prove that the function 1y ), ¢ 0., belongs to $ for any ¢ > 0 and = =
(1, ,14) € R (here 1p,q) = —1jay) if a < b). We denote W (t, ) := W(l[o,t)xng:l[o,xk])-

The Gaussian random field {W (¢,z) : t > 0,2 € R?} has mean zero and covariance given
by

d
E[W(t,l)W(S,y)] CH() H’yHo t S H PYHk xkvyk Sat 2 vavy € Rda (22)

where Cp, p is a constant that depends on Hy and H = (Hy,---,Hg). It should be
noticed that this constant C'y, g may differ from those used in other literature, as we
have set the constant in (2.1) to be 1.

Since the Gaussian field W is not a martingale in time (due to Hy # 1/2), we
cannot use the classical method of martingale measure to define the stochastic integral.
Therefore, we shall use the chaos expansion to deal with our problem, and the most
effective way to do this is to introduce the stochastic integral via multiple chaos Ito-
Wiener integrals (see [20, 21]).

Letey, -, en, - € C(Ry x R?) be an orthogonal basis of §). Then {¢, = W(e,),n =
1,2,---} are independent standard normal random variables. We denote the symmetric
tensor product by ®. The tensor product $®" is completion of the linear span of
er, ® -+ ® ey, with respect to the scalar product generated by

1
(e, @ Qe 5 ® - ®ej,) = D len €0) (e €50

cEX,
il 12 m
where ¥, denotes the set of all permutations of {1,--- ,n}. Let Hy,(z) = (—1)"e'T 2=
E2 . . .
(e~ =) be the m-th Hermite polynomial. Let ¢;,,--- ,¢;, be different and n4,--- ,n; are

positive integers such that ny + - - - + ny = n. We define the multiple integral as follows:
In(ef?m Q- Q ef‘ink) = I:Inl (€ir) - an (€ir,) -

Any element in H®" can be approximated by f,, = > Qiy o €™M @ @ ST,

ﬂk i1 1k
0<ni, - ,np<n

whose multiple It6-Wiener integral is defined as:

In(fn) = Z Qi e ﬂkln( MR ® egnk)

0<ny, - ,np<n

= Y e Ha(6) - Ho(@)

0<ny, - ,np<n

The Wiener chaos expansion theorem (e.g., [20, 35]) states that any random variable
F € L?(Q, F,P) admits a chaos expansion

F=E[F]+ Y IL(fx), (2.3)
n=1

EJP 29 (2024), paper 140. https://www.imstat.org/ejp
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where the series converges in L2(Q), and the elements f, € §°" (n > 1) depend on F,
and

B[|F?] = +ZE|I (F)P) = EIFD? + 3" 0l fullgen - (2.4)

n=1 n=1

Let us recall that $) is a space of (possibly generalized) functions with d + 1 variables.
fn € $H®" is a (possibly generalized) function with (d + 1) x n variables and can be
approximated by smooth functions with compact support from (R x Rd)” to R with
respect to the norm of H®". Additionally, the multiple integral I,,(f,) is identified as
follows:

In(fn) = / fn(tly Ty, >tn7 xn)W(dtla dxl) e W(dtna dmn) .
R" XRnd
The Fourier transform of f with respect to the spatial variables is defined as:

fn(tla€17 co 7t71,7€’n) = fn(thgjl? coe Lt zn)eibzrglgizidxl <dxy, ;
Rnd

where &;z;,= ZZ:1 &ixxiy is the Euclidean product of &=(&;1,- -+, &a) T, @ = (21, - -+, ia) T
and dx; = dz;; - - - dv;q. Using the above notation, we can express the $®” norm of f as:

||f’ﬂ||52’)®n = / fn(’rl,glv"' 7rna§n)fn(817gla"' 7Sn7€n)
RinX]Rnd

11 H & |12 H% si)dry -~ drydsy - ds,d€ . (2.5)
i=1k=1 -
Thus, any square integrable nonlinear functional of W can be written as

F= ZI (fn) = Z/”XW (tr, @1, sty @)W (dty, day) - - W (dty, dzy,)

n=0 n=0

for some sequence f,, € H®". The expectation of F2? can be expressed as:

F2 CHD Hzn|/ 7"1;517"' arnagn)fn(sla'glf" s Sns6n)
2"><Rn.d
><HHI£ b QH"H% si)dry - drodsy - dspd€
i=1k=1

Consider a random field f(t,z) defined on R, x R x Q, where f is square integrable
with E[f(¢,2)?] < co. The field f(t,z) can be expressed as a chaos expansion:

f(t,;v) = fO(tw%') + Z‘[n(fn(tvm))7

where f,(t,2,-)(t1, 21, s tn, Tn) = fult,25t1, 21, tn, 2,) is an element in H®" for any
fixed t and z. The symmetrization of f,,, denoted as f,,, is defined as

. 1
falti, @1, tng1, Tngr) :m ; fn(ta(l)v To(1);la(2): To2), s to(i), To(i)  (2.6)

to(id1)s To(it1)s " sto(nt1)s Ta(nt1))
where the summation is taken over all permutation o on {1,--- ,n+ 1}.
EJP 29 (2024), paper 140. https://www.imstat.org/ejp
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Definition 2.1. For such f as above, t € Ry and z € I@d we say that f is integrable if, for
everyn >0, f, € $2("+1) and the series > o0 I,,11(f,) converges in L*(Q). We define
the stochastic integral of f(t,x) as

/ ft, )W (dt, do) = Lnyi(fn) (2.7)
R4 xR

n=0

We now define the concept of a strong (random field) solution to equation (1.1).
Definition 2.2. A real-valued adapted stochastic process u = {u(t,z),t > 0,z € R} is
said to be a (global) random field solution (or mild solution) of (1.1) if for all t € [0, 00)
and r € RY, {Gi_.(x — -)u(-,-)} is integrable and the following equality holds almost
surely:

¢
u(t,x) = » Gi(z,y)uo(y)dy + /0 " Gi_s(x — y)u(s,y)W(ds, dy), (2.8)

where Gy(z) = (2rt)~ %2 exp (—%) is the heat kernel, and the stochastic integral is

understood in the sense of Definition 2.1. If equation (2.8) holds up to some time instant
t < tg for a positive tq, then we say that equation (1.1) has a local random field solution.

If u(t, x) satisfies equation (2.8), then u(s,y) has a similar representation. By substi-
tuting this expression into (2.8), we derive a new equation for u. Carrying this procedure
repeatedly, we observe that if u is a strong solution of (1.1), for each integer N > 1, we
have

N
u(t,z) = Z un(t, ) + Ry (t, ), (2.9)
n=0
where
Un(t, ) = I (fn(t, z)) (2.10)
and Ry (t,z) = Ins1(gn(t,x)). The element f,(t,z) is the symmetric extension with
respect to (s1,71), -, (sn, ) of the product of Heat kernels

n
H Gopir—sn (Tny1 — o)
=0
= G, (@ = 20) G5y (0 = Tnmr) - Gy (w2 = 21) Gsyuo(21) - (2.11)

where 0 = sp < 51 < 89 < --- < 8, < Sp+1 = t. More precisely,

fult,z) = fu(t,z; 81,21, ..., Sn, Tn) (2.12)
1 n
- n! Z H G5a<i+1)*5a<1:) (‘Tﬂ(i+1) - xd(i))1{0250<sa<1><“-<sa<n)<sn+1:t} :
Yo i=0
The summation above is taken over all permutation ¢ on {1,---,n}, which can be

identified as a permutation on {0,1,--- ,n,n+ 1} such that 0(0) =0 and o(n+1) = n+ 1.
The function gy (¢, z) is given by
gN(t7 SL’) = Gt*SN+1 (‘T - wNJrl)GSN*SN (xNJrl - xN) T G82*31 (xQ - wl)u(sl’ ‘Tl) :

It is evident that iy (¢, x) is orthogonal to any multiple integral, with a deterministic
kernel, of order less than or equal to N. Therefore, if u(t,z) belongs to L*(Q) for all
(t,z) € Ry x RY, it must admit the chaos expansion (e.g., [20, 35]):

o0 o0
u(t,z) = un(t,z) =Y L(falt,2)), (2.13)
n=0 n=0
EJP 29 (2024), paper 140. https://www.imstat.org/ejp
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where fn(t,z) represents the symmetric extension in (2.12). Conversely, if the se-
ries (2.13) converges in L?, it can be easily verified that {G;_.(x — -)u(-,-)} is integrable
and (2.8) holds true, establishing u as a mild solution of (1.1). Therefore, to study the
solvability of (1.1) we need only to investigate the mean square convergence of the
series (2.13).

Throughout the paper, the notation A < B (respectively A > B and A ~ B) indicates
the existence of strict positive universal constants C; and C5, such that A < CB
(respectively A > CyB and C>,B < A < C1B). We write constants ¢, and C} that depend
only on a and b and write constants ¢ and C' for absolute constants. Their values may
change from line to line.

3 Spatial integration

To compute the n-th chaos E[u,(t,7)?], we shall use the Fourier transform for the
Hilbert scalar product (2.1). In this section, we aim to find sharp bounds for the integral
with respect to d¢ that appears in E[u, (¢, 2)?]. To simplify our notation, we introduce

Sj:=(sj,---,8y) for1 <j<mn,and§:=8; = (s1,---,$,). Conventionally, we will use
ds; :=dsjdsjq1---dsp, V1< j<n, 3.1)
dFj = dede+1"'d7’n, Vlg]gn, '

as well as dS = d§;, and dr = dr;. Moreover, for any permutation o on {j,j + 1,--- ,n}

for 1 < j <n, we denote

{85 € T7} :={(55,8j41, " »8n) : 0= 80 < Sg(j) <+ < Sg(n) < Sng1 =L}, (3.2)

and {s € T¢} := {81 € T¢}. If o is the natural permutation, then TY is abbreviated as T;.
This is,

{8; € Ti} :=={(sj,8j41, - ,8n) : 0=150 < 8 <+ < 8y < Spy1 =1}, (3.3)

and {§€ Tt} = {§1 S Tt}
It is easy to see that the Fourier transform of the symmetric function f,, (¢, x) in (2.12)
with respect to spatial variables x1,xo,- - , x, is given by

o~

1
fn(t7 x;81,81, - 75na€n) = E Z ﬂff)(517£17 t 7Sna5n)1{0<sd(1)<-~~<sg(n)<t}

where

n
,ﬂff)(slvgla oty 8n,6n) = H67%(Sv(i+1)*Sa<i))|fa<z:)+"'+5“<1)|2e’”(5"+”'+51) . (3.4)
i=1

The readers can observe that symmetrization enables us to apply classical results such
as (2.5). However, the calculations and estimations related to time variables become
significantly intricate.

We assume uy = 1 on R? throughout the remaining part of this paper. For n > 1,
§ € T; and ¥ € T¢, where ¢ and o are two permutations of {1,2,--- ,n}, we can use

EJP 29 (2024), paper 140. https://www.imstat.org/ejp
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equation (2.1), the definition of the tensor product norm and (3.4) to obtain that

2
Eluy, (¢, 2)°]
1 / = (sei+1) —5<(0))] Zl )P =3 (roiir) —To @)l Zléa(j>|2
—_—— e = J=
D3y |
e JoSi sy JRnd i)

d
H|fz |12 kg xH% i — ri)dSdr
1k=1

1=

T L) X &IP3 (e —Te )] 2 €I
= E He j=1 j=1
0<=;1< <sp <t Rnd

(o 0<ry, o, rn < =1
n d n
TT I tgnl" 25 dgi x [ [ vo(si — r:)dsdr, (3.5)
i=1k=1 i=1
where the second equality follows by restricting {0 < s1,--- ,s, <t}to{0<s1 <+ <

sp < t} and by the symmetry. When § € T; we define hy, ,,(S) as:

e, (8 /He (s"+1_s’i)‘&"'+"'+£1""2H|§ik|l_2de£1k~-~dfnk

1=1
:/ Hf%(s"“f“”""ﬁ [T = miea =2 xdn;, (3.6)
" i=1 i=1

where the substitution 7; := & + --- + &1, is used in (3.6) and 7y := 0 by convention.
Moreover, for any permutation o of {1,2,--- ,n}, we define similarly with the notation
7 =Co(ipk T+ o)kt

n

hk,n(§,f'”)=/ —L(sir1—s) ikt +Ek = L (ro(i41) —To ) o (ypt o)kl
n
=1

s [T 1l 2" déu, - - déni

i=1
:/ H e—%(siﬂ—S¢)|W|2—%(Tg<i+1)—Ta(i))lﬁf\z H |n7; — ,,71.71|1—2de772, ) (3.7)
=1 i=1
Then by applying Holder’s inequality, we obtain
hion(8,57) <Chy/2@h/2(F), §FeTy. (3.8)

Furthermore, we can simplify (3.5) as

E [un(t, 2)° Z/KM . [T fn ) [ ntss - rdsae. 3.9
LIS i=1

0<ry, -, rp<t k=1

In order to obtain a sharp bound for hy ,(S), we can rewrite equation (3.6) as an
expectation of normal variables. Let Xy = 0 and let {Xy,---,X,,} be i.i.d. standard
Gaussian random variables. Denote

wp=1 and w;:=s;41—s; forl<i<n. (3.10)
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Then for 0 < s; < .-+ < s, < t, for some positive constants cy, depending on Hurst
parameters Hj we can reformulate hy, ,,(S) in (3.6) as

n n 1-2H
o <Hwi1/2> E H X Xi 1 k]
i=1

i1 VWi B vV Wi—1
=, (H w;1/2> (H(wiwi—l)H"’l/2>
i=1
1—2H,, - 1-2H}
| X1 H |Vwi 1 Xi — wiXi | ]
i=2
n—1 n
— 1
= CnI{k’U_),rI;Iki1 (H ’U)?Hk 3/2> (H('wl + wi_l)sz>

hi;n(8)

x E

i=1
i= i=

1 2
n o W 1—2Hy
X, (12Hk in_ — X, . 3.11
4] 71;[2 wi—1 + w; wioy twg G4

Let us introduce the following notations to simplify the expectation in (3.11). We set

M=land )=,/ —2"L  €(0,1), i>2, (3.12)
wi—1 + w;

x I

and
O =2Hy — 1, Gui=]]|NXi—/1-22X, 4", (3.13)
=1
Let us denote the expectation in (3.11) as Jy (A1, -+ , Ap). In particular, we amend the

expectation in (3.11) to

Ten(A, -5 ) =E[G]=E XX — /1= A2 X

n 1—2Hy
11 1 , (3.14)
i=1

with the conventions Hf:m a; := 1if m > n, and the conventions A\; = 1, Xg = 1. Recall
that our objective is to obtain a sharp bound for h; ,(8). To achieve this, it is adequate to

establish a precise upper limit for J ,,(A1,-- - , A,,), as presented below.
Lemma 3.1. We have the following upper bounds for Jj , (A1, , An).
(1) If Hy, < 3/4, then there is a positive constant Cy, such that for all Ay, , A\,
Tk, A) < Ch, (3.15)

(2) If H, > 3/4, then for any f, € (4Hy, — 3,2H, — 1), there is a positive constant Cp,
such that for all \{,--- , A\,

Tk (s ) < Cr g [T (3.16)

=2

Proof. We divide the proof into three steps based on the value of Hy: (0,1/2), [1/2,3/4),
and [3/4,1).
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Step 1: The case 0 < Hy < 1/2, i.e., 6 < 0. This case has been proven in [15]. More
precisely, we have

jk,n()\b"' a)\n) S CHkE

| X | (H (1] v |Xi1>‘9k>]

=2

IN

n

X | (H (1] + mm“)]

=2

O, B

< Cp (3.17)

Step 2: The case 3/4 < Hy, < 1. To bound Jj ,,(A1,- - - , A\,,) in this case, we shall use the
following estimation for a standard Gaussian random variable X (see Lemma A.1 in [29]
for details): forany 0 < a« < 1, A > 0 and b € R, there is a constant C, > 0 independent
of A and b so that

E [[AX +b]7%] < Ca(AV b))~ 2 (A + [b]) ™. (3.18)

Denote by EY the expectation with respect to the random variable Y while consider-
ing other random variables as constants. Thus, it is clear that for 6; > L9, is defined
in (3.13)) and B € (4H, — 3,2H, — 1)

T+ An) = B [E [0 X0 = VT=02 X |G|
— 0
S CHkE |:( V 1- )\% ‘Xn—l‘ + )\n> Cn—lil
—0,+8
< CHkA;ﬁkE{EXn—l [ (\/1 N2 X+ )\n> o

|)\n71Xn71 - 1- )\%71 XnQ‘_ek:| Cn2}

—(0x—Br)p] /P
< CHkA;ﬁkE{ [EX"—l (\/1 2| X | + /\n) o }
i 1/q
{]EX”IP\annl — /1= X, o kq} Cn—2 ¢, (3.19)

by applying Holder inequality with  + ¢ = 1 in the last inequality.

It is easy to see that under our assumption 4H, — 3 < By < 2H; — 1, we have
20 — 1 < B < 6k. This enables us to find p and ¢ such that 0 < (6, — Bx)p < 1 and
0 < 0rq < 1 hold. Therefore,

— (0 —Br
B [(VIZ R ) ]

< Cﬁkﬂk( V2 )‘% + )‘n)_(gk_ﬁk)p < Cg, 0, <00, (3.20)
and
Exn_l |:|)\n—1Xn—1 - 1- A%_l Xn—2|_0kq:|
< Cp (A1 +1/1= X2 X, _o]) %1, (3.21)

Substituting (3.20) and (3.21) into (3.19) we have

Ty, An) <Cp, g AP E {(An_l +4/1 =X Xn_rz)@kgn_z} . (3.22)
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Continuing this way we obtain that for any 20, — 1 < B < 6, (3.16) holds.

Step 3: The case § < Hj, < 3. When Hj, = 1/2, it is easy to see that J; (A1, -+, Ap) = 1.
So we can assume 3 < Hj < 2. The proof is similar to the case H; > 2 except that we
take S, = 0 now and the proof is simpler. In fact, the Holder inequality is valid since we
can still find p and ¢ such that 0 < 6;p < 1 and 0 < ¢ < 1 hold. In conclusion, we have

Jien(Aseoe 5 An) < O, (3.23)
This proves the lemma. O

To deal with the necessary condition in our main Theorem 1.1 in the next section,
we also need a lower bound for Jj (A1, - -+, A,). We can obtain the lower bound when
Hj, < 3/4. However, we are still not clear about the lower bound of Jj, ,,(A1,- - , A,,) when
Hj, > 3/4 except when n = 2. But this result is sufficient for our purpose.

Lemma 3.2. We have the following lower bounds for Jy ,,(A1,--- , A\,,) defined by (3.14).

(1) If H, < 3/4, then there is a positive constant cy,, such that for all \y,--- , A,
jk,n()\]J e 7)\71) Z C?Ik . (324)

(2) If Hy, > 3/4, then there is a positive constant cy, , independent of A2 such that

Ti2(A1, A2) > CH,C)\;(ALHFS) , (3.25)
where \; is defined by (3.12).
Proof. First, we prove statement (1). Set
A {X; <0,X5>0,---,X,,_1 <0,X, >0} when n is even;;
X1 <0,X,>0,-+, Xy >0,X, <0} when n is odd .

When 0 < H < % namely, —1 < 6 < 0 for 0;, defined by (3.13), we have

|

n

a7 1

jk’,n(Ah e ,An) L= IE )\7X1 — 1 — )\22X7_1

1=2
n —0g
> |1 ] X — /1 - A2 X -14
1=2
> ey B X <H<|X2—| A X“M) ~1An]
=2

>, B[(Xal ALKl A ALK 1]
where we used the fact that \; + /1 — )\? > 1 in the above second inequality. Now we let

B . {Xi<-1,X>1,---, X, 1 <-1,X, >1} when n is even;
X <L, X > X > 1L, X, < 1) when 7 is odd,

which is contained in A4,,. We proceed to get

ToaOhne M) 2 ey, B(X A Xl A A X ) ™ 15,

>y [P(Xy < -1)]"=cp, >0,
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where we recall that cy, is a generic positive constant which may be different in different

places.
When § < H; < 2,i.e., 0 <6, <1/2, recalling 0 < ); < 1, we have
_gk‘|

n

B

1=2

jk,n()\la e 7)\7L) =K Azxt - 1-—- A?‘Xvi—l

n

6y,
>E |[X;]7% (H(|Xi| + |X,;_1|)>

=2

Notice that the factors |X;|* may appear in the product []}_,(|X;| + |X;_1]). But the
expectation in the second line is bounded thanks to the assumption 0 > —6;, > —1/2.
Thus, we have

jk,n<)\1a s ,)\n) > C?Ik >0.

Now, we prove statement (2). In this case Hj > %, namely 6, > 1/2. We shall consider
the lower bound only for J; 2(A1, A2), defined in (3.14) with n = 2 there. Remember that
A1 =1, Ji2(A1, A2) is a function of A,. It is clear that J 2(1, -) is continuous on (0, 1]. If

A2 = 1, then J; 2(1,A2) = E {|X1|‘9k |X2|_9’€} > (0. We want to understand the behaviour

of this function as s approaches 0. For simplicity, we assume 0 < Ay < % Then
Tr2(A1,A2) = E [|X1|_9’“ [A2Xo — X1|_9k}

1 > 2
= I EY {/ 21|~ A Xy — I1|0"€2d1171}
V &0 —00

1
2 CEX2 |:/ |£L’1|79k|>\2X2 — 1’1|9kd£€1:|
0

= cEX>

1/(X21X2])
Ao Xp| 720 H / || 7% — fl_ekdh] 7
0

where in the last equality we make a change of variables x; — A2|X2|Z1. Then, by the
conditions 0 < A; < 3 and 1/2 < 6 < 1 we get

Jr2(A1, A2) > EX2

2/]Xz|
Ao Xp| 720HL / |11~ fl|_9’“d~’511{|le<1}1
0

2
> EXz |:)\2X2|20k+11{|x2§1} / |j7/.1‘*9k|1 o f1|0kdi'1]
0
> ¢, X2 [| Ao Xa| 2" 1 xy1<1y] - (3.26)

Moreover, it is not hard to see

1
X —20,+1 —20,+1 —20+1
2 [|)\2X2‘ Okt 1{\X2|§1}} > co, Ay L / Tqy Bt dxs
0

> c Ny 200t (3.27)

Substituting (3.27) into (3.26) implies
Tr2(A1, Ag) > edg 206 = A3 —4Hk, (3.28)
This completes the proof. O
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Before stating Lemma 3.3, we introduce a set of indices D,,, which consists of all
indices a = (ay,- -+ , o, ) such that

1 1
€ {O,Qd— |H| + 55*,d— 2|H| +ﬁ*} , it #£0, (3.29)
- 1
and ol =) a;= (n—l)( —|H|+ ,3)

Lemma 3.3. Let h,(S) := H hi n(S), where hy ,(S) (k =1,--- ,d) are defined by (3.6).
Take any (i € (4Hy — 3, 2Hk—1) fork=d,+1,---,d and set

B = Byr1 4+ Ba. (3.30)
Then, we have the following estimations for h,,(§).

(i) If $d — |H|+ 33" > 0, then

n—1
ha(8) < Cpulfl=dten 3~ (Hw?i”'Hgdéﬁ> , (3.31)

aeD, \i1=1

where w; (1 <i < n) are given by (3.10). Moreover, if «; = d — 2|H| + 5*, then both
of ;1 and «; 11 cannot be d — 2|H| + 8*.

(i) If 3d — |H| 4+ 18* <0, then
ha(8) < O3 [ wl™ . (3.32)
i=1
Proof. By Lemma 3.1, when 0 < Hy < %,
jk,n()‘la e a)‘n) < Oﬁk .
Then, from (3.11) we obtain when k < d,,
n—1 )
T (8) < Oy whir (H wH/> (3.33)
i=1
When % < Hj < 1, substituting (3.16) into (3.11) we get for d, < k < d,

n—1 n
hk’n(?,) S C;-_l[kHﬁkwfk_l (Hw?kaf/Q) (H(U}Z‘i‘uh 1 _Hk> <H)\ Bk>

i=1 i=2
(3.34)

Recall that \; = “isl_ (4 > 2) are defined in (3.12). Combining (3.33) and (3.34), we

w;—1+w;
have

d
§) = H hk,n(g)
k=1
d n—1 n d n
<Ch H [wf"_l <H w?Hk?’p) (H(wz +wi_1) )] H H)\z o
k=d.+1

k=1 =1 =2 =2
n—1 S|H|—2d—13 n
_ —3d-1p* lq4- 1+
=Chruolf1= [ TLw!™ 33 ) (T ws + wiog)be-H+487 ). (3.35)
1=1 =2
EJP 29 (2024), paper 140. https://www.imstat.org/ejp
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|H| + 58* > 0, then it follows from (3.35) by expanding the product [];_,(w; +

If 1d —
wi ) HI5”
34—1p*
(@) < Culti=s+an 3 ([ wit2H1-0-0 ) |

aeD, =1

n—1
< Oti+2|H‘f
|H| + 58" <0, then we can see from (3.35) that

n

where a = (ay, - n) isin D,. If 1d —
1

1 $a-35"\ (77, 3 1HI+16° 0 T HI—d

w I_Iwi_1 =Cq sz .

h (g) < C?Iw\nH\—d (H ?lHl_
i=1 =2

]
i=1

We have finished the proof

Finally, we have our main result in this section
Proposition 3.4. The second moment of n-th chaos u,(t, z) given by (2.10)-(2.12) can

be bounded as follows.
|H|+ 1p* > 0, then for any (t,r) € R, x R?

() If 1d—
Elu, (t, 2)%] < ¢ (HI+2Ho=d) ) / (L=sp) " (L=rn)~"n

QED TlXTl
— r;)dSdr, (3.36)

n—1
X H |siv1 — si| 7" H rid1 — 7~ ’”H“yo

€ D, is given by (3.29) and the dependence of {p;} on « is

with a = (a1, ,an)
(3.37)

determined by
{ (Bd+1p*—2/H|—a;),1<i<n-—1

_ 1,3
Pi =33
=3(d—[H| - o).

Pn = 3

|H|+ 18" <0, then
(d—|H])

() If 1d—

t- [ I
T

1xTy g
(3.38)

E[un(t,m)g] < Cntn(\H|+2H0
(d— |H|)H Yo(s; — r;)dSdr .

><1_[|52+1_5|

Proof. By (3.8) and (3.9), we see that
2 n 1/2 1/2
E [un(tax> ] <C /O<sl<---<sn<t hn h’ H’YO
LSS

— r;)dSdr, (3.39)

0<ry
By substituting the bound for h,, as derived in Lemma 3.3 into the inequality above, we
obtain
t_s %((“/’HJ’_‘H' d)( )%(O‘n'HHl_d)

n—1
1 37 1
|I 5(ai+2|H|—5d—
el ] ‘87;+1—87;‘2 ait2|H| B)

x [T ro(si = i)
i= i=1
(3.40)

[un (t, ) <C’" Z n!
aeD, TtXT’

n—1
X H [rin — | 2 2IHI=54=55") g5y
1=1
Now a change of variables s; — ¢t-s; and r; — t-r; (1 < ¢ < n) yields (3.36). The
O

estimate (3.38) can be proved similarly.
https://www.imstat.org/ejp
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Remark 3.5. We make a remark on the condition 5y € (4Hy — 3,2H; — 1). It is used in
the equation (3.36), where we wish p; defined in (3.37) or equivalently 5* to be as small
as possible. Thus, during the proofs in the future we may take 8, = {(4H, — 3) V0} +¢
and p* = 4H* — 3d* + ¢ for any arbitrarily small € > 0. However, the presence of
this € would distract the main idea of the proof. Since our final conditions in (1.7) are
in strict inequality, we can let ¢ = 0, namely, we will take 8, = {(4H; —3) V 0} and
B* = 4H* — 3d*, in the following proofs to simplify the presentation. This will not cause
problem. For instance, let us take a look of the condition p; < 1 in equation (4.18), which
is equivalent to 1(3d + 3% — 2|H|) < 1. If this is true, then it is easy to see that one can
find a (sufficiently small) £ such that (2d + 1(8* +¢) — 2|H|) < 1. In another word, the
condition that there is a ¢ > 0 such that 3(2d + (8" 4+ ¢) — 2|H|) < 1 is equivalent to the
condition 3(2d + 3% — 2|H|) < 1. This means that if we use 8* to replace 3* + ¢, we will
obtain the same set of conditions since we have only finite set of them.

4 Necessary conditions and sufficient conditions

In this section, we give a proof of Theorem 1.1.

4.1 Proof of Theorem 1.1: Sufficiency

Now we begin to prove the sufficiency of the conditions in Theorem 1.1. Proposi-
tion 1.5 and Proposition 1.6 will be by-products of our proof. We only consider Hy > 1/2.
The case when Hy = 1/2 can be proved in the same way, and conditions (1.7) be-
comes (1.11) in this case.

We shall divide the proof into two cases: (I) 3d. — H, < d* — H* and (I) 3d, — H, >
d*— H*.

The case 3d, — H, < d* — H*. By (3.38), we have for any (¢,z) € R4 x R?

n

E[un(t’ m)Q] Scnn!tn(\H\-‘rQHo—d) / H(Si+1 —s) |4|=d
TaixTy j=1
' H(Tiﬂ — )T sy — P02 dsdr, 4.1)
i=1

here in this case, we recall that the conventions T is an ordered set defined in (3.3) and
~ n —_
Sp+1 = Tnt1 = 1. Let hy, (S) be the symmetric extension of [] (si+1—s:) e Liocs < csn<1}
i=1
to [0, 1]™. The application of the Hardy-Littlewood-Sobolev inequality (see Lemma A.2 in

Appendix) yields

Elun (t, z)?] <C™(n!)~ ¢ (HI+2Ho=d) / P (8) P (F) - |55 — 15| *Ho 2 dSdr

[0,1)2n

2H,
:Cn(n!)—ltnuHH-QHo—d) [/ Bn(g)HlOdg‘|
[

071]71,

n 2H,
|H|-d
(8i41 — 8i) #0o dS )

SC”(n!)ZHU_1t”(|H‘+2HU_d)C?I (/
Ty 1

~

Then, by [24, Lemma 4.5] we get

|H| —d o
Elu, (t, z)?] <C™(n!)?Ho-1Cy (I HI+2Ho—d) {I‘ ((QH + 1) n + 1)}
0

=C" (n))~ HI=dtD oy g HI+2Ho=d) (4.2)
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We rewrite the statement (4.2) as, for any (¢,7) € Ry x R?

|H|—d+1 n(|H|+2Hg—d)

[un(t; z)lle < Crnl)™ = —t7 2 (4.3)

under the condition
|H|—d

2H,
which is exactly the second condition (1.7b). Furthermore, by the hypercontractivity
inequality, we have for any (¢,7) € Ry x R?

>—1<:>|H‘+2H0>d,

|H|—d+1 n(H|+2Hg—d)

[un(t, )|, < p"/zcﬁ(n!)_ Tt 2 . (4.4)

Now, if
|H| >d-1, (4.5)

then the chaos expansion of the solution is summable in L?(Q2). By the Stirling formula,
we have I'(an + 1) ~ (n!)%, and then by the evaluation of Mittag-Leffler summation (see,
e.g., [6, Lemma A.3]), it holds that for any (¢,z) € Ry x R?

E [Ju(t, ) <Z l[wn (t, 2 ||p>
< <Zp”/201’§(n')

n=0

n(\H\+2H —d) p
§: \H\ d+1

n+1)

p
|H|—d+1 n(|H|+2Hg—d)
2 t 2

‘H\ d+2 |H|+2Hp—d
<Cq exp [ch\H\—dﬂt TH—d i ]
where the generic positive constants Ciy and ¢y may differ from line to line.

Remark 4.1. 1t is interesting to note that the right-hand side of (4.1), as a function of
Hy € [%7 1], takes the minimum value at Hy = 1, which is exactly equal to

2
|H|—d
plen(HI+2=d) [/ H Si+1 — Si) 5 ds}
T

14=1

_ Ontn(|H\+2fd)(n')1 o(14 L) _ (n!)7(|H\7d+1)tn(|H|+27d). (4.6)

In terms of the exponent of n!, it is the same as the estimate (4.2). This means that our
approach to using the Hardy-Littlewood-Sobolev inequality is “sharp” if we want u(t, z) to
be summable. Moreover, Hy has no contribution to the exponent of n! on the right-hand
side of (4.2), which means that it plays no role in guaranteeing the summability of the
right-hand side of (4.2).

The case %d* — H, > d* — H*. This case is more complicated. From (3.36) in
Proposition 3.4, it suffices to consider the following integral:

Zs v ::/ (1 —=s,)" (1 =1p) an% S;—14) 4.7)
T xT4

n—1

X H [sit1 — 85|77 H |rig1 — ri| ~Pedsdr,
where we denote g by (p1, -+ ,pn) and p;, i = 1,--- ,n are given by (3.37).
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If we use the Hardy-Littlewood-Sobolev inequality as for (4.2) and by [24, Lemma
4.5], we obtain when p; < Hy fori=1,--- ,n

n 2H,
E[un(t,x)2] S(n!)QHo71t7L(\H\+2Hofd)CI7_LI ( H(Si-‘rl _ Si)_;:{; dg’)
T1 =1

n —2H,
— 2Ho—1 v yn(|H|+2Ho—d) _ Pi
=(n!) ont 0 [r (Z(l H()))]

i=1

:(n!)—(|H‘—d"rl)C}z,Itn(‘H"’r?Ho—d) , (48)
where the last step is followed by the Stirling formula. From the definition of p;’s, the
condition p; < Hy fori=1,--- ,n is equivalent to

4
By the similar arguments as in the case %d* — H, < d* — H* below (4.2), Proposition 1.5
is proved.

Now we return to the question concerning the finiteness of E [u2(t,z)]. It is self-
evident that |[H| > d — 1 is sufficient. But it is certainly not necessary since H, may play
a role now. We would like to seek the necessary and sufficient conditions.

The right-hand side of (3.36) is a multiple integrals with some simple integrands.
At first glance, we may think that the integrability problem of these kernels is simple.
However, it can be a complicated problem in analysis. There are some studies about
similar integrals (e.g., [37, 40, 41]). However, we cannot find results which are directly
applicable. The difficulty is that the p}s appeared in the integrand in (4.7) are different.
To solve this integrability problem, our idea is to use both the Hardy-Littlewood-Sobolev
inequality and the Holder-Young-Brascamp-Lieb inequality obtained in [7], which we
shall recall in Appendix A.

Take arbitrary « := (a1, ,a,) € D,. Notice that a; + a;+1 # 0. We divide our
discussion on the integration 7, according to the following two cases.

3 3
HO+|H|>Zd+ or H0+H*>Zd*

Case 1: a; #0, we use the Hardy-Littlewood

-Sobolev inequality (A.2); (4.9)
Case 2: a1 =0,as #0, we use the Holder-Young '

-Brascamp-Lieb inequality (A.3).

Remark 4.2. As mentioned previously in introduction, it is widely believed that the
Hardy-Littlewood-Sobolev inequality is the best tool to handle the integral (4.7) over
the simplex T; x T,. However, for the specific case of d = 1 with H, abbreviated as
H, this approach yields the sufficient condition H + Hy > % which is, as we see now,
not a necessary one. This approach was first introduced in [22, 23] and then used in
some related references [3, 6, 15, 38], just to name a few. In particular, it utilizes the
Hardy-Littlewood-Sobolev inequality for all « € D,, simultaneously, overlooking the
nuanced yet crucial distinctions we’ve highlighted in the algorithm (4.9), especially Case
2.

Let us discuss the cases listed in (4.9) separately.
Case 1: When «; # 0, we integrate s; and ry in (4.7) first. This means we write

n
Tsme ;:/ (1= s2) (1= 1) [ [0 (s: — 72) (4.10)
0<sg<sg< - <sp<t .
0<rog<rg<--<rp<t =2
n—1 n—1
X H |S,’+1 — S,‘|7pi H |’I“i+1 — 7“7;|7pi11(82,7‘2)d§2d1_"2,
1=2 =2
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where

11(8277‘2) = cer < ’70(81 — ’f‘1)|82 — 81|_p1|7°2 — T1|_p1d7°1d81 . (411)
0<;‘}<7‘§

Noticing that under the second inequality (1.7b): |H| + 2H, > d, it holds

113 1
HO_pl H0—§ |:2d+ 2ﬁ*—2|H—041:| >O, (4.12)

since oy € {3d — |H|+ 18*,d — 2|H| + 3*}. Then an application of the Hardy-Littlewood-
Sobolev inequality (Lemma A.2 in Appendix) yields

L1 Ho 21 Ho
21(52,7"2) SCHo,pl (/ |82781| H0d51> </ |T‘2*T‘1| HUdT’1>
0<s1<s2 0<r;<rsy

2H,
0

L(@)T(y)
T(z+vy)

where we recall B(z,y) = is the Beta function.

Case 2: When a1 =0, as # 0, we integrate s1, s2, 71,72 in (4.7) first. Namely, we write
now

o — _ Pn _ —Pn _
Ty - e, (1—5,)"""(1—=rp, H*y() ;) (4.13)
0<rg<---<rp<t

n—1
X H |Si+1 — Si|7pi H |7’i+1 — T’i|7pi12(83,?"3)d§3dfg,
i=3 =3

where
2

To(s3,73) ::ﬁx I ol = rlss = sal =g — ra| 2
S1<82<953

0<ry<rg<rg i=1

|82 - 81| p1|7"2 - 7’1|7p1d51d52d7’1d7’2 . (414)
We claim that
sup  Zo(ss,r3) < Cy < 400.
0<s3,r3<t

We shall prove it via the so-called non-homogeneous Holder-Young-Brascamp-Lieb in-
equality (see Theorem A.3 in Appendix). This inequality aims at the following multilinear

functional
A(fr s fm) f/HfJ x)) [T du(zs), (4.15)
j=1

where lj(~)'s are linear functions. In the seminal paper [8, Theorem 2.2], the authors
established the condition (A.5) that is both necessary and sufficient for the finiteness
of A(f1,..., fm). To use this theorem, we introduce the following linear transformations
lj : R4 — R

li(s1,82,71,72) =712 — 11, l3(51,52,71,72) = T2, I5(51,82,71,72) = 81 — 11,

l2(51,82,7‘1,r2) =82 — 81, l4($1,82,7‘1,7"2) = S2, 16(31752arlvr2) =82 — T2,

and the nonnegative functions f; : R* — R,

f1(x) = |2]7 Locaaryy s f3(2) = 13 — 2|7 Ljocacryy s f5(2) = [2]77°1q01<1}
fa(x) = |2| " Locnasy) s fa(x) = [83 — 2| 72 1j0cpessy, fo(x) = |2] 0 1{z<1y
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where vy = 2 — 2Hj is the fractional power in the kernel () = |z|~7 = |z|?/°~2 and
p1=13%(3d+ 38" —2[H|),
With these notations we can first bound Z(s3, 73)

T>(s3,73) /K B H“Yo 7i)|83 — 82| 7" Lo<sy <51 |73 — 12| T Lo<ry<rs)
O<7‘} r§<1 =1

X |82 — 81|_p11{0<82,sl<53}|7“2 — 7“1|_p11{0<r2,r1<T3}d81d82d7“1d7‘2

/[ . Hfg (s1,82,71,72))ds1dsadridre =: T (f1,- -+, f6)-
0,1]4

Now, the above integral J(f1,-- , fs) is in a form that the Hélder-Young-Brascamp-
Lieb theorem may apply. We want to show that under the condition (1.7) we can
appropriately choose p1,- - - , pg such that the dimension condition (A.5) of Theorem A.3

in the appendix is verified so that we can apply this Holder-Young-Brascamp-Lieb theorem
to obtain

6
To(s3,73) < T (fro o fo) < [T 1fillomsmy < C < 0. (4.16)
j=1

To verify the dimension condition (A.5) of Theorem A.3, we want to show that there exist
p1,-++ ,De € [1,+00) so that
f; € LPi(R) and for every subspace V C R*:

0 4.17
codimy (V') > Z 1. codimsy, (I;(V)) . ( )
; J

Denote z; :pj_l € (0,1 forj =1,---,6. Take * = B4, 41+ -+ B4 = 4H* — 3d* in
Lemma 3.3. Then the integrability conditions f; € LPi(R), j = 1,--- ,6 are equivalent to

1.3 1 1 3
1> = —2|H —d, —2H, |,
221,22 > 1 2(2d+25 |H|)= <2d )
1.3 1 1/3 (4.18)
1> — —(2d4 =B —2/H| - an)= = ( 2d. — 2H, — a5 ),
> 23,24 > P2 2(2 25 |H| — as) 5 <2d a2>

1>25,26 >7% =2—2H,.

By the assumption Hy > % we can choose z5, z so that the third line in (4.18) holds
true. As for the first and second lines, since as > 0, we only need to explain that there
are z; and z9 such that the first line in (4.18) holds. Note that

3
p1<1@§d*72H*<2
3
& He > —do— 1.
4
Therefore, the integrability conditions (4.18) are implied by the assumption Hy > % and

the first inequality (1.7a):

H, > Zd*fl. (4.19)
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On the other hand, we need to verify the dimensional conditions in (4.17). For fixed
co-dimension of V, our strategy is to select V such that codimy; (I;(V)) = 1 as many j as
possible, i.e. dimy; (1;(V)) = 0 as many j as possible. It is not difficult to see that

dimyj (lj(V)) =0if V= ker(lj).

Therefore, we only need to take into account those V'’s which are given by ker(l;)
(1 < j < 6) or their intersections. Thus, we shall select J C {1,---,6} such that
V =nNjecsker(l;) and in this case

dimy (V) =dim(Njes ker(l;))
=dim(H) — dim (span{l;,j € J})
=dim(H) — rank([;]e) - (4.20)

In the following, we shall discuss the cases codimy (V) = 4,3,2,1,0. It is trivial to see
that the dimension condition (4.17) holds when codimy (V) = 0. Therefore, we just have
to verify (4.17) for codimy (V) = 4,3,2,1 step by step. This is done in Lemma A.4 in Ap-
pendix under conditions (1.7). This means that (4.16) is achieved under conditions (1.7)
by using the Holder-Young-Brascamp-Lieb inequality.

To summarize Case 1 and Case 2, we obtain that Z(p,~) defined by (4.7) can be
bounded as

n
By - (1 =s0) (1 =r,)""" [ r0(si = 73)
0<sg<sg<-<sp<t
0<rg<rg<---<rp<t =2
n—1 n—1
X H ‘5i+1 — Si|7pi H |T‘i+1 — Ti‘ipidggdfg (5] 7é 0; (421)
=2 =2
T < n
PyY0 — _ _
C- (1—8,) (1 =1p) ”"H’m(si —7i)
0<sg<--<sp<t
0<rg<---<rp<t =3
n—1 n—1
X H ‘87;+1 — 87;|_pi H |Ti+1 — Ti‘_pidggdfg, ] = 0,0[2 75 0.
=3 =3

(4.22)

2H,
where B := B (1, 1-— fl—lo) . The remaining integration has the same form as the
original one but with strictly less multiplicity. We can then use the same argument as
above to prove

Iﬁ,’Yo <C" < 0.
Thus, we have for any (¢,z) € R, x R¢
Elu, (t,z)?] < C™ .l . ¢PUHF2Ho=d) o (4.23)

As a result, we have proven (4.23) under the conditions (1.7) and we finish the proof
of sufficiency in Theorem 1.1.

4.2 Sufficient condition of Theorem 1.1: an alternative proof

In this subsection, we give another proof of the sufficient condition using some
elementary computations in the Appendix A. Let us stress that Lemma A.7 is the key for
the proofs here.
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As explained in the previous section, we need to show that 7; (sq, ) defined by (4.11)
is bounded under the condition a; # 0 and Z»(s3,r3) defined by (4.14) is bounded under
the condition a; = 0 but @y # 0. Recall that

13 1

i ==(=d+ =" —2|H| — o

pi =5(5d+ 55" = 2|H| - ai)

| 3d. - H,, ifa, =0
8] if oy = 3d — |H| + 16*.

Case 1: «; # 0. In this case, we apply Lemma A.7 to Z; (s2, r2) with

6 = 0, 70:2_2H07 a=b=0, AZSQv BZTZ?

1
a = p d+§ﬂ*—2|H|—a1),

=30

and a; € {id — |H| + 3B*,d — 2|H| + 8*}. In order to use this lemma, we should require
the following condition

3
70<2—O[<:>H*+2H0>Zd*,

which is implied by the third inequality (1.7c). Then,

5,20 _p, 20
I1(82,T2) 5 S; p1—3 ’I’; p1—5 n S%fm*qzr;*M*QZ o — 8o —70+2q2 (4.24)
The right-hand side of (4.24) is bounded if
1—p1—2>0;
Pr=r3 (4.25)
—70 + 2!12 Z 07

for some g2 € (0, (1 — p1) A 2]. Since oy # 0, it follows that p; < 3(d — |H|). The first con-
dition of (4.25) is then equivalent to |H| + 2H, > d, which is the second inequality (1.7b).
Since the first condition of (4.25) holds true, we have % < 1 — p;. Then we can take
g = % and we see easily that the second condition of (4.25) is true.

Case 2: o; = 0 and oy # 0. We shall use Lemma A.7 to bound Z»(s3,r3) given by (4.14).
Notice that in this case we should also integrate Z; (s3,r2) first to obtain (4.24). But in
this case since a; = 0, it follows

1.3 1 1/3
= —(2d+:p—2H|) == (2d, —2H,).
o= 5 Ga+ 50 =i = 3 (Sa. -2

In order to use Lemma A.7, we need p; < 1. This is equivalent to

H, > %d* -1 (4.26)

which is the first inequality (1.7a). Under this condition we can estimate Z; (s, 72)
as (4.24).

If % <1 — p;, then we can choose g3 = 72—" and 7, (s2,r2) is also bounded. Hence, in
this case we may proceed as in the case «a; # 0.

If > 1 — p;, namely,

Hy+ H, < Zd* , (4.27)

EJP 29 (2024), paper 140. https://www.imstat.org/ejp
Page 27/48


https://doi.org/10.1214/24-EJP1200
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

In search of necessary and sufficient conditions to solve PAM

then in this case we choose g2 = 1 — p; and we have to consider the integral Z,(ss3,r3)
given by (4.14). We integrate s; and r; first. By (4.24), we have

IQ(Sg,?“g) S/ ‘83 — Sgl_p2|’l“3 — ’I“2|_p2 (82T2)1_p1_W70|82 — ’I“gl_%dSQd’l“Q
0<sg<sg
0<ro<r3
+ |S3 — Sgl_p2|7“3 — ’f‘2|_p2‘82 — T2|_2%+2_2p1d82d7‘2
0<sp<sg
0<ro<ry
= 1271(83, 7'3) + 1'272(83, 7"3) s (428)

where we recall that v = 2 — 2H,,

1,3

1, 1 1, .
pg—i(id‘i’iﬂ *2|H|7O&2) and a2€{2d|H|+2ﬂ,d2|H+ﬂ}

To use Lemma A.7 for Z 1 (s3,73), we need
17p17%>71¢>H*+H0>Zd*71,
which is implied by the first condition (1.7a). Similarly, for the term 75 5(s3,73), we need
—29%0+2—2p1 > —1.

This condition is equivalent to

3 1

2Ho + H. > 7d. + 5, (4.29)

which is the third condition (1.7c).
Now we apply Lemma A.7 to Z5 1 (s3,73) with

a = pa, 5:7(17,017%)@:1;:0, A =s3and B = rs.

It is clear that the following condition

%<2—B—(ﬁVa)=2+1—p1—%—(—1+p1+%)\/p2

3 3
& Ho+2Hy > Zd* and |H|+2H. +6Hy > d+ id*’
holds under the third and fourth inequalities (1.7d). Thus, we have for ¢ € [8 + 70 —
L =a) A %] = [=24p1+ Fr0. (1= p2) A B
Ty1(s3,73) Slsa| P2 mm = FFI g ot (o =1
+ |55 72t (= B2 g mp2t (1o = )12 g | =701282 (4.30)

Noticing that under the second inequality |H| 4+ 2Hy > d of condition (1.7), we have
1 —py > L. Taking go = L, T51(s3,73) is bounded if

3
fp2+(1—p1—%)+1—%>0@|H|+2H*+4H0>d+§d*. (4.31)

We can see that the above first inequality is exactly (1.7d).
Next, we apply Lemma A.7 to 7, o(s3, r3) with

a=ps, B=0,y=2v%—-2(1—p1), a=b=0, A=s3and B =r3.
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Thus, under the condition

¥<2-B—(fVa)=2—ps
& |H|+4H, +8Hy > d+ 3d.,

which is implied by the third and fourth inequalities of (1.7), we have

T52(s3,73) §|53|‘P2+1—% \r3|‘f’2+1—%

+ |83|7p2+1iq2|7'3|7p2+17(}2|S3 — 7“3|7:Y+2§2, (432)

where g € [B+7—-1,(1—a) A g] =027+2p1—3,(1—p2) A g} Notice that under the
fourth inequality (1.7d), we have 1 — py > % Thus, letting ¢» = g T 2(s3,r3) is bounded.

As a result, by Lemma A.7 in Appendix, we have proved that under conditions (1.7),
74 (s2,72) and Zy(ss, r3) are bounded. Then, in a similar argument to that in Section 4.1,
we see that the conditions (1.7) are sufficient for E[u,, (¢, x)?] < +oo for any n > 1.

4.3 Proof of Theorem 1.1: necessity

In this subsection we shall show the necessity of condition (1.7). Focusing on Hy > 1/2
firstly, we shall prove the four inequalities in (1.7) separately.

The necessity of condition (1.7b). This is in fact a consequence of [27]. But we shall
give a simpler proof due to our special situation. We only need to focus on the first chaos
expansion u; (¢, z). Namely, for any (t,7) € Ry x R4

Elu (t,2)°] = E[L1(f1)?]

d
_1 —s —_r 2 _ v
:/ /e 5 (t—s1+t—r1)|&1] X H|§1k|1 2Hk70(31_7"1)d§1d31dr1
[0,t]2 JR P
d

=/[ | I (51 m)70(s1 = r1)dsadrs
0,2

k=1
where hy(s1,r1) = f]R’e‘%(t‘ler’f‘Tl)‘glk'|2 X |€1p [P T2HRdE . Tt is not difficult to verify that
hk(sl, 7‘1) 2 C(t — 81+ t— Tl)Hkil.

Thus, taking§1 :t—Sl,Fl :t—’l"l,"ljz:f’vl—gl and{E:'svl—k?l

E[ul(t,x)Q] 2 C (§1 + Fl)‘Hl_d . |§1 — F1‘2H0_2d81d7°1
[0,2]?

t w 2t 2t—w
> c/ / |@\|H‘—d-m2Ho—2dﬁdw+/ / || H1=4 . |52 Ho 2 dydw
0 JoO t 0

t
ZC«/ |{E||H|fd+2H071diE.
0

Accordingly, E[u; (¢, 7)?] < +oo happens only if

|H|—d+2Hy—1> -1« |H|+2Hy > d.

The necessity of conditions (1.7c) and (1.7d). We shall show the necessity by means
of the finiteness of E[us(t, z)?] for any (t,z) € R4 x RY.
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By definition of hy, ,, (S, ) with n = 2 in (3.7), it follows that

9 [ o X 1-2H,
g n ~—1/2 i—1
hi2(8,T) = cp, <H w; I H (s ’
i=1 z=
. n ~Hp—1 ~2Hk—3/2 _Hk
= Cl, W,y W) (We + w1)

1-2Hy,

< F |X ‘1—2Hk wl wz
1
wy + wz wy + w2

where w; = sy — 81 + 79 — 7 and we = t — s3 + ¢ — ro. Recalling Jk,z(Xl,Xz) defined
in (3.14) with n = 2, and letting Xo =0, Xl =1 and Xg = 1/%, one has

wi+ws2

o 2 " — 1-2Hy
Tra(Aa,xe) =B ] PXi — /1= A2X, 4 ]
i=1
— — 1—2H,,
=K |X1|1_2Hk ~w71~X2 - ,vw72~X1
w1 + wa w1 + we

It follows from (3.25) that
Tk 2()\1, A2) > CH,)\ (4H,=3),

Since 2H, — 3d, < 0 and (@ + @y)1H#1-4 > @7~

Sdy, - - —d— 3
2% (W 4 1y ) H1—d=2H-+3d- e have

d
Elus(t, m) | > cn, /)< ey H hi2(8, T H% —r;)ds1dridsadry
s1<so<t

o<ry<rg<t k=1

2
H|—d H|—d
:ch/ [t —so 4+t —ro| 1=t — sy + 1 — 7| H] H’yo(sifr,-)dsidri
0<sy<sg<t .
0<r)<ro<t =1

H|—d 2H,—3d.
> CHy, |t — 5o+t — | H174 55 — 51 + 75 — 1y 2
0<sy<sg<t
0<r]<rg<t

X |t—s+t— 7”1||H|_2H*_d+%d* x |51 — 1|2 072 |5y — o |2HO"2ds  drydsodry.  (4.33)

Denote the integral domain Iy := {(s1,71,52,72) : 0 < 51 <71 < § < 53 <1y <t}. Tak-
ingf):rl—31,97;:52—r1,g:r2—32 andz?:t—rgyields

]E[UQ(t,x)Q} >cy |t —so+t— 7’2|‘H‘7d\52 — 851+ 19 — T1|2H*7%d*
I
X |s1 — rl\gHU_Z\SQ — r2|2H°_2d81dr1d52dr2
> e [ 5+ 22171795 4 23 + g3
0<%,2,7,2< %

x |00 =2|g|2Ho 2 dpdzdydz
> ey / | + 22|/ 7174|25 4 M-~ 4 2Ho 1 5 2023 gz,
0<%,5,2< %
where in the last inequality, we used Lemma A.1. By integrating Z, we have

E[ug(t,m)Q] > CH/

0<Z,y<i

(1g+ ¢l E=a1 |-
|22 + [ 2He— 3t 2Ho—1 5 12Ho=2 g5 05 (4.34)
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From the above, we can see that for the two cases |[H| —d+1>0and |[H|-d+1<0,
the terms that really matter are different. Hence, to study the boundedness of the above
integral, we shall discuss the two cases |H| —d+ 1 > 0 and |H| — d + 1 < 0 separately.

When |H|—d+1 > 0, it holds that |j+¢|7|=d+1 > | 2| lHI=d+1 > 3IHI=d+1 g [H|=d+1,
So there exists a constant which may depend on H: ¢y € (0, 1) such that |§ + ¢|/H#I=d+1 —
|g|H1=d+1 > cg|g + t|/H1=4+1, Then from (4.34) we have

Efus(t,2)?] > i / 1§+ t]| HI=d+ 2z 4 g[2He =5 de 42001 5 12H0=2 g
0<Z,j<%

_ ~ ~ _3 1~ _ ~ g~
> cpyt!Hl d+1/ |2x+y|2H* 3d.+2H, 1|y‘2H0 245 dj
0<z,y<i
~ _3 _ ~
ZCH/ || 2He et A2
o<z<i

where the last inequality is due to Lemma A.1. Thus, E[uz (¢, z)?] < +oo happens in this

case only if
3d, 1
RS
This implies the third inequality in (1.7). We add |H| > d — 1 and 2H, + 4H, > % +1to
obtain |H| + 2H, + 4H, > d + 2d,. This is the fourth condition in (1.7).

When |H|—d+1 < 0, it holds that |j+¢|/HI1=d+1 < 3lHI=d+1|g [HI=d+1 gg there exists a
constant depending on H: cg € (0, 1) such that || /#1741 —|g4¢| | HI=dH1 > ¢ | g 1 H =41,
Then from (4.34) and Lemma A.1 it follows

3
2H*—§d*+4H0—2>—1<:>H*—|—2H0>

Blua(t, 2)*] > cn / [ 1717 2 4 g2 2 F 2o g 202 g
0<Z,j<%

~ | H|— _3 —2 -~
ECH/ |l,||H| d+14+2H. —§d.+4Ho—2 g7
0<z<i

Therefore, E[uz(t,2)?] < +o0o happens in this case |[H| < d — 1 only if

3 3
|H| = d+ 1420, — Sd. +4Hy = 2> 1 & [H|+2H. +4Hy > d + d..

Subtracting |H| < d — 1 from |H| + 2H, + 4H, > d + 3d. implies that [, +2H > 3% + 1.
This is the third condition in (1.7).

The necessity of condition (1.7a). We shall still use (4.34):
Elup(t,2)?) > cg | [t — 82+t — 12175y — 5y + 1y — py|PH-7 3
x [s1 = r1 2072 sy — ro P02 dsy dry dsadrs.

Assuming H, < (2d, — 1), we shall derive that E[u3(t, )] = oo, which contradicts with
Elu,(t,2)?] < co when n > 1. Let us consider the integral domain Iy = {£ <7 <7y <
L <2t < s < sy < 3t} We have

E[UQ(t,x)Q] > CH/ ‘32 —S1+1r9—11 2H*_%d*d81d7°1d82d7‘2.
I,.NIs
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Integrating r; first and then integrating r yield

_3
/ |82 — 81+ 12— T1‘2H* 2d*dr1dr2
E<ri<ra<j

t 3 :
= - E(2H* - §d+ 1)_1|82 — 81|2H*_%d*+1

3 3 t .
+(2H, — 2d. + 1) (2H, — 2d. +2) sy — sy + = [P 542
2 2 12
3 3
— (2H, — 5du + 1) 2H, = Sd+2) sy — sy [T 202
t

> _
- 12

3 3 :
- (2H* - §d* + 1)_1(2H* - §d* + 2)_1|82 — 51|2H*_%d*+2 R

3
(2H, = 5d+1)"|s2 sp |2 3dat1

where the inequality holds because we drop a positive term. Since H, < (%d* —1), we
have 2H, — 2d, +1 < —1. Thus, we see

_s
/ |so — 51|2H* 24F1ds1dsy = o0,
Si<s1<sa<3t

which contradicts with E[u, (t,7)?] < oo (n > 1). This says that the condition H, >
(3d. — 1) is necessary.
When H, = 1/2, the lower bound of E[us (¢, z)?] in (4.33) becomes

— _3
E[UQ(tax)Q] ZCH/ |t—32|‘H| d|52 —51|2H* 5d«
0<s1<s2<t

— — 3
X |t — 81||H| 2H. d+2d*d81d82

~ —di~ _3
:CH/ |z|1H1=d |z 2H = ds
0<z,2<

x
2

@+ z||HI-2He—dt 3 de g7z (4.35)

The right-hand side of (4.35) is integrable only if

|H|—d > -1,
2H, — 3d, > -1,
|H| —2H, —d+ 3d, > -1,
which amounts to
{|H —d>—1,
3 1
Hy > qde — 5.
Moreover, applying Lemma A.1 to (4.35), we have
Eluz(t, 2)?] > CH/ |z||HI=d| 3|1 HI=d+1 gz,
0<z<%
Thus, E[us(t, ¥)?] < +oc implies the integral on the right-hand side of the above inequality
is finite, which happens only if
|H|—d+ |H|—d+1>-1<|H|>d—-1.

Therefore, when Hy = 1/2, we proved that the sufficient condition (1.11) is also neces-
sary.

As a result, we prove that all the conditions in (1.7) are necessary for E[u, (¢, 7)?] < oo
for fixed n > 1 and (¢,7) € R, x R?. This completes the proof of Theorem 1.1.
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5 Convergence of the Ito-Wiener chaos expansion

In this section, we prove Theorem 1.7. The result is visualized in Figure 3. More
precisely, the existing condition H + Hy > % (vellow shaded region in the left figure) is
expanded to encompass the yellow shaded region in the right figure.

‘Well-known solvability region Improved solvability region

Figure 3: Solvability regions

Proof of Theorem 1.7. For any permutation o of {1,--- ,n}, recall the notation T{ given
by (3.2) and

ﬂt 2)(8,m) = ﬂff)(sl,§17 e 8y En) = H e~ 3 (Sa(in) =So@)nf |? o=y, 1,(5), (5.1)
i=1
with the notations 1 := (71, -+ , 1), 1,(8) = l{geT?} = 1{0<s, (1)< <som<1}(8), 1 =
&o(1) + - + &i)- And we set ]/”}JT)() ﬂf 7/ (+) if o is the natural permutation. The
notations involved with the variable r are defined similarly.
By applying change of variables n; = £; + - - - + &; and triangle inequality, we have by
expanding the product

HIEJI1 1 Hlm—m [

j=1
H |77J|+|77j 1| 1 2H <CHZH|77 |(1 2H)7TJ’
i=1 s
where 7 = (71, ,m,) with m; € {0,1,2} and || := >_" ;7 = n — 1 can be thought

as one dimensional simplified version of (3.29). Then, it is not hard to see that by the
change of variables described before

—||—Z FED O en
’I’L' / / Z’\(tw) Zﬁ(lf:) S ¢ H|£]|1 2HH|31_7'1| 0 dEdSdT
R R Jj=1 i=1
<CHZ/R%/Rnn'Zf(M) IZA(M)

X H ;|1 2H0ms H |s; — 7|0 dndsdr,

i=1
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where dn = dn; - - - dn, and o, ¢ are two permutations. Let us set

_. - /\(t 3;) /\(t m)
¢ r,s; n‘ Z o n S
and
Unr(F,8) = | n(fSin H n;1™ dm
Rn
with indices 7 = (71, -, 7,) depending on 7 to be chosen later. By Holder’s inequality

with%—k%:l,k—i—k’:landm—km’:1,wehave

n 1
p
U 7 (F,8) [ [ Isi — il 7m0 ddr
i=1
n 1

q
/ W (F5) [T1s: — il =70 dsdi
R n
+

=1

X

::C’HZ Ji(p,m, k,m) x Jo(q,m' k', m), (5.2)

with J1, J> depend on the 7, which is determined by 7 as given by
7j =kp(1—2H)m; and 7} =FKq(1 —2H)m,

depending on p,q, k, k" will be chosen later. We will apply the combination of the
Holder-Young-Brascamp-Lieb inequality and the Hardy-Littlewood-Sobolev inequality
to J1(p,m,k, ) as in Section 4.1, and will apply solely the Hardy-Littlewood-Sobolev
inequality to J>(¢, m’, k', ). As we noticed in Section 4.1, the condition of using Hélder-
Young-Brascamp-Lieb inequality is weaker than the one of using Hardy-Littlewood-
Sobolev. But the bound for I,, obtained by applying the combination of the Holder-Young-
Brascamp-Lieb inequality and the Hardy-Littlewood-Sobolev inequality is less precise in
terms of n, which ensures the finiteness under more general condition. The application
of Hardy-Littlewood-Sobolev inequality to the multiple integral, on the other hand, will
produce a more explicit decay factor of the form wE ,)N with certain « > 0, which is key
for guaranteeing the convergence of (1.14).

Step 1: Estimate 7;(p, m, k, ). We shall use the Holder-Young-Brascamp-Lieb inequal-
ity to show J; := J1(p, m, k, ) < C™. First, we have

. m T
Ua(ESim) <o QZW D Em)l,
for any permutations (of {1,--- ,n}) o,¢ and consequently we get
n
| TP :/Rzn U, -(F,5) H |sj — 7| TP dSdE

2
7 2 e J V@) P S) \H\m|7 | dndsdE . (5.3)
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An application of the Cauchy-Schwarz inequality to (5.3) yields

Al < 2 Z (/]R2 / |A(tl (8,m) ‘ H il s; — s~ pmwdnder)

j=1

1
2
(Az / |/\(t x) /;(Ltf | H |nj| ! |S] - rj‘ pm%dndsdr)

j=1
1 , T —pm =2 ]2
“ S f 1R TG Tl =i
o,s +

where the equality holds since the integrals in line 1 and line 2 are actually independent
of permutations o, . We introduce the following notations to simplify the presentation:

[N

14 2 ™5 =i
Ty k
gj::721: 14+ 501 -2H), m=1;
1
2

+kp(1—2H), m; =2.

Then noticing the definition of f(t z)( 1) in (5.1) with ¢ being natural permutation, the
integration with respect to n gives

Tl XTl

n n
|u|P <C™ / H e~z (8511 =5 +r01—75)|ns|? H n;]7 |s; — ;|70 dndSdi
n
j=1

Siy1 —S;i+Tril] —1; = X |s; — 1| TP dndsdr
i+ J J+ j J n
T xT4 n

/ H|Sj+1—5j|_%|7“j+1—7“j|_% X |sj —ry|"PT0dSdr < O, (5.4)
TlXle 1

under the dimension conditions of Theorem A.3.
Similarly to the argument in the proof of Theorem 1.1, the dimension conditions will
hold if the following conditions are satisfied with Hél) =1—pm(1 — Hy):
kp

1
2|3+ 5 (1—2H)| +2(2 - 20{") <3 and pmy <1

which is equivalent to

5
2k(1 — 2H) + 8m(1 — Hy)

1
and 1<p<-—— . (5.5)

l<p<
b 2m(1 — Ho)

Step 2: Estimate J>(q,m',k’, ). We shall use the Hardy-Littlewood-Sobolev in-
equality solely to show

jQ = j2(q,m/7k/7 ) < Crb(nl) 2 (1 QH)’

with Ja(q, m', k', w) defined by (5.2). By the Cauchy-Schwarz inequality, we have

nT’Fg \/\I}n‘r \/\Ilnr §§

We substitute this into J> and then apply the Hardy-Littlewood-Sobolev inequality to

EJP 29 (2024), paper 140. https://www.imstat.org/ejp
Page 35/48


https://doi.org/10.1214/24-EJP1200
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

In search of necessary and sufficient conditions to solve PAM

obtain

1
T = v (%,8) S;i— T —am'0 g5 dF
2 n,r’ 7
R3"

=1

n ) %
g( / VO E ) Vo .8 [ i — il o 70d§df>
Ry i=1
202
(]
.

\Iln,r’ (§7 §)

) an®
2y ., q
D ds) 7

where Héz) :=1—gm/(1— Hp) and we should require gm’~yy < 1. Recall that vy = 2—2H,,

then
1

! 11 —_—. 5.6
gmyo < <g< 2mi (1 — Ho) (5.6)

Notice that

anﬁ“’(,n) %Zﬁ | TT s 7
7j=1
n[ QZ no 777 m H‘?]jr-;’dn

k.

:/n E Z A(t 2)(3,m))? H In;|™dn (5.7)

where the last equality follows from

Hence, we have by (5.7)

1
2 —
/ 157 4§ =——— /
t R

\I/n,r' (§a §)

/”ZIA(”) |2H|77 ITdn‘ ds

(n. Ht()z)
/ SIS \2H|n | as
750 (8 |2H|n | ds.
( ]RIL
Similar to (5.4), we get
—oy 3
/ U, (5,8) 217 ds < ——— |s(,(z+1 — S0)| H( )ds (5.8)
1 ( T7 =1
with ¢ being defined by
1
147 20 ™ =0
0 5 = Ly Eaa—2mH), m=1;
%—f—k’q(l—QH), =
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The finiteness of (5.8) requires that for j =1, --- ,n, 2;% satisfies the following Hardy-
Littlewood-Sobolev conditions: ’
0} 1+ K q(1—2H)
@ @ <!
2H, 2H,
3
1 . 5.
& SS9 S —2H) + 4m'(1 - Hy) (5-9)
Under the above condition we have from (5.8)
(2) (2)
T N " _ (2) 2Hg
[/ v (s,8)| 27 d§} i [n; I ra QJ/%; ) } :
b (nt)a D(n— 0, 0f/2H" +1)
<O (n)) " (2] (5.10)

where the last inequality follows from the Stirling formula and the fact that

n
1 kq
L=n|-+—2(1-2H)|.
> n|3+ 50— 28H)

Incorporating (5.4) from Step 1 and (5.10) from Step 2 into (5.2), we obtain for any
(t, lL‘) S ]R+ X ]Rd

(oo} oo
<Y Y Fix By onn) iR 02
n=0 ™ n=0

This proves Elu(t, z)?] < oo if
2 { 1 k’

3
1—7 1—2H] 01 —_ 5.11
+ 5 2( ) <0el<g< ( )

k(1 —2H)+2
Step 3: Constraints on p (¢), m (m’'), and k (k’). The conditions (5.6) and (5.9)
are summarized as

3 1

1 d 1 S
SUSop—2H) a1 —Hy) M 1S i —my)

(5.12)

Remember that in Step 2 and Step 3, in order to ensure E[u(t, z)?] < +oo, it is necessary
to have

5 1

1 A ~ 5.13

PSSk —2H) + 8m(1—Ho) " 2m(1— Hy) (5.13)
3 1

1<g< A ; (5.14)

2k/(1— 2H) + 4m'(1 — Hy) ~ 2m/(1 — Hy) '’

1<g< (5.15)

kK(1—-2H)+2"
To determine the conditions on H and H, under which (5.13)-(5.15) are met, we initially

get rid of the wedge symbol “A” in the above first two inequalities (5.13) and (5.14). To
this end, we consider the following four cases:

1

. 5 1
Case 1: srasmyysma=tm) < 2m(-Hy) @ 3W(= 2H)+4m’(1 o) < 2m'(1—Ho) ’

. 5 1 1
Case 2 sri—smyrsmi=Hy) < 2m(i-Hg)® 3IF(I= 2H)+4m’(1 o) ~ Zm(1—Hy)

. 5 1 1
Case 3: syasmyrem=ty) = 2m(-Hy) @ (= 2H)+4m’(1 To) < Zm/(1-Ho)

. 5 1 1
Case 4: sri—smyrsmi=Hy) = 2m(i—H) * 2k’(172H)+4m’(17H0) > T (1=Hy)
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We will provide a detailed treatment of Case 1, and the approach for the other cases is
analogous.
Case 1: In this case, the constraints (5.13)-(5.15) on p, ¢ become the following conditions:

3 .
L <9< pgamme
3

1 )
1 <q < spammrawa=my) < swi=Hy) (5.16)

5 1
L<p < srasm+sma—my) < Zmi-Ho) -

Denote the region

3 5 3
S::{(H,HO)G(O,)X (5.7): H+2Ho> 1 H+ Hy <, 12H+4H0>3}. (5.17)

Figure 4: The region S in (5.17)

We shall show that for any (H, Hy) € S, there exist p,q € [1,00), and m,m’ €
[0,1], k, k" € [0,1] such that conditions in. (5.16) hold. For any arbitrarily small £ > 0, let
us choose

3

= — - '1

1T wa-—2m+2 © (5-18)

. q 3—¢

P= 1 T 1w —2H) — ¢ (5.19)

2 K(1-2H)

= — '2

4(1 — Hy) (5.20)

Thus it suffices to show that for any (H, Hy) € S, there exists k¥’ € [0,1] such that the
parameters (p, g, m’) given by (5.18)-(5.20) satisfy conditions (5.16) for sufficiently small
e>0.

Firstly, we need to ensure p,q > 1 and 0 < m’ < 1. Note that

1—2¢ 1
(1—2H)1+e) 1-2H’

g>1lek <
which is implied by k¥’ < 1 and H > 0. Now p > 1 is equivalent to ¢ > 1. Besides,

(5.21)
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In order to be able to find a &’ € [0, 1] so that the above inequality (5.21) holds true, we

need
4Hy — 2

1—-2H
which holds for (H, Hy) € S since H + Hy < 3 and then H, < 2.

Next, we shall verify the conditions in (5.16) with the p, ¢ and m’ given by (5.18)-
(5.20). It is clear that we can take € = 0.

3
<1 H+2Hy <3,

(i) The inequality in the first line of (5.16) holds obviously with the choice of ¢ in (5.18).
(ii) For the g defined by (5.18) we now show the inequality in the second line of (5.16):

3
9 w1 —2H) + am'(1 — Hy)’

which is equivalent to

3 3
<
k'(1—2H)+2 ~2k'(1—2H) + 4m/(1 — Hy)
, _2—k(1-2H)
<~

=TT~ Hy)
This holds with the choice of m’ in (5.20).

(iii) Recall that the third inequality in the second line of (5.16) is

3 1
2K (1—2H) + 4m/(1 - Ho) ~ 2m/(1 — Hy)

which is equivalent to
m/(1 — Hy) < k(1 —2H).
By using the definition (5.20) of m/, the constraint placed on &’ as mentioned above

is equivalent to
2

= !
5(1—2H)<k <1. (5.22)

(iv) The second inequality of the third line of (5.16), by choice of p in (5.19), is equiva-
lent to
25 — 12(H + 2Hy) < k(1 — 2H) + 24m/(1 — Hy) .

With m/ defined in (5.20) this can be rewritten as

12(H + 2Hy) — 13
5(1— 2H)

0<k < (5.23)

(v) Now we consider the third inequality in the last line of (5.16). Noticing that
k=1-Fkand m = 1 — m' and substituting the value of m/, the last line of (5.16)
becomes

2+ 4(Hy —2H)

k/
O<k<—50—2m

(5.24)

In summary, when &’ fulfills the requirements specified in (5.22), (5.23), and (5.24),
it ensures (5.16). The conditions met by k&’ can be concisely summarized as follows.

2 4Hy — 2 12(H +2Hy) — 13 2+ 4(Hy — 2H)
v K A Alp. (5.25
{5(121{) 12H} <{ 5(1— 2H) 5(1— 2H) (5.25)
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Notice that 5
12(H +2Hy) — 13 <2+ 4(Hy —2H) < H + Hy < 1
and
12(H 4+ 2Hy) — 13
5(1—2H)
which holds under the condition H + Hy < %. Thus, on the set S the condition (5.25) is
reduced to

<l 11H+12Hp <9,

{ 2 4H0—2} W o 12(H +2H,) —13 (5.26)
5( ’

1-2H)  1-2H 5(1 — 2H)
Finally, it remains to show that when (H, Hy) € S, there is &’ satisfying (5.26) which
amounts to

{ 2 AH, — 2} - 12(H + 2H,) — 13 5.27)

5(1-2H) 1-2H 5(1—2H)
We shall prove the above inequality assuming Hy < 3/5 and Hy, > 3/5 respectively. First,

let us assume Hy < 2. In this case, we have 5(1_22H) < 4Ho=2 Then (5.27) becomes

2 _12(H +2Hp) 13
5(1— 2H) 5(1—2H)

5
<:>H+2H0>1

which corresponds to the red solid line in Figure 4. Next, we assume H;, > % which

means ﬁ > %. In this case, (5.27) becomes

4Hy—2  12(H +2H,) — 13
1-2H 5(1—2H)

< 12H +4H, > 3,

which aligns with the green dashed line in Figure 4. Therefore, for any given (H, Hy) € S
(as illustrated in Figure 4) we can select an appropriate k¥’ such that condition (5.26) is
satisfied.

Case 2-Case 4: These cases can be approached with the same methodology as Case
1. Nevertheless, we find that it does not allow for an extension of the solvability region.
Consequently, we will omit the details.

As a consequence, on the region S (refer to Figure 4), we have for any (t,z) € Ry x R?

Elu(t,z)?] = ZE[un(t,x)z] < +o0.

n=1

Since the above convergence was proved in [15] when Hy + H > 3/4, we complete the
proof. O

A Some lemmas

Lemma A.1. Let0 < o, 3 < 1 with a+ 3 > 1. Then there is a constant ¢ > 1 independent
of ¢ > 0 such that for all z € (0, 3¢),

g
clptme+h) < / w(u+ ) Pdu < cxtmOH), (A1)
0

This lemma can be found in [15], and the following lemma can be found in [29].

Lemma A.2 (Hardy-Littlewood-Sobolev inequality). For any ¢ € L'/Ho(R"), it holds
n 2Ho
/ / (p(f)<p(§) H |52 _ Ti|2HU_2dFd§ < C}){’O (/ |QO(F)|1/HOdF> s (A.2)
mJRn i=1 R
where Cg, > 0.
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The Holder-Young-Brascamp-Lieb type inequality has been studied and extended
by various groups after the seminar work of Brascamp and Lieb [9]. We refer [1,
Appendix A], [33] and the references therein to the readers on this interesting topic.
Below, we present the homogeneous and non-homogeneous Holder-Young-Brascamp-Lieb
inequalities that we are going to use in this work. Let H = R", H; = R™,..., H,, = R"™
be finite dimensional Euclidean spaces equipped with the corresponding Lebesgue
measure yu(-). We remark that H, #,..., H,, can be Hilbert space in general (e.g., [7]).
For j =1,---,m, let f; : H; — R4 be nonnegative function satisfying f; € LPi(u) for
P1,--- ,Pm € [1,00) and let [; : H — H; be surjective linear transformations.

We recall the (local) multilinear functional

j=1

Ao )= [ TLH0060) ] duta).

and the Holder-Young-Brascamp-Lieb type inequality

m

A1 F)) < K [T 127 (A.3)

Jj=1

for some positive finite constant K. There are many works focusing on the conditions
under which (A.3) holds true. We shall use a specific condition, the nonhomogeneous
Holder-Young-Brascamp-Lieb inequality, as presented in [8, Theorem 2.2] (also discussed
in [7]).

Theorem A.3 (Nonhomogeneous Hélder-Young-Brascamp-Lieb inequality). Let H, H1,...,
H.., be finite dimensional Hilbert spaces equipped with the corresponding Lebesgue
measure u(-) and f; € LPi(u). Consider a local version of (4.15)

m

Aoe(frr s fin) = (1 du(z;) . A4
oefse s fn) /{xeyz.x<1}j11ff“(x”jr_[1 () (A.4)

A necessary and sufficient condition that Holder-Young-Brascamp-Lieb type inequal-
ity (A.3) holds for Aj,., with 0 < K3 < oo for all nonnegative measurable functions f;, is
that every subspace V C H satisfies the following dimension condition:

codima (V) > ij_lcodimyj ;). (A.5)
J

Using the above theorem, we can show an important ingredient in the proof of
Theorem 1.1.

Lemma A.4. Under the condition Hy > 1/2 and the conditions (1.7a)-(1.7d) of Theo-
rem 1.1, the following dimensional conditions hold when codimy (V) = 1,2, 3, 4:

6
codimy (V') > Z z; - codimyy, (1;(V)) .
j=1

Proof. We show the lemma for codim = 1, 2, 3,4 separately.

Case 1: codimy (V) = 1, i.e. dimy(V) = 3. In this case, we only need to consider

rank([l;]jes) = 1, i.e. |J| = 1. From (4.18), z; < 1 (j = 1,---,6) under the condition

Hy > 1/2 and the condition (1.7a). Thus, the dimension condition (4.17) holds.

Case 2: codimy (V) =2, i.e. dimy(V) = 2. We shall choose J such that rank([l;];cs) = 2.
Note that we only have to deal with |J| = 3 since the dimension condition (4.17)

automatically holds for |.J| = 2 and it is impossible to have rank([l;];cs) = 3 for |J| = 4,5, 6.
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The only possible case is rank([ls, l4,ls]) = 2. Then, the condition (4.17) in this case is
equivalent to

2 223+ 24+ 26 > p2+p2 -+
3 1
:(§d+ iﬁ* —2|H‘ —042)+2—2H0
1 1

Since oo € {3d — |H| + 18*,d — 2|H| + B*}, it is obvious that (A.6) holds under the
condition (1.7b):

|H| + 2H, > d. (A.7)

Case 3: codimy (V) = 3, i.e. dimy(V) = 1. We shall choose J such that rank([l;];cs) = 3.

For |J| = 3, the dimension condition (4.17) holds automatically since z; < 1 for i =
1,---,6. Moreover, it is impossible to get rank([/;];c;) = 3 for |J| = 5,6 by computation
of the relevant ranks. Thus, we only need to consider |J| = 4. By simple analysis, we
know that there are four cases:

rank([ll, lg, 15, ZG]) = rank([ll, 13, 14, ZG])
= rank([lg, 13, l4, l6]) = rank([lg, l4, lﬁ, 15]) =3.
We treat J = {1,2,5,6} as an example. The rest is similar and we omit the details.

Now, we have rank([ll, lQ, 157 lg}) =3, dim(mjzlyz’g,_ﬁ ker(lj)) = 1and co dlmH(V) =3.In
fact, we can obtain that V' = span{(1,1,1,1)} = N,=1,25, ker(l;) and

codimy, (11 (V) =1, codimy, (I3(V)) =0, codimy, (I5(V)) =1,
codimyy, (I2(V)) =1, codimy, (14(V)) = 0, codimy, (Is(V)) =1
Then, in this case the condition (4.17) is analogous to
3 >z1+ 20+ 25 + 26
>p1+ p1+ % + Y
:(;d* —2H,)+4—4H,. (A.8)

It is easy to see that (A.8) holds under the third condition (1.7c) of (1.7):

3 1
H,+2Hy > Zd* + > (A.9)

Case 4: codimy (V) =4, i.e. dimy(V) = 0. We shall choose J such that rank([l;];cs) = 4.
Obviously, we only need to consider |J| = 4,5,6. We first deal with |J| = 6. This
means

6
V = () ker(l;) = {0,0,0,0}.
j=1

Thus, the dimensional condition (4.17) in this case is equivalent to the following:
4 >z +22+23+24+ 25+ 26
>p1+p1+p2+p2+v%+7%

3 3. 1.,
=(5e — 2H.) +2(2 = 2Ho) + (5d + 55" — 2{H| - a2)
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which amounts to

3 1 1

Since ap € {3d—|H|+3B*,d—2|H|+3*}, we know (A.10) holds under the condition (1.7d):

3
|H|+2H*+4H0>d+§d*. (A.11)
When |J| = 4,5, the corresponding dimension conditions (4.17) can be implied
by (A.10). Thus, the proof of the lemma is complete. O

Next, we give some estimations for the alternative proof of the sufficiency of Theo-
rem 1.1.

Lemma A.5. For any «, 3,7 € (0,1) and a,b € R denote

B1(a,b) = /2 uP(1 —u)"%|au — b Vdu; (A.12)
0
1
Bo(a,b) := / u P (1 —u)"%|au — b~ du. (A.13)
1
2
Then
la|=9]b|=7*t%  foranyq € [0,1— 3] ifB+~>1;
B (a,0)% { (lal + b))~ Slal =0 |b — a] ~o2[p|~r+or+es (A.14)
for any q1,q2,q1 +q2 € [0,7] iff+v <1,
and

la|79|b —a|77"?  foranyqe€ [0,1—a] ifa+vy>1;
Bo(a,b)S < (lal + 10— a])"7Sla] 79 |b — a| 792 ||~ T2 (A.15)
foranYC117Q2aQ1+Q2€[07'ﬂ 1fa—|—"y<1

Proof. Firstlet 8+~ > 1. Since forz >0, 8 € (0,1), v € (0,1) it holds that
/ €771 — €[ 7dg Slae| P AL (A.16)
0

Then for any p; € [0,1],

/2 w1 —w)%|aw — b\*"’dwg/2 w™Paw — b| "V dw
0 0

el 7
§|b|77/ wP | =w -1 dw
0 ]
lal
21b]
ol ol [T e g e
0

We can apply (A.16) in the last integral to get

3 |CL| —B+1
[ wm = o - ()
0

0]
o B la| (=B+1)p1
Shi e (1)
0]
= |a| =" [p| Y, (A.17)
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where ¢; = (1 — 8)(1 — p1) € [0,1 — 5] and we make substitution ¢ = %"w in the third
inequality. Here we need that 3, v € (0,1), 8+ > 1.
Make substitution w = 1 — w. Then for 0 < py <1,

1 2
/|1—w|*aw*5|w—bv|fvdw:/ |1 — @ Pla — b — o Vd. (A.18)
% 0

This can be used to show the first inequality in (A.15).
Now if 8 € (0,1), v € (0,1) and 5 + v < 1, then

z —-8+1(q1 1-B—~
N i € B it
| e S Va0,
With the same argument as above we have
3
/ w1 —w)Plaw — b Vdw
0
dal
ol ol [T P g
0
a|— 1 a|ll-pB—
<[p| 7B+ |qffL I R O )
~ 1+ |%|—[3+1
S(lal +[o))~7. (A.19)

This shows the first part of the second inequality in (A.14). Since |a|+ |b| > |a|V |b—a|V|b]
implies the following inequalities:

(lal + 16) ™ < [lal Vb=l v b~ [la] Vb= al v b}~ [la]  [b = v ) 7+ ¢
<Ja| =" b = |~y 4,

This shows the second part of the second inequality in (A.14). The second inequality

in (A.15) can be proved similarly since |a| + |b — a| > |a| V |b — a| V |b|. This completes the

proof of the lemma. O
We immediately have the following Corollary.

Corollary A.6. The following conclusion holds true.

{%ma,b)sm-qwrw for any g € [0, (1~ #) A7]; A20)

Ba(a,b)Slal~b — a7 for any q € [0, (1 — a) A9l
Now we give a lemma that indicates the upper bound of the integrations with respect
to § and r in Proposition 3.4.

LemmaA.7. Let0<a< A<oo,0<b< B<ooandleta,B,v€[0,1),y<2-8—(6Va).
Denote

Zop~(A a;B,b) = e |A—s|7%s —a|™P|s — 7|77 B — r|~%r — b| Pdsdr. (A.21)
b<r<B

Then forany g € (OV (B+~v—1),(1 —a) A 3],
Top(A,a; Bb)S|A —a| >3 B —p| 72173 (A.22)

+ ‘A _ a|*d*ﬁ+1*qz‘B _ b|*a*[3+1*qz|A _ B|*”/+2qz ) (A.23)
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Proof. Making substitution s = a+(A—a)w, r = b+(B—b)v and denoting a := A—a, b, :=
(B—1b)v—(a—b)and M := |A —a|7* A+ . |B — b|7*=F*1 we have

1 1
Ta,3,4(A,a; B,b) =M x / / 11— w|~%w P11 — v~ Plaw — b,| "V dwdv
0 0
1 ~
=M ></ 11— v| % PZ(v)dv. (A.24)
0

where by Corollary A.6 7 (v) is defined and bounded as follows.

- 3 1
Z(v) :(/ +/ ) [|1—w\_°‘w_5|dw—bv\_ﬂ dw
0 3
<g™n |bU|—'y+q1 + d_qﬂbv _ a|—'y+qz ,
where ¢; € (0,(1 —8) Avy) and ¢2 € (0,(1 — a) A~). Thus, we have

1
Zapy(A a; B,b) = Ma™" x / 11— o]~ by | 7T dw
0

1
+Ma~ 11— v~ % Pb, —a| 7% dy
0
=: Ma "xB, + Ma 98, (A.25)

where 98, and 3, are defined and dealt with as follows. By Lemma A.5 we obtain

1
%, ;:/ 11— o[=[o| =8 - |(B = b)v — (a — b)|~ 7+ dv
0

~

1/2
</ (o[ B1(B — b)o — (a— b)|"* 0 dy

1/2
+ / 0|=21(B = b)o — (B — a)] 7+ do
0

SIB =0 4+ (|B—b| + |B —al) 7t
<SIB — b7 (A.26)

where in obtaining the bound for the above first integral we need

¢1>7v+pF—1 andhence ~y+f8-1<ga<(1—-08)Ay
g1 >7+a—1 andhence y+a—-1<qg <(1-06)Ay

which is possible by the assumptiony <2 — 8 — (8 V «).
Now we turn to bound 5.

1
By = / 11— o]~ [o] 2| (B — b)v — (A — b)| "+ dy
0

1/2
</O o ~1(B — b)o — (A — )| "4y

1/2
+/ \U|_°‘|(B—b)v—(B—A)|_7+q2dv
0

(B = b+ |A = b)) 4 |B || B Aot
§|B—b|7Q3|B—A|77+q2+q3 , (A.27)
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where v+ 5 -1 < ¢ < (1 —a)A7, g3 € [0,(1 —a)A(y — g2)]- Substituting the
bounds (A.26)-(A.27) for ®B; and B, into (A.25), we have
To (A a; B,b)SMa™ 1 |B — b| 7T
+ Ma %|B —b|"®|B — A|77Ttas
<|A — a|—a—5+1—q1 |B — b‘—a—6+1—7+q1

+ ‘A _ a|—a—ﬁ+1—QQ‘B _ b|—a—5+1—q3|A _ B|—’y+q2+¢13.
If we integrate r first, then we will have

Tap~(A a3 B,b)S|B — b~ FHIZ0 A — |70 FHI0Ha
+ |B — b|—(¥—[3+1—q2‘A — al—a—ﬁ+1—q3‘A _ B‘_7+‘12+‘13 .

Thus, by choosing g2 = g3 € (0V (y+ 3 —1),(1 — a) A 7], it holds

Topy(Aa; B,b)S |B—b| 0 FHma|A — g e-Ftimvta

+|B — b|moFtlmaz| A — g|@=F+1-a2|A — B|77F2%2;  and
Topy(A 0 Bb)S |A—a|707PHm0|B — p[=om izt

+|A — a|7oBFlm@2| B — p|maBFlma| 4 - BTyt

Denote
po=min(|A - a| 70T B —p|em e
|B — b|—a—B+1—Q1 |A— a\_a_'B"'l_’Y‘*‘ql)
=|A — a|7* P B — p| T FH!
min(|A — a| "9 |B — b7 [ |B — b7 |A — o 7T
<|A —a|o BB — b7 FAHL
(|A —a|™"|B — b‘—v+q1)1/2 (\B —b|"1|A - a|—’Y+q1)
=|A - a|_°‘_5+1—% B — b|—a—[3+1—% )

1/2

Then
Topr(A a; B,b)Sp+ |A— a0 PH1m® B — p| a7 FFlmaz 4 — g+
<|A— a7 A2 B — pme AT
+ A — a|—a—ﬁ+1—q2|B — b|—a—B+1—q2|A — B|—’Y+QQ2 )
This completes the proof of the lemma. O
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