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Abstract
Global navigation satellite system (GNSS) integrity monitoring (IM) has been 
introduced in aviation, but remains challenging for urban scenarios because 
of limited satellite visibility and strong multipath and non-line-of-sight effects. 
Consequently, factors such as limited measurement redundancy and inaccu-
rate uncertainty modeling significantly compromise positioning and IM perfor-
mance. To alleviate these issues, this paper proposes an integrity-constrained 
factor graph optimization model for GNSS positioning augmented by switch 
variables. In contrast to conventional IM methods, this method enhances 
redundancy through the factor graph structure. Instead of directly excluding 
measurements, the proposed method reweights the measurements by using 
switch variables to satisfy a chi-square test constraint within the optimization, 
ultimately yielding optimal positioning accuracy. Moreover, a proper protection 
level that conservatively bounds the positioning error can be derived by using the 
modified weighting matrix under a single-fault assumption. The effectiveness of 
the proposed method was verified based on data sets collected in open-sky and 
urban-canyon areas in Hong Kong. 

Keywords
factor graph optimization, fault detection and exclusion, GNSS positioning, 
integrity-constrained positioning, integrity monitoring, switch variables, urban 
canyons

O R I G I N A L  A R T I C L E

Integrity-Constrained Factor Graph Optimization for GNSS 
Positioning in Urban Canyons

Xiao Xia  Weisong Wen  Li-Ta Hsu 

Department of Aeronautical and Aviation 
Engineering, Hong Kong Polytechnic 
University, Hong Kong

Correspondence
Li-Ta Hsu
Department of Aeronautical and Aviation 
Engineering, Hong Kong Polytechnic 
University, Hong Kong
Email: lt.hsu@polyu.edu.hk

1  INTRODUCTION

Global navigation satellite systems (GNSSs) have been widely utilized in 
diverse applications such as aviation and ground vehicles because of their mature 
capability for all-day high-accuracy global positioning, navigation, and timing 
(Morton et al., 2021). While accuracy is the primary focus during the early phase of 
positioning applications, integrity concepts are vital in safety-critical applications 
(Zabalegui et al., 2020), notably for autonomous driving vehicles (Geiger et al., 
2013). Specifically, GNSS integrity indicates the trustworthiness of the accuracy 
of a navigation solution (Morton et al., 2021). While integrity-monitoring (IM) 
techniques enable a navigation system to warn users against an unreliable GNSS 
status (Morton et al., 2021), incorrect IM could result in devastating consequences 
(Zabalegui et al., 2020). By exploiting the redundancy of available observations, IM 
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can also be performed at the user level, which primarily includes both fault detec-
tion and exclusion (FDE) and protection level (PL) calculations (Zhu et al., 2018). 

The concept of receiver autonomous IM (RAIM) (Brown, 1992; Brown, 1996; 
Parkinson & Axelrad, 1988; Walter & Enge, 1995) was initially investigated in 
aviation. In particular, RAIM provides the ability to monitor the system integrity 
and to timely alert users against faults based on the consistency check of an over-
determined solution (Zhu et al., 2018). The main algorithms utilized in RAIM 
include the range-comparison-based method, the residual-based method, and 
the parity method based on snapshot pseudorange measurements (Brown, 1992). 
Whereas the majority of RAIM methods focus on detecting and isolating a single 
fault in the Global Positioning System (GPS) (Walter & Enge, 1995), recent tech-
niques consider multiple faults due to applications of multiple constellations and 
more visible satellites (Hewitson & Wang, 2006; Lee, 2004; Wang & Xu, 2020). The 
advanced RAIM (ARAIM) technique (Blanch et al., 2012) extends the monitoring 
ability to multiple-fault assumptions and multi-constellation GNSS observables 
and enables an explicit computation of the integrity risk allocation based on the 
multiple-hypothesis solution-separation (MHSS) method (Pervan et al., 1998). 
Compared with conventional RAIM, which utilizes a single test statistic for detec-
tion, ARAIM establishes multiple test statistics in the position domain for each fault 
hypothesis (Joerger et al., 2014). Except for RAIM/ARAIM approaches that con-
sider snapshot pseudorange measurements, sequential IM applies a Kalman filter 
(KF) or particle filter (PF) as a recursive estimator to make use of the measurement 
sequence and the system motion model to obtain optimal accuracy and integrity 
in the current state estimates (Gupta & Gao, 2019; Tanil et al., 2018; Wang et al., 
2023). In general, KF-based sequential IM can be separated into techniques that uti-
lize an MHSS-based detector, which maintains filter banks for the fault hypotheses 
(Wang et al., 2023), or an innovation-based detector with a single KF (Tanil et al., 
2018). PF-based IM estimates integrity using direct measurement probabilistic 
modeling via particles (Gabela et al., 2021; Gupta & Gao, 2019; Gupta & Gao, 2021; 
Zhang & Gui, 2015). Pushing sequential IM beyond KF methods, one recent work 
(Hafez et al., 2020) also extended IM for fixed-lag smoothing to quantify robot 
localization safety by considering all measurements within a sliding window; both 
solution-separation and chi-squared IM methods were developed.

The above-mentioned IM techniques are suitable for open-sky environments with 
satellite redundancy and reliably modeled noise distributions of nominal measure-
ments. However, these approaches encounter significant challenges in degraded 
urban scenarios because of unique circumstances such as limited satellite avail-
ability and multipath and non-line-of-sight (NLOS) effects, leading to difficulty 
in obtaining a reliable uncertainty model of nominal measurements (Zhu et al., 
2018). Although previous works used robust estimation to ease the effect of faulty 
satellites via formulation of an equivalent weighting matrix (Crespillo et al., 2020; 
Crespillo et al., 2018; Wang et al., 2018), such implementations require tackling the 
parameters of specific robust cost functions and an additional inertial navigation 
system (INS). In addition, conventional GNSS IM directly excludes faulty GNSS 
measurements until the chi-square test is passed under a pre-defined probability 
of risk, which can significantly degrade the satellite geometry in urban canyons. 
Moreover, both RAIM and ARAIM tend to provide a loose bound of integrity risk, 
which is suitable in aviation but could be too conservative for vehicles in urban 
scenarios (Pullen et al., 2011; Reid et al., 2019). Recent advances in IM for ground 
vehicles in urban canyons also extend its application to multi-modal sensors (e.g., 
INS, radar, lidar, camera) (Meng & Hsu, 2020; Wang et al., 2023) to improve safety 
redundancy. However, these approaches still suffer from the high cost of lidar, high 
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computation loads, and the lack of GNSS measurement redundancy brought by 
frequent and multiple multipath and NLOS receptions (Zhu et al., 2018).

Recent studies have utilized factor graph optimization (FGO) for GNSS position-
ing (Bai et al., 2022; Das et al., 2021; Watson & Gross, 2017; Wen & Hsu, 2021; 
Wen, Pfeifer, et al., 2021; Wen, Zhang, & Hsu, 2021), which improves measurement 
redundancy and obtains better positioning accuracy compared with filtering-based 
sequential IM by considering historical information and applying multiple iter-
ations and linearization (Wen, Pfeifer, et al., 2021). By further applying FDE for 
historical measurements, Wen, Meng, and Hsu (2021) conducted a chi-square test 
over multiple epochs and showed that more redundant healthy measurements 
result in better FDE performance. However, performance improvement is limited 
when most of the measurements are faulty or when the given uncertainty model-
ing is unreliable. In contrast, conventional RAIM/ARAIM techniques operate sep-
arately alongside the positioning component, meaning that the positioning results 
obtained from all measurements provide an initial guess for IM and then faulty 
measurements are excluded via FDE. After these steps, PL and new positioning 
results are obtained correspondingly. This type of separation is not robust in two 
aspects: 1) When healthy measurements are excluded, they cannot be reconsid-
ered in the next iteration of IM. 2) When the corresponding measurement variance 
mismatches with the actual variance, FDE may fail, and the calculated PL can-
not adequately bound the position error. Although prior works on particle RAIM 
(Gabela et al., 2021; Gupta & Gao, 2019) have performed joint state estimation and 
IM using particle reweighting, they are hindered by the following issues: 1) high 
computation complexity due to numerous particles and resampling steps, 2) sub-
optimality of the PF owing to analytical intractability, and 3) neglect of previous 
measurement faults in consequence of the first-order Markov property from the 
PF-based scheme. Thus, the following question arises: Can we automatically select/
exclude faults and estimate measurement uncertainties simultaneously in a tractable 
mechanism with extended redundancy to alleviate the challenges listed above? In fact, 
a recently developed switchable constraint (SC) algorithm (Sünderhauf & Protzel, 
2012a) shed some light on this problem.

The SC algorithm, which was recently recognized as a robust estimation method 
(Yang et al., 2020), was initially introduced in simultaneous localization and 
mapping to detect and remove outlier constraints from factor graph problems 
(Sünderhauf & Protzel, 2012a) and was later exploited in GNSS positioning to 
identify and remove multipath- or NLOS-affected measurements in urban can-
yons, without any additional a priori knowledge or additional sensor information 
(Sünderhauf et al., 2013). The SC is implemented by associating a switch variable 
with each pseudorange measurement factor that could be an outlier. Specifically, 
the switch variable is designed to continuously range from 0 to 1, where 0 indi-
cates exclusion of the corresponding measurement, 1 denotes measurement selec-
tion as an inlier, and a value between 0 and 1 accounts for measurement variance 
modification (Sünderhauf & Protzel, 2012b; Suzuki, 2021). A closed solution for 
switch variables has been obtained from an analysis of the partial derivatives for 
switch variables when the optimizer converges (Agarwal et al., 2013), indicating 
that switch variables can iteratively reweight measurements without changing 
the geometrical relationship between the state estimation and measurements. 
Therefore, it is feasible to apply the switch variable to incorporate FDE into GNSS 
positioning by FGO: The test statistic is represented as the sum of normalized resid-
uals of switch-variable-associated pseudorange factors within the factor graph, and 
its threshold depends on the number of measurements and a given false alarm prob-
ability. Hence, the inequality constraint arising from the chi-square test in FDE 
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can be formulated by ensuring that the chi-square test statistic is equal to or less 
than the threshold. In such a way, the additional switch variables can be itera-
tively estimated to satisfy the chi-square test inequality constraint, meaning that all 
involved measurements are iteratively identified during optimization, avoiding the 
exclusion of healthy measurements. The PL can be either calculated or estimated 
accordingly, following the idea of RAIM/ARAIM while considering the reweight-
ing effect of switch variables.

In this study, switch variables will be applied to a conventional factor graph-based 
GNSS positioning framework as an attempt to demonstrate its potential to improve 
RAIM performance. In this paper, only pseudorange measurements are consid-
ered within the batch FGO. First, FGO will be implemented with switch vari-
ables, together with switch prior factors that aim to avoid local minimum. Then, 
the above-mentioned FDE inequality constraint will be analytically formulated. 
Next, the PL will be calculated via a geometry matrix. The entire FGO framework 
will be evaluated in terms of the performance of the FDE constraint and PL com-
pared with conventional FGO-based positioning without switch variables (Wen, 
Meng, & Hsu, 2021).

The contributions of this paper are summarized as follows:

(1)	 This paper proposes to incorporate FDE into FGO through switch variables 
to improve measurement redundancy by dynamically reweighting 
measurements through SCs. Instead of directly excluding the potentially 
faulty measurements, the reweighting inferred from switch variables 
helps to maintain the satellite geometry, consequently leading to improved 
positioning accuracy. 

(2)	 This paper presents an approach for PL calculation that considers the 
reweighting effect of switch variables to conservatively bound the position 
error, which is further validated by using data sets collected in both open and 
urbanized areas of Hong Kong. 

The remainder of this paper is organized as follows: Section 2 includes an over-
view of the proposed method. The GNSS positioning method using FGO with 
switch variables is presented in Section 3. A performance evaluation of the pro-
posed method based on experiments conducted on real data sets for Hong Kong 
is provided in Section 4. Finally, conclusions and future work are summarized in 
Section 5.

2  OVERVIEW OF THE PROPOSED METHOD

A flowchart of the proposed method is depicted in Figure 1. The system inputs 
comprise raw pseudorange measurements received from the GNSS receiver. These 
measurements, along with satellite position, clock bias, and a weighting matrix W  
based on the signal-to-noise ratio (SNR) and elevation angle (Herrera et al., 2016), 
are fetched from the raw GNSS data. Subsequently, the pseudorange measurements 
are associated with switch variables to construct switchable pseudorange factors. 
Moreover, based on the concept of the chi-square test in FDE, the chi-square test 
factor is formulated with the total number of pseudorange measurements M,  
the switchable pseudorange residual er t

sp j
,

, ,  and the given false alarm rate PFA .  
Consequently, the chi-square test factor constrains the batch test statistic ψn  to 
not surpass the batch test threshold TD .  In addition, the incorporation of switch 
variables motivates two types of factors: switch prior factors and switch reliable 
factors. Later, after the factor graph composed of the four aforementioned types of 
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factors has been solved, the state estimation and the updated geometry matrix after 
reweighting are obtained. The behavior of FDE through the chi-square test factor is 
illustrated in Figure 1(c). In contrast to the skyplot for FDE, which directly excludes 
the faulty satellites (Figure 1(b)), the proposed method assigns diminished switch 
values (weightings) to faulty satellites, as denoted by the smaller radius of the cir-
cles, thereby preserving the geometry. Afterward, the modified weighting matrix is 
derived from the switch variable estimations and the weighting matrix W.  Finally, 
the horizontal PL (HPL) is derived based on the modified weighting matrix Ws ,  
the updated geometry matrix G,  and the snapshot test threshold TD* .  This cal-
culation is specifically conducted based on the single-fault assumption (Walter & 
Enge, 1995). The geometry matrix G  and TD*  take into consideration snapshot 
switchable pseudorange factors. Note that HPL calculations employ the snapshot 
test threshold TD* ,  whereas the chi-square test factor utilizes the batch threshold 
TD  for batch FDE.

3  METHODOLOGY

This section presents the methodology of integrity-constrained FGO for GNSS 
positioning. This paper exclusively utilizes GPS and BeiDou pseudorange measure-
ments. The states of the GNSS receiver are represented as follows:

	 ,1 ,2 ,, , ,r r r n = … x x xχ � (1)

where χ  denotes the set of states of the GNSS receiver r  from the first epoch to 
the current epoch n.  The state of the GNSS receiver r  at a single epoch t  can be 
expressed as follows:

	 ( )1 2
, , , , , ,, , , , ,

Tm
r t r t r t r t r t r ts s s= …x p δ � (2)

FIGURE 1 Flowchart of the method proposed in this paper
SR, SPRI, SP, and CST denote switch reliable, switch prior, switchable pseudorange, and chi-
square test factors, respectively. RINEX: receiver-independent exchange format; SV: switch 
variable.
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where t∈[ , ]1 n  and the state xr t,  includes the state variable xr t, ,  which comprises 
the Earth-centered Earth-fixed coordinates pr t r t x r t y r t zp p p, , , , , , ,( ), ,  and the receiver 
clock biases , , ,( ),GPS BDS

r t r t r tδ δδ  of GPS and BeiDou, along with the switch variable sr t
j
,  

associated with satellite j.  Each switch variable sr t
j
,  specifically ranges from 0 to 1, 

where 0 denotes measurement exclusion, 1 indicates measurement selection, and 
a value between 0 and 1 represents measurement reweighting. The initial switch 
value is set to 1. The superscript j  denotes the satellite index, and m  is the total 
number of received satellites at epoch t.

The graph structure of the proposed framework is illustrated in Figure 2. Each 
blue circle denotes a satellite, with only two satellites drawn at each epoch for sim-
plicity. The green rectangles represent the switchable pseudorange factors (e.g., 
er t
sp j
,
, ), and the purple rectangles denote the switch prior factors (e.g., er t

spri j
,
, ).  The 

light blue rectangles indicate the switch reliable factors (e.g., er t t
sr j
, ,
,
+1 ),  and the red 

rectangle signifies the chi-square test factor (e.g., e ).cst  The white circles represent 
the state of the GNSS receiver.

If the same satellite j  appears in consecutive states, the switch variable asso-
ciated with satellite j  is connected via the switch reliable factor. The chi-square 
test factor is linked to all switch variables in the FGO. Specifically, our proposed 
method utilizes the chi-square test factor to conduct a batch FDE by considering all 
pseudorange measurements across epochs. Assuming that at most one fault with 
large weighting remains in each epoch after all possible faulty measurements have 
been reweighted via switch variables, the HPL calculation is simply based on the 
single-fault assumption (Walter & Enge, 1995) to indicate the reweighting effect of 
switch variables on the HPL. 

3.1  Switchable Pseudorange Factor

Each raw pseudorange measurement ρr t
j
,  from satellite j  is obtained by the 

GNSS receiver and is denoted as follows:

	 � �r t
j

r t
j

r t r t
j

r t
j

r t
j

r t
jr c I T, , , , , , ,� � �� � � � �� � � (3)

FIGURE 2 Graph structure of the proposed integrity-constrained factor graph
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where rr t
j
,  is the geometric range between satellite j  and the GNSS receiver r  at 

epoch t.  c  denotes the speed of light. For simplicity, δr t,  represents the receiver 
clock bias from a single satellite constellation (GPS or BeiDou), and δr t

j
,  indicates 

the clock bias of satellite j.  Ir t
j
,  and Tr t

j
,  represent the ionospheric and tropo-

spheric delay errors, respectively, which are modeled according to the method in 
RTKLIB (Takasu & Yasuda, 2009). εr t

j
,  represents the errors introduced by mul-

tipath and NLOS receptions, receiver noise, and antenna phase-related noise.
The observation model for pseudorange measurement of satellite j  is given 

as follows:

	 �r t
j

r t
j

r t t
j

r t r t
jh, , , , ,( ), ,� �p p � � � (4)

	 with hr t
j

r t t
j

r t t
j

r t r t, , , , ,( ), ,p p p p� �� � � �

where pr t,  and pt
j  denote the positions of the receiver and satellite at epoch t,  

respectively. The term ωr t
j
,  represents Gaussian white noise with � �r t

j
r t
j

, ,~ ( , ) 0 .  
Here, Σr t

j
,  denotes the covariance of satellite j,  which is calculated based on the 

SNR and satellite elevation angle (Herrera et al., 2016). Therefore, the error func-
tion er t

sp j
,

,  of the switchable pseudorange factor for a given measurement ρr t
j
,  is 

derived as follows:

	 e s er t
sp j

r t
j

r t
p j

r t
j

r t
j,

,
, ,

,

, ,� �

2 2
� � � (5)

	 with e hr t
p j

r t
j

r t
j

r t t
j

r t,
,

, , , ,, ,� � � �� p p � �

where sr t
j
,  represents the switch variable associated with satellite j  and er t

p j
,
,  

denotes the corresponding error function of the pseudorange factor.

3.2  Switch Prior Factor

Initially, all satellites are accepted as healthy satellites. The switch prior fac-
tor anchors switch variables at an initial value of 1, preventing the optimization 
process from becoming stuck in a local minimum with all zero switch values 
(Sünderhauf et al., 2013; Suzuki, 2021). The corresponding error function er t

spri j
,

,  
is given as follows:

	 e sr t
spri j

r t
j

r t
spri j

r t
spri j,

,
,

,
,

,
,� �

2 2
1� � � (6)

where Σr t
spri j
,

,  is the covariance of the switch prior factor. Note that the choice of 
Σr t
spri j
,

,  significantly affects performance; a smaller value indicates that the corre-
sponding satellite is more likely to be healthy, leading the switch variable to be 
estimated closer to 1. The setting of Σr t

spri j
,

,  can vary depending on whether the sce-
nario is more or less urbanized. For simplicity, this value is set as 1 for all satellites, 
and its role is further discussed in the experimental validation for different settings. 

3.3  Switch Reliable Factor

Because pseudorange measurements from the same satellite are time-correlated 
among epochs, switch variables from the same satellite in consecutive epochs are 
likely to be equal (Sünderhauf et al., 2012). The switch reliable factor acts as a 
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constraint to prevent the switch variable from rapidly changing, leading to the fol-
lowing error function formulation:

	 e s sr t t
sr j

r t
j

r t
j

r t t
sr j

r t t
sr j, ,

,
, ,

, ,
,

, ,
,� �

� �

� �1

2

1

2

1 1� �
� (7)

where �r t t
sr j
, ,
,
� �1 1  is the covariance of the switch reliable factor.

3.4  Chi-Square Test Factor

The chi-square test in classic RAIM (Walter & Enge, 1995) considers snapshot 
pseudorange measurements; the chi-square test factor, however, involves all pseu-
dorange measurements in the graph. The detailed formulation is as follows:

First, the m  switchable pseudorange residuals for epoch t  are denoted as follows:

	 er t
sp

r t
sp

r t
sp m T

e e, ,
,

,
,,� �� �1 � (8)

Then, the normalized residuals can be formulated as follows:

	 er t r t
sp

r t r t
sp m

r t
m

T
e e, ,

,
, ,

,
,/ , , /� �� �1 1� � � (9)

	 with r t
j

r t
j� , ,� � �

where σ r t
j
,  is the standard deviation of pseudorange measurement j.  Considering 

n epochs in the graph, the normalized residuals among n  epochs are represented 
as follows:

	 e e en r r n
T� �( , ), ,1 � (10)

Therefore, the test statistic ψn  is formulated as the square root of the weighted 
sum of squared errors over all switchable pseudorange residuals among epochs:

	 � ��( ) /�n n
T

n� e e 1 2 � (11)

Specifically, assuming M  pesudorange measurements in the graph and a 
pre-given false alarm rate PFA ,  the test threshold TD  can be calculated through 
the following equation:

	 1
0

2

� � �P f s v dsFA
TD

� ( ); � (12)

where f s vχ ( );  denotes the chi-squared distribution with the degree of freedom 
(DOF) v M n� �5 .  Then, a comparison with the threshold T v PD FA( ),  is con-
ducted. If � ,�n DT�  then the position estimation is assumed to be safe under the 
false alarm rate PFA ;  otherwise, a fault is declared. Therefore, the error function 
ecst  of the chi-square test factor can be formulated as follows: 

	 e Tcst
n Dcst cst� �

�
2 2

� �� �� � � (13)

	 with cst� � �1 1,� �

where α  is a step-size parameter for modifying the weighting and Σcst  denotes the 
covariance of the corresponding residual.
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3.5  GNSS Positioning via FGO

Based on the factors derived above, the objective function for GNSS positioning 
via FGO is formulated as follows:

	
, ,

, , , , 1

2 2 2 2, , ,*
, , , , 1

,

arg min
cstj spri j sr j

r t r t r t t

sp j spri j sr j cst
r t r t r t t

j t

e e e e
+

+ ΣΣ Σ Σ
= + + +∑

χ
χ � (14)

The variable *χ  denotes the optimal state set estimation, obtained by solving the 
above objective function. In this paper, Ceres (Agarwal & Mierle, 2012) is utilized 
as the nonlinear optimization solver.

The complete Jacobian matrix of the optimization problem is formed by stack-
ing the partial Jacobians of the four types of factors: er t

sp
, ,  er t

spri
, ,  er t tsr

, , +1 ,  and ecst ,  
as shown in Figure 3 (left). Except for the Jacobian of the chi-square test factor, 
the Jacobians are sparse, given that most of the matrix entries are zero. Compared 
with the Jacobian of the single-point positioning (SPP) algorithm shown in 
Figure 3 (right), correlations among switch variables across epochs are facilitated 
by the switch reliable factors and chi-square test factors.

To prevent the optimization from rejecting all measurements with zero switch 
values, the following initialization strategy is leveraged when the new epoch 
t +1 comes: 

(1)	 The previous estimation results ,1 ,,   ˆ ˆ,r r t…x x  are set as initial guesses for the 
previous states x xr r t, ,, � , �1 … .

(2)	 If satellite j  is observed at both epochs t  and t +1,  then ,ˆ j
r ts  serves as the 

initial guess for the state sr t
j
, +1;  otherwise, 1  is assigned as the initial guess.

(3)	 If the satellite number at epoch t +1  exceeds 4, then the corresponding SPP 
result is used as the initial guess for pr t, +1  and , 1;r t+δ  otherwise, the initial 
guess is provided by the last estimation results ,ˆ r tp  and ,

ˆ .r tδ  

FIGURE 3 The batch Jacobian matrix (left) for the proposed optimization problem in 
Figure 2 and the Jacobian for SPP (right). (a) Sparse Jacobian of Figure 2; (b) Jacobian of SPP.
The blue points indicate non-zero values, whereas all other entries are zero.
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3.6  PL Calculation

After the optimization problem in Equation (14) has been solved, the estimated 
switch variable ,ˆ j

r ts  is used to construct the modified weighting matrix Ws  as fol-
lows (Sünderhauf & Protzel, 2012b):

	 ( )21 2
, , ,, ,ˆ ˆ,ˆ m

s r t r t r tdiag s s s= …W W � (15)

	 ( ) 11 2
, , ,, , , m

r t r t r twith diag
−

= Σ Σ … ΣW �

where the weighting matrix W  denotes the inverse of the covariance 
matrix of m  obtained pseudorange measurements at epoch t.  Next, we let 

yr t
p

r t
p

r t
p

r t
p m T

e e e, ,
,

,
,

,
,, , ,� �� �1 2  denote the vector containing m  pseudorange residu-

als in a single epoch and ( ), , , , , , ,, , ,
Tp

t r t east r t north r t up r tp p p∆ = ∆ ∆ ∆ ∆x δ  represent the 
five-dimensional offset vector (east, north, up, GPS clock, and BeiDou clock) near a 
fixed linearization point from the last iteration. The linearized pseudorange obser-
vation model in a single epoch is formulated as follows:

	 ,
p p
r t t= ∆ +y G x ε � (16)

where G  is the geometry matrix with dimensions m×5  and ε  is the ranging error 
with the modified covariance matrix Ws

−1.  Then, the weighted least-square esti-
mate of ∆xt

p  can be written as follows: 

	 ,ˆ p p
t r t∆ =x Ay � (17)

where:

	 A � � ��G W G G WT T
s s

1
� (18)

The estimate of the ranging errors is given by the following:

	 ( ), ,ˆ ˆp p p
r t t r t= − ∆ = −y G x I GA yε � (19)

From the error estimates, we can calculate the snapshot test statistic ψr t,  for a 
single epoch (Angus, 2006; Walter & Enge, 1995):

	
( )
( )

1/2T
,

1/2
T

, ,

ˆ ˆ

 

r t s

p p
r t r t

ψ =

=

W

y S y

ε ε � (20)

with:

	 S � �� �W I GAs � (21)

If the batch version of the chi-square test in Section 3.4 passes, indicating that 
�n D FAT v P� ( ), , then the following inequality also holds: 

	 �r t D FAT v P,
* *( ),� � (22)
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where T v PD FA
* *( ),  is the test statistic threshold calculated from Equation (12) 

with the snapshot pseudorange measurement number m  at epoch t  and the 
DOF v m* � �5.  After passing the chi-square test described in Section 3.4, the HPL 
that protects for both bias and noise under the single-fault assumption is derived 
as follows:

	 HPL Hslope T k HRMSmax D H� �* � � (23)

	 with HRMS s s� � � � � �� �
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Here, kH  denotes the number of standard deviations, which is empirically set to 
3 based on the 3σ  rule. Hslopei  indicates the relationship between the horizon-
tal position error and the pseudorange bias of the faulty satellite, and Hslopemax  
denotes the maximum of these parameters. Hslopei  can be calculated as follows:
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Note that the HPL calculation is based on the single-fault assumption (Walter & 
Enge, 1995), except that the weighting matrix Ws  considers the reweighting effect 
of the switch variables. While there exists a method considering multiple faults 
(Angus, 2006) that may be more appropriate for urban settings, we assume only 
a single fault to quantify the impact of the switch-variable-modified weighting 
matrix Ws  on the HPL.

4  EXPERIMENTAL RESULTS AND DISCUSSION

To evaluate the performance of the proposed method, experiments were con-
ducted with real pseudorange observables in an open-sky scenario and our recently 
released open-source UrbanNav data sets (Hsu et al., 2021). The receiver is static in 
the open-sky scenario, and PFA  is set to 10 4−  for both scenarios. The performance 
assessment focuses on the east, north, and up frames. Because GNSS positioning 
targets ground vehicles, the evaluation specifically considers horizontal position-
ing and integrity performance. 

4.1  Open-Sky Experiment

4.1.1  Experimental Setup

During a static experiment with the open-sky data set, raw GPS/BeiDou mea-
surements were collected by a u-blox M8T GNSS receiver at a frequency of 1 Hz, 
observing a total of 16 satellites. Gaussian random errors were manually injected 
into observables from satellites of pseudorandom noise (PRN) 2, 6, and 15 with a 
mean � � 15 m  and a standard deviation � � 5 m  to introduce faulty measure-
ments. For simplicity, measurements with injected biases are considered faulty, 
and potential faults in other satellites are ignored. The ground truth location rep-
resented in latitude, longitude, and altitude is [ . , . , ]114 17 22 31 63° ° m .  We aim to 
use the open-sky data set with a controllable bias to evaluate the effectiveness of 
the proposed method in reweighting outlier measurements and calculating the 
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HPL. The experiments were conducted on a desktop computer with an Intel Core 
i9-12900K central processing unit. To evaluate the contribution of this paper, we 
compare the following methods:

(1)	 FGO: Batch integration of pseudorange factors er t
p j
,
,  via FGO (Sünderhauf 

et al., 2012).
(2)	 RAIM-FGO: Batch integration of pseudorange factors er t

p j
,
,  via FGO. Faulty 

measurements are manually excluded at each epoch to simulate snapshot 
residual-based FDE (Blanch et al., 2015). 

(3)	 SW-FGO: Batch integration of switchable pseudorange factors er t
sp j
,

, ,  switch 
prior factors er t

spri j
,

, ,  and switch reliable factors er t t
sr j
, ,
,
+1  via FGO (Sünderhauf 

et al., 2012).
(4)	 SWFDE-FGO (proposed method): All four types of factors illustrated in 

Figure 2 are used within the FGO for GNSS positioning. In contrast to RAIM-
FGO, the proposed method conducts batch FDE with the assistance of the 
chi-square test factor ecst .  

4.1.2  Evaluation of Positioning Accuracy and HPL

The mean horizontal positioning error (HPE) and HPL of GNSS positioning 
obtained via the four above-mentioned methods are shown in Table 1. A mean 
HPE of 3.23 m is achieved using only pseudorange factors in FGO, with a mini-
mum mean HPL of 11.70 m. By applying residual-based FDE (Blanch et al., 2015) 
in FGO, RAIM-FGO manually excludes faulty measurements, leading to a lower 
mean HPE of 2.72 m, with a slightly increased mean HPL of 13.11 m. Interestingly, 
both SW-FGO and SWFDE-FGO achieve better positioning accuracy but a larger 
HPL than the first two methods, indicating that switch variables can reweight the 
measurements and influence the positioning performance. Additionally, the first 
two methods both maintain the satellite geometry instead of directly excluding 
outlier measurements. Specifically, SWFDE-FGO obtains the lowest mean HPE of 
1.31 m and a less conservative HPL than SW-FGO. This finding reveals that the 
proposed method could lead to more conservative HPL values compared with the 
conventional methods (FGO and RAIM-FGO) because of the increased GNSS mea-
surement uncertainties arising from the switchable variables. The bound rate of the 
HPL is defined as the percentage of epochs for which HPL ≥ HPE. GNSS IM is sat-
isfied if the calculated HPL can bound the actual HPE. The bound rates are 100%  
for all four methods, indicating that the applied weighting method (Herrera et al., 
2016) for this open-sky scenario is conservative.

Table 1 shows that SWFDE-FGO achieves a less conservative HPL than SW-FGO, 
primarily because of the differing switch value estimation of these two methods.

Figure 4 shows the snapshot test statistic ψr t,  throughout the experiment, 
with the initial test threshold T v PD FA

* *( ),  denoted by a black dashed curve, 
where v* � �16 5 and PFA � �10 4.  FGO has the largest statistic because of faulty 

TABLE 1
GNSS Positioning Performance Evaluation

Item FGO RAIM-FGO SW-FGO SWFDE-FGO

Mean HPE (m) 3.23 2.72 1.78 1.31

Mean HPL (m) 11.70 13.11 26.24 20.30

Bound Rate (%) 100 100 100 100
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measurements. RAIM-FGO (cyan curve) stays close above TD*  because it excludes 
the faulty measurements but keeps the original conservative weighting matrix W. 
Because of potential faults beyond PRN 2, 6, and 15, the statistic of RAIM-FGO 
slightly exceeds the threshold. It is anticipated that the fault-free statistic would 
remain below the threshold if the experiment were conducted using simulated 
open-sky data. Both SW-FGO and SWFDE-FGO achieve statistics lower than TD* ,  
as they reweight all measurements within the geometry. The chi-square test factor 
helps keep the statistic closer to TD* ,  resulting in relatively larger switch variable 
estimations. 

Figure 5 illustrates the relationship between the absolute normalized pseudor-
ange residuals ( )| |/,

,
,er t

p j
r t
jσ  and the switch variables ( ).sr t

j
,  It is shown that for a 

FIGURE 4 Snapshot test statistic ( )ψr t,  of each method compared with the threshold TD*  
(black dashed curve)
The gray shaded area denotes the bias injection period.

FIGURE 5 Relationship between switch values ( )sr t
j
,  and absolute normalized pseudorange 

residuals ( )| |/,
,

,er t
p j

r t
jσ  for all measurements during the experiment

The green and blue dots denote SW-FGO and SWFDE-FGO, respectively.
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large residual, SWFDE-FGO estimates a larger switch value than SW-FGO. Here, 
we let Ws SWFDE SWFDE, , HPL  and Ws SW SW, , HPL  denote the modified weighting 
matrix and HPL of SWFDE-FGO and SW-FGO, respectively, with the following: 

	 W Ws SWFDE s SW, ,�≥ � (25)

Based on Equations (23) and (24), we can conclude that HPL HPL .SWFDE SW≤  
This phenomenon primarily arises from the aggressive behavior of SW-FGO in 
assigning switch values to measurements with relatively larger residuals, although 
these measurements may still contribute to positioning accuracy. By utilizing 
reweighting-based FDE via the chi-square test factor, SWFDE-FGO can provide 
more appropriate switch values that promise a lower HPE and less conservative HPL.

4.1.3  Evaluation of the Chi-Square Test Factor

Figure 6 illustrates the HPEs (solid curves) and HPLs (dashed curves) during the 
experiment. The shaded gray area denotes the bias injection period. Throughout 
this injection period, RAIM-FGO (cyan), SW-FGO (green), and SWFDE-FGO 
(blue) consistently exhibit a lower HPE than FGO (magenta). This trend indi-
cates that both switch variables alone and the combination of switch variables 
with a chi-square test factor act as an FDE mechanism to mitigate the impact of 
faulty measurements.

To further demonstrate the effectiveness of FDE with the proposed method, sky-
plots of the four methods at epoch A are presented in Figure 7. Note that the circle’s 
radius represents the switch value, which is assigned as 1 for FGO and RAIM-FGO. 
It can be clearly observed that RAIM-FGO conducts FDE by simply exclud-
ing the faulty measurements (PRN 2, 6, and 15). In contrast, both SW-FGO and 
SWFDE-FGO conduct FDE by assigning small switch values to the faulty measure-
ments, thereby maintaining the geometry and obtaining optimal weightings during 

FIGURE 6 HPE (solid lines, top) and HPL (dashed lines, bottom) for the four listed methods: 
FGO (magenta), RAIM-FGO (cyan), SW-FGO (green), and SWFDE-FGO (blue)
The gray shaded area (10–15 s) indicates when random biases are injected to satellites of PRN 2, 
6, and 15.
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positioning. Note that even a healthy satellite can obtain a small switch value (e.g., 
PRN 52), primarily because of its poor geometry. Additionally, SWFDE-FGO tends 
to assign larger switch values than SW-FGO (e.g., PRN 15, 19, and 62) as larger 
values keep the statistic closer to its threshold, thereby reducing the error of the 
chi-square test factor ecst .

4.2  Urban Scenario Experiment

In this subsection, we evaluate the performance of the proposed method on the 
challenging UrbanNav data set (Hsu et al., 2021). Raw pseudorange measurements 
from GPS and BeiDou were collected at a frequency of 1 Hz by a u-blox M8T GNSS 
receiver, while ground truth information was provided by the NovAtel SPAN-CPT 
system. We chose to utilize the UrbanNav-Medium and UrbanNav-Harsh parts of 
the data set. The UrbanNav-Medium data set consists of environmental elements 
such as wide streets, medium-height buildings, and one-sided buildings. In con-
trast, the UrbanNav-Hash data set features narrow streets, bridges, and tall build-
ings. Specifically, we calculate the mean mask elevation angle µMEA  induced by 
building blockages to indicate their urbanization rates (Wen et al., 2020) as follows:

	 �
�

MEA
a
N

a

N
� �� 1 � (26)

where θa  represents the mask elevation angle at the azimuth angle a  and N  indi-
cates the number of azimuth angle increments in the sky mask. Here, N = 360  
because the resolution of the azimuth angle is 1°. For instance, �MEA � 0°  indi-
cates a purely open-sky scenario, whereas �MEA � 90°  depicts an indoor scenario. 
Details of the selected data sets in terms of environmental elements and urbaniza-
tion rates are given in Table 2.

TABLE 2
Data Set Description

Data Set Name Environmental Elements Urbanization Rate ( µMEA)

UrbanNav-Medium Wide streets, Medium-height buildings, 
One-sided buildings

50.92°

UrbanNav-Harsh Narrow streets, Bridges, Tall buildings 61.41°

FIGURE 7 Skyplot of four methods at epoch “A”
Red shaded circles denote faulty measurements with random injected biases, whereas green 
circles denote healthy satellites. The radius of each circle represents the switch value; each circle 
is assigned the corresponding PRN number. Note that for FGO and RAIM-FGO, switch values are 
assigned as 1.
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The experiments were implemented on a desktop computer equipped with an 
Intel Core i9-12900K central processing unit. As there is no prior knowledge of 
faulty measurements, we skip the evaluation of RAIM-FGO and compare only the 
following five methods:

(1)	 SPP: Single-point positioning (Enge, 1994).
(2)	 RAIM-SPP: SPP assisted with the snapshot residual-based FDE (Blanch 

et al., 2015).
(3)	 FGO: Batch integration of pseudorange factors er t

p j
,
,  via FGO (Sünderhauf 

et al., 2012).
(4)	 SW-FGO: Batch integration of switchable pseudorange factors er t

sp j
,

, ,  switch 
prior factors er t

spri j
,

, ,  and switch reliable factors er t t
sr j
, ,
,
+1  via FGO (Sünderhauf 

et al., 2012).
(5)	 SWFDE-FGO (proposed method): All four types of factors illustrated in 

Figure 2 are used within the FGO for GNSS positioning. In contrast to RAIM-
SPP, the proposed method conducts batch FDE with the help of the chi-square 
test factor. 

Figure 8 shows the trajectory obtained by the five methods and the ground 
truth for both data sets. The black curve denotes the ground truth trajectory. 
Because the UrbanNav-Medium data set (Figure 8(a)) has a lower urbaniza-
tion rate, SWFDE-FGO achieves a smoother trajectory than the other methods 
overall, with a significant performance improvement at approximately epoch 
95655 s. In contrast, the performances of all methods are severely degraded on the 
UrbanNav-Harsh data set (Figure 8(b)) because of the more challenging scenario 
and fewer healthy satellites. Detailed evaluations are presented in the following 
two subsections.

FIGURE 8 Bird’s eye view of the trajectory for the five methods: SPP (red), RAIM-SPP 
(cyan), FGO (magenta), SW-FGO (green), and SWFDE-FGO (blue) for the UrbanNav-Medium (a) 
and UrbanNav-Harsh (b) data sets
Timestamps correspond to TOW in other figures. GT: ground truth; TOW: time of week.
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4.2.1  Performance Evaluation for UrbanNav-Medium

The positioning results evaluated for the UrbanNav-Medium data set are shown 
in Table 3. FGO and SPP both attain comparable mean HPEs of 11.80 and 11.90 m. 
By incorporating switch variables, SW-FGO and SWFDE-FGO reduce the mean 
HPE to 10.35 and 9.01 m, respectively. The proportion of errors smaller than 10 m 
increased to 72.73% and 77.69%, respectively, from 55.37%. Notably, RAIM-SPP 
achieves a mean HPE of 9.72 m and a proportion of 72.31%. This result demon-
strates that incorporating the chi-square test factor helps FGO in effectively per-
forming FDE alongside conventional residual-based RAIM and benefits GNSS 
positioning in light urban canyons via redundant healthy measurements. 

It is crucial to ensure that the HPL accurately bounds the HPE for ground vehi-
cle positioning integrity. The mean HPLs for SPP, RAIM-SPP, and FGO are 44.47, 
49.37, and 49.23 m, respectively. While these are relatively small values, they fail 
to bound the HPE all the time (bound rate: ~97%). In contrast, both SW-FGO and 
SWFDE-FGO show higher mean HPLs with 100% bound rates due to the reweight-
ing effect of switch variables. The proposed method (SWFDE-FGO) achieves a mean 
HPL of 74.45 m, which is less conservative compared with SW-FGO (165.61 m), and 
more tightly bounds the HPE, verifying the effectiveness of the chi-square test factor.

Figure 9 depicts the snapshot test statistic (a), HPE (b) and HPL (c) of the five 
methods in the experiment. The black dashed line in Figure 9(a) represents the 
snapshot statistic threshold TD* .  The statistics of SPP and FGO overlap during the 
experiment, while those of SPP and RAIM-SPP coincide when the statistic stays 
below the threshold TD*  because FDE is not activated. The statistics for FGO and 
SPP frequently surpass the threshold because of the presence of faulty measure-
ments in urban scenarios. In contrast, SW-FGO and SWFDE-FGO maintain a 
lower statistic below the threshold compared with RAIM-SPP, as the switch vari-
ables downweigh most of the possible faulty measurements. Notably, SWFDE-FGO 
approaches closer to the threshold to minimize the cost of the chi-square test factor, 
ensuring optimal positioning accuracy at most epochs and a less conservative HPL 
overall. The evaluations above reveal the effectiveness of the proposed method in 
maintaining the geometry during FDE while providing a less conservative HPL to 
appropriately bound the HPE.

4.2.2  Performance Evaluation for UrbanNav-Harsh

This subsection analyzes the effectiveness of our method on the more challeng-
ing UrbanNav-Harsh data set. Table 4 illustrates the evaluation metrics throughout 

TABLE 3
Performance Evaluation for the UrbanNav-Medium Data Set

Method SPP RAIM-SPP FGO SW-FGO SWFDE-FGO

Mean HPE (m) 11.80 9.72 11.90 10.35 9.01

Maximum HPE (m) 97.13 97.13 97.31 96.94 96.48

Percentage 
(HPE < 10 m)

55.37% 72.31% 55.37% 72.73% 77.69%

Percentage
(HPE > 20 m)

13.64% 8.68% 13.64% 9.92% 9.10%

Mean HPL (m) 44.47 49.37 49.23 165.61 74.45

Bound Rate (%) 97.11 97.93 97.93 100 100
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the campaign. Owing to the lack of healthy measurements, both RAIM-SPP and 
SWFDE-FGO exhibit limited improvement in accuracy, with mean HPEs of 15.07 
and 15.96 m, respectively. The percentage of HPEs smaller than 10 m rises to 
47.62% for RAIM-SPP and 47.77% for SWFDE-FGO, yet no substantial correction 
is evident for epochs in which HPEs exceed 20 m. Compared with the other meth-
ods, SW-FGO and SWFDE-FGO yield larger mean HPLs of 166.04 and 95.71 m, 
respectively. As switch variables modify the original measurement weightings, the 

TABLE 4
Performance Evaluation for the UrbanNav-Harsh Data Set

Method SPP RAIM-SPP FGO SW-FGO SWFDE-FGO

Mean HPE (m) 15.92 15.07 15.63 14.67 15.96

Maximum HPE (m) 56.21 74.93 56.03 82.96 83.36

Percentage
 (HPE < 10 m)

37.70% 47.62% 38.87% 48.55% 47.77%

Percentage 
(HPE > 20 m)

32.71% 28.25% 32.60% 26.05% 29.62%

Mean HPL (m) 59.57 70.84 54.49 166.04 95.71

Bound Rate (%) 95.33 97.78 89.66 100 99.68

FIGURE 9 Snapshot test statistic ψr t,  (a), HPE (b), and HPL (c) for SPP (red), RAIM-SPP 
(cyan), FGO (magenta), SW-FGO (green), and SWFDE-FGO (blue) during the experiment 
The black dashed line in panel (a) indicates the snapshot statistic threshold TD* .
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corresponding bound rate is consequently higher than that of others. The presence 
of the chi-square test factor prevents the switch variables from aggressively down-
weighing the measurements, resulting in less conservative HPLs.

Figure 10 depicts the total satellite number (blue) and NLOS satellite number 
(red) labeled by the three-dimensional (3D) building model during the experiment 
in the top panel, the HPE of the five methods in the middle panel, and the HPL in 
the bottom panel. The effectiveness of FDE for both RAIM-SPP and SWFDE-FGO 
is closely related to the proportion of NLOS satellites among the total satellites. 
During periods in which the majority of satellites are healthy (e.g., shaded areas A 
and C with 2–3 NLOS satellites), both methods can mitigate the impact of faulty 
measurements and improve positioning accuracy. In contrast, during periods in 
which most satellites are contaminated (e.g., shaded areas B and D), both methods 
fail to correct the faulty measurements. SW-FGO and SWFDE-FGO exhibit larger 
HPLs than the other methods. SWFDE-FGO helps to ease the increase in HPL with 
the help of the chi-square test factor.

To further explore the behavior of the chi-square test factor faced with dif-
ferent numbers of NLOS satellites, skyplots of SPP, RAIM-SPP, SW-FGO, and 
SWFDE-FGO are presented in Figure 11 for epoch 185174 s in area A and epoch 

FIGURE 10 Top panel: Total satellite number (blue) and NLOS satellite number (red) 
labeled by the 3D building model during the test; middle and bottom panels: HPE (middle) and 
HPL (bottom) for SPP (red), RAIM-SPP (cyan), FGO (magenta), SW-FGO (green), and SWFDE-
FGO (blue)
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185241  s in area B. In these plots, green circles indicate line-of-sight satellites, 
while red circles represent NLOS satellites, with the corresponding PRN numbers 
shown inside the circles. The circle’s radius represents the switch value, and the 
shaded area represents the sky mask due to building blockages. 

In Figure 11(a), with three NLOS satellites, RAIM-SPP and SWFDE-FGO show 
similar behavior by excluding or de-weighting the most inconsistent satellite 
PRN 30, whereas SW-FGO de-weights both satellites PRN 30 and 17. Compared 
with SPP, all three methods obtain optimal positioning accuracy with redundant 
healthy satellites. Conversely, in Figure 11(b), where the majority of satellites are 
contaminated, RAIM-SPP excludes the faulty satellites PRN 17, 59, and 60, but 
fails to exclude all faulty measurements. SW-FGO de-weights additional faulty sat-
ellites PRN 8 and 39 and healthy satellite PRN 7, and SWFDE-FGO de-weights 
additional faulty satellite PRN 21. SW-FGO and SWFDE-FGO evaluate the switch 
value of each satellite to maintain the most consistent but erroneous group of sat-
ellites, resulting in a degraded positioning result.

The snapshot test statistic is shown in Figure 12. Similar to the results obtained 
for experiments conducted in open sky and UrbanNav-Medium, SW-FGO and 
SWFDE-FGO reduce the statistic below the threshold, with the statistic of 
SWFDE-FGO approaching closer to the threshold. However, as illustrated in 
Figure 10 and Figure 11, statistics below the threshold cannot ensure optimal posi-
tioning because of NLOS/multipath effects and a lack of measurement redundancy. 
To showcase the correction effect of our proposed method, the switchable pseudo-
range errors of SW-FGO and SWFDE-FGO are shown in Figure 13. Interestingly, 
SW-FGO and SWFDE-FGO confine the (switchable) pseudorange error er t

sp j
,

,  to a 
narrower range than FGO. While SW-FGO restricts most pseudorange errors near 
0 m, SWFDE-FGO exhibits a greater distribution of large pseudorange errors to 

FIGURE 11 Skyplots of SPP, RAIM-SPP, SW-FGO, and SWFDE-FGO at epoch 185174 s (a) 
and 185241 s (b)
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keep the statistic closer to the threshold. This result indicates that satellites with 
large pseudorange errors still provide geometric benefits for positioning.

4.2.3  Discussion of the Chi-Square Test Factor

In addition to the formulation of the chi-square test factor given in Equation (13), 
an alternative implementation involves inequality constraints through the hinge 
loss function (Xie et al., 2020), as depicted below:

	 e
T

T
cst n D

n D
cst

cst
�

�

�

�

2
2

0
�

�

�

��������������������������,

( ) ,� � ��n DT�

�
�
�

��
� (27)

FIGURE 12 Snapshot test statistic ψr t,  of each method compared with the threshold TD*  
(black dashed curve)
Note that the curves of SPP and FGO overlap.

FIGURE 13 Switchable pseudorange error er t
sp j
,

,  distribution of FGO, SW-FGO, and 
SWFDE-FGO
Switch values are assigned as 1 for FGO.
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Intuitively, we aim to penalize the objective function only if the statistic ψn  
exceeds the threshold TD .  Let SWFDEH-FGO denote the method utilizing 
Equation (27). Figure 14 illustrates the result of SW-FGO (green), SWFDE-FGO 
(blue), and SWFDEH-FGO (yellow) in terms of the statistic (top panel), HPE (mid-
dle panel), and HPL (bottom panel). It is evident that the curves of SWFDEH-FGO 
and SW-FGO almost overlap, indicating that the chi-square test factor, as formu-
lated in Equation (27), introduces no cost for optimization, causing SWFDEH-FGO 
to degenerate into SW-FGO. The main reason for this behavior is that SW-FGO 
behaves so aggressively that it can ensure �n DT� ,  making ecst  always zero. For 
the chi-square test to work in switch-variable-assisted FGO, it is necessary to 
ensure that the statistic does not deviate too far from the threshold, even when 
the statistic is already below the threshold. This precisely represents the effect of 
SWFDE-FGO.

4.2.4  Discussion of Switch Prior Factors

As mentioned in Section 3.1, various configurations of Σr t
spri j
,

,  can significantly 
impact the performance of the proposed method. This subsection examines these 
effects by setting Σr t

spri j
,

,  as 0 52. ,  12 ,  or 1 52.  in SWFDE-FGO.

FIGURE 14 Snapshot test statistic (top), HPE (middle), and HPL (bottom) for SW-FGO 
(green), SWFDE-FGO (blue), and SWFDEH-FGO (yellow)
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Figure 15 illustrates the snapshot test statistic, HPE, and HPL of SWFDE-FGO 
for various values of Σr t

spri j
,
, .  A smaller covariance ( )0 52.  in switch prior factors 

improves the confidence in switch values close to 1, thereby aligning the statis-
tic more closely with the threshold. This setting allows for a further reduction in 
HPL due to larger switch values. Conversely, when a weak constraint is applied 
with �r t

spri j
,
, .� 1 52 ,  the method encounters local minima with all zero switch value 

estimates (e.g., shaded areas A and B). Consequently, the corresponding statis-
tics rapidly decrease to zero, causing the HPL and HPE to surge to nonsensically 
large values.

To further elucidate these results, we introduce a large horizontal alert limit 
of 350 m to assess the availability of the three settings. Table 5 provides a com-
prehensive evaluation encompassing availability along with the HPE, HPL, and 
bound rate when the system is available. Notably, when the covariance increases 
from 0 52.  to 1 52. ,  the availability decreases from 96.37% to 93.36%, as a larger 
covariance suffers from the aforementioned local minimum issue. The setting of 
0 52.  attains optimal positioning performance, with a mean HPE of 12.67 m and a 
mean HPL of 58.46 m. This result suggests that a small covariance proves advan-
tageous for positioning under challenging scenarios with limited redundancy and 
frequently occurring faults.

FIGURE 15 Snapshot test statistic (top), HPE (middle), and HPL (bottom) of the proposed 
SWFDE-FGO method with different values of Σr t

spri j
,
, :  0 52.  (green), 1 02.  (blue), and 1 52.  (yellow)

The shaded areas A and B indicate all zero switch value estimates for �r t
spri j
,
, .� 1 52.
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5  CONCLUSIONS AND FUTURE WORK

In this study, a novel framework of RAIM for factor-graph-based GNSS position-
ing, inclusive of FDE and PL calculation, has been proposed. First, the chi-square 
test is integrated into the optimization process, facilitated by switch variables. 
Subsequently, the HPL is computed by considering the reweighting effect of switch 
variables following conventional residual-based RAIM.

The proposed method was evaluated on open-sky and urban data sets with a com-
parative analysis against the snapshot residual-based RAIM. The results demon-
strate the effectiveness of the proposed method in executing reweighting-based 
FDE via switch variables. This approach avoids the exclusion of satellites, thereby 
preserving the satellite geometry. Furthermore, the calculated HPL adopts a con-
servative value, effectively bounding positioning errors, as switch variables modify 
the pre-defined measurement variance.

It is noteworthy that in more challenging scenarios, the performance improve-
ment of the proposed method is constrained because of limited satellite visibility 
and a high number of faulty measurements. More importantly, the performance 
of our method relies heavily on the switch prior factors. In future work, we will 
investigate the tuning strategy of the switch prior factors. In addition, we plan 
to utilize a differential GNSS technique to mitigate system errors. We will also 
consider incorporating PL estimation into the factor graph while considering con-
straints from integrity risk requirements in ARAIM. This incorporation aims to 
provide a positioning solution and tight PL in the presence of changeable mea-
surement uncertainties. Furthermore, we will investigate additional sensors, such 
as inertial measurement units, to establish correlation among states, which will 
contribute to FDE by leveraging historical measurement redundancy within the 
factor graph.
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TABLE 5
Performance Evaluation of SWFDE-FGO with Different Values of Σr t
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,
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spri j
,
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,
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