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Abstract. We revisit the Critical State (CS) in a dynamic perspective at a mesoscopic scale to enrich the
classical view of the critical state as a steady state. The dynamics of meso-structures has been characterized by
recording generating and vanishing processes in discrete element simulations. Our results suggest that meso-
structures have a short but regular lifespan at critical state along a biaxial compression loading path.

1 Introduction

Critical state refers to a stationary state where stress and
volume of geomaterials remain constant under continuous
shear strain. As an essential reference state in constitutive
models based on the Critical State Theory (CST) [1, 8] or
the more recent Anisotropic Critical State Theory (ACST)
[3], the bulk stationarity at CS has been received acute
attention from both macroscopic and microscopic scales.
However, critical state stems from local rearrangement of
particles under loading. From this perspective, structures
at critical states, even statistically stationary, are in dy-
namic evolution.
A variety of theories or indexes were introduced to charac-
terize particle rearrangement at mesoscale (i.e. at the scale
of a few grains), and to extract some elementary mecha-
nisms responsible for the complex macroscopic behaviour.
In relation with critical state, Tordesillas [4] have proposed
the jamming-unjamming theory (which was initially pro-
posed by [5]) to explain the energy flow in deforming gran-
ular systems. The origin of jamming has been attributed to
force chains, and is associated with solid-like behaviour.
Unjamming transition is a state in which contacts become
mobilized via rolling or sliding. When the unjamming and
jamming reach a balance during loading, the critical state
is obtained. In the present study, we propose to character-
ize quantitatively these dynamic processes before and af-
ter the balance is reached by considering force chains and
grain loops (two important meso-structure descriptors of
granular materials) and introducing the concepts of lifes-
pan and life expectancy.
The importance of investigations on the dynamic micro-
structure evolutions at CS is twofold: (1) providing a com-
plementary view to the classical view of statistical sta-
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tionarity of the micro-structure at critical state, (2) help-
ing to find clues to enrich micromechanical constitutive
models (predicting macroscopic stress-strain behaviour di-
rectly and explicitly based on micro and mesoscopic struc-
tures) and make them able to recover the critical state di-
rectly from mesoscale considerations. The paper is orga-
nized as follows. In section 2, we review the mechan-
ical response along a biaxial test using discrete element
method (DEM). Emphasis will be given to dynamic evo-
lution from a mesoscale perspective in Section 3. We con-
clude in Section 4.

2 DEM simulation and results

2.1 Simulation program

A conventional biaxial test is carried out numerically using
the open source software YADE [9]. Under consideration
here is a 2D soil sample in the form of an assembly of a
single layer of 20,000 spherical particles contained within
a domain of 1 m × 1.5 m. The particle sizes have an av-
erage diameter d50 = 0.008 m and dmax/dmin = 2. The
contact is described by a linear elasto-frictional law. The
normal and tangential linear spring of respective stiffness
kn and kt are characterized by kn/Ds being 300 MPa, where
Ds = 2R1R2/(R1 + R2) and R1,R2 are the radii of particles
in a given contact, and kt/kn being 0.5. A sliding limit
characterized by a friction angle φ = 35◦. The bound-
ary conditions are shown in Fig. 1. The numerical model
has been used in previous paper and more details about it
can be found in [2, 6]. The selected material parameters
are quite standard for dry cohesionless granular materials
and the following results should remain qualitatively un-
changed for different sets of parameters corresponding to
realistic granular materials.
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Figure 1. 2D DEM specimen for a biaxial test where loading
parameters are ε1 and σ2

2.2 Stress-strain analysis

The stress and strain states are described in 2D as fol-
lows: deviatoric stress q = σ2 − σ1 and volumetric strain
εv = ε1 + ε2, where σ1 and σ2 are the principal stresses
at horizontal and vertical directions and ε1 and ε2 are the
principal strains, as shown in Fig. 1. Macroscopic re-
sponses of the tested specimens are illustrated in Fig. 2, in
which deviatoric stress and volumetric strain evolve with
respect to the axial strain. The figure shows typical stress
and strain responses of a dense sample under the biaxial
loading. It can be observed that at critical states, both q
and εv fluctuate around a constant value. The fluctuations
are paid less attention besides the research of [10] who
analysed the force chains buckling. Based on this result,
the dynamic equilibrium of CS is investigated in the fol-
lowing section.

Figure 2. The evolution of deviatoric stress and volumetric strain
with respect to the axial strain

3 Dynamics at critical state

As highlighted in Introduction, the jamming and unjam-
ming behaviour at CS includes dynamic mechanism at
mesoscale. In a similar spirit, the rearrangement of parti-
cles along the simulation has been characterized by record-
ing generating and vanishing processes of chained parti-
cles (i.e. particles belonging to force chains) and grain
loops. As shown in Fig. 3, three conditions should be sat-
isfied for a force chain: more than 3 particles, the principal

stress of each particle σp being larger than the averaged
assembly stress, the relative orientation between contact
and principal stress direction θ being less than 45°. Grain
loops, enclosed by contact branches, are categorized into
four groups according to the side number [2, 7, 11]. Note
that the wording generating/vanishing relates to incremen-
tal evolutions of the sets of chained particles and grain
loops during DEM simulations for axial strain increments
∆ε2 = 0.1%.

Figure 3. Force chain (left) and grain loop (right)

4 Dynamics at critical state

4.1 Generating and vanishing process of chained
particles

All chained particles are tracked from birth, i.e. the first
time they become part of a given force chain, to death, i.e.
the first time they no longer belong to any force chain.
The lifespan and life expectancy of each chained particle
can be characterized by how much time (characterized by
incremental axial strain) the particle has been existing as a
chained particle without interruption before and after the
reference state, respectively. This enables to construct the
probability (Pg/v) for the lifespan and the life expectancy
of chained particles at any time of the simulation, which
also corresponds to the generation and vanishing process
of the chained particles.
In Fig. 4, the probability for life expectancy are displayed
in red for the initial state and two critical states, while
probability for lifespan are displayed in blue for the
same two critical states. Because the sample is known to
experience shear band localization (not shown here), note
that the analysis is restricted to particles belonging to the
shear band domain in Fig. 4 (II).
In Fig. 4 (I), it can be observed that a part of the chained
particles existing at the initial state disappears during
the loading before stress stabilizes, while nearly 30%
remains permanently within the force chains until the
end of the test, most of them located outside of the shear
band domain. The vanishing process can be divided into
three stages according to the curve giving the rate of
transition from chained particles to non-chained particles:
a rapid drop at the stage C.I, a gentle decrease at the stage
C.II and nearly no change at the stage C.III. Capital C
represents here the chained particles.
The transition point between the stage C.I and the stage
C.II corresponds exactly to the characteristic point, which
corresponds to the equality between incremental elastic
strain energy and incremental plastic strain energy [11].
The decrease in the chained particle Pg/v, namely the
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vanishing of chained particles existing at the initial state
can be explained as follows. Under a vertical load, the
assembly starts to build up a vertical force chain network.
This network will not live long as the lateral dilatation of
the sample imposed by the biaxial loading increasingly
opens the lateral contacts supporting the force chains.
At the characteristic point, the plasticity mechanisms
become dominant, force chains bend and collapse, which
result in a gentle decrease in the force chain Pg/v. The
stage C.III corresponds to the CS characterized by a
constant deviatoric stress and a constant volumetric strain.
It demonstrates that once the sample reaches the CS,
chained particles developed in the initial state nearly stop
disappearing; the remaining ones belong indeed to the
sample domain outside the shear band.
At the state M (resp. N) in Fig. 4 (II), the Pg/v before and
after the state M (resp. N) demonstrate the generating and
vanishing processes of chained particles within the shear
band domain. Few chained particles existing at M or N
come from the initial state, which proves that the initial
arrangement of particles has been erased when the sample
reaches CS. The symmetric shape of the lifespan and life
expectancy Pg/v shows that the rearrangement of chained
particles reaches an equilibrium at CS. More interestingly
the shape of the Pg/v for the states N and M is almost the
same. Force chains are always rearranging at critical state
and the rate of renewal of the set of chained particles is
constant.
Furthermore, it can be seen in Fig. 4 (I) that nearly 30% of
the chained particles in the whole sample remain chained
from the beginning to the end of the test. On the contrary,
a small number of chained particles present within the
shear band at critical state were generated at the initial
state (Fig. 4 (II)). Thus, the chained particles remaining
alive throughout the whole loading process belong almost
all to the domain outside the shear band.

4.2 Generating and vanishing process of grain
loops

To further understand the critical state dynamics, the gen-
erating and vanishing of grain loops are analysed in Fig.
5 for loops composed of 3, 4, 5 and 6 or more particles.
Lifespan and life expectancy probabilities are computed
for the initial state considering the whole sample (I) and
two critical states within the shear band (II). Observations
similar to those which have been reported in the previous
subsection can be found in Fig. 5: (1) around 80% of the
loops existing at the initial state vanish gradually during
the early stage of the loading; (2) the symmetrical shape of
the Pg/v at CS suggests that the generating and vanishing
processes share strong common features and demonstrate
that the rearrangement of loops reaches an equilibrium at
CS.
Based on Figures 4 and 5, a novel way for understanding
CS from the perspective of a mesoscale dynamics can be
inferred: the critical state results from the generating and
vanishing of meso-clusters until a dynamic equilibrium is
reached as shown by the symmetry of the probabilities for
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Figure 4. Lifespan and life expectancy probabilities of chained
particles at the initial state considering the whole sample (I) and
two critical states within the shear band (II).

lifespan and life expectancy.

5 Conclusions

In the previous work [4, 10], CS appears to be governed
by the competing mechanisms of growth and collapse
of force chains. Consistently, we have shown that the
critical state results from the generating and vanishing of
meso-clusters at similar rates. We have established that
force chains and grain loops have a short life at critical
state, corresponding to a rapid fading of the material
memory to its loading history. These new findings might
help to find clues to incorporate explicitly CS features in
micro-mechanical constitutive models.
Most newly formed chained particles and grain loops are
located within the shear bands and these newly formed
chained particles and grain loops die out quickly. They
coexist with many old, robust chained particles and grain
loops, mainly located outside the shear bands.
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Figure 5. Lifespan and life expectancy probabilities of grain loops at the initial state considering the whole sample (I) and two critical
states within the shear band (II).
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