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ANALYSIS OF FULLY DISCRETE FINITE ELEMENT METHODS FOR 2D
NAVIER-STOKES EQUATIONS WITH CRITICAL INITIAL DATA

BuvaNG Li'®, SHU MA'*® AND YUKI UEDA?

Abstract. First-order convergence in time and space is proved for a fully discrete semi-implicit fi-
nite element method for the two-dimensional Navier-Stokes equations with L? initial data in convex
polygonal domains, without extra regularity assumptions or grid-ratio conditions. The proof utilises the
smoothing properties of the Navier—Stokes equations in the analysis of the consistency errors, an appro-
priate duality argument, and the smallness of the numerical solution in the discrete L?(0, t,,; H') norm
when t,, is smaller than some constant. Numerical examples are provided to support the theoretical
analysis.
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1. INTRODUCTION
We consider the initial and boundary value problem of the incompressible Navier—Stokes (NS) equations
ou+u-Vu—Au+Vp=0 in Qx (0,7],
V-u=0 in Qx(0,7],
u=0 on 90 x (0,77,
u=u" at Qx {0},

(1.1)

in a convex polygon 2 C R? with boundary 92, up to a given time 7' > 0. It is known that for any given initial
value )
wWel?={vel?*Q)?:V-v=0and v-v=0 on 00}

(where v denotes the unit normal vector on ), problem (1.1) has a unique weak solution u € L? (O, T, H&) N

H! (O,T; H‘1> — C([O,T];L2>, where

Hy={veHj(Q)?:V-v=0} and H ' denotes the dual space of Hj;
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see Theorem 3.2 of Chapter 3 from [1].

Stability and convergence of the numerical solution to the NS equations (1.1) were studied based on different
regularity assumptions on the solution and initial data. In particular, if the initial data are sufficiently smooth,
ie., ud € H& NH?(Q)? or above, then the numerical solution was proved to be convergent with optimal order for
finite element and spectral Galerkin methods with different time-stepping schemes, including the Crank—Nicolson
method [2], the implicit-explicit Crank—Nicolson/Adams-Bashforth method [3-5], the semi-implicit Crank—
Nicolson extrapolation method [6-9], the stabilization methods based on the Crank—Nicolson method [10], the
Crank—Nicolson extrapolation method [11], the backward Euler method [12] and the BDF2 method [13], the
projection methods [14-16], the projection-based variational multiscale methods based on the Crank—Nicolson
method [17], the fractional-step methods [18], the three-step implicit-explicit backward extrapolating scheme
[19,20], the backward differentiation formulae [21-23], a second order energy- and helicity-preserving method
[24], the implicit-explicit Euler method [3], and the implicit Euler methods with different spatial discretizations
[23,25-27]. The error estimates in the above-mentioned articles do not apply to nonsmooth initial data.

If the initial value u° is only in H&, the accuracy of second- or higher-order time-stepping schemes for the
NS equations is often reduced. For the semidiscrete finite element method (FEM), it was shown in [28] that
the L?-norm error bound at time ¢ is of O(t~'/2h?), where h denotes the mesh size of the finite elements. For
fully discrete FEMs, the linearized Crank—Nicolson scheme was proved 1.5th-order convergent in time [29], and
the semi-implicit Euler scheme with spectral Galerkin method was proved first-order convergent under a CFL
condition 71n(A,;, /A1) < & in [30], where 7 is the time stepsize and A, is the maximal eigenvalue of the Stokes
operator used by the spectral method (and & is a positive constant).

The error estimates in the above-mentioned articles all require the initial value to be strictly smoother than
L2, which is known to be a critical space for the 2D NS equations, a maximal Sobolev space on which well-
posedness of the 2D NS equations is proved; see [31]. As a result, the error analysis in this case turns out to
be much more challenging than that for smoother initial data. To the best of our knowledge, for L2 initial
data, the only error estimate for the NS equations is in [32] for a semi-implicit Euler scheme with a spectral
Galerkin method in space using the eigenfunctions and eigenvalues of the continuous Stokes operator. Under
a CFL condition 7 < k\}}, it is shown in [32] that the backward Euler spectral Galerkin method with time

stepsize 7 and maximal eigenvalue Aj; has an error bound O()\]T/Il/ ‘1Y 2) on a bounded time interval. For

the backward Euler scheme with finite element methods (FEMs) in space, several stability results were proved
in [33] without error estimates. Overall, first-order convergence of the implicit or semi-implicit Euler methods
and error estimates of fully discrete FEMs for the NS equations with L? initial data still remains open.

In this article, we prove the first-order convergence of a fully discrete FEM for the 2D NS equations with L2
initial data, using semi-implicit Euler method in time and an inf-sup stable pair of finite element spaces with
divergence-free velocity field, i.e.,

_1
u —u(ty)| ;. < C(t- rn +tn2h)  for t, € (0,7,
h L n

where u} denotes the numerical solution at time level ¢t = ¢,,. The main difficulty in analysing numerical methods
for the NS equations with L2 initial data is to control the nonlinear terms appearing in the error analysis by very
weak bounds of the numerical solution, in the presence of singular consistency errors (see Lem. 3.3). We overcome
these difficulties by utilising the O(#™)-weighted L? estimates of the mth-order time derivative and 2mth-order
spatial derivatives (as shown in Lem. 3.2) and a duality argument with variable temporal stepsizes to resolve the
initial singularity in the consistency errors (as shown in Sect. 3.3). It is known that variable stepsizes can help
resolve the singularity in proving convergence of exponential integrators for semilinear parabolic equations with
nonsmooth initial data; see [34]. However, the error analysis for the NS equations turns out to be completely
different from the error analysis for the semilinear parabolic equation due to the lack of Lipschitz continuity of
the nonlinearity and the critical nature of the L? space. This leads to the critical difficulty in the use of duality
argument — the lack of stronger norms than L? (0, T Hl) to help control the nonlinear terms, as shown in (3.41),
where the the first term on the right-hand side of (3.41) has to be absorbed by the left-hand side. This difficulty
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is overcome by proving the smallness of the numerical solution in the discrete L?(0,t,,; H') norm when t,, is
smaller than some constant independent of the stepsize 7 and mesh size h, as shown in Lemma 3.4.

The rest of this article is organised as follows. In Section 2, we describe the finite element method and time-
stepping scheme to be analysed in this article, and present the main theorem of this article. The proof of the
main theorem is presented in Section 3. The proof of two technical lemmas, including the temporally weighted
regularity results and the strong and weak convergence of the numerical solution, are presented in appendices.

2. THE MAIN RESULT

For s € R and 1 < p < oo, we denote by W#P () the conventional Sobolev spaces of functions defined on €2,
with abbreviation H*(Q2) = W*2(Q) and L?(Q) = W%?(Q). For the simplicity of notation, we denote by || ||y «.»
the norm of the spaces WP (Q), W*P(Q)? and W*P(Q)?*2, omitting the dependence on  and dimension.

The natural function spaces associated to incompressible flow are the divergence-free subspaces of L?(Q2)?
and H}(Q)?, denoted by

X =1 and V =H.,

respectively, as defined in the introduction section. We denote by Px the L?-orthogonal projection from L?(Q)?2
onto L2, and denote by
A= PxA

the Stokes operator on L? with domain D(A) = HANH?(Q)?, which is a self-adjoint operator on L? and bounded
above by 0 (negative definite). The Stokes operator has an extension as a bounded operator A : H} — H~!
defined by

(Av,w)z—/Vszwdx Yo, we HE. (2.1)
Q
Correspondingly, the NS equations (1.1) can be equivalently written into the abstract form:

{&tu(t) + Px(u(t) - Vu(t)) — Au(t) =0 for t € (0,7, (2.9)

u(0) = u°.

Henceforth we use the common notation (-,-) to denote the inner products of the Hilbert spaces L?(2),
L?(2)? and L?(Q)?*2, and define

Li(Q) = {UELQ(Q):/dex:O}.

For the simplicity of notation, we denote by C' a generic positive constant that may be different at different
occurrences and may depend on u°, Q and T, but is independent of the stepsize 7 and mesh size h (to be
introduced below).

Let Vi, x Qn, C HE(2)2 x LE(Q) be a pair of finite element spaces defined with respect to a shape-regular and
quasi-uniform triangulation of mesh size h, with the following properties:

P1) There exists a linear projection operator IIj, : H} (Q)? — V}, such that
0
(i) V-Uuv = Py, Vv for v € H} ()2, where Py, : L3(2) — Qp, denotes the L2-orthogonal projection.
(ii) The following approximation property holds for v € H}(Q)? N H™(2)?:
lv— HhUHHS(Q) < Chm_S”'UHHm(Q), 0<s<1, 1<m<L2 (2.3)

(PQ) V v, € Qy, for vy, € V.



2108 B. LI ET AL.

The two properties above guarantee the inf-sup condition for the pair V}, x Qp (see [35]), i.e.,

CV'U“(]
llanllzz) < sup OV - on.an)

Van € Q. (2.4)
onevifoy  llonllm

Since V - vy, € Qp, for v, € Vj, it follows that the discrete divergence-free subspace of V}, coincides with its
pointwise divergence-free subspace, i.e.,

Xy = {Uh eV (V ~vh,qh) =0 Vgq, € Qh} = {Uh eVy,: Vv, = O}. (2.5)

Hence, _ _ )
Vi C Hy(Q)? and X, Cc Hy CL?*=X, but V, ¢ Hy.

There exists several finite element spaces V}, x Q, satisfying properties (P1)—(P2). An example was constructed
in [35], where V}, consists of piecewise linear polynomials plus quadratic bubble functions, and @} is simply
the space of piecewise constants with vanishing integral over ). Another example is the Scott—Vogelius element
space proposed in [36], where V} is the space of continuous piecewise polynomials of degree k > 4, and @, is
the space of discontinuous piecewise polynomials of degree k — 1. The Scott—Vogelius element space was proved
to be inf-sup stable in [37] (under certain additional mesh requirement), and therefore property (P1) is satisfied
if T, is simply chosen to be the Stokes—Ritz projection; see Proposition 4.18 of [38].

We consider the following semidiscrete FEM for (1.1): for given u® € L2, find (up,pp) € CY([0,T); Vi) x
C([0,T]; Qn) such that

(8tuh7vh) + (uh . Vuh,uh) + (VU}“ V’Uh) — (ph, V- ’Uh) =0
(V- un,qn) =0 (2.6)
up(0) = ul) == Px,u’,

for all test functions (vp,qr) € Vi, x @Qp and t € (0,T], where Py, : L? — X, denotes the L2-orthogonal
projection onto Xp. This is equivalent to computing u) € Vj, by the weak formulation (with an auxiliary
function 7, € Qp,)

(uo_u(})ﬂvh)_ (nhvv'vh) :0 (2 7)
(V-uY,qn) =0 for all test functions (vp,qn) € Vi X Qp. ’
If we denote by Ay, : X; — X, the discrete Stokes operator defined by

(Ahvh,wh) = 7(V”Uh, th), Y op, wy € Xp. (28)

Then the semi-discrete problem (2.6) is equivalent to find uj, € C1([0,T7]; X)) such that

Orup, + Px, (uh . Vuh) —Apup, =0 for te (O,T],
0 (2.9)
up(0) = up,.
Let 0 =ty <t; <--- <ty =T be a partition of the time interval [0, 7] with the following stepsizes:

T1~T and T, =t, —tp—1 ~ (tp—1/T)%7 for 2 <n <N, (2.10)

where 7 is the maximal stepsize, and o € (0,1) is a parameter which determines the local refinement of the
temporal grids towards ¢t = 0, with “~” denoting equivalent magnitude (up to a constant multiple). The stepsizes
defined in this way has the following properties:
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(1) 7, ~ Tp—1 for two consecutive stepsizes.

(2) = T, Hence, the starting stepsize is much smaller than the maximal stepsize. This can resolve the
solution’s singularity at ¢ = 0.

(3) The total number of time levels is O(T /7). Hence, the total computational cost is equivalent to using a
uniform stepsize 7.

With the nonuniform stepsizes defined above, we consider the following fully discrete semi-implicit Euler
FEM: Find (u},p}) € Vi x Qn, n =1,..., N, such that

ul —
<h7_h,vh> + (Vup, Vug) + (uz_l . Vuz,vh) —(pp,V-vp)=0 Vop € Vi,
(V-up,qn) =0 Van € Qn,
uy = Py, u’.

This is equivalent to finding u} € X5, n=1,..., N, such that

up, — “Z_l -1
S8 Vuy,V 7 Vuy, =0 Yo € Xy,
u?l = PXhuO,
which can also be written into an abstract form by using the operator A; defined in (2.8), i.e.,
“2 — “Z_l _ n n—1 n\ _
Apup + Px, (up ™" - Vup) =0 for 1 <n<N. (2.12)
Tn

In view of (2.5), there holds V - u}} = 0 and therefore (uzfl -Vuyp, uﬁ) = 0 similarly as the continuous solution.
As a result of this identity, substituting v, = u}} into (2.11) immediately yields unconditional energy stability
of the semidiscrete FEM.

The main result of this article is the following theorem, which provides the convergence of the fully discrete
method (2.11).

Theorem 2.1. Let u® € L? and assume that the finite element space X), x Qp, has properties (P1)—(P2). Then,
when the time stepsizes satisfy (2.10) with a fized constant o € (%, 1), the fully discrete solution given by (2.11)
has the following error bound:

g = u(tn)ll e < C (1 + 27 h). (2.13)

where the constant C' depends only on u°, Q and T (independent of t, € (0,T], T and h).

Remark 2.2. The error estimate in (2.13) indicates that the numerical solution can be accurate when ¢, is
away from zero (when 7, and h are sufficiently small), but may not be accurate when ¢, is close to zero. This
phenomenon is known for fully discrete finite element solutions of linear and semilinear parabolic equations with
nonsmooth initial data; see Theorem 14.8 of [39]. For the NS equations with critical initial data, it is the first
time such results are obtained.

The proof of Theorem 2.1 is presented in Section 3.

3. PROOF OoF THEOREM 2.1

3.1. Preliminary results

In this subsection, we present some technical inequalities and regularity results that will be used in the error
analysis for the NS equations.



2110 B. LI ET AL.

First, the following interpolation inequalities, which hold in general convex polygons (¢f. [40], Thms. 5.8, 5.9)
and were often used in analysis of NS equations in the literature (e.g., [1], Chap. III, Sect. 3.3) and will also be
used in this article:

[vllzs < CllvllZ2 [ VollZ Vo € Hy(Q), (3.1)
IVollzs < ClIVolE [ Av] £ Vv € Hy () N H*(Q), (3-2)
[l Lo < CllvllZa o]l Vo € Hy () N H*(Q). (3-3)

Second, the following basic properties of finite element spaces and the finite element solution to the NS
equations will be used.

(1) Approximation of X}, to Hé: for m = 1,2 there holds

12)f( (Ilv = vnllz2 + hllv — vpllzr) < CA™[o|lgm Yo € HE 0 H™(Q)2. (3.4)
Un h

Since I,v € X, for v € HY, the inequality above follows from (2.3).
(2) H'-stability of the L2-orthogonal projection Py, : H} — Xj:

| Px, || g < Cllv||g: for all v e HL. (3.5)
Proof. By using the triangle inequality, inverse inequality and (3.4), we have
v = Px, vl g < inf (v —ovnllgr + [[Px, (v —vn)lla2)
v €Xp

< inf ([Jo — vl + Ch™ v —vplz2) < Clloflan-

v €Xp
O
(3) Error bound of the L2-orthogonal projection Py, : H} — Xj:
|lv = Px,v| 2 + hllv — Px,v|| 2 < Ch%||v|gs Yve HInH*(Q)?, s=1,2. (3.6)
Proof. By using the triangle inequality, equations (3.4) and (3.5), we have
v — Px,vllL> + hljv — Px, vllm
< Jmf (o —vnllzz +hllv = ol + [ Px, (v = on)llz2 + 2| Px, (v = o)l 10)
< it (v —vallzz +hllo = vl ) < OB o]l
([

e dtokes—Ritz projection and its error bound: Let Ry, : 71— n be the Stokes—Ritz projection, define
4) The Stokes—Ri jecti di deRhH& X}, be the Stokes—R defined
by

(V(v— Rx,v),Vwy) =0 Ywy € Xp, ve Hy. (3.7)
which is equivalent to finding (Rx, v,n) € Vi X @ such that

(V(v—Rxhv),th) — (nh,V-wh) =0 Ywy, € Vh,
(V- Rx,v,qn) =0 Van € Qn-

The Stokes—Ritz projection has the following error bound (cf. [38], Lems. 2.44, 2.45 and [38], Prop. 4.18):

v — Rx,vll 2 + hllv — Rx, 0|l 1 < Ch*||v|lgs Vv € Hi N H?(Q)? s=1,2. (3.8)
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(5) The numerical solution given by the fully discrete FEM in (2.11) satisfies the following basic energy estimate:

N
2 2
1£2XN”UZ”L2 +2 E 17'7LHVUZ||L2 < JlupllZa- (3.9)
n—

This can be obtained by testing (2.12) with u}.

Third, since inequality (3.2) cannot hold for finite element functions (which do not have second-order partial
derivatives), we would need the following discrete analogy of (3.2).

Lemma 3.1. The following inequality holds:

1 1
IVonlls < ClIVenllzallAndnllza YV dn € X (3.10)

Proof. To obtain a bound for ||Vey||ps, we let ¢ € D(A) = H} N H?(Q)? be the solution of
Ap = Apdn,  (where Apodp € X, C X), (3.11)

which is equivalent to the linear Stokes equation

—A¢+Vn=—-Andn in Q,
V-6=0 in Q,
¢=0 on 0N.

By the standard H? estimate of the linear Stokes equation (cf. [41], Thm. 2), the solution ¢ € D(A) satisfies

¢l 2 < Cl|Andnll L2 (3.12)

This inequality and (3.2) imply that

1 1
IVllrs < ClIVO| f2l| Andnll 7-- (3.13)
On the one hand, testing (3.11) with v, = II;,¢ — ¢, € X}, yields the following error estimate:

Chllo| &>

\V4 _ X, < CIIV —1II 2 <
V(¢ = én)llz2 < CIV(6 — o)l {CII¢||H1-

Let S, C HE(Q2) be the piecewise linear Lagrange finite element space. Since the Scott-Zhang interpolation
operator Ilg : H}(Q) — S}, satisfies the basic error estimate:

Chllo| &>

Vip-1I 2 <
V(6 -5l < { oy "

by using the triangle inequality we obtain
IV(on —Ts@)[L2 < [[V(¢n = @)llL2 + V(¢ = Ts) (L2 < Chl|o| a2
By using the inverse inequality and the two estimates above, we have

Ch¥|¢|| 2

v I 4 <Ch_% \Y -1 2 S
IV(én —Ts@)llzs < Ch~¥|[V(en — Ts6) . {oh—%nqbnm.
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The geometric average of the two different estimates on the right-hand side yields

IV(6n — so)l[ra < CllolFalloll f < CllollE [ Andnllfs (3.14)

where the last inequality uses (3.12). Since

Vsl s < C||Vl L (stability of IIg in WH*(Q); see [42])
< C’||¢H1%LI1 ||Ah<bh\|%2 (here we have used (3.13)). (8:15)
Combining the two estimates above and using the triangle inequality, we obtain
IVénllzs < Cllgl 7l Andnll 2. (3.16)
It remains to prove the following inequality:
¢l < Cllgnllmr- (3.17)

Then substituting (3.17) into (3.16) yields the desired result (3.10).
In fact, testing equation (3.11) by ¢ gives

IVelZ2 = —(Andn, &) = (Von, VPx, ) < CIVonl 2l Px, dlm < ClIVonllrallglla-

where the last inequality uses the H'! stability of the L? projection Py, , as shown in (3.5). Since ¢ € H}(Q)?,
it follows that |||z < C||V¢| 2. Hence, the inequality above furthermore implies (3.17). This completes the
proof of Lemma 3.1. (]

It is well known that the unique weak solution of the NS equations (1.1) satisfies the energy equality

1 1
SIu®Izz + 1VullZa e = 51672, ¥E>0. (3.18)

This can be obtained by testing (1.1) with u. In addition to this basic estimate, the following regularity result
for the NS equations will be used in the error analysis.

Lemma 3.2. For any given u® € L2, the solution of (1.1) satisfies the following estimate:
|0 u(t)| L2 + t2 107 w(t) || gy + |07 u(®) || g2 < Cpt™™ Vt>0, m=0,1,2... (3.19)
where the constant C,, depends on m and ||u°|| 2.

Since we have not found a proof of Lemma 3.2 in the literature (the regularity results in [2,43] are for HYNH?
and H{ initial data, instead of L? initial data), we present a proof of this lemma in Appendix A.

3.2. Estimates for the consistency errors

We denote 4} = Px,u(t,). By testing equation (2.2) with v, € X;, C X = L? and using the StokesRitz
projection operator defined in (3.7), we have

(6tPXhu(t),’Uh) + (u(t) . Vu(t),vh) + (VRXhu(t), V’Uh) =0 Vo, € Xp.
which can be written into the abstract form

O0¢Px, u(t) + Px, (u(t) - Vu(t)) — ApRx, u(t) = 0.
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By considering this equation at ¢ = ¢,,, we can write down the equation satisfied by 4y, i.e.,

e
Eh "8y Py, ()7 VaR) — Apip = E" 4+ F for n > 1, (3-20)

Tn

where the truncation errors £ and Fj' are given by

~n anfl
£ = (uh P atahun)) + P, [(ultn—1) = u(tn)) - Vulty)] =: €7 + €3, (3.21)
W= —Ap(a) — Rx,u(ty)) + Px, [ap =" V() —u(ts))] + Px, [(a7 " = u(tn—1)) - Vu(ts)] (3.22)

=: f}”:‘,l +f]’;l,2 +f;:l73.

Lemma 3.3 (Consistency errors). If u’ € L? and the stepsize in (2.10) is used, then for all test functions
v, € X, the consistency errors defined in (3.21) and (3.22) satisfy the following estimates:

(€, op)| < Ot * [ Vonlle for m>1, (3.23)
Cht,; Y| Vp || £ for n > 2,

(Foon)| < o (3.24)
C(ht; + 71ty 2)||V1}h||L2 for n=1.

Proof. Testing (2.2) by v, € X}, and integrating the result over the time interval (¢,,_1,t,), we obtain

tn

(ult) = ultn_1),on) = — / " (Vu(t), Von) dt — / (u(t) - Vu(t), vn) dt. (3.25)

tn71 tn—l

For n = 1, the truncation errors can be estimated by using (3.25) and (2.2), and the triangle inequality:
(&8 on) | < 7 H(ults) = ulto), vn)| + [(Deults), v))|

' /Otl(vu(t)yvvh)dt—/Otl(U(tLU(f)'Vvh)dt‘ + [(Vu(ty), Vou) = (u(tr), u(ty) - Vo))

:Tl

ty
<or! / @1V 0l 2 + I3V 0n ] 2] dt -+ C ()l + ) 3 ) 1V 0nl]

t1
< CTfl/O lu@lla IVonlle + w2 [u@) g [Vonll 2] dt
+ C(lu)l[mr + llut)l 2 lu) )l Vopllre - (here (3.1) is used)

_1 _1
< Cmy 2 lullee(o,eimn) (14 l[ullzoe ,6502)) [ Vonllzz + Cry #[[Von | 2
(here Lem. 3.2 is used)

< Oy ¥ Vonllze = Oty ¥ [Vonl e,
and
(1 on) | = 1(u(ta), ulto) — u(t) - Ton)
< Cllulty) [ zee[u(t) — ulto) |22 | VonllL>
< Cllu(t)| 2 lluttn) 1z (o) z2 + llu(t) [ 22)[Vonllze (here (3.3) is used)
< CTl_% IVupllre  (here Lem. 3.2 is used)

_3
= Cnity *||Von| 2.
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_3
By combining the two estimates above, we obtain |(£",vp,)| < C1yty 2||Vop L2 for n = 1.
In the case n > 2, by differentiating equation (2.2) in time and testing the result by v, € X}, we obtain

(Opu(t),vn) + (0, Vu(t), Vur) + (Opu(t) - Vu(t),vy) + (u(t) - Vosu(t),vp) =0 Vo, € Xp,

which implies that

(EF,op)| = K(”_Tn“(t”l) —6tu(tn),vh>’ - ‘(/j t_::lattu(t)dnvh)‘

bt —
/ L (Dpult), vp)dt

tnfl Tn
<Cr, max [(Ogu(t),vn)
tE[tn—_1,tn)
=COr, e, ]|(8tVU(t)7 Vun) = (u(t), du(t) - Vou) — (Bru(t), u(t) - Von)|
Eltn-1,

< O moax [0l + [lun(®)llzs [0 2]l Vonll 2

nln

1 1 1 1
< Om | max, [Ovu(®)]r + IIU(t)Iliz|IU(t)Hip||3tU(t)Hi2||3tu(t)\|j‘ip} IVonl|z>

n—1,tn]

< CTnt;_%l||Vvh||Lz (here Lem. 3.2 is used),
and

(€8 00)] = [(ulta), (ulta-1) = ulta) - Ton)|
< Clluta) 1 [ultn-1) = ultn) 4] Vol 22
<Or e [[u(t)] s |0u(®)2]| Tonl

n—1,tn

1 1 1 1
SCTntE[};naX | (72 llw) | [|Oew() |22 10w | Fa | IV on] 22

n—1,tn

< CTnt;_%l||Vvh||Lz (here Lem. 3.2 is used).

Since t;él ~ t;% for n > 2, the two estimates above imply |(E",vp)| < CTnt;%”VUhH]ﬂ for n > 2. This
completes the proof of (3.23).

To prove (3.24), we consider the expressions of 77 ;, j = 1,2, 3, defined in (3.22). By using the approximation
properties of the projection operators Px, and R, in (3.6) and (3.8), we have

|(Fi1svn)| = ((V(Px,u(ts) — Rx,ultn)), Vor)|
< (”V(PXhu(tn) —u(tn))l 2 + IV (ultn) — RX;Lu(tn))”L?) INEAE
< Chllu(tn)|| m2([Vnl| L2
< Cht M|Vl for vy, € X and n > 1,

where Lemma 3.2 in deriving the last inequality.
. . 1 .
By applying the inverse inequality ||vp||11.e < Ch™% ||lup||wi.2 and (3.1), we obtain

|(Fivasvn)| = [(Px, ultn-1) - V(Px, u(tn) — ultn)), vn)]

= [(Px,u(tn) — u(tn), Px,u(tn-1) - Vop)|
< Ol Pxyultn) = w(tn)l ol Pxy u(tn—1) L2l Vol s
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1 1
< C||Px, ultn) = ultn)l| 711 P, u(tn) = wlta)l| s [utn-1) | 2k~ 2| Von| 2

1 1 1
< OOl ulta)l2) * Blluta) ) lultn—1)ll 2h™F [V on 22
< Chllu(tn)|| a2 [ultn 1)l 2 [[Von]l 2
< COht M| Vupllze  for v, € Xp, and n > 1,

where Lemma 3.2 is used in deriving the last inequality.
(.7:,?’2,1};1) ), we have

Similarly as the estimate for

[(FF g0 0n) | = [(Px,ulta—t) = u(ta—1)) - Vaulty), vn)]
= ‘(u(tn)7 (PXh“(tnfl) - u(tnfl)) : vUh)|
< Cllulta)ll 22| Px, ultn—1) — u(tn—1)l| p4]|Von]| 11
< COlfu(tn) | 22 | Pxyu(tn—1) — w(tn-1)|| 22| Pxy utn—1) — u(tu—1)l|Zn b~ 2 [ Von]| 2
< Cllutn) | 2 (h?[u(tn—1) |l m2) % (Bllu(tn—1) |l =) 0™ 2 || Vo 2
< Chllultn) g2 l[ultn—1) || 2| Von| 2
< Cht M|Vl for vy, € X and n > 2,

where Lemma 3.2 and ¢,,_1 ~ t,, are used for n > 2. For n = 1 there holds
| (Fitason)| = [ (u(tr), (Pxyu® = u?) - Von)|

< Cllu(ty)llze || Px,u” — u°[| 21| Vonll 2

< Cllut) £ () | ]| 2 Vo 2

< C’t;% |[Vopllrz  (here Lem. 3.2 is used)

< Cﬁtl_%HVvhHLz for v, € X, and n=1.
Collecting the above estimates of 7', j = 1,2,3, for n > 2 and n = 1, we obtain (3.24). O
3.3. Error estimates in a sufficiently small time interval [0, T}]

By subtracting (2.12) from (3.20), we obtain the following equation for the error function e} = 4} — uj:
ey — 6271

— Apep + Px, (ap ' - Vay —up ™t Vup) = € + F (3.26)

Tn

We first estimate Y. | 7,||€}!||32 by a duality argument. To this end, we denote by ¢}’ € X}, the solution of
the backward problem

o —on " ~1 —1
— T Apdy T =) fi =2,... 1
Tn—1 noh Ch or =S mad (3.27)
G =0

which satisfies the following standard energy estimate:
m m
max |7 |7 + ernHAhcbZIIiz <c ZlTnHe;;bHiQ. (3.28)
n= n=

This estimate can be obtained from testing (3.27) by —AthZ*l and summing up the results forn =2,... . m+1.
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Testing (3.27) by Tn,16271 and summing up the results for n =2,...,m + 1, and using discrete integration
by parts in time (with ) = ¢7"*! = 0), we obtain

m+1 m+1 ¢n n 1
3 rete = e (71 - )
n—2 Tn—1

n=2
= ek o)~ (e 0h) + 2o m(VeR Vo)
n=1 n=1

n—1

3 (o).

By substituting (3.26) into the inequality above, we obtain

m—+1 m m m

D macillen e = = m(@ T Vag —up Tt Vg 6f) + Y (€7 00) + ) mal(FR0F)

n=2 n=1 n=1 n=1
Z Vg +up Ve, én) + Y (€M 60 + > Tl Fi 6F)

n=1 n=1

HM

[(ar,ep= - Vo) + (eh,up - Vop)] + Y 1l ¢1) + Y 1l Fh, 67),  (3.29)
n=1 n=1

where we have used integration by parts in deriving the last equality. The last term on the right-hand side of the
above equation can be estimated as follows: In the case of n > 2 we use the decomposition Fj' = Fj! 1 +Fy 5 +F) 5
with
|[(Firs on)| = |(Px, ultn) — Rx,u(tn), Angp)|
< 1P ultn) = B, ultn) | 2| Andh | 2
< Chlju(ty)|| g ||Anéyl 2 (here (3.6) and (3.8) are used)
[(Fiar 81) | = |(Px, ultn) — u(tn), Px,u(tn-1) - Vo})|
< CllPx, u(tn) = wtn)| 2| Px wtn—1) || Ll VR L4
1 1 1 1
< CllPx, ultn) = wltn)| 21| Py wtn—1) | L2l Py w(tn-) | 5 [V QR 1| 22 | AR 1| 2
(here (3.1) and Lem. 3.1 are used)
1 1 1 1 .
< ChIIU( )l lfu(tn ) e llu(tn-) | E IVORN 2| Andpl £ (here (3.5) is used)
[(Fiss on)| = |(ultn), (Px, u(tn-1) — u(tn-1)) - V&p)]
< CHU( )l Lal[Px, u(tn-1) — w(tn—1)ll L2 IV o5l s

1 1 1 1
< Cllulta)lI 22 luta) || AllwCtn-)l g2 (VORI 22 | An S £2-

Since [Ju(ty,)||Lz < C, the three estimates above imply that

(s 83| < Chljuta) | Andh | 12
+ Ch(llult) [+ Nt 0 ) IR B At

< ellAngpllLs + Ce B2 (ulta) |7 + llultn—1)l7m)
+ e(llulta) ez + ultn-D) [ a)IVORllL2 | Andh e for n =2, (3.30)
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where € can be an arbitrary positive constant (arising from using Young’s inequality). In the case n = 1,
Lemma 3.3 implies that

1
| (Fnr0n)| < Cre[Vhllee < Celm + €| VoI < Ol + e V172, (3.31)
where the last inequality is due to the stepsize choice in (2.10), which implies that

7 <Cris <Cris 2l (gele?) < Cria t,lnfm(tgblrfn) < Cr(a-2)e totr?
< Ctylr2 for a € (3,1). (3.32)

By summing 7,,|(F}}, ¢3)| for n = 1,...,m, and using the estimates in (3.30) and (3.31), we obtain

Sl Fr il =7 (Fh. i)+ Y ml(F 1)l
n=1

n=2

< (B o) + e 3 mllAnsplz + O S m (o)l 3 + i) I )

n=2 n=2

+€ZTn lwCtn)ll o+ lultn ) IV ORI L2 | ARl L2

m m
—1,— 2 —
< Cettytm + e[V e + e Do mllAndilze + Ceth® Y mullulta) |3

n=1 n=1
1

+€<Zmu ”Hl)  ax |¢h||H1<ZTnIIAh¢ZIIi2>

n=1

Nl=

< Ce Mty + Ce Z Tallenlzz + Ce'h? Z To|u(tn) | 71

+ Ce (Z Tn||u(tn ||H1> (Z Tn|eZ||2L2> (here (3.28) is used). (3.33)
n=1

By using (3.23) we have

m m 3
Sl )l < c(ZTstn ) s (6
n=1 n=1 -

a—3
C(E TnTtn )(E %Ieﬁlliz)
n=1 n=1

1
2

SRy i
< Ctm 27(2 7'n|62||%2> since @ > 2
n=1

Nl

_1 m
< CtmZtm (Z Tn||e;:|2L2> here we used (2.10)

n=1

<Ce 'tz +ezTn||eh||L2 (3.34)
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Note that

ZTnHuh”L‘l =< CZTnHﬂhlleHﬂhHHl =< CZTnII i < CZTnllu i, (3.35)

n=1

Zmnuz*ll‘a < CZTnHuZ’lII%zHUZ’IHZI <C ZTnHuZ”HZu (3.36)
n=1 n=1

Y mllVorlis < C Y malldnlldn | Andill: < C max Nkl ZTn\\Ah¢hllL2
n=1 n=1

n=1

m 2
< C(Z Tnem@z) , (3.37)
n=1

which are consequences of (3.1) and Lemma 3.1. Substituting (3.33)—(3.34) into (3.29) and using the three
estimates above, we obtain

> mallenllze < C(Z Tn||ﬁ2||i4> (Z Tn||€Z_1||%2> (Z Tn||V¢Z||i4>
n=1 n=1 1
+c<zmuu;:lui4> (mehnm) (Zmnwhm)

n=2

PN

m

+ 71| (ep,uf - Vor, |+Zrn\ EN o) |+Z7'n| (Fr, o0

ol
.

<C<ZTn||Vu HL"’""ZT”HVUZ 1HL2> (ZTH@ZHQB)
n=1

n=1 n=2

(Z rn||V¢2||‘i4>
n=1

+ 71| (eh,uf) - VL) [+ D 7l ER 1)+ D 7l (F7, 01))

n=1 n=1

1
m m 1 m
gc(ZTnuu(tn)311+an||ug—1i,l> (ZTR||BZ||%2> (here (3.37) is used)
n=1 n=2 n=1

m m
+ 71| (en, up, - Vop)| + Ce ', 177 + Ce Z Tallenliz + Ceth? Z Tollu(tn) |3

n=1 n=1

+C€<Zmllu ||H1> (ZTnHeZ%z) (3.38)
n=1

The remaining term 7y ’ (e}b7 ug . V¢,11)| in (3.38) can be estimated by using the basic energy estimate:

ek |l + 71| Veh|l. < C. (3.39)
which is a combination of (3.9) and the regularity estimate (see Lem. 3.2)
lult)lZ> + il Vult)lz. < C
through the triangle inequality. By using (3.39) we have

7| (ensup - Vér) | < Crillen | pallupllze | VRl e
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13 1% 1,0 1% 1%
< Crillen|| 2, IVenllZallup L2V oill 3ol Andn | 7
3 1 1 1 .
<Ot |len]| IV enll 22l Andh 72 (using (3.39) and ||uf || < C)

1
< Ce_lﬁH@zllHLz +ery H¢i\|HlllAh¢illL2

<Ce’n +6ZTn||ehHLz + e(lonllin + 7l Angnlzz)

n=1

m
< Ce 3t 172 + Ce Z Tollel]|3 2, (3.40)

n=1

where we have used (3.28) and (3.32) in deriving the last inequality. Substituting the last inequality into (3.38)
and choosing a sufficiently small constant € (so that the term Ce Y. | 7,||e}!||22 can be absorbed by the left-hand
side), we obtain that

S mllefli3. < © (Zrn(||w<tn>||i2+||w;)) (annu |H1> (Zrn|e2||%2>
n=1

n=1 n=1
+ Ot T2 + Ch2> 7 mlultn) 1 (3.41)
n=1

The first and last terms on the right-hand side of (3.41) can be dealt with using the following lemma.

Lemma 3.4. For any given u® € L2 the following result holds:

N
S (IVutta)lz: + Vi) < C-

Furthermore, for any € > 0 there exists positive constants T., h. and 7. (depending on u®, but independent of
7 and h) such that for h < h. and 7 < 7. the following result holds:

m

Z (IVuta)l22 + [Vupllze) <& Vitg € (0,T2).

The proof of Lemma 3.4 is deferred to Section 3.5.
By using Lemma 3.4, there exist constants T, h, and 7, such that for h < h,, 7 < 7 and t,, < T, the

quantity
m
Z 2 (IVuta) I3 + 1Vap]2)

is sufficiently small so that the first term on the right-hand side of (3.41) can be absorbed by the left hand side,
and the last term on the right-hand side of (3.41) is bounded by Ch%. Then we obtain

m

ZTnHQZ'”%z <Ot +h?) for t, € (0,T.]. (3.42)

Hence, if we consider the problem in the time interval [0, T%], we obtain an error estimate (3.42) in the discrete
L?(0,T,; L?) norm.



2120 B. LI ET AL.

The error bound in (3.42) can be furthermore improved to an L? norm at a fixed time. To this end, we denote
by x(¢) the nonnegative smooth cut-off function such that

() = {0 for t € (0,t,,/4],

d |9Fx@t)| <CtzF for k=0,1,2,... 3.43
1 for t € [tm/2,00), and |07 x(t)] < 1" for (3.43)
which satisfies |0:x(¢)| < Ct;,!. Then, testing (3.26) by x(t,)e}, we obtain

x(ta)llenllze = xta-1)llen 132 + x(tn)ller —en 122
2Ty,

+x(ta)IVer]l72

)+ (x(tn) = x(ta-1))llep " [I72

= X(ta) (87 5" V) + X(ba) (" )+ X(ta) (P -

< x(ta)llagllzaller ™ sl Ver | e

_3
+Cx(tn)(7ntn 2 +ht;1)||vez||L2 s, Dox®)|ller 12, (Lem. 3.3 is used)
€

n—1, n]
~n % ~ % n—1 % n—1 % n
=S O oA AT P A s PR A PR A
_3
+ OX(ta) (Tt * + 1t ) IVeqllzs + Ot e~ 1
< Oxta) [ 131 le ™ I3e + Ox(ta) (724, + h26,2) + Ct e~ e
1 _
+ 1X(t) (V€™ 22 + [ VeRllE)
< Cllulta)[ox(ta)llen ™ 132 + Oxlta) (726, + h262) + Ot e~ |2

1 o
+ x(t) (1Ver M7e + [1Verliz), (3.44)
where in the last inequality we have used ||4}!|| g1 = ||Px, u(tn)| g < C|lu(ty)| g as a result of (3.5). Absorbing

the last term of (3.44) by its left-hand side and applying the discrete version of Gronwall’s inequality (cf. [2],
Lem. 5.1), we obtain

m m m
- - - -1
max <tn>||e;:||izSexp<21rn||u<tn>||zl>(czlx@n)(f,%tﬁmh%f)+ern0tm1||ez ||i2>
n= n= n=

m m m
< exp (Zmnu(tnn@l) <O(rfntm3 +RP,2) D Taly s + Oty Zmﬂeﬁ‘lll%z)
n=1 n=1

n=1
< Crpty + CR2tL !, (3.45)
where the last inequality uses Lemma 3.4 and (3.42). Since this inequality holds for all m > 1 such that
tm € (0,Ty], it follows that
lerllre < C(t, %12 +t,'h?)  for t, € (0,T]. (3.46)

This proves the desired error bound in a time interval (0, T], where T} is a sufficiently small constant (depending
on u® but independent of 7 and k). In the next subsection, we extend the error estimate to the whole time
interval [0, T7.

3.4. Error analysis in [0, T]

Let k be the maximal integer such that ¢, € (0,7%]. When 7 < T /4 there holds ¢t > T,/2 and therefore
t,;l < C. In this case, equation (3.46) implies

lek]l - < C(me + h), (3.47)
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and Lemma 3.2 implies that
107 ull 2 + |0 ul| g + |07 ull g2 < Cry YVt E [, T], m=0,1,... (3.48)
Since t;l < C, the estimates in Lemma 3.3 reduce to
[(E™, vp)| + [(FFon)| < C(r + B)||[Vopllpz for k+1<n<N, uv,€Xp.

Then, testing the error equation (3.26) by e}, we obtain

71”2

ez, — ller 2, + flep — e
leiilize = e Mlz= +llei = en” ze \ ygenpe,

2T
= (e - VeR) + (€7, ef) + (Fivef)
< llagllzaller ealVerll e + C(7a + )| Vep | 12

i1 Pt 1
< Cllaglizlapl zallen zlVer Iz VerllLz + C(ra + B) I Ver | 2

< Cllagln ey 13 +C(52 + 1) + 3 (196 s + Vel 32)
<Cllef i+ C(r2 + h?) + i(HVeZ_lH%z + | Verll2) for n > k+1,
where we have used the regularity estimate
laplla: = || Px,w(tn) g < |lu(tn)|lgr < C  as aresult of (3.5) and (3.48).

By applying the discrete version of Gronwall’s inequality, we obtain

n k
L egle < Clek s + (7 + 1) (3.49)
which together with (3.47) yields the desired result of Theorem 2.1. O

In the proof of Theorem 2.1 we have used the key technical Lemma 3.4, which is proved in the next subsection.

3.5. Proof of Lemma 3.4

Lemma 3.4 is a combination of (3.9) and the following two lemmas (Lems. 3.5 and 3.6).

Lemma 3.5. Let u® € L2 be given. Then for any € > 0 there exist positive constants T, h. and 1. such that
for h < h. and T < 7. there holds

S mllVupli e Vim € (0,12, (3.50)

n=1
The constants T., he and 7. may depend on u® but are independent of T and h.

Proof. Let u, p(t) be a piecewise linear function in time, defined by

tn —t t—tn—
urp(t) = “—up "t + LR for t € (tnoy,tn)-

n Tn

We claim that

Uy, converges to the unique weak solution u weakly in L2(0,T; H'); (3.51)

Uy, converges to u strongly in C([T, T]; L?) for any fixed T} € (0, T); (3.52)
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U, converges to u strongly in C([O, T]; H*1>. (3.53)

The proof of (3.51)—(3.53) is presented in Appendix B.
In addition to (3.51)—(3.53), we claim that the following result holds:

max [l[urn(,6)lz2 = Jul, Dllzz| — 0 as 7, — 0. (3.54)

te[0,T)

We prove (3.54) by using the method of contradiction. If (3.54) does not hold then (3.52) implies that there
exists a sequence t; — 0 and 75, h; — 0 such that

>6 for j > 1.

[lttr, g, G )z = N, )22

Since u € C([0,T); L?) it follows that |[u(-,t;)| 2 — ||u®||z2 and therefore

1)
> 3 for sufficiently large j.

[ O] PR

The energy inequality (3.9) implies that ||ur; n, (-, t;)|/z2 < ||u2j|\Lz = HPth u®||z2 < ||u®]|L2, and therefore
0 J . .
Ntr, b, ot e — llu”llpe < ~5 for sufficiently large j. (3.55)

Since ur, p, (-, t;) converges to u® in H~' (as a result of (3.53)), and lltr, h, (- t5)||L> is uniformly bounded as
j — 00, it follows that u,; n; (-, ;) also converges to u® weakly in L? and therefore

lu’l e < lim inf [ur, p, (5 15)] 22 (3.56)

Substituting this into (3.55) yields that

o
la°llz2 < a2 — 5

The contradiction implies that (3.54) holds.
We use the standard energy equality for the numerical solution:

n
Up — Up

—112
(2 PR

ni2
o - +VuRl = o, (357)

n

which can be obtained through testing (2.12) by u}. By summing up (3.57) for n = 1,...,m, we have
- n|2 1 1 m
Sl VRl < Slhusl3e - 5l s
n=1

1 1 1
= SlBI3e = Sluttm) 22 + 5 (luttm) 22 = i’ 32)

IA

1 1 1 .
S ulze = Sllutm)lzz + 5 (lutn)l7e = lui'[72)

t-,” 1 m
/O IVu@Ze dt + 5 (lultm)lIZe = i lIZ2)- (3.58)

First, equation (3.54) implies that there exist constants 7. and h. such that when 7 < 7. and h < h. the
following inequality holds:
[ultm)ll72 = ufl7e < e
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Second, u € L?(0,T; H'(£2)?) implies that there exists a constant 7. such that

T: c
| Ivuae < 5
0 2

As a result, we have

m t
n 2 m 1 -
Yl Vuplze < /0 IVu@)1Ze dt + 5 (lultm)llze = lufllz:) < e (3.59)
n=1
This proves the desired result of Lemma 3.5. (]

Lemma 3.6. Let u® € L? be given. Then 22;1 Tu|[Vu(ty)||2, < C. Moreover, for any e > 0 there exist positive
constants T., he and 1. such that for h < h. and T < 7. there holds

ZTnHvu NE.<e Vi, e (0,T.

The constants T., he and 7. may depend on u° but are independent of T and h.

Proof. By using the triangle inequality we have

m m 2 tn
2
n§:1:7'n||Vu(tn)||L2 gc;:ljfn Tn/tlvw(tn)—u(t))dt +c§ :Tn / Vu(t

2 n——
2

m 2 tn tn
< CZTn T—/ /t Vopu(s)dsdt +CZ/ [ Vu(t)|. dt
n=1 n tnf%

L2

m tn m
< czfg/t IV 0u(t))|2s dt+C/0 IVu(t)|[2s dt
n=1 n—%

L2

< Clltduu()|L2(0 4,000y + CllullL20,8,0m) (3.60)
where we have used 7, < 2t for t € [t,,_1,t,]. From (3.18) we see that u € L?(0,T; H'(Q)?), which implies that
||u||2L2(07tm;H1) < e when t,, is smaller than some constant 7. (3.61)

In view of (3.60), it suffices to prove the following result
||t8tu||%2(0,s;H1) < C”’U’H%Z(O,S;Hl)' (362)

Then substituting (3.61) and (3.62) into (3.60) yields the desired result of Lemma 3.6.
In order to prove (3.62), we differentiate (2.2) and consider the equation of d,u, i.e.,

O2u — Adyu = —Px (0yu - Vu) — Px (u- Vo) for t € (0,T]. (3.63)
Testing (3.63) by t20;u, we have

1
S8 Ll + V0l = (@ Tu, 20)

= t?(u, Oyu - VOu) (integration by parts)
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1
< CEulld ol + 12V ol
1
< CJull el |Ovul 2 |Vl 2 + 32V Dyl
1 1
< SCVulat |l + Vo),

where we have used ||ul|rz < C in deriving the last inequality, as shown in (3.18). Since the second term on
the right-hand side of the inequality above can be absorbed by its left-hand side, it follows from t2 |5‘tu|| 72 =

aF (t2||8tu||L2) — 215||5'tu||L2 that
d
(t2||atu|L2) 2| Voul2s < C.l[Vul 200l + 20, 0pul2e. (3.64)

Hence, it remains to estimate fotm t)|dyul|?, dt (the last term of the inequality above). To this end, we test (2.2)
by td;u and use (3.19). This yields that

1 d
S IVulZa + ol = —(u- Vu, )

< 0Pl ol + L [Vl

< Otljull2 |Vl ot o2 0yl 2 + 5 Va3

< Ct|Vul|p2||Voru| L2 + %HVUHQLQ (here (3.19) is used)
< Co | Vullls + ot |Vogul}s + 5 | Vull,

where 0 € (0,1) is a constant arising from Young’s inequality and therefore can be arbitrarily small. By using

the identity £ Vul2, = & (L[|Vul/2.) — 1| Vul|2. we furthermore derive that

d
t)|Opul2s + — ( ||Vu||L2) < (Co™ ' 4+ 1)|Vul2s + ot?|[VOul|2.. (3.65)
Combining the two estimates above, i.e., 2C, x(3.65)+(3.64), we have
d
a(tQHatU”ZL? + C.t||[Vul|72) + 2| Vol 2
< Cu||Vul|32%(|0sul|3 2 + (2C.Co™t +2C.,)||Vul|3 2 + 2C.0t?||VOsul|32. (3.66)

By choosing o sufficiently small, the last term on the right-hand side can be absorbed by the left-hand side.
Then we obtain

d

I — (?||8pul32 + Cut||Vul|F2) + 3| VOl 2 < C||Vulli=t?||0wulF2 + C||Vul7-. (3.67)

By applying Gronwall’s inequality and using (3.18) we obtain

tgl[gx](t2||3tu||2L2—|—C'*t||VuH%z)+/ t2||V8tu%2dt§exp</ O|Vu|%2dt>/ O Va2 dt
58 0 0 0

<c / Va2 dt. (3.68)
0

This proves (3.62) and completes the proof of Lemma 3.6. O
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Remark 3.7. In (3.29) we have used the following integration by parts:
= (et Vag, op) = T (i, ep Tt - Vr), (3.69)
n=1 n=1

and then have estimated this term in (3.38) in terms of the discrete L* (O, T; W1’4) norm of ¢7. We need to put
a sufficiently strong norm on ¢}, as strong as the L (O,T; W1’4) norm, so that a sufficiently weak norm can
be put on ﬁﬁezfl, i.e., the discrete L*(0,T; L*) norm on 4} and the discrete L? (O,T; L2) norm on 6271. The
integration by parts in (3.69) uses the divergence-free property of eZ_l and uZ_l. Without the divergence-free
property, the extra term (V . 6271, ap },‘) will appear, which contains V~6271 and therefore cannot be estimated
in terms of the L? (0, T; L2) norm on ezfl. This is the main technical reason that we consider divergence-free
finite elements in the analysis of the NS equations with critical initial data.

4. NUMERICAL EXPERIMENTS

In this section we present numerical examples to support the theoretical result in Theorem 2.1. Both examples
concern the incompressible NS problem

Ou+u-Vu—pAu+Vp=0 in Qx (0,7,
Vou=0 in Qx(0,7],
u=0 on 90 x (0,T],
u=1u" at Qx {0},

(4.1)

in the unit square Q = (0,1) x (0,1) with 7= 0.1 and p = 0.05. The Scott-Vogelius (Py, P; ') finite elements
are used for spatial discretization; see [36]. This finite element space has the required properties (P1)—(P2)
mentioned in Section 2. All the computations are performed using the software package FEniCS (https://
fenicsproject.org).

e+0.5 €+0.5

Example 4.1. Let w = sin(nz) sin(7my) with € = 0.01, and consider the initial value

u’ = (u?($7y)aug(xay)) = (wya _wa:)v

which satisfies that .
u’ € L? but u’ ¢ HY(Q)2

We solve problem (1.1) by the proposed method (2.11) and compare the numerical solutions with the reference
solution given by sufficiently small stepsize and mesh size.

The time discretization errors Huibv —ul o are presented in Table 1, where the reference solution u)

L2(Q)
is chosen to be the numerical solution with maximal stepsize 7ot = 1/1280. We have used four sufficiently small
spatial mesh sizes h = 27477, j = 0,1,2, 3, to investigate the influence of spatial discretization on the temporal

2@’ From Table 1 we can see that the influence of spatial discretization is
L

negligibly small in observing the first-order convergence in time, which is consistent with the result proved in
Theorem 2.1.

. . . . N N
The spatial discretization errors Huh — Upy yof

. . . N N
discretization errors Huh — thef

s are presented in Table 2, where the reference solution

uhN rof 18 chosen to be the numerical solution with mesh size h,ef = 1/128. We have chosen several sufficiently

small time stepsizes 7 = 27377/10,5 = 0,1,2,3 to investigate the influence of temporal discretization on the

spatial discretization errors Huff — uff vef || o ) From Table 2 we see that the influence of temporal discretization
T


https://fenicsproject.org
https://fenicsproject.org
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TABLE 1. Example 4.1: Time discretization errors using variable stepsize with a = 0.55.

T h=1/16  h=1/32  h=1/64  h=1/128
1/40 3.8127TE-02 3.7780E-02 3.7664E-02 3.7624E-02
1/80 1.5696E-02 1.5545E-02 1.5493E-02 1.5475E-02
1/160 7.6949E-03 7.6225E-03 7.5968E-03 7.5879E-03
Convergence rate  O(77:%%) O(r1%) O(r1%) O(r1%)

TABLE 2. Example 4.1: Spatial discretization errors using variable stepsize with a = 0.55.

h r=1/80 7=1/160 T=1/320 7 =1/640

1/8 5.0365E-03 4.7074E-03 4.5093E-03  4.4308E-03
1/16 1.6844E-03 1.5711E-03 1.5019E-03 1.4744E-03
1/32 5.4146E-04 5.0663E-04 4.8451E-04 4.7546E-04

Convergence rate  O(h™%%) O(h5%) O(h'%3) O(h'%%)

can be neglected compared with the spatial discretization errors, which are O(h!®) in the L? norm. This is
half-order better than the result proved in Theorem 2.1. The rigorous proof of this sharper convergence rate for
L? initial data still remains open.

Example 4.2. In the second example, we consider an initial value ©® = Pyw with
w = (w1 (z,y),ws(x,y)) = (<%, 27%%)  with € = 0.01,

which is a function in L?*(€2)? but not in H¢(Q)2. Since Py is the L?-orthogonal projection from L?(2)? onto
L2, it follows that u® € L2. But the analytical expression of u® is unknown. We solve problem (1.1) by the
proposed method (2.11) with ul) = Px,u® = Px,w, which can be computed from (2.7) with u® replaced by
w therein. Then we compare the numerical solutions with a reference solution given by sufficiently small mesh
size.

The temporal discretization errors are presented in Table 3, where the reference solution

L2()
uhN Lo 18 chosen to be the numerical solution with maximal stepsize 7ef = 1/1280, and we have used several

N N
’uh — U vef

sufficiently small spatial mesh sizes h = 27477,5 = 0,1,2,3 to investigate the spatial discretization errors
and to guarantees that the influence of spatial discretization error is negligibly small in observing the temporal
convergence rates. From Table 3 we see that the temporal discretization errors are about O(7), which is consistent
with the result proved in Theorem 2.1.

e are presented in Table 4, where the reference solution
uhN rof 18 chosen to be the numerical solution with mesh size h,ef = 1/128. We have chosen several time stepsizes
to investigate the influence of temporal discretization on the spatial discretization errors. From Table 4 we see
that the influence of temporal discretization can be neglected compared with the spatial discretization errors,
which are O(h!-%) in the L? norm. This is better than the result proved in Theorem 2.1 (similarly as the results
shown in the previous example).

. . . . N N
The spatial discretization errors Huh — Upy rof
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TABLE 3. Example 4.2: Time discretization errors using variable stepsize with a = 0.55.

T h=1/16  h=1/32  h=1/64  h=1/128
1/40 4.3461E-03 4.0663E-03 3.9460E-03 3.9014E-03
1/80 1.8754E-03 1.7471E-03 1.6919E-03 1.6711E-03
1/160 9.1079E-04 8.4811E-04 8.1938E-04 8.0861E-04
Convergence rate  O(77:%%) o(rt™) O(r1%) O(r+%)

TABLE 4. Example 4.2: Spatial discretization errors using variable stepsize with o = 0.55.

h T=1/80 T =1/160 T=1/320 T =1/640

1/8 1.0833E-03 8.6397E-04 7.4118E-04 6.8490E-04
1/16 4.1932E-04 3.1724E-04 2.5928E-04 2.3009E-04
1/32 1.4837E-04 1.1103E-04 8.9531E-05 7.8055E-05

Convergence rate  O(h'%?) O(h'h) O(h*5%) O(h*"%)

5. CONCLUSIONS

We have presented an error estimate for a fully discrete semi-implicit Euler finite element method for the
NS equations with L? initial data based on the natural regularity of the solution with singularity at ¢t = 0.
The numerical solution is proved to be at least first-order convergent in both time and space without any CFL
condition. The analysis makes use of the smoothing property of the NS equations under L? initial data and
appropriate duality arguments to obtain a discrete L2(0,T; L?) error bound for a sufficiently small constant
T, (which depends on the initial data u", but independent of 7 and k). This is proved by utilizing Lemma 3.5,
which says that the discrete L2(0,T; L?) norm of the numerical solution is not only bounded but also small for
sufficiently small T,. The discrete error bound in L?(0,T}; L?) is furthermore improved to L?(0,T; L?) (for a
general T > 0) and a pointwise-in-time L? error bound away from ¢ = 0. The extension of the analysis to the
Taylor-Hood finite elements (which do not satisfy property (P2)) is also possible.

Several questions still remain open for the NS equations with nonsmooth initial data.

First, the numerical results show that 1.5th-order convergence is achieved in the space discretization. This
is slightly better than the result proved in this article. The proof of this sharper convergence rate still remain
open.

Second, the current numerical method and its error analysis requires variable stepsize and yields an error
bound which holds only away from ¢ = 0. The development of efficient numerical methods that may have some
uniform temporal convergence up to ¢t = 0 is still challenging. In view of the low-regularity integrators recently
developed for dispersive equations [44-46] and semilinear parabolic equations [34] this is possible and worth to
be considered (at least for semi-discretization in time).

Third, the development of numerical methods with higher-order convergence (e.g., away from ¢ = 0) for the
NS equations with initial data in critical spaces is still challenging and worth to be studied.

Fourth, the error analysis of numerical methods for the three-dimensional NS equations with critical initial
data in H? or L3 still remains open.
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APPENDIX A. PROOF OF LEMMA 3.2

We only need to prove (3.19) by assuming that the initial value is in H?(£2)2, provided that all the constant
C,n, below depends only on m and ||[u’||.> (independent of higher regularity of u"). Then, for a nonsmooth initial
value u® € L?, we can choose a sequence of functions u? € H N H*(Q)%, n =1,2,..., converging to u® in L.
The solution u, corresponding to the smooth initial value u? satisfies

107 un ()] 2 + 2|0 un (B) | 111 + |0 un (B) | 12 < Cont™ V>0, m >0, (A1)

with a constant C,, depending only on m and ||ul| ;> (thus independent of n). By a standard compactness
argument and passing to the limit n — oo, one obtains that u,(t) converges to u(t) for ¢ > 0 and therefore
(A.1) implies (3.19).
It remains to prove (3.19) for H? initial value (thus the solution is qualitatively smooth in time and H? in
space; see [1], Rem. 3.7).
From (3.18) we immediately obtain
l[ull oo 0,00522) + [[ttll £2(0,00511) < C- (A.2)

To obtain higher-order estimates, we fix an arbitrary s > 0 and let x(¢) be a nonnegative smooth cut-off function
of time (independent of x) satisfying that

0 for ¢t € (0,s/4),
x(t) = {1 for ¢ € [s/2,00),

and ’8fx(t)| <Cs7F for k=0,1,2,... (A.3)
Testing (1.1) by x2?0u yields
1 5,d
IxOvulzz + 5x° 3 1Vullza
= —(u - Vu, X28tu)
_ €
< O lu- Vixu) 52 + 5 xOeullz:
— € 2
< CeHul IV OllZe + 5 IxOullzs
€
< € ful gzl IV () L2 1A Gcw) 2 + 5 IxOpul3 (here (3.1) and (3.2) are used)
_ € €
< Ceulzzllull Fn IV O Ze + S IAGw) 172 + 5 IxdrullZe, (A4)
where € is an arbitrary positive constant arising from using Young’s inequality. Since
d d
3 IValZ = ZIT0wIE: — 210 Va3
and |9;x| < Cs™1, it follows from (A.4) that
1d _ € € -
IxOvulzz + 5 HIVOZe < Ce?llullZe [ullf IV O Ze + SIANWIZ: + 5 IxrulZz + Cs™ V7.
(A.5)

To estimate the term e[| A(xu)||2, on the right-hand side of (A.5), we multiply (1.1) by x and consider the
resulting equation
—A(xu) + V(xp) = —x9u —u-V(xu) in Q,
V-(xu)=0 in Q,
xu =20 on 0f.
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Through the standard H? estimate of the linear Stokes equation (cf. [41], Thm. 2) we obtain

IxullZrs < Cll = x0pu — - V(xu)llz-
< ClIxullLz + Cllull IV (xu) | £
< ClIxdwullzs + Cllullzlull e[|V () [ 22 [ A () | 2

1
< Clxduulzz + CllullZe [ullz IV Oallz: + S 1AGa)lIZ:, (A.6)

where we have estimated the term ||u||2 .||V (xu)||?. similarly as in (A.4). The last term of (A.6) can be absorbed
by the left-hand side. Then adding ex(A.6) to (A.5) yields

IOrll3 + 5 < I ()22 + el ul e

2dt
< Ce P flullga lull 7 [V Ocu) 172 + §HA(XU)||2L2 + Cellxdul[ T2 + Cs™H|[Vul|Z.. (A7)

By choosing sufficiently small €, the two terms involving [|A(xu)||?, and [xd;ul|3. can be absorbed by the
left-hand side. Then, by using estimate ||u|| e (0,00;2) < C from (A.2), we obtain

*lei'?tUIle . ||V(XU)||L2 +35 IIXUHHz < CllullFn IV o)z + Cs™H [Vl 7o (A-8)

2dt

Now, applying Gronwall’s inequality, we have
HV(XU’)”%W(O,S;LZ) + ||Xatu||%2(0,s;L2) + ||XUH%2(O,S;H2) < eXp(CHU’”%Q(O,S;HI))CS_I||vu|‘%2(0,s;L2)
<Cs™, (A.9)

where we have used the estimate ||ul[z2(0,00;51) < C from (A.2). Since s > 0 is arbitrary and x(t) = 1 for
t > s/2, choosing s =t in the inequality above yields that

[l oo 1221y + 1060l 2 e j2.0:02) + [l L2t j2,pm2y < CETZ, V> 0. (A.10)

We consider the mathematical induction on m, assuming that

]+t (o, + fouo

+ Hu(j)(t)‘ aen )) <ct, (A.11)
2(¢ 7t; 2

V¢E>0, j=0,...,m—1,

L2(t/2,t;L2)

which holds for m =1 in view of (A.2) and (A.10).
We denote u(™ = 97"y and differentiate (1.1) m times. This yields
dpul™ + Z(T]n)u(j) - Vum) — Aul™ + Vp™ =0 in Q x (0,7,
,’:O

(A.12)
V-u™ =0 in Qx(0,T),
u™ =0 on 90 x (0,T).

Testing this equation by u(") yields

‘ (m)

Lol S vae],

2dt
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Ui 2 2 1 2
) (m—3) - (m)
SCE:HUJ‘L4 “ J‘L4+4HVU ’L2
Jj=0
m ) . . ) 1 2
< ) H ) (m—j) (m—3) ,H (m)H Al
C;)Hu Lo Vu Lo|¥ Lo Vu L2+4 Vu L2 (A.13)

where we have used the following fact to get the second to last inequality:

Hu@').v”(mﬂ')H _ sup (u<j>.w<mfj>’v)
H=Y yeHL, o] =1
- sup _ (u(m—j), w0 . W)
veHE, o]l 1 =1
< u(j)‘ u(m—j)’ .
- L4 L*

Substituting (A.11) into (A.13) for 1 < j < m — 1, we obtain

2

1d 2 2
bl )
2dtHu L2+ Vu

1
u(m>H HV“(m)H + ot 4 *HVu(m)‘
L L2 L2 4

, S Cllullz2 [Vl 2

L2
2

< a2 ||V 2 |[u™ 2 ooy Higuom
< Cllullz=[Vallzs w7, 5 || Ve

L2
Then, multiplying the inequality above by x? and using ||u(t)||z> < C, we have

1d

sz u<m)]2 +1Hv( u<m>)H2 < C||Vull? uWHQ + OX(BE 21 4 Clo,] Hauw*l)]z
2 dtl* Lz 2 X L= L2||X L2 X EXIX| L2

By using Gronwall’s inequality, estimate (A.2) and property (A.3), we derive that
v ()]

SeXp(C||VU||2L2(O7S;L2)>/O (X(t)2t2m1+c|atx(t)x(t)‘

2 2

)

[

L~ (0,s;L? L2(0,s;L2)

atu(mfl) ’

2
>dt
L2

s

s 2
< exp(CIVulZ2 0 02) / (t”’"‘l+08‘1H‘9t“‘m‘”HLz>dt
< CS_Qm- '

As a result, choosing s = ¢ in the inequality above, we have

Hu“’”H + HVu(m)’ <Ct™, VYt>0. (A.14)
Lo (4/2,6;12) L2(t/2,6;L2)
From (A.12) we know that
—Au™ + Vp™ = g™ — Z(?)u(j) - Vum=a), in Q,
§=0
A.15
V-ul™ =0 in Q, ( )

u(™ =0 on Of).
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Through the standard H? estimate of linear Stokes equations (cf. [41], Thm. 2) we obtain

2 2 m ,
TS 0 s » KR o
j=0
Testing equation (A.12) by du(™ gives
o+ g7 < O a2 o
j=0
m 2 2

Ce! H G . v (m—j)” H@ (m) AT
€ jgo u u L + €||Opu . ( )

Summing up (A.17) and Ax(A.16) yields

2

1d 2
L]+ o]
8,5 + thHVU 12 + u

L2

Ui : 2 2
<Ot Z ul?) . Vu(mfj)HLz + (e + CA)H@M’")HL?

7=0
R (m—5) || ||
<oy [u |+ et onfant|
7=0
m ) ) X 2
<cetS|u W@ [[vutm|| autm|| e+ onffo™|
j=0 L2 L? L2 L

where we have used (3.1) and (3.2) in deriving the last inequality. By choosing sufficiently small € and A, the

term (e + C)\)Hatu(m) ||z2 can be absorbed by the left-hand side. Then, substituting (A.11) and (A.14) into the
inequality above, we obtain

3o

< Cllullz2[[Vul| g2

e N

L2

m—1
(m) (m) —j—m—1 (m—7)
s e D D
j=1
(m) (m)
el o] s,

< X Yul|Za | Vul 72

2
L2

2 2 m—1 )
vu||” 4 éHAu<m>H +O Y (P A
L2 2 L2 =

2 2 2 2
+ OVl |[9ut[, + 0l | awi,
m—1
< OX Y| Vul|7s Vu“’””Q + iHAu“’”HQ +C > (t—Q’”—Q +t_2jHAu ’ )
L2 2 L2 = L?
4O Vul? vu<m>H2 + Ot A
L2 12 L2

After absorbing 5 HAu m H 2 by the left-hand side, multiplying the last inequality by x? yields

v () |+ o G ) [+ A )

L2
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m—1

i 112
ceew|S <t—2m—2 H_zJHAu(m—J)HLQ) + 72| A2,

+ IVl |9 ()|, + clane | vue|| |+ oo

Then we apply Gronwall’s inequality in the time interval [0, s] and using the estimate |9;x(t)| < Cs~!. This
yields that

v (yum) |’ o, (u | Alu) |
H (XU )HL‘X’(O,S;L2) + ‘ t(Xu )’ L2(0,s;L2) + H (XU >‘ L2(0,s;L?)
s [m=l , 2
< exp(CVultsasn) [ € Z(t”’”‘“t‘?ﬂ Aulm) L2)+t‘2’"llﬂulliz dt
I j=1

) s L 2
+eXp(C||VU”L2(O,s;L2))ﬂ Cs™ HVu(m)HL2 dt
14

< CS_2m_1
where the last inequality uses (A.14). Since s > 0 is arbitrary, choosing s = ¢ in the inequality above yields that
Jaut]

<ot

[
L2(t/2,t;L2) —

A8
Lo (t/2,6,12) (A.18)

Combining (A.14) and (A.18), we have

L2(t)2,t;L2)

[ume)],, + ¢ (o] I + [ Oll/zem ) <O V0. (A19)

L2(t/2,t;L%)

This completes the mathematical induction on (A.11). Hence, equation (A.18) holds for all m.
By substituting estimates (A.10) and (A.19) into h(A.6) and considering m = 1, we furthermore derive that

lu®)lm2 < Cllocu®)Lz + Cllu®) 2 lu@®)|F < Ot~ V> 0. (A.20)
From (A.16) we also obtain that

Jaut]],, < om0, + € - vl
L2 L2 —
J:

L2
—-m—1 €)) (m—3)
< (Ct +C’ZHU ‘L4 Vu ’L4
j=0
m 1 1 1 1
om0 S| out|F fouea| |
=0 L2 L2 L2 L2
m 1
—m—1 _Jtm+1 (mfj)‘ 2
<Ct +CY T A g
j=0
m jt+m+1 . % m+1 %
<Cct ™4 CZF 2 Au(m*”‘ + Ot "2 Au(m)‘ .
1 L2 L2
iz

Assuming that ||Au(j) ||L2 < Ct7 771 for j =0,...,m — 1 (which holds for m = 1 in view of (A.20)), the last
inequality furthermore implies that

HAU(m)HLQ <ot L (A.21)
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By mathematical induction, equation (A.21) holds for all m > 0.
Combining (A.19) and (A.21), we obtain the desired result of Lemma 3.2. d

ApPPENDIX B. PROOF OF (3.51)—(3.53)

From (2.12) we see that

n UZ 7”2_1 n—1 n
[Anuplle < - + a7 L I VRl s
n L2
n_ ,n—1 1 1 1 1
o v I A A A A RV 2
n
(here (3.1) and Lem. 3.1 are used)
n __ n—1 1 B B 1
<P gl sl W+ R ) + 5 Al e
n
As a result, we have
n __ n—1
A < 2 “h“hHL n Huz_lHLQ(HuZ_luzl n Huguip). (B.1)

Testing (2.12) by (uf —u)~")/7, yields

2

2
e O A el N PR R O /)

Tn L2 27, 2 Tn Lo
O e/
= (uh Vuy, -

_ up — oyt
< ||UZ 1||L4HVUZ||L4 b

L2

_ 1 _ 1 1 1 un_u’ﬂfl

< o Bl o s g o |
n L2

(again, Eq. (3.1) and Lem. 3.1 are used)

1 1 1 n_ ,n—1]|2 3 i n_ ,n—1
S T e R L P A e
L2 T’I’L L2
_ -1
+ CH“Z_luLz‘H“Z_luilH“Z”I%-[l Uh = Up (here (B.1) is used)
L2
n_ ,n—1 2
< Ol G (g s + il ) + 5| 22—
Tn L2

The last term can be absorbed by the left-hand side. Then, multiplying the result by the smooth cut-off function
x(t,) in (3.43), and using the estimate lglachHuZHLz < C, we obtain

_n_
2

n—1

2 —1112
up —up ) XEIVURIZ = x|V

L2 Tn

_ tn) — X(tn_
< Oxlt) ([ s + gl ) + A=)

X(tn)

Tn

Va1
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< O||Vup YT ax )| Vup |7 + CIVupax ) Vgl + Ctt |,

for n > 2 and m >4 (so x(t1) = 0). By applying Gronwall’s inequality, we obtain

2

ni2
L o () IVuize

n n—1
Uy, — Uy

n

N N
< exp (CzTnO’vuZlHiz + ||VUZ||iz)>Ct7nl > Va1

n=2 n=2

< Ct,}', where we have used the basic energy estimate (3.9).

Substituting this into (B.1), we also obtain

N
S rax(ta) | Ang e < Ot
n=2

To summarize, the two estimates above imply that

m u? — un—l 2

S ml lAnup)3s + || —"— + max |Vu}|;. <Ct;! for 4<m < N.
n=[m]+1 n L2 [%]<’I’L§m
L2

Let u, p(t) be a piecewise linear function in time, defined by

tn — 1 t—1Tp—
Ur () = "—u " + 7"1%? for t € (tn—1,tn)].

n Tn

Let uj_' n(t) and u_, (t) be piecewise constant functions in time, defined by
uih(t) =u and u_,(t) = up™t for t € (tn_1,tn].

Then (3.9) and (B.2) imply that the following quantities remain bounded as 7,h — 0:

+
u‘r,h‘

)

+
ol + Ntmlizo ooy + [l | o o + |

L2(0,T;HY) -
H@tuﬂhHLz(ThTz;Lz) + ||AhuT’h||L2(T17T2;L2) + ||u7'7h||L°°(T1,T2§H1) <C,

+ +
b

u‘r,h

)

+ o] <
L2(T1,T2;L2) LOC(Tl,TQ;Hl)
for arbitrary fixed constants T and 75 such that 0 < 77 < T, < T'. Since

L>(0,T;L*(2)%) N L*(0,T; H'(Q)?) — L*(0,T; L*(Q)?),

from (2.12) we also derive that

[0l a0z < || Aneit ]| P (s )|

L2(0,1; A L2(0,T5H 1)
gc‘ujh‘ +C‘u;h-Vujh’
lL2(0,7;H?Y) ’ MLz, m;H-1)
Sc‘ujh‘ +O‘u;h‘ ujh‘
Ml L2 0,15m1) Mlpaorsey Il ™" a0
<C.

(B.2)
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From (B.3) and (B.6) we see that u, is uniformly (with respect to 7 and k) bounded in L*(0,T; L*(€2)%) N
L? (O, T, H&) NH' (O, T, Hfl) — L*(0,T; L*(2)?), compactly embedded into L*(0,T; L*(2)?) (see the Aubin—
Lions—Simon theorem in [47], Thm. 7). In the meantime, u,, is uniformly bounded in H'(Ty,T2; L*(22)?) N
L (Ty, To; H(§2)?), which is compactly embedded into C([T%, T3]; L?(22)?) (cf. [47], Thm. 5) . As a result, for
any sequence (75, h;) — (0,0) there exists a subsequence, also denoted by (7}, ;) for the simplicity of notation,
such that

Ur; p; — u  weakly™ in L (O,T;LQ(Q)2),

Uz, p; — u  weakly in L? (O,T; Hé),

Ur; p; — u  strong in L3(0,T; L3(Q)?), (B.7)

Ur; p; — u  weakly in H! (Tl,Tg; LQ(Q)z) for arbitrary 0 < Th < Tp < T,

Upyp, —u weakly” in L>°(Ty,To; H'(Q)?) for arbitrary 0 < Ty < Tp < T,

Ur; p; — u  strongly in C([Tl, Ts); LQ(Q)Q) for arbitrary 0 < T7 < Ty < T,

for some function
e L0, T; LA(Q)2) N L2 (o, T Hg) N HY(Ty, Ty; L2(Q)2) 0 L (Ty, Ta; H()2)
< O3 ([T1, To); L2(Q)?).

From (B.3) we see that the set of functions {u(-,t) : ¢ € [0,T]} is uniformly (with respect to 7 and h)
bounded in L? and therefore precompact in H~!. From (B.6) we also know that w, j is uniformly bounded in

H! (O, T; H‘l) — (3 ([O7 T); H‘l), which implies that the function u, j, : [0,T] — H~' is equicontinuous with
respect to t € [0,7]. According to the Arzela—Ascoli theorem ([48], Chap. 7, Thm. 17), the functions wu, ) are
precompact in C ([O, T} H _1) and therefore a subsequence u.,, p, satisfies that

Ur; h, converges to u in C([O,T]; Hil), with «(0) = lim Px,, u® = u® in H 1 (B.8)

J—00

It remains to prove that the limit function u is the unique weak solution of the NS equations (thus the limit
function is independent of the choice of the subsequence 7;, h; — 0). This would imply that u,; converges to
u as 7,h — 0 in the sense of (B.7) and (B.8) without necessarily passing to a subsequence.

For t € (tn—1,tn] C [T1,Ts] we have

|

As a result of (B.4), we obtain

tn 1
uly = e < flup =i < / 100zl 2t < O 00l oy s

n—1

|

luzp = wrnllLo (@ mpi2) = 0 as 7 —0.

ujh—uﬂhH —0 as7—0,
’ Los(Ty, Ta;L2)

and similarly,

Hence, there exists a subsequence, also denoted by (75, h;) for the simplicity of notation, such that

ut h. —u  strongly in L>(T1, To; L*(Q)?).

il
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Note that

T N 2 N 9
/ ‘ur,h_uthHLgdtSCZT"H“Z_“Z_luLz
0 n=1
N
< Onflup = up = e + O mallui = ™ s k= ui

n=2

N
<Crm + CZTzuatur,hhtn_l,tn]HH—l Jupy =i ™|
n=2

N 2
12
<Cn+ CTHatUT,h“L?(O,T;H*l) <Z T”(HUZ“%” + [lu, 1||H1)>

n=2

< C7 (here (3.9) and (B.6) are used)

Since ur, p, — w strongly in L?(0,T; L*(2)?) as shown in (B.7), it follows that

which immediately yields

—0 as7t—0.
L2(0,T;L?)

+
u‘r,h — Ur,h ‘

ut p, = u strongly in L*(0,T; L*(€2)?).

7’j7
From (B.3) and (B.7) we know that, by passing to a subsequence if necessary,

ut n, — @ weakly® in L™ (O,T;LQ(Q)Z)7

ujjyhj —u  weakly in L?(0,T; H*(Q)?).

Now, testing (2.12) by vy € C([0,T]; Xp) and integrating the result in time, we have

T T T
/O(Gtuﬂh,vh)dt—i—/o (Vuih,Vvh)dt+/0 (u;h~Vuih,vh)dt:0.

For any given v € C([0,T]; Hf N H?()?), we let v, = II,v (see (3.4)), which would converge to v strongly in
C([0,T); H') as h — 0. Then the equation above implies that

T T T
/ (Optir.p, v) dt+/ (Vuih,Vv) dt+/ (uyy - Vuih,v) dt
0 0 0

T T T
:/ (atuT’h,v—vh)dt—&—/ (Vuih,V(v—vh))dt—i—/ (u;h-Vuj,h,(v—vh))dt
0 0 0

ST W) + TR ) + T W), (B.9)

where

T
|J{L(v)| = /0 (atuT,ha U= Uh) dt

< OH(()tU7—7h||L2(07T;H—1) v =vnll g2,y — 0,

7)< Cf

+
uT,h‘

L2(0,T;H1)||v — Unllzaozirrny = 0
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T
|J§L(v)| = / (uj,h,u;h V(v — vh)> dt
0

<

| e 196 = o)l iz

L2(0,T;L%) L2(0,T;L%)

sc‘

+
uT,h‘

U_ v — V| e . 0.
L2(0,T;HY) T’h’ LZ(O,T;Hl)” nllz<o.rsmy =

Since ur; p ut , — u weakly in L2 (O, T; H&) and Oyur, p, — Oyu weakly in L? (O, T; Hil), it follows that

3’ Tj,hj

T T T T
/ (Orur p,v)dt + / (Vuj:h, Vo) dt — / (Opu,v) dt + / (Vu, Vo) dt.
0 0 0 0

Since Up p, = U strongly in L2 (07T; LQ(Q)2) and Vu;rj’hj — Vu weakly in L2 (O,T; L2(Q)2), it follows that

Uy hy

-Vul ,, convergence weakly in L'(0,7; L'(©2)?) and therefore

/T (uT_h . Vuj_:h,v) dt — /T(u -Vu,v)dt, Vv e C’([O,T];H& N HQ(Q)2> — C([0,T]; L*®(2)?).

By using these results and passing to the limit (7,h) = (7j,h;) — (0,0) in (B.9), we obtain that the limit
function u satisfies the following weak form:

T T T
/ (Opu,v) dt+/ (Vu, Vu)dt +/ (u-Vu,v)dt =0 Vo€ C([O,T};H& N H2(Q)2). (B.10)
0 0 0
Note that d,u € L2 (O,T; H—l), Vu € L2(0,T; L*(Q)?) and
w-VueLs (O,T;L%(Q)2) C L3(0,T; H 1 (Q)?) c L3 (o,T; H—l).

Since (Px(u - Vu),v) = (u- Vu,v) for v € H', it follows that Py (u - Vu) € L3 (O,T;H*). Therefore,
dyu — Au+ Px(u-Vu) € L3 (O7 T; H*1> and (B.10) implies that

T
/ (Otu — Au+ Px(u-Vu),v)dt =0 Vv e C’([O,T];Hé).
0

This implies that
Ou— Au+ Px(u-Vu) =0 in H* ae te(0,7T]. (B.11)

From (B.3) and (B.6) we conclude that, as the limit of u,, 5, when j — oo, the limit function v must satisfy
we L™ (O,T; L2> nL? (O,T; Hg) nH' (o,T; H*l) < 0([0,T];L'2). (B.12)

According to Problem 3.2 and Theorem 3.2 of Chapter 3 from [1], the equation (B.11) and the regularity result
(B.12) imply that u must be the unique weak solution of the 2D NS equation.

Since every sequence Uz, h; contains a subsequence that converges to the unique weak solution « in the sense
of (B.7) and (B.8), it follows that u, ) converges to u as 7,h — 0 (without passing to a subsequence). Then
(B.7) and (B.8) imply the desired results in (3.51)—(3.53). O
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