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A SECOND-ORDER LOW-REGULARITY CORRECTION OF LIE SPLITTING
FOR THE SEMILINEAR KLEIN-GORDON EQUATION

BuvaNG Li%*, KATHARINA SCHRATZ? AND FRANCO ZIVCOVICH?

Abstract. The numerical approximation of nonsmooth solutions of the semilinear Klein—-Gordon equa-
tion in the d-dimensional space, with d = 1,2, 3, is studied based on the discovery of a new cancellation
structure in the equation. This cancellation structure allows us to construct a low-regularity correc-
tion of the Lie splitting method (i.e., exponential Euler method), which can significantly improve the
accuracy of the numerical solutions under low-regularity conditions compared with other second-order
methods. In particular, the proposed time-stepping method can have second-order convergence in the
energy space under the regularity condition (u,d:u) € L*(0,T; HYE x H%). In one dimension, the
proposed method is shown to have almost %-order convergence in L*(0, T} H' x L2) for solutions in
the same space, i.e., no additional regularity in the solution is required. Rigorous error estimates are
presented for a fully discrete spectral method with the proposed low-regularity time-stepping scheme.
The numerical experiments show that the proposed time-stepping method is much more accurate than
previously proposed methods for approximating the time dynamics of nonsmooth solutions of the semi-
linear Klein—Gordon equation.
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1. INTRODUCTION
We consider the following initial-boundary value problem of the semilinear Klein—-Gordon equation:

Opu — Au = f(u) in Q x (0,7,
u=0 on 0 x (0,7, (1.1)

u|i—o = v’ and Oyuli—o =% in Q,

in a rectangular domain © C R? under the homogeneous Dirichlet boundary condition, where f : R — R is a
given nonlinear function. For example, equation (1.1) is often referred to as the sine-Gordon equation in the
case f(u) = sin(u), which arises in many physical applications, such as magnetic-flux propagation in Josephson
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junctions, bloch-wall dynamics in magnetic crystals, propagation of dislocation in solid and liquid crystals,
propagation of ultra-short optical pulses in two-level media; see [3].

The numerical approximation of semilinear Klein-Gordon equations in the form of (1.1) has been exten-
sively studied in computational mathematics. A large variety of numerical schemes for approximating the time
dynamics of the semilinear Klein—-Gordon equation has been proposed and analyzed, including trigonomet-
ric/exponential integrators that are based on the variation-of-constants formula (e.g., see [5,11, 13,18, 34]),
splitting methods (e.g., see [1,2,5,12,16,29]), symplectic methods [7,8,14], and finite difference methods (such
as the Crank—Nicolson, Runge-Kutta and Newmark methods, see [6,17,20-22, 25,28, 30, 33]).

The analyses in these articles (e.g., [5,11,18,34]) have shown that for initial data (u°,v°) in the physically
natural energy space H*(2) x L?(2), so that the solution (u, d;u) is bounded in the energy space H'(Q) x L?(£2)
uniformly for ¢ € [0, 7], the classical time-stepping methods such as splitting methods, trigonometric integrators,
and averaged exponential integrators, can approximate the solution (u, d;u) with second-order convergence in
the weaker space L?(Q) x H~1(Q), but only with first-order convergence in the energy space H'(2) x L?(£) itself.
Moreover, the second-order approximation to (u, dyu) in the energy space H'(Q) x L?(Q) generally requires the
initial data to be in the stronger space H%(Q)) x H'(Q). Since every two temporal derivatives in the solution of
the wave equation can be converted to two spatial derivatives in the solution, the finite difference time-stepping
methods generally require more regularity of the solution according to the analyses in the literature.

The only method which breaks this order barrier is the low-regularity integrator proposed in [31], which
can have second-order convergence in the energy space H'(Q) x L?(2) under the weaker regularity condition
(u®,v°) € Hi(Q) x H1(Q); see Corollary 5.7 of [31]. This low-regularity integrator is based on the reformulation
of (1.1) into the first-order equation

B = —(—A)5w+(—A)‘5f(w;w) (1.2)

through the transformation w = v — i(fA)*%atu, which is then discretized by the low-regularity integrators
proposed in [31] for first-order semilinear evolution equations. Such low-regularity types of numerical schemes
have recently gained a lot of attention in particular in the context of the nonlinear Schrodinger equation (see,
e.g., [4,26,27,31]), KdV equation (see, e.g., [19,23,36,37]), and the Navier-Stokes equations [24]. Second-order
approximations to the solutions of these equations in the H® norm generally require the solutions to be bounded
in H5(Q2) for s > d/2+ 1.

In this article, we construct a new time-stepping method for the semilinear Klein—-Gordon equation based on
the discovery of a new cancellation structure in the equation, which allows us to find a low-regularity correction
of the Lie splitting method, i.e.,

(Z::) — oL (S:) + TeTL(f(SL”)) +r2eTLyy(—2rL) (fj(i(;;?n) (13)

Lie splitting low-regularity correction

where (u”,v™)" is an approximation to (u(t,),d;u(t,))", and L is a linear anti-symmetric partial differential

operator defined by
01

L= (A o) C[HA2(Q) N HY(Q)] x HY(Q) — Hg () x L*(Q). (1.4)
The last term in (1.3), which contains the operator ¢o(—27L) := (27L)"?(e™?7% + 27L — I), is a low-regularity
correction term for the Lie splitting, i.e., it improves the Lie splitting method to second order under low-
regularity conditions, without requiring second-order partial derivatives of the solution. Theoretically, we prove
that the new time-stepping method can achieve second-order convergence in the energy space H'(2) x L?(Q)
under the regularity condition (u%,v°) € H*4(Q) x H% () for spatial dimension d = 1,2, 3; see Theorem 3.1.
In the one-dimension case, the proposed method is shown to have a convergence order arbitrarily close to
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% in the energy space H'(Q) x L?(Q) for solutions in the same space, i.e., no additional regularity in the
solution is required. The numerical experiments in this article show that the proposed method is practically
higher-order than the previously proposed methods for approximating nonsmooth solutions in the energy space
HY(Q) x L*(Q).

The following convergence results are proved in this article.

Theorem 1.1. Let f : R — R be a given nonlinear function satisfying the following Lipschitz continuity
condition (for some constants Cy):

lf/(s)|<Cy and |f"(s)|<C; for s€R. (1.5)

Then, for d =1,2,3 and (u°,v°) € [H'5(Q) N HE(Q)] x H5(Q), the numerical solution given by (1.3) has the
following error bound:

n n 2
ngilé%%h(nu = u(tn)ll g1 (o) + V" — atu(tn)Hm(sz)) < Cot?, (1.6)
where Cs is some positive constant independent of the stepsize T (but may depend on T).

Moreover, for d =1 and (u°,0°) € HE () x L*(Q), the numerical solution given by (1.3) has the following
error bound:

n n 4_¢
s ([l = (bl oy + 1" = Beulta) 2y ) < et (L.7)

where € € (0,1) is an arbitrary fived small constant, and Cs is some positive constant independent of the stepsize
7 (but may depend on T).

Remark 1.2. The order of convergence in (1.7) is higher than 1 without requiring additional regularity in the
solution. The error estimate in (1.5) shows that second-order convergence is achieved with a regularity condition
weaker than H?(Q) x H'(€). These results not only have theoretical value but also affect the accuracy in the
practical computation, as reflected in the numerical experiments in Section 4, i.e., the proposed time-stepping
method is much more accurate (with higher-order convergence) than the other methods for approximating
nonsmooth solutions of the semilinear Klein—Gordon equation.

Remark 1.3. The consistency errors of the numerical method actually only contain first-order partial deriva-
tives of the solution, instead of 1 —|—% order partial derivatives. The regularity condition H'+% (Y)xH (1) arises
from the use of Sobolev embedding H'*% (Q) < W14(Q) in the error estimation. In the one-dimensional numer-
ical experiments (see Fig. 1 in Sect. 4), we observe second-order convergence of the method for H'(Q) x L?(€2)
initial data.

Remark 1.4. The Lipschitz continuity condition in (1.5) can be removed in the case d = 1, as the L>° bound
of the numerical solution ©™ can be proved by using its convergence in H'. For d = 2, 3 this Lipschitz continuity
condition is needed for a general nonlinear function f(u), but is still possible to be removed for some special
nonlinear functions such as f(u) = u3. Since such analysis requires different treatments for different nonlinearities
and d = 1,2,3 (see [35] for the excellent treatment of the case f(u) = u® in one dimension), we focus on the
construction of the low-regularity integrator in the general case d = 1,2,3 with a general nonlinear function
under the Lipschitz continuity condition.

The rest of this article is devoted to the construction of the method and the proof of the theorem. In Section 2
we construct the second-order low-regularity integrator by analyzing the consistency errors in approximating the
semilinear Klein—-Gordon equation. In Section 3 we present error estimates for a fully discrete spectral method
with the time-stepping scheme in (1.3) (see Thm. 3.1 and Rem. 3.3), which imply Theorem 1.1 by passing to the
limit N — oo, where N¢ denotes the degrees of freedom in the spatial discretization. The numerical experiments
are presented in Section 4 to show the favorable error behaviour of the new scheme for both nonsmooth and
smooth initial data.
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2. CONSTRUCTION OF THE LOW-REGULARITY INTEGRATORS

We rewrite the semilinear Klein—-Gordon equation into the following first-order system, i.e.,

{@U — LU =F(U) in Qx (0,77,
Ul(t,) =0° in Q,

U= ( a?u)’ U = (ZS) and F(U) = ( f(ou)>, (2.2)

and L is defined in (1.4). Under the Lipschitz continuity condition (1.5), it is well known that problem (2.1) has
a unique energy solution U € L*>(0,T; H} () x L?(Q)) satisfying the following variation-of-constants formula:

(2.1)

where

S
Ut +s) =eLU(t) + / G EU(t+0))do for t,s >0, (2.3)
0
where e’ is the continuous semigroup on H}(Q) x L?(Q2) generated by the anti-symmetric partial differential
operator L.
For the simplicity of notation, we denote by A < B the statement “A < C'B for some constant C' which is
independent of the stepsize 7 (or the degrees of freedom N in the case there is spatial discretization)”.

1
For the error analysis we define the energy norm W[y = (|[Vwi[[72(q) + [[w2ll72)* and the following
non-energy norms:

N

1Wllo = (I l3eqay + - ay)

1
2
1wl = (il @) + ||w2|\L2(Q) :

[N

1Wlla = (1l ey + el o)

It is known that the semigroup el satisfies the energy conservation |[e!2W|; = |W/|; for W € HE(Q) x L*(Q),
and the following estimates:

le" Wllo < Wl YW € L*(Q) x H~H(),
le“ Wil S Wl YW € Hg(Q) x L*(9), (2.4)
le ™ W2 S IIWll2 YW € [H*(Q) N Hy ()] x L*(Q).

Moreover, the nonlinear function F(U) defined in (2.2) satisfies the following estimate:

IE@) S 1F @z S U o (2.5)

In the following two subsections, we study the consistency errors in approximating formula (2.3). We begin
with a first-order approximation in the next subsection, which provides insights for us for the construction of
the second-order low-regularity integrator.

2.1. First-order approximation

Let t, = nt, n = 0,1,...,[T/7], be a sequence of discrete time levels with stepsize 7, and consider the
variation-of-constant formula:

Ulty + 5) = LU (1) + / L E (Ut + o)) do for s € [0, 7], (2.6)
0
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which implies that
Ultpy1) =™ FU(t,) + /OT IR (U(t, + 5)) ds. (2.7)
Substituting (2.6) into the right-hand side of (2.7) yields
Ultpy1) = e LU(t,) + /0 ’ TILF (LU (t,,)) ds + Ri(tn), (2.8)
where the remainder R;(t,) is given by
Ri(t,) = /0 T elror [F(U(tn +s)) — F(e*FU(t,))] ds. (2.9)
For the simplicity of notation, we denote by (¢, + s) and o(¢, + s) the two functions defined by
(Gier 2 5) = (o) =000
Then the remainder R;(t,) defined in (2.9) satisfies the following estimate in view of (2.6):
IRt S [ 1P + ) = FeEU,)]
=, 1S (ultn +5)) = f(altn + 8))ll L2 (o ds
S [ e+ 8) = e+ 9l
/ ||U (tn +5) — P U(tn)]|,d

(s— ”LF Uty + o) H dods

//HF o+ ) dods

< tn L.
ST Urg[gx]llf( u(tn + o))l g

5

Since H}(Q) — L8(Q), it follows that L5 () = LS(Q)" — H(Q) = H~(Q) and therefore

1 (utn +o)lla-+ < |If (u(tn +0))llLess

< [If (ultn + )l 2
<Oz + [1f (utn + o)) = F(0)]| 22
<Oz + [lutn + o)l
<Oz + [1UE + o) llo-

The two estimates above imply the following estimate for the remainder Ry (¢, ):

|Rl<tn>|15#(1+ max ||U<t>||o>. (2.10)

0€[tn,tnt1]
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Freezing the variable s at 0 in (2.8) would yield
Utng1) = LU (tn) + 1" LF(U(tn)) + Ri(tyn) + Ra(ty), (2.11)

with an additional remainder
Ra(t, )—/Te Lot F(* LU (1)) — F(U(t,))] ds
/ TL/ e e 7FF(e7"U(ty)) dods. (2.12)

By using the chain rule of differentiation, it is straightforward to verify that

%e_”LF(e”LU(tn)) = %e“’LF(e"LU(tn))
= —e "FLF(e7 U () + e 7FF (7 U () e LU (t)
=1(20) (statn 1.09) *< " (it o0 0) [(20) (i)
- (2 é) (f( (tf + a>>> Fe (f’(ﬂ(tg o)) 8) <§ét<zn++aa>>
—e (f'(a(tf(f(t>>+<2)+ o) ) o
Therefore,

| (e Lot )
fla(t, +0))o(tn +0) /|,
S (1+ ||U( n+0)m@) + 10t + 0)llL2(0)

S+ U] (2.14)
By utilizing this result, from (2.12) we obtain

[R2(ta) | £ 721+ U (ta)11)- (2.15)

By dropping the remainders R; and Rs in (2.11), we obtain the following time-stepping method:
Untt =emlyn 4 reLE(UM). (2.16)

In view of the two estimates (2.10) and (2.15), the method in (2.16) should have first-order convergence in the
energy space H}(Q) x L?(Q2) under the regularity condition

U e L>(0,T; Hy(Q) x L*()).

This is the same regularity condition in [11, 18, 34] for first-order convergence in the energy space. This
condition is required in (2.14) in estimating the remainder Rs(t,), which involves <Le=LF (e"LU(t,)).

From the analysis above we can see that, in order to have higher-order convergence in the energy space,
higher-order approximations of F(U(t, + s)) should be used in approximating (2.7). This is considered in the
next subsection.

In the construction of a second-order method, the remainder which involves the term %e_"L F (e"L U(tn)) will
require the solution to be in H2(Q) x H!(2). We shall construct a second-order approximation by eliminating
this part of the remainder, thus significantly improves the order of convergence without requiring additional
regularity of the solution.
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2.2. Second-order approximation

By using the Taylor expansion of F(U) at U = e*LU(t,,), we have

F(U(tn +s)) = F(e*tU(t,)) + /1 F'((1 = 0)e* U (ty) + 0U (tn + ) (U(t, + s) — e*FU(t,)) df
0
=F(e*U(t,)) + F' (U (t,)) (U (tn + s) — LU ()

+ Rp(8)(U(ty + s) — e LU(t,)) - (U(tn + 5) — LU (t,)) (2.17)
where
/ / OF"[(1 — o)t U(t,) + o(1 — 0)e* U(t,) + 0U(t,, + 5)] do d6.
Then, substituting (2.6) into (2.17), we have
F(U(ty +3)) = F(e*U(t,)) + F' (e’ U (t,)) / C=ILE(U(t, + o)) do + Rs(s), (2.18)
0

where

Rs3(s) = Rp(s) /0 IR (t, +0))do - /0 eI EP(U(t, + 0)) do.

Since F(U) = (F1(U), F5(U))T is vector-valued, with F,(U) = 0 and F»(U) = f(u), it follows that F"(U) is
tensor-valued and satistying F}, (U) = 0y, Oy, F;(U), where U; = u and Uz = v. In particular, F3,;(U) = f"(u)
and F/, (U) = 0 for (i,4,k) # (2,1,1). Therefore, for W = (w1, ws) T and W* = (wi,w3) T,

[1RE($)W - Wl < [f (wwrwi |z S llwillzsllwilos S W IW L,

which implies the following estimate:

2

1Ra(s)lh < \ [ e r W+ o)) a0
0

1

A

S 2
/ ||F(U(tn +U))H1d0

2

A

[ sttt + lzzao

< r? (1+ max Hu(tn—|—0)||iz)
o€l0,s]

<7 (1+grél[%}7(_ Ut + o) o ) (2.19)

By substituting (2.18) into (2.7), we obtain
Ultni1) =eLU(t,) +/ I R(U(t, + 5)) ds
0

:eTLU(tn)+/ e(‘rfs)LF(esLU(tn)) ds

0

+ / e(T_S)L[F’(eSLU(tn)) / LR + o)) do | ds + Ry(t)
0 0

= e"LU(t,) + L (t,) + Ix(ty) + Rs(ty), (2.20)
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with a remainder

Rs(tn) = / e(T_S)LE;;(s) ds.
0
The estimate in (2.19) implies the following result:

Byt 7 (14 _max [U)]3). (2.21)

tE[tn tnt1

The two terms I (¢,) and I2(t,) will be approximated by computable schemes as follows.

Part 1: Approzimation to I (t,).

The key ingredient that significantly improves the accuracy of the numerical method is the discovery of a
cancellation structure which allows us to compute I (¢,) exactly.

We write Iy (tn) = [y €"“G(tn+s)ds, with G(t, +s) = e *LF(e*LU(t,)), and substitute the Newton-Leibniz
formula

G(tn +5) =G(t,) + / G (t, +0)do (2.22)
0
into the expression of I (¢,). Then we obtain
Li(ty) = / e"EG(t, + 5)ds

0

= / e"LG(ty,) ds +/ ek / G'(t, +o0)dods
0 0 0

- / ™G (ty,) ds + / ™G (ty +0)(T — o) do
0 0

= / e"EG(t,) ds + / T2 (1 — §)e® LG (t, + 5) ds
0 0

= / ’ LG (t,) ds + / Te(T_2S)L(T—s)G'(tn)ds
0 0
Te(‘r72s)L r—s Si e20’L / o ods
+/0 ( )/O da[ G'(t, + 0)]dod
= re M F(U () + (L) fre™ — 2L) 7N (e — 7)) (f@éﬁ?)%?fan))
+ R (ty), (2.23)

where we have used the expression of G'(t,, + s) in (2.13), and the remainder R, (t,) is defined by

R.(ty) = / eT2IL (1 _ ) / di[ema'(tn+a)] do ds. (2.24)
0 o 4o

By differentiating e**LG’(t,, + s) and using the expression of G’(t,, + s) in (2.13), we also obtain
—f(a(tn +5)) )]
f'(a(tn + 5))o(tn + )
—f(u(tn + 5)) ) +esLd( —f(a(tn +5)) )
"(@(tn + ))0(tn + 5) ds \ f/(a(tn + 5))o(tn + 5)

(s
)( —f(a(tn + 5)) )

d S d S
&[eQ LGty +5)] = = [e L

|
TN &
Q‘gﬂ
»
<
O = N~/ N

f(u(tn +5))v(tn + 5)
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e (f’/(zuf;(i(§§>§<fj)+ ) it + s>>) Kg é) (“Ei iy )] . (22

where we have used the following properties in the derivation of the last equality:
d (o (@(tn + ), 0(tn + 5))
ds \ g2(t(tn + ), 0(tn + 5))
_ (8ﬁg1 (a(ty, + 5),0(t, + 5)) Opg1(t(ty, + 5),0(t, + s))) d (ﬁ(tn + 5))

Daga((ty 4 8),0(tn + 5)) Doga(U(ty + 5), 0(tn +5)) ) ds \ &(t, + 5)

w0 rn) = sl o) == ) =Gt s)

By summing up the two parts on the right-hand side of (2.25) and noting that the second-order partial derivatives
are all cancelled, we obtain the following identity:

i e2sL i s _esL 0
gl o] = (f”(a(ms))(w(tn+s>|2|va<tn+s>|2)>' (220

This cancellation structure in the semlinear Klein—-Gordon equation has not been discovered before for a general
nonlinearity f(u). It allows us to compute I (¢,) without requiring the second-order partial derivatives and
therefore improves the accuracy of the numerical approximation for low-regularity solutions. As a result, the
remainder can be estimated as follows:

IR ()]l < 7° max, (IVa(tn + $)Zs + [19(tn + $)1Z4)

and

70 mac (laltn + )71, + 1900 + )12 )

<N, 4 (2.27)
In the case d = 1, the following result holds:

s i+ | oy 0+ )
1Bty < 7° max ([ 1Vt + )|,y + 0+ )P

<7 max (H|Vﬂ(tn + s)|2H o+ H|T)(tn + s)|2HL1) (as L' < H~%~< in 1D)
EIS 7'

< 73 max (HVU(L‘ + S)HL2 + ||'U(t + S)HL?‘)

sef0,r
S IO (2.28)
By the definition of R.(t,) in (2.23) and the triangle inequality, we also obtain

1Rl < || [ e it + 5 ds
2
L [ 7L _ ~1 (7L _ o=7L —f(u(tn))
+ || re™FF(U(t,)) + (2L0) " [re™ — (2L)7( )] (f’(u(tn))atu(tn)) .
STIUE) - (2.29)

Therefore, the Sobolev interpolation inequality implies that

1/24€

L 7/2+e€
1R (tn)ll1 S IR (tn) 1372 1R () 1577 S T (U )1+ U @)1,

(2.30)

3/2—¢

IR (o)l 34e S IR 1725 (IR

(I S A

|U(tn)H1 + HU(tn)H%)
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Part 2: Approzimation to I»(t)

By approximating U (t,, + o) with e”LU(t,) in the expression of I5(,) in (2.20), we have

Ig(tn):/OTe(T_S)L {F’(eSLU(tn)) /Ose(s_")LF(U(tn—ka))da} ds

_ /0 T lraL {Ff(esLU(tn)) /0 Se(S”)LF(e"LU(tn))do] ds + Ry (tn)

0

- / "I [B (U (1)) se  F(U ()] ds + Ras(bn) + Raa(tn)

= /OT se™ [F'(U(t,))F(U(ty))] ds + Rai(ty) + Raz(ty) + Raz(t,)

= Ru1(tn) + Rao(tn) + Ras(tn),

where the last equality uses the property

F(U(tn)F(U(tn)) = (f’(()u) 8) (f

and the remainders Ry;(ty), j = 1,2, 3, are defined by

Rui(ty) = /O " erat [F (LU (1)) /O LB (U (1 + o)) — F(e"LU(tn))]da} ds,
Rys(ty,) = /OTe“—s)L[F'(esLU(tn)) /0 (e(s_")LF(e"LU(tn)) —eSLF(U(tn))) da} ds,

Rus(tn) = /0 "t (™ [F (e U (1)) ™ F(U (ta))] = F'(U(ta)) F(U (L)) ) ds.

)

-(3)

The three remainders Ry;(t,), Ra2(t,) and Ra3(t,) are estimated as follows.

Firstly,

1Ras ()] < /
0

-
,S /
0 0

S 2 grg[%,)‘(r]HU(tn +0)) - eaLU(t")HO'

By using (2.6) we obtain that

/S CmF(U(ty + o)) — F(e7"Ul(tn))]do

F'(eFU(t,)) /0 I F(U(ty + 0)) — F(e" U (tn))]do

ds
0

[U(tn + ) = (LU (t)) ] < s nax, 1U(tn + o) llo-

Then, substituting this result into the estimate of || R4 (,)||1, we obtain

[Rar(tn)ll1 S TSt max 1U(t)]|o-

n7tn+1

Secondly, substituting the identity

e(s_a)LF(e"LU(tn)) —e*LF(U(t,)) = et /OU

d _
—e

dp

PLE(ePPU(t,)) dp

1

ds

(2.31)

(2.32)
(2.33)

(2.34)

(2.35)

(2.36)

(2.37)
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into the expression of Rys(t,) yields

Rya(tn) :/ elT=9)L [F’(eSLU(tn)) / eSL/ dipe_”LF(e”LU(tn)) dpda} ds.
0 0 0

From this expression we immediately obtain

|Rao(tn)l1 S /T

sL

3||U )Ilu

where we have used (2.14) in the last inequality.
Thirdly, we have

Let

Then

d
do

and therefore

d
do

IRt} = H / st / S % [P (e P U (0))e” (U 1))] dor ds

0

< 73 max
o€[0,7]

do

o / SL/

—PLF (e”*U(t,)) dpdo

e “PLF(ePPU(t,))

e PLF(e!tU(t,)) dpdo

0

0

dpdods

ds

THE (e U ()7 P (U (1)

ie—gL [F/ (eaLU(tn))e”LFU](tn))]

(1) - rwe=c-( )

which satisfies the following estimate according to the basic estimates in (2.4):

15(tn + )l (@) + 13t + ) me-1 (@) S I1f (wtn)) | a1 ()

u n+0))8>(

) ) = 5|

0

= % (f’(ﬁ(tn +0))p(tn + 0>>

0
- (f"(ﬂ(tn +0))p(tn + 0)

* (f’(ﬂ(t2+

N (f”(ﬁ(tn -

—e TH[F' (e U(tn))e" " F(U(ty))]

9))p(tn +0)

0

o)l(30) (5

0

=2

pen o))

dods
1

1

ds
1

1

for k=1,2.

909

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
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%F’ (LU (tn))e” " F(U(t,))

—alL 7f/(1~l’(tn + U))ﬁ(tn + (T)
‘ (f”(ﬂ(tn + 0))p(t + 0)(ty + 0) + [ (@(tn + 0))§(tn + o) ) (2.43)

= —e LLF (e7PU(t,))e" " F(U(t,)) +e 7"

This implies that

ge*ﬂ [F'(e7"U (tn))e” " F(U (tn))]

1
S (atn +0))p(tn + o)z
{7 (@tn + 0)p(tn + 0)0(tn + 0) + ' (altn + 0)q(tn + )| 1o
S B + o)z @) + [1B(En + o)L (@) 1atn + o) 110
+ 150t + o)l @100t + o)l L2 @) + [13(tn + o)l L2(0)
S B(tn + 0l g4 g (laltn + )1 (@) + [0(tn + o)l 220)

+[1p(tn + o)1 (@) + 1G(tn + )|l L2 ()
S 3 +e ) (1altn + o) lmi @) + 100t + o)l L2())

+ |B(tn + o)1) + [14(tn + o)l L2()
SNUED) I+ 1T ET + 1T E)llo- (2.44)

By substituting this result into (2.40), we obtain
1Ras(ta)lls £ 7> (U )l + U E)IT + 11U (Ea) o) (2.45)
Therefore, from (2.31) we obtain

H2(tn)ll1 S [1Rar ()1 + [Raa () 1 + | Ras () [
SV E) L+ 1UE)IT + U E)llo)- (2.46)

Therefore, substituting expressions (2.23) and (2.31) into (2.20) yields

Ultns1) = e FU(tn) + 7e""F(U(t,)) + (2L) "' [re™ — (2L) ' (™" — e ™M) | H(U (t,,))
+ IQ(tn) + R*(tn) + RS(tn)a (247)

where

. —f(u(tn))
H(U(tn)) T <f’(u(tn))atu(tn) >

By dropping the remainders R.(t,) and Rs(t,), we obtain the following numerical method:
U™t =e™ U™ + 7™ F(U™) + (2L) ' [re™ — (2L) ' (e7F — e TH)|H(U™), (2.48)

which can also be written as (1.3).

In view of (1.3), the new method we constructed here turns out to be a correction of the Lie splitting
method without requiring second-order partial derivatives of the solution, i.e., it improves the accuracy of the
Lie splitting method under low-regularity conditions.
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3. THE SPATIAL DISCRETIZATION

Let Q = [0,1]¢. Tt is known that any function V € H}(Q) x L%*(Q) can be expanded into the Fourier sine
series, 1t.e.,

V= Z Vi, g sin(nymey) - - - sin(ngmag). (3.1)

Ny, ,ng=1

Let
N
SN = { Z Vo oo mg sin(namay) - - -sin(ngmzq) : Vo, ooy € RZ}.
n1,

R

We denote by Iy and IIy the trigonometric interpolation and L2-orthogonal projection operators onto Sy,
respectively, i.e., [xV is the unique function in Sy satisfying the relation (IxV)(z) = V() for x € D¢, with

2n
D={——:n=1,--- N
{2N+1 n ) 9 }7

(W —TIyW,V)=0 VYV €Sy, WeL*Q).

We consider the following fully discrete spectral method for the second-order low-regularity integrator in (2.48):

and

U = oTLUT 4 geTLINF(U}f,) +(2L) " [ret — (20) M (e — e TTE) | INH(UR). (3.2)

For given U}, the trigonometric interpolations In F(UY) and InH (U} ) can be computed with FFT.
Let B} =IInU(t,) — UR be the error of the numerical solution. Since the exact solution satisfies

INU(tnsr) = e TN U (tn) + %eTLHNF(U(tn))
+@2L) Hre™ — (2L) (™" —e ) |TINH (U (ty,))
+ Ty [Lo(tn) + Ru(tn) + Ra(tn)], (3.3)
the difference between (3.3) and (3.2) yields the following error equation:
Bt = e BR + 2 Ly (F(U ) = F(UR))
+ 2L) re™ — (2L) ' (e™F — e TH) [N (H(U(t,) — H(UR))
+ UnI(tn) + UnRy(tn) + UnRs(tn) + Rs(tn) + Re(tn), (3.4)
with
Rs(ta) = g™ (Ily — In)F(UR),
Re(t,) = (2L) '[re™ — (2L) (™" — e TH) |(Ily — IN)H(UR). (3.5)

The following result shows that for a solution bounded in the energy space H}(2) x L%(Q) the proposed
numerical method can have second-order convergence in time and first-order convergence in space in the same
energy space.

Theorem 3.1. Ford=1,2,3 and U € L>(0,T; H**%(Q) N HYQ) x H1()), the numerical solution given by
(3.2), with initial value U = I NU(0), has the following error bound:

ER|l ST+ N7 3.6
o2 |Exl ST+ (3.6)
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Proof. If U € L>=(0,T; H'*% (Q) NHI(Q) x H%()) then (2.21) and (2.46) imply that the remainders ITyI5(t,)
and IIy R3(t,) satisfy the following estimates:

TN T2 (t) |1 + TN Ru(t)|]1 + ITIn Rs(tn)]1 < 7% in the case d = 1,2, 3. (3.7)
The remainders Rs(t,) and Rg(t,) can be estimated by using mathematical induction on n: assuming that
[UR I < [MNU ()]l +1 (3.8)
we shall prove the following results:
IOy < IONU ()1 + 1 and [|BR [y S 72+ N7175 (3.9)

Under assumption (3.8) we have
[R5 (o)l < 7l (Hy — In)F(UR)[
S 7Ny = In) f (ui)l] 2
S TN72||f ()| are
STNT?|f (uf) VEuly + f" (uly) Vuly © V|2
S TN ([lu ||z + (VR ll7s)
1Rs(tn)ll = [[2L) 7 [re™ — (2L) 7" (™" — e 7) | (Iy — In)H(UR) |,
|[re™ = (2L) " (™" — e ™) |(Iy — IN)H(UR)|,
||y — IN)H(UJ\L/)HO
TN T2 (| f i)z + I (i) )
<N (|5 )V + ) Vi © T )
+ TN (i )n Vuy + ' (uy) Vol g2)
SN2 (lui iz + VUi [7a) + N2 (R s [ VaR [l s + [IVoR ] 22)-

IANRZANRZAN

In the case d = 1,2, 3, the Sobolev interpolation inequality ||Vuly| s+ < H“?\/HHH% implies that

sl S N2 (il + ]2, )

-1-2 n n
SN (il g + kel (3.10)

Bo(t)l S T2 (ks + oflls + R, g + 0512 )
_i_d
SN (el g + 08l g + Dbl g + IR I2 4 ). (3.11)
By using these estimates and taking the energy norm |- |; on both sides of (3.4), we obtain
|ERH, < (1+OT)|E;¢|1+OT(TZ+N+%). (3.12)

Then, using Gronwall’s inequality and the equivalence of norms |-|; ~ ||-||1 on the energy space H}(Q) x L?(Q),
we obtain the following error bound:

|Ew|, S 72+ N4 (3.13)
There exist some positive constants 79 and Ny such that for 7 < 79 and N > Ny we obtain
1
BN, <1 (3.14)

This proves (3.9) (with an additional triangle inequality). O
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Remark 3.2. By passing to the limit NV — oo in Theorem 3.1, one can obtain the semi-discretization results
in Theorem 1.1.

Remark 3.3. In the case d = 1, the remainder R,(¢,) can be estimated by using (2.30), which yields the
following result:

O<m2%</ IEMIIL < T3 ¢4+ N1 (for any fixed € > 0), (3.15)
E SR N (K fixed € > 0). 3.16
e By € 7N (for any fixed ¢ > 0 (3.16)

These results hold under the weaker regularity condition U € C([0,T]; H} ) x L%(Q)), i.e., the numerical
solution has higher-order convergence in the energy space. Since H 3te €(Q2) — L>®(Q), it follows that that the
numerical solution u}; has almost second-order convergence in L>(€2).

Remark 3.4. For any given initial value (u?,v0) € H'*%(Q) N HY(Q) x H%(Q), Theorem 3.1 states that the
error of the numerical solution is as follows:

ITyvutn) = wiellam + [Tav(ta) =iz £ 7+ N5,

which is a superconvergence result that much better than the regularity of the solution in both time and space.
In general, for any fixed ¢, the projection error in space satisfies

My u(t) = w@®)|ar + [TMyo(t) — o)z S N7F

4. NUMERICAL EXPERIMENTS

In this section we present numerical experiments to support the theoretical analysis and to illustrate the
performance of our new method in (1.3) on the semilinear Klein-Gordon equation (1.1) with f(u) = sin(u) in
a one-, two-, and three-dimensional domain = [0,1]¢, d = 1,2, 3. For obtaining a sufficiently stiff system of
differential equations while keeping the experiments’ execution time reasonably low, we chose to use N, = 22
terms of a Fourier space discretization in the z dimension and, N, = N, = 23 terms in the y and z dimensions,
when Q is two- and three-dimensional. As for the 1n1t1a1 state of the differential equation, we generate, as
described in Section 5.1 of [26], random initial data u® and u{ from the space H?() such that ||u®|| g2 = 1 and
|u?||zz = 1. In particular, we are interested in comparing the smooth case ( — oo) with the low-regularity
case (0 =1).

Our new method is tested in comparison with several well-established numerical techniques for the semilinear
Klein-Gordon equation. To define them, it is useful to introduce the operator ¥ = /—A, which satisfies that
A = —¥2. This is because the exponential of our linear operator can be easily expressed as

_ 01\\ _ 0 1\\ [ cos(t¥) tsinc(tX)
exp(L) = exp (t <A O)> =P <t (232 0)> - <—E sin(tX) cos(tX) /-
This expression is worth using only in case the operator A can be discretized in space by means of a diagonal

matrix or if the resulting discretization matrix’s size is particularly modest. In fact, in the other cases, computing
the matrix square root is generally unfeasible. The above-mentioned numerical techniques are:

— The second-order low-regularity exponential-type scheme from [31], that we refer to as rs21 that we apply to
the reformulation of (1.1) into the first order equation (1.2) through the transformation w = u—i(—A)~2d;u.
This method computes approximations w™ ! to w(t, 1) at discrete times ¢, 11 = to+ (n+1)7 with the time
step size 7T as

.= eXp(T\/z) (w” - T\/zilF(w"D — T\/IilE(w")
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where
Fat) =sin(%) (p1(-2rV=E) - 2pal-2rv ) Jeos ()
+ c(“;) (or(-2rv=5) - 2¢2<—2Tm>)m(“;>
+ sin<w;>s02(—2r¢1> exp(27v/=4) cos <exp<_27mf”2”>
o5 Joa(-2rVB) exp(zrv =) sin expl-2r B )
and

E(w") = sin (exp(7ﬁ)w") ©o(—27vV—A) cos (EXP(TM)W>
+ cos (exp(n/j)w”)<p2(f27\/j) sin (exp(T\/j)W).

— The recent second-order IMEX method for semilinear second-order wave equations from [17], that we refer
to as h121. This method computes approximations u™*1, vt to u(t, 1), us(t,11) at discrete times t,, 11 =
to + (n 4 1)7 with the time step size 7 as

2 —1
ot — <1 - T4A> (v” + gsin(u”) + %Au”),
u =y e

"t = 2yntE gy %(sin(u"“) — sin(u™)).

— Another natural choice for measuring the performances of our scheme is the class of second-order trigono-
metric integrators expressly designed for the discretization in time of the spatially discrete nonlinear Klein—
Gordon equation with periodic boundary conditions. This class of trigonometric integrators computes approx-
imations u™*!, v+ to u(t,y1), us(tne1) at discrete times t,41 = to + (n + 1)7 with the time stepsize 7

u Tty 01 u” 4T 7 sin(Pu™)
ot ) TEPLT A 0) ) o) T 2\ Wy sin(Wun) 4 Uy sin(Uun) )
The matrices ®, ¥, ¥y, and ¥, are filters defined by
O =¢(tY), U=uyX), Uy=u(tY), ¥;=1(%)

with filter functions ¢, v, 1, and 11 that satisfy ¢(0) = 4(0) = ¢y(0) = ¢1(0) = 1. The choice of such filters
uniquely characterizes a method. For even filter functions, the method is symmetric if and only if

P(x) = sinc(z)r(x),  tho(z) = cos(x)(z), (4.1)

and it is symplectic if and only if ¥ (x) = sinc(x)¢(x). Popular choices of the filter functions are
(B) The one with 9(z) = sinc(z), ¢(z) =1, ¢ and 17 as in (4.1). This is the impulse method by Deuflhard
[9].
(C) The one with ¢(z) = sinc?(x), ¢(z) = sinc(x), o and 9, as in (4.1). This is the mollified impulse method
by Garcia-Archilla et al. [10].
(E) The one with 1(x) = sinc?(z), ¢(x) = 1, 1o and vy as in (4.1). This is the trigonometric exponential-type
integrator by Hairer and Lubich [14].
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—+—h121
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FIGURE 1. Errors of the numerical solutions with one-dimensional H*(2) x L2(f2) initial data.

T

The dashed lines indicate orders 1 and 2, respectively.

107! 100
wall-clock time

10!

915

(G) The one with ¢(z) = sinc®(x), ¢(x) = sinc(x), ¢ and 11 as in (4.1). This is the trigonometric exponential-
type integrator by Grimm and Hochbruck [13].

(B) The one with 9 (z) = X[ (7) sinc(z), ¢(x) = X[—r~(2) 1o and ¥; as in (4.1). This is the method
introduced by Gauckler [11].

For a precise overview and for more information on this class of trigonometric methods we refer the reader
to [11]. In our tests it turned out that the methods B and B are neatly superior to all the other options,
therefore we will only include these two into the data presentation, referring to them as, respectively, d79

and g15.

— The second order classical Strang splitting scheme from [32], that we refer to as ss68. This method computes
approximations w1, v" 1 to u(t,41), us(t,e1) at discrete times t,.1 = to + (n + 1)7 with the time step

unts T(01 u”
oty ) TP g \Aa0) )\ )
n+1 /01 u”"’%
nt1 | = P51 A0 v tE 4 Tsin<un+%) '

The H(Q) x L?(Q) relative errors of the numerical solutions given by the above-mentioned methods and
our new method — the corrected Lie method (which we refer to as c_lie) — are presented in Figures 1-6 for
nonsmooth H'(Q) x L?(f) initial data and smooth initial data, respectively. The numerical results indicate
that the new method proposed in this article has second-order convergence for the nonsmooth H'(Q2) x L?(Q)
initial data, while all other second-order methods are practically first-order convergent in the nonsmooth case.
Finally, all methods have second-order convergence for sufficiently smooth initial data.

size T as

(&
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FIGURE 2. Errors of the numerical solutions with one-dimensional smooth initial data. The
dashed line indicates order 2.
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FIGURE 3. Errors of the numerical solutions with two-dimensional H!(Q) x L?(Q) initial data.
The dashed lines indicate orders 1 and 2, respectively.
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FIGURE 4. Errors of the numerical solutions with two-dimensional smooth initial data. The
dashed line indicates order 2.
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FIGURE 5. Errors of the numerical solutions with three-dimensional H*(£2) x L?(2) initial data.
The dashed lines indicate orders 1 and 2, respectively.
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FIGURE 6. Errors of the numerical solutions with three-dimensional smooth initial data. The
dashed line indicates order 2.
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