This is the Preprint Version.

This is the preprint version of the following article: Shi, X., & Xu, Z. Q. (2024). Constrained monotone mean-variance investment-reinsurance
under the Cramér—Lundberg model with random coefficients. Systems & Control Letters, 188, 105796, which is available at
https://doi.org/10.1016/j.sysconle.2024.105796.

Constrained monotone mean-—variance investment-reinsurance

under the Cramér—Lundberg model with random coefficients

Xiaomin Shi* Zuo Quan Xu'

May 30, 2024

Abstract

This paper studies an optimal investment-reinsurance problem for an insurer (she) under
the Cramér-Lundberg model with monotone mean—variance (MMV) criterion. At any time,
the insurer can purchase reinsurance (or acquire new business) and invest in a security market
consisting of a risk-free asset and multiple risky assets whose excess return rate and volatility rate
are allowed to be random. The trading strategy is subject to a general convex cone constraint,
encompassing no-shorting constraint as a special case. The optimal investment-reinsurance
strategy and optimal value for the MMV problem are deduced by solving certain backward
stochastic differential equations with jumps. In the literature, it is known that models with
MMV criterion and mean—variance criterion lead to the same optimal strategy and optimal
value when the wealth process is continuous. Our result shows that the conclusion remains
true even if the wealth process has compensated Poisson jumps and the market coefficients are
random.
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1 Introduction

In order to tame the drawback of non-monotonicity of the celebrated mean—variance (MV) portfolio
selection theory, Maccheroni et al. [15] propose and solve, in a single-period setting, the monotone
mean—variance (MMV) model in which the objective functional is the best approximation of the
MV functional among those which are monotone. Trybula and Zawisza [21] consider the MMV
problem in a stochastic factor model using the Hamilton-Jacobi-Bellman-Isaacs (HJBI) equations
approach. With conic convex constraints on the portfolios, Shen and Zou [18], Hu, Shi and Xu [7]
solve the MMV problem with deterministic and random coefficients by means of the HJBI equation
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approach and backward stochastic differential equation (BSDE) approach. All the obtained optimal
investment strategy and the optimal value in [7, 18, 21] coincide with that for the classical MV
problem.

In a rather different way, when the underlying asset prices are continuous, or even with general
trading constraints, Strub and Li [20], Du and Strub [4] prove directly that the terminal wealth
levels corresponding to the optimal portfolio strategies for both the MMV and the MV problems will
drop in the domain of the monotonicity of the classical MV functional. This, with earlier results
n [15], leads to the conclusion that the optimal strategies for the MMV and the MV problems
always coincide when the underlying asset prices are continuous. Hence further research on the
MMV problems should focus on models where asset prices are not continuous as claimed in [4,
Conlusions].

Li, Liang, Pang [13] solve, in a jump diffusion factor model, hence with discontinuous wealth
dynamics, the MMV problem by HJBI equation method. But the results in [13] seem not correct
since the Doléans-Dade stochastic exponential is not required to be positive. In the Cramér-
Lundberg risk model, a particular jump diffusion scenario, Li, Guo and Tian [11], Li, Liang,
Pang [12] study the optimal investment-reinsurance problems under the criteria of MMV and MV
respectively and indicate that solutions to these two problems coincide as well. In their model, all
the coefficients are deterministic, so the problem is reduced to solve a partial differential equation.

In practice, however, the market parameters, such as the interest rate, stock appreciation and
volatility rates are affected by uncertainties caused by the Brownian motion and Poisson random
measure. Thus, it is too restrictive to set market parameters as deterministic functions of t. On the
other hand, in real financial market, especially for an insure, short-selling some or all the stocks are
prohibited. Thus we aim to generalize the models in [11, 12] to allowing random coefficients (both
excess return rates and volatility rate) and convex cone trading constraints. We follow the same idea
of our previous work [8] without jumps: firstly guess an optimal portfolio candidate, via a heuristic
argument, by means of specific BSDEs, and then prove a verification theorem rigorously. Along
this line, we eventually provide a semi-closed-form solution for the constrained MMV investment-
reinsurance problem in terms of some BSDE with jumps. Unlike models without jumps, v in our
model is required to be no less than —1 + € to guarantee that A is a strictly positive martingale.
Properties of the corresponding BSDE help to fit exactly this subtle point.

It is worth pointing out that, in our another preprint [19], we study the optimal investment-
reinsurance problems under the MV criterion, with the same random coefficients and cone con-
straints setting. Explicit MV optimal investment-reinsurance strategies in terms of a partially
coupled BSDEs with jumps (i.e. (5.6), (5.7)) are provided, and the existence and uniqueness of
solutions to the corresponding BSDEs are established, which are the main theoretical contributions
of [19]. Then we compare carefully the optimal strategies for MMV problem and MV problems
obtained in the current paper and [19] respectively, and reach the same conclusion as all the existing
models, that is, the MMV and MV criteria lead to the same optimal strategy.

The rest part of this paper is organized as follows. In Section 2, we present the financial
market and formulate the constrained MMV problem with random coefficients. In Section 3,
we derive heuristically the optimal candidate. Section 4 provides a rigorous verification for the
optimal investment-reinsurance strategy and optimal value. In Section 5, we solve the constrained
MV problem with random coefficients and make a comparison with the MMV problem. Some
concluding remarks are given in Section 6.



2 Problem formulation

Let (©, F,P) be a fixed complete probability space on which are defined a standard n-dimensional
Brownian motion W. We denote by R™ the set of m-dimensional column vectors, by R'" the set of
vectors in R™ whose components are nonnegative, by R™*™ the set of m x n real matrices, and by
S™ the set of symmetric n x n real matrices. For M = (m;;) € R™*", we denote its transpose by

M’; and its norm by |M| =,/ i mf] If M € S™ is positive definite (resp. positive semidefinite),
we write M > (resp. =) 0. We write A > (resp. =) Bif A,B € S" and A — B > (resp. =) 0. As
usual, we write z+ = max{z,0} and 2~ = max{—=z,0} for z € R.

2.1 The insurance and financial model

Let {N;} be a homogeneous Poisson process with intensity A > 0 which counts the number of
claims. Let Y; denote the payment amount of the i*® claim, i = 1,2,..., and assume they are
bounded independent and identically distributed nonnegative random variables with a common
probability distribution function v : Ry — [0,1]. In insurance practice, an insurance claim shall
never exceed the value of the insured asset, which is usually upper bounded by some constant (such
as the value of a new replacement of the insured car or house). Even if the insured asset (such as
human life) is invaluable, there is usually a maximum payment amount in practice. Therefore, it is
reasonable to assume the claims Y; are bounded. Then the first and second moments of the claims
exist, denoted by

by = / yv(dy) >0, o = / y?v(dy) > 0. (2.1)
Ry Ry
In the classical Cramér-Lundberg model, the surplus R; dynamic without reinsurance or investment
follows
N
Ry=Ro+pt—)Y Y, (2.2)
i=1

where p is the premium rate which is assumed to be calculated according to the expected value
principle, i.e. p = (1 +n)Aby > 0 and 1 > 0 is the relative safety loading of the insurer. As in [17],
we use a Poisson random measure 7 on [0,7] x  x R to represent the compound Poisson process

t Ny
/ / yy(ds,dy) = > Y,
0 /Ry i=1

Assume that N,Y;, i = 1,2,... are independent, then

Ny

E[Z Y] = E[N,|E[Y;] = )\t/R yu(dy).

i=1

The compensated Poisson random measure is denoted by

'This method was also used to study a more general process in Elliott, Siu, Yang [5].



We suppose that the Brownian motion W and the Poisson random measure v(d¢,dy) are in-
dependent processes under the probability measure P. Define the filtration F = {F;,t > 0} as the
augmented natural filtration generated by W and ~.

Let T" > 0 be a constant that will stand for the investment horizon throughout the paper. Let
P be the F-predictable o-field on [0, 7] x ©, B(R;.) the Borel o-algebra of R...

We now introduce several spaces. Let LIQF(O,T;R) be the set of P-measurable functions ¢ :
[0,7] x © — R such that EfOT lo|?dt < oo. Let L** be the set of B(R,)-measurable functions
¢ : Ry — R such that fR+ gp(y)Ql/(dy) < 00. Let L?D’”(O, T;R) be the set of P ® B(R)-measurable
functions ¢ : [0,7] x Q@ x Ry — R such that EfOT fR+ |92\ (dy) dt < oco. Let L3 (0,T;R) be
the set of functions ¢ € L?D’"(O,T; R) which are essentially bounded w.r.t. dt ® dP ® v(dy). Let
S (0,T;R) be the set of F-adapted functions ¢ : [0,7] x © — R which are cad-lag and essentially
bounded w.r.t. dt ® dP. The above definitions are generalized in the obvious way to the cases
that R is replaced by R™, R™ ™ or §". In our argument, s, ¢, w, “almost surely” and “almost
everywhere”, will be suppressed for simplicity in many circumstances, when no confusion occurs.

We consider an insurer (she) who is allowed to purchase reinsurances or acquire new businesses
to control its exposure to the insurance risk. Let ¢; be the value of risk exposure, which represents
the insurer’s retention level of insurance risk at time t. When ¢, € [0,1], it corresponds to a
proportional reinsurance cover; in this case, the insurer only need pays 100¢;% of each claim, and
the reinsurer pays the rest; as a remedy, the insurer diverts part of the premium to the reinsurer
at the rate of (1 — ¢¢)(1 + n,)A\by, where 1, > 7 is the reinsurer’s relative security loading. When
q:+ > 1, it corresponds to acquiring new business. The process ¢; is called a reinsurance strategy for
convenience. By adopting a reinsurance strategy g¢;, the insurer’s surplus process R? follows

dR{ = (14 n)Aby dt — (1 — ;) (1 + 1) Aby dt — Qt/ yy(dt, dy)
Ry

= (g + 1 — np)Aby dt — g /R y(dt, dy).
+

The insurer is allowed to invest her wealth in a financial market consisting of a risk-free asset
(the money market instrument or bond) whose price is Sy and m risky securities (the stocks) whose
prices are Sq,...,S,. And assume m < n, i.e. the number of risky securities is no more than the
dimension of the Brownian motion (part of the source of market randomness). In this case, there
always have randomness that cannot be perfectly hedged. Hence this is an incomplete market. The
asset prices Si, k =0,1,...,m, are driven by stochastic differential equations (SDEs):

{dSQt = TtSOJ dt,

So,0 = S0,
and
n
dSkt = Skt <(,Uk,t + 1) dt + Z Okjt de,t)7
j=1
Sk,(] = Sk,
where, for every k = 1,...,m, r is the interest rate process, u; and oy := (0k1,...,0k,) are the

mean excess return rate process and volatility rate process of the kth risky security. Define the



mean excess return vector p = (p1,...,1m) ", and the volatility matrix o = (0kj)mxn- Unlike
most existing models (e.g. Li, Liang, Pang [13]), we allow them to be random, non-anticipative
with respect to the filtration . Precisely, we assume p € Lg°(0,7;R™) and o € Lg° (0, T; R™*™).
Furthermore, there exists a constant § > 0 such that oo’ > d1,, for a.e. t € [0,T], where 1,, denotes
the m-dimensional identity matrix. Same as most of existing models, we assume the interest rate
r is a bounded deterministic measurable function of ¢. It is a long-standing problem how to solve
cone constrained MV problem when the interest rate r is random. Actually, with random interest
rate 7, it is very difficult to construct one (or even more are required) auxiliary adapted process to
recover the homogeneity, a critical property used in [7, 9] for studying cone constrained stochastic
control problems. In the cone constrained MMV problem [8], the main difficulty in carrying out
the construction of R%™4) could not be avoided in this paper if 7 is random.

We assume the insurer is a small investor so that her actions cannot affect the asset prices. She
can decide at every time t € [0,7] the amount 7;; of her wealth to invest in the jth risky asset,
j =1,...,m. The vector process 7 := (m1,...,my)" is called a portfolio of the investor. Then the
investor’s self-financing wealth process X corresponding to an (investment-reinsurance) strategy
(7, q) satisfies the following SDE:

(2.3)

{dXt = [rXi— + mopy + bg + a] dt + mop AWy — ¢ fR+ yy(dt, dy),
XO =,

where
¢ =0 (o), b:=Nbyn, >0, a:= by (n—mn).

We may write X™9 instead of X to emphasis the dependent of X on the strategy (m,q) in (2.3).

Let 1I be a given closed convex cone in R™ i.e., Il is closed, convex, and if u € II, then cu € II,
for all ¢ > 0. It is the constraint set for investment. Note that both II = R’ and II = RTO x RM—mo
(mp < m) are exactly closed convex cones. And the former means no-shorting constraint; while
the later means that shorting-selling the first mg stocks are prohibited. The class of admissible
investment-reinsurance strategies is defined as

U= {(w,q) e L20,T;R™Y) | re11, ¢ > o}.
For any admissible strategy (m,¢q) € U, the wealth process (2.3) admits a unique strong solution
X™a,
2.2 A family of probability measures

For any (n,v) € L%(0,T;R™) x L%V(O,T;R), the process

t t
My = / o AW, + / Pu(y)3(ds, dy)
0 0 JR4

is a square integrable martingale. According to [? , Theorem 10.9], the above process M is a BMO
martingale if and only if there exists a constant ¢ > 0 such that

E[/f('ﬁslz +/R [s(y)Pr(dy)) ds

for any F-stopping times 7 < 7. The following result concerning the Doléans-Dade stochastic

]:T] < C, |MT - ]\4T*|2 < C, (24)

exponential of a BMO martingale, can be found in [10].



Lemma 2.1 (Kazamaki’s Criterion) Let M be a BMO martingale such that there exists € > 0
with My — My > =1+ ¢, for allt € [0,T], P-a.s., then E(M) is a strictly positive martingale.

Denote

A= UO{ ) € L2(0, T;R™) x L (0,T;R)
€>

‘ (n,v) satisfies (2.4), ¥ > —1 +¢, E[(A%w)Q] < oo}. (2.5)

Then for any processes (1, 1) € A, the Kazamaki’s criterion clearly holds. Therefore, we can define

a probability P¥ through
dPns¥

7,

= A;Mﬂ, te [O,T],

where the Doléans-Dade stochastic exponential

t t
An’w =& (A T]; dWs +/0 " ws(y)’?(d&dy))

is a strictly positive martingale on [0, 7.
By Girsanov’s theorem,

t
W :=W,; —/ nsds, t € [0,T]
0
is a Brownian motion, and
7%(dt, dy) = F(dt,dy) — M (y)v(dy), t € [0,T]

is a compensated Poisson random measure under P,

2.3 The monotone mean—variance problem

According to [15, Page 489], the MMV functional, defined by

inf Epnw[Xﬂ’q 5

Anvw
(ny)eA 2 D

0

is the minimal monotone functional that dominates the MV functional
0
BP(XF) - SVar®(XF)

where 6 is a given positive constant measuring the risk aversion of the insurer.
In this paper, we consider the following MMV problem:

sup  inf EP" [X 14 — 5

ALY 1), 2.6
(mq)eu (1P)EA ( )] (26)

0
The last condition in (2.5) ensures that the expectation in (2.6) is finite.

Without loss of generality, we may assume a = 0 in (2.3). Indeed, by setting X; = X; +
a ftT e Ji rador ds, the optimization problem in (2.6) will not change and all the results in this
paper remain true with X; replaced by X;.



3 Optimal candidate: a heuristic derivation

In order to solve the problem (2.6), we hope, via a heuristic argument, to find a family of stochastic
process R%™9) and a quaternion (M,%, T, q) with the following properties:

1. Rgpn’w’w’q) = X717+ 2—19(A7774w —1) for all (n,9¥,7,q) € AxXU.
2. R(()n’w’w’q) = Ry is constant for all (n,¢,7,q) € A X U.

3. BF [ X7+ (A} — 1)] < Ro for all (r,q) € U.

4 B[ XET 4 (A — 1)) > Ro for all (%) € A

If this is done, we will then rigorously show that (7, 1&, ,q) is an optimal solution for the problem
(2.6) and Ry is its optimal value. Clearly, the third and fourth properties ensure that (7, 0,7, q) is
a saddle point for (2.6) with the optimal value

A b PP 1 Lon
EP’?’/) XT’q—F%(A%w—l)] :RO'

VVe CODSider the fOHOW lng famlly
R§777w7 7Q) — Xt 7th ( /\t777¢' Yt |)7

where (Y, Z, V) and (h, L, ®) satisfy the following BSDEs with jumps, respectively, (we shall often
suppress the argument ¢ in BSDEs for notation simplicity)

dYy = —fdt + Z'dW + [ V(y)¥(dt,dy), (3.1)

Yr=1, Y >0, Y+V>0, |
and

hy = 1. |

Our aim reduces to finding proper drivers f and g, which are independent of (7,1, 7, q), such that
the desired properties hold.
Notice the first property is already satisfied by the choice of terminal conditions Y = hp = 1

in the above BSDEs with jumps. Because Y and h are independent of (1,4, m,q), it follows
x 1 1
R{PTD = XTOp, %(Angyo —1) =aho + 35(¥p — 1) := Ry

is a constant. So the second property follows.
Now rewrite the BSDEs (3.1) and (3.2) in terms of W7 and 4% as

dVe = (=f+Z'n+ Jp, V)o)Av(dy) dt + 2" dW" + [ V(y)7*(dt,dy),
Yr=1, Y >0, Y+V>0,

and

{dht = (—g+ L'+ [, @) v(dy) dt + L'dW" + [, 7% (dt, dy),
hr = 1.



Applying It6’s formula we obtain
™ 20
ARV = [ (YInf? +20/ 2 + Shn/o'r )

26
Yo ). ((Y + V)2 + 2V — thyw) Av(dy)

t(rh—g+ L+ /R SYA(dy) )X + 7' (hot + o1)
+q<hb—/R y®(1 +¢)AV(dy)) A@ }dt

e awrs [ ()5 dy) (3.4)
Ry
Since r is deterministic function of ¢, we see
fTr ds
g=rh, hy =elt "= L, =0, &(y) =0, (3.5)

fulfills (3.3). From now on, we fix this choice, under which (3.4) becomes

anr =0 = (G 3+ o)~ gyl (2 o)

YiV(V_ %hqy)‘z

(V— —hqy‘ ])\y dy) + 7'hoo + qhb — —f}

+% [(Y—H/)‘w—i—

Y+V
+(---)dW’7+/R (---)F%(dt, dy).

Integrating from 0 to 7', and taking expectation Eﬂm’w, we have

TA 1 2
EF" (R ™9) = Ry + EF"" / T { Yo+ (2 + %ho'w) |
0

0Vl (V- ) e

i L v - Lhgyaa
+ . rvlV - g )

0 0
- %h ‘o — Q—hqb]} ds. (3.6)

16,
- |:f+?‘Z+—hO'7T

To fulfill the third and fourth properties, since 6, A > 0, it suffices to find f, 7, 1&, 7 and ¢ such
that

(V - %hqy) ‘QAu(dy)

A

Y‘ﬁ+%<2+§ha’w)‘2+/ﬂ§ (Y+V)‘1&+Y+V

1 0 2 20 20
/R+ v V‘V — thy‘ Av(dy) — Xhﬂ' op — thb (3.7)

- [f%—l‘Z%—th’wQ%—
Y A




for all 7, q;

Y(n ¥ %(z v %hdﬁ) (2 +/R Y +V) (zp + 5 i - (v _ %hcjy) ‘Q)W(dy)
+

2 ) 20 20
+ /ﬂh T V‘V - thy‘ Av(dy) — Khw op— —hqb} (3.8)

- [f%—%‘Z%—%ha’fr

for all n,¢. The above two estimates clearly imply

+ %(z + %ha'ﬁ) ‘2 - /}M(Y - V)‘zﬁ + 5 Jlr % (V - %h@ (QAV(dy)

Yin

20 20 ]—O

1 0. . 1 0. .2
—[f+?(z+th +/R+Y—+V(V—thy( M(dy) = “hi' o6 — Zhib

which motives us to take

0= _%(ZJ“ %ho,ﬂ’ b= _YJer<V_ %h@@
and
f:—i(z+§ha’fr L 20 a¢+—hqb—/ (v——hqy( aw(dy).  (3.9)
Y2 T A Y+ V

To find proper 7 and ¢, substituting these expressions into (3.7), we get an equivalent condition of
(3.7):
1 0 1 0 2
V= (24 gho's) « 5 (24 gho'n)
+ Aho T+ v + Aha m
0 0

" /1R+(Y V) ‘ - m(v - Kh‘jy) + YJer (v- thy) ‘QMdy)

1

/ v ghA‘ZA(dH—/ v L Faway)
o, YoV |V T x| Avdy vrvIV Tt idy

26 26 26 26
XhA ¢——h ! ¢+—h ib — thb (3.10)

+—‘Z+gh’ i
% AU7T

Write u = Aha w, €= 9 ha T, o= Ahq and p = h(j, then the above becomes

Yy Av(dy)| <0. (3.11)

(Vo-Z-¢fw-9+Yia-p)|[

1%
Av(dy) + b — /
R+Y+Vy v(dy) p

R, Y TV

Because 6, A, h > 0, we have ¢ € R" if and only if so is @. Because II is a cone and 7w € II, we
see u € o'Il, where, for every (t,w), the set o¢(w)'Tl is a closed convex cone, defined as o¢(w)'Il =
{oy(w)'T | 7 €10}
Now we conclude (3.11) holds for all u € o'TI, « € RT if
(V62— €)(u—) <0, (3.12)
holds for all u € ¢'II, and
Je, yrvyAv(dy) +b
Je, vrvyPAv(dy)

—p|(a=p) <0, (3.13)

9



holds for all o € R™.
The following result is a consequence of the second projection theorem in [1, Theorem 9.8].

Lemma 3.1 Suppose £ € o'Il, p > 0. Then the inequality (3.12) holds for all u € o'Il if and only
if
¢ = Proj,m(6Y — 2), (3.14)

and the inequality (3.13) holds for all o € Ry if and only if
+
(Je. vorurv(dy) +b)
Je, vrvyPAr(dy)

Here, Proj-(y) denotes the projection of y to a closed convex set C', which is uniquely determined

by

p= (3.15)

Prod il — o,
ly — Projo(y)| ggw cl

Taking the above expressions into (3.9) yields

1
— — |\v=
Lol -
1

1
=-5ﬂZ+§V+2d§— IV — py*Av(dy) + 20p.

20 260
(dy) + —h7r op + —h 7b

1 0. .
f——?‘Z—i-KhUW n

R, Y +V
Overall, we conjecture that
f=—glZ+ePr2ss— [ oIV = pyPavidy) + 2 (3.16)
Y R, Y +V ' )
§ = 1(Z+P (Y ZQ b= (V= py) (3.17)
=y I0jyi1y , Y= Y+V( PY); :
AR _ AR
it = == (00') oProjun(Ye - 2), 4= ——p, (3.18)

where £ and p are given in (3.14) and (3.15) respectively. Notice that

1 2 / __i 24 2
72T F 20 = - I+ (¢Y 2)'¢ !Z!
_ 1 2 2 1.9
——?|f—(¢Y—Z)| +?|¢Y—Z| —?|Z|

1 1 1
=— —inf |o/'mr— (@Y — 2)> + =|oY — Z|> — = |Z]?
Y#Ién'” (¢ W+ lo "= 141

1 1
- — f[ — oo (¢Y — Z}——Z% 3.19
inf m'oo'r —27'o(¢ )|~y 2l (3.19)

and

Av(dy).  (3.20)

[(ﬁ&kvgvyAVkW)+lO+}2 L/ V2
_R

V- py‘ Av(dy) + 2bp = —_—
/ Y + V‘ fR+ ﬁyQ)\y(dy) N Y+V

10



Now we get the desired BSDE (3.1):

(
dY ={ & inf [n'o0'n —2w0 (Y — 2)] + $|2P

+72
[(IR+ ﬁyxu(dywb) ] 2
TR ﬁy%(dy) + Jr, v () } d (3.21)

+2'dW + [ V(y)3(dt,dy),

Yr=1, Y >0, Y+V >0,

In the next section, we will solve this BSDE and use its solution to derive a solution to the problem
(2.6).

4 Solutions to the BSDE (3.21) and the problem (2.6)

Definition 4.1 A triple (Y, Z,V) is called a solution to the BSDE (3.21) if it satisfies all the
equalities and inequalities in (3.21) and (Y,Z,V) € S(0,T;R) x LZ(0,T;R™) x Ly (0,T;R).
The solution is called uniformly positive if both Y > 6 and Y +V > 0§ a.s. with some deterministic
constant 6 > 0.

Lemma 4.2 There exists a unique uniformly positive solution (Y,Z,V') to the BSDE (3.21).

Proof. Consider (the arguments ¢ and w are suppressed )

492

. o / [(Pb Je, T y/\l/(dy)> }
dp, = — mf [PT{' oo'n — 2n'(Po¢ + UA)} - T, P+F(y Y2 Av(dy) dt
(4.1)

+A’dW+ fR )y(dt, dy),
Pr=1, P>0, P+F>0.

From [19, Theorem 3.3], the above BSDE (4.1) admits a unique solution (P, A,TI") € Sg°(0,T;R) x
LZ(0,T;R™) x LE"(0,T;R) such that ¢; < P, P+ T < ¢ with some deterministic constants
cg > c1 > 0. Then

1 A 1 1
(Y, Z, V) = (Fa_ﬁa P—+I‘ - F)a (4-2)

is well-defined. It can be directly verified, using Itd’s formula, that (Y, Z,V) is a solution to
(3.21). The above change (P, A,I') — (Y, Z, V) is invertible, so the uniqueness of uniformly positive
solution to (3.21) follows from the fact that (4.1) admits a unique solution. m

The following result provides a complete answer to the problem (2.6).

Theorem 4.3 Let (Y, Z, V) be the unique uniformly positive solution to (3.21). Let h, i, 7, p,q,
be defined in (3.5), (3.17), (3.15), (3.18), respectively. Then (#,q,7,v) is a saddle point for the
constrained MMV problem (2.6) with the optimal value

sup inf EP [XT+ 55 (\F— )] = zho + o Ly, —1). (4.3)

(m,q) U () EA 0

Proof. To prove the theorem, it suffices to prove the following three claims.
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L (7.q) €U, (0,9) € A
2. it holds for all (7, q) € U that

Pt [mg | L oaad < 1 —1)-
P | X5+ 55 (A — 1) < who+ 55 (Y0 - 1); (4.4)
3. it holds for all (n,) € A that
B [yia o Lo )] s Loy
E [XT + 55 (A% 1)} > who + 55(Yo — 1). (4.5)

Now we prove these claims one by one.

A~

Claim 1. We have (7,§) € 4 and (1,9) € A.
Let £ = Projyr(¢Y — Z). Then according to Lemma 3.1, (3.12) holds. By taking u as 2§ and
0 in (3.12) respectively, we immediately have
€ =€ (oY - 2) = =€/ (¢y —Z - ¢) =0. (4.6)
Using this and applying It6’s formula to HhtXf 44 Y}A?’@, one can obtain
d(Oh X7+ V,APY) = 0
so that X
On X1 + VAT = Ohoz + Yo, t € [0, 7). (4.7)

Since & € oI, there exists 8 € II, such that £ = ¢/3. Let p be defined by (3.15). From (3.18), we
get . .
ALY ALY

W(O‘U,)_lO'PI'OjU/F(YQS — Z) = Wﬁ

Because II is cone, A, h, 8 > 0 and (3 € II, we see 7t € II. By (4.7),

T =

AT AT o — b, X0
!~ t / t Ay
=t = = 4.8
o= G5 O = g A (48)
where a := hox + Yp/6 is a constant. Similarly, ¢ can be rewritten as
o a— X
= "t 5. 4.9
qt Y, Pt (4.9)

Substituting (4.8) and (4.9) into (2.3), and recalling (3.5), we have

d(hX™1 - a) = —%(hxﬁvé —a)|(&¢+ pb)dt + & dW — p/ yy(dt, dy)].

Ry
Applying It6’s formula to +(hX™4 — )% and using (3.16) and £(3.21), we have

Z + ¢ 27 | 2

1 .
d|5- (hX™1 = a)?) = {55 = 2(6'6 + pb) - +20/E+ 2+ e+

Jr%/R e - (V= py)? + Y3 ( : 1+V)
.
2

Z'¢

Y+V Y Y2

V(5 +250) (i~ ) P} g0t —aa
AW + (---)3(dt, dy).

12



Using (4.6), a direct calculation shows that the term in {---} before d¢ equals 0. Therefore,
%(th“qA — @)% is a local martingale. From now on, let 7,,n = 1,2,..., be a localizing sequence
of stopping times for the local martingales given by some stochastic integrals with respect to the
Brownian motion and the compensated Poisson random measure which may vary in different cases.
Then

1

1 R . Yo
37 e X35, — @] = = (how = @)* = 55,

for any stopping time ¢+ < T'. Sending n — oo, it follows from Fatou’s Lemma that

E|

E[%(mxﬁ@ - a)2] < %

Since ¢; <Y, h < ¢y for some constants ¢o > ¢; > 0, we get for some constant c3

E[(Xf’é)ﬂ < e, (4.10)

holds for any stopping time ¢ < 7. Now it is standard to prove (#,§) € L%(0, T;R™1), see e.g. [19,
Lemma 3.8]. This proves (7, q) € U.

From 4.2, there exist two positive constants ¢; < cg such that ¢; <Y,Y 4+ V. h < co. Recalling
the definition of ¢ in (3.17),
1

C
+py =z -1+ —.
2

_ t

As we assumed the size of all claims is uniformly bounded, so v is compactly supported, which
implies that 1) € L7 (0,T;R).

From the proof of [19, Theorem 3.2, Theorem 3.3], A, the second component of the unique
solution to (4.1), actually satisfies (2.4). Moreover, from the fact that P is uniformly positive and
bounded, and the relationship (4.2), we have

) 1 .
| = ( —7 (Z + Projyp (Yo — Z))( < a|Z| < esl|A,

for some positive constants ¢y, c5. Therefore 7 also satisfies (2.4).
On the other hand, by virtue of (4.7) and (4.10), we immediately get that there exists some
positive constant cg, A
E[(AT)?] < cq, (4.11)

for any stopping time ¢ < 7. Hence the last requirement in (2.5) is also satisfied. This proves

(1,7) € A, completing the proof of the first claim.

Claim 2. The inequality (4.4) holds for all (7, q) € U.
Write 1
RO = XUy 4 o (MY~ 1), (4.12)

Rgf]ﬂ;vﬂ-vtﬁ

For any (7, q) € U, applying Itd’s formula to , and taking expectation with respect to the

13



probability measure IP”A“;, we have
PAY ¢ o (7,0,m,q) 1 pad [TAT R
BT (RS = aho + 55 (%~ D+ B [ {00+ o)
0

wha(v= [ i) + o512 + € - 20

3 - V —py)
—2b 'z (7 d
p+i +/R+<W+ ) wv(dy)
+(Z+Y0) '+ / (V+ Y9+ Vzﬁ)wu(dy)] } dt, (4.13)
Ry
recalling the stopping times 7,,,n = 1,2, ..., are a localizing sequence of the local martingales given

by some stochastic integrals with respect to the Brownian motion and the compensated Poisson
random measure. On one hand, for any = € II, according to (3.12), 3.1 and (4.6), we get

hr'(c¢ + on) = %W’O’((ﬁy —7Z-¢& < %{'((ﬁY —Z—-¢)=0. (4.14)

A similar consideration shows that

hq(b—/]R yTZJ)\I/(dy)) <0

On the other hand, using (3.14), (3.15), (3.17) and (4.6), it is not hard to show the term in [-- -]
in (4.13) equals 0.
Combining above, we arrive at

(Yo —1), ¥(m,q) €U. (4.15)

EF(RE™) = B, REDT) < ho+ 52

0
For any (m,q) € U, it is standard to verify

E[ sup (th,q)2] < 00.
te[0,7]

Since h and Y are bounded, Y > ¢ > 0, we get from (4.7) and (4.12) that

E[ sup |APPRFOT] < B[ sup (X7 4+ 1)(1X]7 9 + X7 + 1)

t€[0,7) t€[0,7]
< CE[ sup | X[ ] —i—cE{ sup | X[ } + ¢ < o0,
te[0,T] t€[0,T]

where ¢ > 0 is a constant that may vary from line to line.
Sending n — oo in (4.15) and using the dominated convergence theorem, we get (4.4).

Claim 3. The inequality (4.5) holds for all (n,) € A.
For any (n,v) € A, we have

A A T/\Tn Anvw
BT (RYST) =aho + 250 - 1) + B [ (YInf? + 272
n 20 o 20
20 20 20
+ W}HTIO'?] + AThﬂ'/O'QS + —hqb — f
9
+ / <(Y + V)R 4+ 2V — hqyi,!)) )\u(dy)} dt. (4.16)
R, An

14



Completing the squares with respect to 7 and v respectively, the drift term in (4.16) is no less than

A1 o ., 2 20 1 6 .. \2 20

Please note that (7, §) is a feedback of A, so under (7,1), the optimal (7, ¢) in (3.18) should take

AW 1 ) AN
=5 (00") " oProjor (Yo — Z), 4= —-p.
Recall (4.8), (3.14) and (3.16), so (4.17) is equal to
A 1 1
—— | —=|Z+ P+ 206 — ——(V —py)* +2pb— f| = 0. 4.18
o |y lZ e+ 206 = o (V- py)” + 20 f] (4.18)

Hence from (4.16), (4.17) and (4.18), we have

Jup 1
EIP’W”[R?XQL ’Q)] > xhg + %(YO - 1).

Similar to the previous argument, we can prove

E[ sup |A?,wR§n,¢ﬁ,d)” < 00.
t€[0,T]

By sending n — oo in above, we get (4.5). This complete the proof. m

5 Link to the classical MV problem

The classical MV problem (see, e.g. [22]) is
0
sup [E(XT) - —Var(XT)}. (5.1)
(maq)eu 2
We will firstly solve the problem (5.1) and then draw a comparison with the MMV problem (2.6).

For any z € R, let us consider

F(z):= inf E|(Xp—2)?| = inf |E(X2)-—2? 5.2
()= int E[(Xr- 27| = it [BOXH) - (52)

where
Uz .= {(7‘(‘,(]) ceu ‘ E(X7) = z},

with the convention that inf () = +-00. By definition, F(z) > 0.
As illustrated in [21, page 12], the connection between problems (5.1) and (5.2) is given as

follows:

0 0
sup |E(X7) — §Var(XT)} =sup sup [z 3 (E(X%) - z2>}
(m,q)eU 2€R (m,q)€U?

= ilelﬂg [z - g (n,i;r)lécuz (E(X:QF) - 22” = ilellg {z — gF(z)} . (5.3)
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In order to solve (5.2), we introduce a Lagrange multiplier ¢ € R and consider

J(2,¢) = (ﬂi{gfguE X2 - 22— 2¢(Xp — z)] - (Wigl)feu [E(XT SO (2 — g)Q]. (5.4)

By the Lagrange duality theorem (see Luenberger [14]),

F(z) =supJ(z(), z € R. (5.5)
CeER

According to [19], the solution for problem (5.4) depends on the following two coupled BSDEs:

APy = = |2rPy + F} (1, P, A1) + G{ (P, Ty, Py, To)| e+ AW + [ T (y)3(dt, dy),
Pl,T = 1, P >O, P +Ty > 0, Py+T9 > 0,

(5.6)

and

AP = = 2Py + Ff(t, Py, Ag) + G5(Py,Ta) | dt + Ay dW + [, T(y)(dt, dy),
PQ’T: 1, Po >0, Pob+19>0,

(5.7)

where, for (t,w,v,u, P1,A1,T'1, Py, Ao, T2) € [0,T] x QxIIx Ry xRy xR™x L2 xR, x R™ x L?V,

we define

Fl(t,w,’l),Pl, Al) = Pl’UQUP + 2’[)/(P1/,Lt + UtAl)a
F2(tawav’P2’ A2) = P2|O'£’U|2 - QUI(PQIU’t + UtA2)a
Fl*(t,w,Pl,Al) := inf Fl(t,w,?},Pl,Al),
vell
F;(t,w,PQ,AQ) := inf Fg(t,w,U,PQ,AQ),
vell
and
Gi(Pr, Ty, P, o) o= Inf Gi(u, Py, Ty, P2, T),
uz
+72
* [(Peb— fy, Taly)yrv(dy)) |
Gz(P2,F2) = — 3
Jr, (P2 +Ta(y))y?Av(dy)
and

Gi(u, P1, T, Py, T) ::/
R4

+ (P + Ta(y))[(1 — uy) 12| Aw(dy) + 2uP (b + Aby).

[P+ Ta) [0 = ug)*P? = 1]

The definitions of solutions to (5.6) and (5.7) agree with the one in 4.1. Recall that h; = eli reds
is deterministic and bounded. From [19, Theorem 3.2, Theorem 3.3 and Lemma 4.1}, there exists
a unique uniformly positive solution (Py, A1,I'1, Py, Ao, I'y) to the coupled BSDEs (5.6) and (5.7);
moreover, one has P o < h% and P < h%.

The following result for the problem (5.4) comes from [19, Theorem 3.7]. We present it here in

terms of our notation.
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Lemma 5.1 Let (P1,A1,T1) and (P2, A9, T's) be the unique uniformly positive solutions to (5.6)

and (5.7), respectively. Let

_ ) A
51,1& = (ata,i) 1UtP7“OJo'1‘< ot — %)
1t
Ay
Eo1 = (0107) tor Projor <¢t + P—t>
2.t
p1,t := argmin G (u, P ¢, Ty ¢, Poyg,Tay),

u=0
+
(Poch = fio. Taely)yrv(ay))
o e (Pay + Do)y (dy)

Then the pair of feedback investment-reinsurance strategies

w20 = (%= ) et (Y- 1)

¢“(t, X) = (Xt - h%) Pt + (Xt — h%) P2t

is optimal for the problem (5.4) with the optimal value

¢

6.0l )T Pl ) T -

ho

To solve (5.5), we do a tedious calculation and obtain

0

_ 2
Poolz—oho)” i 2 > ahg and Pyg < h;

h3—Pao
400, if z < xhg and Py = h%;
F(Z) = Y Pro(z—zho)? . 2
”1(2)—7131,0’ if z < xhg and Py < h{;
0, if z = zhg,

\
with the argument maximum

hZz—x P> oh .
222000 if 2 > xhg and P < h%;

hZ—Pao
. —00, if z <xhg and P = h%;
CE) =\ WwPiohs o g s o
h?rPl,o s I z xrng an 1,0 0’
xhy, if z = xhg.

Accordingly,
o= 2P = aho+ (45 —1)
sup|z — =F(z)| = x ,
ze%lg 2 DY) Py
with the argument maximum

h2

= S 1) .
z xho+6<P20 > zhg
Substituting (5.12) into (5.10), we obtain
2 1 hj
5\ — h 0
C(2) = xho + 5 0 Dry’

The above analysis leads to the following results for the problem (5.1).

17

(5.10)

(5.11)

(5.12)



Theorem 5.2 Use the notations in 5.1. Define a constant

> 1 hd
= xh -0 1
C Tho + 0 P270, (5 3)
and a pair of feedback strategies
x) = —(x— Neyp = (x-S
7t X) <X ht)&’t’ q (X ht> pos. (5.14)

Then (7757 qé) is the optimal feedback investment-reinsurance strategy for the problem (5.1) with the
optimal value

0 h?
S [E(XT) -3 Var(XT)] = zho + o ( on,o - 1). (5.15)
Proof. Notice ¢ = ((2); so, by (5.3) and (5.5),
0 0
(:7;1)1;” {E(XT) - §Var(XT)} = 21€1£ [z - §F(z) dp)}
0 0 . 0 .
s lre=a-Dieiey =i Lieo,

Therefore, the optimal portfolio for the problem (5.4) with (z,¢) = (2,¢) is also optimal to (5.1).
We now show that the strategy (5.14) is optimal to the problem (5.4) with (z,¢) = (2,¢).
Taking (5.14) to the wealth process (2.3), we get

d(X7 =) = (X7 =) (00— &= bpo)dt — o0 AW + o poyi(dt.y) ).

& ¢ h
X0~ = Tar
7 ]}_5,270 < 0 and py > 0, it follows that X/ < h% Accordingly, we can rewrite (5.14) as

Wé(t,X):(Xt—h%) §1t+<Xt_£> 2,15

and

~ ~

qé(t,X) = <Xt — h%) P+ <Xt — h%)pQ’t’

which is just (5.8), the optimal strategy for the problem (5.4) with (z,¢) = (2, ).
Finally, (5.15) comes from (5.3) and (5.11) evidently. m
In the end, we have the following connection between the problems (2.6) and (5.1).

Theorem 5.3 The problems (2.6) and (5.1) share the same optimal value xho + 55 (Yo — 1) and

the same optimal feedback portfolio «# = 7T< where # and ¢ are defined in (3.18) and (5.14),
respectively.

Proof. Recall that (Y, Z,V) is the unique uniformly positive solution to (3.21), and h; = eli s ds,
It can be directly verified, by It6’s formula, that
h? k2 h? h? >

vzv)= (o,
( ) Py P22 2 Py + Ty Py

(5.16)
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where (P2, A2, A2) is the unique uniformly positive solution to (5.7). Comparing (4.3) and (5.15),
the first claim follows.
By (4.8), (4.9), and (5.16), we have

zhy + % — X7
hY

— %(ga’)—laprojg,F <¢ + %j) =— (X’W - %)527

(00" toProj (Y — Z)

7/:":

and

+
zho + 3 — hX ™4 <IR+ T yAv(dy) + b)

C_? =
5% Je, vrvyPAv(dy)
h2 .4 I + z
_ zho + gpog — hX™4 : —(fR+ wyAv(dy) + b) _ (Xfr,(j _ £>p2
h? Jo, (P2 + T2)y?Av(dy)

which is exactly the feedback optimal strategy (5.14). m

6 Concluding remarks

In this paper, we studied the MMV optimal investment-reinsurance problem under the Cramér-
Lundberg model with random coefficients and strategy constraints. Semi-closed-form solutions,
the optimal probability measure and optimal investment-reinsurance in terms of the solutions to
some BSDEs with jumps are provided. Eventually, we conclude that the solution coincides with
the corresponding optimal investment-reinsurance problem under the classical MV criterion.

In the definition (2.5), the condition ¢ > —1 + ¢ ensures that the Doléans-Dade stochastic
exponential AT is strictly positive. The properties of the solution (V, Z, V) to BSDE with jumps
(3.21) help to ensure that the optimal ¥ defined in (3.17) fits exactly the subtle point V> —1+e
It is critical to notice that our model only considers down side jumps since they are coming from
claims. It is interesting to consider general MMV problems with two-side Poisson jumps, in which
case the optimal 1& may not be easy to verify that it satisfies 1& > —1+e.
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