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Optimal consumption-investment with coupled constraints
on consumption and investment strategies

in a regime switching market with random coefficients

Ying Hu * Xiaomin Shif Zuo Quan Xu?

January 30, 2024

This paper studies finite-time optimal consumption-investment problems with power, logarith-
mic and exponential utilities, in a regime switching market with random coefficients and possibly
subject to non-convex constraints. Compared to the existing models, one distinguish feature of
our model is that the trading constraints put on the consumption and investment strategies are
coupled together in the cases of power and logarithmic utilities, leading to new technical chal-
lenges. We provide explicit optimal consumption-investment strategies and optimal values for
these consumption-investment problems, which are expressed in terms of the solutions to some
multi-dimensional diagonally quadratic backward stochastic differential equation (BSDE) and lin-
ear BSDE with unbound coefficients. Some of these BSDEs are new in the literature and solving
them is one of the main theoretical contributions of this paper. We accomplish the latter by ap-
plying the truncation, approximation technique to get some a priori uniformly lower and upper
bounds for their solutions.
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1 Introduction

In a consumption-investment problem in a financial market, one aims at maximizing his/her utility
of consumption and wealth by choosing the best consumption and investment strategies. Following
the pioneering work of Merton [29], a large volume of works has been done on the model. In par-
ticular, various constraints such as bankruptcy prohibition, subsistence consumption requirement,
wealth-dependent investment and consumption constraints are introduced into the model; see, e.g.,
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Guan, Xu and Yi [11], Sethi [34], Xu and Yi [40], Zariphopoulou [43]. All these papers assume
Markovian markets. The model has also been considered in non-Markovian markets with general
random coefficients; see, Cox and Huang [6], Karatzas, Lehoczky and Shreve [20], Matoussi and
Xing [28], Xing [39]. The method used in [6] and [20] is known as martingale method (or convex d-
uality) nowadays. Please refer to the seminar monograph Karatzas and Shreve [21] for a systematic
account on this method for more advanced (incomplete/constrained) markets.

On the other hand, Markov chain is often adopted to reflect, at the macroeconomic level,
the market status (such as bull and bear). If such as a Markov chain is introduced to a market
model, then the market becomes the famous regime switching market; see Hamilton [12]. Utility
maximization and mean-variance models in regime switching markets have been studied by many
researchers; see, e.g., [2, 26, 35, 36, 38, 41, 42, 44, 45]. In these works, the market parameters are
assumed to be deterministic functions of time for each given regime. In this case, the Hamilton-
Jacobi-Bellman (HJB, for short) equations for their problems can be reduced to some ordinary or
partial differential equations (ODE or PDE), whose solvability is easier to establish. In practice,
however, even in a bull market, the market parameters, such as the interest rate, stock appreciation
rates and volatilities are affected by numerous uncertainty factors such as politics, economic, legal,
military, corporate governance. Thus, it is too restrictive to set market parameters as deterministic
function of time even if the market status is known. It is necessary to allow the market parameters
to depend on not only the Markov chain but also other random resources. With this in mind, the
authors consider stochastic linear quadratic control and mean-variance problems in [15-17]. Along
this framework, this paper generalizes the consumption-investment model of Cheridito and Hu [4]
to a regime switching market with random coefficients. But some new mathematical challenges will
appear, compared to our existing works.

Precisely, this paper studies optimal consumption-investment problems with power, logarith-
mic and exponential utilities in a regime switching market with parameters depending on both a
Markov chain and a Brownian motion. To the best of our knowledge, concerning utility maximiza-
tion problems with possibly non-convex constraints and random coefficients, the most powerful
(and possibly the unique) tool is still the backward stochastic differential equation (BSDE) theory
introduced by Pardoux and Peng [31]. The convex duality method mainly solves problems with
convex constraints, and PDE method mainly deals with Markovian models'. The goal of this paper
is to solve the classical power, logarithmic, and exponential utilities maximization problems in the
most general setting (with possible non-convex constraints, random parameters and regime switch-
ing). We believe there are no well-established methods other BSDE theory that can achieve this
goal. Also, our method can take the coupled constraints on consumption and investment strategies
into account for power and logarithmic utilities. The coupled constraint leads to some new type
of multi-dimensional quadratic BSDEs that brings fundamental mathematical challenges and calls
for new methods.

Since its inception in Pardoux and Peng [31], the BSDE theory has became a powerful tool in
dealing with modern financial engineering problems including portfolio selection and asset pricing
problems. For instance, using quadratic BSDE theory, Rouge and El Karoui [33] characterize the
price equation for exponential utility maximization problems. With trading constraints in mind,

LOf course, we can invoke the delicate stochastic HIB equation method in [32] to study the value function and
the optimal consumption and investment strategies, but one still needs to solve the corresponding stochastic HJB
equations in terms of BSDE theory.



Hu, Imkeller and Miiller [13] apply BSDE theory to give solutions to exponential /power/logarithmic
utility maximization of terminal wealth. Later, Cheridito and Hu [4] extend the model to incor-
porate intermediate consumptions. Using quadratic BSDEs driven by random measures, Becherer
[3] and Morlais [30] solve exponential utility optimization and indifference valuation problems with
jumps. Using quadratic BSDEs with infinite activity jumps, Laeven and Stadye [25] investigate ro-
bust portfolio choice and indifference valuation problems which take ambiguity and time-consistent
ambiguity-averse preferences into account. Because of regime switching, the BSDE in our problems
are all multi-dimensional, making them harder to study compared to the scalar case.

In the existing studies of consumption-investment problems, one often assumes that the con-
sumption and investment strategies are subject to decoupled (separated) and mainly convex con-
straints; see, e.g., [4]. In practice, however, the constraints on them may be coupled together and
non-convex. For instance, if there is no individual constraint on the consumption or investment
strategies, but borrowing money is prohibited, then the constraints on the consumption and invest-
ment strategies are indeed coupled together. To the best of our knowledge, this important coupled
case is still lack of study in the literature, which we believe is due to its complexity. Different
from [4], this paper considers general coupled constraints on consumption and investment strate-
gies. The coupled constraints bring new mathematical challenges to our analysis for the related
multi-dimensional BSDEs.

In the end, we provide explicit optimal consumption and investment strategies, which are ex-
pressed in terms of the solutions to some multi-dimensional BSDEs. Due to the presence of the
regime switching, the BSDEs in our model are actually diagonally quadratic (after proper trun-
cation) coupled through the generator of the Markov chain. It is important to notice that there
are simple examples of multi-dimensional quadratic BSDEs which are not solvable (see, e.g., Frei
and Dos Reis [10, P.164]). This means multi-dimensional quadratic BSDEs are essentially different
from and harder to study than the linear growth or one-dimensional counterparts. Given that the
terminal value is small enough, Tevzadze [37] derives a general existence and uniqueness result
for multi-dimensional quadratic BSDEs. Kramkov and Pulido [24] obtain a similar result under
another type of smallness assumption. Cheridito and Nam [5], Hu and Tang [19] and Luo [27]
establish existence and uniqueness results of local and global solutions for multi-dimensional BS-
DEs with projectable quadratic generators and sub-quadratic generators, with diagonally quadratic
generators and with triangularly quadratic generators respectively.

To ensure the solvability of multi-dimensional BSDEs, the quadratic growth and local Lipschitz
conditions are usually required in the literature; see Fan, Hu and Tang [9] and reference therein.
Unfortunately, due to the presence of the consumption term as well as the coupled constraints on
consumption and investment strategies, the generators in our multi-dimensional BSDEs do not fit
the usual quadratic growth or local Lipschitz condition in [9]. Therefore, the solvability of our
BSDEs cannot be covered by the results of [9]. On the other hand, the inherent structures of
the BSDEs in hand are different and more involved than those studied in our previous paper [15],
where only convex constraints are considered, therefore they have to be treated differently. Multi-
dimensional quadratic BSDE theory is still on its early state of development, and we believe that
our new examples will contribute to the development of this theory.

Solving some new multi-dimensional BSDEs constitutes the major theoretical contribution of
this paper. In these BSDEs, the growth speeds or local Lipschitz condition of their generators
are not clear because of the coupled constraints on consumption and investment strategies. We



establish their solvability by pure BSDE techniques, so the method may be applied to tackle other
BSDE problems. Our key idea is first to do some approximation and truncation of the generators
so that the existing BSDE theory with Lipschitz continuous generators can be applied. Then we
establish uniformly lower and upper bounds for the approximated solutions, which means that the
growth rates of the generators are no more important. Eventually, we take limit to obtain the
desired solutions.

The rest part of this paper is organized as follows. We first introduce some notations and
recall some facts about bounded mean oscillation (BMO) martingales that will be used frequently
in the subsequent analysis. In Section 2, we introduce the financial market and formulate the
consumption-investment problem in a regime switching market with random coefficients. In Sec-
tions 3, 4, 5, we solve the problem for the power, logarithmic and exponential utilities, respectively.
For each utility, we first specify the consumption-investment constraint and define the admissible
strategies. We then accomplish the solvability of some related multi-dimensional BSDEs. With the
aid of their solutions, we finally provide the optimal consumption and investment strategies and
the optimal values of the problems. We conclude the paper in Section 6.

Notation

Let (Q, F,P) be a fixed complete probability space on which are defined a standard n-dimensional
Brownian motion W; = (Wi, ..., W, )" and a continuous-time stationary Markov chain «; valued
in a finite state space M = {1,2,...,¢} with £ > 1. We assume {W;};>o and {ay}+>0 are indepen-
dent processes. The generator of the Markov chain oy is given by @ = (qij )exe with g7 > 0 for
i # j and Z§:1 q" = 0 for every i € M. Define the filtrations F; = o{W;, as: 0 < s <t} \/ NV and
FV =o{W,:0< s <t} VN, where NV is the totality of all the P-null sets of F.

Throughout this paper, we denote by R™ the set of n-dimensional column vectors, by R the
set of vectors in R™ whose components are nonnegative, by R™*" the set of m x n real matrices,
and by S™ the set of symmetric n x n real matrices. For x € R, we define 2+ := max{z,0}, and
x~ := max{—z,0}. For any matrix M = (m;;) € R™*", we denote its transpose by M’, and its
norm by |M| = i mfj If M € S" is positive definite (resp. positive semidefinite), we then
write M > 0 (resp. M > 0). We write A > B (resp. A > B) if A,B € S" and A — B > 0 (resp.
A > B). For any two {F;}i>0-adapted vector-valued stochastic processes ¢ and ¢, we write ¢ > ¢
(resp. ¢ > ) if it holds that

¢! > ! (resp. ¢l > ¢b), dt @ dP — a.s. for every component ¢} and ¢! of ¢ and ¢.
We use the following spaces throughout the paper:
1%, (%R) = {¢: Q i 2
F(R) = 1¢:Q — R | £ is Fp-measurable, and E(|¢]?) < oo ¢,
LE (O R) = {§ Q=R ‘ ¢ is Fp-measurable, and essentially bounded},
LQf(O7 T;R) = {qﬁ 0, T] x Q2 =R ‘ ¢ is an {F}i>o-predictable process with
T
]E/ |¢t’2dt<00},
0

L%(0,T;R) = {qﬁ 0, T]x Q2 =R ‘ ¢ is an {F;}i>o-predictable process with
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T
B [ lodt <o},
0
LF(0,T;R) = {¢ 0, T]x Q2 =R ‘ ¢ is an {F;}i>o-predictable essentially

bounded process}.

These definitions are generalized in the obvious way to the cases that F is replaced by FV and R
by R™, R ™ or §™.

In our analysis, some arguments (in particular in integrals) such s, ¢, w, oy, as well as some terms
including “almost surely” (a.s.) and “almost everywhere” (a.e.) may be suppressed for simplicity
in some circumstances if no confusion would occur.

BMO martingales

We recall some facts about BMO martingales (see Kazamaki [22]). They will play a key role in our
subsequent analysis.

For a process A € LE:W(O7 T;R™), the process fo A’ dW is called a BMO martingale (on [0,77])
if there exists a constant K > 0 such that

T
E[/ |A|? ds

holds for all {F}V };>¢-stopping times 7 < T. The set of BMO martingales is defined as

T

FW] <K

L22MO(0, T3 R™) = {A € L2y (0,T;R"™)

/ A" dW is a BMO martingale on [0, T]}
0

The following two important properties of BMO martingales will be used in our below arguments
without claim.

o If fo A dW is a BMO martingale, then Doléans-Dade stochastic exponential
& < / A dW)
0

o If [(A’dW and [, Z'dW are both BMO martingales, then Wi=W— Jo Z ds is a standard
n-dimensional Brownian motion, and fo A'dW is a BMO martingale under the probability

™ T
dF :5(/ Z’dW).
dP |z .

is a uniformly integrable martingale.

measure P defined by

2 Problem formulation

2.1 Financial market

Consider a financial market consisting of a risk-free asset (called the money market instrument
or bond) whose price is Sy and m risky securities (called the stocks) whose prices are Sy, ..., Spy,.



Assume m < n, i.e., the number of risky securities is no more than that of the market noises
(namely the Brownian motion). Note the market is incomplete if m < n. These asset prices are
driven by SDEs:

{dso,t = 7918y, dt,

S0,0 = S0,
and
n
J— « «
Skt = Sk (Mkft dt+ 3 o7 de,t),
J:
Sk,0 = Sk,
where 7¢ is the interest rate process and M};t and O'ii = (le,t, e ,O']in’t) are the appreciation rate

process and volatility rate process of the kth risky security corresponding to a market regime oy = i,
for every Kk = 1,...,m and ¢ € M. Recall that a; follows a continuous-time stationary Markov
chain valued in a finite state space M = {1,2,...,¢} with £ > 1. If £ = 1, then there is no regime
switching and the market becomes the classical Black-Scholes market. In our below argument we
assume ¢ > 1, although all the results remain true if ¢ = 1.

Define the appreciate vector

g = (g i)

and volatility matrix

o'i = : = (Ulifj,t)mxn’ for each i € M.

2.2 Optimal investment-consumption problem

Consider a representative small investor, whose actions cannot affect the asset prices. He will decide
at every time t € [0, T'] the proportion m;; of his wealth to invest in the jth risky asset, j = 1,...,m,
as well as the proportion c¢; of his wealth to consume. The vector process 7 == (mi4,..., Wm,t)’
is called a portfolio of the investor. The pair (¢, 7) is called a consumption-investment strategy.
The investor’s self-financing wealth process X corresponding to a consumption-investment strategy
(¢, ) is a strong solution of the SDE (see, e.g., [21]):

dX; = X[t + mbit — o] dt + Xymjopt AWy, (2.1)
Xo=2>0, ag =19 € M, ‘
where b := pi — ril,, for all i € M and 1,, is the m-dimensional vector with all entries being

one. By It6’s lemma, one can easily show that the process X is always positive, hence the investor
would never be bankrupt.



The investor’s problem is to maximize his cost functional

T t aqy T aqy
J(x,ig;m, ) ::E[/ e~ Joru d“U(ctXt)dt—f—e*fO Pt durr (XY |, st (e,m) €U, (2.2)
0

and to determine the value function
V(z,ip) := sup J(z,ip;m,c),
(e,m)eU
where p' € L% (0,T;R), i € M, are the discount factor processes, U is the utility function of
the investor, and U is the set of admissible consumption-investment strategies. The utility U and
admissible set U will be defined in the sequel case by case.

Our model distinguishes from the existing models in the following aspects. Usually, the discount
factor p is assumed to be deterministic and market regime independent in the literature; by contrast,
it is allowed to be noise and regime dependent (thus stochastic) in our model. Our model not only
generalizes the existing ones, but also fits the reality better sometimes. For instance, many investors
use relative discount factors that depend on the interest rate or some stock index, thus become
noise and regime dependent.

Another distinguish feature of our model is that the trading constraints put on the consumption
and investment strategies. In the existing literature, their constraints are separately considered and
convex. In our model, they are subject to fairly general coupled constraints so that may be non-
convex. This is not only a more general case but also of great practical importance. For instance, it
happens if one cannot borrow too much money (which is generally true in practice) in the market
so that the amount of consumption and investment together cannot beyond what the investor can
use. The study of this kind of coupled situations is rare in the literature, due to, we believe, the
technical challenges. We will solve the problem completely for power and logarithmic utilities, but
cannot do it perfectly for exponential utilities. Indeed, we suspect that the value functions are not
of the exponential form any more when the constraints are coupled together in the latter case.

Let © denote the set of constraints on the consumption-investment strategies, which is assumed
to be a given closed nonempty set in Ry x R™.

Example 2.1 Here are some important and interesting examples for the constraint set © in finan-
cial practice.

o If the investor is not allowed to borrow money, then the total consumption and investment
cannot be beyond 100%, that is,

m
0= {(6,77) e Ry xR™ ‘ Z?Tj+c< 1}.
j=1

Clearly, the constraints on the consumption and investment strategies are coupled together in
this case. It will bring some mathematical challenges to our analysis for the related multi-
dimensional BSDEs below.

e If shorting is prohibited in the stock market, then
e = {(c,w) eRL xR™ |7 20, jzl,...,m}.

In this case, © is cone and the constraints on the consumption and investment strategies are
decoupled.



e In practice, some stocks may be restricted to trade; for instance
©= {(0,77) e Ry xR™ ‘ mj € [dj,ej], j= 1,...,m}.
Or some constraint may be put on the consumption strategies such as
©= {(c,w) e Ry xR™ ‘ ce [O,CO]}.
Or the above constraints are coupled together so that
0= {(C,ﬂ') e Ry xR™ ‘ ce[0,c0], mj € [dj,e5], j= 1,...,m}.

In these cases, the constraints on the consumption and investment strategies are also decou-
pled.

We put the following standard assumption on the market parameters.

Assumption 1 For all i € M,

e L5 (0,T;R), p' € Lysy (0, T;R™),
o' € L5, (0, T;R™™), p' € L5, (0,T;R).

Also, there exists a constant 6 > 0 such that oi(c}) > 61, for alli € M and t € [0,T) a.s., where
1,, denotes the m-dimensional identity matrix.

Due to different features of the power, logarithmic and exponential utilities, they must be dealt
separately. We study them in the subsequent Sections 3, 4 and 5, respectively.

3 Power utility

In this section, we assume that the investor’s utility function is

1
U(x) = ;x'y, x>0, v€(—00,0)U(0,1)

and the admissible consumption-investment set is defined as
T
U= {(c, ) ’ / (|7]? + ¢)dt < o0, a.5., (¢c,7) €O, dt®dP— a.s.},
0

if v € (0,1); and

T

U= {(c,w) ‘ / (|7]? + ¢) dt < 00,a.5., (¢c,7) €O, dt ®dP — as.,
0
T
(X})o<t<r belongs to class (D) and E[/ (eX)Y dt] < oo},
0

if v <0.?

2We say that a process (X )oci<r belongs to class (D) if {X7 : 7 stopping times valued in [0,T]} is a family of
uniformly integrable random variables.



Assumption 2 If v € (0,1), then no consumption or investment is always permitted, namely
(0,0,,) € ©, where 0y, is the m-dimensional vector with all entries being 0. If v < 0, then there
exists a constant € > 0 such that (¢,0,,) € ©.

Due to homogeneity, we conjecture that its optimal value function of problem (2.2) has the
following decomposition

1 ,
V(z,i) = —2"F;
Y

for some stochastic process P?, which is governed by some BSDE. Indeed, (P!, A%);c satisfies the
following ¢-dimensional BSDE:

AP’ = —[fi(t, P!, A') — (p' — yr')P' + Y0, ¢ PI]dt + (AT) AW,
Pl =1, (3.1)
Pt >0 forallie M,
where, for any (¢, P,A) € [0,T] x Ry x R™,
~

i 1-— , . . 2
Pt PA) =7 sup | = ——|7'oi[*P + ' (Pbi + 0;A) + S _pel.
(e,m)€O ¥

In particular, if there is no consumption-investment constraint, namely ® = R x R™, then

Fi(t, PA) = ;1_77]13(1%@' + o AY (0 (0)) L (P + o' A) + (1 — 4) P
We will first show the BSDE (3.1) has a solution, and then prove our conjecture.

Note that the coupling phenomenon of P and A in the first term, the range of —ﬁ is (—o0,0)U
(0,00) for v € (—00,0) U (0, 1), the generators f*, i € M, violate the quadratic growth and local
Lipschitz conditions in (P, A), which conditions are often required to ensure the solvability of BSDEs
in the literature; see [9] and reference therein. Therefore, the solvability of (3.1) cannot be covered
by the existing literature such as [9] and [15]. To solve such kind of BSDEs is one of the major
contributions of this paper.

Definition 3.1 A vector process (P!, A%);e nm is called a solution to the (-dimensional BSDE (3.1),
if it satisfies (3.1), and (P, AY) € L% (0, T5R) x L;VEMO(O,T; R™) for all i € M. A solution
(P',A")iem to (3.1) is called uniformly positive if P* > § for all i € M with some deterministic
constant 6 > 0.

The following comparison theorem for multi-dimensional BSDE firstly appeared in [18] (one
can find a concise version in [14, Lemma 2.2] or [15, Lemma 3.4]). We shall use it frequently in our
subsequent study of BSDEs.

Lemma 3.2 Suppose (Y, Z);crq and (?,7%@4 satisfy the following two £-dimensional BSDEs,
respectively:

T T
YZ=£"+/ gi<s,Y1,~--,Y‘,Z">ds—/ (Z7) aw
t t



and
o A T s T
Yﬁ:?+/ (s, Y ,---Y ,Z‘)ds—/ (Z") aw
t t
for all i € M. Also suppose that, for all i € M and s € [0,T], we have
1, € e Lty (UR), and € <E;

2. there exists a constant K > 0 such that
L
959"y ) — (s T T S K Iy~ ]+ |2 = =),
i=1

fO’)” any (yla"' >y£)7 (@17"' 7?£) € Rg; and z,Z € Rn;

3. g (s,yt,--- 4, 2) is nondecreasing in every y?, j #i € M; and

4- gi(57?iv'” 7?3715) <§Z(87?i7 ?5 7;)

9 s
Then Y < v for all i € M.
In the above lemma, if conditions 2 and 3 hold for g’ instead of g’, and condition 4 is replaced by

. / . . y .
gz(saytslf" Y, Z;)ggz(&}/sl’”_ Y, Z;)a

’» 8 » T8

then the conclusion still holds.
We now focus on the solvability of the BSDE (3.1). The cases v € (0,1) and v < 0 will be
treated separately. We start with the former one.

Theorem 3.3 Suppose v € (0,1) and Assumptions 1 and 2 hold. Then there is a unique uniformly
positive solution (P*, A");cr to the BSDE (3.1).

Proof: To find a solution to the BSDE (3.1) that violate both the quadratic growth and local
Lipschitz conditions, our key idea is first to do some approximation and truncation of the generators
so that the existing results for BSDEs with Lipschitz continuous generators can be applied.

To this end, we first notice the coefficients are bounded, so there exists a constant a > 1 such
that

—p' +rt = —a, (3.2)

and

v

sy )@ @) = < a1 =), (33)

hold simultaneously for all i € M. Define two constants a1 = e~" and as = (e + %(e“T — 1))1_7.
Let g : R — [0,1] be a smooth truncation function satisfying g(z) = 0 for z € (—o0, 3a1], and
g(x) =1 for x € [a1,+0). For each k > 1, (t, P,A) € [0,T] x R x R™, i € M, define

RPN = inf it P, A)g(P) + KIP — Pl + kA — All.
PER,AcR”

10



Then f*i(t, P,A) is uniformly Lipschitz continuous in (P,A), and increasingly approaches to
fi(t, P, A)g(P) as k goes to infinity. According to Assumption 2, we have f* > 0, hence f%¢ > 0.
The following ¢-dimensional BSDE

APk = [ fli(y, PRi ARi) — (g — i) PR 4 25:1 qijpk,j:| dt + (ARHY aw,
Py =1 foralli e M,

has a Lipschitz generator®, so it admits a unique solution, denoted by (P’”, A’“)

ieM’
It is direct to verify that
(P, A) = (¢7T9,0), ieM
is the unique solution to the following linear BSDE system:
AP’ = —| —aP'+ ¥0_, ¢7PT] dt + (A W,
Pl =1 forallic M.
Notice that f%i(t, P, A) > 0 and recall (3.2), so
fk’z(t,Bz7AZ) _ (pz _ ,y,r,Z)B’L + ZquBJ > _(pz _ ’77“%)22 + ZquBJ > —aP' + quﬂj‘
j=1 j=1 j=1

By Lemma 3.2, we have
a; <e Tt = Bi < Ptk’i for all 1 € M.

On the other hand, direct calculation shows that

a

(P}, ) = ((ea(Tt) + l(ea(T*t) — 1)) 1_7, O> for all i € M,
is a solution to the following BSDE system:
AP = ~[a(1 = 7)P' 4+ (1= 7)(P) 75 + 525, ¢ Pi| dt + (A%) aw,
PL=1 forallie M.
Notice, for P > 0,

R, PA) < fit, P, A)g(P)

L=, in9 / i i 7
<7y sup — ——|n'd"|*P + 7' (Pb' + o'A) + — — Pc|g(P)
(e;m)ER™ xR 4 2 g
I~ 1 i PAN/ (i iy —1 i i o
= iil_vﬁ(Pb +o'N) (o'(a")) " (PV +0'N)g(P) + (1 — )P 1T=7g(P)
Y iN i i\ —174 Y iNFg i i\ —1 i
< —Y) (o' (o VP + — (") (o' (o o'A
i (1) @) 0
Yo i i1 _ -
=) P(U AN (o"(a")) o' A+ (1 — )P 1. (3.4)

3For a BSDE Y; = ¢ + ftT f(s,Y,Z)ds — ftT Z'dW, f is called the generator and ¢ is called the terminal value.
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Hence, by (3.3),

l
JRE PN = (o = ) P Y g TP
j=1
l
< gy @ @ @) P+ (L= ) (P)TET = (o )P+ Y g
j=1
. l

a(l —y)P" + (1 —~)(P) T + Zqijpj.

j=1

Then by Lemma 3.2 again, we have

. _ . 1 1—v
PF < P < (e“T + = (e — 1)) = as,

a
and P*' is increasing in k, for each i € M.
Let PtZ = k]g}élo Ptk’l, i € M. Since a; and as are independent of k, it follows that a; < P* < as.

Recalling f%¢ > 0, (3.4) and the role of the truncation function g, we can regard (Pk’i, Ak’i) as the
solution of a scalar-valued quadratic BSDE for each i € M. Thus by [23, Proposition 2.4], there
exists a process A € L?_.W (0, T; R™ ) such that (P, A) satisfies the BSDE (3.1).

Applying Itd’s formula to the process (P} — az)?, we obtain, for any stopping times 7 < 7T,

T .
E[/ |AY2 ds

] = (1 @ (71 -

- ¢
+2E / (P' — a2) [f’(t,P’,A’) —(p" =" )P + Zq”PJ} ds .FZV]
LJT j=1
< (1-ap)® = (P} —ap)®
[ T . . . . é .. .
+2E / (P' — a2) { —(p' =" )P' + Zq”P]] ds ffv}
LJT j=1
T . . . . f .. .
<U-aP+2e| [ | e[ -+ Y] as | 7
0 ;
7=1
. . . . e .. .
<(1—a)?*+2T esssup ’(PZ — az) [ —(p' =" )P + Zq”PJ] ‘
(t,w)€[0,T]x j=1

where we used the fact that P* < as and f* > 0 to get the first inequity. Because a1 < P’ < ag and
Assumption 1, we see that the right hand side is a finite constant. Hence A’ € L;VEMO(O,T;R")
for all ¢ € M. We have now established the existence of the solution.

Next, let us prove the uniqueness. Suppose (P?, A");cq, (Pi, Ai)ie M are two uniformly positive
solutions of (3.1). For every i € M, define processes

i

(Y, 7" = <1nPi, ﬁ) (Y, ZH = (mPi, g) (3.5)

12



Then (Y?, Z%), (Y, Z7) € L%y (0,T;R) x L2M°(0, T;R") for all i € M. Furthermore, by Ito’s
formula, (Y?, Z%);cr satisfies the following /-dimensional BSDE:

Vi = = [Fi(LY, 20 + 3120 = yrt + Sy q9e" Y | at + (27 aw

. (3.6)
Y} =0 forallie M,

where for any (Y, Z) € R x R,

A 1— A . . 2

F'(t,Y,Z)=~ sup |— 5 fy|7r'0§\2 +7'(b, + 0} Z) + Ce¥ c}.
(e,m)€® Y
The coupled constraint makes it hard to verify the local Lipschitz condition for the above generators,
which is often needed to solve BSDEs. To the best of our knowledge, such kind of BSDEs has not
been studied in the literature. See our further discussion on the new BSDE (3.6) after the proof in
Remark 3.4.
Also, (Y, Z");epm satisfies a similar BSDE.

Because e Y = % < chl and use Assumption 1, for any (¢, ) € O,

1-— , , o 2l ;
- TV|7T/01|2 +7' (' +0'Z") + S
Y

1-— 1
< =02+ Klr|(1+ 12]) + sup (S~ —c)
2 ceRL 7 a1
S e T 1= 5
=—0 5 |7|* + K|r|(1+|Z]) + 5 a;

<0,

if || > K (1 + |Z¢|) for sufficient large K.* Since (0,0,,+1) € ©, F'(t,Y, Z) > 0. Therefore
, . 1— A . o v
F'(t,Y",Z") =~ sup - 77|7T/0'§’2 +7'(b, + 01 Z") + eV c]. (3.7)
(e,m)€O 2 Y
|7|<K(1+|2°))

Note this still holds if K (1 + |Z?|) is replaced by any bigger quantity. A similar expression holds
for Fi(t, ?i, Zh. '
Set Y =Yi—Y! Z'=2'—Z' for all i € M. From (3.7), we have
F(LYLZ) - Py, 2 <y s W' B < K(1+ |7 + |27,

(cm)ed
7| <K (14|27 +|2°))

We can define 3% in an obvious way such that
41:

Fi(t,Y', Z" - F'(t,Y', Z") = () Z',

and
18" < K(1+ 2"+ |2"]).

4 Hereafter, we shall use K to represent a generic positive constant independent of i, m, n and ¢, which can be
different from line to line.
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Since 2%, Z' € L2V°(0, T;R™), we have 3’ € L2,V (0, T3 R™).
Now applying It6’s formula to (Y ) , we deduce that

T
84 svadlins i i iy i L i
Wi = [ {7 [Pz - ro 2+ 5020 - 12
£ o N . T
e e [T o
j=1 t

Notice that the map
Y — F(Y,Z), Y € Ry,

is non-increasing for each fixed Z € R™ and i € M. Therefore,

Y'[Fi(t, Y, Z%) — Fi(t, Y, 7]

(t,
—Y'[Fi(t,Y", Z') = Fi(t,Y", Z) + F'(t,Y', Z%) — Fi(t,Y", 7]
<Y [F’(t Y 7" - Fi(t,Y", Z")]
=Y'(8")Z'

For each fixed i € M, let us introduce the process
Ni = (/ 8+ (Z’ + Z’))/dW>.

Then N} is a uniformly integrable martingale. Notice Y%, i € M, are bounded processes, from

(3.8),

T T
i il ivsi 1 i i
(Y2 </ {2Y [(6’)’Z (7' 4+ 77 +KZY]”ds—/ oV (Z') dW
t 2 Iy t
T RN
:/ 2KYZZYst—/ 2V (Z') AW
K J#i K
where
. t,o1 L
Wi=W, - /0 (5 + S+ 7)) ds,
is a Brownian motion under the probability P! defined by

AP
dP

= Ni.
Fr

Taking expectation E! w.r.t. the probability measure @i,

(?ﬁ)Qgﬁi[/TMYiinds ]—'tW] KIE[/ ZY] ds } /ZEjds,
t =1

J#i
by the inequality of arithmetic and geometric means (AM-GM inequality), where

E! = ess sup (?1)2
weN
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Taking essential supreme on both sides of the above inequality yields

T ¢
EBi<K | Y Elds
)
Thus
0<> E/<KC[| Y Elds
Jj=1 toj=1

We infer from Gronwall’s inequality that Z§:1 EJ =0, so Y —0forallic M. This completes
the proof of the uniqueness. O

Remark 3.4 If the constraints on consumption and investment are decoupled, i.e. © = C x II,
then one can verify that

1—7

F'(t,Y,Z) = vysup [—e*Y — c} + v sup {—

[Tl + 70+ 0iZ)], i€ M,
cec V7 well

satisfy the local Lipschitz condition [9, Assumption (H2)]. Although the term 3_,_, lgiieY' =" in
(3.6) wviolates [9, Assumption (H})], the BSDE (3.6) can still be solved by [9, Theorem 2.4] with
some suitable truncations on Y, j € M.

By contrast, if the constraints on consumption and investment are coupled together, then it is
difficult to verify [9, Assumption (H2)] for the above generators, so we could not use [9, Theorem
2.4, Theorem 2.5] to solve our BSDE (3.6).

Now we turn to the case v < 0.

Theorem 3.5 Suppose v < 0 and Assumption 1 and 2 hold. Then there is a unique uniformly
positive solution (P*, A");cr to the BSDE (3.1).

Proof: The proof is similar to the procedure of Theorem 3.3 with different uniformly lower and
upper bounds. Here, we only present how to find these bounds, the remainder details are left to
the interested readers.

Due to the boundedness of the coefficients, there exists a constant a > 0 such that

gl

Sy OV @) > a1 ), (3.9)

and
—p' +rt —ve < a, (3.10)

hold simultaneously for all i € M, where £ > 0 is given in Assumption 2. Define two constants
a; = e 0=NT and ay = 7 + %(eaT —1).

Let g : R — [0, 1] be a smooth truncation function satisfying g(z) = 0 for z € (—o0, %al], and
g(x) =1 for x € a1, +00). Notice that |zg(x)| < |z| for all x € R.

For each positive integer k > —ve, (t, P,A) € [0,T] x R x R", i € M, define

R PAY = sup £t P A)g(P) — K|P — P~ KA - Al].
PeR,AcR"
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And consider the following ¢-dimensional BSDE:
dPki — _ |:fk,i(t7 P AR (pf — ) PR (PR 4 Zgzl qijpk,j:| dt + (AR dw,
P:;f’i =1 forallie M.

Since its generator is Lipschitz continuous, it admits a unique solution, denoted by (Pk’i, A”“)Z e
It is easy to verify that

. . 1—
(Pi, AY) = ((e““T‘” + %(1 - e—a<T—t))) v 0) for all i € M, (3.11)

satisfies the following BSDE:
dPi = — [ — a(l = y)Pig(P) + (1 —)(P) T g(P) + X4, qijﬂj} dt -+ (%) dw,
PL =1 foralliec M.
Since v < 0, we have the following estimate for f%(t, P, A) with P > 0:
FHUE PA) = f1(t PA)g(P)

_ L—7 4o 1ppi g i c’
=~ sup |— ——|7n'd"|°P+ 7' (Pb'+o'A) + — — Pc|g(P)
(e,m)€O 2 Y

1— 4 S 2
>~  sup { - 7\7r'az|2P + 7' (P 4+ o'A) + £ Pc]g(P)
(¢;m)ER 4 xR 2 Y

Yol iavai =1 ppi -5
=———(Pb A Pb MNg(P 1—~)P Tg(P).
sq =y p LY TN @)) T (PY + 0" A)g(P) + (1 =) P = g(P)
Hence, we deduce
fk’z(t,Bl,Al) . (p’L _ ,)/Tz)Ezg(Bl) 4 ZqZJBJ
j=1
> m(b’)'(ffz(0’)')_16’39(2’) +(L=7)P = g(P") = (p' —=yr')P'g(P") + Y 7P
j=1
> —a(l—y)P'g(P") + (1 —7)P =g(P) + > ¢’P’.
j=1
By Lemma 3.2, we have
a; = e 91-NT < Bf; < Ptk’i for all 1 € M.
To give an upper bound, we notice that
o ¥
(P, Al = (ea<T*t> + 5 (a1, o) for all i € M, (3.12)
a

satisfies the following BSDE:
dpi = — [aPi +er+ 3, qiﬂ‘Pﬂ‘] dt + (A1) dw,
PiL=1 forallie M.
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Also, (g,0,,) € © under Assumption 2, so, for k > —~e,
R PA) < sup  [(e7 = 4Pe)g(P) — k[P — Pl — k|A - A

PeR,AcR"

< sup [(e7 = 7 Pe)g(P) + el P — P
PcR

< sup [(7 = Pe)g(P) +7=(1P| - |P)]
PeR

< g7 — ve| P,

where the third and fourth inequalities are due to that v < 0, g(z) < 1, |zg(x)| < |z| for all z € R.
Hence, using (3.10) and P* > 0, we get

l ¢
FEUE PR = (pf =) Plg(PY) + ) g7 PT < €7 — 7| PP — (o' — 1) Pig(P)) + > ¢ P
j=1 =1

l
<aP'+e74+) ¢7Pi,

j=1
By Lemma 3.2 again, we obtain the upper bound
S 2l
PP <Pl < et + S (efT — 1) = ay, t €[0,T] for all i € M.
a
This completes the proof. O

Based on the above two theorems, we can provide a complete answer to problem (2.2).

Theorem 3.6 Suppose vy € (—o0,0)U(0,1) and Assumptions 1 and 2 hold. Let (P*, A");cr be the
unique solution to (3.1). Then the value function of the optimization problem (2.2) is given by

1 :
V(z,ig) = —2" Py,
g
and (¢,7) € U is an optimal investment-consumption pair if and only if
~ A 1 - ’7 ! Qi 2POct / Poct Qi OctAOct C'Y POét
(¢, 7y) € argmax —That |“PM + @' (P + ot AT) + — — PMel.
(e,m)€B Y

In particular, if © = Ry x R™, then the optimal investment-consumption pair is uniquely given by

Qg

. 1 _ A . 1
o= T O o) (b it i), e= (BROTT

Remark 3.7 Notice

: -9
lim sup -

&

|T'a ™ |2P 4 7! (PO + 0™ AY) + — — PPe| = —o0

X 5 t 1 t Yt t ¢ t ,
=400 || 4e>K Y

so (¢4, 7¢) is well-defined. Let G : Q x [0,T] x Ry x R™ — R be a P ® B(R™) ® B(R)-measurable
map, where P is the o-field of predictable sets of Q x [0,T], and B(R™) (resp. B(R4)) is the
Borelian o-algebra on R™ (resp. Ry). Let

argmax [G(w, t,m, C)} ;
(c,m)€®
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denote the set of all predictable processes valued in © which attain the essential supremum of G w.r.t
(¢, m) € ©. From the measurable selection theorem (see e.g. [13, Lemma 11], [1, Corollary 18.14] or
[8, Proposition 2.4]), the set is not empty. If © is further convex, then argmax(c »ece [G(t,w, m, c)}
degenerates to a singleton set.

Proof: In this proof, the arguments (s, ;) and (u, ) in the integrals will be omitted for no-

tation simplicity, e.g., P means P, p means p*. For any (¢,7) € U, applying Itd’s formula to
t

%e‘ Jor dux Y P2t (here we use Itd’s formula for Markovian chain; please refer to [14, Lemma 4.3]),

we have

¢
le* Jo pdu Xy pot 4 / le* Js pduxv v s

Y o
Lo pi L pduy L 4 2 f
S I X’Y[ P—7P170| +7T(Pb+aA)——]ds
Y 0 Y Y
t
—|—/ leifok PAUXTY(N + yPr'o) AW
0o
_|_/ Ze—Jopduxy Z Pj/)I{as_:j’}de/j7
0o JiTEM

where (N j/j) jrjem are independent Poisson processes each with intensity qj/j, and th E- th .
¢'t, t > 0 are the corresponding compensated Poisson martingales under the filtration F.

For any (¢, 7) € U, the wealth process X is continuous and strictly positive, hence bounded on
[0, 7] away from 0. Therefore, the stochastic integrals in the last equation are local martingales.
Hence, there exists an increasing sequence of stopping times (7, )nen satisfying lim,, oo 7, = T, a.s.
such that

E|: 7f0 pdu xry Parn+/n1€f()spduX707d3
o 7

,y T™n™ Tn
1 ; Tn s 1-— . 1
= ~a7Pi° 4 IE/ e~ Jo paux [ - T”Ppr’oy? + 7 (PH + oA) + —¢" — cP — f] ds
Y 0
< lePéO,
v

thanks to the definition of f.
Case v € (0,1): In this case, %e‘fompd“X;YnPTOff" + 3" %e‘foS/Jd“X”/c7 ds is bounded from
below by 0. Passing to limit and applying Fatou’s lemma in the above inequality yields
E {le
Y
by virtue of the terminal condition Pr” = 1. And the inequality (3.13) becomes an equality for

T
*foTPd“X% +/ le’ Jo pdux ds} < 1$7p5'07 (3.13)
o 7 v

some (¢, 7) if and only if

1-— 2
(¢, %) € argmax [ - — o "P+'(Pb+ oA) + = - P].
(c,m)EO 2 ¥

It remains to show that (¢, #) € U. Recall that the unique solution of (3.1), (P?, A?) € L% (0, T;R)x
L2 MO0, T; R™) for all i € M. From (3.7),

FW
FISEQ+[Z) <K(1+ |7,
1EM
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hence 7 € LQ}-(O,T :R™). Because P', i € M, and the coefficients are bounded, there exists some
constant K7 > 0 such that

1— v
- ry]ﬂ"a|2P + 7' (Pb+ oA) + %
Y
L=, 2 ' !
< sup | — —— |7 o|*P+ 7 (Pb+oA)| + — — Pc
TER™ 2 Y
LY L (Pbt oA (o(0)) (Pb+oh)+ S — P
= o) (o(o o — — Pc
21—~P 0%
<K (1+|AP) + — — Kic

The right hand side is negative if ¢ > K (1 + |A]?) for sufficient large K > 0, so
<K+ AP) <KL+ ) AP,
ieEM
which implies (¢,7) € U.
Case v < 0: For any admissible (¢, 7) € U, (X7)o<t<T belongs to class (D) and E[fOT(cX)'Y ds] <
00, so by the dominated convergence theorem, we also have (3.13). By a similar argument for the
previous case v € (0,1), we can prove 7 € L%_-(O,T;]Rm) and fOTéds < 00, a.s. It remains to prove

(X)o<t<T belongs to class (D) and IEJ[fOT(é)A()7 ds| < oo.
Since p and P are bounded, and

T

E [e‘ Jo" pd“X;VnPT":” + / Do ls g ds} = 27PP,
0

Fatou’s Lemma yields
A T A~
E [X% +/ (eX)Y ds] < 0. (3.14)
0
Denote 0 := (¢*)'(c*(c%)’)~! for all i € M. By Girsanov’s theorem,
¢
w2 .= Wt+/ 0ds
0
is a Brownian motion under the measure Q defined by

T
‘fl% :5(—/0 edw).

Under the strategy (¢, 7), we obtain from (2.1) that

" R t
X, = pelor—9dsg ( / o dW@>.
0

Denote

t
Jyi=e fé@dse(/ #oaw?).
0
Thus it is sufficient to prove (J;)o<t<7 belongs to class (D) since r is bounded.
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It can be seen from (3.14) that E[J]] < co. One obtains for every stopping time 7 < T,
X r T A T
JZ = {E@ e o Cdsg(/ fr’o—dw@) ’]—'H
- 0
— T
< {E?[els Cd55</ #oaw?) | 7|}
- 0

- el | 7] <

i
2

[N/

fT}, (3.15)

where we used that ¢ > 0 and v < 0 in the first inequality, and Jensen’s inequality in the second
one. By the Cauchy-Schwarz inequality,

}"T] —E[Jﬁs(—/

T

< {ofor | DBl [ oaw’ | 2]) <ol | 2]}

T

£2[s} THdW) 7]

where the last inequality is due to the boundedness of §. Combining E[J]] < oo, (3.15) and (3.16),
we conclude that (J})o<t<r belongs to class (D). O

4 Logarithmic utility
Let us now turn to the logarithmic utility U(z) = Inz, x > 0. The admissible set is now defined as
U= {(c, ) ] 7€ L2(0,T;R™), c € LY(0,T;Ry), (c,7) €0, dt®@dP — as.,

t
(In Xy)o<t<r and (/ In(cX) ds) ot belong to class (D)}
0 lx

Clearly U would be empty if ¢ could not take positive values. Hence, it is reasonable to put the
following assumption.

Assumption 3 There exists a constant € > 0 such that (,0,,) € O.

Economically speaking, it means that consuming at a constant rate € and investing noting in the
stocks is an admissible strategy.

Since the utility is logarithmic, we conjecture that the optimal value function of the problem
(2.2) has the following decomposition

V(z,i) = hyInz + P}

for some stochastic processes h* and P?, which are governed by two coupled BSDEs.
The first one is a simple ¢-dimensional linear BSDE system with bounded coefficients for

(hi777i)i6/\/(:
dhi = —(1— pihi + 3 gRI) dt + () AW,
=1

= (4.1)
hiTzl for all : € M.
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Its unique solution (h’,7)ier satisifies (hi,n’) € LSy (0,T;R) x L2V (0, T5R™).
We claim that A is uniformly positive. Indeed, under Assumption 1, there exists a constant
k > 0 such that —p’ > —k for all i € M. Notice that

_ 1— —k(T—t)
(ht7 ﬁt) = (eik(Tit) + 677 O)

is a solution to the following BSDE:

dh = —(1 — kh)dt + 7 dW,
hr =1,

From Lemma 3.2, we have h% >h = e kTt 4 1_%}“4) > e kT,

The second BSDE system is also linear but has unbounded coefficients:

dpPi = — [f% — p' P+ 'R+ Y q”PJ] dt + (AY) dW
j=1 (4.2)
Pi =0 foralli e M,
h
wnere _}

2hiyn’ai\2 + 7' (W' + o'n®) + Inc — hic|.

fi:= sup {

(e,m)€O
As (£,0,,) €0, and ' € L%y (0,T5R), we have

fi>1Ine — hle. (4.3)
On the other hand,

fr < sup [— ihl\ﬂ'U’P + 7' (W' +o'n') + Inc — hzc]
(c,m)ER L XR™
1
2

Thus by the boundedness of h and the coefficients, there exists some constant K > 0 such that

(W' +a'n") (0" (")) T (A'D +o'n') =1 —In k.

1Fi| < KA+ |n'|*) for alli € M.

By [17, Theorem 3.6], the system of (4.2) admits a unique solution (P?, A%);c (¢ such that (P, A?) €
L%y (0,T;R) x L;’VEM?(O,T;R”) for all i € M.

Set (Y, 2') = (=57 gyl — ) for all i € M, then (Y7, Z%) € L (0, T;R)x L2 (0, T; R™)
and (Y, Z");em is the unique solution to

. . . . . Z . . .
dY? = —{ inf [%|7r’0’]2 — 7' (b + %Ulnl) - lzf + C} — #(1 + > ¢7R)Y?
(¢,m)e® j=1

A | 84
+ar () 20—t + 5 X qwh]Y]}dtJr (ZY) dw, :
Jj=1
Y%zO for all i € M.

If there is no regime switching, p is a constant and the constraints on consumption and investment
are decoupled, then n* = 0 and (4.4) degenerates to (4.6) in [4].
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Theorem 4.1 Suppose Assumptions 1 and 3 hold. Let (h*,n%)icep and (Y, Z%)ienm be the unique
solutions to (4.1) and (4.4), respectively. Then the value function of the optimization problem (2.2)
s given by
V(z,i0) = hi? Inx + P,
and (¢,7) € U is an optimal consumption-investment pair if and only if
1
(¢4, 7y) € argmax [— R a2 (R + oMn™) + Ine — h?tc}.
(e,m)€O 2

In particular, if © = Ry x R™, then the optimal consumption-investment pair is uniquely given by

1

1
ﬁ-t = (O'at(O'at)/)il <bat + 70'067’]0“), ét = W
t

hee
Proof: Same as before, we will omit the arguments (s, as) and (u, ) in the integrals for notation

simplicity. For any (¢, 7) € U, applying 1t6’s formula to e~ fotpd“(h?t In Xy + P/), we have

t
e fotpdu(htat In X; + Ptat) 4 / e Jo pdu In(cX)ds
0

t
) A s 1
=hylnz + P° —l—/ e Jo pd“[lnc—ch— 5]7r'a|2+7r'(h77+077) —f} ds
0
¢ /
+/ e*fopd“[ha’wrnlnXJrA] AW
0
t
+/0 e Jorde N (Win X + PI) — (W' n X + PP)| o, —jydN7.
j.j'€EM

Then by the definition of f?, the process
t
e Jo PAu(po 1n X, + PP + / e~ Jo P n(cX) ds
0

is a local supermartingale. Hence, there exists a sequence of increasing stopping times (7 )nen
satisfying lim,, .o 7, = T, a.s. such that

n R ) .
E[e‘ Jo" pd“(h?_;n In X7, + P ) + /0 e~ JoPdun(eX) ds] < h{ Inz + Pp°.
Recalling the admissibility of (¢, ), we deduce from the dominated convergence theorem that
T . .
E [e* Ji pdu(par 1y X 4 POTY 4+ / e~ Jo P (X)) ds} <h® Iz + P, (4.5)
0
with the equality holds for some (¢, 7) if and only if

1
(¢,7) € argmax [ — —h|7'o|* + 7' (hb 4+ on) +Inc — hc} :
(emee L 2

It remains to prove (¢, %) € U for such a pair. °

?;VEMO (0, T;R™) emerges (In [4], p is a constant, hence n = 0).

So we need conditions like class (D) to apply the dominated convergence theorem in (4.5). But this brings difficulty

5 Compared with [4], a new, non-zero term n € L

in proving the admissibility of (¢, 7).
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From (4.3) and h € LF(0,T;R), f > —K; for some K; > 0. On the other hand, Assumption 1

and h > e *T imply
1
— §h\7r'a]2 +7'(hb4on) +Inc — he

1
< —=h|n'o|? + 7' (hb+ on) + sup (Inc — he)
2 CER+

= —%h\ﬂ'alz +7'(hb+0on) —Inh —1
< —Eo|n? + Ksln|(1 + [n]) + Ku,
for some positive constants Ko, K3, K4. Thus
— %h!w'(ﬂ? +7'(hb+on) +Inc — he < —K; < f,

if |7| > K(1 + |n|) with K being sufficient large, which implies

F <K+ ) < K(1+ Y In])-
ieM

Similarly, since h is uniformly positive, we have for some K5, K¢ > 0,
Loy 2 /
—§h]7ra| + 7'(hb+ on) +Inc — he

1
< sup [— —h|r'o|* + 7' (hb + 077)} +1Inec— Ksc
TER™ 2

1
= gp, (hb+ on) (o(0)) "L (hb+on) +Inc — Ksc
< Ke(1+|n*) +Ine— Ksc
< —-K;
</,

if c> K(1+[n|?) or Inc < —K(1+ |n|?) for sufficient large K. Therefore,
e KU <o <K+ ),
and consequently,

el <K+ < K(1+ 3 10'?).
iEM
From (2.1),
t

. t 1
lnthlnx+/ <r+ﬁ'b—é—§|ﬁ'0\2) ds—l—/ 7o dW.
0 0

It follows from the boundedness of coefficients and the AM-GM inequality that

t
/ fr’adw(.
0

T
sup |In X¢| < K + K/ (|¢] + |7]%) ds + K sup
t<T 0 t<T
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Using the AM-GM inequality, the Burkholder-Davis-Gundy inequality, (4.6) and (4.7), we have
t 2
/ #'odW ]
0
r T ) 2 T
<K+ KE (/ (1+ 3 W\?) ds) +/ \fr’Ust}
L*J0 ieM 0
vy , 2 T .
< K +KE (/ (14> 1n'?) as) +/ (1+ > 1n'?) ds}
L*J0 ieM 0 ieM

< K,

. T 2
E[sup(lnXT)ﬂ <K +KE (/ (|é\+|fr|2)ds) +sup
L 0 t<T

T<T

where the last inequality is due to the following fact (see [22, Page 26]) that, for any j > 0,

E [(/(]Trqb\?ds)j] < oo,

if ¢ € L%© (0, T;R™). This shows that (

In X;)
and using (4.8), we can prove that (fg In(éX)d

n X;)o<t<r belongs to class (D). By the same argument

s) belongs to class (D) as well. O
0<t<T

5 Exponential utility

In this case, we do not consider the proportional consumption-investment strategies. Instead,
let w;; be the amount invested in the jth risky asset, j = 1,...,m, and let ¢; be the amount
to consume, at time ¢. Then the investor’s self-financing wealth process X corresponding to a
consumption-investment strategy (c, 7) is the unique strong solution of the SDE:

{dXt = (1 Xy 4 b2 — ¢;) At + wo™ AW, 51)

XO =T, O :io.

Let II be a given closed nonempty set in R™ with 0,, € II to represent the constraint set for
portfolios. We do not put constraint on consumptions, so —¢; can be interpreted as an income if

¢t < 0. The admissible consumption-investment set is defined as
T
U= {(C,ﬂ') ‘ / (|7]? + |¢|) dt < o0, (¢,7) € R x II, dt @ dP — ass.,
0
and (e_ﬁhtX:’c)ogth belongs to class (D)},

where the process h; will be specified case by case in the following subsections.
The investor’s problem is to maximize

T t aq T ay
J(x,ig;m,c) : = E{/ e~ Pty () dt + e Jo P d“U(XT)}, s.t. (e,m) €U, (5.2)
0

and determine the value function

V(.’L’,io) ‘= Sup J(I’,io;’]’(’,C),
(e,m)eUd
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where the utility is exponential and given by
U(z) = —exp(—pz), z€R, B>0.

It turns out that whether the interest rate is deterministic or random is crucial, we have to deal
with these two cases separately.

5.1 Case I: Deterministic interest rate
Assumption 4 The process r is a deterministic bounded measurable function of t. For all i € M,
p'e LEw (0, T;R™), o' € L (0, T;R™™),  p' € LFw(0,T;R),
and o' (c?)’ > 01, with some constant & > 0.
In this case, we conjecture that the optimal value function of problem (2.2) has the following
decomposition
V(z,i) = — e Blhoz+Yg)

for some stochastic processes h' and Y*, which are governed by two coupled BSDEs.
Under Assumption 4, the first one reduces to an ODE:

dh = —h(r — h) dt,
hr = 1.

It admits a unique explicit solution
_rT d T _rs d -1
ht:<e ft’““+/ efﬂ”“ds) >0, (5.3)
t

Clearly, h is bounded and uniformly positive.
The second BSDE system for (P?, A’);ecq is given as follows:

dpt = _{fi(t,Pi, AY) — hP'In P! — p'P' + h(1 — In h) P? + Zﬁzl qu'PJ'} dt + (AY) dW,

. (5.4)
P =1 forallieM,

where
. 1 . . .
F(t, P.A) = Bhy inf |2 BhiPln'o}| — ' (PY; + agA)]
Thanks to 0,, € II, we have f* < 0.

Theorem 5.1 Under Assumption /, there is a unique uniformly positive solution (P', A%);en to
the BSDE (5.4) such that (P, A") € L% (0, T;R) x L23M(0, T3 R™) for all i € M.

Proof: We will only present how to find the uniformly bounds. The remainder of the proof is left
to the interested readers.
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By the boundedness of the coefficients and h, there exist three positive constants a1, as, ag such
that, for all 7 € M,

, 1 . o
—p'+h(1—Inh) < ay, §(bz)’(al(a’)’)_1bl —p 4+ h(1—Inh) > —ay, h>as. (5.5)
=¢"T) Note a >1>e>0.
Let g : R — [0,1] be a smooth truncation function satisfying g(z) = 0 for x € (—o0,€¢/2] U

_ag
Define two constants a = e and e = ¢ @3

[2a,00), and g(z) =1 for = € [¢, al.
For k> 1, (t,P,A) € [0,T] x R x R", i € M, define

RPN = sup | fi(t P, A)g(P) ~ kP — P| ~ KA~ All.
PeR,AcR"

Let (Pk’i, A’“)l c o denote the unique solution to the following ¢-dimensional BSDE system with a
Lipschitz generator

dPki — _ [flc,i(t,Pk,i’ ARH) = PR (In PR g(PRI) — pi PRig(phi)
+h(1 — Inh)Phig(PRi) 4 3¢ qUPkJ} dt + (AR T aw,
PP =1 forallie M.
It is direct to verify that
(P, AY) = (ef%g(l*e_%@_t)), 0) for all i € M, (5.6)
is a solution to the following BSDE system:
dP' = =] = axP'g(P") = asP'(In P)g(P) + Y}, g7 P | dt + (A") W,
Pi =1 foralliec M.
Noticing that P’ € (0,1) and, for P > 0,
R PA) = fU(E P A)g(P)
= Bh inf EﬁhPi|7T/ai|2 — (Pt + o' g(P)
> Bh_inf [%BhPilw’ai\z — 7' (P + JiAi)} g(P)

= S0 (o)) B Pg(P) + () (o' (0")) o Ag(P)

L AV YR AVAT ]
+ oM"Y (0 (0)) ot Ag(P),
we deduce from (5.5) that
‘
FHUE, P AT — hPH(In PYg(PY) — p'P'g(P") + h(1 —Inh)P'g(P’) + > ¢ P’
j=1

4
> (07 (0" (")) V' Pg(P) = hP'(In P')g(P") = p'P'g(P") + h(1 —In h) P'g(P") + > ¢7P
j=1
> —aP'g(P’) — agP'(In P')g(P') + > ¢/ P’
Jj=1
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By Lemma 3.2, we have

_“72(1_6*&3T)

Ptk’i >Pl>e s =€ forall i e M. (5.7)
This gives a uniform lower bound.
To give a uniform upper bound, we notice
(Pf,AY) = (e 0) for all i € M, (5.8)

is a solution to the following BSDE system:
APl = — a1 Plg(P') + Y5, g P7| dt + (AP dW,
PiL=1 forallie M.

Since fi < 0, we have fk’i < 0. Notice that pti > 1, thus we have

L
R, P AT — P (In PYg(PY) — p' P'g(P") + h(1 —In h)P'g(P") + ) ¢ P

j=1
< a1 P'g(PY) + Z q’ P,
j=1
By Lemma 3.2, we have
PF < Pl < e =q forallie M. (5.9)
This gives a uniform upper bound, completing the proof. O
Set Y = —LIn Pi, Z' = — 25 for all i € M, then (Y, Z%) € L35 (0, T;R) x L22M0(0, 75 R™)

and (Y?, Z%);er is the unique solution to
dyi = —[Fi(t,zi) —RY = B|ZI + & — B(1 —Inh)
_% Z?:l qij (G—B(Yﬂ'_yi) _ 1)} dt + (Zi)’ aw, (5.10)
YTi:O for all i € M,

where

. 1 . . .
Fi(t,2) := hesup [— 5 Bhalail? + (b} - 50—;2)}, (t,2) € [0,T] x R™.
e

Now we can present the solution to problem (5.2).

Theorem 5.2 Suppose Assumption / holds. Let h be defined in (5.3) and (Y, Z%)ierm be the
unique solution to (5.10). Then the value function of the optimization problem (5.2) is given by

V(x,ig) = —e Bhon+Y0),
and the optimal portfolio is

1
7y € argmax | — §ﬁhtl7r’af”|2 + 7' (bt — Bot ZM) |,
well

the optimal consumption strategy is

1
ét = htXt + Y;at - Eln ht.
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Proof: Same as before, we will omit the arguments (s, as) and (u, o) in the integrals for notation
t [e%
simplicity. For any (¢, 7) € U, applying 1t6’s formula to —e™ Jo pdue=B(heXe+Y™) e have
t
e f(fpdue—ﬁ(htXtJrth) _ / - fospdue—ﬁc ds
0

: t
_ o BlhoztY) +/ BeJ§ pdu—B(hX+Y) { _ L stnxey) pe _ ..
0

- (Z(mh 1) - h2X - hY) + h( - %myw’ay? (b Baz)> — F(s, Z)] ds

t
+ / Be Jo pdug=BMX+Y) (prle 4 7Y AW
0

L /
+/ e~ Jo pduo—BhX Z (e_ﬁyj — e Y )I{a#:j/}d}\?‘g/j,
0 jj'eEM

where (N j/j) jrjem are independent Poisson processes each with intensity qj/j, and th g th .
¢?'t, t > 0 are the corresponding compensated Poisson martingales under the filtration F.

For any (c,m) € U, the wealth process X is continuous, hence bounded on [0,7]. Therefore,
the stochastic integrals in the last equation are local martingales. Hence, there exists a sequence
of increasing stopping times (7, )nen satisfying lim, o 7, = T, a.s. such that

E[— e Jo pdug=Bh, Xey Y1) / " e Ji pdug—pe ds]
0
— o BlhoatYy®) | E[ / " Be Jo pdug=B(hX+Y) [ - ;eﬁ(hXJrY)e_Bc — he
0

— (Z(lnh —1)—h%X — hY) + h( — %Bh\ﬂ’d!Q + 7' (b — BUZ)) — F(s, Z)] ds}.

Because h, g > 0 and

1
sup [— —PhX+Y) g =Be _ hc} = E(lnh —1)— h2X — hY,
ceR B B

we obtain from the definition of F? that
ATy n s 1
E |: _ e_ OTn pdue_ﬁ(thXTn“Fan ):| _ E|:/ e_ fo pdue—,@c d8:| < _e—ﬁ(h0$+YOO)’
0
for any (¢,m) € U. As n — oo, the second expectation is convergent by the monotone convergence

theorem; while the first expectation, because (e #"X:""),<p belongs to class (D), Y, i € M, are
bounded, is also convergent by the dominated convergence theorem. Hence

T )
E [ o= Jo pdu,—BXr _ / e Jo pdu,—Bc ds] < _e—ﬁ(hox-i-yozo)’ (5.11)
0

by virtue of the terminal conditions Ay = 1 and Y7 = 0. Furthermore, the inequality (5.11) becomes
an equality for some (¢, 7) if and only if

1 a 1
¢y = argmax [ — Eeﬂ(htXﬁYt Dehe _ htc} = _B Inhy + he Xe + Y,

ceR
and
1
7y € argmax {— iﬁhtlw’afﬂz + 7' (b7t — Boft Z) |
well
The admissibility issue (¢, 7) € U is covered by the proof of Theorem 5.5. ]
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5.2 Case II: Random interest rate

Assumption 5 For alli € M,
P e L%w (0,T;R).
Furthermore, the processes v, u, o are independent of the regime i € M and such that
r€ L% (0,T;R), pe L% (0,T;R™), 0 € L%w (0,T;R™*"),
and oo’ > 01,, with some constant § > 0.
Assumption 6 We have m =n and II = R™.

This assumption implies that we have neither the portfolio nor the consumption constraints. Under
Assumptions 5 and 6, ¢ is a square invertible matrix.

Same as before, we need two BSDEs to express the optimal solution to (5.2). Now because the
interest rate is stochastic, the first BSDE system for (h,7n) is no more an ODE but a BSDE:

dh = —[rh — h? — /o= — L[| dt + o' AW,
{ [r n'o b = jlnf*)dt + o AW, (5.1

hr = 1.

and the second BSDE system for (P?, A?);cq is given by:

dpt = — { — 7Pt — (o71b)' A" + 2/31/13 |ho~1b + n|?
+8 — L1 —Inh) — & S gie PP at 4 (A7) aw, (5.13)
PhL =0 forall i € M.

Theorem 5.3 Under Assumptions 5 and 0, there is a unique solution (h,n) to the BSDE (5.12)
such that (h,n) € L%y (0, T;R) x L BMO(O T;R™) and h > 6 for some positive constant §.

Proof: Let (p,q) € L% (0, T;R) x L%}?MO(O, T;R™) denote unique solution to the following linear
BSDE:

dp=—[1—rp—q¢o b dt + ¢ dW,
{p [1—rp—qo 'b)dt+q (5.14)
pr =1

Indeed, the process p admits an explicit representation:

T ,
pt:]ﬁ[effrdu_}_/ eff;rduds
t

7Y ] :
where E is the expectation with respect to the probability measure P defined by

fzg = 8(/0T(01b)’dW>.

It follows from Assumption 5 that 61 < p < d2 for some 0 < §; < 0. Therefore (h,n) == (£, -%)
T;R)

p’ p?
is well defined and (h,7n) € L%y (0, x L* BMO(O T;R™) with h = 5~ > 0. It can be directly
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verified, using It6’s formula, that (h,7n) is a solution of (5.12). As for uniqueness, observe that if
(h,n) is a solution of (5.12) with h > ¢ for some § > 0, then (p,q) = (%,—}?—2) is a solution to
(5.14). Uniqueness follows from the fact that (5.14) has a unique solution. O

Because n € L;V]EMO (0,T;R™) is not bounded, we cannot apply [9, Theorem 2.4] to solve (5.13).

Theorem 5.4 Under Assumptions 5 and 6, there is a unique solution (P',A");cp to the BSDE
(5.13) such that (P, A") € LSy (0,T;R) x L2 (0, T;R™) for all i € M.

Proof: We use the notations in the proof of Theorem 5.3. Under the probability measure ]15,
N ¢
W, = Wt+/ o 'bds,
0

is an n-dimensional Brownian motion. Notice that n € L?}VEMO(O, T;R™), hence fot n dW is a BMO

martingale under P.
By boundedness, there exists a constant k1 > 0 such that, for all : € M,

P 1
—r <k, —-—=(1-1Inh)>—Fk, 5.15
r 1 Bh 5( nh) 1 ( )
and
IE /T —ftsrdu<i|h —lb_|_ |2+Li 1(1 1 h) i m)d ]:W <k
- opn3 " VI T gt T g ) e S
where the last estimate is duo to 7 € L?;V]EMO (0, T;R™).
Denote k& = max{e®” k;} and define a truncating function 1 : R — R as
Y(y) := max{—k, min{y, k}}.
Consider the following truncated system of (5.13),
dP! = —| —rP' — (o7 'b)'A* + 251h3 |ho~1b + n|?
+g—; — %(1 —1Inh) — ﬁih Z§:1 qije_ﬂh(w(Pj)_w(Pi))] dt + (A% dW, (5.16)

Pi =0 forall i€ M.

The driver is not Lipschitz continuous since 7 € L?,;V]EMO(O,T; R™) is unbounded. By [7, The-
orem 9.3.5], there is a unique solution (P, A%);crq to (5.16) such that (P% A?) € LQIW(O,T;R) X
L% (0,T5R™) for all i € M. If we can show |P'| < k and A’ € L232MO(0,T;R™), then ¢(P) = P!
and consequently, (P*, A*);cr is a solution to (5.13).

We first show that P > —k. It is direct to verify that
(B? A) = (1 - ekl(T_t)v 0)’
is a solution to the following BSDE:

dP = — (k1P — k) dt + A/ dW
{ (k1P —kp)dt + A (5.17)
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Notice that P < 0 and

1
-1 —1 2
k1P —ky < —rP — (0 'b)A+ 2W,Iha b+
i1 1 <&
L SRy — = 3 g PR
an I g 2

so by Lemma 3.2
—k < —eMT < P, < Pl

We next show that P’ < k. From (5.16), we obtain

T
— [Yrdupi — [Prdu -1 ) 1 2
e Jo Pt:/t e~ Jo [—(a b) A" + Z/Bhs\ha b+
. . T
+ 2 L) Zq”e AR —H(E)| ds—/ (AT AW
ph B ¢
T
s 1
& n
/t (gl o+ 0P+ 20— 21— tun)

‘ . ‘ T . —
~ /Blh 3 qije—ﬂh(w(PJ%w(P’))] ds — /t (A") dw.
7j=1

Taking expectation IE, and noting ¢/ > 0 for i # j, we have

. t ~ T S 1
i _ o fordu — [5rdu -1 2 K 1
P! =elo E[/t e Jo <2Bh3\h0 b+n|*+ ,Bh ﬁ(1 Inh)
1 . .
- e que Bh(B(PT) (P )))ds ftw]
J?él

7

<EZ —f rdu 7h_1b 2 £ Z(1—Inh @) q
[ (gt S - S ) = ) ds

J—"tW]
<k <k

Now, we have proved |P?| < k. Consequently, (P%, A%);cq satisfies (5.13) as (P?) = P
We now show A’ € L;VEMO(O,T;R”) for all ¢+ € M. To this end, applying It6’s formula to
(Pf)?, it then follows, for any stopping time 7 < T,

T
i +u| [ InRas

T
. , . 1
_ % % —172\/ At -1 2
_E[/T 2P<—rP—(a b)'A +26h3yha b+

]-'W]

i_f _ - ij = Bh(P7—P")
+ﬁh 5(1 Inh) qu )ds

g

T 1.
<E[/ (K+§|AZ|2+K|n|2)ds

J-'W} .
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From which, we obtain

T .
E[/ |AT[2 ds

Since n € L?,;M]%MO(O, T;R™), the right hand side is uniformly bounded for all stopping times 7 < T,
which yields A’ € L% (0, T; R™).
The uniqueness comes from [15, Lemma 3.4]. O
Now set (Y, Z%) = (hP?, hA® + %n) for all ¢ € M. From Theorem 5.3 and Theorem 5.4, we
immediately see that (Y7, Z%) € L%y (0,T;R) x L2°(0, T3 R?) for all i € M and (Y7, Z%)iepq is
the unique solution to the following BSDE system:

T
fTW] <K+K]E[/ In|* ds

]-"W} :

AY? = =[ =AY = (7o )2+ lho b+
+o — 51 —Inh) - %Zﬁzl GBI 4p 1 (Ziy AW, (5.18)

YTi:O for all 1 € M.

Theorem 5.5 Suppose Assumptions 5 and 6 hold. Let (h,n) and (Y, Z");cp be the unique solu-
tions to (5.12) and (5.18), respectively. Then the value function of the optimization problem (5.2)
s given by

V(x,ig) = _efﬂ(hOIJrYoiO)’

and the optimal portfolio is

) 1 _ @ —
T = _W(U{t) Y(Bham X + BhZ;" — hyoy 'y — t); (5.19)
t

the optimal consumption strateqy is
A~ e 1
Gt =Xy +Y — 3 In hy. (5.20)

Proof: Same as before, we will omit the arguments (s, as) and (u, o) in the integrals for notation
t [e%
simplicity. For any (¢, 7) € U, applying 1t6’s formula to —e™ Jo pdue=BheXe+Y™) e obtain

ar Tn s i,
]E|: _ 6_ fo‘rn pdue—ﬂ(thXTn—i-Ym "):| _ E |:/ e— fO pdue—,Bc d5i| < —E_ﬂ(h0$+YOO)’
0

for a sequence of increasing localizing stopping times (7, )nen satisfying lim,, o, 7, = T. Same as
the deterministic case, the two expectations are both convergence as n — oo so that

T ,
E{ —e” fOT”d“e_ﬁxT} — ]E[/ e Jo pdug—pe ds] < —e_ﬁ(h°x+y(;0), (5.21)
0

thanks to the terminal conditions hp = 1 and Y7 = 0. Moreover, the inequality (5.21) becomes an
equality for some (¢, ) if and only if both (5.19) and (5.20) hold.
Denote X by the corresponding wealth process under the strategy (¢, 7). Then we have

~ Tn . R ;
E[ —e foTn Pduefﬂ(thTnJFYTO;:") _ / e fo&Pd“e*BC ds| = —efﬁ(hOerYOZO).
0
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Note that p, Y, i € M, are all bounded processes, so

A~ Tn 5 ar Tn s ~
E e_/Bh'rnXTn + / C_Bé ds] < KE |:€_ foTn pdue_ﬁ(thXTnJ'_Y‘rn n) + / e~ fo pdue_ﬁc dS
0 0
— Ke_ﬁ(h0x+ydi0).

Applying Fatou’s lemma to the above, we obtain
. T
E[e*BXT + / e*ﬂcds] <K. (5.22)
0

Set = o1 (hb+ on), then 6 € L?;VEMO(O,T; R™) and S(fotGdW) is a uniformly integrable

martingale. By Girsanov’s theorem,
¢
Wl =w, + / 0 ds
0

is an n-dimensional Brownian motion under the measure Q defined by

T
‘3%—5(—/0 edW).

We need to show that (efﬁhtXt)ogth belongs to class (D). Compared with Section 4 or [4], a
2, BMO
o )
Applying It6’s formula to Sh: Xz,

new term n € L (0,T;R™) emerges (note r is deterministic in Section 4 or [4], hence n = 0).

BhiX; = Bhox + /t [ — %(BhZ —ho'b—n)o (kb4 on) — h(BY —Inh)| ds
0
—/tl(BhZ—ha_lb—n)’dW
o h
t
= Bh — h(BY —1Inh)|ds + Ly,
shor + [ [=n(aY =] as+ 1,

where

t
1
L; = _/ E(BhZ —ho 1o —n) dw @
0

Since —%(BhZ —ho b —1n) € LET’ BMO(O,T;R"), the process L; is a BMO-martingale under Q.
Because h, Y, i € M, are bounded, there exists a positive constant K such that

%e‘Lt < e~ B X < Ke ™ forallte [0,T7].

Hence our problem is reduced to showing that (e~'*)p<i<r belongs to class (D). By the reverse
Holder inequality, there exists p > 1 such that for all stopping times 7 < T,

(Ble(~ [ oaw)’ | 7])" <xe(~ [(oaw). (5.23

1
Let ¢ be the conjugate exponent of p, i.e. % + % = 1. Since the function z + ¢ «* is convex, by
Jensen’s inequality, we have for any stopping time 7 < T,

1 1
e alm < EQ [e_ELT

IT} .
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It thus follows from Holder’s inequality that

el < (EQ [e‘%LT ff} )j
_ (E[e—éhg(—/o HdW) ‘}“T])qé’(— OTHdI/V)_q
fT}E[g(—/OTedW)p’fT}’q’s(—/oTadW)_q

7,

<E [e*LT
< 7L

KE[@ T

where the last inequality is due to (5.23). This shows that (e‘ﬁhtXt)ogth belongs to class (D)
noting (5.22), hence the admissibility of (¢, 7) follows. O

6 Concluding remarks

In this paper, we studied optimal consumption-investment problems in a market with regime switch-
ing and random coefficients with coupled constraints. Explicit solutions in term of the solutions
of BSDE systems are given for the cases of power, logarithmic and exponential utilities. Some of
these BSDE systems are new in the literature. Their solvability consists the main mathematical
contributions and is interesting in its own from the point of view of BSDE theory. Extensions in
other directions can be interesting as well; for instance: (1) The problem in infinite time horizon
(lifetime). Actually the discount factor p was introduced in problems (2.2) and (5.2) for this pos-
sible extension. (2) The problem in an incomplete market, i.e. if m < n in Subsection 5.2 or 7, wu,
or o depends on the regime 1.
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