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A relaxed condition for ‘‘perfect’’ cancellation of broadband
noise in 3D enclosures

Jing Yuana)

Department of Mechanical Engineering, The Hong Kong Polytechnic University, Hung Hom, Kowloon,
Hong Kong

~Received 6 May 1999; accepted for publication 20 February 2000!

This paper presents a relaxed condition for ‘‘perfect’’ cancellation of broadband noise in 3D
enclosures. On the basis of a truncated modal model, it can be shown that the primary and secondary
paths belong to a same subspace if a certain condition is satisfied. There exists a finite impulse
response~FIR! filter transfer function vector for perfect cancellation of the primary paths. The
analytical result is verified numerically with an active noise control~ANC! system in a 3D
rectangular enclosure. The proposed ANC scheme is shown to fit well into the framework of an
existing multichannel least-mean squares~LMS! algorithm for adaptive implementation. ©2000
Acoustical Society of America.@S0001-4966~00!00806-7#

PACS numbers: 43.50.Ki@MRS#
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INTRODUCTION

Active noise control~ANC! is a technique that uses a
tuators to synthesize destructive interference at selected
cations in a sound field.1 It is most effective in low-
frequency ranges where the performance of passive n
control methods tends to deteriorate. This reason ma
ANC an important alternative to passive noise control me
ods.

The objective of ANC is to cancel or minimize nois
signals inn sensor locations. Its mathematical model cons
of a primary path vectorP(z) and a secondary path matr
G(z). ‘‘Perfect’’ cancellation requiresG(z)H(z)1P(z)
50, where H(z) denotes the ANC transfer function. A
ideal solution may beHI(z)52G21(z)P(z) that is not nec-
essarily applicable. Stability ofHI(z) requires a minimum
phaseG(z) that may be true if the error sensors colloca
with the actuators. In practice, error sensors are usu
placed away from actuators to avoid the near-field effe
With few exceptions,G(z) is usually nonminimum phas
andH1(s) is not stable. Some researchers2 derive stable con-
trollers to approximateHI(s) under proper criteria. Mos
others adjust the weights of an FIR filterH(z) to minimize
minH(z)iG(z)H(z)1P(z)i in the least-mean squares~LMS!

sense.3,4 It is suggested5 that an IIR filterH(z) will minimize
minH(z)iG(z)H(z)1P(z)i with better effects. These ar
stable approximations of an unstable, albeit exact, solu
HI(s), not perfect cancellation solutions.

In this study, perfect cancellation means a stable
exact solution ofG(z)H(z)1P(z)50, which is achievable
by an interesting idea.6 The method, named ‘‘MINT’’ by its
authors, depends on an important result in general con
theory:7 If the Smith form of ann3(n11) polynomial ma-
trix G(z) is equivalent to@ In O#, then there exists a poly
nomial matrixH(z) with a finite degree such that

In5G~z!H~z!, ~1!

a!Electronic mail: mmjyuan@polyu.edu.hk
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where In is an n3n identity andO an all-zero vector. An
experimental verification of MINT creates a zone of quiet
a wild frequency range.8 For ease of reference, the conditio
on the Smith form ofG(z) is called the MINT assumption
here.

This study uses a truncated modal model to analyze
reverberant sound fields. It reveals that the MINT assum
tion is not easy to satisfy forn.2 in a 3D reverberant field
though it is generally true forn51. Perfect cancellation is
still possible even if the MINT assumption is not valid. Th
reason is rather simple:P(z) is not an arbitrary vector. It is
subject to the same acoustical constraints asG(z). Under a
relaxed condition,G(z) will consist of a sufficient number o
basis to span a polynomial subspace that includesP(z). A
multichannel filtered-x algorithm9 may be applied to imple-
ment an FIR filterH(z) such thatP(z)1G(z)H(z)50 for
all z. Contrary to MINT, this approach may be called SCB
for ‘‘subspace cancellation of broadband noise’’ in 3D e
closures. The corresponding condition may be called
SCBN assumption as well.

I. MATHEMATICAL MODEL

Let x denote a 3D coordinate; then, a pressure sig
measured atx, can be expressed as

y~ t,x!5(
i 51

`

a i~ t !f i~x!, ~2!

where f i is a spatial mode function anda i the temporal
mode magnitude. The Laplace transform ofa i is the re-
sponse of a second-order subsystem

a i~s!5
k i j

s212j iv is1v i
2 uj~s!, ~3!

where v i and j i are, respectively, thei th resonance fre-
quency and damping ratio;uj (s) is a source. The spatia
source effect on thei th mode is evaluated by
3235(6)/3235/10/$17.00 © 2000 Acoustical Society of America
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k i j 5E E
V
E f i~x! f j~x!dv, ~4!

where f j (x) describes the spatial magnitude of the sour
The integral reduces tok i j 5f i(xj ) if the source can be ap
proximated by a point excitation at locationxj .

A. Single-path model

Since ANC is most effective in low-frequency ranges
measured signal is usually low-pass filtered by a sharp fi
F(s) to cut off the high-frequency components. Letyk(s)
denote the pressure signal sensed atxk and filtered byF(s);
one can write

yk~s!5S wk j1(
i 51

m
f i~xk!f i~xj !

s212j iv is1v i
2D uj~s!

5gk j~s!uj~s!,

wheregk j(s) denotes the transfer function from source loc
tion xj to sensor locationxk . It is derived from Eqs.~2!, ~3!,
and~4!, assuming a point excitation. The 0th mode ofgk j(s),
denoted by

wk j5 (
i 5m11

`
f i~xk!f i~xj !

v i
2

' (
i 5m11

`
f i~xk!f i~xj !

s212j iv is1v i
2 F~s!,

is due to high-order modes in the passband of the sharp
pass filter.10

In control theory, cancellation of the 0th mode is
trivial problem. One may ignorewk j in gk j(s) without losing
generality while keeping a better focus on the main proble
The path model is therefore simplified to

gk j~s!5(
i 51

m
f i~xk!f i~xj !

s212j iv is1v i
2 5

gk j* ~s!

D~s!
, ~5!

whereD(s) is the system characteristic polynomial;gk j* (s) is
the numerator polynomial ofgk j(s). Equation~5! implies

gk j* ~s!5(
i 51

m

f i~xk!f i~xj !u i~s!, ~6!

where

u i~s!5)
lÞ i

m

~s212j lv ls1v l
2! for 1< i<m. ~7!

Thesem scalar polynomials form a polynomial diagonal m
trix

Q~s!5F u1~s!

u2~s!

�

um~s!

G5 (
l 50

2m22

Qls
l , ~8!

where thei th diagonal element ofQl is the l th-order coeffi-
cient of $u i(s)% i 51

m .
3236 J. Acoust. Soc. Am., Vol. 107, No. 6, June 2000
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The mode functions may be spatially sampled at a co
dinatex5@xyz# to form a mode vector

FT~x!5@f1~x! f2~x! ¯ fm~x!#. ~9!

Equations~8! and~9! allow one to express Eq.~6! in a con-
cise form

gk j* ~s!5FT~xk
s!Q~s!F~xj

a!, ~10!

where superscripts ‘‘s’’ and ‘‘ a’’ indicate that the mode vec-
tors are sampled at sensor locationxk

s and actuator location
xj

a , respectively.

B. Multiple-path model

Generally, an ANC system hasns sensors andna actua-
tors. Locations of actuators and sensors affect the tran
functions in terms of an actuation matrix

Ma5F f1~x1
a! f1~x2

a! ¯ f1~xna

a !

f2~x1
a! f2~x2

a! ¯ f2~xna

a !

] ] ] ]

fm~x1
a! fm~x2

a! ¯ fm~xna

a !

G
5@F~x1

a! F~x2
a! ¯ F~xna

a !#, ~11!

and a sensor matrix

M s
T5F f1~x1

s! f2~x1
s! ¯ fm~x1

s!

f1~x2
s! f2~x2

s! ¯ fm~x2
s!

] ] ] ]

f1~xns

s ! f2~xns

s ! ¯ fm~xns

s !

G5F FT~x1
s!

FT~x2
s!

¯

FT~xns

s !

G .

~12!

The system hasns3na transfer functions representing path
from na actuators tons sensors. Similar to the derivation o
Eqs.~5! and~10!, one can express these transfer functions
a concisens3na matrix

G~s!5
1

D~s!
M s

TQ~s!Ma . ~13!

The effect of the primary source can be modeled
kp

T5@k1p k2p ¯ kmp#. The i th element ofkp is an integral
similar to Eq.~4!, with f j (x) replaced byf p(x). Since the
primary source is not necessarily a point excitation,kp is not
necessarilyF sampled at a specific coordinate. LetP(s) de-
note the primary path vector; then, it differs from Eq.~13! in
termskp . The sensor matrixM s

T remains unchanged becau
the same set of sensors measure a sound field due to
primary source and secondary actuators. It then follows

P~s!5
1

D~s!
M s

TQ~s!kp . ~14!

Combining Eqs.~13! and~14!, one expresses the sensor s
nals as

Y~s!5
1

D~s!
M s

TQ~s!@kpr ~s!1MaU~s!#,
3236Jing Yuan: ‘‘Perfect’’ noise cancellation in 3D enclosures
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wherer (s) is a scalar transfer function of the primary sour
andU(s) is a vector transfer function ofna secondary actua
tors. Cancellation errors are measured by the sensors
expressed in Laplace transform domain as anns-dimensional
vectorY(s).

C. Definition of perfect cancellation

Since the primary path vector and the secondary p
matrix share the same denominatorD(s), only the numera-
tors are of interest here. If the actuator signals are syn
sized byU(s)5H(s)r (s), then the problem becomes

M s
TQ~s!@kp1MaH~s!#50. ~15!

It defines the mathematical meaning of perfect cancella
of the primary paths.

The analysis is based on the modal theory that does
take pure propagation delays into explicit account. Instea
modal model uses infinite modes to describe a reverbe
field collectively. While mode truncation introduces inev
table errors, the theory is reasonably accurate at predic
path transfer functions in low-frequency ranges when m
density is sparse.

One may be concerned with the sharp low-pass filte
it introduces a phase shift to Eq.~5!. This is not a problem
when the filters are only applied to the error sensors. T
filter transfer functionF(s) need not be included in th
model since it is a common multiplier to all paths a
F(s)Þ0 in the frequency range of interest. Equation~5! uses
uF(s)u to justify mode truncation in the passband. The tru
cated model is inaccurate in the transition and stop ba
that are not of interest here. The reference signalr (s) does
not pass the sharp low-pass filter and hence avoids p
distortion.

II. CONDITIONS FOR PERFECT CANCELLATION

This section shows the existence of a polynomial so
tion H(s) for Eq. ~15! under a relaxed condition. For bette
focus, the reference signal is assumed available. Otherw
it will involve more problems to be addressed in Sec. IV.

A. System assumptions

If there arem properly placed actuators to ensure
square and full rankMa , then there exists a vectorH such
that kp1MaH50 to achieve perfect cancellation. Thi
however, is not the case to be studied here. A more gen
problem is to design an ANC when the number of actuat
is smaller than the number of modes. Hence, the follow
assumption:

Assumption 1: Rank (M s
T)5n and rank (Ma)5n1r *

,m for an integerr * .0.
Generally,kp1MaH50 is not possible when assump

tion 1 holds. An ANC transfer function should be a polyn
mial vectorH(s) of degreen0 . Equation~15! becomes

P* ~s!52G* ~s!H~s!, ~16!

whereP* (s)5M s
TQ(s)kp andG* (s)5M s

TQ(s)Ma are nu-
merator parts of transfer functionsP(s) and G(s), respec-
tively.
3237 J. Acoust. Soc. Am., Vol. 107, No. 6, June 2000
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B. Matrix form of polynomial products

To solve Eq.~16!, a matrix form8 of polynomial prod-
ucts is adopted here. It expresses a polynomial prod
C(s)5A(s)B(s) as

where

A~s!5(
i 50

n1

ais
i

and

B~s!5(
i 50

n2

bis
i .

Coefficients ofA(s) contribute to the above matrix that has
row size n11n211 and a column sizen211. Coefficient
vector of B(s) multiplies to coefficient matrix ofA(s) to
produce coefficient vector ofC(s).

Without excessive use of symbols, one may express
above matrix form asC5AB with C denoting coefficient
vector of C(s), A representing coefficient matrix ofA(s)
and B coefficient vector ofB(s). By the same token, the
matrix form of Eq.~16! is denoted asP* 52G* H. Detailed
expressions ofP* andG* read, respectively,

and
3237Jing Yuan: ‘‘Perfect’’ noise cancellation in 3D enclosures
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~17!

where $Pi* 5M s
TQikp% i 50

2m22, $Gi* 5Ms
TQ iMa% i 50

2m22 and Qi

is the i th-order coefficient ofQ(s).
A subspace analysis is conducted in the Appendix

show thatP* belongs to the column space ofG* when as-
sumption 1 is true andn0 satisfies Eq.~A5!.

C. MINT and SCBN solutions

Both MINT and SCBN try to solve a finite-degree pol
nomial H(s) whose coefficient vectorH satisfies P*
52G* H. MINT depends on Eq.~1! to match an arbitrary
transfer function. It requires a square and full rankG* . With
n error sensors and (n11) actuators,G* is square ifn0

5(2m22)n21. Its rank, however, depends on the Sm
form of G* (s) ~Ref. 7!—a condition derived for genera
polynomial matrices without any specific application bac
ground. The Appendix reveals thatG* is not necessarily full
rank in a 3D reverberant field. That means the MINT a
sumption is not necessarily true. Fortunately,P* is not an
arbitrary vector. It belongs to the column space ofG* under
a relaxed condition. Physically, this is understandable si
all sources are subject to the same wave equation unde
same boundary conditions when placed in the same en
sure. Therefore,P* 52G* H has an exact solution even
G* is neither square nor full rank.

D. A solution based on a discrete-time model

A continuous-time sound field becomes a hybrid syst
when subject to the interference of a discrete-time ANC
well-accepted way11 to obtain a discrete-time model for
hybrid system is mathematically given by

G~z!H~z!5~12z21!ZFG~s!

s GH~z!,

where G(s) and H(z) denote, respectively, transfer fun
tions of the continuous-time part and the discrete-time par
a hybrid system. The output ofH(z) excites G(s) via a
first-order hold circuit represented by (12z21)/s.

Comparing the two sides of the above equation, one
see G(z)5(12z21)Z@G(s)/s#. Applying this to Eq. ~5!,
one obtains

gk j~z!5~12z21!(
i 51

m

ZF f i~xk
s!f i~xj

a!

s~s212j iv is1v i
2!G

5(
i 51

m f i~xk
s!f i~xj

a!~h iz
211r iz

22!

@122z21e2Ts i cos~b iT!1e22Ts iz22#v i
2

5
gk j* ~z!

D~z!
, ~18!

where s i5j iv i , b i5v iA12j i
2, h i512e2Ts i cos(biT)

1e2Tsi(si /bi)sin(biT), r i5e22Ts i1e2Ts i(s i /b i)sin(biT)
2e2Tsi cos(biT) andT is the sampling interval. The charac
teristic polynomial is given by

D~z!5)
l 51

m

@122z21e2Ts l cos~b lT!1e22Ts lz22#.
3238 J. Acoust. Soc. Am., Vol. 107, No. 6, June 2000
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Similar to analog systems, the numerator of Eq.~18! has a
concise formgk j* (z)5FT(xk

s)Q(z)F(xj
a). It uses exactly the

sameFT(xk
s) and F(xj

a) as Eq.~10!, but a differentQ(z).
The i th diagonal element ofQ(z) is a scalar polynomial

u i~z!5
~h iz

211r iz
22!

v i
2 )

lÞ i
@122z21e2Ts l cos~b lT!

1e22Ts lz22#,

whose degree increases to 2m due to (h iz
211r iz

22)/v i
2 in

the above expression. The secondary path matrix and
primary path vector become, respectively,

G~s!5
1

D~z!
M s

TQ~z!Ma

and ~19!

P~s!5
1

D~z!
M s

TQ~z!kp .

The primary paths and secondary paths still share the s
denominatorD(z). The numerators differ from their analo
counterparts in terms of polynomial matrixQ(z).

Perfect cancellation means

M s
TQ~z!@kp1MaH~z!#50, ~20!

which is very similar to Eq.~15!, only with a differentQ(z).
Such a similarity implies a matrix form of Eq.~20! as P*
52G* H, where

~21!

It can be shown, similar to the Appendix, thatP* be-
longs to the column space ofG* when assumption 1 is true
andn0 satisfies

n05 d2m1min~2n,m!23n2r *

r * e ~22!

which denotes the smallest positive integer larger than
equal to @2m1min(2n,m)23n2r* #/r* . The rank ofG* is
bounded by

rank~G* !<2m1min~2n,m!1n~n022!. ~23!

In the presence of 0th mode, Eqs.~22! and ~23! become

n05 d2m1min~3n,m!23n2r *

r * e
~24!

rank~G* !<2m1min~3n,m!1n~n022!.
3238Jing Yuan: ‘‘Perfect’’ noise cancellation in 3D enclosures
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Under these conditions,P* 52G* H has an exact solution
as coefficients of an FIR filter vector.

E. Adaptive implementation

Like all other adaptive ANC schemes, SCBN depen
on a pre-estimated modelG(z)51/@D(z)#G* (z) that in-
cludes system characteristic polynomialD(z) and a numera-
tor polynomial matrixG* (z). The error sensors measure
signal vectorY(z) to gete(z)5D(z)Y(z). It can be shown
that

e~z!5Yp~z!1G* ~z!H~z!r ~z!, ~25!

where the primary source contributesYp(z)5P* (z)r (z) and
the ANC contributesG* (z)H(z)r (z). The filtered residue
e(z) may be used by a proper adaptation law to adjustH(z).

An excellent study9 has been conducted to address
application of LMS to multichannel ANC systems, with
thorough convergence analysis. All left to do here is to sh
that Eq.~25! fits into the framework studied in Ref. 9.

Let Gj* (z) denote thej th column of matrixG* (z); then,
Eq. ~25! may be expressed as

e~z!5Yp~z!1 (
j 51

n1r*

Gj* ~z!hj~z!r ~z!

5Yp~z!1 (
j 51

n1r*

hj~z!C j~z!5Yp~z!1C~z!H~z!,

~26!

whereC j (z)5Gj* (z)r (z) represents thej th column of fil-
tered signals and matrix

C~z!5@C1~z! C2~z! ¯ Cn1r* ~z!#

contains theZ transforms of all filtered signals. A regressiv
form is now derived inZ-transform domain as Eq.~26!. It
has a time-domain expression of

e~ t !5Yp~ t !1@C~ t ! C~ t21! ¯ C~ t2n0!#F H0

H1

]

Hn0

G ,

where Yp(t) and C(t) are the time-domain versions o
Yp(z) and C(z), respectively. Adaptive implementation o
SCBN becomes straightforward thereafter.

III. NUMERICAL VERIFICATION

This section presents a numerical example to verify
theoretical results obtained by Sec. II. All path transfer fu
tions are available analytically by the modal theory.

A. Model selection

The sound field is enclosed in a rectangle cavity
260364360 in.3 with modes and resonant frequencies ava
able from Ref. 10. The numerical example excludes the
mode and uses the next 14 modes. The ANC consist
three sensors and five actuators with rank (M s

T)53 and rank
(Ma)55, respectively. Figure 1 illustrates the sensor a
3239 J. Acoust. Soc. Am., Vol. 107, No. 6, June 2000
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actuator locations, where the sensors are represente
small spheres and the actuators are represented by la
ones. Three lines connect the primary source to the sen
to distinguish the primary paths.

Since the SCBN condition is rank (M s
T),rank(Ma),

one may worry about the accessibility of this criterion wh
the mode functions are not accessible. Usually, locations
error sensors may be specified by a quiet zone. The ran
M s

T may not be changed even if the mode functions are
cessible. However, one always knows rank (M s

T)<ns with-
out the exact form ofM s

T . The problem becomes how t
make ns,rank(Ma). Generally, an ANC designer has th
flexibility to determine the number and locations of actu
tors. It is not difficult to use a conservatively large number
actuators to meet the requirement, as long as the actuato
not collocate substantially.

In the present example, it is not difficult to get ran
(Ma)55 by placing actuators sufficiently away from ea
other. The actuator placement is disorganized as show
Fig. 1. Available information of mode shapes could sugge
more organized actuator placement. This demonstrates
ease to satisfy assumption 1. In Fig. 1, the actuators
closer to the error sensors than the primary source. Th
fore, the secondary fields reach the sensors ahead of the
mary field. This is an important principle of actuator plac
ment. It should not be difficult to implement in practice.

B. Cancellation results

Substitutingm514, n53, andr * 52 into Eq.~22!, the
degree ofH(z) is estimated to ben0512. It suggests thatP*
is a 12031 vector andG* is a 120365 matrix. The rank of
G* is estimated by Eq.~23! to be 64, which matches exactl
what is returned by aMATLAB command ‘‘rank (G* ).’’ Both
Eq. ~22! and Eq.~23! prove very accurate when differen
numbers of modes are included in the model, with differe
numbers of sensors and actuators tested at different l
tions.

A MATLAB command ‘‘H52pinv(G* …*P* ’’ solves the
coefficient vector ofH(z). Cancellation effect is evaluate
by a residue transfer function vectorR(z)5P(z)
1G(z)H(z). The primary pathsP(z) are compared with
R(z) sensor by sensor in Figs. 2, 3, and 4, respective
Residue paths obtained by a standard multichannel filterex
algorithm are also compared in these figures. The two ki
of residues are labeled as ‘‘standard residue’’ and ‘‘SCB
residue,’’ respectively. The SCBN residues demonstrate
sonably good cancellation effects over a wild frequen

FIG. 1. Locations of sensors and actuators.
3239Jing Yuan: ‘‘Perfect’’ noise cancellation in 3D enclosures
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range. The standard residues, however, attenuate nois
low-frequency range but enhance noise in high-freque
range.

In this example,G* is a 120365 matrix with rank 64—
neither square nor full rank. Therefore, the MINT conditi
cannot be satisfied under the present situation. It is not a
lytically clear how the MINT condition can be met in a 3
reverberant sound field. On the contrary, SCBN manage
achieve perfect cancellation under a relaxed condition.

IV. RECOVERING THE REFERENCE SIGNAL

In many applications, the reference signal has to be m
sured by a reference sensor placed near the primary so
The sensor measures signals from the primary source
secondary actuators. It is important to estimate the pa
from the actuators to the sensor and cancel the acoustic f
back by a software subtraction.5,12 This point has been
addressed5,12 thoroughly and hence is not repeated here.

FIG. 3. Primary and residue paths to sensor 2.

FIG. 2. Primary and residue paths to sensor 1.
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A. Another problem

There is another problem with the reference signal t
also affects the performance of an ANC system. For be
focus, one may assume perfect cancellation of acoustic fe
back by software subtraction. The sensed signal is then g
by ys(z)5@N(z)#/@D(z)#r (z), whereN(z) is the numerator
polynomial andD(z) is the system characteristic polyno
mial. Perfect recovery ofr (z) calls for an inverse filtering
r (z)5@D(z)#/@N(z)#ys(z) that may be unstable ifN(z) is
nonminimum phase.

B. Suggested solution

A possible solution is to place two reference sensors
separate spots near the primary source. The sensed si
are expressed as

s1~z!5D~z!ys1~z!5N1~z!r ~z!

~27!
s2~z!5D~z!ys2~z!5N2~z!r ~z!,

whereN1(z) andN2(z) are, respectively, numerators of th
transfer functions from the primary source to the referen
sensors. The reference signal can be recovered perfectly
ing FIR filters F1(z) and F2(z) via r (z)5F1(z)s1(z)
1F2(z)s2(z). It is equivalent to

15N1~z!F1~z!1N2~z!F2~z!, ~28!

after substituting Eq.~27!. This is a special case of Eq.~1!
with n51. It is also known as the Bezout equation, solva
if N1(z) andN2(z) are relatively coprime.13

C. SCBN and the Bezout equation

It is interesting that SCBN also becomes the Bez
equation whenn5r * 51. In the presence of 0th mode, th
degree ofF1(z) and F2(z) is estimated by Eq.~24! to be
n052m21. Let

N1~z!5(
i 50

2m

ni ,1z
2 i

and

FIG. 4. Primary and residue paths to sensor 3.
3240Jing Yuan: ‘‘Perfect’’ noise cancellation in 3D enclosures
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N2~z!5(
i 50

2m

ni ,2z
2 i .

A matrix form of

G* ~z!5@N1~z! N2~z!#5(
i 50

2m

@ni ,1 ni ,2#z
2 i

can be constructed as
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By a proper column permutation, this matrix is equivalent

N53
n0,1 n0,2

n1,1 n0,1 n1,2 n0,2

] n1,1 � ] n1,2 �

n2m,1 ] � n0,1 n2m,2 ] � n0,2

n2m,1 � n1,1 n2m,2 � n1,2

� ] � ]

n2m,1 n2m,2

4 .

It turns out to be the Sylvester resultant matrix of Bezo
equation Eq.~28!. Let

F1~z!5 (
i 50

2m21

f i ,1z
2 i

and

F2~z!5 (
i 50

2m21

f i ,2z
2 i ,

then Eq.~28! can be expressed as
 2025 09:23:20
3
1
0
0
0
]

0
0

4 53
n0,1 n0,2

n1,1 n0,1 n1,2 n0,2

] n1,1 � ] n1,2 �

n2m,1 ] � n0,1 n2m,2 ] � n0,2

n2m,1 � n1,1 n2m,2 � n1,2

� ] � ]

n2m,1 n2m,2

4 3
f 0,1

f 1,1

]

f 2m21,1

f 0,2

f 1,2

]

f 2m21,2

4
53

n0,1 n0,2

n1,1 n1,2 n0,1 n0,2

] ] n1,1 n1,2 �

n2m,1 n2m,2 ] ] � n0,1 n0,2

n2m,1 n2m,2 � n1,1 n1,2]

� ] ]

n2m,1 n2m,2

4 3
f 0,1

f 0,2

f 1,1

f 1,2

]

f 2m21,1

f 2m21,2

4 . ~29!

The above matrix is nonsingular ifN1(z) andN2(z) are relatively coprime~the MINT assumption!. The product is able to
match any 4m-dimensional vectors that correspond to polynomials of degree less than or equal to 4m21.
3241Jing Yuan: ‘‘Perfect’’ noise cancellation in 3D enclosures
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The objective of SCBN is matching the right side of E
~29! to the numerator of a path transfer function in the sa
enclosure, but not an arbitrary polynomial. It does not n
essarily need a full rankG* as explained in Sec. II; hence,
relaxed condition. By coincident,N1(z) andN2(z) are found
relatively coprime when the two sensors locate sufficien
away from each other. Therefore, both MINT and SCB
merge to the Bezout equation in a special case whenn5r *
51.

V. CONCLUSIONS

This study presents SCBN to relax the condition
MINT for perfect noise cancellation inns sensor locations
The SCBN assumption depends on an actuation matrixMa

and a sensor matrixM s
T . Perfect cancellation is possible

rank(Ma).rank(M s
T).

The principle of SCBN is verified numerically with a
exemplary ANC in a 3D rectangular enclosure. It is not d
ficult to satisfy the SCBN assumption by placing actuat
sufficiently away from each other. In a special case when
ANC system consists of two actuators and a single e
sensor, both MINT and SCBN are equivalent to a Bez
equation. The principle can be applied to recover the re
ence signal with two reference sensors.

In a sound field, all acoustical paths are subject to
same physical constraints. The primary paths are there
acoustically correlated to the secondary paths to a cer
degree. SCBN uses a truncated modal model to show c
plete correlation between the primary and secondary pa
The uncorrelated parts are due to the truncated modes.
method works well in a lightly damped sound field wi
sparse modes in the frequency range of interest. In hig
damped enclosures, the direct field becomes dominant a
separate study is needed to reach a conclusion. A pr
placement of actuators, however, will enable second
fields to reach the sensors ahead of the primary field. Th
fore, SCBN is likely to work well in that case.
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APPENDIX

Equation~17! allows one to expressP* as

P* 5F B
O
]

O
G kp where B5F M s

TQ0

M s
TQ1

]

M s
TQ2m22

G . ~A1!

Similarly, G* can be expressed as a product of matri
R andS as follows:
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~A2!

A subspace analysis ofP* andG* leads to a series of lem
mas and properties:

Lemma 1: Let u i denote the coefficient vector of poly
nomialu i(s), then$u i% i 51

m are linearly independent when th
resonance frequencies$v i% i 51

m are distinct.
Proof: Equation~7! suggestsu i(s)5D(s)/(s212j iv is

1v i
2) for 1< i<m. Let pi52j iv i2 j v iA12j i

2, then
1/(s212j iv is1v i

2)521/(v iA12j i
2)Im(1/(s2pi)). When

the resonance frequencies are distinct,$pi% i 51
m are distinct as

well. As a result, Vandermonde matrix

V5F 1 p1 p1
2

¯ p1
m21

1 p2 p2
2

¯ p2
m21

] ] ] ] ]

1 pm pm
2

¯ pm
m21

G
is nonsingular. Thei th row of the above matrix consists o
the firstm coefficients of polynomial

1

~s2pi !
5 (

k50

`

pi
ksk.

Therefore, coefficient vectors of$1/(s2pi)% i 51
m are linearly

independent. The same applies to the coefficient vector
$u i(s)52D(s)/(v iA12j i

2) Im(1/(s2pi ))% i 51
m . Q.E.D.

Lemma 2: rank(B)5m @matrix B is defined by Eq.
~A1!#.

Proof: SinceQl is a diagonal matrix,M s
TQl hasm col-

umns, with thei th column ofM s
T multiplied by thei th diag-

onal element ofQi . Let mi
s denote thei th column vector of

M s
T , then thei th column ofB forms a coefficient vector of a

polynomial vector

$mi
su i~s!% i 51

m .

Recalling from Eq.~12!, one can see that

mi
sT5@f i~x1

s! f i~x2
s! ¯ f i~xns

s !#.
3242Jing Yuan: ‘‘Perfect’’ noise cancellation in 3D enclosures
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If imi
si were zero, then allns sensors would locate at th

node planes or node lines of thei th mode. That mode would
not have been included in the truncated model in the fi
place. On the contrary, a mode is included in a trunca
model only if it is measurable by at least one sensor. The
fore, imi

siÞ0 for all 1< i<m; and the rank ofB is the same
as the rank of polynomials

$u i~s!% i 51
m .

Quoting from Lemma 1, one can see that rank(B)5m.
Q.E.D.

A close look at Eq.~A2! indicates thatR consists of
n011 blocks ofB. Counting from left to right, each colum
block of B is downshifted by the row size ofM s

TQi . There-
fore, the row size ofR is the row size ofB plusn0 times the
row size ofM s

TQi , which is ns(2m211n0). The column
size ofR is n011 times the column size ofB; that is,n0m
1m. Hence,R is an @ns(2m211n0)#3(n0m1m) matrix.
Evidently, the rank ofR depends on the integer value ofn0 .
When n051, R consists of two blocks ofB. The second
block is downshifted byns rows. These two blocks could b
linearly independent, implying

Property 1: rank(R)5g<2m whenn051.
Whenn0 increases to 2,R contains one more block ofB

downshifted byns rows. Its rank, however, cannot reach 3m.
In order to prove this, one has to recall from Eq.~7! that
u i(s)(s212j iv is1v i

2)5D(s) for 1< i<m. This is equiva-
lent to a very useful equation

Q~s!~s2Im1Js1V!5D~s!Im , ~A3!

whereIm is anm3m identity

J~s!5F 2j1v1

2j2v2

�

2jmvm

G
and

V~s!5Fv1
2

v2
2

�

vm
2

G .

A matrix form is easily available for Eq.~A3! as

F d0Im

d1Im

]

d2mIm

G53
Q0

Q1 Q0

] Q1 Q0

Q2m22 ] Q1

Q2m22 ]

Q2m22

4 F V

J

Im

G ~A4!

where $di% i 50
2m are the coefficients of system characteris

polynomialD(s). This equation is useful in the proof of
Lemma 3: Rank(R)5kr5g1n(n021)<2m1n(n0

21) whenn0>2.
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Proof: To check rank(R) for n0>1, one may examine
the product of the following two matrices:

Run05253
M s

TQ0

M s
TQ1 M s

TQ0

] M s
TQ1 M s

TQ0

M s
TQ2m22 ] M s

TQ1

M s
TQ2m22 ]

M s
TQ2m22

4
and

T5F Im V

Im J

Im

G .

Here, Run052 represents matrixR when n052. It contains
three blocks ofB. T is a triangle matrix with nonzero off-
diagonal elements only in the lastm columns. This implies
rank(Run052)5rank(Run052T). Using Eq.~A4!, one obtains

Run052T53
M s

TQ0 M s
Td0

M s
TQ1 M s

TQ0 M s
Td1

] M s
TQ1 M s

Td2

M s
TQ2m22 ] M s

Td3

M s
TQ2m22 ]

M s
Td2m

4 .

The next step is the use of a linear transformation

G05F Im 2Q0
21d0

Im

Im

G ,

to get

Run052TG0

53
M s

TQ0

M s
TQ1 M s

TQ0 M s
T~d1Im2Q1Q0

21d0!

] M s
TQ1 M s

T~d2Im2Q2Q0
21d0!

M s
TQ2m22 ] M s

T~d3Im2Q3Q0
1d0!

M s
TQ2m22 ]

M s
Td2m

4 .

It suggests the existence of a series of linear transformat
G1¯Gm21 , such that
3243Jing Yuan: ‘‘Perfect’’ noise cancellation in 3D enclosures
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Run052TG0G1¯Gm21

53
M s

TQ0

M s
TQ1 M s

TQ0

] M s
TQ1

M s
TQ2m22 ]

M s
TQ2m22

M s
Td2m

4 .

The above expression suggests rank(Run052)5g1n by as-
sumption 1 and Property 1. One can apply Eq.~A4! and
construct matrices similar toT for consecutive increments o
n0 . The result is similar: each increment ofn0 increases
rank(R) by n. That proves the lemma. Q.E.D.

Property 2: P* belongs to the column space ofR.
This is rather obvious becauseP* is a linear combina-

tion of the firstm columns ofR, as defined by Eq.~A1!.
Property 3: Rank(S)5(n1r * )(n011).
From Eq.~A2!, one can see thatS hasn011 diagonal

blocks of Ma . Hence, rank(S)5(n011)rank(Ma)5(n
1r * )(n011) by assumption 1.

Since G* 5RS, both rank(R) and rank(S) affect
rank(G* ). According to Lemma 2 and Property 3, rank(R)
.rank(S) for n050. As n0 increases, rank(R) increases by
n for each increment ofn0 ~Lemma 3!; whereas rank(S)
increases byn1r * for each increment ofn0 ~Property 3!.
The role of integerr * .0 now becomes clear: to mak
rank(S) grow faster than rank(R) does. There must exist a
integer value ofn0 such that rank(R)<rank(S) for the first
time. It is solved byn05 d(g22n2r * )/r * e that is the small-
3244 J. Acoust. Soc. Am., Vol. 107, No. 6, June 2000
est positive integer larger than or equal to (g22n
2r * )/r * . Substitutingg<2m ~Property 1!, one obtains an
estimate ofn0 as

n05 d2m22n2r *

r * e. ~A5!

Generally, any integer values ofn0 , if larger than Eq.~A5!,
will cause rank(R)<rank(S). Equation~A5! estimates the
smallest integer to meet the requirement. It implies

Lemma 4: The column space ofG* is equivalent to the
column space ofR when assumption 1 is valid andn0 satis-
fies Eq.~A5!.

Combining Property 2 and Lemma 4, one concludes t
P* belongs to the column space ofG* when assumption 1 is
true andn0 satisfies Eq.~A5!.
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