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Sound generation by interaction of two inviscid two-dimensional
vortices

S. K. Tang
Department of Building Services Engineering, The Hong Kong Polytechnic University, Hong Kong
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Department of Mechanical Engineering, The University of Hong Kong, Hong Kong
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Sound generated by the pairing of two inviscid finite-core-size two-dimensional vortices is studied
numerically using the contour dynamics method and vortex sound theory. Results indicate that the
resulting sound field is a lateral quadrupole type and its axis rotates with nonuniform speed about
the origin of the source region. Results also show that the accelerating and decelerating motions of
the vortices are important in the sound generation. ©1997 Acoustical Society of America.
@S0001-4966~97!03708-9#
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INTRODUCTION

The theories of Lighthill1 and Curle2 show that sound
can be generated by unsteady turbulent flow. In the
Mach number case, the results of Powell3 and Howe4 show
that the unsteady motion of vorticity is important in sou
generation. Studies of vortex sound are, therefore, impor
in understanding the sound generation of flow noise pr
lems. Typical examples of such problems are jet nois5

boundary layer noise,6 and noise generated from
helicopters.7 Scaling laws for turbulent flow sound intensi
have been proposed and some comparisons with experim
tal results have also been done~for instance, Lush8!. How-
ever, studies, which explicitly relate the sound generat
mechanism to vortex motion, are very limited, though a
tailed discussion on aerodynamic noise generation is g
by Crighton.9

It is now well known that sound is generated when tw
vortices interact. In an axisymmetric low Mach number j
noise is generated by the pairing of vortex rings.5 Möhring10

analytically worked out the sound field generated by the p
ing of two thin core closely spaced vortex rings, while Sh
iff et al.11 computed the sound radiated from inviscid thi
core vortex ring pairing using the method of contour dyna
ics. Tang and Ko12 showed further that the axial jerk an
radial acceleration of the vorticity centroids of the vort
rings play an important role in the pairing noise generati

In a low Mach number two-dimensional mixing laye
and rectangular jet of large-aspect ratio, sound is expecte
come from the pairing of two-dimensional vortices. As t
near-field source is not compact in this case, the far-fi
noise is often calculated numerically. For simplicity, t
two-dimensional vortices are usually modeled as line vo
ces during analysis. Recently, Lee and Koo13 used this tech-
nique to compute the sound field pattern generated by
spinning rectilinear vortices in the context of incompressi
and inviscid flow. Mitchellet al.14 extended this study to
compressible flow. However, they have not addressed

a!Corresponding author. Electronic mail: NWMKO@hkucc.hku.hk
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sound generation mechanism involved. In addition, vorti
with infinitesimal core sizes are rare in reality. A thick co
model appears to be more appropriate for the study and
derstanding of the mechanism.

In the present study, the sound field generated by
pairing of two equal inviscid thick core two-dimension
vortices is investigated using the method of contour dyna
ics. Special attention is given to the mechanism of the so
generation. For simplicity, the effect of compressibility
neglected.

I. THEORETICAL AND COMPUTATIONAL
CONSIDERATIONS

This section gives brief discussions on the contour
namics method and vortex sound theory. The tw
dimensional pairing noise generation mechanism is also
cussed using existing theories.

A. Method of contour dynamics

The shapes of the vortex cores during pairing can
obtained using the method of contour dynamics.15 This is
done by first observing the streamfunctionc in two dimen-
sions at a pointy0 in the flow field due to a vortex:

c~y0!52
1

2p E E v lnuy02yudy1 dy2 , ~1!

wherey1 and y2 denote the longitudinal and transverse c
ordinates, respectively~Fig. 1!. This integration is done
across the cross section of the vortex. Asu 5 “ 3 ŷ3c,
where y3 represents the spanwise coordinate and the c
denotes unit vector, use of Stoke’s theorem gives the con
integral

u~y0!52
1

4p E v lnuy02yu2 dy ~2!

and the singularity in Eq.~2! can be removed by an integra
tion by parts as in Dritschel.16 Details of the derivation of the
method can be found in Zabuskyet al.15 and Dritschel.16 In
the present investigation, the node point insertion and re
ation scheme of Pozrikidis and Higdon17 is used to ensure a
146302(3)/1463/11/$10.00 © 1997 Acoustical Society of America
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smooth contour during the computation. All the contour
tegrals involved are computed using the four-point Gauss
quadrature procedure and the core shapes are obtained b
fourth-order Runge–Kutta method as in Tang and Ko12 and
Dritschel.16 The time step is so chosen that no visible diffe
ence of results can be found upon its further reduction. T
definition of vortex centroid17 is adopted as

yc5yc1ŷ11yc2ŷ25
*vy dA

*v dA
, ~3!

whereyc is the position vector of the vortex centroid havin
the coordinates (yc1 ,yc2) ~see Fig. 2!. The velocity, accel-
eration, and jerk of the vortex in the rest of the paper sim
refer to the first, second, and third time derivatives ofyc ,
respectively. For simplicity, the two vortices are placed sy
metrically about the origin at the beginning of the compu
tion. Uniform vorticity within vortex cores is assumed so
to fulfill the requirement ofdv/dt50. Under this circum-
stance, the vortex centroid, as defined by Eq.~3!, coincides
with the center of mass of the incompressible vortex.

The effect of viscosity on the far-field pressure is n
important in the spinning vortex case of Mitchellet al.14 and

FIG. 1. Schematic diagram of two-dimensional vortices.

FIG. 2. Forces on core fluids.3: Vortex centroid.
1464 J. Acoust. Soc. Am., Vol. 102, No. 3, September 1997 S
-
n
the

e

y

-
-

t

it is neglected in the present study. Without loss of gene
ity, the vorticity is assumed to be positive~anticlockwise!
throughout this study.

B. Vortex sound

The sound field from turbulent flow can be obtained
solving the following inhomogeneous wave equation:

1

c2

]2p

]t2 2¹2p5q, ~4!

wherep, c, andt are the far-field pressure, ambient speed
sound, and observer time, respectively. Here,q is the source
term, which in the low Mach number case, can be written
r0¹•(v3u), wherev, r0 , andu are vorticity, ambient fluid
density, and the velocity of the vorticity propagatio
respectively.3,4 For convenience, boldfaced symbols deno
vector quantities in the rest of the paper. Following t
method of Möhring,10 one obtains for a point source of vo
umedV

dp~x,t !5
r0

12pc2

]3

]t3

~ x̂–y!y–~v3x̂!

ux2yu
dV, ~5!

where the expression being differentiated is to be evalua
at retarded timet2ux2yu/c. Here,x and y denote, respec-
tively, far- and source-field distances~Fig. 1! andx̂ is an unit
vector in the directionx and is nondimensional. For compa
vortex cores, the contribution to the far-field noise from
infinitesimal lengthdy3 at y along a two-dimensional vortex
of cross section areaA is

dp~x,t !5
r0 dy3

12pc2

]3

]t3 F 1

ux2yu S cos~2u!E vy1y2 dA

1sin~2u!E y2
22y1

2

2
v dAD G , ~6!

where u is the observer angle~Fig. 1!. The total far-field
pressurep(x,t) generated by the vortices can be obtained
integrating Eq.~6! alongy3 :

p~x,t !5
r0

12pc2 E 1

ux2yu
]3

]t3 S cos~2u!E vy1y2 dA

1sin~2u!E y2
22y1

2

2
v dADdy3 . ~7!

Equation~7! suggests the sound field is a lateral quadrupo
The constant outside the integral in Eq.~7! has no bearing on
the sound generation process and is thus ignored in the f
going discussions. For easy reference,S1 , S2 , D1 , andD2

are used in the rest of the paper to denote the follow
integrals:

S15E vy1y2 dA, S25
1

2 E v~y2
22y1

2!dA,
~8!

D15E Ŝ1

ux2yu
dy3 , D25E Ŝ2

ux2yu
dy3 .

S1 and S2 can be computed using contour integrals a
Stoke’s theorem. The triple overdot denotes triple time
1464. K. Tang and N. W. M. Ko: Sound generation by two vortices
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rivative.D1 andD2 , which are referred as the far-field qua
rupole strengths in the rest of the paper, are calculated u
the procedure of Ffowcs Williams and Hawkings.18 They
observed that these integrals can be transformed into
integrals by replacingy3 by a variablet8 and because of the
singularity att8 5 t 2 r /c, one obtains

Di5E
2`

` Ŝi~y,t2ux2yu/c!

ux2yu
dy3

5E
2`

t2r /c 2cŜi~y,t8!

Ac2~ t2t8!22r 2
dt8

'A2

r E
2`

t2r /c cŜi~y,t8!

Ac~ t2t8!2r
dt8, ~9!

wherer 2 5 (x1
2 2 yc1

2 ) 1 (x2
2 2 yc2

2 ) andi 5 1,2. It should be
noted thatSi , are independent ofy3 . Equation~9! can be
solved numerically by further substitutingc(t 2 t8) 2 r by
b2 with the assumption that there is no sound atx for t
, r /c. Therefore, the sound field can be solved provided t
the time variations of the termsŜi can be obtained.Di are
also the strengths of the two-dimensional far-field quad
poles as shown in Eq.~7!, while Ŝi denotes the sourc
strengths@Eq. ~8!#.

C. Sound generation mechanism

Though Eq.~9! suggests that the quadrupole streng
depends onD1 and D2 , the sound generation mechanis
involved is more related toS1 andS2 . The appearance of th
former two integrals are only due to the noncompactnes
the source region and thus have nothing to do with the vo
motions, not to say the sound generation mechanism.
sound generation mechanism is therefore discussed with
~6!.

Under the assumptions of constant vorticity and inco
pressible vortex, Eq.~6! shows that the sound radiated to t
far field at an observer angleu equals the third time deriva
tive of the cross product of inertia in the ang
(180° 2 u),19 showing that the deformation of the vorte
core is important in the sound generation process. Howe
it is more realistic to describe the sound generation mec
nism in terms of some easily quantified parameters, suc
force and acceleration of the vortex centroid,12 as they are
easier to verify experimentally than the core shapes.
following paragraphs show howŜi can be related to the mo
tion of the vortex centroids and describe the physical me
ings of the terms involved.

Allowing for nonuniform vorticity distribution within
the vortex core, the impulseI of an individual vortex with
finite core size is given by the expression

I5r0E y3v dA52r0ŷ1E y2v dA

1r0ŷ2E y1v dA. ~10!

As the vortices are mirror images of each other, the to
impulse of the interacting vortices vanishes but those of
1465 J. Acoust. Soc. Am., Vol. 102, No. 3, September 1997 S
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individual vortices are vector quantities in two-dimension
space. The forceF acting on each vortex equals the rate
change of impulse of the vortex and thus

F5
dI

dt
52r0ŷ1E ẏ2v dA1r0ŷ2E ẏ1v dA, ~11!

where the overdot represents differentiation with respec
time. The forces acting on a small mass of fluid within t
vortex cores are illustrated in Fig. 2. Equations~10! and~11!
show that the total force acting on the core fluids can
estimated by finding the velocity of the vortex centroi
when v is constant. Also, the conservation of angular m
mentumJ requires that

dJ

dt
50⇒ d

dt E v~y1
21y2

2!dA50. ~12!

Besides, the sound energy radiated is negligible compare
the flow energy, especially in the low Mach number cas1

The total kinetic energy per unit length of the two
dimensional flowK remains fairly constant and thus, follow
ing the work of Lamb,20

dK

dt
50⇒r0

d

dt E ~ ẏ1y22 ẏ2y1!v dA50. ~13!

Recalling Eq.~6!, one obtains together with Eqs.~12! and
~13! that

]3S1

]t3 5
]3

]t3 E vy1y2 dA

5
]2

]t2 E v~y1ẏ21y2ẏ1!dA

5
]2

]t2 E v~2y1ẏ21y2ẏ12y1ẏ2!dA

5
]2

]t2 E 2vy1ẏ2 dA ~14a!

and

]3S2

]t3 5
]3

]t3 E v~y2
22y1

2!

2
dA

5
]3

]t3 E v~y2
21y1

222y1
2!

2
dA

52
]2

]t2 E 2vy1ẏ1 dA. ~14b!

Similarly, one can also show that

]3S1

]t3 5
]2

]t2 E 2vy2ẏ1 dA

and ~14c!

]3S2

]t3 5
]2

]t2 E 2vy2ẏ2 dA.

It is observed from Eqs.~10! and ~14! that ]3S2 /]t3 repre-
sents the total anticlockwise couple about the origin act
on the vortex core fluids~Fig. 2!. It is therefore related to the
1465. K. Tang and N. W. M. Ko: Sound generation by two vortices



er
th
wi

on
-

r

rk
te
is
e

-
t

a

o

ra
t

le
u

o
n
n
h

f
th

n

be
w

d
s
a

of

s,
g
. As
of

ion
r-
the
ion

ble
g.
he

tex
x
ex
tion
ere
of
of

ec-
ism

and
h
Nu-

c-
n-
t of

re

tion,
-

ex
-
-
xi-

 27 February 2025 03:10:35
rotation of the vortex core fluids about the origin. Howev
one should bear in mind that the total couple acting on
core fluids vanishes because the anticlockwise and clock
couple balance each other in the present case.

The meaning of]3S1 /]t3 is far less trivial. It is the
magnitude of the product of a force and a distance in
direction; either in they1 or y2 direction. As the vortex cen
troids are rotating anticlockwise about the origin (v . 0),
Eq. ~11! shows that the total force acting on one vortex co
is always pointing towards the two axes~Fig. 2!. Here,
]3S1 /]t3 seems to represent somewhat like the ‘‘wo
done’’ in one direction against the displacement of the vor
core fluids from the axis in that direction. Thus sound
generated by the force acting on individual vortex. Howev
in this two dimensional case, Eq.~14! cannot be further de
composed to relate the sound generation mechanism with
acceleration and jerk of the vortex centroids as explicitly
in the axisymmetric vortex ring case of Tang and Ko,12 un-
less the cores are very thin.

In the thin core case, the vortices undergo circular m
tion with angular speedq̇ 5 vA/4pR2, where R is the
radius of the circular orbit, which equals to half the sepa
tion between vortex centroidsG.3 Thus one can observe tha

yc15R cos~q̇t ! and yc25R sin~q̇t !. ~15!

For core of infinitesimal size, its deformation is negligib
and it can be assumed that the vortex cores remain circ
throughout the interaction, Eq.~14! can then be simplified to

]3S1

]t3 5216AR2r0~Rq̇2!2 cos~2q̇t !

516AR2r0@~ ÿc2!22~ ÿc1!2#5E1 ,
~16!

]3S2

]t3 5216AR2r0~M q̇2!2 sin~2q̇t !

5232AR2r0ÿc1ÿc25E2 ,

whereEi represent the source strengths associated with n
linear coupling of longitudinal and transverse acceleratio
Equations~16! also show the importance of the acceleratio
ÿc1 andÿc2 in the sound generation in the thin core case. T
constant ambient densityr0 will be neglected in the rest o
the discussion. It should be noted in this nondeformable
vortex core case that the accelerationsÿc1 and ÿc2 are pro-
portional to the angular speedq̇ and the angular acceleratio
q̈ vanishes. When the vortex cores are deformable,ÿc1 and
ÿc2 will no longer be proportional toq̇ andq̈ is time depen-
dent.

The situation in the thick core case is complicated
cause the vortex core shapes are noncircular and change
time. The angular velocityq̇ andR, therefore, are functions
of time so that Eqs.~16! alone are unable to give the soun
field. However,R andq̇ for the two vortices are the same a
far as their circulations are equal. When the vortex cores
thick, Ŝi cannot be expressed analytically as in Eqs.~16!. It
will be shown numerically in the next section that
1466 J. Acoust. Soc. Am., Vol. 102, No. 3, September 1997 S
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Ŝ1'E11k1„ẏc1ẏc2r cüc1 1
2~ ẏc1

2 2 ẏc2
2 ! r̈ c…,

~17!
Ŝ2'E21k2„ẏc1ẏc2r̈ c2 1

2~ ẏc1
2 2 ẏc2

2 !r cüc…,

when the vortices do not coalesce. Here,ki are constants
depending on the separation of the vortex centroids andr c

anduc are, respectively, the radial and angular positions
vortex centroid. Therefore, though Eqs.~16! are obtained due
to the circular motion characteristics of thin core vortice
E1 and E2 are also important in thick core vortex pairin
noise generation as far as the vortices do not coalesce
will further be shown later, numerical data in the case
coalescence favor the following relationships:

Ŝ1'exp„2v~ t2r /c!/b…~ l 11ÿc11 l 12ÿc2!,
~18!

Ŝ2'exp„2v~ t2r /c!/b…~ l 21ÿc11 l 22ÿc2!,

where b and l i j are constants. Thus the sound generat
mechanism in the pairing of two-dimensional thick core vo
tices involves the accelerating or decelerating motions of
vortex core fluids. The numerical results and the derivat
of Eqs.~17! and ~18! are given in the next section.

II. NUMERICAL RESULTS

The computations were done on the IBM 9076 Scala
POWERparallel system of The University of Hong Kon
Two types of interactions are considered in this study. T
first one is the leapfrogging motion and the other the vor
coalescence.15 In the former type of interaction, the vorte
centroids undergo circular motion. Deformation of the vort
cores occurs at the same time but the degree of deforma
is not severe. The latter type of interaction involves sev
core deformation together with the formation of strips
vorticity around the interacting vortices. These evolutions
the vortex cores are well known15,21 and it will not be dis-
cussed in detail in the present paper. In the following s
tions, both the sound field and sound generation mechan
are addressed. In order to differentiate observer time
interaction time,t i represents vortex interaction time whic
can also be considered as the sound generation time.
merically,t i equals the retarded time, that ist i 5 t 2 r /c. It is
introduced to differentiate the time scale of vortex intera
tion and of far-field noise radiation. Also, all quantities, u
less otherwise stated, are nondimensionalized in the res
the paper. Lengths, such asyc1 and R, are normalized by
s0 , wheres0 is the initial core radius~Fig. 1!, and times,
such ast i and t, by v21. Other quantities presented a
normalized by combinations ofs0 andv. All velocities and
accelerations, except the angular velocity and accelera
which are normalized byv andv2, respectively, are normal
ized by s0v and s0v2, respectively. The termsŜ1 , Ŝ2 ,
E1 , and E2 are normalized bys0

4v4, and the quadrupole
strengthsD1 andD2 by s0

3v4.

A. Leapfrogging case

Figure 3 shows the shapes of the initially trailing vort
core for an initial spacing ofG/s0 5 5 and angular momen
tumJ 5 21.2 at timevt i 5 20, 40, and 60. Leapfrogging mo
tion without severe core formation is observed. The ma
1466. K. Tang and N. W. M. Ko: Sound generation by two vortices
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 27 February 2025 03:10:35
mum variations of the cross-sectional area and ang
momentum of individual vortices are less than 0.1% and t
it can be assumed that the angular momentum and circula
are conserved. The corresponding time variations ofD1 and
D2 are shown in Fig. 4~a!. Wavy oscillations appear on thes
time variations but the differences betweenD1 and D2 are
not only in magnitude but also in phase. AsŜ1 and Ŝ2 , and

FIG. 3. Variation of initially trailing vortex core shape during interactio
G/s0 5 5, J 5 21.2. ———: vt i 5 20; –––: vt i 5 40; —•—: vt i

5 60. 3: Vortex centroid.

FIG. 4. ~a! Time variations of far-field pressure fluctuations during leapfro
ging vortex motion. ———:D1 ; ––: D2 ; •••••: AD1

21D2
2. ~b! Time varia-

tions of Ŝi . ———: Ŝ1 ; ––: Ŝ2 ; •••••: AŜ1
21Ŝ2

2.
1467 J. Acoust. Soc. Am., Vol. 102, No. 3, September 1997 S
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thus D1 and D2 , represent the magnitudes of two indepe
dent quadrupoles as shown in Eq.~7!, direct summation of
these quantities has no physical meaning. The magnitud
the resultant quadrupoleAD1

21D2
2 also fluctuates with time

@Fig. 4~a!#. This shows that the vortex system does not ra
ate constant sound power. Such radiation depends on
states of the vortices as discussed in the next paragrap
can be noted that the means ofD1 shown in Fig. 4~a! do not
vanish, while that for a far field of any source should be ze
The means are about 9% of the corresponding peak value
is probably due to the time frame shown in Fig. 4~a! which
does not cover a full period of the low-frequency compon
in the computed far-field sound.

As Ŝ1 and Ŝ2 are more related to the generation
sound, their time variations give information on the sou
generation process. The corresponding time variations oŜ1

andŜ2 are shown in Fig. 4~b!. Similar to Fig. 4~a!, the means
of Ŝ1 appear to be nonzero, probably for the same reaso
stated before. The mean values in Fig. 4~b! amount to 5% of
the corresponding peak values. It can be observed that t
time fluctuations contain low- and high-frequency comp
nents. The high-frequency wavy oscillations on these ti
traces have higher magnitudes relative to those of the co
sponding low-frequency components than those onD1 and
D2 . This is probably due to the phase difference of t
sound waves radiated to the far-field positionx from differ-
ent elements along the lengths of the vortices, which tend
smooth out large fluctuations. Both the magnitudes ofŜ1 and
Ŝ2 vary with v3, while those ofD1 and D2 with v3.5 ~not
presented here!. The latter is consistent with the existin
two-dimensional vortex sound theory.18 Ŝ1 and Ŝ2 will be
further discussed as they are more related to the mecha
of sound generation. The constant phase shift betweenŜ1

and Ŝ2 , and thus betweenD1 and D2 , suggests a latera
quadrupole sound field. In addition, the dotted line in F
4~b! illustrates that the amplitude of sound generated by
interaction attains local minima atv(t2r /c)5vt i

515.2,30.4,45.6,..., while local maxima are observed a
vt i57.7,22.8,37.7,... . At these instants, the vortex syste
is in the most or least efficient state of sound generati
Defining the differential radiusDs as the difference betwee
maximum and minimum distances of the elements on
core boundary from the vortex centroid:

Ds5@max~ uy2ycu!2min~ uy2ycu!#/s0 ,

wherey is on the boundary of the vortex core, so thatDs
50 corresponds to a circular core, Fig. 5 shows that

minimum AŜ1
21Ŝ2

2 appears at the instant of small differe
tial radius, suggesting that the vortex system radiates
sound energy when the core shape is close to circular.
degree of deviation of the core from circular shape gove
the amplitude of sound generation. However, such devia
cannot be easily quantified.

Figure 6 gives the polar plots of normalized far-fie
sound-pressure amplitudesupu obtained from Eq.~7! at vt i

520, 40, and 60. The sound fields are lateral quadrupo
The axes of the quadrupole rotate with nonuniform angu
speed about the origin. The major direction of rotation of t

-
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quadrupole is anticlockwise and is the same as that of
vortex field. However, there are instants that the quadrup
is rotating clockwise~Fig. 7!. This is different from the thin
core vortex pairing results of Powell,3 Lee and Koo,13 and
Mitchell et al.14 which show that the quadrupole always r
tates in the direction of the vortex field. The frequency of t
wavy oscillation inŜ1 and Ŝ2 @Fig. 4~b!# is not the same as
that in Fig. 7. This will be discussed later.

Though the vortex centroids undergo the type of circu
motion described by Eqs.~15! with a mean anticlockwise
angular velocityq̇5vA/4pR2 and their longitudinal and
transverse velocities vary nearly sinusoidally with time~Fig.
8!, the corresponding accelerations are not~Fig. 9!. This may
be due to the nutation or rotation of the deformed vortex c
as in the vortex ring pairing case.11,12 However, the low-
frequency time variations of these time traces coincide w
those calculated using Eqs.~16! which is developed using a
nondeformable thin core assumption. The high-freque
wavy oscillations on the acceleration time traces, which h
small magnitudes, seem to come from the fluctuating ra
and angular accelerations of the vortex centroids in this th

FIG. 5. Time variation of differential radius.G/s0 5 5, J 5 21.2.

FIG. 6. Polar plot of far-field sound-pressure amplitude.G/s055,
J521.2. ———:vt i520; –––:vt i540; —•—: vt i560.
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core case as indicated in Fig. 9. These variations of the ra
and tangential accelerations of the vortex centroid, deno
by r̈ c andr cüc , respectively, are roughly sinusoidal~Fig. 9!.
For thick core vortices, the high-frequency wavy oscillatio
on Ŝ1 and Ŝ2 @Fig. 4~b!# are not expected to come from th
linear coupling of velocity and acceleration. Though t
magnitudes of the high-frequency wavy oscillations on
radial and tangential acceleration time traces are small~Fig.
9!, it will be shown in the next two paragraphs that the
oscillations are related to the sound generation process.

The following discussion on the sound generati
mechanism for thick core vortex pairing starts from usi
Eqs. ~16!. Figures 4~b! and 10 show that the low-frequenc
components in the source strengths ofŜ1 and Ŝ2 can be
approximated byE1 andE2 given by Eqs.~16!, respectively.
The time variations of the differences (Ŝ12E1) and
(Ŝ22E2) are sinusoidal with periodvT512.5 ~Fig. 10!,

FIG. 7. Time variation of angle of minimum far-field sound pressu
G/s055, J521.2.

FIG. 8. Time variations of velocities of initially trailing vortex centroid
G/s055, J521.2. ———: Longitudinal velocityẏc1 ; ––: transverseẏc2 .
1468. K. Tang and N. W. M. Ko: Sound generation by two vortices
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which agrees with that ofŜi @Fig. 4~b!#. However, it is dif-
ferent from that of the radial or tangential acceleratio
shown in Fig. 9, indicating that these wavy oscillations a
not generated by these two accelerations alone. Some
plings with other dynamical parameters are expected.

As discussed before, it is more rewarding to relate
sound generation mechanism to the physical parameters
describe the motion of the vortices. From the periods of
high-frequency wavy oscillations ofŜ1 and Ŝ2 @vTs'12.5,
Figs. 4~b! and 10#, r̈ c and r cüc ~vTa'15, Fig. 9!, and the
time variations ofẏc1 and ẏc2 ~vTv'157, Fig. 8!, which
contain negligible high-frequency components, it is fou
that

1

Ts
'

1

Ta
1

2

Tv
.

This suggests that the wavy oscillations onŜ1 and Ŝ2 are
related to the coupling between the radial/tangential ac
eration and the second order of longitudinal or radial vel

FIG. 9. Time variations of initially trailing vortex centroid acceleration
G/s055, J521.2. ———: Radial accelerationr̈ c ; ––: tangential accel-
eration r cüc ; —•—: longitudinal accelerationÿc1 ; —••—: transverse ac-
celerationÿc2 .

FIG. 10. Time variations of source strengths.G/s055, J521.2. ———:
Ŝ12E1 ; ––: Ŝ22E2 ; —•—: E1 ; —••—: E2 .
1469 J. Acoust. Soc. Am., Vol. 102, No. 3, September 1997 S
s
e
u-

e
hat
e

l-
-

ity. The Coriolis acceleration component 2ṙ cu̇c , which is not
shown here, is not relevant as its frequency is double th
of the acceleration terms. From the sinusoidal characteris
of these acceleration and velocity terms, four types of c
plings can be defined. They are named asCi , wherei 5 1, 2,
3, and 4, as follows:

C15 ẏc1ẏc2r̈ c , C25 ẏc1ẏc2r cüc ,
~19!

C35 1
2~ ẏc1

2 2 ẏc2
2 ! r̈ c , C45 1

2~ ẏc1
2 2 ẏc2

2 !r cüc .

Figures 10 and 11 show that the time variations of (C3

1C2) and (C12C4) follow closely those of (Ŝ12E1) and
(Ŝ22E2), respectively. Therefore, the following relation
ships are suggested:

Ŝ1'E11k1~C31C2! and Ŝ2'E21k2~C12C4!.
~20!

Here,k1 andk2 are dimensional constants with unit m3 but
they are effectively the same~not shown here! and are de-
noted byk in the rest of the discussion. Equations~20! sug-
gest that the pairing sound is related to the nonlinear c
plings between accelerations~both longitudinal, transverse
radial, and tangential! and longitudinal and transverse veloc
ties of vortex centroids. Similar phenomenon is observed
other values of initial spacingG/s0 as long as vortex coa
lescence does not occur. However, Eqs.~20! give better ap-
proximation asG/s0 increases. The value ofk can be esti-
mated using the method of least squares. Figure 12 illustr
the error of sound intensity estimatione that is inherent in
the approximation for the first expression in Eqs.~20!. This
error is defined by the expression

e5E „Ŝ12E12k~C31C2!…2 dtY E ~Ŝ1!2 dt ~21!

and is thus a measure of the accuracy of using Eqs.~20! for
the approximation of source strengths. It is generally l
than 12%. The error associated withŜ2 is very close to that
calculated by the above expression and is not discussed.
error increases with decreasingG/s0 , but the intensity asso
ciated with the high frequency wavy oscillations becom

FIG. 11. Time variations of couplings of velocities and acceleratio
G/s055, J521.2. ———: (C21C3); ––: (C12C4).
1469. K. Tang and N. W. M. Ko: Sound generation by two vortices
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less important for smallG/s0 ~Fig. 12!. Results forG/s0

53 will be discussed in the next section, as coalesce
occurs at this separation. Defining the fractional contribut
of the high-frequency component in the source streng
which reveals the importance of the high-frequency com
nent in the sound generation, as

H5
*k2~C31C2!2 dt

*„E11k~C31C2!…2 dt
, ~22!

it can be observed in Fig. 12 thatH increases withG/s0 and
H→1 asG/s0 becomes large. This shows that the couplin
between the radial and tangential accelerations and the
gitudinal and transverse velocities are important source
sound for largeG/s0 but they become insignificant at sma
G/s0 , implying that they are not the main source of sound
the coalescence case. This will be discussed later.

Figure 13 shows thatk}(G/s0)5. It can also be esti-
mated from Fig. 13 that

k'
10

p S G

s0
D 5

. ~23!

Equation ~23! is included in Fig. 13 and it remains un
changed for other values ofv unless vortex coalescence o
curs.

This section shows that the sound generated by the l
frogging motion of two identical inviscid finite-core-siz
two-dimensional vortices consists of low-frequency a
high-frequency components~Fig. 10!. The former is due to
the longitudinal and transverse accelerating motions of
vortices, while the latter comes from the coupling of t
longitudinal and transverse velocities and the radial and
gential accelerations resulting from the vortex core deform
tion, showing the importance of the accelerations of vor
centroids in the sound generation mechanism~Fig. 11!. Jerk
does not appear to be important in this case and this is
ferent from the case of vortex ring pairing.12

FIG. 12. Error in sound intensity estimation and contribution of hig
frequency components in sound radiation.G/s055, J521.2. s: Error in
sound intensity estimation by Eq.~21!; h: contribution of high-frequency
components in overall sound intensity radiation.
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B. Vortex coalescence case

Figure 14 illustrates the core shapes of the coalesc
vortices forG/s053, J58.36 atvt i530. The shapes of the
two vortex cores are mirror images of each other. T
changes in vortex cross-sectional area and angular mom
tum are again negligible. Serious core deformation is
served and the motion of the vortex centroids is far fro
circular, as shown in Fig. 15. Also shown in Fig. 15 is th
the vortex centroid does not always rotate in anticlockw
direction, resulting in large changes in its angular velocity
the turning point~Fig. 16!. Large changes in its radial an
angular accelerations are also observed at this instant~Fig.
17!. There is a general tendency for decreasing vortex c
troid spatial separation at increased interaction time
shown in Fig. 15, which is also observed in vortex rin
coalescence.12 This decrease in vortex centroid separation
accompanied by an increase in the magnitudes of the lo
tudinal and transverse accelerations~Fig. 17!.

The time variations of the source strengthsŜ1 andŜ2 are

FIG. 13. Variation of proportionity constantk with vortex centroid separa-
tion for leapfrogging vortex motion.s: Numerical data from least-square
method; ———: Eq.~23!.

FIG. 14. Vortex core shapes during coalescence.G/s053, J58.64.
———: Initially trailing vortex; ––: initially leading vortex.3: Vortex
centroids.
1470. K. Tang and N. W. M. Ko: Sound generation by two vortices
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shown in Fig. 18. The rotating quadrupole nature of
sound field and its manner of rotation are similar to those
the previous case and are not discussed again. However
observed that the amplitude of the source strengths decre
at increased interaction time during which an overall d
crease in the spatial separation between the vortex cent
is observed~Fig. 15!, though there is an increase in the ma
nitudes of vortex centroid accelerations~Fig. 17!. The far-
field sound in this coalescence case does not seem to co
two components as in the previous leapfrogging case. A
the magnitude of sound generated does not appear to b
rectly associated with the degree of vortex core deformat

Local minimum of source strength magnitudeAŜ1
21Ŝ2

2 ap-
pears atvt i'30 while the maximum occurs atvt i'9 when
the vortex core is less severely deformed~not shown here!.
This indicates that a higher degree of core deformation d
not necessarily lead to greater sound radiation in the coa
cence case. This is different from the results obtained in
leapfrogging case.

The smooth time variations of the source strengthsŜ1

FIG. 15. Time variations of initially trailing vortex centroid position
G/s0 5 3, J 5 8.64. ———: r c ; —••—: uc ; ––: yc2 ; —•—: yc1 .

FIG. 16. Time variations of vortex centroid velocities.G/s053, J58.64.
———: ẏc1 ; ––: ẏc2 ; —•—: angular velocityu̇c ; —••—: radial velocity
ṙ c .
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andŜ2 shown in Fig. 18 suggests that the vortex coalesce
sound is not much related to the radial accelerationr̈ c and
the tangential accelerationr cüc ~Fig. 17!. Their time varia-
tion frequencies coincide with those of the longitudinal a
transverse velocities~ẏc1 andẏc2! and accelerations~ÿc1 and
ÿc2! ~Figs. 16 and 17!. The sound cannot come from th
nonlinear couplings of these velocities or accelerations
both, as any such kind of couplings would increase the ti
variation frequency. Equation~16! is not applicable as the
vortex centroids are not in circular motion in this case. T
decrease in amplitudes of the source strengthsŜ1 and Ŝ2 at
increased interaction time suggests the importance of sp
separation in the sound generation mechanism as it is
only quantity that relates to vortex motion and shows a d
nite decreasing trend. The longitudinal and transverse vel
ties are not generally believed to be important in the gene
tion of vortex sound, otherwise sound can be generated
steady vortex motion. However, they may affect the amp
tude of the radiated sound. Thus it is expected that soun
generated by the longitudinal and transverse accelera
motions of the vortex centroids.

FIG. 17. Time variations of initially trailing vortex accelerations.G/s053,
J58.64. ———: ÿc1 ; ––: ÿc2 ; —•—: angular accelerationüc ; —••—:
radial accelerationr̈ c .

FIG. 18. Time variations of source strengths and linear couplings of ac
erations. G/s053, J 5 8.64. ———: 2 ( ÿc1 2 ÿc2); ––: 2 ( ÿc1

1 ÿc2); —•—: Ŝ1 ; —••—: Ŝ2 ; •••••: AŜ1
21Ŝ2

2.
1471. K. Tang and N. W. M. Ko: Sound generation by two vortices
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Results shown in Fig. 18 indicate that there exists ph
shifts between the source and the longitudinal and transv
acceleration terms. The linear coupling of these accelerat
is defined asL5 l 1ÿc11 l 2ÿc2 wherel 1 and l 2 are constants
Owing to the phase relationship between the accelera
terms~Fig. 17!, these two constants represent a phase s
Figure 18 illustrates the cases forl 1521, l 251 and 21,
indicating that source termsŜi and L are nearly in phase
This further confirms the importance of the vortex centro
accelerations in the sound generation process. The
variation of r cL differs significantly from those ofŜ1 and
Ŝ2 and thus is not presented. However, the time variat
pattern of vortex centroid radiusr c shown in Fig. 15 tends to
suggest thatr c can be approximated by the sum of a rough
sinusoidal functionr cs and a slowly decreasing functio
r cd . The amplitude ofr cs does not change much with tim
~not shown here! and thus, due to the decreasing nature
the sound amplitude, it is not believed to be important in
sound generation process. It is expected thatr c will become
zero or very small as time approaches infinity andr cd is
assumed to take the form ofR0 exp„2v(t2r /c)/b…. Here,
R0 denotes the initial radial distance of the vortex centr
(5G/2s0). However, the physical meaning ofb is not defi-
nitely known. It may represent a certain kind of time scali
but it is more likely a modification factor of ther c decrease
rate. By least-squares method,b is estimated to be 29.2. Th
time variation ofr cdL shows reasonable agreement with t
source termsŜ1 andŜ2 ~Figs. 18 and 19!. To correct for the
time shift, l 1 and l 2 are estimated to be20.94 and 0.34,
respectively forŜ1 . The corresponding values forŜ2 are
20.34 and20.94, respectively. The error for the fitting
around 20% forv(t2r /c).10. A similar situation is ob-
served for other values of vorticity provided that coalesce
occurs. It is not possible to relate the constantsl 1 and l 2 to
G/s0 as the spatial separation range for the occurrence
coalescence is very narrow. The two vortex cores touch e
other atG/s052.

The results in this section indicate that the sound fr
vortex coalescence is mainly related to the longitudinal a

FIG. 19. Time variations of source terms and proposed approximati
G/s053, J58.64. ———: 21.5r cd(0.94ÿc120.34ÿc2); ––:
21.5r cd(0.34ÿc110.94ÿc2).
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transverse accelerating motions of the vortex centroid
short time after the commence of interaction~Figs. 18 and
19!. Although an exact agreement in amplitude is not o
tained, the fluctuating characteristics of the far-field sou
can be explained by the linear coupling between the vor
centroid longitudinal and transverse accelerations.

III. CONCLUSIONS

The sound generated by the pairing of two invisc
finite-core-size equal two-dimensional vortices are stud
numerically using the contour dynamics method and vor
sound theory. Two types of pairing, namely the leapfrogg
motion and coalescence, are discussed. The sound gene
mechanism for each type of pairing is examined in terms
the motions of the vortex centroids as these motions
more easily studied experimentally than those suggeste
existing literature.

The sound fields resulted from leapfrogging motion a
coalescence are lateral quadrupoles. However, they ro
with a speed different from that of the vortex field. The
directions of rotation follow that of the vortex field for th
majority of time. This is different from the results in existin
literature on thin core vortex pairing sound study, which
dicate that the vortex and the sound fields rotate in the s
direction.

In the leapfrogging case, the vortex centroids move i
circular orbit without serious core deformation. The far-fie
sound is found to consist of two major components—one
low frequency and the other of high frequency. The lo
frequency component is generated by the nonlinear c
plings of the longitudinal and transverse accelerations of
vortex centroids. The high-frequency component is relate
the coupling of the longitudinal and transverse velocit
with the radial and angular accelerations of the vortex c
troids. The larger the initial separation of the vortex ce
troids, the more important this high-frequency compon
becomes. Therefore, the accelerating and decelerating
tions of the vortices play an important role in the generat
of sound in the leapfrogging case.

The sound generated by vortex coalescence does
contain two components of different frequency as in t
leapfrogging case. In general, the spatial separation betw
the vortex centroids decreases gradually with time. Res
suggest that the sound so generated is associated with
longitudinal and transverse accelerations of the vortex c
troids and there being no evidence that radial and ang
accelerations of these centroids are related to the sound
eration process. While linear couplings of vortex centro
longitudinal and transverse accelerations do not give the
act amplitudes of the sound source terms, they show rea
able agreement with the fluctuating characteristics of
sound source strength. The slowly decreasing componen
the spatial separation between vortex centroids is also fo
to be important in controlling the amplitude of the far-fie
sound.

s.
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