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Sound generation by interaction of two inviscid two-dimensional
vortices

S. K. Tang
Department of Building Services Engineering, The Hong Kong Polytechnic University, Hong Kong

N. W. M. Ko®
Department of Mechanical Engineering, The University of Hong Kong, Hong Kong

(Received 8 November 1995; revised 16 April 1997; accepted 28 April)1997

Sound generated by the pairing of two inviscid finite-core-size two-dimensional vortices is studied
numerically using the contour dynamics method and vortex sound theory. Results indicate that the
resulting sound field is a lateral quadrupole type and its axis rotates with nonuniform speed about
the origin of the source region. Results also show that the accelerating and decelerating motions of
the vortices are important in the sound generation. 1997 Acoustical Society of America.
[S0001-496607)03708-9

PACS numbers: 43.28.Ra, 43.28.Py, 43.50.Ni@S]

INTRODUCTION sound generation mechanism involved. In addition, vortices
with infinitesimal core sizes are rare in reality. A thick core

The theories of Lighthifl and Curlé show that sound 11| appears to be more appropriate for the study and un-
can be generated by unsteady turbulent flow. In the |°V‘6erstanding of the mechanism.

Mach number case, the results (?f_Po_‘%’?J'hd Howé show In the present study, the sound field generated by the
that the. unsteady motion of vorticity is important in sound pairing of two equal inviscid thick core two-dimensional

generation. Studies of vortex sound are, therefore, importanfyices s investigated using the method of contour dynam-
in understanding the sound generation of flow noise probi.g gpecial attention is given to the mechanism of the sound

lems. Typical examples of such problems are jet n?’ise'generation. For simplicity, the effect of compressibility is
boundary layer nois®, and noise generated from neglected.

helicopters. Scaling laws for turbulent flow sound intensity
have been proposed and some comparisons with experimeh-THEORETICAL AND COMPUTATIONAL

tal results have also been doffer instance, Lusf). How-  CONSIDERATIONS

ever, studies, which explicitly relate the sound generation  This section gives brief discussions on the contour dy-
mechanism to vortex motion, are very limited, though a denamics method and vortex sound theory. The two-
tailed discussion on aerodynamic noise generation is givefiimensional pairing noise generation mechanism is also dis-
by Crighton? cussed using existing theories.

It is now well known that sound is generated when two
vortices interact. In an axisymmetric low Mach number jet,
noise is generated by the pairing of vortex rifddohring'® The shapes of the vortex cores during pairing can be
analytically worked out the sound field generated by the pairobtained using the method of contour dynantithis is
ing of two thin core closely spaced vortex rings, while Shar-done by first observing the streamfunctigrin two dimen-
iff et al' computed the sound radiated from inviscid thick sions at a poiny, in the flow field due to a vortex:
core vortex ring pairing using the method of contour dynam- 1
ics. Tang and l_(bz showed fur'_[h_er that th_e axial jerk and W(yo)=— o f f o Inlyp—y|dy; dy,, (1)
radial acceleration of the vorticity centroids of the vortex ™

rings play an important role in the pairing noise generationyherey, andy, denote the longitudinal and transverse co-
In-a low Mach number two-dimensional mixing layer ordinates, respectivelyFig. 1). This integration is done

and rectangular jet of large-aspect ratio, sound is expected ttross the cross section of the vortex. s= V X Y34,

come from the pairing of two-dimensional vortices. As thewherey, represents the spanwise coordinate and the caret

near-field source is not compact in this case, the far-fielddenotes unit vector, use of Stoke’s theorem gives the contour
noise is often calculated numerically. For simplicity, thejntegral

two-dimensional vortices are usually modeled as line vorti-
ces during analysis. Recently, Lee and Kbased this tech- U(yo) = — i f o Inlyo—yl2 dy )
nigue to compute the sound field pattern generated by two 0 4 0

spinning rectilinear vortices in the context of incompressible, 4 the singularity in Eq2) can be removed by an integra-

PR H 14 H
and inviscid flow. Mitchellet al: extended this study 10 iqn by parts as in Dritschéf Details of the derivation of the
compressible flow. However, they have not addressed thg aihod can be found in Zabusley al2® and Dritschel® In

the present investigation, the node point insertion and relax-
dCorresponding author. Electronic mail: NWMKO@hkucc.hku.hk ation scheme of Pozrikidis and Higddris used to ensure a

A. Method of contour dynamics
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Observer Point ¥ it is neglected in the present study. Without loss of general-
Two Dimensional Vortices ity, the vorticity is assumed to be positianticlockwise
Anticlockwise Circulation T = w4 th rOUghOUt thlS StUdy

B. Vortex sound

The sound field from turbulent flow can be obtained by
solving the following inhomogeneous wave equation:
1 9°p

QW—VZDIQ- (4)

Origin

M

wherep, ¢, andt are the far-field pressure, ambient speed of
sound, and observer time, respectively. Herés the source
term, which in the low Mach number case, can be written as
poV - (wXu), wherew, py, andu are vorticity, ambient fluid
density, and the velocity of the vorticity propagation,
FIG. 1. Schematic diagram of two-dimensional vortices. respectively>* For convenience, boldfaced symbols denote
vector quantities in the rest of the paper. Following the
method of MdringX° one obtains for a point source of vol-
HmedV

smooth contour during the computation. All the contour in-
tegrals involved are computed using the four-point Gaussia

quadrature procedure and the core shapes are obtained by the po 3 (X-Y)y-(wXX)
fourth-order Runge—Kutta method as in Tang and%and dp(x,t)= 152 =3 Xyl vV, 5

Dritschel® The time step is so chosen that no visible differ- _ . _ _ _

ence of results can be found upon its further reduction. Thavhere the expression being differentiated is to be evaluated

definition of vortex centroiti is adopted as at retarded timé—|x—yl|/c. Here,x andy denote, respec-
tively, far- and source-field distancésig. 1) andx is an unit

vector in the directiorx and is nondimensional. For compact
. . JoydA o : X
Ye=VYerV1t+ YerVo=—"—r, (3)  vortex cores, the contribution to the far-field noise from an
Jo dA infinitesimal lengthdy; aty along a two-dimensional vortex
of cross section areA is
wherey, is the position vector of the vortex centroid having
the coordinatesy(;;,Y¢2) (see Fig. 2 The velocity, accel-
eration, and jerk of the vortex in the rest of the paper simply
refer to the first, second, and third time derivativesygf 2 2
respectively. For simplicity, the two vortices are placed sym- +sin(20)f Y2~ %1 » dA) } (6)
metrically about the origin at the beginning of the computa- 2
tion. Uniform vorticity within vortex cores is assumed so asyhere ¢ is the observer angléFig. 1). The total far-field

to fulfill the requirement ofdw/dt=0. Under this circum-  pressurep(x,t) generated by the vortices can be obtained by
stance, the vortex centroid, as defined by 8), coincides integrating Eq(6) alongys:

with the center of mass of the incompressible vortex.

po dys &°
dp(x.0) =52 73

1
X—y] (cos(ze)f wy1Y, dA

3
The effect of viscosity on the far-field pressure is not __Po f 1 f?_( f
important in the spinning vortex case of Mitchetial'* and P = Tore? Ix—y| at3 C0326) | wy1yz dA
2 2
: Y2~y
v, +sm(26)f 22 L w dA)dyg. 7
Dirwifﬁ;ﬁ?ﬁ?ﬁéﬁ?iiﬂ%ﬁ?ﬁ%:G/z> Equation(7) suggests the sound field is a lateral quadrupole.
{or leap-frogging vortex motion The constant outside the integral in E@) has no bearing on
Oere) the sound generation process and is thus ignored in the fore-
Origin (P2 going discussions. For easy referengg, S,, D;, andD,
o, are used in the rest of the paper to denote the following
y, integrals:
P,y 1
Si= | oyy2 A, S=3 | w(y3-yHdA
| —Vortex Core Boundaries 1 1y2 ’ 2 2 1 ! (8)
S S,
S VI g T
) xR T ey

S, and S, can be computed using contour integrals and
FIG. 2. Forces on core fluids: Vortex centroid. Stoke’s theorem. The triple overdot denotes triple time de-

1464 J. Acoust. Soc. Am., Vol. 102, No. 3, September 1997 S. K. Tang and N. W. M. Ko: Sound generation by two vortices 1464

G€:01:€0 G20z Ateniged /g



rivative. D, andD,, which are referred as the far-field quad- individual vortices are vector quantities in two-dimensional
rupole strengths in the rest of the paper, are calculated usirgpace. The forc& acting on each vortex equals the rate of
the procedure of Ffowcs Williams and HawkinsThey  change of impulse of the vortex and thus

observed that these integrals can be transformed into time di

|r_1tegrals_ by replacings by a vanaplet’ and because of the F= Tl —Pog’lf Vow dA+ Pog/zf Viw dA,
singularityat’ =t — r/c, one obtains

11

Si where the overdot represents differentiation with respect to
f time. The forces acting on a small mass of fluid within the
vortex cores are illustrated in Fig. 2. Equatid@8) and(11)
e ZCS(yt ) show that the total force acting on the core fluids can be
= estimated by finding the velocity of the vortex centroids

t—|x—yl/c)

T x—y] 9B

- - /Z(t t)2

when o is constant. Also, the conservation of angular mo-

mentumJ requires that

c(t—t %
wherer? = (xi - yﬁl) + (x5 — y%,) andi = 1,2. It should be
noted thatS;, are independent of;. Equation(9) can be
solved numerically by further substitutireft — t') — r by
B? with the assumption that there is no soundxafor t
< r/c. Therefore, the sound field can be solved provided th
the time variations of the termS can be obtainedD; are
also the strengths of the two-dimensional far-field quadru-  dK
poles as shown in Eq(7), while S; denotes the source dt
strengthd Eq. (8)].

(13) that

A
at3

C. Sound generation mechanism

Though Eq.(9) suggests that the quadrupole strength
depends orD; and D,, the sound generation mechanism

=0=po dtJ(ylyz y2y1)© dA=0.

d
— | w(yi+y35)dA=0.

~dt (12

Besides, the sound energy radiated is negligible compared to
the flow energy, especially in the low Mach number chse.
The total kinetic energy per unit length of the two-

aglmensmnal flonK remains fairly constant and thus, follow-
ing the work of Lami?®

(13

Recalling Eq.(6), one obtains together with Eq6l2) and

193

=23 | @Yz dA

involved is more related t8, andS,. The appearance of the 52 . ]

former two integrals are only due to the noncompactness of =2 f w(Y1y2+Yoy1)dA

the source region and thus have nothing to do with the vortex

motions, not to say the sound generation mechanism. The 92 ) ) .
sound generation mechanism is therefore discussed with Eq. =2 f ®(2y1Y2+Ya2y1~Y1Y2)dA

(6).

Under the assumptions of constant vorticity and incom- _ 3_2 f > U dA 14
pressible vortex, Eq6) shows that the sound radiated to the -~ ot? @Y1¥e (143
far field at an observer angiequals the third time deriva- nd
tive of the cross product of inertia in the angle
(180° — 6),*° showing that the deformation of the vortex #BS, # [ olys—yd
core is important in the sound generation process. However, 53 ~— 43 J TdA
it is more realistic to describe the sound generation mecha-
nism in terms of some easily quantified parameters, such as 7 w(y§+yf—2yf)
force and acceleration of the vortex centrbficgs they are T fdp‘
easier to verify experimentally than the core shapes. The 5
fpllowing paragraphs sh_ow ho can pe related to 'the mo- _ ‘9_2 20y4y, dA. (14b)
tion of the vortex centroids and describe the physical mean- ot
ings of the terms involved. L _ Similarly, one can also show that

Allowing for nonuniform vorticity distribution within
the vortex core, the impulse of an individual vortex with 7S & g
finite core size is given by the expression ot a2 f 2wY2y1 dA

~ n 14

IZPOJ' YyXw dA:_Pohf Y0 dA and 5 (149

7S, 9° .
W: W f 2wy2y2 dA.

+P092J yiw dA. (10)

It is observed from Eqs(10) and (14) that 9%S,/4dt® repre-

As the vortices are mirror images of each other, the totakents the total anticlockwise couple about the origin acting
impulse of the interacting vortices vanishes but those of then the vortex core fluidéFig. 2). It is therefore related to the
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rotation of the vortex core fluids about the origin. However, S ~Eq+ K (YerVeol ) +3(y4 = V) o)
one should bear in mind that the total couple acting on the '__1 v elerete n 2el Tez __C 17)
core fluids vanishes because the anticlockwise and clockwise  S,~E,+ Ko(Yc1Veaf e — 2V — Y20)r c0c),

couple balance each other in the present case. when the vortices do not coalesce. Heke,are constants

The meaning 0f3°S, /dt* is far less trivial. It is the depending on the separation of the vortex centroids rand
magnitude of the product of a force and a distance in onée P 9 P 3

direction; either in they, ory, direction. As the vortex cen- and 6. are, respectively, the radial and angular positions of

troids are rotating anticlockwise about the origin & 0). vortex centroid. Therefore, though Eq§6) are obtained due

; to the circular motion characteristics of thin core vortices,
Eq. (11) shows that the total force acting on one vortex core . ; - .
E, and E, are also important in thick core vortex pairing

is always pointing towards the two axéEig. 2). Here, . . .
3 3 ; “ noise generation as far as the vortices do not coalesce. As
d°S,/dt° seems to represent somewhat like the “work . . :

will further be shown later, numerical data in the case of

done” in one direction against the displacement of the Vortexcoalescence favor the following relationships:
core fluids from the axis in that direction. Thus sound is '
generated by the force acting on individual vortex. However,  S;~exp(— w(t—r/c)/b)(11Yc1+11Y¢2),

in this two dimensional case, E(L4) cannot be further de- . . (18)
composed to relate the sound generation mechanism with the S2~eXp(— w(t—r/c)/b)(I1yc1+122Yc2),

acceleration and jerk of the vortex centroids as explicitly asyhere b and l;; are constants. Thus the sound generation

in the axisymmetric vortex ring case of Tang and Rain- mechanism in the pairing of two-dimensional thick core vor-

less the cores are very thin. _ _ tices involves the accelerating or decelerating motions of the
In the thin core case, the vortices undergo circular movyortex core fluids. The numerical results and the derivation

tion with angular speed = wA/4mR? whereR is the  of Egs.(17) and(18) are given in the next section.
radius of the circular orbit, which equals to half the separa-

tion between vortex centroids.® Thus one can observe that
Il. NUMERICAL RESULTS

yaa=Rcogdt) and y.,=R sin(dt). (15 The computations were done on the IBM 9076 Scalable
POWERparallel system of The University of Hong Kong.
Two types of interactions are considered in this study. The
Hrst one is the leapfrogging motion and the other the vortex
coalescenc® In the former type of interaction, the vortex
centroids undergo circular motion. Deformation of the vortex

For core of infinitesimal size, its deformation is negligible
and it can be assumed that the vortex cores remain circul
throughout the interaction, E¢L4) can then be simplified to

ﬁ — _16AR? (R1.32)2 cog 21'90 cores occurs at the same time but the degree of deformation
a3 Po is not severe. The latter type of interaction involves severe
B 5 oo e o core deformation together with the formation of strips of
=16AR o[ (Ye2) ™~ (Ye)1=E1, (16) vorticity around the interacting vortices. These evolutions of
the vortex cores are well knowh?! and it will not be dis-
S, cussed in detail in the present paper. In the following sec-

- _ 2 9212 qir D
gt 16AR"po(M 9%)" sin(291) tions, both the sound field and sound generation mechanism
o are addressed. In order to differentiate observer time and
= —32AR%poYc1Ycr=Eo, interaction timet; represents vortex interaction time which
. . can also be considered as the sound generation time. Nu-
whereE; represent the source strengths associated with non-__ . . 7 :
: . S . merically,t; equals the retarded time, thatjs= t — r/c. Itis
linear coupling of longitudinal and transverse accelerations., : . . .

. ! .~ “introduced to differentiate the time scale of vortex interac-
Equationg16) also show the importance of the accelerations

- i L : tion and of far-field noise radiation. Also, all quantities, un-
Ye1 andy., in the sound generation in the thin core case. Th . ) . . .

. . . . ess otherwise stated, are nondimensionalized in the rest of
constant ambient densify, will be neglected in the rest of

the discussion. It should be noted in this nondeformable thirtlhe paper. Lengths, such gg, andR, are normalized by

vortex core case that the acceleratigng andy., are pro- 7o, Whereoy is the mrﬂ?l core rad|us{F_|g. 1), and tmes,
) - __such ast; andt, by o . Other quantities presented are
portional to the angular speatland the angular acceleration

i , normalized by combinations af, and w. All velocities and
¥ vanishes. When the vortex cores are deformajleand  ;ccelerations, except the angular velocity and acceleration,

Y2 Will no longer be proportional t@ and ¥ is time depen-  \yhich are normalized by andw?, respectively, are normal-

dent. o _ _ . ized by oo and oow?, respectively. The terms;, S,,
The situation in the thick core case is complicated be-_El, andE, are normalized byrgw“, and the quadrupole

cause the vortex core sha_pes are noncircular and Chahge Wgﬂengthle andD, by o3w?.

time. The angular velocity) andR, therefore, are functions ]

of time so that Eqs(16) alone are unable to give the sound A. Leapfrogging case

field. However R and) for the two vortices are the same as Figure 3 shows the shapes of the initially trailing vortex

far as their circulations are equal. When the vortex cores areore for an initial spacing oB/o, = 5 and angular momen-

thick, S, cannot be expressed analytically as in Ed$). It tumJ = 21.2 attimewt; = 20, 40, and 60. Leapfrogging mo-

will be shown numerically in the next section that tion without severe core formation is observed. The maxi-
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/G,
N
T
A
X
1

y/lo,

FIG. 3. Variation of initially trailing vortex core shape during interaction.
Glog = 5,3 = 21.2. = 20; ———ot; = 40; ——: ot;
= 60. X: Vortex centroid.

thusD, andD,, represent the magnitudes of two indepen-
dent quadrupoles as shown in E{), direct summation of
these quantities has no physical meaning. The magnitude of
the resultant quadrupolgD?+ D2 also fluctuates with time
[Fig. 4@]. This shows that the vortex system does not radi-
ate constant sound power. Such radiation depends on the
states of the vortices as discussed in the next paragraph. It
can be noted that the means®f shown in Fig. 4a) do not
vanish, while that for a far field of any source should be zero.
The means are about 9% of the corresponding peak values. It
is probably due to the time frame shown in Figajwhich
does not cover a full period of the low-frequency component
in the computed far-field sound.

As S; and S, are more related to the generation of
sound, their time variations give information on the sound
generation process. The corresponding time variatiorss, of

mum variations of the cross-sectional area and angulasindS, are shown in Fig. é). Similar to Fig. 4a), the means
momentum of individual vortices are less than 0.1% and thU@f Sl appear to be nonzero, probab|y for the same reason as
it can be assumed that the angular momentum and circulatiogtated before. The mean values in Figp)damount to 5% of

are conserved. The corresponding time variation® pfand

the corresponding peak values. It can be observed that these

D, are shown in Fig. @). Wavy oscillations appear on these time fluctuations contain low- and high-frequency compo-

time variations but the differences betwebn andD, are
not only in magnitude but also in phase. S§ and82 and

0.04

0.03

0.02

0.01

Far Field Sound Pressure Fluctuations D,

0.020

0.015

0.010

0.005 |

-0.005

-0.010

-0.015

-0.020 1 L 1 1
0 20 40 60 80 100

(b) Retarded Time w(z - r/c)

FIG. 4. (a) Time variations of far-field pressure fluctuations during leapfrog-

ging vortex motion.

D,; ——:Dy; ----- : yDZ+D2. (b) Time varia-

nents. The high-frequency wavy oscillations on these time
traces have higher magnitudes relative to those of the corre-
sponding low-frequency components than thoseDgnand
D,. This is probably due to the phase difference of the
sound waves radiated to the far-field positiofrom differ-
ent elements along the lengths of the vortices, which tends to
smooth out large fluctuations. Both the magnitudeS,oénd
S, vary with w3, while those ofD; andD, with »3° (not
presented heje The latter is consistent with the existing
two-dimensional vortex sound theoﬁlsl and Sz will be
further discussed as they are more related to the mechanism
of sound generation. The constant phase shift betw&en
and S,, and thus betweel,; and D,, suggests a lateral
quadrupole sound field. In addition, the dotted line in Fig.
4(b) illustrates that the amplitude of sound generated by the
interaction attains local minima atw(t—r/c)=wt;
=15.2,30.4,45.6.., while local maxima are observed at
=7.7,22.8,37.7... . At these instants, the vortex system
is in the most or least efficient state of sound generation.
Defining the differential radiud o as the difference between
maximum and minimum distances of the elements on the
core boundary from the vortex centroid:

Ao=[max|y—yc|)—min(ly—yc|)1/ oo,

wherey is on the boundary of the vortex core, so thas
=0 corresponds to a circular core, Fig. 5 shows that the

minimum /S?+ S5 appears at the instant of small differen-
tial radius, suggesting that the vortex system radiates less
sound energy when the core shape is close to circular. The
degree of deviation of the core from circular shape governs
the amplitude of sound generation. However, such deviation
cannot be easily quantified.

Figure 6 gives the polar plots of normalized far-field
sound-pressure amplitud@s| obtained from Eq(7) at wt;
=20, 40, and 60. The sound fields are lateral quadrupoles.
The axes of the quadrupole rotate with nonuniform angular
speed about the origin. The major direction of rotation of the

1467 J. Acoust. Soc. Am., Vol. 102, No. 3, September 1997 S. K. Tang and N. W. M. Ko: Sound generation by two vortices 1467
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Angle of Minimum Sound Pressure / ©t
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Interaction Time o1,

. - . o 1 : . . '
FIG. 5. Time variation of differential radiu&/oy = 5,3 = 21.2. 0 20 40 60 80 100

. . . . Interaction Time o,
guadrupole is anticlockwise and is the same as that of the

vortex field. However, there are instants that the quadrupol€iG. 7. Time variation of angle of minimum far-field sound pressure.
is rotating clockwiseFig. 7). This is different from the thin G/o=5,J=21.2.
core vortex pairing results of Powéll_ee and Kod:® and

. 14 .
Mitchell et al.™ which show that the quadrupole always ro- core case as indicated in Fig. 9. These variations of the radial
tates in the direction of the vortex field. The frequency of theang tangential accelerations of the vortex centroid, denoted
wavy oscillation inS; andS, [Fig. 4(b)] is not the same as by . andr 6., respectively, are roughly sinusoiddig. 9).

that in Fig. 7. This will be discussed later. For thick core vortices, the high-frequency wavy oscillations

Though the vortex centroids undergo the type of circularOn él and§2 [Fig. 4(b)] are not expected to come from the
motion described by Eqg15) with a mean anticlockwise

) A ; T linear coupling of velocity and acceleration. Though the
angular velocity 9=wA/47R" and their longitudinal and pagnitudes of the high-frequency wavy oscillations on the
transverse velocities vary nearly sinusoidally with titfég.  adjal and tangential acceleration time traces are stRigl

8), the corresponding accelerations are (#ag. 9. Thismay g it will be shown in the next two paragraphs that these
be due to the nutation or rotation of the deformed vortex core sqijiations are related to the sound generation process.

as in the vortex ring pairing casé:” However, the low- The following discussion on the sound generation
frequency time variations of these time traces coincide Withyachanism for thick core vortex pairing starts from using
those calculated using Eqgdl.6) which is developed using a Egs. (16). Figures 4b) and 10 show that the low-frequency
nondeformable thin core assumption. The high'frequen%omponents in the source strengthségf and Sz can be

wavy oscillations on the acceleration time traces, which hav%pproximated b, andE, given by Eqs(16), respectively

small magnitudes, seem to come from the fluctuating radial, . variatilons 0? the differencess “E) and

and angular accelerations of the vortex centroids in this thiclz . . . . nl
S,—E,) are sinusoidal with periodoT=12.5 (Fig. 10,

|l

0.12 T T T T
RN
0.08 | 5
N
= o0s b / .
z /
s /
180° 3 /
g /
< -0.04 - / -
2
= /
-0.08 |- yd A
|
-0.12 . 1 L L
0 20 40 60 80 100
270° Interaction Time o,
FIG. 6. Polar plot of far-field sound-pressure amplitudg/oy=5, FIG. 8. Time variations of velocities of initially trailing vortex centroid.
J=21.2. (ot =20; ———:wt;=40; — —: wt;=60. Gloy=5,J=21.2. : Longitudinal velocityy.;; ——: transverseg.,.
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FIG. 9. Time variations of initially trailing vortex centroid accelerations. FIG. 11. Time variations of couplings of velocities and accelerations.
Gloo=5, J=21.2. : Radial acceleration,; ——: tangential accel- G/op=5,J=21.2. 1€+ Cy); ——1 (C1—Cy).

erationr .6, ; —-—: longitudinal acceleratioly,,; —--—: transverse ac-
celerationy,, .

ity. The Coriolis acceleration componemcﬁc, which is not

which agrees with that o§i [Fig. 4b)]. However, it is dif- shown here, is _not relevant as its fre_quen_cy is double t_ho_se
: . . _of the acceleration terms. From the sinusoidal characteristics

ferent from that of the radial or tangential accelerations

shown in Fig. 9, indicating that these wavy oscillations aremc these acceleration and velocity terms, four types of cou-
g 9 9 y lings can be defined. They are namedaswherei = 1, 2,

not generated by these two accelerations alone. Some co@— )
X i . , and 4, as follows:
plings with other dynamical parameters are expected. )
As discussed before, it is more rewarding to relate the C,=y,yole, Co=VYc1Yeol cbe,
sound generation mechanism to the physical parameters that (19

describe the motion of the vortices. From the periods of the ~ Ca= Y2 —V2)ie, Ca=3Va—V2%)rcbe.
high-frequency wavy oscillations &, andS, [@T¢~12.5,  Figures 10 and 11 show that the time variations 6% (
Figs. 4b) and 10, r. andr.6. (wT,~15, Fig. 9, and the  1c,) and (C,—C,) follow closely those of §;— E;) and
time variations ofyc; andyc, (wT,~157, Fig. §, which (g _F ) respectively. Therefore, the following relation-
contain negligible high-frequency components, it is fo”ndships are suggested:
that

1 1 2 S]_%El‘k kl(C3+ Cz) and 52%E2+ kz(cl_C4).

e~ = (20

Ts Ta T,°

Here,k; andk, are dimensional constants with unif iaut
This suggests that the wavy oscillations 8pand S, are  they are effectively the sam@ot shown hereand are de-
related to the coupling between the radial/tangential accelroted byk in the rest of the discussion. Equatiof@®) sug-
eration and the second order of longitudinal or radial velocgest that the pairing sound is related to the nonlinear cou-
plings between acceleratioriboth longitudinal, transverse,

0.020 : : . . radial, and tangentighnd longitudinal and transverse veloci-
ties of vortex centroids. Similar phenomenon is observed for
0.015 |- 7 other values of initial spacin®/oy as long as vortex coa-
o o010k lescence does not occur. However, E@Q) give better ap-
% proximation asG/o increases. The value &f can be esti-
2 0.005 mated using the method of least squares. Figure 12 illustrates
E the error of sound intensity estimatienthat is inherent in
‘g 0 the approximation for the first expression in E¢&0). This
§ -0.005 b error is defined by the expression
@ -o0t0 e:f (§,— E;—K(C3+C,))2 dt/ f (§)2dt (21
oot and is thus a measure of the accuracy of using E23.for

-0.020 L ' ' L the approximation of source strengths. It is generally less
0 20 40 60 80 100 . —
, than 12%. The error associated wiBh is very close to that
Retarded Time (- r/c) . . .
calculated by the above expression and is not discussed. The
FIG. 10. Time variations of source strengti@&/o,=5, J=21.2. error increases with decreasitgo, but the intensity asso-
S,—E;; ——:S,—E,; —— E;; — — E,. ciated with the high frequency wavy oscillations becomes
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h- FIG. 13. Variation of proportionity constaktwith vortex centroid separa-
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FIG. 12. Error in sound intensity estimation and contribution of hig
frequency components in sound radiati®Y.cy=5, J=21.2. O: Error in
sound intensity estimation by E@1); [I: contribution of high-frequency
components in overall sound intensity radiation.

B. Vortex coalescence case

less important for smalG/o (Fig. 12. Results forG/og Figure 14 illustrates the core shapes of the coalescing
=3 will be discussed in the next section, as coalescencgortices forG/oy=3, J=8.36 atwt;=30. The shapes of the
occurs at this separation. Defining the fractional contributionwo vortex cores are mirror images of each other. The
of the high-frequency component in the source strengthghanges in vortex cross-sectional area and angular momen-
which reveals the importance of the high-frequency compotum are again negligible. Serious core deformation is ob-
nent in the sound generation, as served and the motion of the vortex centroids is far from
[K¥(C4+C,)2 dt circular, as showp in Fig. 15. Also shown in. Fig. ;5 is th.at
7, (220  the vortex centroid does not always rotate in anticlockwise
J(E1Fk(Cs+Cp))" dt direction, resulting in large changes in its angular velocity at
it can be observed in Fig. 12 thitincreases witls/o, and  the turning point(Fig. 16. Large changes in its radial and
H—1 asG/o, becomes large. This shows that the couplingsangular accelerations are also observed at this in$Eigt
between the radial and tangential accelerations and the lod-7). There is a general tendency for decreasing vortex cen-
gitudinal and transverse velocities are important sources dfoid spatial separation at increased interaction time as
sound for largeG/ o but they become insignificant at small shown in Fig. 15, which is also observed in vortex ring
Gl oy, implying that they are not the main source of sound incoalescencé& This decrease in vortex centroid separation is

the coalescence case. This will be discussed later. accompanied by an increase in the magnitudes of the longi-
Figure 13 shows thaktx=(G/ap)®. It can also be esti- tudinal and transverse acceleratigfég. 17).
mated from Fig. 13 that The time variations of the source streng8sandS, are
10 ( G )5
k~—|—] . (23) 3 T T T T T T T T
m \Og
Equation (23) is included in Fig. 13 and it remains un- 2t - -
changed for other values ef unless vortex coalescence oc- 7 TA
curs. LN RN / 7
This section shows that the sound generated by the leaj . DN \(

frogging motion of two identical inviscid finite-core-size
two-dimensional vortices consists of low-frequency and §
high-frequency component&ig. 10. The former is due to AN
the longitudinal and transverse accelerating motions of the
vortices, while the latter comes from the coupling of the
longitudinal and transverse velocities and the radial and tan 3 ! : " | ! ! ! !
gential accelerations resulting from the vortex core deforma ) ; ; -
tion, showing the importance of the accelerations of vortex
centroids in the sound generatlon'meghaniﬁng. 13). J.erl.( .fIG. 14. Vortex core shapes during coalescenGéo,=3, J=8.64.
does not appear to be important in this case and this is dif- . Initially trailing vortex; ——: initially leading vortex.x: Vortex
ferent from the case of vortex ring pairing. centroids.

Y0,
V7
7 -

»o,
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FIG. 15. Time variations of initially trailing vortex centroid positions.

Gloy = 3,J = 8.64. FIG. 17. Time variations of initially trailing vortex acceleration@&.o(=3,

J=8.64. Ye1; ——: Yeo; —+—: angular acceleratiod,; —--—:
radial acceleratiofi .

shown in Fig. 18. The rotating quadrupole nature of the
sound field and its manner of rotation are similar to those irandé2 shown in Fig. 18 suggests that the vortex coalescence
the previous case and are not discussed again. However, itédund is not much related to the radial accelerafipmnd
observed that the amplitude of the source strengths decreasgg tangential acceleratimbc (Fig. 17). Their time varia-
at increased interaction time during which an overall de+jon frequencies coincide with those of the longitudinal and
crease in the spatial separation between the vortex centroiggnsyerse velocitie§/.; andy.,) and acceleration§/.; and
is observedFig. 19, though there is an increase in the mag-y ) (Figs. 16 and 17 The sound cannot come from the
nitudes of vortex centroid acceleratioffig. 17). The far-  nonlinear couplings of these velocities or accelerations or
field sound in this coalescence case does not seem to contadgth, as any such kind of couplings would increase the time
two components as in the previous leapfrogging case. Alsqariation frequency. Equatiofl6) is not applicable as the
the magnitude of sound generated does not appear to be Qiprtex centroids are not in circular motion in this case. The
rectly associated with the degree of vortex core deiformationdecrease in amplitudes of the source strenéﬁandéz at
Local minimum of source strength magnitud:g?rsg ap- increased interaction time suggests the importance of spatial
pears awt;~30 while the maximum occurs ait;~9 when  separation in the sound generation mechanism as it is the
the vortex core is less severely deform@dt shown here  only quantity that relates to vortex motion and shows a defi-
This indicates that a higher degree of core deformation doesite decreasing trend. The longitudinal and transverse veloci-
not necessarily lead to greater sound radiation in the coaleges are not generally believed to be important in the genera-
cence case. This is different from the results obtained in théion of vortex sound, otherwise sound can be generated by
leapfrogging case. _ steady vortex motion. However, they may affect the ampli-
The smooth time variations of the source strend®)s tude of the radiated sound. Thus it is expected that sound is
generated by the longitudinal and transverse accelerating
motions of the vortex centroids.
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0.08 . . . transverse accelerating motions of the vortex centroids a
short time after the commence of interacti@figs. 18 and
19). Although an exact agreement in amplitude is not ob-
4 tained, the fluctuating characteristics of the far-field sound
can be explained by the linear coupling between the vortex
centroid longitudinal and transverse accelerations.

0.06

0.04

T

0.02

-0.02

Pressure Fluctuations

-0.04 IlI. CONCLUSIONS

-0.06 -

\/ The sound generated by the pairing of two inviscid
; finite-core-size equal two-dimensional vortices are studied
numerically using the contour dynamics method and vortex
sound theory. Two types of pairing, namely the leapfrogging
FIG. 19. Time variations of source terms and proposed approximationsmotion and coalescence, are discussed. The sound generation
Glop=3, J=8.64. —15c4(0.94,-034c);  ——1  mechanism for each type of pairing is examined in terms of
~15co(0-3%c1 +0.94/co). the motions of the vortex centroids as these motions are
more easily studied experimentally than those suggested in
Results shown in Fig. 18 indicate that there exists phasexisting literature.
shifts between the source and the longitudinal and transverse The sound fields resulted from leapfrogging motion and
acceleration terms. The linear coupling of these accelerationsoalescence are lateral quadrupoles. However, they rotate
is defined as =1,y +1,yc, wherel, andl, are constants. with a speed different from that of the vortex field. Their
Owing to the phase relationship between the acceleratiogirections of rotation follow that of the vortex field for the
terms(Fig. 17), these two constants represent a phase shifimajority of time. This is different from the results in existing
Figure 18 illustrates the cases for=—1,1,=1 and -1, |iterature on thin core vortex pairing sound study, which in-
indicating that source termS, and L are nearly in phase. dicate that the vortex and the sound fields rotate in the same
This further confirms the importance of the vortex centroiddirection.
accelerations in the sound generation process. The time In the leapfrogging case, the vortex centroids move in a
variation of rcL differs significantly from those o6, and  circular orbit without serious core deformation. The far-field
S, and thus is not presented. However, the time variatiorsound is found to consist of two major components—one of
pattern of vortex centroid radiug shown in Fig. 15 tends to low frequency and the other of high frequency. The low-
suggest that, can be approximated by the sum of a roughlyfrequency component is generated by the nonlinear cou-
sinusoidal functionr,s and a slowly decreasing function plings of the longitudinal and transverse accelerations of the
r.q- The amplitude of . does not change much with time vortex centroids. The high-frequency component is related to
(not shown hereand thus, due to the decreasing nature ofthe coupling of the longitudinal and transverse velocities
the sound amplitude, it is not believed to be important in thewith the radial and angular accelerations of the vortex cen-
sound generation process. It is expected thatill become  troids. The larger the initial separation of the vortex cen-
zero or very small as time approaches infinity ang is  troids, the more important this high-frequency component
assumed to take the form &, exp(— w(t—r/c)/b). Here, becomes. Therefore, the accelerating and decelerating mo-
R, denotes the initial radial distance of the vortex centroidtions of the vortices play an important role in the generation
(=G/20y). However, the physical meaning bfis not defi-  of sound in the leapfrogging case.
nitely known. It may represent a certain kind of time scaling  The sound generated by vortex coalescence does not
but it is more likely a modification factor of the, decrease contain two components of different frequency as in the
rate. By least-squares methdmis estimated to be 29.2. The leapfrogging case. In general, the spatial separation between
time variation ofr .sL shows reasonable agreement with thethe vortex centroids decreases gradually with time. Results
source terms; andS, (Figs. 18 and 1P To correct for the suggest that the sound so generated is associated with the
time shift, |, and |, are estimated to be-0.94 and 0.34, longitudinal and transverse accelerations of the vortex cen-
respectively forS,. The corresponding values f@, are troids and there being no evidence that radial and angular
—0.34 and—0.94, respectively. The error for the fitting is accelerations of these centroids are related to the sound gen-
around 20% forw(t—r/c)>10. A similar situation is ob- eration process. While linear couplings of vortex centroid
served for other values of vorticity provided that coalescencdongitudinal and transverse accelerations do not give the ex-
occurs. It is not possible to relate the constdatandl, to  act amplitudes of the sound source terms, they show reason-
Gloy as the spatial separation range for the occurrence aible agreement with the fluctuating characteristics of the
coalescence is very narrow. The two vortex cores touch eactound source strength. The slowly decreasing component of
other atG/oy=2. the spatial separation between vortex centroids is also found
The results in this section indicate that the sound fromto be important in controlling the amplitude of the far-field
vortex coalescence is mainly related to the longitudinal andsound.

-0.08
0 10 20 30 40

Retarded Time o(r - r/c)
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