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Global damping of noise or vibration fields with locally
synthesized controllers

Jing Yuana)

Department of Mechanical Engineering, The Hong Kong Polytechnic University, Hunghom,
Kowloon, Hong Kong

~Received 14 May 2001; revised 21 November 2001; accepted 7 January 2002!

A locally synthesized controller~LSC! is one that uses a local feedback signal in a noise or vibration
field ~VF! to synthesize the actuation signal. The global damping of a VF by available LSCs requires
sensor–actuator collocation. This study presents a LSC for the global damping of a VF without
requiring sensor–actuator collocation, which is important to noise control applications where a
sensor may be placed away from an actuator to avoid the near field effects. It is proven that the LSC
damps the entire VF instead of just a local feedback loop. This is different from other LSCs that may
control local feedback loops without damping the VFs. A decentralized control law is presented here
to extend the LSC to a decentralized damping system using multiple actuators. ©2002 Acoustical
Society of America.@DOI: 10.1121/1.1456516#

PACS numbers: 43.40.Vn, 43.50.Ki@JGM#
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I. INTRODUCTION

This study investigates active control of noise and vib
tion in the low frequency ranges. Both the noise and vib
tion fields will share the abbreviation ‘‘VF,’’ which stands fo
a vibration field, since sound is the vibration of air and
noise field can be modeled with modal theory or trans
functions like a vibration field. The scope of this study
active damping of a VF by feedback control—an importa
feature not possessed by feedforward controllers. While
may combine feedback and feedforward control to utilize
advantages of both strategies, concentrating on feedb
control would keep a better focus on the main scope.

The well-known modal theory enables a control en
neer to decouple the dynamics of a VF intom second-order
differential equations when the model is properly truncate1

Most feedback controllers for VFs are based on modal sp
feedback,2,3 though some researchers use physical s
feedback4 to avoid estimating the modal states. These c
trollers use global states of the VFs to synthesize the ac
tion signals. They are named ‘‘globally synthesized contr
lers’’ ~GSCs! to distinguish them from the ‘‘locally
synthesized controller’’~LSC! whose actuation signal is syn
thesized from a local feedback signal.

It is believed that the number of actuators should eq
the number of modes to be attenuated for active dampin
a VF. An optimization method is available to reduce t
number of actuators.5 Recent studies showed the possibil
of using one actuator to attenuate multiple mod
simultaneously.6–8 These GSCs require exact model para
eters to calculate the feedback gains. The model parame
such as mode functions, are not always available as
cussed in Bankset al.9 Some of the GSCs avoid the mod
functions by means of the multiple spring-mass4,7 or finite
element8 models, but still depend on other parameters s
as mass and stiffness of the finite elements, etc.

a!Electronic mail: mmjyuan@polyu.edu.hk
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LSCs, which are much less model dependent, may
needed if model parameters are not available, or not accu
enough, for VFs with irregular geometric shapes and bou
ary conditions. The first LSC for active damping may
traced back to Olson and May.10 Clark and Cole11 presented
a direct rate feedback LSC for the same purpose, which
quires sensor–actuator collocation. Many LSCs use h
gains to suppress the feedback signals. This will drive
closed-loop poles toward zeros of the open-loop trans
functions.12 It requires that open-loop transfer functions
minimum phase, which is true for collocated senso
actuators but is not necessarily true otherwise. Driving
poles of a closed loop toward the open-loop zeros does
damp the VF, as explained in Sec. III.

This study presents a LSC to damp an entire VF wh
relaxing the minimum phase restriction. This is important
noise control in which case transfer functions are very lik
nonminimum phase. The pole placement control is applie
modify eigenvalues of a VF. A designer can select clos
loop poles instead of driving them toward open-loop zer
The LSC is based on a transfer function available by eit
on-line or off-line identification, and hence may be adapt
to deal with parameter drifting.13 While structural systems
tend to be fairly stable, it is not uncommon for parameters
a noise field to drift with time. Being able to adapt wit
respect to possible parameter drifting is an advantage of
LSC. For best focus, this paper analyzes the global damp
effect of the LSC. Stability and robustness of the adapt
version are discussed in a separate paper.13

The implementation of active control for a VF will in
volve filters in the system. A popular way to analyze the fil
effects is to use truncated models,4,6–8which is equivalent to
the use ofideal filters to cut-off the uncontrolled modes an
leave the controlled modes intact. This study takes a n
approach in the LSC design. The actuator, sensor, and fi
dynamics are described by transfer functions. Both the c
trolled and uncontrolled modes are studied analytically
address the concern of possible spillover in the presenc
111(4)/1726/8/$19.00 © 2002 Acoustical Society of America
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realistic filters. The LSC design procedure may be modifie
when necessary, to design decentralized LSCs for ac
damping of a VF using multiple actuators. All features of t
LSC will be explained analytically and numerically in th
paper.

II. MATHEMATICAL MODEL

The dynamics of a VF, subject to the excitation of
actuator, can be described by a general second-order e
tion

~Ms21K !q5bf 1d, ~1!

whereM , KPRm3m are the mass and stiffness matricesq
PRm is the generalized displacement vector;bPRm the ac-
tuator location vector;dPRm the disturbance vector andf a
scalar control signal. MatricesM andK are symmetric and
positive definite, but not necessarily diagonal or band di
onal. The equation is expressed in the Laplace transf
domain. One may derive it with different approaches, such
the finite element method, multiple spring-mass modeli
Rayleigh–Ritz approximation, or modal analysis with
proper truncation. This study uses the properties of Eq.~1!
for analysis only. Unless stated specifically, model para
eters are used here with assumedexistence, but notavailabil-
ity.

If Eq. ~1! is derived by modal analysis, thenq is the
modal state vector. The local feedback signal is given by

y5hTq, ~2!

wherehT5@w1(xs),...,wm(xs)# andw i(xs) is the i th eigen-
function sampled at the sensor locationxs . Similarly, the
actuator location vector isbT5@w1(xa),...,wm(xa)# with
w i(xa) taken at the actuator locationxa . If Eq. ~1! represents
a multiple spring-mass system, thenh5ei andb5ej where

The underlying assumption is that the sensor and the actu
are attached to thei th and j th bodies, respectively.

For vibration control, it is common to collocate the se
sor with the actuator so thath5b. For noise control, how-
ever, the sensor may be placed away from the actuato
avoid the near field. Thereforeh is not necessarilyb. The
normalized version ofh may be denoted ashn . Its null space
is spanned bym21 unit length and orthogonal bas
$z1¯zm21% with hTzi50 for 1< i<m21. The existence of
these vectors implies the existence of an orthogonal ma
H5@hnz1¯zm21#, such thatx5HTq and L(s)5HT(Ms2

1K )H. Therefore Eq.~1! is equivalent to

L~s!x5bf 1h, ~3!

whereb5HTb andh5HTd. While Eq.~3! describes a mul-
tivariable system, the LSC is based on a single-input sin
output~SISO! local plant. The feedback signal, given by E
~2!, is actually y5hx1 where h5ihi . The Cramer’s rule
suggests

y5hx15h
det@L1~s!,b# f 1det@L1~s!,h#

det@L~s!#
, ~4!
J. Acoust. Soc. Am., Vol. 111, No. 4, April 2002
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where @L1(s),b# and @L1(s),h# are matrices obtained b
replacing the first column ofL(s) with vectorsb and h,
respectively.

Before LSC design, a control engineer may apply
probing signalf 5Fa(s)u to excite the VF, whereFa(s) is
the actuator filter andu is a pseudorandom noise. The fee
back sensor measuresn5Fs(s)y that will be used to identify
the transfer function. HereFs(s) represents the sensor filte
Polynomials det@L(s)# and det@L1(s),b# have degrees 2m
and 2m22, respectively. Many algorithms14 are available to
identify an autoregressive and moving-average plant like
~4!. Any one of these algorithms may be applied to obtai

n~s!5
h det@L1~s!,b#Ns~s!Na~s!u~s!1e

det@L~s!#Ds~s!Da~s!
~5a!

where

e5hNs~s!Da~s!det@L1~s!,h# ~5b!

represents the effect of disturbance filtered by the sen
Ns(s), Na(s), Ds(s), andDa(s) are the numerators and de
nominators of filter transfer functionsFs(s) and Fa(s), re-
spectively.

Both Eqs.~4! and ~5! are valid models of a SISO loca
plant for a specific actuator and feedback sensor loop.
latter includes actuator and sensor dynamicsf 5Fa(s)u and
v5Fs(s)y. Model parameters of a VF are not necessar
available, but the numerator and denominator of Eq.~5! can
be identified from measurement data. These polynom
may share some common roots. Therefore one may exp

h det@L1~s!,b#Ns~s!Na~s!5N~s!C~s!, ~6a!

det@L~s!#Ds~s!Da~s!5D~s!C~s!, ~6b!

where C(s) is a common divisor, andN(s) and D(s) are
coprime factors for the numerator and denominator of E
~5a!.

Equation~6! enables one to express Eq.~5a! as

n~s!5
N~s!

D~s!
u~s!1

e~s!

D~s!C~s!
.

The coprime pairN(s) andD(s) makes a controllable feed
back loop transfer function,14 which is identified whene
50 and denoted by

n~s!

u~s!
5

N~s!

D~s!
5T~s!.

Common divisorC(s), according to control theory,14 con-
tains poles of uncontrollable modes to be ‘‘canceled out’’
T(s). It is important to know which modes are controllab
by T(s) in order to select sensor–actuator locations. If t
roots ofD(s) are distinct, then the partial fraction expansio
theory15 implies

T~s!5
N~s!

D~s!
5M ~s!1 (

k51

n
ck

s21vk
2 , ~7a!

where M (s) contains terms contributed by poles
actuator–sensor filters andvk is thekth resonant frequency
of the controllable modes. IfD(s) has a pair of second-orde
roots6 j vn , then one has another partial fraction expans
1727Jing Yuan: Global damping of noise or vibration fields
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T~s!5
N~s!

D~s!
5M ~s!1 (

k51

n21
ck

s21vk
2 1

scn11cn2

~s21vn
2!2 . ~7b!

Similar expansions can be derived for the cases whereD(s)
has one or more high-order roots. In any events, the rig
hand side of Eq.~7! contains resonant peaks of controllab
modes. These peaks are visible via an off-line fast Fou
transform analyzer connected to both ends of the feedb
loop. A count of the resonant peaks helps one to identify
modes controllable by a specific loop from the actuator to
sensor.

For active control of a VF, controllability depends on th
actuator location while observability depends on the sen
location. Both GSCs and LSCs face the problem of selec
actuator and sensor locations. A controllability or observa
ity check of a GSC requires exact model parameters. F
LSC, such a check is much easier, thanks to the hint of
~7!. The first step is to use a probing device to select
feedback sensor location, where the sensor should be ab
measure a selected or maximum number of resonant p
excited by the disturbance. Empirically, this is a spot in a
where vibration or noise is most significant. The actua
should then collocate with the feedback sensor wherever
sible. Otherwise, one should select an actuator location
the feedback sensor such that it excites a selected or m
mum number of resonant peaks measurable by the feed
sensor. This is possible by trial and error without knowi
exact model parameters of the VF.

Physically, the forming of a resonance depends on
conditions:~1! there exists a path for the vibration energy
bounce in a VF; and~2! the phase condition of a round tri
along an energy path is in favor of energy accumulation a
resonant frequency. Vibration energy distribution along
bouncing paths corresponds to mode functions of the mo
theory. The above-mentioned experimental procedure
ables a control engineer to place the actuator and feed
sensor in the intersection of energy paths for multiple re
nant peaks. This is physically equivalent to a controllabil
check for a GSC that requires model parameters. If a L
absorbs vibration energy at these resonant frequencies in
selected location, it will weaken the resonant conditions
the corresponding energy paths. This implies global damp
to the VF. Section III will explain analytically how this is
possible.

III. LSC DESIGN AND ANALYSIS

The pole-placement control strategy may be applied
design the LSC. A prototype polynomialP(s) is used to
prescribe the closed-loop poles. The control law is given

u5
R~s!

S~s!
n, ~8!

where polynomialsR(s) andS(s) are solved from a Bezou
equation14

P~s!5D~s!S~s!1N~s!R~s!. ~9a!

One may denote P(s)5p0s4n231p1s4n24
¯1p4n24s

1p4n23 and apply similar notations toD(s), S(s), N(s),
1728 J. Acoust. Soc. Am., Vol. 111, No. 4, April 2002
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and R(s) whose degrees are 2n, 2n23, 2n22, and 2n
21, respectively. Then Eq.~9a! has a matrix-vector expres
sion

~9b!

where the matrix, known as the Sylvester resultant,14 is non-
singular sinceN(s) and D(s) are coprime. Coefficients o
S(s) andR(s) can be solved from Eq.~9b! for the controller
transfer function~8!. Substituting Eqs.~8! and ~9a! into Eq.
~5a!, one can express the closed-loop SISO system as

n5
S~s!

C~s!P~s!
e,

where the prototype polynomialP(s) becomes a part of the
closed-loop denominator. Its roots are placed as closed-
poles of the local SISO system.

The irreducible part of Eq.~6b! may be expressed a
D(s)5Da(s)Ds(s)Pk(s

21vk
2), whereDs(s) andDa(s) are

the filter denominators andPk(s
21vk

2) represents the reso
nant poles. One may useP(s)5Da(s)Ds(s)Pk(s

21zks
1vk

2) to damp the resonant peaks and keep the filter
nominatorsDs(s) andDa(s) in the closed loop. In view of
Eq. ~5b!, one may write

n5
S~z!det@L1~s!,h#

C~s!Pk~s21zks1vk
2!

Fs~s!.

Although the roots ofC(s), which correspond to uncontrol
lable modes, remain poles of the closed-loop SISO syst
these components will be blocked by a filterFs(s)—the nu-
meratorNs(s) in Eq. ~5b! will combine with the denominator
Ds(s) in P(s) to form Fs(s) and remove any signals in it
stop band.

The LSC design does not require exact model para
eters. Only the numerator and denominator of Eq.~5! are
involved that are available by identification. While actuat
and sensor dynamics are taken into explicit account in te
of Ns(s), Na(s), Ds(s), andDa(s), these are hidden in the
numeratorN(s) and denominatorD(s) of the local transfer
function. There is no restriction on the types of the sen
and actuator filters, as long as they are represented by s
transfer functions whose exact forms need not be known

Attention is now directed to the global effect of the LSC
One may wonder how the LSC introduces global damping
a VF. Consider, for example, a duct with cross section mu
smaller than the wavelengths of the noise source. This
one-dimensional noise field. Its resonant is due to an imp
ance mismatch in both ends, which allows acoustic energ
bounce around and accumulate. If the impedance of ei
end of the duct matches the characteristic imp
Jing Yuan: Global damping of noise or vibration fields
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ance of the duct, then the resonant peaks can be attenu
This means global damping is possible by a local~passive!
control.

The LSC has been shown able to damp the reson
peaks at a local point. Since this is the intersection of m
tiple energy paths, local damping weakens the resonant
ditions and prevents global energy accumulation. Its glo
effect is investigated here analytically. In view off
5Fa(s)u andn5Fs(s)y, Eq. ~8! implies

f 52G~s!y,

where

G~s!5
R~s!Ns~s!Na~s!

S~s!Ds~s!Da~s!
. ~10!

The actuator and sensor dynamics have been included in
controller transfer functionG(s) explicitly. Substituting Eq.
~10! into Eq. ~3!, one obtains

L* ~s!x5@L~s!1hG~s!be1
T#x5h, ~11!

wherey5hTq5hx15he1
Tx has been substituted. The mod
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L* ~s!5F a11~s!1hG~s!b1 a12~s! ¯ a1m~s!

a21~s!1hG~s!b2 a22~s! ¯ a2m~s!

] ] � ]

am1~s!1hG~s!bm am2~s! ¯ amm~s!

G ,

~12!

wherebk is thekth element of vectorb.
The global effect of the LSC is reflected in det@L* (s)#,

which is the characteristic equation of the closed-loop V
One may express det@L* (s)# with respect to the first column
of L* (s). It reads

det@L* ~s!#5 (
k51

m

~21!k11@ak1~s!1hG~s!bk#det@L1k~s!#,

whereL1k(s) is a matrix obtained by removing the first co
umn and thekth row from eitherL(s) or L* (s). The above-
given expression suggests
 27 February 2025
det@L* ~s!#5det@L~s!#1hG~s!det@L1~s!,b#5
det@L~s!#Ds~s!Da~s!S~s!1h det@L1~s!,b#Ns~s!Na~s!R~s!

Ds~s!Da~s!S~s!

5
C~s!@D~s!S~s!1N~s!R~s!#

Ds~s!Da~s!S~s!
5

C~s!P~s!

Ds~s!Da~s!S~s!
, ~13!
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where Eqs.~10!, ~6!, and~9a! have been substituted seque
tially in deriving the last equation.

One may understand the global damping of the LSC
comparing det@L(s)# and det@L* (s)#. These are, respec
tively, open- and closed-loop characteristic equations of
VF. Roots of these polynomials are eigenvalues of the
before and after the application of the LSC. Therefore dam
ing ratios of det@G(s)# and det@G* (s)# are, respectively,
damping ratios of the VF before and after the application
the LSC. It is not difficult to see, from Eqs.~6b! and ~13!,
that

det@L~s!#5
C~s!D~s!

Ds~s!Da~s!
,

det@L* ~s!#5
C~s!P~s!

Ds~s!Da~s!S~s!
.

Roots of P(s) replace roots ofD(s) to be the closed-loop
eigenvalues of the VF. WithP(s) preselectable, a contro
engineer may select the damping ratio ofP(s) to tune the
global damping ratio for the closed-loop VF. This is,
course, limited to the controllable modes. Roots of the co
mon divisorC(s) correspond to those modes uncontrollab
by T(s). Damping ratios ofC(s) remain unchanged due t
the physical constraint of actuator–sensor locations.

An analytical implication of Eq.~13! is that the LSC
introduces global damping to the controlled modes with
y

e
F
-

f

-

t

affecting the uncontrolled modes. It manages to avoid sp
over by taking account ofNs(s), Na(s), Ds(s), andDa(s)
in its local design stage. To the best knowledge of the aut
this is the first attempt to investigate both controlled a
uncontrolled modes analytically and realistically in a contr
ler design for a distributed system. It is different from a GS
design where the uncontrolled modes are usually ignore
calculating the GSC gain matrix.4,6–8

Other LSCs do not necessarily damp the VF globa
Take the high-gain LSC for example, its modal models
(s2I1K )q5d and (s2I1K1gbhT)q5d, respectively, for
the open- and closed-loop of a VF when the open-lo
damping is negligible. HereK is diagonal with elements
$v i

2%; g is the LSC gain. In order for the closed loop to b
stable,K1gbhT must be positive definite, which is true fo
collocated sensor–actuator (h5b) but not necessarily true
otherwise. This is consistent with the conclusion of the lo
transfer function approach.12 Let $l i% be the eigenvalues o
K1gbhT, then it is not difficult to see det(s2 I1K1gbhT)
5P(s21l i). Comparing with det(s2 I1K )5P(s21v i

2),
one can see that a high-gain LSC does not damp the
though it suppresses the sensed signals12 in a local feedback
loop.

The analysis is based on the continuous model~1! in the
Laplace transform domain. Practically, Eq.~5! is usually
identified as a discrete-time model in theZ-transform
domain.14 A strictly rigorous approach would be convertin
1729Jing Yuan: Global damping of noise or vibration fields
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the VF model to its discrete-time version and reaching
same conclusion. That may introduce unnecessary dis
tions since the discrete-time model is slightly more comp
cated and the conversion may introduce new symbols. S
the continuous-time model is physically and mathematica
equivalent to its discrete-time version and the conclusion
the same, using the continuous model may keep a be
focus here. Practically, it is recommended to use the discr
time model to design the LSC. When the number of mode
be damped is large and the resonant frequencies span a
range, the roots ofN(s) and D(s) would spread along the
imaginary axis in a wide range if one works with a contin
ous model. With a discrete-time model, however, the ima
nary axis of thes plane is mapped to the unit circle in thez
plane. The roots ofN(z) and D(z) should be near the uni
circle. As a result, the condition number of the Sylves
resultant can be improved and numerical errors can be
duced.

IV. DECENTRALIZED DESIGN OF LSCs

A VF may need active damping by multiple actuato
mounted in different locations, probably because sev
modes share the same resonant frequency or the actu
have limited power. Cross coupling of the actuation sign
is inevitable, which causes difficulties in controller desig
For active control of a VF by multiple actuators, curren
available methods depend on the exact model paramete
deal with the problem of cross coupling between actua
and feedback sensors. These are centralized design met
This paper presents a simple decentralized design proce
for active damping of a VF by multiple actuators.

The idea is to add a LSC to a VF that has been c
trolled by a stable active controller. The existing control
may be designed with any available schemes in the literat
including the LSC scheme presented earlier. The dyna
model of the VF, subject to the existing controller and t
additional LSC, may be expressed as

@Ms21K1G~s!#q5bf 1d, ~14!

where G(s) represents the gain of the existing controll
Other symbols remain the same as in Eq.~1!. Since the ex-
isting controller may be designed by a scheme different fr
LSC,G(s) is not necessarily available. However, it is impo
tant to assume that the existing controller isstablesuch that
roots of det@Ms21K1G(s)# are all in the negative half o
the s plane.

The normalized version ofh is still denoted ashn . Its
null space is still spanned bym21 unit length and orthogo
nal basis$z1¯zm21% with hTzi50 for 1< i<m21. The ex-
istence of these vectors implies the existence of an ortho
nal matrix H5@hnz1¯zm21#, such thatx5HTq and G(s)
5HT@Ms21K1G(s)#H. Therefore Eq.~14! is equivalent
to

G~s!x5bf 1h, ~15!

whereb5HTb andh5HTd remains the same as in Eq.~3!.
The feedback signal may be expressed as
1730 J. Acoust. Soc. Am., Vol. 111, No. 4, April 2002
e
c-
-
ce
y
is
ter
e-
to
ide

i-

r
e-

al
ors
ls
.

to
rs
ds.

ure

-
r
e,
ic

.

o-

y5hx15h
det@G1~s!,b# f 1det@G1~s!,h#

det@G~s!#
, ~16!

where @G1(s),b# and @G1(s),h# are matrices obtained b
replacing the first column ofG(s) with vectorsb and h,
respectively. Parameters of Eqs.~14!–~16! are not necessar
ily available.

The LSC design procedure, presented in Sec. II, may
repeated here. A control engineer uses a probing signf
5Fa(s)u to excite the VF while the feedback sensor me
suresv5Fs(s)y, which will be used to identify the transfe
function. Only this time, the existing controller must b
turned onso that a local plant model

n~s!5
h det@G1~s!,b#Ns~s!Na~s!u~s!1e

det@G~s!#Ds~s!Da~s!
~17!

can be identified from measurement data. Although Eq.~17!
looks similar to Eq.~5!, it is different because potential cou
pling effects of the existing controller are identified by E
~17!. The additional LSC depends on Eq.~17! to avoid cross
coupling with the existing controller. While identifying Eq
~17!, a control engineer may adjust the actuator and sen
locations to excite and measure selected modes. Th
should be modes not controlled by the existing controller

The numerator and denominator of Eq.~17! may share
some common roots. Therefore one should express

h det@G1~s!,b#Ns~s!Na~s!5Ne~s!Ce~s!, ~18a!

det@G~s!#Ds~s!Da~s!5De~s!Ce~s!, ~18b!

where the roots of common divisorCe(s) correspond to vi-
bration modes not controllable or observable by the ad
tional LSC.Ne(s) andDe(s) are coprime polynomials. The
control law of the additional LSC is given by

u52
Re~s!

Se~s!
n, ~19!

where polynomialsRe(s) and Se(s) are solved from a dif-
ferent Bezout equation

Pe~s!5De~s!Se~s!1Ne~s!Re~s!, ~20!

wherePe(s) is a prototype polynomial assigned to the ad
tional LSC. Substituting Eqs.~19! and~20! into Eq.~17!, one
can express the closed-loop local system as

n5
Se~s!

Ce~s!Pe~s!
e,

wherePe(s) becomes a part of the closed-loop denomina
Similar to the arguments of Sec. III, Eq.~19! implies

f 52Ge~s!y,

where

Ge~s!5
Re~s!Ns~s!Na~s!

Se~s!Ds~s!Da~s!
. ~21!

Substituting Eq.~21! into Eq. ~15!, one obtains

G* ~s!x5@G~s!1hGe~s!be1
T#x5h,

where
Jing Yuan: Global damping of noise or vibration fields
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G* ~s!5F g11~s!1hG~s!b1 g12~s! ¯ g1m~s!

g21~s!1hG~s!b2 g22~s! ¯ g2m~s!

] ] � ]

gm1~s!1hG~s!bm gm2~s! ¯ gmm~s!

G .

One may derive, similar to the derivation of Sec. III,

det@G* ~s!#5det@G~s!#1hG~s!det@G1~s!,b#

5
Ce~s!Pe~s!

Ds~s!Da~s!Se~s!
,

where Pe(s) has been placed as a part of the closed-lo
characteristic equation. This implies global damping to
selected modes not controlled by the existing controller.

The above mentioned derivation can be generalized
the case whereG(s) represents the feedback gains of seve
existing controllers. This makes it possible to add LSCs t
VF one by one for active damping using multiple actuato
Each time a new LSC is added to the VF, its actuator a
feedback sensor location should be chosen in such a way
the local plant is controllable and observable with respec
a set of modes uncontrolled by the previous controllers.

V. A NUMERICAL EXAMPLE

A numerical example is presented here to demonst
how global damping is possible by a LSC. The VF is a on
dimensional cantilever beam satisfying the Bernoulli–Eu
equation

EI
]4w

]x4 1r
]2w

]t2 5d~x,t !1 f ~x,t !,

wherew is the vibration displacement;x andt are spatial and
temporal variables;r is the mass density;E is the Young’s
modulus of elasticity, andI the moment of inertia of the
cross-sectional area with respect to the neutral axis. The
turbance and the LSC control forces are denoted byd(x,t)
and f (x,t), respectively. The eigenfunctions of the beam
given by

w i~x!5@cosh~l i1x!2cos~l ix!#

2m i@sinh~l ix!2sin~l ix!#,

where

m i5
cos~l iL !1cosh~l iL !

sin~l iL !1sinh~l iL !

depends onl i— the ith root of cos(liL)cosh(liL)1150. The
eigenvaluel i also determines thei th mode frequencyv i

5(l iL)2AEI/rL4, whereL51 andAEI/rL450.05 are as-
sumed. Such a choice does not lose generality since im
mentation of the LSC is carried out with a discrete-tim
model in theZ-transform domain. One can always select t
sampling frequency such that the resonant frequencies o
modes are properly spaced in the unit circle. This demons
tion uses a continuous model just to be consistent with
previous sections.

Theoretically the LSC is able to damp as many modes
the actuator and feedback sensor can excite and obs
J. Acoust. Soc. Am., Vol. 111, No. 4, April 2002
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Practically, however, most active control devices are app
to the low frequency ranges because high-order modes
absorbed more effectively with inexpensive passive metho
For this reason, the model is truncated to the first five mo
with v150.7706,v252.4982,v355.2124,v458.9135 and
v5513.6015~rad/s!. If fitted into Eq. ~1!, these parameter
makeK diagonal,M identity, and det(Ms21K )5Pk51

5 (s2

1vk
2). The actuator and feedback sensor are collocated

the middle of the beam such thatf (x,t)5d(x20.58L) f (t),
or b5h5@w1(0.58),...,w5(0.58)#T. A local transfer function
is derivable asT(s)5N(s)/D(s)5(k51

5 wk
2(0.58)/s21vk

2.
A prototype polynomial P(s)5(s12)6Pk51

5 (s2

10.08vks1vk
2) is used to prescribe closed-loop poles f

the local system, which are also closed-loop poles of
entire beam, as to be demonstrated in this example.
Sylvester resultant, defined in Eq.~9b!, may be numerically
ill conditioned when the resonant frequencies spread i
wide range. For this reason, a real multiple pole (s12)6 is
added toP(s) to reduces possible numerical errors in solvi
P(s)5D(s)S(s)1N(s)R(s) for the LSC gain

G~s!5
R~s!

S~s!
.

If one designs the LSC with a discrete-time model, howev
the real pole may not be necessary because the cond
number for the Sylvester resultant will be much better.

In order to see the global damping effect, a moni
sensor could be placed anywhere along the beam to mea
the vibration spectrum. A possible location
xm50.98L—near the free end of the cantilever beam. T
disturbance is acting atxd50.78L, which is physically be-
tween the LSC actuator and the monitor sensor. The loca
vectors are m5@w1(0.98),...,w5(0.98)#T, and d
5@w1(0.78),...,w5(0.78)#T respectively. Letym(s) denote
the vibration signal of the monitor sensor and assum
broadband random disturbance sourced(s)51, then the
spectra ofym(s) are given by

ym~s!5mT@Ms21K1bbTG~s!#21d,

FIG. 1. Vibration spectra with~solid line! and without~dash-dot line! LSC
damping, measured near the free end of the beam.
1731Jing Yuan: Global damping of noise or vibration fields
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ym~s!5mT@Ms21K #21d

for the cases with and without LSC damping, respective
These spectra are plotted in Fig. 1 for comparison. Althou
the LSC is designed for a local system, its damping effect
the monitor signal, measured near the free end of the be
is obvious. For the same beam, a linear quadratic opti
GSC is designed using the exact modal parameters. Figu
plots the global damping effects of the GSC. Generally,
performance of a GSC is better than that of a LSC at
expense of exact modal parameters. A GSC is always the
choice if exact modal parameters are available. The LSC
recommended if these parameters are not available, or
accurate enough, for VFs with irregular geometric sha
and boundary conditions.

One may select other locations for the monitor sens
This means different choices ofm5@w1(xm),...,w5(xm)#T.
If substituted into the above-given equations, similar dam
ing effects can be obtained as shown in Figs. 3 and 4. Al
ing the locations of the disturbance source and the mon

FIG. 2. Vibration spectra with~solid line! and without~dash-dot line! GSC
damping, measured near the free end of the beam.

FIG. 3. Vibration spectra with~solid line! and without~dash-dot line! LSC
damping, measured near the middle of the beam.
1732 J. Acoust. Soc. Am., Vol. 111, No. 4, April 2002
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sensor changes the values of location vectorsm and d, re-
spectively. It does not affect the global damping effects sin
the eigenstructure ofMs21K1bbTG(s) is determined by
the LSC gainG(s) and the location vectorb ~for the actuator
and feedback sensor!.

VI. CONCLUSION

This study investigates, analytically and numerically, t
global damping of a VF by means of a single LSC. A po
tive conclusion has been reached with an easy procedure
the LSC design and implementation. The LSC has ma
positive features. It does not require detailed dynamic mo
of the VF. One may use available system identification te
niques to estimate a local transfer function, check its cont
lability, and design the LSC. Unlike other available contro
lers that ignore uncontrolled modes when computing
feedback gains, the LSC design deals with both contro
and uncontrolled modes plus sensor and actuator dynam
The design procedure allows one to design and implem
when necessary, multiple LSCs to damp the resonant pe
of a VF selectively.
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