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Virtual sensing for broadband noise control in a lightly
damped enclosure

Jing Yuana)

Department of Mechanical Engineering, The Hong Kong Polytechnic University, Hunghom, Kowloon,
Hong Kong

~Received 17 July 2003; revised 6 March 2003; accepted 10 May 2004!

Available virtual sensing schemes either depend on assumptions that are valid for isolated
frequencies, or require heavy online adaptations. A simple method is proposed here to predict the
virtual signal exactly for broadband noise control in a lightly damped enclosure. The proposed
method requires two physical sensors installed judiciously in a sound field to predict a virtual signal.
The method is based on an exact mathematical relation between the virtual and physical sensors,
which is valid for the entire frequency of interest. It is possible to use multiple sensor-pairs to reduce
the sensitivity of the proposed method with respect to acoustic parameters, such as speed of sound
or sensor mismatching. Experimental results are presented to verify the analytical results. ©2004
Acoustical Society of America.@DOI: 10.1121/1.1768946#

PACS numbers: 43.50.Ki@KAC# Pages: 934–941
y
en

fo
NC
al
a
n
p
ch
b
e
ll
su
ls
iff
a
t
v

fo

ic
in
l

la
.

n,

r

i-
, i

e

ap-
ct
is

oise

re-

ry
ns-
act

and
ge

dict
are

ro-
lyze
, to
For

t is

ds of

pts
he
ve-
the
be
he
e.

 26 February 2025 09:17:30
I. INTRODUCTION

In many active noise control~ANC! systems, secondar
sources are employed to generate destructive interfer
and create local zones of quiet in sound fields.1,2 Practical
implementation of these systems requires the installation
error sensors in the quiet zones to monitor the ANC per
mance. In adaptive ANC systems, the adaptation of A
transfer functions depends on the feedback of error sign

In some applications, it may not be possible to inst
physical sensors in an area which is part of a quiet zo
Consequently sound signals in such an area have to be
dicted with signals measured in other locations. The te
nique is known as virtual sensing, which was originated
Garcia-Bonitoet al.3,4 They make use of the fact that th
spatial rate of pressure change of the primary field is sma
low frequencies, and assumed that the primary field pres
is the same in both virtual and actual locations. They a
observed that the pressure of the secondary source is d
ent between the virtual and actual locations when both
close to the secondary source. The prior measurement of
difference makes it possible to estimate the signal at the
tual location. The method was applied to improve the per
mance of a pair of ANC ear defenders.5 Another virtual sens-
ing scheme is extrapolation of signals measured by phys
sensors.6 It was shown applicable to control tonal noise
the one-dimensional~1D! duct7,8 and the three-dimensiona
~3D! free field.9 For broadband applications, the extrapo
tion weights should be tuned by an adaptation algorithm10

Virtual sensors were also studied by Roure and Albarrazi11

assuming the existence of a transfer matrixM (z) between
the virtual signal vectorpv(z) and the physical signal vecto
p(z) via pv(z)5M (z)p(z).

Analytically, the relation between the virtual and phys
cal signals is neither filtering nor extrapolating. Instead
depends on both the primary and secondary sources. An

a!Electronic mail: mmjyuan@polyu.edu.hk
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act way to predict the virtual signal is by means of an ad
tive observer.12 For virtual sensing of a tonal noise, an exa
modal model of a sound field is required. If the model
truncated to the firstm modes, thenm online adaptive filters
are required to adjust the observer state vector. If the n
contains multiple frequencies, the exact method12 has an in-
creased complexity proportional to the number of tonal f
quencies.

For a noise field with a single broadband prima
source, it is desired to have a simpler and exact virtual se
ing method, which is proposed in this paper. This is an ex
method based on the spatial distributions of the primary
secondary fields, and it is valid for the entire frequency ran
of interest. Only two physical sensors are required to pre
a virtual signal exactly. Details of the proposed method
presented in the following text.

II. PRESSURE SIGNALS IN A DUCT

In most cases, available physical sensors are mic
phones measuring pressure signals. It is important to ana
the spatial distribution of pressure signals in a sound field
design and implement an exact virtual sensing scheme.
this reason, a sound field in a lightly damped finite 1D duc
studied first.

A. A sound field in a finite 1D duct

Shown in Fig. 1~a! is a 1D ANC system, where the
primary and secondary sources are placed at opposite en
a duct. Letup , Zp , us , and Zs denote, respectively, the
strengths and impedances of the sources where subscrip
and s refer to the primary and secondary sources. T
strength of a mechanical-acoustic source is the volume
locity, and the strength of an electro-acoustic source is
driving current. Spatial distribution of sound signals may
described analytically by path transfer functions from t
sources to a pointx meters away from the primary sourc
The values ofx are in the range 0<x< l wherel is the length
of the duct.
/116(2)/934/8/$20.00 © 2004 Acoustical Society of America
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One way to obtain the path transfer functions is the
of transmission matrix, which is an exact model of 1D sou
fields when the near field effects are negligible. The mode
adopted here because the virtual sensor location can b
sumed sufficiently away from noise sources. Letpp and ps

denote, respectively, signals measured immediately in f
of the two sources, when the secondary source is offus

50), pp andps , are related to each other by

Fpp

vp
G

us50
5F cos~kl ! jZ0 sin~kl !

j
sin~kl !

Z0
cos~kl ! GF ps

ps

Zs

G
us50

. ~1!

whereZ0 is the characteristic impedance of the duct; andvp

is the particle velocity caused bypp . Equation~1! implies

Ẑs5Z0

Zscl1 jZ0sl

Z0cl1 jZssl
5

pp

vp
U

us50

, ~2!

wherecl5cos(kl), andsl5sin(kl).
ImpedanceẐs describes the acoustical effects of t

dash-line box in Fig. 1~b!, which acts as an acoustical load
the primary source whenus50. With the help of Eq.~2!, one
obtains

ppuus505
Ẑsup

Zp1Ẑs

5
Z0~Zscl1 jZ0sl !

Z0~Zp1Zs!cl1 j ~ZpZs1Z0
2!sl

up .

~3!

A microphone, placedx meters away from the primar
source, measures signalpx , which is related topp by

Fpx

vx
G

us50

5F cx 2 jZ0sx

2 j
sx

Z0

cx
GF pp

pp

Ẑs

G
us50

, ~4!

FIG. 1. ~a! ANC configuration,~b! acoustic circuit of the primary field, and
~c! acoustic circuit of the secondary field.
J. Acoust. Soc. Am., Vol. 116, No. 2, August 2004
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wherecx5cos(kx) andsx5sin(kx). Substituting Eq.~3! into
Eq. ~4!, one obtains

pxuus505
Z0~Zscl 2x1 jZ0sl 2x!

Z0~Zp1Zs!cl1 j ~ZpZs1Z0
2!sl

up

5Hpx~ j v!up , ~5!

wherecl 2x5cos@k(l2x)#, andsl 2x5sin@k(l2x)#.
The derivation of secondary pathHsx( j v) is very simi-

lar to that ofHpx( j v), due to the symmetric placement o
the secondary source. Following a process similar to
derivation of Eq.~5!, one can obtain

pxuup505
Z0~Zpcx1Z0sx!

Z0~Zp1Zs!cl1 j ~ZpZs1Z0
2!sl

us

5Hsx~ j v!us . ~6!

One may combine Eqs.~5! and ~6! to calculate the pressur
at x from the primary source. The result is given by

px5Z0

~Zpcx1 jZ0sx!us1~Zscl 2x1 jZ0sl 2x!up

Z0~Zp1Zs!cl1 j ~ZpZs1Z0
2!sl

, ~7!

which represents the spatial distribution of the field as
function of x, for the configuration of Fig. 1.

B. A novel virtual sensing scheme

Let p1 andp2 denote, respectively, signals measured
two physical sensors placed atx1 andx2 . The objective is to
predict pv for a virtual sensor placedxv meters away from
the primary source. One may introduce a complex functi

F~ j v!5
Z0

Z0~Zp1Zs!cl1 j ~ZpZs1Z0
2!sl

~8!

to represent the product ofZ0 with the denominator of Eq.
~7!. This makes it possible to rewrite Eq.~7! as

px5F~ j v!@~Zpcx1 jZ0sx!us1~Zscl 2x1 jZ0sl 2x!up#.
~9!

Since cx50.5(ejkx1e2 jkx) and jsx50.5(ejkx2e2 jkx), Eq.
~9! is equivalent to

px5A~ j v!ejkx1B~ j v!e2 jkx, ~10!

where

A~ j v!5F~ j v!FZp1Z0

2
us1

Zs2Z0

2
upe2 jkl G ~11a!

and

B~ j v!5F~ j v!FZp2Z0

2
us1

Zs1Z0

2
upejkl G ~11b!

are independent ofx. These are the forward and backwa
waves traveling in the duct in opposite directions. For virtu
sensing, Eq.~10! implies

Fp1

p2
G5Fejkx1 e2 jkx1

ejkx2 e2 jkx2
G FA~ j v!

B~ j v!G ~12!

and
935Jing Yuan: Virtual sensing for broadband noise control
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FA~ j v!

B~ j v!G5 1

ejx~x12x2!2ejk~x22x1! F e2 jkx2 2e2 jkx1

2ejkx2 ejkx1
G

3Fp1

p2
G . ~13!

The location of the virtual signal is in the range ofx1>xv
>x2 . OnceA( j v) andB( j v) are available, the virtual sig
nal can be recovered exactly bypv5A( j v)ejkxv

1B( j v)e2 jkxv.

C. Causality and accuracy

In a digital implementation, exp(2jkl)5exp(2jvt) is
equivalent to a delay timet5 l /c, wherec is the speed of
sound. The implementation of exp(jkl)5exp(jvt) is not
causal, which is a practical problem if one wishes to pred
a causal version ofpv . A possible solution is to rewrite Eq
~13! into

F A~ j v!ejkx1

B~ j v!e2 jkx2G5 1

12e2 jk~x22x1! F 1 2ejk~x22x1!

2ejk~x22x1! 1 G
3Fp1

p2
G , ~14!

whereA( j v)exp(jkx1) andB( j v)exp(2jkx2) can be used to
predict a causal version ofpv5A( j v)ejkxv1B( j v)e2 jkxv in
the range of x1>xv>x2 . It involves delay operations
exp@ jk(xv2x1)# and exp@ jk(x22xv)#, respectively. The imple-
mentation of Eq.~14! is causal because it contains a del
operator exp@ jk(x22x1)#. This method requires accura
knowledge of the speed of soundc.

Since the delay operator is equivalent to exp(2jvt12)
with t125(x12x2)/c, an errordc in the speed of sound wil
cause an error int12, denoted bydt125(x22x1)dc/c2. One
may reduce the distance between the two sensors to re
the effect ofdt125(x22x1)dc/c2. A possible method is to
place a pair of microphones inx1 andx185x12Dx, respec-
tively, to measure pressure signalsp1 andp18 . A replacement
of x2 by x185x12Dx in Eq. ~14! leads to

F A~ j v!ejkx1

B~ j v!ejk~Dx2x1!G5 1

12e22 jkDx F 1 2e2 jkDx

2e2 jkDx 1 G
3Fp1

p18
G , ~15a!

whereA( j v)exp(jkx1) can be used to predict a causal ve
sion of pv in the range ofx1>xv>x2 , by a simple delay
operation exp@ jk(xv2x1)#. However, B( j v)exp@2jk(x1

2Dx)# can only be used to predictpv in the range ofx1

>xv>x12Dx. For this reason, another pair of sensors
placed inx2 and x22Dx, respectively, to measure pressu
signalsp2 and p28 . Replacingx1 with x2 in Eq. ~15a!, one
obtains

F A~ j v!ejkx2

B~ j v!ejk~Dx2xx!G5 1

12e22 jkDx F 1 2e2 jkDx

2e2 jkDx 1 G
3Fp2

p28
G , ~15b!
936 J. Acoust. Soc. Am., Vol. 116, No. 2, August 2004
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where B( j v)exp@ jk(Dx2x2)# can be used with
A( j v)exp(jkx1) to predict a causal version ofpv
5A( j v)ejkxv1B( j v)e2 jkxv in the range ofx1>xv>x2 .

Theoretically, Eq. ~14! is as exact as Eqs.~15a!
and ~15b!. Both methods use delay operators equival
to exp(2jvt12) and exp(2jvDt), respectively, wheret12

5(x12x2)/c and Dt5Dx/c. If there is an errordc in the
speed of sound,t12 and Dt contain errorsdt12 and dDt,
respectively. Sincedt125(x22x1)dc/c2 is significantly
larger than dDt5Dxdc/c2 if x12x2@Dx, the second
method is less sensitive to errors in the speed of sound.
sides, the effect of possible sensor mismatch can be red
by averaging the results obtained with multiple sensor-pa

III. A DIFFERENT CONFIGURATION

The ANC configuration in Fig. 1 is similar to those ex
amined and tested by some researchers.7,8,12 In many appli-
cations, the secondary source is placed between the prim
source and the duct outlet as shown in Fig. 2. If virtual se
ing is applied to such an ANC configuration, the propos
method must be modified.

A. Secondary path transfer function

The main difference between Figs. 1 and 2 is the lo
tion of the secondary source, which causes a different sp
distribution of the secondary field. The acoustical circuit f
Fig. 2~a! is shown in Fig. 2~b! when the primary source is
off. It is equivalent to a secondary source driving two par
lel duct segments, though in reality this is a serial of up- a
down-stream segments connected at the location of the
ondary source.

The two segments of the duct are terminated by imp
ancesZp andZd , respectively, whereZp is the impedance of
the primary source andZd is the impedance of the duct ou
let. Similar to the derivation of Eq.~2!, one can derive

Ẑp5Z0

Zpcu1 jZ0su

Z0cu1 jZpsu
, Ẑd5Z0

Zdcd1 jZ0sd

Z0cd1 jZdsd
, ~16!

FIG. 2. ~a! Another ANC configuration,~b! acoustic circuit of the secondary
field, and~c! acoustic circuit of the primary field.
Jing Yuan: Virtual sensing for broadband noise control
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where cu5cos(klu), su5sin(klu), cd5cos(kld), and sd

5sin(kld) respectively. ImpedancesẐp and Ẑd describe the
loading effects ofZp and Zd to the secondary source. Th
parallel of Ẑp and Ẑd is Z15ẐdẐp /(Ẑd1Ẑp). The signal at
the location ofZ1 is given by

psuup505
Z1

Zs1Z1

us5
ẐdẐp

ZsẐp1Ẑd~Zs1Ẑp!
us . ~17!

Unlike the configuration of Fig. 1, a secondary pa
transfer function to a pointx meters away from the primar
source has two different expressions, depending on the
ues of x and l u . For the casex, l u , the secondary soun
propagate upwards to reachx, which means

Fpx

vx
G

up50

5F cos@k~ l u2x!# 2 jZ0 sin@k~ l u2x!#

2 j
sin@k~ l u2x!#

Z0

cos@k~ l u2x!# G
3F ps

ps

Ẑp

G
up50

. ~18!

Let cux5cos@k(lu2x)# and sux5sin@k(lu2x)#, then one can
substitute Eq.~17! and write

pxuup505
Ẑd~ Ẑpcux2 jZ0sux!

ZsẐp1Ẑd~Zs1Ẑp!
us

5Gu~ Ẑpcux2 jZ0sux!us , ~19!

where

Gu5
Ẑd

ZsẐp1Ẑd~Zs1Ẑp!

is independent ofx.
Similarly, for the case ofx> l u , the secondary soun

propagate downwards to reachx, which means

Fpx

vx
G

up50

5F cos@k~x2 l u!# 2 jZ0 sin@k~x2 l u!#

2 j
sin@k~x2 l u!#

Z0

cos@k~x2 l u!# G
3F ps

ps

Ẑd

G
up50

. ~20!

Let cxu5cos@k(x2lu)# and sxu5sin@k(x2lu)#, then one can
use Eq.~17! again to write

pxuup505
Ẑp~ Ẑdcxu2 jZ0sxu!

ZsẐp1Ẑd~Zs1Ẑp!
us

5Gd~ Ẑdcxu2 jZ0sxu!us , ~21!

where
J. Acoust. Soc. Am., Vol. 116, No. 2, August 2004
al-

Gd5
Ẑp

ZsẐp1Ẑd~Zs1Ẑp!

is independent ofx. Spatial distribution of the secondar
field is now completely available as a function ofx in Eq.
~19! or Eq. ~21!, depending on the values ofx and l u .

B. Primary path transfer function

The transfer function of the primary path is derived
turning off the secondary source. As a result, the configu
tion of Fig. 2~a! is now represented by an acoustical circ
shown in Fig. 2~c!. The down-stream segment, terminated
impedanceZd , is equivalent to an impedanceẐd shown in
the second equation of Eq.~16!. The parallel ofẐd andZs is
an impedanceZ25ZsẐd /(Zs1Ẑd), whose effects is an
acoustical load to the primary source with an impedance

Ẑ25Z0

Z2cu1 jZ0su

Z0cu1 jZ2su
. ~22!

Similar to the development of Sec. II, the pressure sig
in front of the primary source is denoted bypp , which is
given by

ppuus505
Ẑ2up

Zp1Ẑ2

, ~23!

when the secondary source is off.
The microphone sensor, placedx meters away from the

primary source, measures pressure signalpx , which is re-
lated topp by

Fpx

vx
G

us50

5F cx 2 jZ0sx

2 j
sx

Z0

cx
GF pp

pp

Ẑ2

G , ~24!

wherecx5cos(kx) andsx5sin(kx). Substituting Eq.~23! into
the above equation, one obtains

pxuus505
Ẑ2cx2 jZ0sx

Zp1Ẑ2

up5Hpx~ j v!up . ~25!

When both primary and secondary paths are available a
lytically, one can write

px5pxuus501pxuup505Hpx~ j v!up1Hsx~ j v!us

5a~ j v!ejkx1b~ j v!e2 jkx, ~26!

where

a~ j v!

55
Ẑ22Z0

2~Zp1Ẑ2!
up1

Gue2 jkl u

2
~ Ẑp1Z0!us , x, l u

Ẑ22Z0

2~Zp1Ẑ2!
up1

Gde2 jkl u

2
~ Ẑd2Z0!us , x> l u

~27a!
937Jing Yuan: Virtual sensing for broadband noise control
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and

b~ j v!

55
Ẑ21Z0

2~Zp1Ẑ2!
up1

Guejkl u

2
~ Ẑp2Z0!us , x, l u

Ẑ21Z0

2~Zp1Ẑ2!
up1

Gdejkl u

2
~ Ẑd1Z0!us , x> l u

~27b!

can be derived from Eqs.~19!, ~21!, and ~25!. These two
signals are independent ofx, similar toA( j v) andB( j v) in
Sec. II.

C. Modified scheme

Althougha( j v) andb( j v) look more complicated than
A( j v) and B( j v) in Sec. II, the two signals need not b
available analytically. Instead, they can be obtained from
nals of the physical sensors. Sincea( j v) and b( j v) have
different expressions in Eqs.~27a! and ~27b!, these signals
need separate estimations for the case ofx, l u and x> l u ,
respectively. It means a double number of sensors and c
putation load.

One may reduce the number of sensors by separating
primary and secondary fields. In an ANC operation,
strength of the secondary sourceus is always available. It is
also possible to identify a path transfer functionHsv( j v)
from offline data,3–5,13,14 thereforepvuup505Hsv( j v)us is
available accurately. Onlypvuus50 needs prediction from sig
nalsp1 andp2 . Before predictingpvuus50 , one may separate
the primary field by

p1uus505p12Hs1~ j v!us , p2uus505p22Hs2~ j v!us ,
~28!

whereHs1( j v) andHs2( j v) are transfer functions from th
secondary source to the two physical sensors, available
offline identification.

Equation ~25! describes the spatial distribution of th
primary pressure field as a function ofx. It may be expressed
as

pxuus505g~ j v!ejkx1h~ j v!e2 jkx, ~29!

where

g~ j v!5
Ẑ22Z0

2~Zp1Ẑ2!
up , h~ j v!5

Ẑ21Z0

2~Zp1Ẑ2!
up

are valid in the entire duct. This implies

Fp1

p2
G

us50
5Fp12Hs1us

p22Hs2us
G5Fejkx1 e2 jkx1

ejkx2 e2 jkx2
G Fg~ j v!

h~ j v!G ,
~30!

and hence
938 J. Acoust. Soc. Am., Vol. 116, No. 2, August 2004
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Fg~ j v!

h~ j v!G5 1

ejk~x12x2!2ejk~x22x1! F e2 jkx2 2ejkx1

2ejkx2 ejkx1
G

3Fp12Hs1us

p22Hs2us
G , ~31!

which is very similar to Eq.~13!. It can be re-written in a
form similar to Eq. ~14! for causal prediction ofpv
5g( j v)ejkxv1h( j v)e2 jkxv1Hsv( j v)us , which requires
the same number of sensors as Eq.~14! does.

IV. SOUND FIELD IN A 3D ENCLOSURE

Similar to the 1D case, locations of sources affect
spatial distributions of signals in a 3D sound field. Spat
relations between the virtual signal and physical signals m
be descried analytically by path transfer functions betwe
sources and sensors.

A. Path transfer functions

For a sound field in a lightly damped 3D enclosure, pa
transfer functions between sources and sensors may be
eled with the modal theory. The eigenfunctions of the sou
field are denoted asf i(x) with spatial coordinate vectorx
and mode index 1< i<m for the firstm modes. Letxp andxs

represent spatial coordinates of the primary and secon
sources with strengthsup andus , respectively. For a senso
placed at coordinatex, the measured pressure signal is
linear superposition of two fields, with transfer function
given by

Hpx~ j v!5
px

up
U

us50

5(
i 51

m
f i~x!f i~xp!

v i
22v212 j j ivv i

~32!

and

Hsx~ j v!5
px

us
U

up50

5(
i 51

m
f i~x!f i~xs!

v i
22v212 j j ivv i

, ~33!

wherev i andj i are resonant frequency and damping ratio
the i th mode. In some applications, the primary source d
not locate at a single spotxp . Let wp(x,t) model the primary
source as a spatial and temporal function ofx and t, then it
may be expressed aswp(x,t)5 f p(x)up(t), where f p(x) de-
scribes the spatial distribution,up(t) the temporal effect.
One may rewrite Eq.~32! as

Hpx~ j v!5
px

up
U

us50

5(
i 51

m
f i~x! f i

v i
22v212 j j ivv i

, ~34!

where f i5*Xf i(x) f p(x)dx is the inner product off p(x)
with the i th eigenfunction of the noise field; andX represents
the boundary of the sound field. Similar to the 1D field
Hsx( j v) andHpx( j v) share the same denominator in a 3
resonant field. Their difference in the numerators is due
the different source locationsxp and xs , which vanishes if
xp5xs .

In most ANC applications, digital controllers are imple
mented and path transfer functions are identified in
Z-transform domain as
Jing Yuan: Virtual sensing for broadband noise control
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Hpx~z!5
px

up
U

us50

5
Npx~z!

D~z!
,

Hsx~z!5
px

us
U

up50

5
Nsx~z!

D~z!
, ~35!

where all transfer functions share a same denominatorD(z);
and they differ from each other in the numerators. The s
scripts of the numerators indicate the source-destination
the paths.

B. Separation of primary and secondary signals

In this study, spatial coordinates of the two physical s
sors and the virtual sensor are denoted asx1 , x2 , and xv ,
respectively. Transfer functions from the primary source
the two physical sensors and the virtual sensor are deno
respectively, asHp1(z), Hp2(z), and Hpv(z); and transfer
functions from the secondary source to the sensors are
noted asHs1(z), Hs2(z), and Hsv(z) respectively. These
transfer functions are assumed available accurately by of
identification. Letp1 , p2 , andpv denote, respectively, pres
sures of the two physical sensors and the virtual sensor, t
signals are linear combinations of the primary and second
fields, such asp15Hp1(z)up1Hs1(z)us . Due to the differ-
ent spatial distributions of the primary and secondary fie
it is important to separate the two fields in predicting t
virtual signal.

Since the strength of the secondary source is alw
available to the controller, it is relatively easy to predict t
part of the virtual signal contributed by the secondary sou
This part is simplypvuup505Hsv(z)us , where transfer func-
tion Hsv(z) can be identified from offline measurement da
The focus is the prediction of the other part of the virtu
signal, contributed by the primary source. For this reas
signals measured by the physical sensors should be
cessed first to remove the contributions of the second
source by

p1uus505p12Hs1~z!us ~36!

before used to predict the virtual signal.
Some researchers used filters to recover a virtual sig

from the signal of a physical sensor.13,14Let F(z) denote the
transfer function of such a filter, then broadband recovery
a virtual signal at locationxv is mathematically equivalent to

Hpv~z!5
Npv~z!

D~z!
5Hpx~z!F~z!5

Npx~z!

D~z!
F~z!, ~37!

which requires

F~z!5
Npv~z!

Npx~z!
~38!

in a frequency range of interest.
In many ANC applications, path transfer functions a

nonminimum phase, which means some roots ofNpx(z) are
unstable and outside the unit circle in theZ plane. The filter
in Eq. ~38! is unstable in such a case, which is very likely
be true in an ANC application if the physical sensors do
collocate with the primary source.
J. Acoust. Soc. Am., Vol. 116, No. 2, August 2004
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C. The proposed method

The proposed method avoids Eq.~38! to avoid the insta-
bility of Npx(z). It uses two physical sensors to predict
virtual signal. These sensors are installed judiciously in
noise field with coordinatesx1 andx2 , such thatNp1(z) and
Np2(z) do not share any zeros. This is ensured if the spe
of p1 andp2 do not have the same antiresonant frequenc
when both are measured in the absence of the secon
source.

WhenNp1(z) andNp2(z) do not share any zeros, ther
exist two polynomialsF1(z) andF2(z), such that

Npv~z!5Np1~z!F1~z!1Np2~z!F2~z!, ~39!

which implies

Hpv~z!5Hp1~z!F1~z!1Hp2~z!F2~z!. ~40!

Equation~39! is known as the Bezout equation,15 which has
a matrix-vector expression

F nv0

nv1

]

nvm

G
53

n10 n20

n11 n10 n21 n20

] n11 � ] n21 �

n1m � n10 n2m � n20

n1m n11 n2m n21

� ] � ]

n1m n2m

4
33

f 10

f 11

]

f 1m

f 20

f 21

]

f 2m

4 , ~41!

where Npv(z)5( i 50
m nv iz

2 i , Np1(z)5( i 50
m n1iz

2 i , Np2(z)
5( i 50

m n2iz
2 i , F1(z)5( i 50

m f 1iz
2 i , and F2(z)

5( i 50
m f 2iz

2 i , respectively. The matrix in Eq.~41! is known
as the Sylvester resultant matrix, which is nonsingular
Np1(z) and Np2(z) do not share zeros.15 This is ensured if
the two physical sensors are installed judiciously.

The Bezout equation establishes the existence of the
lutions in the entire frequency range of interest. It is va
when Ns1(z) or Ns2(z) is nonminimum phase. This is a
important difference between the proposed method and th
by Popovich13 and Kammer.14 Practically,F1(z) and F2(z)
can be obtained adaptively, because the product ofup(z) to
both sides of Eq.~40! leads to

p̃v5F1~z!p̃11F2~z! p̃2 ~42a!
939Jing Yuan: Virtual sensing for broadband noise control
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where p̃v5Hpv(z)up , p̃15Hp1(z)up , and p̃25Hp2(z)up

are measured whenus50. The time domain version of Eq
~42a! is a regressive form

p̃v~k!5(
i 50

m

@ f 1i p̃1~k2 i !1 f 2i p̃2~k2 i !#. ~42b!

It may be used for the identification ofF1(z) andF2(z) by a
LMS algorithm whenus50. Once F1(z) and F2(z) are
available from Eq.~42b!, the two polynomials are imple
mented as FIR filters to predict the virtual signal by

pv5F1~z!@p12Hs1~z!us#1F2~z!@p22Hs2~z!us#

1Hsv~z!us , ~43!

whereHs1(z), Hs2(z), andHsv(z) are available by offline
identification.

V. EXPERIMENTAL VALIDATION

An experiment was conducted to verify the analytic
results. A feedforward ANC was implemented in a duct w
a cross-sectional area of 11314.5 cm2 as depicted in Fig.
3~a!. The primary and secondary actuators were 4 in lo
speakers placed at the opposite ends of the duct. Two ph
cal sensors~represented by thick-black lines! were placed in
the duct to predict the virtual sensor signal~represented by a
thick-gray line!. All sensor signals were low-pass filtere
with a cutoff frequency 1 kHz.

A block diagram of the experimental system is shown
Fig. 3~b!, wherePv(z) andSv(z) represent the paths to th
virtual sensor. The primary noise was a broadband pseu
random signal. The virtual secondary pathSv(z) was identi-
fied offline first, and then used by a filtered-x LMS ANC @not
shown in Fig. 3~b! for brevity# to suppress virtual signalpv
5A( j v)ejkxv1B( j v)e2 jkxv, where A( j v)exp(jkx1) and
B( j v)exp(2jkx2) were calculated by substitutingx1

FIG. 3. ~a! Experiment setup,~b! block diagram of the experiment system
940 J. Acoust. Soc. Am., Vol. 116, No. 2, August 2004
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51.5 m andx250.7 m into Eq.~14!. The virtual signalpv is
supposed to predict the pressure signalp at xv51.1 m with
x1>xv>x2 .

Since there may be implementation errors in the syst
it is possible that the virtual signalpv is well suppressed
while the real signalp is not suppressed by the same amou
For this reason, a real sensor was placed atxv to check the
difference betweenp and pv . The signal paths to the rea
sensor are depicted in Fig. 3~b! by the gray-lines, to show
that these paths were not related to the control system.

The experimental results are plotted in Fig. 4 in thr
curves. The dashed-black curve, labeled ‘‘controller of
represents the normalized power spectral density~PSD!
up(z)/up(z)u of the uncontrolled noise. The other curve
were collected when the controller was active. The thic
gray curve, labeled ‘‘real signalp,’’ plots the normalized
PSD up(z)/up(z)u. The thin-black curve, labeled ‘‘virtua
signal pv , ’’ represents the normalized PSDupv(z)/up(z)u.
The difference between the two closely spaced curves
up(z)/up(z)u ~real signal! versusupv(z)/up(z)u ~virtual sig-
nal!.

The objective of the controller is to minimiz
up(z)/up(z)u without placing a real sensor atxv . Sincep was
not available to the controller, the controller had to minimi
upv(z)/up(z)u without any information onp. The experiment
verifies the effectiveness of the virtual sensor because
minimization ofupv(z)/up(z)u indeed leads to the minimiza
tion of up(z)/up(z)u, thoughupv(z)/up(z)u appears to be bet
ter thanup(z)/up(z)u in some frequencies. Such a differen
was due to implementation errors in the system.

Another way to verify the virtual sensing method is
comparepv with either p1 or p2 . For this reason, the pri
mary and secondary sources were placed at the opposite
of the duct. At convergence, the ANC created a quiet zo
nearxv , which included neitherx1 nor x2 . Both p1 andp2

were collected in the experiment. Onlyp1 is plotted in Fig. 5
to compare withpv . Sincep1 was measured approximate
halfway between the secondary source andxv , its magnitude
is significantly different from that ofpv , as shown in Fig. 5.

FIG. 4. Comparison of uncontrolled noise~dashed-black curve! with con-
trolled real signal~thick-gray curve! and controlled virtual signal~thin-black
curve!.
Jing Yuan: Virtual sensing for broadband noise control
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A similar difference exists betweenp2 andpv , sincep2 was
measured between the primary source andxv . That result is
not plotted to avoid distractions due to the similar peak l
els of p1 andp2 distributed in two sets of different frequen
cies.

VI. CONCLUSION

A novel virtual sensing scheme is developed for act
control of broadband noise in lightly damped enclosures.
based on path transfer functions derived analytically
sound fields. These transfer functions describe the analy
distribution of sound signals, on basis of which the propo
method is developed. Unlike available virtual sensi
schemes, which work well for tonal signals, the propos
scheme enables exact prediction of the virtual signal in
entire frequency of interest. This method may be applied
an available ANC scheme for broadband noise control i
lightly damped field.

FIG. 5. Comparison of virtual signalpv ~thin-black curve! with a measured
signalp1 ~thick-gray curve!.
J. Acoust. Soc. Am., Vol. 116, No. 2, August 2004
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