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Broadband sound reflection by plates covering side-branch
cavities in a duct

Lixi Huang®
Department of Mechanical Engineering, The Hong Kong Polytechnic University, Kowloon, Hong Kong

(Received 9 December 2005; revised 3 February 2006; accepted 18 February 2006)

When a segment of a rigid duct is replaced by a plate backed by a hard-walled cavity, grazing
incident sound waves induce plate bending, hence sound reflection. The mechanism is similar to the
drumlike silencer with tensioned membranes [L. Huang, J. Acoust. Soc. Am. 112, 2014-2025
(2002)]. However, the logarithmic bandwidth over which the reflection occurs is much wider than
that of a drumlike silencer of the same cavity geometry, the typical difference being nearly one
octave band. The difference in the silencing performance is explained in terms of the intermodal
acoustic interference between the odd and even in vacuo vibration modes. For a given cavity
volume, the widest stopband for noise in air is obtained by using long plates with two free lateral
edges parallel with the duct axis. The optimal material should be stiff and light, and the critical
parameter is found to be the ratio of the Young’s modulus over the cube of density. Typically, this
ratio is 250 times higher than those of common metallic materials like aluminum alloys, but it is
within the reach of existing ultralight foam materials or composite beams with a light core. © 2006

Acoustical Society of America. [DOI: 10.1121/1.2186431]

PACS number(s): 43.20.Tb, 43.20.Ks [KA]

I. INTRODUCTION

Duct noise control finds many applications such as ven-
tilation systems in built-up environments. Medium and high-
frequency noise is easily tackled by duct lining using porous
materials, for which the technology is rather mature. Low-
frequency noise remains a technical challenge. Active con-
trol could, in principle, deal with such problem with ease, but
the actual applications of the technology have been few due
to cost, reliability, and other practical concerns. The present
author has been developing an alternative for the low-
frequency duct noise control through the use of flexible walls
(Huang, 1999) leading to a prototype device of drumlike
silencer (Huang, 2002) in which a segment of tensioned
membrane lines part of the duct wall, and each membrane is
backed by a hard-walled cavity. Incident sound waves from
upstream induce the membrane to vibrate and the vibration
radiates sound in both directions of the duct. The upstream
radiation forms the wave reflection while the downstream
radiation combines with the incident wave and destructive
acoustic interference ensues. In fact, the acoustics of such
device is very similar to a successful scheme of active duct
noise control using a single side-branch loudspeaker except
that the secondary source in this case is the tensioned mem-
brane, and there is absolutely no chance that the destructive
acoustic interference in the downstream region could turn
out to be constructive. This is so because the incident wave is
the only energy source and the acoustic energy conservation
guarantees that there is transmission loss of noise across such
flexible segments. When compared with duct lining and
splitter-type silencers, the drumlike silencer carries the extra
merit of creating zero back pressure and using no porous
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material. The prototype device has been tested successfully
for the conditions of without (Choy and Huang, 2002) and
with flow (Choy and Huang, 2005).

It has been shown that the drumlike silencer achieves its
best silencing performance under an optimal tensile force
(Huang, 2004). When the membrane is too loose, reflection
waves from different parts of the membrane simply cancel
themselves out. When the membrane is too tight, it ap-
proaches the condition of a hard wall. The mechanism of the
superior sound reflection capability achieved for the optimal
configuration lies in the delicate acoustic interference be-
tween different parts of the tensioned membranes. If the
membrane vibration is decomposed into in vacuo modes of
velocity sin(jmx/L), where the membrane occupies x
«[0,L], the broadband performance is found to derive
mainly from the first two modes, j=1,2. The first mode is
very effective in reflecting low-frequency sound but is hard
to excite due to the cavity air stiffness. The second mode is
relatively ineffective in reflecting low-frequency sound but is
rather easy to excite. The two modes are found to supple-
ment each other in achieving a broadband silencing perfor-
mance.

In this study, the tensioned membrane is replaced by a
plate with its natural bending moment as the sole structural
restoring force. The parametric relationship between the first
two in vacuo modes is changed, and a corresponding change
in the intermodal acoustic interference is also expected to
take place. For example, the second membrane (string) mode
has its eigenfrequency twice as much as that of the first
mode. But, this is changed to four times when it comes to the
plate. It is shown in later sections that the change in the
intermodal relationship is beneficial for sound reflection pro-
vided that the parameters of the plate are optimized.

The use of a plate and, for this matter, the tensioned
membrane in noise abatement may not be new, but its use as

© 2006 Acoustical Society of America
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FIG. 1. (Color online) Theoretical model of sound wave reflection by two
cavity-backed plates forming part of the otherwise rigid duct walls.

a side-branch wave reflector is. For example, a plate has been
used as a means to adjust certain acoustic resonance. Panel
absorbers are used in broadcasting studios and other archi-
tectural practices (Brown, 1964; Ford and McCormick, 1969;
Horoshenkov and Sakagami, 2001), membrane absorbers are
used as splitter silencers in the form of arrays of Helmholtz
resonators (Frommhold er al., 1994). However, in all these
applications the panel, or the membrane, is a component of a
resonator which works for a narrow frequency band. The
structural mass is often a desirable property to achieve a low
resonance frequency. Here, it is shown that the most desir-
able properties of a plate as a side-branch wave reflector are
the high stiffness and low density.

In what follows, theoretical outlines are given in Sec. II,
and the relationship between plate/cavity resonance and
wave reflection is examined for the three-dimensional acous-
tic model and two-dimensional plate model. In Sec. III, the
model is changed to two-dimensional duct and one-
dimensional beam, leading to the optimal wave reflection
performance. The effects of plate and cavity damping are
also studied. Section IV examines the effect of plate mass
and the issue of material selection.

Il. THEORETICAL MODEL AND PLATE RESONANCE
A. Three-dimensional theoretical model

As shown in Fig. 1, a segment of a rigid duct of height
h and width w is lined by two plates of length L and width w.
Each plate is supported by a cavity of depth A.. The four
edges of the plate may have different structural boundaries.
The leading and trailing edges located at x=0,L are simply
supported. This condition is preferred over the clamped con-
dition for a uniform plate since it allows the plate to respond
to incident waves with a higher vibration magnitude. The
two lateral edges, defined as those located at y=0,w, can be
either simply supported, as is the case in the analysis of this
section, or free, which is the case for the later sections. A
plane incident wave comes from the left to the right with a
unit amplitude,

pi= ei(wt—kx) , (1 )

and it induces the plate to vibrate with a transverse displace-
ment of complex amplitude 7(x,y) and velocity V(x,y) with
the same time dependence, exp(iwt), which is henceforth
omitted. The plate motion radiates sound in both direc-
tions of the duct axis, +x, and it induces a fluid loading of
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Ap = (plicgs = Plo)™. (2)

Note that Ap is defined as that induced by the plate vibration
(hence the superscript 7) excluding the loading by the inci-
dent wave. The plate vibration is governed by the following
equation:

&
msa—t:]+BV47]+pi+Ap:0, (3)

where B=Es?/[12(1-17)] is the bending stiffness, m,, E, v,
s are, respectively, the plate mass per unit surface area,
the Young’s modulus, Poisson’s ratio, and the plate thick-
ness. The effect of damping is investigated in the next
section where relevant formulation is given. In order to
solve Eq. (3) both the plate vibration and the fluid loading
on the plate are expanded into the in vacuo modes of the
simply supported plate denoted by ¢;,(x,y),

®jq(x,y) = sin(jmx/L)sin(gmy/w),

V(x,y) = 2 2 Vig®ig(x.y),

J=1 q=1
4 w L
Vig= EJO dyf0 Vix,y)e;,dx,
Ap'7 = E E Zigjrq'Pirq’> (4)
J.a

]q]/qr = f dyf Ap jq QD‘]rqrdX

where Ap(¢ia) denotes the fluid loading induced by the modal
vibration of indices (j,g) with a unit amplitude, and Z;, .+ is
the modal impedance defined as the fluid loading of mode
(j',q') arising from the plate vibration of mode (j,q) with a
unit velocity amplitude. The formulations for Z;, ;. and the
convergence of the solution for the truncated set of equations
are documented in Huang (2002) and Huang and Choy
(2005) for tensioned membranes. Since Zj,irq' 18 the acoustic
property of the duct and the cavity, it is independent of the
structural mechanics. In other words, Z;,;+,» found for the
membrane problem can also be used here. Briefly, the modal
impedance problem becomes a standard radiation problem
and the solution can be expanded into the duct acoustics
modes (Doak, 1973) of indices m in the y direction and n in
the z direction, illustrated in the right-hand part of Fig. I.
Using the standard Galerkin procedure, the following set of

linear equations are obtained:

L 1q+EZ” Vig+1i,=0, j.q=1273,-, (5)

j'a’ja" j'q
where qu is the structural mechanics operator,
. B|(jm\* jm\*(gqm\* [qm\*
Lig=mijo+—(| =7 +2|— | |— | +|—/ [
iw| \ L L w w
(6)

and /;, is the modal excitation of the given incident wave p;,
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FIG. 2. (Color online) Resonance of
the cavity-backed, side-branch plate
with L=h, h,=h, B;=0.001. (a) Sys-
tem TL. (b) Plate vibration velocity
(Vems» relative scale). (c) Modal de-
composition of the reflected sound and
the instantaneous plate vibration ve-
locity distribution for the first reso-
nance frequency, point A, where TL
also peaks. (d) Second TL peak point
b. (e) Second resonance frequency
point B. (f) Third and (g) fourth TL
peak and resonance frequency points.
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qm (jm)? = (&L)* |

The set of linear equations (5) is truncated to a finite number
of modes in all three dimensions: axial plate mode j, lateral
plate mode ¢, and duct acoustics modes, m,n. Numerical
tests show that the modal convergence properties for the
plate problem are similar to the membrane problem, and de-
tails are not given here. In the numerical examples given
below, the plate modes are truncated to 20 in both length and
width directions while 50 modes are used for the duct acous-
tics. Once the complex modal velocity V;, is obtained, the
far-field sound radiation to the upstream represents the re-
flection wave calculated by

pr=2prjq=2prjs prjzzprjq’
J-q J=1 q=1

w L
_pC —ikx
Piig= 5 5Via fo ( fo @yl y)e kdx)dy, (8)

where py, ¢, are the fluid density and speed of sound, respec-
tively, and the contribution from each axial mode, j, is cal-
culated by a summation over the lateral mode of index gq.
The radiation to the downstream combines with the incident
wave to become the transmitted wave, which is written be-
low together with the definition of the transmission loss TL,

L
pC ikx
pi=pi+ °°2v f ( J cp,fq(x,y)e”dx)dy, (9)
0 0

2h2
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When the two lateral edges at y=0,w are set free, the prob-
lem is degenerated into two dimensions for the duct acous-
tics and one dimension for the plate (or beam). The above
equations can be easily adapted by eliminating the modes in
the y direction with indices g and m. The formulations for
the 2D problem are similar to Huang (2002) and are not
listed separately here for the sake of brevity.

In all numerical examples, parameters are normalized.
Three basic normalization quantities are chosen, fluid density
Po» speed of sound ¢, and duct height 4. Time and pressure
quantities are normalized by c¢y/h and poc%, respectively. By
doing so, three most important parameters emerge,

wh X B B (10)
I_Poc(z)hy

fi=

2mc,

which are, respectively, the dimensionless frequency, the
plate-to-fluid mass ratio, and the dimensionless bending
stiffness. Here, a dimensionless variable is identified by a
subscript of “1” added to its dimensional variable of the
same symbol, while dimensional variables are used as much
as possible. For the sake of comparative study, tensioned
membranes are also investigated, and the relevant dimen-
sionless tension is defined as Ty=T/(pycih?), where T is the
dimensional tensile force applied.

B. Compact plate resonance

In order to best appreciate the fluid-plate interaction, an
example of compact plate resonance is given with the fol-
lowing parameters:

Lixi Huang: Plate silencer
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mlzl, L=W=hc=h, B1=0001

The results are shown in Fig. 2 with seven subfigures. Figure
2(a) shows the transmission loss (TL) spectrum and Fig. 2(b)
the root-mean-square value of the plate vibration velocity
integrated over the whole plate denoted by V... Peaks in the
TL spectrum are indicated by open circles and marked by
lower-case letters, while the V., peaks are marked by
open squares and upper-case letters. The two sets of peaks
are shown in both subfigures. Figures 2(d)-2(g) are details
of the vibration velocity distribution and the sound reflec-
tion for individual frequencies marked in Figs. 2(a) and
2(b).

As shown in Figs. 2(a) and 2(b), the first TL peak, “a,”
is over 40 dB and the same frequency position happens to be
a rather flat peak of V,,,,, denoted by “A.” This common peak
features mainly the fundamental mode vibration, j=¢g=1,
shown in Fig. 2(c). In the left-hand side of Fig. 2(c), the
sound reflection is decomposed into contributions from vari-
ous axial modes of index j; cf. Eq. (8). The contribution of
each axial mode is represented by a vector bounded by open
diamonds based on the complex amplitude of the sound re-
flection. The vectorial summation indicates how the modal
contributions interfere with each other. In this particular fre-
quency of f;=0.145 for points a and A, there is hardly any
contribution from modes of j> 1. The reason why V. is so
low is as follows. At this frequency, most sounds are re-
flected by the plate. The plate becomes a pressure release
surface, and the actual sound pressure is an antinode (p
~() there. In other words, part of the excitation force is
canceled out by the plate response. As shown in Figs 2(a)
and 2(b), TL decreases when f;>0.145 before it increases
again, while V,,; decreases only slightly before it approaches
its next peak. The TL peak deviates from the V., peak al-
though they are not too far apart. At the point where the plate
vibration is the highest, point “B,” TL is actually very low.
This is the best illustration of the fact that the plate resonance
is not necessarily good for sound reflection. Modal decom-
position of the sound reflection and the instantaneous plate
vibration velocity are shown in Fig. 2(d) for point “b” and in
Fig. 2(e) for point B. Figure 2(d) shows that good silencing
performance is achieved when the reflections by the first two
axial modes of j=1,2 are essentially out of phase (the vec-
tors being perpendicular to each other). As shown in Fig.
2(e), a slight adjustment of frequency to point B shifts such
phase relation, and the two modes interfere destructively.
When the dimensionless frequency is further increased to-
wards 0.44, two more sets of peaks are identified in Figs.
2(a) and 2(b). This time, the TL peaks also coincide with the
Vims peaks like the first point at f;=0.145, but they can ac-
tually be separated by using a finer frequency resolution.
Details of the vibration are shown in Fig. 2(f) for points “c”
and “C,” and Fig. 2(g) for points “d” and “D.” Two obser-
vations are made here. First, the main contributions of sound
reflection derive from the first and third modes, j=1,3. Sec-
ond, the plate vibrations are very different for the two sets of
peaks, although the frequencies are not too far apart.

J. Acoust. Soc. Am., Vol. 119, No. 5, May 2006

G & (©
g b ﬂ
a T Ol

c&cﬂmﬂﬂﬂm_ﬂ
vas I {|_-n___

FIG. 3. (Color online) Response of a long plate with L=5h, h.=h, B,
=0.003. (a) Transmission loss. (b) Root-mean-square plate vibration velocity
Vims- (€) Comparison of modal responses at the TL peaks (filled bars) and a
nearby resonance (open bars) with frequency locations labeled in the other
two subfigures.

C. Noncompact plate

The results of the short plate studies shown in Fig. 2
indicate that good silencing performance occurs near the
plate resonance. This implies that, in order to obtain good
low-frequency performance, the plate has to be long. The
results for the following configuration:

my=1, L=5h, w=h.=h, B;=0.003,

are shown in Fig. 3 with frequencies zoomed in to f;=0 to
0.2. For such a long plate, the first mode has very high ra-
diation resistance and is very difficult to excite at low fre-
quencies. Comparing the results in Figs. 3(a) and 3(b) with
those of Figs. 2(a) and 2(b), there are much larger and clearer
separations between the TL peaks, which are marked
a,b,c,d in Fig. 3(a), and the V,,,, peaks, which are marked
by A,B,C,D in Fig. 3(b), for the long plate than for the
shorter ones studied above. The resonance frequency la-
beled as “E” does not have a corresponding TL peak and
is left out of the discussion. The modal amplitudes for the
first peaks, a and A, are shown in the bottom row of Fig.
3(c). It is found that there is a strong second mode vibra-
tion, j=2, instead of the first, j=1, since the latter is too
difficult to excite at low frequencies due to the cavity
fluid stiffness. Nevertheless, the first mode still makes the
dominant contribution to the sound reflection (not shown)
at the first TL peak point a. The modal amplitudes for the
second group of peak points, b and B, are shown in the
second row from the bottom of Fig. 3(c). Here, the first
mode response is enhanced but the third mode dominates.
Point ¢ and C feature the fifth mode, while d and D the
sixth mode. It may be concluded that, for low structural
bending stiffness, resonances featuring dominant axial
modes occur at increasing frequencies, but not all reso-
nance can produce a TL peak at its nearby frequencies.
There is a clear frequency deviation between TL peaks
and the resonance frequencies; the former generally con-
sists of a mixture of different modes interacting construc-
tively.

Lixi Huang: Plate silencer 2631
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lll. CAVITY AND PLATE OPTIMIZATIONS

In the previous studies for the drumlike silencer (Huang
and Choy, 2005), it is found that high tension is necessary to
obtain better silencing performance since a strong structure
promotes low-order modes which are more effective in re-
flecting sound than high-order modes. However, the lateral
structural constraints prohibit the overall response, and are
generally unhelpful for responses at nonresonance frequen-
cies. This is also found to be the case for plate silencer.
Details are not given for such similar conclusions. In this
section, a comparative study is conducted for the drumlike
silencer and the plate silencer, both limited to the two-
dimensional configuration in which the two lateral edges, y
=0,w, are free to move. Since the frequency of interest is
limited to that below the cut-on frequency of the duct, f;
=0.5, plane incident wave does not excite the lateral modes.
The plate therefore behaves as a one-dimensional beam, and
the duct acoustics is limited to two dimensions. The proof of
such 1D structural response is given in Huang and Choy
(2005) for the drumlike silencer, and is not repeated here.
For simplicity, the configuration with two free lateral edges
is referred to as the 2D model in the following discussions.
To materialize such a 2D configuration, a small gap has to be
allowed between the lateral plate edges and the duct walls.
Too big a gap would cause serious leaking of sound, but a
previous study for the 2D membrane configuration (Choy
and Huang, 2002) showed that common design techniques
used in minimizing the leakage flow between stationary and
moving parts in a rotary machine would work. In the said
experimental study using a duct of 5 by 5 cm cross section, a
slit of 2 mm in depth was created in each lateral duct wall
allowing the membrane to be inserted into the recess with an
all-round clearance of no more than 0.5 mm. The experimen-
tal results demonstrated that the acoustic leakage was pre-
vented satisfactorily. It is believed that, when the dimension
of the duct cross section is increased, such gap would pre-
vent acoustic leaking even more effectively.

In this section, the cavity shape is optimized for a given
volume. The optimal shape is then fixed for the parametric
study of other variables such as the plate and cavity damp-
ing. Comparative study is conducted between the plate si-
lencer and the drumlike silencer to understand the common-
ality and the differences in terms of the intermodal
interference.

A. Cavity shape optimization

The procedure described in Huang (2004) is followed
here. For a given cavity volume, Lk, the aspect ratio, L/h,,
can be varied by changing the length and cavity depth simul-
taneously. For a given structure-to-air mass ratio, m;, the
dimensionless bending stiffness, B;, can be varied by chang-
ing the material elasticity. The objective function is the fre-
quency ratio, f,,/f,, where the transmission loss, TL, is above
a criterion value, TL., over the whole frequency band f
<[ f,sfpls OF f1%[f1a-f15] in dimensionless form, where f,
=fhlcy,frp=fph!cy. The choice of f,/f,=f1,/f1. as the ob-
jective value instead of f},-f;, is based on the consideration
that the low-frequency noise control is a true technical chal-
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FIG. 4. (Color online) Logarithmic bandwidth optimization in terms of the
B, and L/h while the cavity volume is fixed at 5h%. (a) Logarithmic band-
width f,/f,. (b) Dimensionless lower bandlimit f;,. (c) Dimensionless opti-
mal bending stiffness Bjqy. (d) Comparison of the optimal performance of
the 2D configuration (solid line) with L=5h and the optimal 3D configura-
tion with L=4h (dashed line). (e) Optimal performance for L=5.25h show-
ing a nearly flat stopband. (f) Optimal design for L=6h.

lenge. The criterion value TL., is somewhat arbitrary but a
procedure described in Huang (2004) recommends that the
value be chosen as the peak transmission loss for an expan-
sion chamber whose cavity volume is three times the actual
cavity volume in the silencer. For the example of volume
Lh,=5h?, the criterion value thus derived is rounded up to
10 dB. This configuration and the TL. value are adopted
here. The results of the optimization are shown in Fig. 4 for
the following given parameters: m;=1,Lh,=5h>. The proce-
dure is described as follows. With some parameters fixed as
above, two variables remain: dimensionless cavity length
L,=L/h and plate bending stiffness B;. The optimization be-
gins by fixing the value of L; and searching for the optimal
B, so that f;,/f, is the highest. This set of optimal results may
be called a local optimum. The highest value of f,/f, for all
lengths is identified as the global optimum. The local optimal
parameters, fi,, fi;, and Bj,y, are functions of the cavity
length L, and are presented in Figs. 4(a)-4(c). Figure 4(a)
shows the peak logarithmic bandwidth as a function of L;. It
is found that the global optimum is achieved right at L;=35,
h./h=1, since the result for L;=5.1 is worse than that of
L,=5. Figure 4(b) shows that the dimensionless lower fre-
quency limit, f;,=f,h/cy, as a function of L, and the lowest
f1a 1s achieved for L;=5. Figure 4(c) shows that the optimal
bending stiffness, By, increases with L; and there is no
peaky appearance around L;=5. The following set of optimal
results is found:

Low=5h, Bjop=0.129, f;,=0.0353,

f1p=4.25f,,=0.149.

The right-hand column of Fig. 4 shows some spectral com-
parisons with frequency points where TL=TL_ marked by

Lixi Huang: Plate silencer
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FIG. 5. (Color online) Comparison of the plate silencer
(solid curves, with B;,,=0.129) with drumlike silencer
(dashed curves, with T',,=0.475) with the same cavity
geometry of L=5h, h.=h, and the same mass ratio of
m;=1. (a) TL. (b) Reflection sound decomposition into
odd and even modes. (¢c) Odd-even interference index.

open circles for easy identification of stopbands. Figure
4(d) compares the overall optimum for L=5h (solid curve)
with the typical results for a three-dimensional model in
which the plate is simply supported along all four edges
(dashed curve) with L=4h, h,=1.25h. The latter is not
optimized under the strict criterion of TL=TL_ since
TL=10 dB is hard to achieve for such 3D configuration
described in the last section. The comparison shows that
the major improvement of the 2D model from the 3D
model is the low-frequency performance. The reason why
the 2D configuration performs better is common with that
of the drumlike silencer (Huang and Choy, 2005) and de-
tailed analysis is not given here.

Figure 4(e) shows a very interesting 2D configuration of
L=5.25h for which the TL is almost flat over much of the
stopband. Similar spectrum also appears for L=5h when B,
exceeds the optimal value of Bj,,=0.129, and the second
and third spectral peaks merge. For the case of L=5.25h
shown in Fig. 4(e), the logarithmic bandwidth f,/f, is
deemed to be lower than that of L=5h due to the slight
deterioration of TL near f,. Note also that there are only two
spectral peaks within the band. Figure 4(f) shows that, when
L, is further increased to 6, the bandwidth is severely nar-
rowed due to the rather uniform drop of TL between the first
two peaks in the spectrum. If the strict rule of TL=TL,, is
somehow relaxed, it may be said that the silencer works for
an ultralow frequency for a given geometry. If the dimen-
sional frequency of interest is given, it means that the plate
dimension may be reduced. For this reason, it might well be
that this configuration is practically more preferable.

B. Comparison with the drumlike silencer

Coincidentally, the optimal cavity shape for the drum-
like silencer for the specific volume of Lh.=5h* is Loy
=5.7h (Huang, 2004), not too far from 5.0n found for the
plate silencer here. For simplicity, the performance of the
drumlike silencer with L=5h, h,=h and the dimensionless
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optimal tension 77=0.475 is chosen for comparative study in
Fig. 5. The results for the plate silencer are shown in solid
lines and those of the drumlike silencer in dashed lines. The
spectral comparison is shown in Fig. 5(a) together with the
performance of the expansion chamber of the same cavity
geometry (dotted line). Evidently, the superiority of the plate
silencer lies in the low-frequency region. Figure 5(b) com-
pares the decomposition of the sound reflection, cf. Eq. (8)
into the summation over odd in vacuo modes, j=1,3,5,...
and that over the even in vacuo modes, j=2,4,6,.... Focus-
ing on the stopband below the dimensionless frequency of
around 0.15, it is found that the odd-mode contribution for
the two types of silencers is almost identical. For the even
modes, however, the plate-type silencer outperforms the
drumlike silencer with its first peak at a much lower fre-
quency. In fact, this peak of the even-mode reflection is re-
lated to the second-mode resonance determined by the struc-
tural restoring forces (Huang, 2002), tension or bending
moment, and the total mass of the coupled system. The vir-
tual mass imposed by the cavity air is found to be much
more than the structural mass for this example, and the
acoustic impedance analysis for the drumlike silencer re-
mains unchanged. The difference between the two silencers
is this. For the plate silencer, a bending stiffness of By
=0.129 is chosen in such a way that the second mode reso-
nance occurs at a frequency lower than that of the drumlike
silencer under T',,=0.475. Of course, it is also possible to
choose a lower value of tension so that the second mode
resonance for the drumlike silencer also occurs at a lower
frequency. But, then the TL in the low-frequency regime can-
not be maintained at a level above TL due to the adverse
cross-modal interference, which is shown in Fig. 5(c) as the
part of the dashed curve near the label “Drum” with negative
values. If the phase angle between the reflected wave from
the odd modes and those of the even modes is denoted by 6,
the interference index is given by cos 6, which varies from
the lowest extreme of complete cancellation to complete ad-
dition. For frequency f;=0.03 to 0.05, the plate silencer
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works since its odd-even interference is neutral, cos =0,
while the drumlike silencer fails as its odd-even interference
is rather destructive. Note that the structural responses at the
three spectral peaks are rather similar to those of Huang,
(2002), namely, the first peak is from the combined effect of
the first and second in vacuo modes, the second peak is from
the first mode, and the third peak is from the second mode.

C. Effects of plate and cavity damping

The effect of damping is investigated by two ap-
proaches. One is to consider various levels of structural
damping on the plate, and the other is to add sound absorp-
tion materials in the cavity. For plate damping, the model
adopted is written as

NN ST

ms(l—wm)? +BV*y(l +io) +p;+Ap=0 (11)
for harmonic oscillations, 7 €', where o, and o, are, re-
spectively, the mass and stiffness damping coefficients in the
Rayleigh damping model. The mass damping coefficients
acts mainly on the high-frequency oscillation while the stiff-
ness damping on low frequencies. The exact damping
mechanisms are hard to model. For the purpose of qualitative

illustration, it may suffice to assume a balanced damping
mechanism as

o=0,=0,, (12)

and focus on the overall effect of o on the silencing perfor-
mance. For the second method of adding sound absorption
material into the cavity, the fluid inside the cavity is modeled
as one in which the density and the speed of sound are mod-
eled as complex quantities. Following Mechel and Vér
(1992), the mass and momentum conservation laws are com-
bined in a familiar manner to form the wave equation in the
porous media,

1 &p

ov
—+Vp=0—->Vp-=—=0,
pc(?t P cgé’t2

1 g
—2—p+V'V=0,
pec. 9t

(13)

where p..,v,c, are, respectively, the complex density, particle
velocity and wave speed. Note that the particle velocity is
defined in such a way that p,v represents the true oscillating
mass flow of the fluid through the porous material per unit
cross section instead of p.v. Similar to sound wave propaga-
tion in lossless fluid, a velocity potential can be introduced
and is related to sound pressure and velocity perturbations as
follows:

V=V p=-p2, (Vz—ff)wo. (14)

The boundary condition on a solid wall with its unit normal
vector n and the plate surface at z=0 are given as follows:

wl
IN | hard wall Iz

an
= 15
P (15)

plate

The sound pressure on the lower surface of the plate is ob-
tained as p|,_q_=—p.d¢/dt and is used in calculating the

2634 J. Acoust. Soc. Am., Vol. 119, No. 5, May 2006

fluid loading, Ap= p|.—o,— pl.-o-» used in Eq. (3). The com-
plex wave number and impedance are given by empirical
formulas (Mechel and Vér, 1992) using the data of glass
fiber in the low frequency range,

Z.=p.Con Zo=poco ko=wlcy, R=-U'dpldx,

k.Jko= colc.=0.396E048 4 i(1 +0.135E70040)
Z1.=ZJZy=(1+0.0668E™"77) —j X 0.196E~"*,

E = pofIR < 0.025. (16)

Note that R is the dimensional flow resistance, and a dimen-
sionless version is defined below in the current study,

_ R

R, = . (17)
PoCo

The parameters of o and R; are collectively called damping
factors for simplicity.

The effects of plate damping and sound absorption ma-
terial filled in the cavity are investigated separately. For each
type of damping mechanism and the level of damping factor
chosen, the plate bending stiffness B is varied to seek the
widest logarithmic stopband f,/f,, while the geometry of L
=5h, h.=h, and the dimensionless plate mass of m;=1 are
fixed in this optimization exercise. Again, the global opti-
mum is identified for the highest bandwidth. The results are
shown in Fig. 6. Figure 6(a) shows the optimal stopband as a
function of the damping factor for the two damping mecha-
nisms, with the global optimal point marked by a filled circle
(with cavity damping) and a diamond (plate damping). For
plate damping (solid line) the overall optimum is found at
Oopi=0.1, 3/ f,=4.54, which is only slightly better than the
bandwidth of f,/f,=4.27 without damping. When o exceeds
around 0.12, the bandwidth suffers a sudden drop. For cavity
damping (dashed line), a maximum bandwidth of f,/f,
=4.84 is achieved at R;,,=0.07. There is no sudden drop in
bandwidth as R, increases further but excessive damping re-
duces the bandwidth. Figure 6(b) shows the optimal bending
stiffness, By, as a function of the damping factors with the
global optimal points shown in the same filled symbols as in
Fig. 6(a). Spectral comparisons between the plate damping
factors of 0=0, oy, 0.2 are given in Fig. 6(c). It is found
that sharp peaks predicted for =0 are smoothed out when
there is plate damping, and excessive damping causes the TL
to drop between the second and third peaks; hence, the sud-
den drop of f,/f, shown as the solid line in Fig. 6(a). The
results for the cavity damping of R;=0, Ry, 0.2 are shown
in Fig. 6(d). It is found that the cavity damping brings a
rather uniform TL across the whole frequency band, and ex-
cessive damping suppresses the responses near the lower
limit of the stopband.

The contributions of the damping mechanisms towards
the overall silencing effect are shown in Fig. 7 when the
plate bending stiffness is fixed at its optimal value found in
Fig. 6. For a plate with damping, the optimal value of By
=0.132 is given and the results are shown in Fig. 7(a). With
the optimal damping factor of o, =0.1 (thick solid line), the
average contribution of sound absorption by the damped
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plate is around 9% in the stopband marked by the two thin
vertical lines. When the damping factor is increased to 0.2,
the sound absorption is indeed increased to an average of
16%, but the overall TL is reduced, as shown in Fig. 6(c),
due to the reduced sound reflection. For a plate without
damping but the cavity filled with sound absorption material,
the optimal bending stiffness is Bj,,=0.158 and the results
are shown in Fig. 7(b). The contribution of sound absorption
in this case is much more prominent than that of plate damp-
ing. Within the stopband marked by the two thin vertical
lines, the average contribution by the cavity damping is 46%
when R,,,,=0.07 is used, and is 63% when a higher value of
R;=0.2 is used. Again, excessive use of sound absorption
mechanism stifles the plate response and reduces the overall
transmission loss.

IV. EFFECT OF PLATE MASS AND CHOICE OF
MATERIAL

A. Effect of plate mass

The effect of plate mass is investigated by varying the
plate-to-air mass ratio m; while the geometry is fixed as L
=5h, h.=h. For each mass ratio given, bending stiffness is
varied to find the optimal bandwidth f,/f,. The results are
shown in Fig. 8. Figure 8(a) shows the optimal bandwidth as
a function of m,. All calculated points are marked by crosses.

-
—_

0.125 0.25

The overall optimum is shown by a filled triangle, while the
result for m;=1 is shown by a filled square. The horizontal
scale is logarithmic except the special point of m;=0, which
is shown as an open circle. For the range of m;=0.05 to 0.5,
the bandwidth hovers around f,/f,~ 6.0 with the overall op-
timum located at m;=0.25. Figure 8(b) gives B,y as a func-
tion of m; which shows a monotonous trend of increase.
Figures 8(c) and 8(d) compare the optimal spectra for differ-
ent values of m;. Figure 8(c) explains why the bandwidth of
m ;=0 suffers from a sudden drop of f},/f, from m;=0.05 to
0.01 in Fig. 8(a). The reason is found as the mild decrease of
TL between the first and second spectral peaks. For practical
purposes, such drop can be ignored and a general conclusion
can be drawn that a lighter plate provides wider stopband.
Figure 8(c) also shows that, when the plate mass is increased,
the stopband shrinks from both low and moderately high
frequencies. Figure 8(d) shows the overall optimum (thick
solid line) of m;=0.25, and a rather heavy plate of m;=10
(dashed line). The latter has nearly one octave stopband
ranging from f;=0.029 to 0.055. The bandwidth may be low,
but the location in the very low frequency region could prove
to be a practical advantage for the noise control at very low
frequencies. In addition, a higher mass ratio also makes it
easier for such a plate to be realized with a low-cost material
and structure.

() B,=0.132 (b) B,=0.158

FIG. 7. (Color online) Absorption coefficient of sound
energy, «. (a) Damped plate with B;=0.132; (b)
damped cavity with B;=0.158.
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B. Choice of plate material and structure

As is shown below, it is generally difficult to satisfy the
condition of a high bending stiffness with a low mass ratio.
Stiffness-enhancing structures may have to be used. Denote
the overall thickness of the plate as s and the volume density
of the plate as p,, which may be much lower than the density
of the core material. The dimensionless bending stiffness,
mass ratio, and the dimensional moment of inertia / are ex-
pressed below,

El PsS

Bl_ my =,
poh

=—, 1:f y2dA = Cwh?, (18)
P()C%Wh3 A

where the constant C is 1/12 for a homogeneous plate of
rectangular cross section and the ratio of the actual value of
C to the normal value of 1/12 can be called stiffness effi-
ciency for a sandwich beam construction. Substituting the
thickness s by mhpy/p,, the dimensionless bending stiff-
ness can be rewritten as follows:

E (p 3
Bl=cm§—2<—°) : (19)
Poco \ Ps

For a given material and sandwich beam construction, the
most influential parameter is the dimensionless mass ratio
m;. When the mass ratio is increased by increasing the plate
thickness, the required optimal bending stiffness also in-
creases, cf. Fig. 8(b), and the bandwidth reduces, cf. Fig.
8(a). For m;=0.5,1,5, the required values of the optimal
bending stiffness are B;=0.114, 0.1289, and 0.1780. The
increase of B,,, with respect to m; is mild, roughly pro-
portional to m{"" in this region of mass ratio. In other
words, the requirement for B, is much easier to satisfy if
the allowed mass ratio is increased with the price of hav-
ing a much smaller stopband. For m;=5, the logarithmic
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bandwidth is f},/f,=2.2. If this performance is accepted as
the lower limit of a design, the mass ratio as high as 5 is
considered to be relevant, and is included in the following
analysis alongside the moderate mass ratio of unity.

Equation (19) also shows that, for a given set of m,,B,
to be satisfied, the most crucial material property is E/ pz,
which is typical in the selection of weight-saving materials in
aerospace applications. According to Chart 1 given in Ashby
(1999), and Ashby and Johnson (2002), the best material for
this purpose would be balsa, a type of wood, polyvinychlo-
ride (PVC), a type of polymer, or carbon fiber-reinforced
polymer. Two materials are examined here using the normal
rectangular cross section for the plate, for which C=1/12.
The first material is the aluminum alloy with p;
=2700 kg/m?, and E=75 GPa. Taking the air properties as
po=1.225 kg/m?, ¢,=340 m/s, the dimensionless bending
stiffness calculated by Eq. (19) is B;=4.12X107%, 5.15
X 10~ for the mass ratios of 1 and 3, respectively, far below
the required values of 0.1289 and 0.1780. It is concluded that
a simple aluminum plate is about 250 times too elastic for a
plate silencer even with a mass ratio of 5. The second mate-
rial chosen is the PVC foam with p,=40 kg/m?, and E
=200 MPa, a set of moderate values taken from Chart 1 of
Ashby and Johnson (2002). The relative bending stiffness is
found as B;=0.0034,0.4226 for the mass ratios of 1 and 5,
respectively. In fact, this material would satisfy the optimal
bending stiffness condition shown in Fig. 8(b) when the mass
ratio is around 3.5.

A composite beam with a light core material like PVC
foam bonded together with aluminum facings can be em-
ployed to achieve the effect of having an overall stiffness
determined mainly by the elastic modulus of aluminum
while the total mass is reduced drastically by the light core.
Sandwich beams with honeycomb, I-beam, or corrugated
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cores may also be considered to achieve the same purpose.
Among the above structures, the I-beam made of a homoge-
neous material is perhaps most suitable for the purpose of
illustrating how such structures can help satisfy the paramet-
ric requirement predicted by the current study. An I-beam
cross section is mainly characterized by its depth, here de-
noted as s, and its flange width, w. Take the standard I-beam
designated as S380 X 74 as an example. It has a depth of s
=381 mm and width w=143 mm, the latter being roughly
twice the second designation number, cf. Gere (2004). The
discussion here is limited to the shape instead of the actual
dimension of w and s. As listed in the tables of Gere (2004),
the moment of inertia is /=201 X 10® mm* and the cross sec-
tion is 9500 mm?2. To achieve the same moment of inertia 7,
a plate of rectangular cross section must have a different
depth s calculated by /= ll—zws3, s=3121/w=256 mm. The
cross section of such rectangular plate is 256X 143
=36 608 mm?, which is 36 608/9500=3.85 times that of the
I-beam of the same moment of inertia. In other words, the
weight-saving efficiency for such a typical I-beam is 3.85.
Since the PVC foam described above can satisfy the para-
metric requirement of the plate silencer when the structure-
to-air mass ratio is about 3.5, the weight-saving efficiency of
3.85 means that an I-beam made purely by PVC foam can
satisfy the parametric requirement with a mass ratio of less
than 1.0. The use of a thin rigid facing material would further
enhance the structural rigidity for any given thickness s. As a
result, the requirement of very light core material can be
further relaxed. It is expected that a more common material
like balsa may be adopted in a sandwich structure.

When using such smart structures, however, care must
be taken to check whether the composite structure vibrates as
one piece as assumed by the theoretical model, and whether
the structural damping coefficient is low enough to allow
vigorous plate response to achieve a high degree of sound
reflection. More practical work needs to be done in this as-
pect, but it is argued that the optimal parameters predicted in
this study are entirely within the reach of existing known
light materials possibly with the help of composite beam
construction.

V. CONCLUSIONS

This theoretical study reveals that, in a duct, a plate
covering a side-branch rigid cavity can function effectively
as a low-frequency wave reflector over a very broad fre-
quency band, about one octave band broader than a drumlike
silencer of the same cavity geometry. Effects of various
boundary conditions and parameters are investigated. The
following specific conclusions are made:

(1) When all edges of the plate are restrained to the duct
walls, the response of the plate under grazing incident
waves shows various axial and lateral vibration modes
which consist of a combination of in vacuo modes in
both directions depending on the excitation frequency
and plate stiffness. Although the transmission loss de-
pends very much on the magnitudes of the induced plate
vibration, the spectral peaks in the plate vibration veloc-
ity, e.g., resonances, do not necessarily correspond to the
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peaks in the spectrum of the transmission loss. The latter
depends more crucially on the acoustic interference be-
tween the wave reflections from various vibration
modes. When the plate is simply supported at the leading
and trailing edges and is free at the two lateral edges, the
performance of the plate silencer is much better than
when all edges are fixed.

(2) The first in vacuo plate vibration mode is effective in
reflecting sound but is difficult to excite due to cavity
stiffness. The second in vacuo mode is easy to excite but
its capability to cause sound reflection is significant only
when there is significant phase difference of sound over
the length of the plate. The acoustic interference between
the odd and even in vacuo modes is crucial to achieving
a broad stopband. The mechanics of the plate bending
differs from that of a tensioned membrane, leading to a
different pattern of acoustic interference in favor of the
plate silencer towards the ultralow frequencies like f;
=0.03.

(3) The effect of plate mass is generally counterproductive,
but zero mass is not quite the optimal configuration,
which differs somewhat from the drumlike silencer. The
effect of the plate damping is marginally beneficial for
the bandwidth, so is the use of sound absorption material
in the covered cavity. However, the contribution of
sound absorption in the overall noise abatement is higher
in the latter case. This result can be easily understood
since a highly damped plate generally responds less to
the incoming sound. In other words, the effect of damp-
ing on the reduction of sound reflection is more serious
when the damping is embedded in the plate motion than
if it is distributed in the cavity.

(4) The optimal parameters predicted for sound reflection in
air require a plate material which is very light and yet
extremely stiff. When aluminum is considered, it is
found that the Young’s modulus E is at least 250 times
too low. The critical parameter is E/ p?, for which non-
metallic materials like PVC foam can easily satisfy the
requirement. In addition, composite beam structure can
be used to reduce the crucial structural mass while
achieving a fairly high structural stiffness.
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