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Characterization of impedance boundary as damped harmonic
oscillators via impulse reflection

K.-Y. Fung® and Xiaodong Jing®
Department of Mechanical Engineering, The Hong Kong Polytechnic University, Hung Hom, Kowloon,
Hong Kong, People’s Republic of China

(Received 17 August 2005; revised 10 March 2006; accepted 26 March 2006)

This paper demonstrates that various sound-absorbing/reflective materials or structures can be
effectively characterized over a wide band of frequency by the sum of only a few damped harmonic
oscillators. This method is physically sound in the sense that each damped harmonic oscillator
corresponds to the natural resonance of the impedance boundary as it is numerically advantageous
to afford a simple, recursive, efficient, and unconditionally stable boundary algorithm for
computational aero-acoustics applications. The time-domain damped-harmonic-oscillator
impedance characterization method is finally validated by accurate predictions of reflected pulses
from impedance boundaries physically formed of Helmholtz resonators or various exits of a circular

pipe. © 2006 Acoustical Society of America. [DOL: 10.1121/1.2198185]

PACS number(s): 43.58.Bh, 43.20.El, 43.20.Ye, 43.20.Bi [JBS]

I. INTRODUCTION

The problem of sound reflection is of fundamental im-
portance to acoustics, and the concept of acoustic impedance
Z=plii,, defined in the frequency domain by the ratio
Fourier-transformed acoustic pressure p and velocity i,, nor-
mal into a surface, has led to numerous successful treatments
and applications for noise control and abatement. The recent
advances and interest in computational aero-acoustics (CAA)
necessitate the extension of acoustic impedance to its time-
domain equivalent for transient or broadband analysis. Vari-
ous methods have been proposed for the construction of the
time-domain equivalent of acoustic impedance and its effi-
cient implementation as a general boundary condition.'”
These methods, however, have been indirectly inferred from
data taken under the harmonic assumption. Moreover, with
regard to the proper mathematical treatment of a boundary
condition, little attention has been given to the physical im-
plications of the equivalent time-domain reflection process of
an impedance boundary. In this paper, a direct time-domain
method of characterizing an impedance boundary is pro-
posed which finds its basis on the resonance nature of prac-
tical sound-absorbing materials or structures.

When the classical concept of impedance is extended to
its time-domain equivalent, the concern of causality arises.
The direct inverse Fourier transform of a frequency-domain
impedance model, such as the two- or three-parameter im-
pedance models for porous materials, generally fails to give
a causal time-domain impedance boundary condition
(TDIBC), as discussed by Berthelot.> The reason is that an
analytical, numerical, or empirical impedance model in the
frequency domain is likely to have been constructed from a
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relation or data that are frequency band limited, and therefore
is incapable of the provision of asymptotically correct behav-
iors.

Recently, Fung and Ju*? proposed the construction of
causal, stable TDIBC through the ratio of domain-exiting
and entering characteristics and in the form of a system of
damped harmonic oscillators, plausibly related to the physi-
cal resonance of a sound-absorbing material. Their method
renders simple, recursive, efficient, and unconditionally
stable TDIBC as a generalized closure for the linearized Eu-
ler’s equation. Actually, in the field of electromagnetism,
damped sinusoids identified from the transient response of a
conducting object have long been treated as the “finger-
prints” of the object and used for target identification.® This
lends credence and support for finding its counterpart in
acoustics.

Here, we systematically examine several well-used
sound-absorbing structures or materials and present the re-
sults for micro-perforate panels (MPP), porous panels,
Helmbholtz-resonator structures, and various pipe exits. It is
demonstrated that the physically realized, time-domain
damped-harmonic-oscillator behavior of an impedance
boundary is inherently related to the natural resonances of
the sound-absorbing structure or material. From a physical
point of view, there are three basic features within a physical
impedance boundary: damping, mass, and elasticity. A
simple combination of these features forms physically a
damped harmonic oscillator (DHO) or mathematically a
damped sinusoid. Complex impedance behaviors are simply
the result of a combination of a series of damped harmonic
oscillators. It is further shown that just a few of such oscil-
lators can render a reflection coefficient model valid over a
broad bandwidth of frequency for the commonly used sound-
absorbing materials and structures. It is physically sound as
it is numerically advantageous for their immediate applica-
bility as TDIBC.

An impulse acoustic experiment is designed to validate
the proposed time-domain impedance characterization
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method. In the experiment, a short-duration acoustic pulse
instead of a harmonic wave is used to examine the reflection
property of a physical impedance boundary such as a
Helmbholtz-resonator terminus or exit in a one-dimensional
waveguide. It is demonstrated that the measured reflected
pulse can be accurately predicted by an acoustic propagation
model based on the DHO characterization of the impedance
boundary.

Il. DHO AS ACOUSTIC BOUNDARY DESCRIPTOR

The reflectivity of an impedance boundary is conven-

tionally characterized by the reflection coefficient W(w),
which is generally a complex-valued function of real angular
frequency w defined by the ratio of the reflected sound pres-
sure p~(w) to the incident p*(w),

< P (o)
W(w) =", (1)
P (o)
and is related to the acoustic impedance Z(w) as
R Z(w) -1
Wlw)=—"". 2
@)= w1 @

On the assumption that W(w) can be analytically continued
to the entire complex w plane and that only causal reflection
processes are physically realizable, i.e., [ p*(t—DW(7)dT
=0, the poles of W(w) must lie in the upper half complex
plane so the inverse Fourier transform of W(w) is

W(7) = jH(1) >, residues[ W(w)e/® \,], (3)
k

where \, are the poles of W(w), j=vV-1, and H(¢) is the
Heaviside function. Thus, the time-domain equivalent of
the reflection coefficient is the reflection impulse,

W(t) =Ay8(1) + H(I)E A exp (J\it) +AZ exp (j)\Zt).
k

(4)

Here, N\, are also referred as the complex natural frequencies,
whose physical meaning will be discussed next, and A, are
correspondingly the complex amplitudes or residues. The &
function in Eq. (4) results from the limiting value of

lim,, ...|W(w)|. Since W(z) must be real, both the natural
frequencies and the complex amplitudes appear in pairs as
Ak,AZ=tak+j,8k and Ak,A;:=aktjbk. So, mathematically
the time-domain equivalent of the reflection coefficient
can be expressed as the sum of damped sinusoids.

There are methods to identify the natural frequencies
and the complex amplitudes, \; and A;, for which the
frequency-domain counterpart of Eq. (4) in partial fraction
form,

Ay A,

W(w)=A0+E — + —,
K S=INe s

(5)

or in rational form,
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FIG. 1. (a) Magnitude. (b) Phase. Comparison of various presentations of
the reflection coefficient for the MPP with hole diameter 1.0 mm, plate
thickness 1.0 mm, porosity 1.2% and cavity depth 20 mm.

M
2"

W(w)=——3
1+ EZ:l qms"

(6)

where s=jw and p, and g,, are real coefficients, would be

useful. Given a set of N (N>2M+1) values of W(w) at the
discrete frequencies w;, an iterative least-squares approach
can be used to compute these coefficients.’ Then, it is
straightforward to factorize Eq. (6) for \; and Ay.

lll. VALIDATION OF DHO IMPEDANCE
CHARACTERIZATION

A. Impedance tube measurement

We first examined several real impedance boundaries
formed by practical sound-absorbing materials or structures
in a B&K 4206 impedance tube. A single-layer MPP is mea-
sured and its reflection coefficient presented in Fig. 1. It is
shown from the analysis of the above frequency-domain
identification method that the reflection coefficient of the
MPP possesses only one pole over the frequency range from
0 to 1600 Hz, so the measured curve can be fairly well re-
constructed by the damped-sinusoid pair given in Table I.
The theoretical results computed from Maa’s® formula are
also given in Fig. 1 for comparison. It is further shown that

TABLE I. Identified DHOs for the MPP and the porous panel.

Types of

sound-absorbing Natural frequencies Complex amplitudes®

structures (Hz), Ny /2 (Hz), Ay or Ap/2m (k=1)
Microperforated panel - 1.0
+892.6+244.0 -321.1%,96.3
Porous panel - -0.2827
0.0+,;86.2 -25.0
0.0+,283.8 520.0
+1265.3+741.0 500.2+/582.6

“The values of A correspond to the null natural frequency indicted by “-”.
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FIG. 2. (a) Magnitude. (b) Phase. Comparison of various presentations of
the reflection coefficient for the porous panel of composite layers of FASA
(F-fiber, S-sponge, A-air) and respective thicknesses of 28, 27, 25, and
20 mm.

the real part of the identified \;/27 is nearly equal to the
resonant frequency of the single-layer MPP, 894 Hz, while
its imaginary part is related to the damping factor.

Porous panels are also common sound-absorbing struc-
tures. A porous panel made of common sound-absorbing ma-
terials, a fiber of flow resistivity 7526.8 rayls/m and sponge
of 748.0 rayls/m, was examined. The identified natural fre-
quencies A, and the complex amplitudes A; of the porous
panel are given in Table 1. The measured and the recon-
structed reflection coefficients of the porous panel are shown
in Fig. 2, and the theoretical results based on Delany and
Bazley’s9 one-parameter empirical model are also given for
comparison purpose. It is shown that the porous panel be-
haves in a way similar to the MPP, but more pairs of DHO
are needed to reconstruct the measured reflection coefficient.
It is evident that the resonant characteristics of the porous
panel are more complex than that of the single-layer micro-
perforated panel.

B. Impulse measurement

Figure 3 shows the experimental setup, which mainly
consists of a one-dimensional waveguide made of a pipe
25.5 mm in diameter, an impedance terminus at one end of
the waveguide and an impulse sound source at the opposite
end. A B&K i—in. microphone, flush mounted into the pipe
wall, is used to measure the sound pressure in the duct; the
measured signal is digitally sampled by an NI DAQ Board
6062E. The impulse sound source, which is made of a cabi-
net loudspeaker, can be controlled to emit sound pulses of
arbitrary waveform and duration as short as 0.5 ms with high
fidelity, as demonstrated in Ref. 10. In order to control the
sound emission, it first needs to obtain the transfer function
of the sound source connected to an infinite long pipe. For
this purpose, a 1.4-m-long insertion pipe is used to increase
the time delay between the initial sound pulse and the sub-
sequent reflections from the pipe terminus and thereby edit
out the unwanted reflections. The microphone is first posi-
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FIG. 3. Schematic of impulse experiment for impedance boundaries of (a)
Helmbholtz resonator and (b) pipe exit; distance from microphone to imped-
ance sample s=391 mm for the Helmholtz resonator and s=417 mm for the
pipe exit.

tioned near the sound source, indicated by the dashed line in
Fig. 3, to obtain the transfer function of the source-pipe sys-
tem, and then moved to the side of the impedance boundary
to measure the sound pulse reflection.

In the experiment, the terminus is physically either a
Helmbholtz resonator or a pipe exit. As shown in Fig. 3, the
Helmholtz resonator is made of a micro-perforated plate
backed by a cavity, whose depth can be adjusted by moving
the piston. Three different types of pipe exit, flanged, sharp-
edged, and round-edged, are investigated in the experiment,
among which the sharp-edged one is used to reduce the in-
fluence of the pipe wall thickness. The experiment of the
Helmholtz resonator surface was carried out at 22 °C ambi-
ent temperature and that of the pipe exit at 17 °C.

Acoustic pulses as short as 1 ms are used in the experi-
ment, and they are of three different desired waveforms re-
ferred as to sine, three-pole, and Butterworth (Appendix A).
Since the incident sound pulse generated at one end of the
pipe is much shorter than the time delay corresponding to
twice the distance from the microphone to the test sample at
the other end, the incident sound pulse can be clearly sepa-
rated from the reflected pulse. It is thus straightforward to
obtain the reflection coefficient of a test sample from the
Fourier-transformed time signals per Eq. (1) and its natural
frequencies and complex amplitudes by the identification
method in Sec. II. In a test, the three-pole sound pulse is used
for DHO identification and characterization. For subsequent
analyses of various incident pulses p*(z), the reflected pulses
p~ (1) are predicted using the efficient recursive formula of
Ref. 4,

A
() = Adp (1) + (1 - At)]?t (= Ad)
(7)
p(0) = Agp*(1) + 2 pi(2)
k

where Ar is the time step, and z;=exp (jA,Af) ensures Eq.
(7)’s stability for causal reflection, i.e., |z;| <1 when Im\,

Fung and Jing: Impedance characterization as damped harmonic oscillators 3833
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TABLE II. Identified DHOs for the Helmholtz resonators.

Natural frequencies (Hz), Complex amplitudes® (Hz),

Cavity depth (mm) N2

Agor Ap/2m (k=1)

20 -
+1259.6+,718.1

60 -
+502.1+/569.5
+3098.9+149.7
+5904.4+/127.6

0.849
—623.87 j471.9

0.836

~575.5F j707.0
—6537j110.4
~51.67j60.2

PR

*The values of A, correspond to the null natural frequency indicted by

>0. Finally, the time-domain impedance characterization
method is validated by the well-matched predicted and mea-
sured reflections.

1. Helmholtz resonators

For the Helmholtz resonator with a cavity of 20 mm, the
identified natural frequencies and complex amplitudes are
given in Table II. Figure 4 shows that the reflection coeffi-
cient of the Helmholtz resonator can be well reconstructed
with only one damped harmonic oscillator. In Fig. 5, the
predicted reflection pulse computed from Eq. (7) is com-
pared with the measured reflection. It is not surprising to find
the well-matched pulses, Fig. 5(a), for the three-pole pulse
were used to identify the characterizing parameters. The
DHO descriptor of an impedance boundary is rather vali-
dated by the excellent agreement between the predicted and
measured reflection pulses for the sine and Butterworth inci-
dent, respectively shown in Figs. 5(b) and 5(c). When the
depth of the Helmholtz resonator is increased to 60 mm,
three pairs of natural frequencies and complex amplitudes,
listed in Table II, are identified and the well-reconstructed
reflection coefficient is shown in Fig. 6. It can be seen in Fig.
7 that the predicted and measured reflected pulses agree well
not only for the three-pole incident, but also for the sine and

2 T r
Experiment
----- Reconstructed 7
————— Theory in Ref. 8
4000 5000 6000
€ 4 T T T v
[
K
t -
7]
o
o
fd
=t
s}
@ E
&=
7}
s 4 -4 L 1 ' 1 L
Q 1000 2000 3000 4000 5000 6000

Frequency (Hz)

FIG. 4. (a) Magnitude. (b) Phase. Comparison of various presentations of
the reflection coefficient for the Helmholtz resonator with hole diameter
0.3 mm, plate thickness 0.15 mm, porosity 0.785%, and cavity depth
20 mm.
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FIG. 5. Comparison of predicted and measured sound pulses reflected from
the Helmholtz resonator of Fig. 4 on the (a) three-pole, (b) sine, and (c)
Butterworth incident pulse.

the Butterworth pulses. In Figs. 4 and 6, the theoretical re-
flection coefficients from Ref. 8 are also plotted for compari-
son.

As we know, a sound-absorbing structure in resonance
has the locally lowest acoustic reflection or highest absorp-
tion coefficient. For the 20-mm cavity Helmholtz resonator,
the one identified DHO is clearly associated with the mini-
mum of the reflection coefficient and so are the three identi-
fied DHOs for the 60-mm cavity Helmholtz resonator. In
fact, the real parts of the /27 of these DHOs approximate
respectively the frequencies where the minima of the reflec-
tion coefficient are found with minor differences attributable
to the imaginary parts. Therefore, in these and the MPP case
in Sec. III A, the association between the identified DHOs
and the intrinsic resonances of an impedance boundary is
clear.

2 v r r v
Experiment

Wy - emeee Reconstructed 1

0 L 1. L L L

0 1000 2000 3000 4000 5000 6000
s 4 v v —r ' r
Q0
=
&= -
Q
8 i
: ~J
£
2 4
=
QO
X 4 Y L N )

0 1000 2000 3000 4000 5000 6000

Frequency (Hz)

FIG. 6. (a) Magnitude. (b) Phase. Comparison of various presentations of
the reflection coefficient for the Helmholtz resonator with hole diameter
0.3 mm, plate thickness 0.15 mm, porosity 0.785%, and cavity depth
60 mm.
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FIG. 7. Comparison of predicted and measured sound pulses reflected from
the Helmholtz resonator of Fig. 6 on the (a) three-pole, (b) sine, and (c)
Butterworth incident pulse.

2. Pipe exits

As a common acoustic element the pipe exit has long
attracted much research attention. The radiation impedance
of a circular pipe exit with an infinite flange has been derived
by Morse and Ingard” and that of the unflanged one by
Levine and Schwinger.12 To the authors’ best knowledge,
these analytical works have so far no direct experimental
confirmation in the open literature. For such open-end mea-
surements the common impedance tube would be inappli-
cable due to its sensitivity to the external variances particu-
larly at low frequency. The majority of experimentsm_15 are
shock tube based, in which the involved flow nonlinearity
prevents a direct comparison with the linear theories. Since
the present time-domain impulse method has a finite extent
in space and time and is not susceptible to external variances
as frequency-domain methods, it is hoped that the following
results on the pipe exit would complement these classical
works.

According to Morse and Ingard,11 the acoustic imped-
ance of a pipe exit with an infinite flange is given as below,
2J,(®)
S

4 /2
Z(w)=1- j—J sin (@ cos x) sin> x dx, (8)

™t

where @ is the angular frequency normalized by the sound
speed and the pipe diameter. The reflection coefficient can
be computed from Eq. (2). It has been shown in Ref. 5 that
the low-frequency approximation of Eq. (8), Z((T)):é(f)2
+j(4/37)w, or the high-frequency approximation, Z(@)=1
+jm/4®, renders a noncausal reflection coefficient. None-
theless, it is shown in Appendix B that the exact reflection
coefficient given by Eq. (8) is causal and can be cast as an
infinite sum of DHOs.

Figure 8 not only shows that the measured reflection
coefficient via the three-pole acoustic pulse agrees well with
the theory of Morse and Ingzurd,ll but also that the measured
reflection coefficient of the flanged pipe exit can be well
reconstructed with only one damped harmonic oscillator for

J. Acoust. Soc. Am., Vol. 119, No. 6, June 2006
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FIG. 8. (a) Magnitude. (b) Phase. Comparison of various presentations of
the reflection coefficient for the flanged pipe exit.

the frequency range of 0-6000 Hz, or the normalized fre-
quency range of 0-0.45. This result is consistent with the
analysis in Appendix B, which gives a purely imaginary pre-
dominant pole at \;=1.456j and residue of A;=-1.848 in
comparison with the corresponding measured values of
1.128j and —1.359 given in Table III, respectively. The lim-
ited frequency range of measurement prevents the identifica-
tion of the higher-order poles whose normalized natural fre-
quencies are above 7.906, much higher than the cut-on
frequency of the higher-order modes in the pipe. The small
deviations between the experimentally identified and exact
values can be simply due to dropping all higher order poles
in the approximation. Figure 9 further demonstrates that the
reflected pulses can be very well predicted based on either
the DHO of the three-pole incident pulse or when cross-
checked with the sine and Butterworth incident pulses. Dif-
ferent from those Helmholtz-resonator impedance surfaces,
the DHOs of the pipe exit are purely damped, i.e., no real-
valued resonance frequency.

It is shown in Fig. 10 that the sharp-edged pipe exit has
similar acoustic properties as those of the flanged one, but its
damping factor, i.e., the imaginary part of the natural fre-
quency, is larger than that of the flanged pipe exit (Table III),
thus allowing more acoustic energy to reflect back. Also
shown in the figure is that the measured and the recon-

TABLE III. Identified DHOs for the pipe exits.

Natural frequencies (Hz), Complex amplitudes* (Hz),

Type of pipe exit N/ 2 Agor A2 (k=1)
Flanged - 0.181
0.0+,2453.8 -2918.7
Sharp-edged - 0.232
0.0+,3209.7 —-4001.7
Round-edged - 0.10
0.0+,2576.4 —2946.6

“The values of A correspond to the null natural frequency indicted by “-”.
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FIG. 9. Comparison of predicted and measured sound pulses reflected from
the pipe exit of Fig. 8 on the (a) three-pole pulse, (b) sine pulse, and (c)
Butterworth incident pulse.

structed reflection coefficient agree well with the theory of
Levine and Schwinger12 for the circular pipe exit of zero
wall thickness. Figure 11 shows the result for the pulse re-
flection at the sharp-edged pipe exit. In Figs. 12 and 13 it is
demonstrated that the acoustic properties of a round-edged
pipe exit can also be well represented by a purely damped
harmonic oscillator, for which no analytical solution is
known to the authors. From the identified DHO descriptor
given in Table III, we can see that the acoustic properties of
the round-edged pipe exit are quite close to those of the
flanged one.

In terms of the DHO description of its acoustic proper-
ties, we can conclude that a pipe exit, unlike a Helmholtz
resonator, is basically a nonresonant acoustic element at least
in the case below the cutoff frequency.

IV. CONCLUSIONS

We have shown here that common sound-absorbing ma-
terials and structures possess the characteristics of composite
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FIG. 10. (a) Magnitude. (b) Phase. Comparison of various presentations of
the reflection coefficient for the sharp-edged pipe exit.
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FIG. 11. Comparison of predicted and measured sound pulses reflected from
the pipe exit of Fig. 10 on the (a) three-pole pulse, (b) sine pulse, and (c)
Butterworth incident pulse.

DHO, which is a simpler and physically more meaningful
descriptor than the conventional impedance in the following
ways:

(1) Within the frequency range of practical interest, the re-
flection coefficient of an impedance boundary can be
well represented by the sum of only a few DHOs, bear-
ing the intrinsic resonant characteristics as the natural
frequencies of the Helmoltz resonator structures or the
nonresonant pure dampings of pipe exits. Unlike the
conventional frequency-domain characterization and
measurement of impedance, such as in an impedance
tube, the DHO descriptor gives a reliable extended
broadband description to the lowest frequencies where
the classically measured impedance data are often unre-
liable due to sensitivity to error.

(2) This has been validated by the good agreement between
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FIG. 12. (a) Magnitude. (b) Phase. Comparison of various presentations of
the reflection coefficient for the round-edged pipe exit.
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FIG. 13. Comparison of predicted and measured sound pulses reflected from
the pipe exit of Fig. 12 on the (a) three-pole pulse, (b) sine pulse, and (c)
Butterworth incident pulse.

measured and predicted pulses in the time- and
frequency-domain and by various theories on a one-
dimensional waveguide.

(3) We have yet encountered, so far, in our identification of
DHOs of impedance boundaries, from either the mea-
sured pulses or the exact analytical solution of the reflec-
tion coefficient, a non-causal result.

(4) A set of causal DHOs is readily employed as a stable
TDIBC for CAA.

Therefore, it is physically sound and numerically advan-
tageous to characterize an impedance surface as a sum of
DHOs.
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APPENDIX A: DESIRED WAVEFORMS OF THE
SOUND PULSE IN EXPERIMENT

The three desired waveforms are described in detail as
follows. The sine pulse is the simplest one and consists of a
single-period sine wave. The three-pole pulse is synthesized
from three pairs of damped sinusoids as below,

3
p(0) = H(0) X A exp (Nid) + Ay exp (Nid), (A1)

k=1
where Ay, )\Z: +2598.7+j4394.7, £7462.2+j4223.7,
+13456.2+2635.4 and correspondingly Ay, AZ: 1.2002
+j2.6113, —1.2277+ j1.2012, 0.027468 = j0.102788. The
Butterworth pulse is the impulse response of a sixth-order
Butterworth low-pass filter whose cutoff frequency is
5 kHz. The duration of all the pulses is approximately

I ms.
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APPENDIX B: CAUSALITY OF THE REFLECTION
COEFFICIENT OF FLANGED PIPE EXIT

Following Rudinger’s13 analysis, the first-order Bessel
function is written in the following integral form:

2(1—) /2
J1(6)=—f cos (@ cos x) sin’ x dx. (B1)
T Jo

The poles of W(w), )\k,)\Z=iak+jﬂk, satisfy the relation
1+Z(@)=0. (B2)
Substituting Egs. (8) and (B1) into the above equation, we
get
/2 .
f ePreos X cos (ay, cos x) sin® x dx = 5 (B3)
0
and
/2
f ePreos X sin (ay, cos x) sin® x dx =0.
0
Assuming 3, <0, we have efS*<1] since 0<x<m/2.

Thus, the following inequalities hold:

/2
J ePeos* cos (ay cos x) sin® x dx
0

/2
< f |cos (ay cos x)| sin® x dx

0
/2

< J sin’ x dx = z. (B4)
0 4

The contradiction between Egs. (B3) and (B4) indicates that
all the poles of W(w) must lie in the upper half of the com-
plex o plane, thus confirming the causality of Morse and
Ingard’s11 analytical solution for the flanged pipe opening.
Equation (8) provides a direct means for solving Eq.
(B2) for the poles of the reflection coefficient. Numerically, a
Newton-Raphson search gives the first three pairs of normal-

ized poles and residues at A\i,\,=1.456j, +7.906+3.510j,
+14.42+4.312j and A, A;=—1.848,~1.0+0j, —1.00;.
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