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Vortex sound due to a flexible boundary backed by a cavity in a
low Mach number mean flow
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Low frequency sound radiated due to the unsteady motion of an inviscid vortex in the proximity of
a flexible membrane backed by an airtight cavity on an otherwise rigid plane is investigated
theoretically. Results show that both monopole and dipole are created but the latter is important only
when the vortex is traversing over the membrane. The monopole results from the membrane
vibration and the dipole from the transverse motion of the vortex. It is also found that these sound
fields tend to counteract each other. The increase in the mean flow speed in general results in a
stronger acoustic power radiation, but sound attenuation may be possible if the membrane-cavity
system is weak compared with the mean flow momentum. © 2007 Acoustical Society of America.
�DOI: 10.1121/1.2434240�
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I. INTRODUCTION

It is well known that the unsteady motion of turbulence
is an important source of aerodynamic sound, especially in
the presence of nonrigid solid surfaces.1,2 The regeneration
noise inside and the breakout noise from an air duct in a
building conveying low Mach number turbulent flow are
typical examples of such sound.3 Silencing devices, such as
the dissipative silencer and expansion chamber,4 which are
adopted to attenuate fan noise in the ventilation system will
also interact with the turbulent flow to produce noise. This
low frequency aerodynamic noise is relatively difficult to
attenuate in a cost-effective manner.

It has been confirmed that the low Mach number flow
tends to amplify the low frequency aerodynamic sound
power radiation �for instance, Ffowcs Williams and Lovely,5

Dowling,6 and Howe7�. It also produces a Doppler effect
which alters the directivity of the sound radiation. Recently,
Huang8 has shown that a flexible membrane backed by a
cavity inside a rigid walled duct can result in significant
sound attenuation in the absence of a mean flow. In the pres-
ence of a turbulent flow, the unsteady motions of the turbu-
lence and the flow-induced membrane vibration are expected
to be sound producing and thus will deteriorate the perfor-
mance of the membrane setup of Huang.8 In fact, the self-
noise generated by various duct silencing devices in the pres-
ence of turbulent flow is one of the very hot research topics.

Direct computation of sound generated by a low Mach
number flow is difficult enough because of the great disparity
in scales between the acoustic and aerodynamic field.9,10

Sound generated by a turbulent flow in the presence of a
flexible boundary further complicates the direct computation
of sound because of the very stringent requirement in the
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computation of the acoustic field, the flow field, and the
flow-induced vibration of the flexible boundary. There have
been studies concerning the noise radiated from plate vibra-
tion driven by a turbulent flow by assuming a certain turbu-
lence spectrum �for instance, Davies,11 Wu and Maestrello,12

and Dowell13�. However, such assumption tends to ignore the
important coupling among the flow, the acoustic field, and
the plate. Also, the underlying sound generation mechanisms
have not been discussed.

Real turbulence is also difficult to handle theoretically,
making the study of aerodynamic sound generation mecha-
nisms difficult. Therefore vortices, though they are drastic
simplifications of the turbulent flow, are often adopted to get
insights into the sound generation process. Crighton14 used
this vortex analogy to get insight into the radiation of the
edge noise. More examples can be found in Howe,15 Leung
and So,16 and Tang and Lau.17 The recent work of Tang et
al.18 shows the presence of significant dipole and monopole
radiation when a vortex moves over a flexible membrane in
the absence of a mean flow. The former is due to the trans-
verse motion of the vortex, implying that similar dipole ra-
diation will be produced by the turbulent eddies inside a
turbulent flow when they interact with a flexible boundary.

The present investigation is focused on the aeroacoustics
when a vortex interacts with a finite length flexible boundary
backed by an airtight cavity in the presence of a low Mach
number mean flow. The setup is analogous to that of the
“drumlike” silencing device of Huang.8 It is hoped that the
results of the present study can provide information on the
self-noise of such device in a practical flow duct and to en-
hance fundamental understanding of aeroacoustics.

II. THEORETICAL MODEL

The turbulent flow inside a practical duct is of high Rey-
nolds number but low Mach number. The effect of viscosity

19
is therefore of second importance in the present study. Fig-
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ure 1 illustrates the schematic of the present study. An invis-
cid vortex with circulation � and initial height d is chosen. It
moves toward the finite length flexible membrane backed by
a cavity of depth h in the presence of a mean parallel flow of
velocity U. This flow extends to the far field. The mechanical
properties of the membrane are characterized by the tension
per unit spanwise length T, the mass density Mm, and the
damping factor D as in Huang8 and Tang et al.18 In the
foregoing discussion, y and x denote positions in the near
and far fields, respectively, with origin at the middle of the
membrane.

A. Vortex dynamics and membrane vibration

Since the vibration displacement magnitude of the mem-
brane is very small when compared to d ��1% in the present
study�, the membrane is modeled as a rigid surface with a
time varying velocity perturbation v in the present study as
in Tang et al.16 The velocity of the vortex v� at the position
�y1,� ,y2,�� is

v� = �U +
�

4�y2,�
�ŷ1 +

ŷ1

�
�

−L/2

L/2 v�y1,� − y1�
�y1,� − y1�2 + y2,�

2 dy1

+
ŷ2

�
�

−L/2

L/2 vy2,�

�y1,� − y1�2 + y2,�
2 dy2, �1�

where the last two terms on the right-hand side of Eq. �1�
represent the fluid velocity induced by the vibrating flexible
boundary at the position of the vortex, which are obtained by
potential theory.20

The unsteady vortex motion induces fluid pressure fluc-
tuation over the flexible membrane and thus modulates
v�=�� /���. The governing equation for the membrane vibra-
tion is

Mm
�2�

��2 = T
�2�

�y1
2 − D

��

��
− �p , �2�

where �p is the fluid pressure differential across the mem-
brane. The fluid pressure above the membrane, p+, can be
obtained from the linearized Bernoulli relationship21

p+ = − �0� �	

��
+ U

�	

�y1
� , �3�

where �0 is the fluid density and 	 the incompressible ve-

locity potential on the upper surface of the membrane:
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	 = −
�

2�
tan−1� 2y2,��y1 − y1,��

�y1 − y1,��2 + ��2 − y2,�
2 �	

+
1

�
�

−L/2

L/2 ���

��
log 
�y1 − y1��

2 + �� − ���2dy1� + Uy1,

�4�

where the prime denotes a quantity along the membrane. The
second term on the right-hand side of Eq. �4� can be regarded
as a kind of fluid loading,22 but can be neglected in the
present study as long as � is kept small and the vibration
frequency is low. While fluid compressibility is not impor-
tant above the membrane because of the much stronger hy-
drodynamic pressure resulting from the unsteady vortex mo-
tions and membrane vibrations, it is the only mean which
creates pressure fluctuations inside the cavity. It will be
shown later that the frequency of the membrane vibration is
much lower than the first eigenmode frequency of the cavity,
so that the fluid pressure inside the cavity can be assumed to
be uniform. One can then write

p− = c2�� = −
c2�0

Lh
�

−L/2

L/2

�dy1 �5�

and �p= p+− p−. The motions of the vortex and the mem-
brane can be obtained by time integration of Eqs. �1� and �2�
using a fourth-order Runge-Kutta procedure.

B. Acoustic far field

At a point X fixed in the fluid and thus moving with the
local fluid velocity in the far field, the quadrupole in the
solutions of acoustic analogy1,2 at low Mach number M �M
=U /c, where c is the ambient speed of sound� can be ignored
so that the acoustic pressure at X is

p�X,t� =
�

2�� �

�t
�

S

u · n

r
dS�Y� − �x

· �
S

��u�u · n� + pn�
dS�Y�

r 	 , �6�

where Y is a point in the near flow field, r= �X−Y�, n is the
outward normal of the surface S, and the integrands are
evaluated at the retarded time t−r /c. The first term on the
right-hand side of Eq. �6� is due to the memberane vibration.

6

FIG. 1. Schematic of the present the-
oretical model.
Following the result of Ffowcs Williams and Lovely, which
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is for a compact point source, this term can be evaluated by
an integration along the spanwise direction of the system:

pvib�X,t� =
�

2�
�

−



 1

�X − Y��1 + M cos ���3

�2

��2

��
−L/2

L/2

��y,t − �X − Y�/c�dy1dy3 + O�M2� ,

�7�

and

cos �� = Ŷ1 ·
X − Y

�X − Y�
=

X1 − Y1

r
. �8�

The second term on the right-hand side of Eq. �6� represents
the sound radiation due to the fluctuating forces and rate of
momentum transfer at the vibrating membrane boundary,
which must equal the force that gives rise to the unsteady
motions of the vortex.21 The force per unit spanwise length,
F, acting on the fluid in the present two-dimensional system
is thus

F = �
−L/2

L/2

��u�u · n� + pn�dy1 = ��ŷ3 � �v� − v�� � , �9�

where v�� is the velocity of the image vortex.23 The far field
acoustic contribution from this force is

pforce�X,t� =
�

2�c
�

−



 �X − Y�
�X − Y�2�1 + M cos ���2

·
�

��
F�y,t − �X − Y�/c�dy3 + O�M2� . �10�

As shown by Ffowcs Williams and Hawkings,24 the integra-
tion along the direction y3 in Eqs. �8� and �10� can be trans-
formed into a time integration which is dominated by the
contributions at y3→0. Therefore,

p�X,t� =
�

�
2R�1 + M cos ��2��
−


t−�X�/c 1

c�t − �� − R

�� 1

�1 + M cos ���−L/2

L/2 �2�

��2 dy1 +
1

c

�F

��
·

X

�X�	d�
 ,

�11�

where R=
�X1−Y1�2+ �X2−Y2�2=
�x1−y1�2+ �x2−y2�2 and
cos �= �x1−y1� /R. The line integral in Eq. �11� can be per-
formed by a substitution depicted in Tang and Ko.25

III. RESULTS AND DISCUSSIONS

In the present study, the mean flow is introduced
abruptly into the system which is initially at rest. This results
in an initial swelling of the membrane because of the mean
fluid pressure difference between the near flow field and the
cavity. The vortex path deflects away from the rigid plane at
the same time. The air pressure on both sides of the mem-
brane is not equalized initially in the present study because
the flow speed inside a practical ventilation duct can vary

according to the ventilation requirement and/or heating/
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cooling load inside a centrally ventilated building automati-
cally within operation hours. Therefore, the associated equal-
ization of air pressure will require some kind of control
system to be in place. Also, the flow is driven by a fan which
should be started up from rest.

All length scales in the present study are normalized by
d and all velocities by the initial vortex speed due to self-
induction, which is Ui=� /4�d. The tension per unit length,
T, the damping coefficient D, and the mass density of the
membrane Mm are normalized by �Ui

2d, �Ui, and �d, respec-
tively. Since the structural damping within the membrane is
in practice very weak, its effects are not discussed here. In
the literature, for instance Frendi et al.,26 D varies between
0.5 and 1 which refers to very weak damping condition.18 D
is fixed at unity throughout the present investigation. The in
vacuo wave speed along the membrane is cm=
T /Mm, which
is again normalized by Ui. To ensure a low Mach number
condition, Ui is fixed at 0.1c. Huang8 shows using a real
material example that cm can be set to 0.1c and thus the
present range for cm is chosen to be around 1 �maximum 2�.

In reality, the vortex circulation and the mean flow speed
are two related quantities as discussed by Lau and Tang27

with a formula given in Saffman.28 The general conclusion is
that U�1. However, since the formula in Saffman28 is a
general approximation, a range of U should be allowed in the
present study. More detailed discussions on the relationship
between the mean flow and the vortex circulation can be
found in Lau and Tang.27

The magnitude of the membrane deflection is kept be-
low 1% of d �and h=1� throughout the present study. Given
the very small degree of membrane stretching �maximum
0.5%� and that the membrane should be stretched to a great
extent to maintain the tension, the effect of the tension varia-
tion should be insignificant. Such assumption was basically
justified by the experiments of Choy and Huang29 within
engineering tolerance.

A. Vortex paths and membrane vibration

The flight paths of the vortex under different mean flow
U with cm=1 are shown in Fig. 2. The vortex moves toward
the membrane due to the finite impedance of the latter.30 The

FIG. 2. Effects of mean flow velocity on vortex paths at cm=1. �—� U=0;
�- - -� U=0.5; �–· – � U=1; �– – –� U=1.5; and �¯� U=2.
maximum transverse deviation from the original vortex po-

Tang et al.: Vortex sound in a mean flow 1347



 26 February 2025 04:53:14
sition increases with U for U
1 and decreases upon further
increase of U. The mean flow introduces a mean pressure
difference on the two sides of the membrane. This tends to
create an initial swelling of the membrane and thus the vor-
tex paths, especially for strong U. The maximum y2,� in-
creases monotonically with U because of the mean pressure
difference induced by U mentioned before. This maximum is
attained before the vortex traverses over the centerline of the
membrane �y1=0�.

The relatively strong vortex accelerations at the instants
the vortex reaches the leading and trailing edges of the mem-
brane shown in Fig. 3 suggest significant vortex dipole sound
is radiated only when the vortex is moving over the mem-
brane. �0 denotes the instant the vortex is directly above the
leading edge of the membrane. The instant the vortex reaches
the trailing edge of the membrane is roughly �0+2/ �U+Ui�.
The magnitude of the earlier acceleration peak increases with
U, but the later one increases with U only up to U�1.5

FIG. 3. Time variations of vortex transverse accelerations for cm=1. Leg-
ends: same as those for Fig. 2.
FIG. 4. Membrane vibration velocity pattern

1348 J. Acoust. Soc. Am., Vol. 121, No. 3, March 2007
where the upward movement of the vortex is less affected by
the restoring force of the membrane and the rigid edge at
y1=−1 as such high U tends to wash the vortex faster down-
stream, reducing the interaction time between the vortex and
the membrane system. One can notice this also from Fig. 2,
which illustrates that the vortex attains its minimum trans-
verse position at increased y1 as U increases. At U=2, this
position is reached even when the vortex is downstream of
the membrane.

The time variations of the membrane vibration velocity
��� /��� at U=1.25 and 2 with cm=1 are shown in Figs. 4�a�
and 4�b�, respectively. Maximum membrane/vortex path de-
flection occurs at U�1 to 1.25. The corresponding patterns
for U�1.25 resemble that of Fig. 4�a� with smaller magni-
tudes and thus are not presented. At U=2, the macroscopic
vibration velocity pattern still looks similar to that at U
=1.25, but it has become irregular with steeper variations.
One can notice from Fig. 4 that membrane vibration fre-
quency is very low. The highest vibration frequency in the
present study occurs at U=3, cm=2 which equals 0.518d /Ui

and is roughly one-fifth of the lowest cavity eigenmode fre-
quency �5Ui /L�. The recent results of Huang31 confirm the
validity of the present assumption of uniform air pressure
inside the cavity at such low frequency ratio �Eq. �5��.

An increase in cm does not bring about very significant
change in the vortex paths as shown in Fig. 5�a�. However, at
a high cm=2, one can observe a minor dip in the minimum
y� at U�0.5 but the lowest y� appears at 2.5�U�3. The
relatively strong membrane tension in this case limits the
upward motion of the membrane due to the mean fluid pres-
sure difference under the stronger mean flow. Computation is
stopped at U=3, which corresponds to a Mach number U /c
of 0.3; a value close to the limit of the acoustic analogy.
Figure 5�b� illustrates the vortex path at cm=1/
2. The
weaker tension allows a larger upward stretch of the mem-
brane. The lowest y� in this case appears at a U less than cm.
s for cm=1. �a� U=1.25 and �b� U=2.

Tang et al.: Vortex sound in a mean flow
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The pattern of the vortex path variation with U shown in Fig.
5�b� is similar to those at U�cm presented in Figs. 2 and
5�a�.

The results shown in Fig. 6 suggest that the lowest y2,�

is found at U+0.5Ui�1.63cm for cm�1. There is also a

FIG. 5. Vortex paths at different cm. �a� cm=2 and �b� cm=1/
2.

FIG. 6. Relationship between minimum vortex height and flow speed. �- - -�
Approximate location of U /cm=0.5; ��� cm=1/
2; ��� cm=1; ��� cm



= 2; and ��� cm=2.
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local minimum at a similar location for cm=1/
2. Without
the mean flow and the cavity, the lowest y2,� decreases
monotonically with increasing cm.16 For small U, the varia-
tion of the lowest y2,� is not significant, but it drops for
U /cm�0.5 before a minimum is reached with a rate which
increases with increasing cm. The increase in the fluid pres-
sure due to the vortex motion depends on the vortex speed
and thus is partially related to U, but the latter reduces the
mean fluid pressure above the membrane relative to that
within the cavity counteracting the former effect. The effect
of the mean pressure difference predominates at U+0.5Ui

�1.63cm. The value 1.63 is believed to be associated with
the volume of the cavity. It is left to further investigation.

B. The acoustic far field

The far field acoustic pressure fluctuations for cm=1 are
presented in Fig. 7 with the Doppler factor �1+M cos �� ex-
cluded. These pressure fluctuations are normalized in the
same way as in Tang et al.18 The corresponding results of
Tang et al.18 are included for the sake of easy comparison.
The monopole radiations are shown in Fig. 7�a�. The pres-
ence of the cavity below the membrane weakens the mono-
pole radiation but increases the frequency of the radiation.
The latter is expected as the cavity adds to the stiffness of the

FIG. 7. Time variations of sound field strengths for cm=1. �a� Monopole and
�b� dipole. �—� U=0; �- - -� U=1; �–· – � U=1.5; �¯� U=2; �– – –� U=0
�without cavity�— Ref. 16.
membrane. The increase in U produces a louder initial sound

Tang et al.: Vortex sound in a mean flow 1349
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radiation. However, the corresponding sound amplitude
peaks at around U�1.5, probably due to the more dominant
effect of the mean pressure difference between the flow and
the cavity.

The corresponding dipole strengths are shown in Fig.
7�b�. One can observe the eventual gain in dominance of the
negative trough as U increases. The magnitude of the posi-
tive peak of this dipole time variation does not depend much
on U for U�1. Though the Doppler factor tends to attenuate
more for the monopole radiation for ��� /2 as indicated in
Eq. �11�, the magnitude of the monopole remains more than
three times that of the dipole at �=0 for U=2 �M =0.2�. The
corresponding ratio is �3.7 in the absence of the mean flow.
The increase in U shortens the period of active dipole radia-
tion as expected.

Figure 7 indicates that the monopole and the dipole are
nearly in phase �of the same sign� when the vortex is travers-
ing in the proximity of the membrane for 0
 t−�0−R /c

1. Therefore, these two sound fields will be counteracting
with each other for ��� /2. Figure 8�a� illustrates the direc-
tivity of sound radiation at t−�0−R /c=0.5 for U=2, cm=1,
which corresponds to the instant of strongest dipole radiation
�Fig. 7�b��. The combined action of the two sound fields
tends to reduce the effect of the Doppler factor. The corre-
sponding sound fields in the absence of the mean flow at the
instant of strongest dipole radiation are presented in Fig.
8�b�. Without the mean flow, a downstream biased radiation
as in Tang et al.18 is observed. The results with U=1 �M
=0.1� still show a slightly downstream biased overall sound
radiation �not presented here�. Outside the active dipole ra-
diation period, the monopole results in an upstream biased
radiation. One can also notice the very strong convective

FIG. 8. Directivity of overall sound radiation at instants of strongest dipole
radiation. �a� U=2 and �b� U=0. cm=1. �—� Overall radiation; �–· – � mono-
pole; and �– – –� dipole.
amplification of the monopole in the presence of the mean

1350 J. Acoust. Soc. Am., Vol. 121, No. 3, March 2007
flow, such that the overall sound power radiation is domi-
nated by this monopole, which results from the vortex in-
duced vibration of the membrane. Similar data variations as
in Figs. 7 and 8 are observed at other values of cm and thus
the corresponding results are not presented.

The acoustic power radiated per unit spanwise length of
the membrane, P, is summarized in Fig. 9. P is obtained by
integrating p2�X , t� /�c �Eq. �11�� over a distant cylindrical
surface fixed in space with radius �X�. For U=0.5, the acous-
tic power increases with decreasing cm �Fig. 9�a��, but the
trend is reversing gradually as U increases as illustrated in
Figs. 9�b� and 9�c�. For cm�1, the acoustic power increases
with increasing U but the rate of increase depends on cm. For
cm=1, the increase in the acoustic power radiated due to the
increase of U toward 2 is limited. The rate of acoustic power
increase is impressive for cm=2 when U increases beyond 1.

The variation of the radiated acoustic power magnitude



FIG. 9. Time variation of acoustic power radiation. �a� U=0.5; �b� U=1;
and �c� U=2. �—� cm=2; �- - -� cm=
2; �–· – � cm=1; and �– – –� cm

=1/
2.
with U is nearly negligible for cm=1/ 2 and a reduction is

Tang et al.: Vortex sound in a mean flow
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observed as U increases toward 2. Both the membrane vibra-
tion and the vortex acceleration are significantly weakened at
high U because of the large mean fluid pressure difference
between the flow and the cavity. Such weakening is more
significant than the amplification of the monopole and the
dipole in the presence of the mean flow. There is thus a
higher chance of occurrence of a downstream biased radia-
tion at small cm.

Figure 10 illustrates in detail the maximum acoustic
power radiated, Pmax, under the combined effects of U and
cm. Pmax increases with decreasing cm for U /cm�0.8, but the
opposite is found otherwise. This U /cm�0.8 is also the lo-
cation where the negative trough of the dipole strength starts
to be more dominant in the overall dipole power radiation.
For U /cm

2, the rate of increase of Pmax tends to decrease
with increasing U /cm before a maximum or an inflexion
point is found on the curves. For a weak membrane-cavity
system, a reduction in Pmax is observed for a range of U /cm,
but this power increases again when U is kept increasing
toward 3 �M =0.3�, which is the upper limit for the acoustic
analogy. The later rise in Pmax is due to the strong mean fluid
pressure difference between the flow and the cavity leading
to the very early but high membrane and vortex upward ac-
celerations �not shown here�. It is believed that this phenom-
enon occurs even for membrane of high wave speed.

It is found that the vortex dipole in the presence of the
mean flow has adverse effects on the overall acoustic power
radiation �Fig. �11�. Apart from the case for U=0 where the
vortex dipole adds to the overall radiation, this dipole tends
to counteract with the effect of the convective amplification
in the presence of the mean flow. Also, the stronger the mean
flow, the stronger such cancellation will be regardless of the
value of cm. The contribution from the dipole is insignificant
for U=0, cm=2 as shown in Fig. 11�b�.

IV. CONCLUSIONS

The effects of a low Mach number mean flow on the

FIG. 10. Maximum radiated acoustic power under different combinations of
U and cm. ��� cm=1
2; ��� cm=1; ��� cm=
2; and ��� cm=2.
sound radiated by the unsteady motion of a vortex moving in
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the proximity of a finite length flexible membrane backed by
an airtight cavity on an otherwise rigid plane are investigated
in detail theoretically in the present study.

The vortex moves toward the flexible membrane trans-
versely as it propagates over the leading edge of the mem-
brane and then moves upwards as it traverses over the mem-
brane trailing edge when the mean flow is not high. The
mean flow results in a higher vortex longitudinal speed
which increases the fluid pressure acting on the membrane.
However, the presence of the mean flow and the cavity also
gives rise to a mean fluid pressure difference between the
two sides of the membrane, which tends to reduce the vibra-
tion magnitude of the membrane when the mean flow be-
comes high, especially for a weak membrane. The former
factor is dominant in low mean flow speed cases, but the
latter takes over when the mean flow exceeds a certain
threshold depending on the wave speed of the membrane.
The introduction of the cavity in general reduces the magni-
tude of the vortex induced membrane vibration and thus
weakens the sound radiation. However, it is found that such
effect does not vary monotonically with the flow speed be-
cause of the two counteracting forces stated earlier.

The vortex motion generates a dipole which propagates

FIG. 11. Contributions from vortex dipole to acoustic power radiation. �a�
cm=1/
2 and �b� cm=2. �—� U=0; �- - -� U=1; �–· – � U=1.5; and �– – –�
U=2.
to the far field together with the monopole created by the
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membrane vibration. The former is usually an order weaker
than the latter. These sound fields counteract with each other
in the upstream radiation directions. The mean flow results in
amplifications of both sound fields, but in general, the overall
effect is that the monopole receives a higher amplification
due to the convective effect and the stronger vibration of the
membrane. The dipole is only important in the period when
the vortex is in close proximity of the membrane. Under
some circumstances, the dipole strength may be strong
enough to cause a fluctuation in the overall radiation direc-
tivity. However, the increase in the mean flow speed does not
strengthen the overall acoustic power radiation when the
membrane system is weak compared to the mean flow mo-
mentum. It is observed that an attenuation of the acoustic
power radiation is possible when the mean flow speed is high
compared to the membrane wave speed where the weakening
of the membrane vibration cannot be compensated by the
amplification resulting from the mean flow in the presence of
the counteracting vortex dipole.
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